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map.
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81. Introduction

Let Z be the ring of rational integers, p a prime integer and ( a primitive p-th
root of unity. We set R = Z[(], w, = 1 — (" for any n € Z and we denote
w1 = 1 — ¢ by w. We note that pR = wP~ 'R and that wy,/w; is a unit in R for
any k,l with k,1 Z 0 mod p.

Let a and b any nonzero rational integers and d the greatest common divisor
of a and b. We let I' be the integral cyclic R-algebra

I'= P Ri*j' suchthat ¥ =a, j*=0b, ji=(ij.
0<k,I<p—1

In particular, in the case p = 2, I' is just the generalized quaternion algebra
over the ring of rational integers Z.

In this paper, we consider the Hochschild cohomology group HH™(I') =
Exte (I, T') and the Hochschild cohomology ring HH*(I') = ,,,~,c HH™(I)
of T', where I'® denotes the enveloping algebra I' @ g I'°P of I'. Unless otherwise
stated, ® denotes ®p.

Although there is basically a small number of studies about the Hochschild
cohomology for algebras over a commutative ring, the Hochschild cohomology
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of quaternion algebras or cyclic algebras appearing as orders in semisimple
algebras over a field are studied in, for example, Hayami’s works [1], [2], [3],
[4], and [6], [7], [8] etc. However, Hochschild cohomology is an important
tool for investigating module categories of algebras. In fact it is known that
the Hochschild cohomology ring of an algebra over a commutative ring is an
invariant under the equivalence of bounded derived categories as triangulated
categories (cf. [5, Chapter 6]).

Concerning the integral cyclic algebra I' above, in the case a is any nonzero
integer and b = —1, the module structure of HH™(I") was already given in
[6] using spectral sequence. In the case p = 2, a is any nonzero integer and
b = —1, the ring structure of the Hochschild cohomology HH*(I') was also
calculated in [8] using spectral sequence. In the case p = 2, a and b are
any nonzero integers, that is, I' is a generalized quaternion algebra, the ring
structure of HH*(T") was determined in [2]. In this paper, we will generalize
these results to the case of any prime number p.

In Section 2, we give a projective bimodule resolution of I'; and applying
the functor Homre(—,T") to the resolution, we have a double complex which
gives the Hochschild cohomology group HH"™(I"). In Section 3, we determine
the R-module structure of HH™(I") (Theorem 2):

R for m =0,
(R/dpR)™V/2 g (R/dwR)™M+V/2 & (RjwR)P* -2 (m+1)/2
HH™(T) = for m odd,

(R/dpR)™=2/2 & (R/dwR)™? & (R/wR)®*~2™/2 & (R/apR)
®(R/bpR) for m(# 0) even.

In Section 4, we determine the ring structure of HH*(T"). First, in Section
4.1, we define a ‘diagonal approximation map’ for the projective bimodule res-
olution of I" in order to calculate the cup product on HH*(I"). In Section 4.2,
by calculating the cup products of generators of the Hochoschild cohomology
groups HH™(T') for m > 0, we give a system of generators of the Hochschild
cohomology ring H H*(I') as an R-algebra in Theorem 3. As a result, if p > 3,
then the Hochschild cohomology ring HH*(I") is generated by the elements
of HHY(T'), HH*(T') and HH3(I'). Furthermore, in that section, we present
the relations that the generators of HH*(I') satisfy. In addition, we study
the special case |a| = |b| = 1. In Section 5, we consider the ring structure of
HH*(T") in the case p = 2.

§2. Projective resolution of I
First, we will give a I'*-projective resolution (P, Ay, ¢€) of I' referring to [2]:

P,=CeD)"™ =TeleTel)e---¢Tel),
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A, = Z (Os,t + 65,¢) for every integer m > 0, ¢ is the augmentation.
s+t=m

Here, for s,t > 0 with m = s + ¢, we define an element c¢,; € P, by

t
Cot = 0,...,0,1®1,0,...,0) ¢ T@D)™ f0<t<m,s+t=m,
0,...,0) otherwise.

