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Abstract. The object of this paper is to study K-contact manifolds with quasi-
conformal curvature tensor. We characterised K-contact manifolds satisfying
certain curvature conditions on the quasi-conformal curvature tensor.
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81. Introduction

Let (M",g), (n = 2m+1) be a contact Riemannian manifold with contact form
7, associated vector field £, (1,1)- tensor field ¢ and associated Riemannian
metric g. If ¢ is a Killing vector field, then M™ is called a K-contact manifold
([2],[15]). K-contact manifolds have been studied by several authors such as S.
Tanno [18],[19], [20], S.Sasaki [16], D. E. Blair [2], Y. Hatakeyama, Y. Ogawa
and S. Tanno [11], M. C. Chaki and D. Ghosh [5], U. C. De and S. Biswas [7]
and many others.

The notion of the quasi-conformal curvature tensor was given by Yano and
Sawaki [22]. According to them a quasi-conformal curvature tensor was given
by

(1.1) C(X,Y)Z = aR(X,Y)Z
+H[S(Y, 2)X — 8(X, Z)Y
+9(Y, Z2)QX — g(X, Z)QY]

_%(ﬁ +20)[9(Y, 2)X — g(X, 2)Y],
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where a and b are constants and R, S, (Q and r are the Riemannian curvature
tensor of type (1,3), the Ricci tensor of type (0,2), the Ricci operator defined
by S(X,Y) = g(QX,Y) and scalar curvature of the manifold respectively. If

a=1and b= ——15 then (1.1) takes the form
(1.2) C(X,Y)Z = R(X,Y)Z
—n—i2[S(Y, 2)X - S(X, 2)Y
+9(Y, Z)TQX - 9(X,2)QY]
+m[ﬂ(ya 2)X —g(X,2)Y]
= C(X,Y)Z,

where C'(X,Y)Z is the conformal curvature tensor ([10]). Thus the conformal
curvature tensor C' is a particular case of the tensor C. A manifold (M™,g),
(n > 3) is called quasi-conformally flat if the quasi-conformal curvature tensor
C = 0. It is known ([1]) that the quasi-conformally flat manifold is either con-
formally flat if a # 0 or Einstein if a # 0, b # 0. Since they give no restriction
for manifold if @ = 0 and b = 0, it is essential for us to consider the case of
a # 0 or b # 0. Recently De and Matsuyama [6] studied quasi-conformally flat
manifold. Also quasi-conformal curvature tensor have been studied by Ozgiir
and De [13], De and Gazi [8] and many others. A Riemannian manifold sat-
isfying R(X,Y).R = 0 is called semisymmetric ([17]), where R(X,Y") denotes
the derivation of the tensor algebra at each point of the manifold for tangent
vectors X, Y. In an anologous way we define quasi-conformally semisymmetric
manifold. A K-contact manifold is said to be quasi-conformally semisymmet-
ric if R(X,Y).C = 0, where C is the quasi-conformal curvature tensor.

The paper organised as follows:

After preliminaries in section 3, we first prove that a quasi-conformally flat
K-contact manifold is an n-Einstein manifold. As a consequence of this we
obtain that a quasi-conformally flat K-contact manifold is Sasakian. Section
4 deals with the study of a K-contact manifold satisfying divC = 0 and we
prove that such a K-contact manifold is also Sasakian. Section 5 is devoted
to the study of a K-contact Einstein (or n-Einstein) quasi-conformally semi-
symmetric manifold. In section 6 we prove that a &-quasi-conformally flat
K-contact manifold is an 7-Einstein manifold. Finally some applications are
given.

§2. Preliminaries

By a contact manifold we mean an n = (2m + 1)- dimensional differentiable
manifold M"™ which carries a global 1-form 7, there exists a unique vector field
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¢, called the characteristic vector field such that, n(§) = 1 and dn(&, X) = 0.
A Riemannian metric g on M" is said to be an associated metric if there exists
a (1,1) tensor field ¢ such that

(2.1) dn(X,Y) = g(X,9Y), n(X) = g(X,£), ¢* =T +n®¢

From these equations we have

(2.2) ¢§ =0, no =0, g(¢X,0Y) = g(X,Y) — n(X)n(Y).

