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Abstract. We determine the ring structure of the Hochschild cohomology
HH∗(Γ) of an integral cyclic algebra Γ by giving a projective bimodule reso-
lution of Γ and calculating cup product by means of a diagonal approximation
map.
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§1. Introduction

Let Z be the ring of rational integers, p a prime integer and ζ a primitive p-th
root of unity. We set R = Z[ζ], ωn = 1 − ζn for any n ∈ Z and we denote
ω1 = 1− ζ by ω. We note that pR = ωp−1R and that ωk/ωl is a unit in R for
any k, l with k, l ̸≡ 0 mod p.

Let a and b any nonzero rational integers and d the greatest common divisor
of a and b. We let Γ be the integral cyclic R-algebra

Γ =
⊕

0≤k,l≤p−1

Rikjl such that ip = a, jp = b, ji = ζij.

In particular, in the case p = 2, Γ is just the generalized quaternion algebra
over the ring of rational integers Z.

In this paper, we consider the Hochschild cohomology group HHm(Γ) =
ExtmΓe(Γ,Γ) and the Hochschild cohomology ring HH∗(Γ) =

⊕
m≥0 HH

m(Γ)
of Γ, where Γe denotes the enveloping algebra Γ⊗R Γop of Γ. Unless otherwise
stated, ⊗ denotes ⊗R.

Although there is basically a small number of studies about the Hochschild
cohomology for algebras over a commutative ring, the Hochschild cohomology
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of quaternion algebras or cyclic algebras appearing as orders in semisimple
algebras over a field are studied in, for example, Hayami’s works [1], [2], [3],
[4], and [6], [7], [8] etc. However, Hochschild cohomology is an important
tool for investigating module categories of algebras. In fact it is known that
the Hochschild cohomology ring of an algebra over a commutative ring is an
invariant under the equivalence of bounded derived categories as triangulated
categories (cf. [5, Chapter 6]).

Concerning the integral cyclic algebra Γ above, in the case a is any nonzero
integer and b = −1, the module structure of HHm(Γ) was already given in
[6] using spectral sequence. In the case p = 2, a is any nonzero integer and
b = −1, the ring structure of the Hochschild cohomology HH∗(Γ) was also
calculated in [8] using spectral sequence. In the case p = 2, a and b are
any nonzero integers, that is, Γ is a generalized quaternion algebra, the ring
structure of HH∗(Γ) was determined in [2]. In this paper, we will generalize
these results to the case of any prime number p.

In Section 2, we give a projective bimodule resolution of Γ, and applying
the functor HomΓe(−,Γ) to the resolution, we have a double complex which
gives the Hochschild cohomology group HHm(Γ). In Section 3, we determine
the R-module structure of HHm(Γ) (Theorem 2):

HHm(Γ) ∼=


R for m = 0,

(R/dpR)(m−1)/2 ⊕ (R/dωR)(m+1)/2 ⊕ (R/ωR)(p
2−2)(m+1)/2

for m odd,

(R/dpR)(m−2)/2 ⊕ (R/dωR)m/2 ⊕ (R/ωR)(p
2−2)m/2 ⊕ (R/apR)

⊕(R/bpR) for m(̸= 0) even.

In Section 4, we determine the ring structure of HH∗(Γ). First, in Section
4.1, we define a ‘diagonal approximation map’ for the projective bimodule res-
olution of Γ in order to calculate the cup product on HH∗(Γ). In Section 4.2,
by calculating the cup products of generators of the Hochoschild cohomology
groups HHm(Γ) for m ≥ 0, we give a system of generators of the Hochschild
cohomology ring HH∗(Γ) as an R-algebra in Theorem 3. As a result, if p ≥ 3,
then the Hochschild cohomology ring HH∗(Γ) is generated by the elements
of HH1(Γ), HH2(Γ) and HH3(Γ). Furthermore, in that section, we present
the relations that the generators of HH∗(Γ) satisfy. In addition, we study
the special case |a| = |b| = 1. In Section 5, we consider the ring structure of
HH∗(Γ) in the case p = 2.

§2. Projective resolution of Γ

First, we will give a Γe-projective resolution (Pm,∆m, ε) of Γ referring to [2]:

Pm = (Γ⊗ Γ)m+1 := (Γ⊗ Γ)⊕ (Γ⊗ Γ)⊕ · · · ⊕ (Γ⊗ Γ),
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∆m =
∑

s+t=m

(∂s,t + δs,t) for every integer m ≥ 0, ε is the augmentation.

Here, for s, t ≥ 0 with m = s+ t, we define an element cs,t ∈ Pm by

cs,t =

{
(0, . . . , 0,

t
ˇ1⊗ 1, 0, . . . , 0) ∈ (Γ⊗ Γ)m+1 if 0 ≤ t ≤ m, s+ t = m,

(0, . . . , 0) otherwise.

Then Pm =
⊕

s+t=m Γs,t, where we set Γs,t := Γcs,tΓ. We define Γe-homomor-
phisms ∂s,t : Γs,t −→ Γs−1,t and δs,t : Γs,t −→ Γs,t−1 by

∂s,t =



∂1 : cs,t 7→ ics−1,t − cs−1,ti for s odd

∂2 : cs,t 7→
p−1∑
k=0

ip−1−kcs−1,ti
k for s even

 for t even,

∂′1 : cs,t 7→ ics−1,t − ζ−1cs−1,ti for s odd

∂′2 : cs,t 7→
p−1∑
k=0

ζ−kip−1−kcs−1,ti
k for s even

 for t odd,

δs,t =



δ1 : cs,t 7→ jcs,t−1 − cs,t−1j for t odd

δ2 : cs,t 7→
p−1∑
k=0

jp−1−kcs,t−1j
k for t even

 for s even,

δ′1 : cs,t 7→ (−1)(ζ−1jcs,t−1 − cs,t−1j) for t odd

δ′2 : cs,t 7→ (−1)
p−1∑
k=0

ζ−(p−1−k)jp−1−kcs,t−1j
k for t even

 for s odd.