Then Py, = @, —,, ['st, where we set I's; := I'cs['. We define I'*-homomor-
phisms 0 ¢ : I'sy — I's—1p and 654 : I'sy — I's4—1 by

4 . .
01t Cop > ics—14 — Cs—1,40 for s odd

p—1
p—1— ) for t even
Oa: Csp > g Pt kcs,l’tzk for s even ’
st = k=0
5 Ot Csp > iCs—14 — C_lcs,ui for s odd
p—1
Ckp—1— . for t odd
Dy @ Csp > E (Rt kcs,l’tzk for s even ’
L k=0
01 ¢ Cop > JCsi—1 — Csp—1J for ¢ odd
for s even,

p—1
02t Cp > E jp_l_kcs7t,1jk for t even
k=0

Ogt = = . )
st 8 ot > (—1)((‘1]cs,t_1 — ¢s4—17) for t odd
p] for s odd
8y csp > (—1) Zcf(pflfk)jp*kkcs,t_ljk for t even ’
k=0

It is easy to see that the following equations hold:
5s,t—1 o 68,t =0, as—l,t o as,t =0, as,t—l o 5s,t + 53—1,15 o as,t = 0.

Hence, setting each I'y; on each lattice point on the first quadrant, we have
the following double complex:

51 & 51
o2 I < oo +——
0, o1 ’ 02 ’ o1
8o 8 8o
(Fs ts 88 ts 65 t) :
Lo — I'i1 — Iyp ——
8l 82 81
61 8 1
L) I'o Pog +— .
’ 01 ’ 02 ’ o1

Then, we show the I'®-projective resolution of I in the following proposition.
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Proposition 1. By taking the total complex of the above complex, we have
the I'®-projective resolution of I':

Az Ao Ay

Py P, Py —=—> T 0,

where Ay = 3 (0t + 0st) and € is the multiplication map.

Proof. The exactness of the sequence is verified by giving a contracting homo-
topy. We define the following maps 71 : I' — Py and T}, : P, — P41 for
m > 0 by

T 1(y) =cooy (yel);

for any even m,

Tm(iujvcm,O) —
(0 for u =0 and v =0,
v—1
Zj”_l_kcmyljk for w =0 and v # 0,
k=0
u—1
Zi“_l_kcmﬂ,gik for u £ 0 and v = 0,
k=0
u—1 v—1
D it e 0875 Y T R e 157 for w#£ 0 and v #£0,
k=0 k=0
Tm(iujvcs,t) =
0 for v =0 and ¢ (# 0) even,
v—1
i Zj”_l_kcsytﬂjk for v # 0 and ¢ (# 0) even,
k=0
0 for v #p—1 and t odd,
—(hit%es 141 for v =p—1 and t odd;
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and for any odd m,

T (iujvcm,o) =
"

0 foru #p—1and v =0,
v—1
- Zj”il*kcmyljk for u #p—1and v # 0,
k=0
Cm+1,0 foru=p—1and v=0,
v—1
CUemyr0f” = ¢ 5 T Fem it for u=p—1and v #0,
\ k=0
Tm(iujvcs,t) -
0 for v =0 and ¢ (# 0) even,
v—1
-t Z ij”_l_kc&tﬂjk for v # 0 and t (# 0) even,
k=0
0 for v #p—1 and ¢ odd,
1" Cs 141 for v = p—1 and t odd.

Then T,,’s satisfy the equalities

AroTy+T 10e= idpo,
Apgp10Ty +Th—10A,, =idp, for m > 0.

That is, {T},,} is a contracting homotopy.
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We remark that the exactness above is also verified by using spectral se-

quence.

Next, we will define a complex giving the Hochschild cohomology of T'.
Applying the functor Hompe(—,T") to the double complex above, we have the

following double complex on the third quadrant:

— FQ,O — Fl,O — 1’10,0
o1 02 o1
5 5 51
; — F2’1 = Fl,l FO,l
st gsit) . 9 9 9
(rst oot oty . P
52 & 62
- F2’2 - F1,2 = F0’2
o1 O o1
& 5 51
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where we set I'*'* := Hompe (I's ¢, T') 2 I' and we identify I'** with I". So §%¢ :=
Hom(Os41.4,¢) : Tt — TFhE and 650 := Hom(, 6 441) : [0 — TS are
explicitly given by

( (i:ar:r—mg:—:z:i for s even
i for ¢t even
09 : T — Zi”_l_kazik for s odd ’
o5t = - k=0
O} 1 x —ix — ("lxi for s even
p—1
~ for ¢t odd
0y x> Z ¢FiP 1Rk for s odd ’
k=0
01:x+— jx —xj fort even
p—1
~ for s even
dy 1 x> ij_l_kxjk for t odd Vel
5t = . k=0
8t x e (=1)(¢Ctjx — xj) for t even
p—1
~ for s odd
8z — (—1) Z ¢~ =1=k) jp=1=k ik for ¢ odd
\ k=0

for x € I'>'. Therefore, putting Q™ := Detimm st = 1™+l and A™ =
> ortmm (0% 4+ 6%"), we have the total complex of the above complex:

A? Q2 Al Ql y A0 QO 0.