The manifold M equipped with the contact structure (¢,&,7,g) is called a
contact metric manifold. A contact metric structure is said to be normal
(Sasakian) if the almost complex structure J on M x R defined by, J(X, f %)
= (¢pX — f&,n(X)%), f being a function on M™, is integrable. A contact
metric manifold is Sasakian if and only if

(2.3) R(X,Y)¢ = n(Y)X = n(X)Y.

Every Sasakian manifold is K-contact, but the converse need not be true,
except in dimension three ([12]). K-contact metric manifold are not too well
known, because there is no such a simple expression for the curvature tensor
as in the case of Sasakian manifold. For details we refer to ([2], [3], [15]).

Besides the above relations in K-contact manifold the following relations
hold ([2], 3], [15]):

(2.4) Vxé = —¢X.

(2.5) g(R(§, X)Y. &) = n(R(&, X)Y) = g(X,Y) — n(X)n(Y).
(2.6) R(§, X)§ = —X +n(X)E.

(2.7) S(X,¢) = (n— n(X).

(2.8) (Vx¢) = R(&, X)Y.

for any vector fields X, Y.
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Further since £ is a Killing vector field, S and r remains invariant under it,
i.e.,

(2.9) LeS=0 and Ler =0,

where L denotes the Lie-derivation.

Again a K-contact manifold is called Einstein if the Ricci tensor S is of the
form S = Ag, where X is a constant and n-Einstein if the Ricci tensor S is of
the form S = ag + bn ® n , where a, b are smooth functions on M. It is well
known ([12]) that in a K-contact manifold @ and b are constants. Also it is
known that every manifold of constant curvature is an Einstein manifold. The
converse is only true for dimension three. Again a compact Einstein K-contact
manifold is Sasakian ([4]).

A Riemannian or semi-Riemannian manifold is said to be semi-symmetric
([9]) if R(X,Y).R = 0, where R is the Riemannian curvature tensor and
R(X,Y) is considered as a derivation of the tensor algebra at each point of
the manifold for tangent vectors X, Y. If a Riemannian manifold satisfies

R(X,Y).C = 0, where C is the quasi-conformal curvature tensor, then the
manifold is said to be quasi-conformally semi-symmetric manifold.

83. Quasi-conformally flat K-contact manifolds

In 1967 Tanno [20] proved that a conformally flat K-contact manifold is
of constant curvature +1 and Sasakian. In this section we consider quasi-
conformally flat K-contact manifold. If a K-contact manifold (M",¢,&,n, g)
is quasi-conformally flat, then from (1.1) we get

(1) gROCY)ZW) = U[S(XZ)g(Y, W) — S(Y, Z2)g(X, W)
+S(Y7 W)Q(X7 Z) - S(X7 W)Q(K Z)]

(7 + 2)[g(Y, Z)g(X, W)

—g(X, Z)Q(K W)]
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Now putting X = Z = £ in (3.1) we obtain

(32 gREYIEW) = “IS(E (Y, W)
—S(Y,§)g(§&, W) + S(Y,W)g(&,€)
(6 W)g(Y.§)] + —(——= +2b)
[9(Y,£)g(& W) — g(&,&)g(Y, W)].
Now using (2.1), (2.2), (2.5) and (2.7) it follows from (3.2) that
(3.3) SY,W) = Ag(Y,W) + Bn(Y)n(W),

where A and B are given by
a r, a

(3.4) A:_Z+E(n—1+2b)_("_1)'
(3.5) B:g—%(n_1+2b)+2(n—1).

It follows from (3.4) and (3.5) that A+ B = (n — 1).
In view of the relation (3.3) we state the following:

Proposition 3.1. A quasi-conformally flat K-contact manifold is an n-FEins-
tein manifold.

Putting Y = W = ¢;, where {¢;} is an orthonormal basis of the tangent
space at each point of the manifold, in (3.3) and taking summation over i,
1 <4< n, we get

(3.6) r=An+ B.