It is easy to see that the following equations hold:

δs,t−1 ◦ δs,t = 0, ∂s−1,t ◦ ∂s,t = 0, ∂s,t−1 ◦ δs,t + δs−1,t ◦ ∂s,t = 0.

Hence, setting each Γs,t on each lattice point on the first quadrant, we have
the following double complex:

(Γs,t, ∂s,t, δs,t) :

yδ1

yδ′1

yδ1

Γ0,2 ←−−−−
∂1

Γ1,2 ←−−−−
∂2

Γ2,2 ←−−−−
∂1yδ2

yδ′2

yδ2

Γ0,1 ←−−−−
∂′
1

Γ1,1 ←−−−−
∂′
2

Γ2,1 ←−−−−
∂′
1yδ1

yδ′1

yδ1

Γ0,0 ←−−−−
∂1

Γ1,0 ←−−−−
∂2

Γ2,0 ←−−−−
∂1

.

Then, we show the Γe-projective resolution of Γ in the following proposition.
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Proposition 1. By taking the total complex of the above complex, we have
the Γe-projective resolution of Γ:

· · · ∆3−−−−→ P2
∆2−−−−→ P1

∆1−−−−→ P0
ε−−−−→ Γ −−−−→ 0,

where ∆m =
∑

s+t=m(∂s,t + δs,t) and ε is the multiplication map.

Proof. The exactness of the sequence is verified by giving a contracting homo-
topy. We define the following maps T−1 : Γ −→ P0 and Tm : Pm −→ Pm+1 for
m ≥ 0 by

T−1(γ) = c0,0γ (γ ∈ Γ);

for any even m,

Tm(iujvcm,0) =

0 for u = 0 and v = 0,
v−1∑
k=0

jv−1−kcm,1j
k for u = 0 and v ̸= 0,

u−1∑
k=0

iu−1−kcm+1,0i
k for u ̸= 0 and v = 0,

u−1∑
k=0

iu−1−kcm+1,0i
kjv + iu

v−1∑
k=0

jv−1−kcm,1j
k for u ̸= 0 and v ̸= 0,

Tm(iujvcs,t) =

0 for v = 0 and t (̸= 0) even,

iu
v−1∑
k=0

jv−1−kcs,t+1j
k for v ̸= 0 and t (̸= 0) even,

0 for v ̸= p− 1 and t odd,
−ζ−1iucs,t+1 for v = p− 1 and t odd;
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and for any odd m,

Tm(iujvcm,0) =

0 for u ̸= p− 1 and v = 0,

−ζ iu
v−1∑
k=0

jv−1−kcm,1j
k for u ̸= p− 1 and v ̸= 0,

cm+1,0 for u = p− 1 and v = 0,

ζvcm+1,0j
v − ζ ip−1

v−1∑
k=0

jv−1−kcm,1j
k for u = p− 1 and v ̸= 0,

Tm(iujvcs,t) =

0 for v = 0 and t ( ̸= 0) even,

−ζiu
v−1∑
k=0

ζkjv−1−kcs,t+1j
k for v ̸= 0 and t ( ̸= 0) even,

0 for v ̸= p− 1 and t odd,
iucs,t+1 for v = p− 1 and t odd.

Then Tm’s satisfy the equalities

∆1 ◦ T0 + T−1 ◦ ε = idP0 ,

∆m+1 ◦ Tm + Tm−1 ◦∆m = idPm for m ≥ 0.

That is, {Tm} is a contracting homotopy.

We remark that the exactness above is also verified by using spectral se-
quence.

Next, we will define a complex giving the Hochschild cohomology of Γ.
Applying the functor HomΓe(−,Γ) to the double complex above, we have the
following double complex on the third quadrant:

(
Γs,t, ∂s,t, δs,t

)
:

←−−−−
∂̃1

Γ2,0 ←−−−−
∂̃2

Γ1,0 ←−−−−
∂̃1

Γ0,0yδ̃1

yδ̃′1

yδ̃1

←−−−−
∂̃′
1

Γ2,1 ←−−−−
∂̃′
2

Γ1,1 ←−−−−
∂̃′
1

Γ0,1

yδ̃2

yδ̃′2

yδ̃2

←−−−−
∂̃1

Γ2,2 ←−−−−
∂̃2

Γ1,2 ←−−−−
∂̃1

Γ0,2yδ̃1

yδ̃′1

yδ̃1
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where we set Γs,t := HomΓe(Γs,t,Γ) ∼= Γ and we identify Γs,t with Γ. So ∂s,t :=
Hom(∂s+1,t, ι) : Γ

s,t −→ Γs+1,t and δs,t := Hom(ι, δs,t+1) : Γ
s,t −→ Γs,t+1 are

explicitly given by

∂s,t =



∂̃1 : x 7→ ix− xi for s even

∂̃2 : x 7→
p−1∑
k=0

ip−1−kxik for s odd

 for t even,

∂̃′1 : x 7→ ix− ζ−1xi for s even

∂̃′2 : x 7→
p−1∑
k=0

ζ−kip−1−kxik for s odd

 for t odd,

δs,t =



δ̃1 : x 7→ jx− xj for t even

δ̃2 : x 7→
p−1∑
k=0

jp−1−kxjk for t odd

 for s even,

δ̃′1 : x 7→ (−1)(ζ−1jx− xj) for t even

δ̃′2 : x 7→ (−1)
p−1∑
k=0

ζ−(p−1−k)jp−1−kxjk for t odd

 for s odd

for x ∈ Γs,t. Therefore, putting Qm :=
⊕

s+t=m Γs,t ∼= Γm+1 and ∆m :=∑
s+t=m (∂s,t + δs,t), we have the total complex of the above complex:

· · · ∆2

←−−−− Q2 ∆1

←−−−− Q1 ∆0

←−−−− Q0 ←−−−− 0.

§3. Module structure of HHm(Γ)

In this section, we determine the module structure of HHm(Γ) = ExtmΓe(Γ,Γ).
First, we present any element of Γ by a matrix in Mp(R). If x is any element
in Γs,t, then there uniquely exist xkl ∈ R (k, l = 1, 2, . . . , p) such that

x =
(
1 i · · · ip−1

)

x11 x12 · · · x1p
x21 x22 · · · x2p
...