§3. Module structure of HH™(T)

In this section, we determine the module structure of HH™(I") = Extfe (I',T).
First, we present any element of I' by a matrix in M,(R). If z is any element
in I'*!, then there uniquely exist x3; € R (k,l = 1,2,...,p) such that

Tl T2 o Ty
‘ , Tol T - Ty J
T = (1 T e 27’_1)
-1

By corresponding = € I'** to the matrix X = (z;) € My(R) above, 0%'(X)
and §%!(X) are given by

0 awwzpz -+  awp_1Tpp aproy 0 --- 0
~ 0 wriz -+ wWp_1T1p

ax)=1|. . . Chx) =] ]
1(X) : : : 2(X) apig 0 o 0

0 WIp—12 -+ Wp—1Tp—1p pPri11 o --- 0
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awp—1Tp1 0 awwzpz -0 awp_2Tpp
~ Wp—1T11 0 wx13 tee Wp—2T1
Ax)=1| " N
Wp-1Tp—11 0 wrp_13 -+ Wp2Tp_1p
0 apzroe 0 --- O
Goo- | 18
2( ) 0 aprpz 0 --- 0
0 PT12 o --- 0
0 0 .. 0
~ —bwxay —WTo1 e —WT2p—1
n(X)= ,
—bwp_1Tpp —Wp—1Tpl 1 —Wp—1Tpp—1
bpriz -+ bprip, prin
~ 0 0 0
I O
0 0 0
bwp_171p Wp_1T11 r Wp_1T1p-1
0 0 0
~/1(X) — bw.ngp wxs31 s wTr3p—1
bwp—2Tpp Wp—2Tp1 +r Wp—2Tpp—1
0 .. 0 0
B —bpxros -+ —bpro, —pro1
Ho=| 0 o 00
0 .. 0 0

For s +t = m (s,t > 0), we define c¢*! € Q™ by

t
st =9 (0,...,0,1,0,...,0) € Q" =T"" if0<t<m,s+t=m,
0,...,0) otherwise.

Using above expressions, we obtain the R-module structure of the Hochschild
cohomology group H H™(T'). In fact, we directly calculate Ker A™ and Im AL,
We present those R-modules only in the case m is even.

m
Ker Am —_ @ Rcm—t,t oy @ Rikjlcm_t’t
t=0

1<t<<m—1, odd;
2<k,l<p—1
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D @ lecmft,t @ @ Rikcmft,t

1<t<m—1, odd; 1<t<m—1, odd;
2<I<p—1 2<k<p-1

@ @ R( p Z'p—1+k’cm—tt+l jem t— 1t+1>

Wy —
0<t<m—2, even; p—1+k
0<K'(#1)<p—1

e Dol et
e @ R (Z]l cm t,t + - jp 141 m t 1,t+1> 7
1<t<m—1, odd: p—1+l

0<V'(#1)<p-1
Im Amfl :apRcm’O ® @ dwRCmit’t ® @ dpRCmft,t
1<t<m—1, odd 2<t<m—2, even

@prCO,m@ @ OJRZk A om—t—1,t—1
1<t<m—2, odd;

2<k,I<p—1
o) @ ijlm tt@ @ lekm t,t
1<t<m—1, odd, 1<t<m—1, odd;
5<1<p1 3<k<p1

) — / — . / . —1t—
@ @ wR( p 1k m t,t_ijcm t l,t—H)
Wp—1+k/

0<t<m—2, even;
0<k!(#1)<p—1

® @ wR( bt p jp1+l’cmt1,t+1> .

Wy
1<t<m—1, odd: p—1+V
0 (£1)<p—1

In the above calculation, we note that wR = w,_14p R for 0 < k'(#£ 1) < p—1.

Theorem 2. Let Z be the ring of rational integers, a,b any nonzero rational
integers and d the greatest common divisor of a and b. Let p be a prime and
¢ a primitive p-th root of unity. We set R = Z[(] and put w = 1 — (. Then
the R-module structure of the Hochschild cohomology group of I is as follows:

R form=0,
(R/dpR) m— 1/2 (R/dwR) (m+1)/2 (R/wR)(pQ 2)(m+1)/2
HH™(T) = for m odd,
(R/dpR)=2)1% & (R/dwR)™ @ (R/wR)W—2Im/2
@®(R/apR) ® (R/bpR)  for m(# 0) even.

For the later use, we list the system of generators of each HH™(I") as an
R-module represented by elements in Q™ = I'"*! as follows, where we set
a =a/d,t =b/d:

For m =1,
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ijlet? for 1 <l<p-—1,
k50 for1<k<p-1,
kFHLlet0 %ikjlﬂco’l for 1 <k,l <p-—1with (k,])# (p—1,p—1),
o P10 Zj;p—lco,l'
For m > 2 even,
B for 0 <t < m,
iFitem=bt for 2 < k1 <p—1 and ¢ odd,
iFemtt for 2 <k < p—1 and ¢ odd,
Glemtt for 2 <1< p—1 and ¢ odd,

Ptk gmett +iFjem =L for 0 < k(#1) < p—1 and t even,
Wp—1+k
ijlem bt 4 Ljp_l‘Hcm_t_l’t"rl for 0 <I(#1) <p—1 and ¢t odd.
Wp—1+1
For m > 3 odd,

ijle™ b for 1 <1< p—1and t even,
iFjembt for 1 <k <p—1 and ¢ odd,
g fayi L gm L

for 1 <k,l <p—1with (k,]) # (p—1,p—1) and t even,
o/ P tembt P lem=t= il for ¢ even,

a'jem™ bt pliem Tt for 0 <t < moodd.

,L'k:-f—ljlcm—t,t
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§4. The ring structure of HH*(I)
In this section, we will determine the ring structure of HH*(T') = €D, HH™(T).

4.1. Diagonal approximation and cup product

First, we define a map @ 4.5 ¢ : Uspp ey — T'st @r I'y ¢ of I'>-modules by
the map sending ¢y ¢4 to

/ _ ! ouay oy oy ey . ap!
E C(U-i-l)(v +1)+2—uw Zuju Cs,tzvjv ®r Cs’,t’lw]w for s,t,s’,t' odd,

utv+w=p—2,
u v +w'=p—2

—C Z ("it%es i’ Qr ¢y pi® for s odd,t odd, s’ odd,t’ even,
utvt+w=p—2
Z C_“/j“/cs,tj”/ ®r csgt/jw/ for s odd,t odd, s" even, t’ odd,
uw' v’ +w'=p—2
> it ®p (T ey i for s odd,t even, s’ odd,t odd,
u+v+w=p—2
—C Z j“/cs,tj”/ r Cw/csgt/jwl for s even,t odd, s’ odd,t' odd,
u'+v'+w'=p—2
Z i"cs 41" @r ¢y pi® for s odd, t even, s’ odd, " even,
u+v+w=p—2
Z j“/c&tj”/ ®r cs/,t/j“’/ for s even,t odd, s’ even,t’ odd,
u'+v'+w'=p—2
—(lesr @ o ¢ for s even,t odd, s’ odd, t’ even,
(| Cs;t @1 cyrp Otherwise.

Then, ® = {®, ;.o v} satisfies the following relations:
Dy b5t © Ossr 1,4+t
= as—l—l,t ®XLo q)s-l—l,t;s’,t’ + (_1)s+tb ® 85’—}—1,15’ © (I)s,t;s’+l,t’7
(I)s,t;s’,t’ ° 5s+s’,t+t’+1
= 6s,t+1 ®to (I)s,t—l-l;s’,t’ + (_1)S+tlf & 55’,t’+1 © (I)s,t;s’,t’+17

eEQeo (I)O’();O,(] =E.

Therefore, ®,,,, := Zs—l—t:m,s’—f—t’:n ®, 4.¢¢ is a ‘diagonal approximation’, that
is, this satisfies

@m0 At = (Amp1 ® 1) 0 Ppy1 i + (1) (L @ Apy1) © Prnrs
(6 ®€) o (Do,o =ec.

Using &, we define the cup product
HH™T)® HH™(T') — HH™™"(T); a®Bra—
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by
a—B=(a®rpf)oPspyr: lsprotr 2> si@r oy 2Tl =TI

for @ € I with s+t = m and 8 € It with '+t = n. Hence It " —;
[stts'+1 jg explicitly presented by

a~— =

Z C(erl)(v’+1)+27uw’iuju’al—vj'u/ﬁiij’ for s,t, 8/, t/ odd,

ut+v+w=p—2,
u' +v'+w'=p—2

—¢ Y ¢Mi%aiBi" for s odd,t odd,s" odd,t’ even,
u+v+w=p—2
Z C*“/j“/aj”lﬁjw/ for s odd,t odd, s” even,t’ odd,
u'+v'+w'=p—2
Z "o’ Bi"  for s odd,t even, s’ odd,t odd,
utv+w=p—2
¢ > j"ag”¢vB™ for s even,t odd, s odd,t’ odd,
u' v’ +w'=p—2
Z i"ai’Bi"  for s odd,t even, s’ odd,t’ even,
ut+v+w=p—2
Z j“,ajvlﬁjw, for s even,t odd, s’ even,t’ odd,
u'+v'+w'=p—2
—("taB for s even,t odd, s’ odd,t’ even,
af  otherwise.