...
. . .

...
xp1 xp2 · · · xpp




1
j
...

jp−1

 .

By corresponding x ∈ Γs,t to the matrix X = (xkl) ∈ Mp(R) above, ∂s,t(X)
and δs,t(X) are given by

∂̃1(X) =


0 aωxp2 · · · aωp−1xpp
0 ωx12 · · · ωp−1x1p
...

...
. . .

...
0 ωxp−12 · · · ωp−1xp−1p

 , ∂̃2(X) =


apx21 0 · · · 0

...
...

. . .
...

apxp1 0 · · · 0
px11 0 · · · 0

 ,
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∂̃′1(X) =


aωp−1xp1 0 aωxp3 · · · aωp−2xpp
ωp−1x11 0 ωx13 · · · ωp−2x1p

...
...

...
. . .

...
ωp−1xp−11 0 ωxp−13 · · · ωp−2xp−1p

 ,

∂̃′2(X) =


0 apx22 0 · · · 0
...

...
...

. . .
...

0 apxp2 0 · · · 0
0 px12 0 · · · 0

 ;

δ̃1(X) =


0 0 · · · 0

−bωx2p −ωx21 · · · −ωx2p−1
...

...
. . .

...
−bωp−1xpp −ωp−1xp1 · · · −ωp−1xpp−1

 ,

δ̃2(X) =


bpx12 · · · bpx1p px11
0 · · · 0 0
...

. . .
...

...
0 · · · 0 0

 ,

δ̃′1(X) =


bωp−1x1p ωp−1x11 · · · ωp−1x1p−1

0 0 · · · 0
bωx3p ωx31 · · · ωx3p−1

...
...

. . .
...

bωp−2xpp ωp−2xp1 · · · ωp−2xpp−1

 ,

δ̃′2(X) =


0 · · · 0 0

−bpx22 · · · −bpx2p −px21
0 · · · 0 0
...

. . .
...

...
0 · · · 0 0

 .

For s+ t = m (s, t ≥ 0), we define cs,t ∈ Qm by

cs,t =

{
(0, . . . , 0,

t

1̌, 0, . . . , 0) ∈ Qm = Γm+1 if 0 ≤ t ≤ m, s+ t = m,
(0, . . . , 0) otherwise.

Using above expressions, we obtain the R-module structure of the Hochschild
cohomology groupHHm(Γ). In fact, we directly calculate Ker∆m and Im∆m−1.
We present those R-modules only in the case m is even.

Ker∆m =

m⊕
t=0

Rcm−t,t ⊕
⊕

1≤t<≤m−1, odd;
2≤k,l≤p−1

Rikjlcm−t,t
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⊕
⊕

1≤t≤m−1, odd;
2≤l≤p−1

Rjlcm−t,t ⊕
⊕

1≤t≤m−1, odd;
2≤k≤p−1

Rikcm−t,t

⊕
⊕

0≤t≤m−2, even;
0≤k′( ̸=1)≤p−1

R

(
p

ωp−1+k′
ip−1+k′cm−t,t + ik

′
jcm−t−1,t+1

)

⊕
⊕

1≤t≤m−1, odd;
0≤l′ (̸=1)≤p−1

R

(
ijl

′
cm−t,t +

p

ωp−1+l′
jp−1+l′cm−t−1,t+1

)
,

Im∆m−1 =apRcm,0 ⊕
⊕

1≤t≤m−1, odd

dωRcm−t,t ⊕
⊕

2≤t≤m−2, even

dpRcm−t,t

⊕ bpRc0,m ⊕
⊕

1≤t≤m−2, odd;
2≤k,l≤p−1

ωRikjlcm−t−1,t−1

⊕
⊕

1≤t≤m−1, odd;
2≤l≤p−1

ωRjlcm−t,t ⊕
⊕

1≤t≤m−1, odd;
2≤k≤p−1

ωRikcm−t,t

⊕
⊕

0≤t≤m−2, even;
0≤k′( ̸=1)≤p−1

ωR

(
p

ωp−1+k′
ip−1+k′cm−t,t + ik

′
jcm−t−1,t+1

)

⊕
⊕

1≤t≤m−1, odd;
0≤l′ (̸=1)≤p−1

ωR

(
ijl

′
cm−t,t +

p

ωp−1+l′
jp−1+l′cm−t−1,t+1

)
.

In the above calculation, we note that ωR = ωp−1+k′R for 0 ≤ k′( ̸= 1) ≤ p−1.

Theorem 2. Let Z be the ring of rational integers, a, b any nonzero rational
integers and d the greatest common divisor of a and b. Let p be a prime and
ζ a primitive p-th root of unity. We set R = Z[ζ] and put ω = 1 − ζ. Then
the R-module structure of the Hochschild cohomology group of Γ is as follows:

HHm(Γ) ∼=


R for m = 0,

(R/dpR)(m−1)/2 ⊕ (R/dωR)(m+1)/2 ⊕ (R/ωR)(p
2−2)(m+1)/2

for m odd,

(R/dpR)(m−2)/2 ⊕ (R/dωR)m/2 ⊕ (R/ωR)(p
2−2)m/2

⊕(R/apR)⊕ (R/bpR) for m(̸= 0) even.

For the later use, we list the system of generators of each HHm(Γ) as an
R-module represented by elements in Qm = Γm+1 as follows, where we set
a′ = a/d, b′ = b/d:

For m = 1,
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ijlc1,0 for 1 ≤ l ≤ p− 1,

ikjc0,1 for 1 ≤ k ≤ p− 1,

ik+1jlc1,0 − ωk

ωl
ikjl+1c0,1 for 1 ≤ k, l ≤ p− 1 with (k, l) ̸= (p− 1, p− 1),

a′jp−1c1,0 − b′ip−1c0,1.

For m ≥ 2 even,

cm−t,t for 0 ≤ t ≤ m,
ikjlcm−t,t for 2 ≤ k, l ≤ p− 1 and t odd,

ikcm−t,t for 2 ≤ k ≤ p− 1 and t odd,

jlcm−t,t for 2 ≤ l ≤ p− 1 and t odd,
p

ωp−1+k
ip−1+kcm−t,t + ikjcm−t−1,t+1 for 0 ≤ k(̸= 1) ≤ p− 1 and t even,

ijlcm−t,t +
p

ωp−1+l
jp−1+lcm−t−1,t+1 for 0 ≤ l( ̸= 1) ≤ p− 1 and t odd.

For m ≥ 3 odd,

ijlcm−t,t for 1 ≤ l ≤ p− 1 and t even,

ikjcm−t,t for 1 ≤ k ≤ p− 1 and t odd,

ik+1jlcm−t,t − ωk/ωli
kjl+1cm−t−1,t+1

for 1 ≤ k, l ≤ p− 1 with (k, l) ̸= (p− 1, p− 1) and t even,

a′jp−1cm−t,t − b′ip−1cm−t−1,t+1 for t even,

a′jcm−t,t − b′icm−t−1,t+1 for 0 ≤ t < m odd.



168 M. SHIMAKURA AND K. SANADA

§4. The ring structure of HH∗(Γ)

In this section, we will determine the ring structure ofHH∗(Γ) =
⊕

m≥0HH
m(Γ).

4.1. Diagonal approximation and cup product

First, we define a map Φs,t;s′,t′ : Γs+t,s′+t′ −→ Γs,t ⊗Γ Γs′,t′ of Γ
e-modules by

the map sending cs+t,s′+t′ to

∑
u+v+w=p−2,
u′+v′+w′=p−2

ζ(v+1)(v′+1)+2−uw′
iuju

′
cs,ti

vjv
′ ⊗Γ cs′,t′i

wjw
′
for s, t, s′, t′ odd,

−ζ
∑

u+v+w=p−2

ζuiucs,ti
v ⊗Γ cs′,t′i

w for s odd, t odd, s′ odd, t′ even,∑
u′+v′+w′=p−2

ζ−u′
ju

′
cs,tj

v′ ⊗Γ cs′,t′j
w′

for s odd, t odd, s′ even, t′ odd,∑
u+v+w=p−2

iucs,ti
v ⊗Γ ζ

−wcs′,t′i
w for s odd, t even, s′ odd, t′ odd,

−ζ
∑

u′+v′+w′=p−2

ju
′
cs,tj

v′ ⊗Γ ζ
w′
cs′,t′j

w′
for s even, t odd, s′ odd, t′ odd,∑

u+v+w=p−2

iucs,ti
v ⊗Γ cs′,t′i

w for s odd, t even, s′ odd, t′ even,∑
u′+v′+w′=p−2

ju
′
cs,tj

v′ ⊗Γ cs′,t′j
w′

for s even, t odd, s′ even, t′ odd,

−ζ−1cs,t ⊗Γ cs′,t′ for s even, t odd, s′ odd, t′ even,
cs,t ⊗Γ cs′,t′ otherwise.

Then, Φ = {Φs,t;s′,t′} satisfies the following relations:

Φs,t;s′,t′ ◦ ∂s+s′+1,t+t′

= ∂s+1,t ⊗ ι ◦ Φs+1,t;s′,t′ + (−1)s+tι⊗ ∂s′+1,t′ ◦ Φs,t;s′+1,t′ ,

Φs,t;s′,t′ ◦ δs+s′,t+t′+1

= δs,t+1 ⊗ ι ◦ Φs,t+1;s′,t′ + (−1)s+tι⊗ δs′,t′+1 ◦ Φs,t;s′,t′+1,

ε⊗ ε ◦ Φ0,0;0,0 = ε.

Therefore, Φm,n :=
∑

s+t=m,s′+t′=nΦs,t;s′t′ is a ‘diagonal approximation’, that
is, this satisfies

Φm,n ◦∆m+n+1 = (∆m+1 ⊗ ι) ◦ Φm+1,n + (−1)m(ι⊗∆n+1) ◦ Φm,n+1,

(ε⊗ ε) ◦ Φ0,0 = ε.

Using Φ, we define the cup product

HHm(Γ)⊗HHn(Γ)
⌣−→ HHm+n(Γ); α⊗ β 7→ a ⌣ β
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by

α ⌣ β = (α⊗Γ β) ◦ Φs,t;s′,t′ : Γs+t,s′+t′ → Γs,t ⊗Γ Γs′,t′ → Γ⊗Γ Γ = Γ.

for α ∈ Γs,t with s+t = m and β ∈ Γs′,t′ with s′+t′ = n. Hence Γs,t⊗Γs′,t′ ⌣−→
Γs+t,s′+t′ is explicitly presented by

α ⌣ β =

∑
u+v+w=p−2,
u′+v′+w′=p−2

ζ(v+1)(v′+1)+2−uw′
iuju

′
αivjv

′
βiwjw

′
for s, t, s′, t′ odd,

−ζ
∑

u+v+w=p−2

ζuiuαivβiw for s odd, t odd, s′ odd, t′ even,∑
u′+v′+w′=p−2

ζ−u′
ju

′
αjv

′
βjw

′
for s odd, t odd, s′ even, t′ odd,∑

u+v+w=p−2

iuαivζ−wβiw for s odd, t even, s′ odd, t′ odd,

−ζ
∑

u′+v′+w′=p−2

ju
′
αjv

′
ζw

′
βjw

′
for s even, t odd, s′ odd, t′ odd,∑

u+v+w=p−2

iuαivβiw for s odd, t even, s′ odd, t′ even,∑
u′+v′+w′=p−2

ju
′
αjv

′
βjw

′
for s even, t odd, s′ even, t′ odd,

−ζ−1αβ for s even, t odd, s′ odd, t′ even,
αβ otherwise.

for α ∈ Γs,t and β ∈ Γs′,t′ . In the above, we identify Γs,t with Γ and so
on. As long as there is no confusion, we often denote α ⌣ β by αβ for
simplicity. It is well known that the anti-commutativity αβ = (−1)mnβα holds
for α ∈ HHm(Γ) and β ∈ HHn(Γ). That is, the Hochschild cohomology ring
HH∗(Γ) is a graded commutative ring.