for « € 5! and 8 € I'**'. In the above, we identify I'** with T and so
on. As long as there is no confusion, we often denote @ — [ by af for
simplicity. It is well known that the anti-commutativity af = (—1)""a holds
for « € HH™(T") and § € HH™(T"). That is, the Hochschild cohomology ring
HH*(T") is a graded commutative ring.

4.2. Generators of HH*(I') as an R-algebra and the relations

In this subsection, we determine the ring structure of the Hochschild coho-
mology ring HH*(I") using cup product on generators of HH™(I'). By the
way, the ring structure of the Hochschild cohomology ring H H*(I") in the case
p = 2 was already known in [2]. So, we mainly treat the case p > 3.

We denote the representatives of each element of HH™(I') by (k,*,...,*)
ce@Qm=1"0grm blg...©T%m, Then, referring to Theorem 2, generators
of HH™(I') for m = 1,2,3 as an R-module are as follows including the case
p=2:
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Generators of HH(T):

:(Z]l,O) for 1 <l<p-1,
=(0,i%5) for1<k<p-1,
= (§Ft14 —w’“ #F 5 for 1< k1 <p—1with (k1) # (p—1,p— 1),
= (/P71 =P 1.

Generators of HH?(T'):

v :=(1,0,0),
¥ :=(0,1,0),
x = (0,0,1),
pr = ( PR R G 0) for 0 < k(#1) <p—1,
Wp—1+k
m = (0,44, %Hljp*l“) for 0<I(#£1)<p—1,
o

pirg == (0,i%5,0) for 0 < k,1(# 1) < p — 1 with (k,1) # (0,0).

Generators of HH?3(T):

(i1,0,0,0) for 1 <1<p-—1,
(0,i%5,0,0) for 1 <k <p—1,
(0,0,i5,0) for 1 <1<p—1,
(0,0,0,i%j) for1 <k <p-—1,
(

el Gkl o 0) for 1 <k,l<p-—1with (k,])# (p—1,p—1),
wi

(0,0, 4%+ —%z”fﬂ“) for 1 < k,1<p—1with (k1) # (p—1,p—1),
l

(a/577L, —=1'iP71,0,0),

(0,0 a]p L1,

:=(0,d'j, — 0)

Let z = (z™°,...,2%™) € HH™(T'). Then, it is easy to check that the
elements (2™, ..., 2%™ 0,0) and (0,0,2™°, ..., 2%) € HH™2(T) are given
by z¢ and xx respectively. In particular, if x is a generator, then zy and xx
are also generators. Therefore, we see that the generators of HH™(I") for
any m > 3 except k are given by the cup products of the generators above
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of HHY(T') and HH?*(T') and x € HH3(T'). On the other hand, the relation
01Tk = Hk+1,41 holds for 1 <k, I <p—1.

Therefore we have the following main theorem.

Theorem 3. Let p be an odd prime and a, b nonzero integers, and set d =
ged (a,b), a’ = a/d, b =b/d. Then the Hochschild cohomology ring HH*(T)
is the graded commutative ring generated by at most the following p*> + 4p — 3
elements:

o1, T, Opr 7 € HHY(T) for 1 <k, K, 1,1' <p—1 with (K,1') # (p— 1,p — 1),
Spa’gb?Xv/'Lk,O?MO,l?pk’vnl’ € HHQ(F) fOT 2< k‘,l Sp_ 170 < klal/(# 1) ép_ 17

k€ HH3(T).

The list of the relations of the generators above is as follows:
The relations in HH(T') :

WTE = wWo] = dwr = w@k/’y =0.
The relations in HH?(T') :

app = dwip = bpx = wpk = wny = Wik = wpoy = 71 = 0.
{5g%m; ifk+k = p,
T T = k

0 if k+k #p.
gdww ifl+1 =p,
ooy = 7
if l+1 #p.
C 1a’b170 if k=1,
TET =
a'bugy  if 1 <k.