4.2. Generators of HH∗(Γ) as an R-algebra and the relations

In this subsection, we determine the ring structure of the Hochschild coho-
mology ring HH∗(Γ) using cup product on generators of HHm(Γ). By the
way, the ring structure of the Hochschild cohomology ring HH∗(Γ) in the case
p = 2 was already known in [2]. So, we mainly treat the case p ≥ 3.

We denote the representatives of each element of HHm(Γ) by (∗, ∗, . . . , ∗)
∈ Qm = Γm,0⊕Γm−1,1⊕ · · ·⊕Γ0,m. Then, referring to Theorem 2, generators
of HHm(Γ) for m = 1, 2, 3 as an R-module are as follows including the case
p = 2:
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Generators of HH1(Γ):

σl := (ijl, 0) for 1 ≤ l ≤ p− 1,

τk := (0, ikj) for 1 ≤ k ≤ p− 1,

θk,l := (ik+1jl,−ωk

ωl
ikjl+1) for 1 ≤ k, l ≤ p− 1 with (k, l) ̸= (p− 1, p− 1),

π := (a′jp−1,−b′ip−1).

Generators of HH2(Γ):

φ := (1, 0, 0),

ψ := (0, 1, 0),

χ := (0, 0, 1),

ρk := (
p

ωp−1+k
ip−1+k, ikj, 0) for 0 ≤ k( ̸= 1) ≤ p− 1,

ηl := (0, ijl,
p

ωp−1+l
jp−1+l) for 0 ≤ l( ̸= 1) ≤ p− 1,

µk,l := (0, ikjl, 0) for 0 ≤ k, l(̸= 1) ≤ p− 1 with (k, l) ̸= (0, 0).

Generators of HH3(Γ):

(ijl, 0, 0, 0) for 1 ≤ l ≤ p− 1,

(0, ikj, 0, 0) for 1 ≤ k ≤ p− 1,

(0, 0, ijl, 0) for 1 ≤ l ≤ p− 1,

(0, 0, 0, ikj) for 1 ≤ k ≤ p− 1,

(ik+1jl,−ωk

ωl
ikjl+1, 0, 0) for 1 ≤ k, l ≤ p− 1 with (k, l) ̸= (p− 1, p− 1),

(0, 0, ik+1jl,−ωk

ωl
ikjl+1) for 1 ≤ k, l ≤ p− 1 with (k, l) ̸= (p− 1, p− 1),

(a′jp−1,−b′ip−1, 0, 0),

(0, 0, a′jp−1,−b′ip−1),

κ :=(0, a′j,−b′i, 0).

Let x = (xm,0, . . . , x0,m) ∈ HHm(Γ). Then, it is easy to check that the
elements (xm,0, . . . , x0,m, 0, 0) and (0, 0, xm,0, . . . , x0,m) ∈ HHm+2(Γ) are given
by xφ and xχ respectively. In particular, if x is a generator, then xφ and xχ
are also generators. Therefore, we see that the generators of HHm(Γ) for
any m ≥ 3 except κ are given by the cup products of the generators above
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of HH1(Γ) and HH2(Γ) and κ ∈ HH3(Γ). On the other hand, the relation
σlτk = µk+1,l+1 holds for 1 ≤ k, l < p− 1.

Therefore we have the following main theorem.

Theorem 3. Let p be an odd prime and a, b nonzero integers, and set d =
gcd (a, b), a′ = a/d, b′ = b/d. Then the Hochschild cohomology ring HH∗(Γ)
is the graded commutative ring generated by at most the following p2 + 4p− 3
elements:

σl, τk, θk′,l′ , π ∈ HH1(Γ) for 1 ≤ k, k′, l, l′ ≤ p− 1 with (k′, l′) ̸= (p− 1, p− 1),

φ, ψ, χ, µk,0, µ0,l, ρk′ , ηl′ ∈ HH2(Γ) for 2 ≤ k, l ≤ p− 1, 0 ≤ k′, l′( ̸= 1) ≤ p− 1,

κ ∈ HH3(Γ).

The list of the relations of the generators above is as follows:

The relations in HH1(Γ) :

ωτk = ωσl = dωπ = ωθk′,l′ = 0.

The relations in HH2(Γ) :

apφ = dωψ = bpχ = ωρk′ = ωηl′ = ωµk,0 = ωµ0,l = ππ = 0.

τk′τk =

{
p
ωk
ζkabχ if k + k′ = p,

0 if k + k′ ̸= p.

σlσl′ =

{
p
ωl
ζ labφ if l + l′ = p,

0 if l + l′ ̸= p.

τkπ =

{
−ζ−1a′bη0 if k = 1,

−ζ−1a′bµk,0 if 1 < k.

σlπ =

{
−ζ−1b′aρ0 if l = 1,

−ζ−lb′aµ0,l if 1 < l.

σlτk =


bµk+1,0 if k < p− 1 and l = p− 1,

aµ0,l+1 if k = p− 1 and l < p− 1,

abψ if k = p− 1 and l = p− 1.

θk,lθk′,l′ =
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

(ωk
ωl
ζk

′+l − ωk′
ωl′

)ζk
′lσl+l′τk+k′ if 0 < k + k′ < p− 1

and 0 < l + l′ < p− 1,

(ωk
ωl
ζk

′+l − ωk′
ωl′

)ζk
′lbµk+k′+1,0 if 0 < k + k′ < p− 1

and l + l′ = p− 1,
ωk+k′
ωl

ζ l(k
′+1)bρk+k′+1 if 0 < k + k′ < p− 1 and l + l′ = p,

(ωk
ωl
ζk

′+l − ωk′
ωl′

)ζk
′lbσl+l′−pτk+k′ if 0 < k + k′ < p− 1 and p < l + l′,

(ωk
ωl
ζk

′+l − ωk′
ωl′

)ζk
′laµ0,l+l′+1 if k + k′ = p− 1

and 0 < l + l′ < p− 1,

(ωk
ωl
ζk

′+l − ωk′
ωl′

)ζk
′labψ if k + k′ = p− 1 and l + l′ = p− 1,

ωk+k′
ωl

ζ l(k
′+1)abρ0 if k + k′ = p− 1 and l + l′ = p,

(ωk
ωl
ζk

′+l − ωk′
ωl′

)ζk
′labµ0,l+l′+1−p if k + k′ = p− 1 and p < l + l′,

ωkωl+l′
ωlωl′

ζ−k(l+1)aηl+l′+1 if k + k′ = p and 0 < l + l′ < p,
ωkωl+l′
ωlωl′

ζ−k(l+1)abη0 if k + k′ = p and l + l′ = p− 1,
p

ωlωl′
ζkl

′
ab(ωl′aφ+ ωk′bχ) if k + k′ = p and l + l′ = p,

ωkωl+l′
ωlωl′

ζ−k(l+1)abηl+l′+1−p if k + k′ = p and p < l + l′,

(ωk
ωl
ζk

′+l − ωk′
ωl′

)ζk
′laσl+l′τk+k′−p if p < k + k′ and 0 < l + l′ < p,

(ωk
ωl
ζk

′+l − ωk′
ωl′

)ζk
′labµk+k′+1−p,0 if p < k + k′ and l + l′ = p− 1,

ωk+k′
ωl

ζ l(k
′+1)abρk+k′+1−p if p < k + k′ and l + l′ = p,

(ωk
ωl
ζk

′+l − ωk′
ωl′

)ζk
′labσl+l′−pτk+k′−p if p < k + k′ and p < l + l′.

πθk,l =


p
ω1
ab(−ζ−1a′φ+ b′χ) if k = 1 and l = 1,

ωl−1

ωl
a′bηl if k = 1 and 1 < l,

−ωk−1

ω1
ζ−kb′aρk if 1 < k and l = 1,

(ζ−1 − ωk
ωl
ζ−k)a′b′dσl−1τk−1 if 1 < k and 1 < l.

τk′θk,l =



−ζkσlτk+k′ if 0 < k + k′ < p and l < p− 1,

−ζkbµk+k′+1,0 if 0 < k + k′ < p and l = p− 1,

−ζkaηl+1 if k + k′ = p and l < p− 1,

−ζkabη0 if k + k′ = p and l = p− 1,

−ζkaσlτk+k′−p if p < k + k′ and l < p− 1,

−ζkabµk+k′+1−p,0 if p < k + k′ and l = p− 1.
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σl′θk,l =



−ωk
ωl
ζkl

′
σl+l′τk if 0 < l + l′ < p and k < p− 1,

−ωp−1

ωl
ζ−l′aµ0,l+l′+1 if 0 < l + l′ < p and k = p− 1,

ωk
ωl′
ζ l

′(k+1)bρk+1 if l + l′ = p and k < p− 1,
ωp−1

ωl′
abρ0 if l + l′ = p and k = p− 1,

−ωk
ωl
ζkl

′
bσl+l′−pτk if p < l + l′ and k < p− 1,

−ωp−1

ωl
ζ−l′abµ0,l+l′+1−p if p < l + l′ and k = p− 1.

The relations in HH3(Γ) :

dpκ = πψ = 0.

τkψ =

{
p
ω1
σp−1χ if k = 1,

0 if 1 < k.

σlψ =

{
p
ω1
τp−1φ if l = 1,

0 if 1 < l.

τkρk′ =


− p

ω1
dκ if k + k′ − 1 = 0 (i.e. k = 1, k′ = 0),

p
ωp−1+k′

ζk
′−1aτk+k′−1φ if 0 < k + k′ − 1 < p,

− p
ωk
adκ if k + k′ − 1 = p,

p
ωk′−1

ζk
′−1a2τk+k′−1−pφ if p < k + k′ − 1.

σlηl′ =



p
ω1
ζdκ if l + l′ − 1 = 0 (i.e. l = 1, l′ = 0),
p

ωp−1+l′
bσl+l′−1χ if 0 < l + l′ − 1 < p,

p
ωl
ζ lbdκ if l + l′ − 1 = p,
p

ωp−1+l′
b2σl+l′−1−pχ if p < l + l′ − 1.

σlρk =

{
p

ωp−1
ζ−lθp−1,lφ if k = 0,

p
ωk−1

ζ l(k−1)aθk−1,lφ if 0 < k.

τkηl =

{
− p

ωk
θk,p−1χ if l = 0,

− p
ωk
bθk,l−1χ if 0 < l.

τkµk′,0 =

{
p
ωk
aσp−1χ if k + k′ − 1 = p (i.e. k = 1, k′ = 0),

0 if k + k′ − 1 ̸= p.

σlµ0,l′ =

{
p
ωl
bτp−1φ if l + l′ − 1 = p (i.e. l = 1, l′ = 0),

0 if l + l′ − 1 ̸= p.

τkµ0,l =

{
p
ω1
bσl−1χ if k = 1,

0 if 1 < k.



174 M. SHIMAKURA AND K. SANADA

σlµk,0 =

{
p
ω1
ζkaτk−1φ if l = 1,

0 if 1 < l.

πµk,0 =

{
p
ω1
ζ−1a′bσp−2χ if k = 2,

0 if 2 < k.

πµ0,l =

{
− p

ω1
ζab′τp−2φ if k = 2,

0 if 2 < l.

πρk =


p

ωp−1
ζa′θp−2,p−1φ if k = 0,

p
ω1
ζ−1a′(aσp−1φ+ bσp−1χ) if k = 2,
p

ωk−1
ζ1−kaa′θk−2,p−1φ if 2 < k.

πηl =


p

ωp−1

ωp−2

ωp−1
b′θp−1,p−2χ if l = 0,

− p
ω1
b′(aζτp−1φ+ bτp−1χ) if l = 2,

p
ωp−1

ωl−2

ωp−1
bb′θp−1,l−2χ if 2 < l.