1b’ap0 ifl=1,
o =
: CWape, ifl<l.

buryio0 fk<p—1landl=p—1,
oIk = (woz+1 ifk=p—1andl<p-—1,
ifk=p—1andl=p—1.

O 10k v =
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(%Cklﬂ - %’;’)Ck/ldlwmw fO0<k+K <p-—1
and 0 <1+1"<p—1,
(%’fgklﬂ - %’;;)Ck/lbﬂmk%m fO<k+K <p-1
and 1 +1' =p—1,
wthMCl(le)bPkJrk/H fO<k+kK <p—1andl+1 =p,
(%’;CHH - %’;)Ck'lbgl+l,7p7k+k/ fO<k+K <p—1landp<l+1,
(%’;CHH - %f,’)(k"auo,wH ifk+kK =p—1
and 0 < 1+10'<p—1,
(N H — )R ighy fk+k =p—1landl+1=p—1,
A Dabpy ifk+k =p—1andl+1 =p,
(%'fﬁkurl - %)Ck,labﬂo,lwﬂ—p ifk+kK =p—T1andp<l+1l,
%Cﬁk(lﬂ)anlﬂ’ﬂ ifk+kK =pand0<l+1 <p,
%C_k(lﬂ)abno ifk+kK =pandl+1'=p—1,
ﬁCkl/ab(wl’@SO + wirbx) ifk+k =pandl+1 =p,
%Cik(Hl)abmH%lﬂ; ifk+k =pandp<l+7,
(%IECHH - %’ff)(k/laawﬂmm—p ifp<k+k and0<Il+1 <p,
(LKt — ) Rlabpy iy o ifp<k+K andl+1 =p-1,
k! (U abpg o1 ifp<k+k andl+1 =p,
(%I;Ckurl - c:Tl;,/)CkllabUlJrl'—kaJrk/710 ifp<k+k andp<l+1.
Zrab(—C"td'p + V') ifk=1andl=1,
T, = wﬁla/bm ifk=1and 1<,
’ — 2L Y apy ifl<kandl=1,
(¢t =M Vdoy am if 1<k and1 <L
(—Chori s fO<k+K <pandl<p-1,
—CFbptrrr 1.0 ifO<k+k <pandl=p—1,
Tl = —CFami ifk+k =pandl<p-—1,
’ —CFabng ifk+kK =pandl=p—1,
_CkaUlTk-Hc'—p ifp<k+k andl <p-—1,
—CFabugiri1-po  ifp<k+k andl=p-—1.
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_%Ckl’ng,Tk if0<Il+lU <pandk<p-—1,

—2 T ap fO<l+l<pandk=p-1,
o %ﬁcz’(kﬂ)bpkﬂ ifl+1'=pandk <p-—1,
oyl = wz;labpo ifl+U'=pand k=p—1,
_%Ckl’bal_"_l,_ka ifp<l+l and k <p—1,
_wfui;lgfl/abﬂo,lﬂurl—p ifp<i+l andk=p—1.

The relations in HH3(T) :

dpk = mp = 0.
TEY = wopx k=1
0 ifl<k.
o = Q%Tp—lgp ifl=1,
0 ifl<l.
pdm fk+k —1=0(ie k=1,k =0),
Ck ATkt k! -1 fO<k+E —1<p,
Thok =7, 1o
w—kad/ﬁ ifk+k —1=p,
ﬁ(k/fla%mkul—p(ﬂ ifp<k+k —1.
2 Cdx L4l —1=0(e l=1,I' =0),
le,bl—&-l’ 1X ifo<l4+1—1<np,
o
v 5dwm L+l —1=p,
o 1+z/ Vorr—1—px ifp<l+1 -1
O1pk = wzil 19p L$ if k=0,
S Vaby i if 0 <k
TR = “uepx 1=0,
Lbek’l_lx if 0 <.
w—kcwp 1X k+kK —1=p(ie. k=1K =0),
T /
KHkO kK —1%p.
Lobrp- ifl+l —1=p(ie =11 =0),
o)
oy L4l —1+4p.
Tilloy pbal 1X isz 1,
if 1 < k.
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{ickafk_lw ifl=1,
0

g =
1,0 ifl<l.
_ w%g_la’bap_QX if k=2,
THEO0 = )
0 if2<k
_ P /
E— wlgab Tp—2p if k=2,
’ 0 if 2 <l
wpp_lc:al p—2,p—1¥ if k=0,
TPK = w%g_la'(aap_lcp +bop—1x) ifk=2,
—wﬁlclfkaa'ﬁk,zp,lcp if 2 < k.
o oY Oy p2X if1=0,
= § — &V (almp—1p + brpm1x)  ifl =2,
#%bblep_Ll_gx if 2 <.
%{k/av'mrkz_lgo ifl<k+k —1<pandl=1,
0 ifl<k+k —-1<pandl<lI,
L =k=Dgdgk ifk+k —1=pandl=1,
Okt 0 =  “*
Untl _%C—l(k—l)abgl_lx ifk+k —1=pandl<lI,
%Ck/a27k+kz_1_pg0 ifp<k+k —1andl=1,
0 ifp<k+k —1and1l<I.
_w%bo-l—l—l’—lx ’ifl<l+l/—1<p and k =1,
0 ifl<l+1U'—-1<pandl <k,
9 B w%bd/ﬁl ifl+1U'—1=pandk =1,
RLHOL = wﬂlabm_l(p ifl+1 —1=pand 1 <k,
—wﬂleGHy,l,px fp<l+l—1and k=1,
L0 ifp<l+1—1andl<k.
(¢ laop — EBbox ifk+k —1=0
(i.e. k =1,k =0),
I(K' — ;
Ok ok = &C( Vabyyw_19 if0<k+k —1<p,
I(k'-1) 2 k'l ; _
&C( Ja o — B¢V aboyx  if k+ kK —1=p,
LK =020 i ifp<k+k -1

W1
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w%cd<a’7—k90 + %b’rkx) if | + ! —1=0 (z'.e. | = l,l/ _ O),
w ’ .
0 TR f0< I+ —1<p,
k1M = .
Wit 132 .
ﬁ%b Ok prr—1-pX ifp<l+1—1
w%dﬁ ifk=1andl =1,
—Lbo_1x ifk=1and1 <l
9k7l’¢} = pwl

o OTk—19 ifl<kandl=1,
0 ifl<kandl <l

The relations in HH*(T') :

Y = Yugo = Yuog = pkopk,0 = Hoipor = 0.
mk = b (app — ¢ bapy).
JVpoeix fk<p—1,
K =
b apox ifk=p—1.
Jdmype ifl<p—1,
ok =
abnop  ifl=p—1.

a' oyTe — %’;Clb’aﬂkx ifk<p—1andl<p-—1,
Opar = 4§ a'bpirrop — 2P W bukox  fk<p—1andl=p—1,
aa' o 11 — “54Cab o i1 ifk=p—1andl<p-1.

s -109 if k=0,
bpr =\ ey ifk=2,
S apk-109  if 2 <k.

w:,l MO,p—lX Zfl = 07

Y = Zbpox ifl=2,
o brog—ix if2 <l
P : I 9 _ : _ r_
o0 ifk+k —2=0 (i.e. k=0,k =2),
S 1,09 if0<k+k —2<p,
Pebkr 0 =9 0 o . )
P 112 fk+kE —2=p,
p

Cpiksr—1-poe I p<k+K 2.

Wp—1
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r—wffleOX Zfl+ll—2:()(7/€ l:07l/:2)’
— o bl 1P if0<l+1—2<p,
mpor =4 " P
—@ 0 Pox ifl+1'—2=p,
_w5_1b2”07l+l'—1—p<ﬂ ifp<l+1 -2
wpp,1 O-l_lTp_QSO Zf k= 05
Priiog = § E-amep ifk=2,

\w,filaffl—lTk—QSD if 2 < k.

s ¢ opamioax if 1 =0,
Mtk =  2CFbprx ifl =2,
ﬁ(k(l_l)bal_gm_lx if 2 <.
(s o2p, 9 ifk =k =0,
—(52a)? ¢ e + PEU P abox  ifk+ K —2=0,
PePr = wp_:prk :%ﬁjt‘z?’ P z:fO < k/+ K—2<p-1,
Gy Wy & POP ifk+k —2=p—1,
_(&a)%k_la@s@ + @ﬁcﬁlmx if k+k —2=np,
wp,puk wf;;ii?/ a2 Pk —1—pP ifp<k+k —2.
( wppflaWP + wil bx ifk=0andl =0,
o wpz_laﬂo,lSO + wl”; bho,ix z:fk =0 and 0 <,
o Wk, 0P + =) bpik,0X if0<kandl =0,
\w,ilaal—lTk—lw + wﬁ1b01_1m_1x if 0 <k and 0 <.
g ifl=1=0,

o1 o Thp—1X
p—1 Wp—1
_P(P2—1) Lcl_labgox + (ﬁb)QCl_ZXX ifl+1—2=0,

wp—1

_ P Yp—24itl , . ;o _
mnm = Wp—1+1 f)p—l-&-l’ bnl—H -1X Zfo <Il+1 2< p 1,
P Wp-1p2 . b
Wpi(ltllcif;fl box fl+ll=2=p—1,
_%wil lelabZSOX + (ﬁb)QleleX if 1+ V—9— D,
BT g2y X ifp<l+l —2.