θk,lµk′,0 =



p
ω1
ζk

′
aτk+k′−1φ if 1 < k + k′ − 1 < p and l = 1,

0 if 1 < k + k′ − 1 < p and 1 < l,
p
ω1
ζ−(k−1)adκ if k + k′ − 1 = p and l = 1,

− p
ωl
ζ−l(k−1)abσl−1χ if k + k′ − 1 = p and 1 < l,

p
ω1
ζk

′
a2τk+k′−1−pφ if p < k + k′ − 1 and l = 1,

0 if p < k + k′ − 1 and 1 < l.

θk,lµ0,l′ =



− p
ωl
bσl+l′−1χ if 1 < l + l′ − 1 < p and k = 1,

0 if 1 < l + l′ − 1 < p and 1 < k,
p
ωl
bdκ if l + l′ − 1 = p and k = 1,

p
ωl
abτk−1φ if l + l′ − 1 = p and 1 < k,

− p
ωl
b2σl+l′−1−pχ if p < l + l′ − 1 and k = 1,

0 if p < l + l′ − 1 and 1 < k.

θk,lρk′ =



p
ωp−1

ζ−laσlφ− p
ωl
bσlχ if k + k′ − 1 = 0

(i.e. k = 1, k′ = 0),
p

ωk′−1
ζ l(k

′−1)aθk+k′−1,lφ if 0 < k + k′ − 1 < p,
p

ωk′−1
ζ l(k

′−1)a2σlφ− p
ωl
ζk

′labσlχ if k + k′ − 1 = p,
p

ωk′−1
ζ l(k

′−1)a2θk+k′−1−p,lφ if p < k + k′ − 1.
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θk,lηl′ =



p
ω1
ζd(a′τkφ+ ωk

ω1
b′τkχ) if l + l′ − 1 = 0 (i.e. l = 1, l′ = 0),

p
ωp−1+l′

ωl+l′−1

ωl
bθk,l+l′−1χ if 0 < l + l′ − 1 < p,

p
ωl
ζ lbd(a′τkφ+ ωk

ωl
b′τkχ) if l + l′ − 1 = p,

p
ωp−1+l′

ωl+l′−1

ωl
b2θk,l+l′−1−pχ if p < l + l′ − 1.

θk,lψ =


p
ω1
dκ if k = 1 and l = 1,

− p
ωl
bσl−1χ if k = 1 and 1 < l,

p
ω1
aτk−1φ if 1 < k and l = 1,

0 if 1 < k and 1 < l.

The relations in HH4(Γ) :

ψψ = ψµk,0 = ψµ0,l = µk,0µk′,0 = µ0,lµ0,l′ = 0.

πκ = a′b′(aψφ− ζ−1bψχ).

τkκ =

{
b′ρk+1χ if k < p− 1,

b′aρ0χ if k = p− 1.

σlκ =

{
a′ηl+1φ if l < p− 1,

a′bη0φ if l = p− 1.

θk,lκ =


a′σlτkφ− ωk

ωl
ζ lb′σlτkχ if k < p− 1 and l < p− 1,

a′bµk+1,0φ− ωk
ωp−1

ζp−1b′bµk+1,0χ if k < p− 1 and l = p− 1,

aa′µ0,l+1φ− ωp−1

ωl
ζ lab′µ0,l+1χ if k = p− 1 and l < p− 1.

ψρk =


p

ωp−1
µp−1,0φ if k = 0,

p
ω1
aη0φ if k = 2,
p

ωk−1
aµk−1,0φ if 2 < k.

ψηl =


p

ωp−1
µ0,p−1χ if l = 0,

p
ω1
bρ0χ if l = 2,
p

ωl−1
bµ0,l−1χ if 2 < l.

ρkµk′,0 =



p
ωp−1

aη0φ if k + k′ − 2 = 0 (i.e. k = 0, k′ = 2),
p

ωp−1
aµk+k′−1,0φ if 0 < k + k′ − 2 < p,

p
ωk−1

a2η0φ if k + k′ − 2 = p,
p

ωp−1
a2µk+k′−1−p,0φ if p < k + k′ − 2.
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ηlµ0,l′ =


− p

ωp−1
bρ0χ if l + l′ − 2 = 0 (i.e. l = 0, l′ = 2),

− p
ωp−1

bµ0,l+l′−1φ if 0 < l + l′ − 2 < p,

− p
ωl−1

b2ρ0χ if l + l′ − 2 = p,

− p
ωp−1

b2µ0,l+l′−1−pφ if p < l + l′ − 2.

ρkµ0,l =


p

ωp−1
σl−1τp−2φ if k = 0,

p
ω1
aηlφ if k = 2,
p

ωk−1
aσl−1τk−2φ if 2 < k.

ηlµk,0 =


p

ωp−1
ζ−kσp−2τk−1χ if l = 0,

p
ω1
ζkbρkχ if l = 2,
p

ωl−1
ζk(l−1)bσl−2τk−1χ if 2 < l.

ρkρk′ =



p
ωp−1

ωp−2

ωp−1
ρp−1φ if k = k′ = 0,

−( p
ωk−1

a)2ζk−1φφ+ p(p−1)
2

p
ωk−1

abφχ if k + k′ − 2 = 0,
p

ωp−1+k

ωp−2+k+k′
ωp−1+k′

aρk+k′−1φ if 0 < k + k′ − 2 < p− 1,

p
ωp−1+k

ωp−1

ωp−k
a2ρ0φ if k + k′ − 2 = p− 1,

−( p
ωk−1

a)2ζk−1aφφ+ p(p−1)
2

p
ωk−1

a2bφχ if k + k′ − 2 = p,
p

ωp−1+k

ωp−2+k+k′
ωp−1+k′

a2ρk+k′−1−pφ if p < k + k′ − 2.

ρkηl =



p
ωp−1

aψφ+ p
ωp−1

bψχ if k = 0 and l = 0,
p

ωp−1
aµ0,lφ+ p

ωl−1
bµ0,lχ if k = 0 and 0 < l,

p
ωk−1

aµk,0φ+ p
ωp−1

bµk,0χ if 0 < k and l = 0,
p

ωk−1
aσl−1τk−1φ+ p

ωl−1
bσl−1τk−1χ if 0 < k and 0 < l.