Wp—1+41 Wp_1471/

D cabpy if k=2 and | =2,
HE0H0L = § )

0 if2<kor2<l.

The relations in HH?(T') :

p
Y = ——(px.
w1
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wkp_laa’m_lgpcp + p(p2 )ab’Tk_lgox if 0 < k.

{w”pl e+ P, o ifk =0,
prk =

PEdl oy apx + Bbopaxx  if1=0,
ME=9 ple=1) p ./ P_pp/ J !

=5—0ba’ 019X + o 20 0I-1XX if 0 <.

_ b

Uk ok = a ekfl,prSOX'

WEk—

p

Ho, ik = b/epfl,lflgo)(‘

Wp—1

The relation in HHS(T) :

1
ki = ———2a't px(ap + by).

Last, we consider the Hochschild cohomology ring HH*(I") in the special
case |a| = |b] = 1.
If p > 3, then we have the following relations from Theorem 3:
Op—1Tk = Pit1,0 for 1<k <p-—1,
OyTp—1 = pog4+1  for 1 <l <p—1,
Op—1Tp—1 = ¥,
OO0k p—t = Ck(k+1)pk+1 forl1<k<p-—1,
op—10p—1,1 = po,
Tp—1b1y = —Cmy1 for 1 <l <p—1,

Tp—-101p-1 = —C1o.
Hence, we have the following corollary:

Corollary 4. Let p > 3 be a prime number and |a| = |b| = 1. Then the
Hochschild cohomology ring HH*(I") is the graded commutative ring generated
by the following p?> + 2 elements:

o1y T, Opr 7 € HHY(T) for 1 < kK, 1,1' <p—1 with (K, ') # (p—1,p— 1),
o, x € HH*(I'), ke HH3(T).

§5. The ring structure of HH*(I") in the case p =2

In the last section, we deal with the case p = 2. Then I' is a generalized
quaternion algebra over Z:

I =Z19Zi®ZLj®Zij, i°=a,j?>=0b,ji=—ij (a,beZ,#0).
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In that case, ( = —1 and R = Z and the diagonal approximation map ® is

<I>s,t;s’,t’(Cert,s’+t’) = Cs,;t QT Cs' 4/

hence, the cup product — is
a— fB=af

for « € 5t and 8 € I¥*. Furthermore, we note that the following relations
hold:

7 = (a'ba,0,ad't'b) = a't/ap + a'b'byx,
7”1} = (07 a/ja _b,iv 0) =R,
YPp = (0,0,1,0,0),

where d is the greatest common divisor of a and b, and set a’ = a/d, V/ = b/d.
Hence we have the following theorem. This result was already known in
[2], and also [8] for a special case.

Theorem 5. Let p = 2 and a,b any nonzero integers. Then the Hochschild
cohomology ring HH*(T') is the graded commutative ring generated by at most
the eight elements

UlaTlaﬂeHHl(F)7 ¢7¢7X7”07P0€HH2(F)

with the following relations.
The relations in HH(T) :

201 =27 = 2dm = 0.
The relations in HH*(T) :
2ap = 2dyp = 2bx = 2py = 2 = 0,

0101 = ab<p, o171 = ab’(ﬁ, o1 = b/ap(),

711 = aby, mim=adbn, =wr=adb(ap+by).
The relations in HH3(T) :
Tip =019, TP =o01X, Tino = dmy,

T1po = o1 = dmyp, o1po = dmp, wpo = d'orp +bo1x,
o = a' T + b’

The relations in HH*(T) :

ex =YY, o =vYpo, Yno = Xpo,
popo = app + b, pomo = ap + bbx, nomo = ap + bxx.
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In particular, if |a| = |b] = 1, then we have the following result of [6] from
Theorem 5:

Corollary 6. If p=2 and |a| = |b| = 1, then we have the ring isomorphism
HH*(T) = Zlx,y, 2]/ (22, 2y, 22,2° + y* + 2%).
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