ηlηl′ =



p
ωp−1

ωp−2

ωp−1
ηp−1χ if l = l′ = 0,

−p(p−1)
2

p
ωl−1

ζ l−1abφχ+ ( p
ωl−1

b)2ζ l−lχχ if l + l′ − 2 = 0,
p

ωp−1+l

ωp−2+l+l′
ωp−1+l′

bηl+l′−1χ if 0 < l + l′ − 2 < p− 1,

p
ωp−1+l

ωp−1

ωp−l
b2η0χ if l + l′ − 2 = p− 1,

−p(p−1)
2

p
ωl−1

ζ l−1ab2φχ+ ( p
ωl−1

b)2ζ l−1bχχ if l + l′ − 2 = p,
p

ωp−1+l

ωp−2+l+l′
ωp−1+l′

b2ηl+l′−1−pχ if p < l + l′ − 2.

µk,0µ0,l =

{
p2

ω2
1
ζabφχ if k = 2 and l = 2,

0 if 2 < k or 2 < l.

The relations in HH5(Γ) :

ψκ = − p

ω1
ζφχπ.



HOCHSCHILD COHOMOLOGY RING OF INTEGRAL CYCLIC ALGEBRAS 177

ρkκ =

{
p

ωp−1
a′τp−1φφ+ p(p−1)

2 b′τp−1φχ if k = 0,
p

ωk−1
aa′τk−1φφ+ p(p−1)

2 ab′τk−1φχ if 0 < k.

ηlκ =

{
p(p−1)

2 a′σp−1φχ+ p
ω1
b′σp−1χχ if l = 0,

p(p−1)
2 ba′σl−1φχ+ p

ω1−l
bb′σl−1χχ if 0 < l.

µk,0κ =
p

ωk−1
a′θk−1,p−1φχ.

µ0,lκ =
p

ωp−1
b′θp−1,l−1φχ.

The relation in HH6(Γ) :

κκ =
p(p− 1)

2
a′b′φχ(aφ+ bχ).

Last, we consider the Hochschild cohomology ring HH∗(Γ) in the special
case |a| = |b| = 1.

If p ≥ 3, then we have the following relations from Theorem 3:

σp−1τk = µk+1,0 for 1 ≤ k < p− 1,

σlτp−1 = µ0,l+1 for 1 ≤ l < p− 1,

σp−1τp−1 = ψ,

σkθk,p−k = ζk(k+1)ρk+1 for 1 ≤ k < p− 1,

σp−1θp−1,1 = ρ0,

τp−1θ1,l = −ζηl+1 for 1 ≤ l < p− 1,

τp−1θ1,p−1 = −ζη0.

Hence, we have the following corollary:

Corollary 4. Let p ≥ 3 be a prime number and |a| = |b| = 1. Then the
Hochschild cohomology ring HH∗(Γ) is the graded commutative ring generated
by the following p2 + 2 elements:

σl, τk, θk′,l′ , π ∈ HH1(Γ) for 1 ≤ k, k′, l, l′ ≤ p− 1 with (k′, l′) ̸= (p− 1, p− 1),

φ, χ ∈ HH2(Γ), κ ∈ HH3(Γ).

§5. The ring structure of HH∗(Γ) in the case p = 2

In the last section, we deal with the case p = 2. Then Γ is a generalized
quaternion algebra over Z:

Γ = Z1⊕ Zi⊕ Zj ⊕ Zij, i2 = a, j2 = b, ji = −ij (a, b ∈ Z, ̸= 0).
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In that case, ζ = −1 and R = Z and the diagonal approximation map Φ is

Φs,t;s′,t′(cs+t,s′+t′) = cs,t ⊗Γ cs′,t′ ,

hence, the cup product ⌣ is

α ⌣ β = αβ

for α ∈ Γs,t and β ∈ Γs′,t′ . Furthermore, we note that the following relations
hold:

ππ = (a′b′a, 0, a′b′b) = a′b′aφ+ a′b′bχ,

πψ = (0, a′j,−b′i, 0) = κ,

ψψ = (0, 0, 1, 0, 0),

where d is the greatest common divisor of a and b, and set a′ = a/d, b′ = b/d.
Hence we have the following theorem. This result was already known in

[2], and also [8] for a special case.

Theorem 5. Let p = 2 and a, b any nonzero integers. Then the Hochschild
cohomology ring HH∗(Γ) is the graded commutative ring generated by at most
the eight elements

σ1, τ1, π ∈ HH1(Γ), φ, ψ, χ, η0, ρ0 ∈ HH2(Γ)

with the following relations.
The relations in HH1(Γ) :

2σ1 = 2τ1 = 2dπ = 0.

The relations in HH2(Γ) :

2aφ = 2dψ = 2bχ = 2ρ0 = 2η0 = 0,

σ1σ1 = abφ, σ1τ1 = abψ, σ1π = b′aρ0,

τ1τ1 = abχ, τ1π = a′bη0, ππ = a′b′(aφ+ bχ).

The relations in HH3(Γ) :

τ1φ = σ1ψ, τ1ψ = σ1χ, τ1η0 = dπχ,

τ1ρ0 = σ1η0 = dπψ, σ1ρ0 = dπφ, πρ0 = a′σ1φ+ b′σ1χ,

πη0 = a′τ1φ+ b′τ1χ.

The relations in HH4(Γ) :

φχ = ψψ, φη0 = ψρ0, ψη0 = χρ0,

ρ0ρ0 = aφφ+ bψψ, ρ0η0 = aφψ + bψχ, η0η0 = aψψ + bχχ.
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In particular, if |a| = |b| = 1, then we have the following result of [6] from
Theorem 5:

Corollary 6. If p = 2 and |a| = |b| = 1, then we have the ring isomorphism

HH∗(Γ) ∼= Z[x, y, z]/(2x, 2y, 2z, x2 + y2 + z2).
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