Now with the help of (3.4) and (3.5) the equation (3.6) gives

(3.7) [(n=2) + F1- 4+ (1 =n)] =0,
Hence either
(3.8) ——
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(3.9 r=n(n—1).

If b = 5%, then putting this into (1.1) we get

(3.10) C(X,Y)Z =aC(X,Y)Z,

where C(X,Y)Z denotes the Weyl conformal curvature tensor. So the quasi-
conformally flatness and conformally flatness are equivalent in this case. A
conformally flat K-contact manifold (M",g) (n > 5) is of constant curvature
([20]). But a manifold of constant curvature is conformally flat. Hence a K-
contact manifold is conformally flat if and only if it is locally isometric with a
unit sphere S™(1). So in this case, M" is locally isometric with a unit sphere.

If r = n(n — 1), then from (3.3), (3.4) and (3.5) we obtain
(3.11) S(Y,2) = (n - 1)g(Y, 2).

This implies that M™ is an Einstein manifold. Putting (3.9) and (3.11) into
(3.1) we obtain

(3.12) R(X,Y, Z,W) = g(X,W)g(Y,Z) — g(X, Z)g(Y,W).

Thus M™ is of constant curvature +1. Hence it is locally isometric with a unit
sphere S™(1). If M™ is locally isometric with a unit sphere S™(1), it is easy to
see that M™ is quasi-conformally flat. This leads to the following theorem:

Theorem 3.1. Let (M™,g) (n > 5) be a K-contact manifold. Then M™ is
quasi-conformally flat if and only if it is locally isometric with a unit sphere

S7(1).

It is known ([14]) that if a contact metric manifold M™ is of constant
curvature ¢ and dimention> 5, then ¢ = 1 and the structure is Sasakian.

Since the manifold under consideration is of constant curvature +1, there-
fore by the above mentioned result we get the following:

Corollary 3.1. A quasi-conformally flat K-contact manifold M™ (n > 5) is
Sasakian.
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§4. K-contact manifold satisfying divC =0

This section deals with a K-contact Riemannian manifold satisfying
(4.1) divC = 0,
where div denotes the divergence of the quasi-conformal curvature tensor C.

Differentiating (1.1) covariantly along U, we obtain

(4.2) (VuCO)X,Y)Z = a(VyR)(X,Y)Z
+[(VrS)I(Y, 2)X — (VuS) (X, Z)Y
+9(Y, Z2)(Vu Q)X — 9(X, 2)(VuQ)Y]
et =Dy, 2)x)
—9(X, Z)(Y)].

Contraction of (4.2) yields

(4.3) (divC)(X,Y)Z = (a+D)[(VxS)(Y,Z) - (VyS)(X,Z)]
a-— (n—1)(n—2)b

n(n—1)

—g(X, Z)dr(Y)].

[9(Y, Z)dr(X)

From (4.1) and (4.3) it follows that

(4.4) (a+0)[(VxS)(Y, Z) - (VyS) (X, Z)]

_ 4z (T;(;l_)(?f)_ 2)b [g(Y, Z)dr(X) — g(X, Z)dr(Y)].
From (2.9) we get
(4.5) (VeS)(Y,Z) = =S(Vy§€,Z) = S(VzE,Y).

Putting X = ¢ in (4.4) and then using (4.5) and dr(§) = 0 we get

(4.6)  (a+D)[S(VyE Z) + S(VzE,Y)+ (VyS)(E 2)]
_ a—(n—1)(n—2)b
n(n —1)

n(2)dr(Y).

From (2.7) we have

(4.7) (VyS5)(€, 2) = (n = 1)(Vyn)(Z) = 5(Vy¢, 2).
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Again using the relation (Vyn)(Z) = g(Vy&, Z) in (4.7) we obtain

(4.8) (VyS)(§. 2) = (n —1)g(Vy¢, Z) = S(VyE, Z).

Using (4.8) in (4.6) we get

(4.9) (a+b)[(n—1)g(Vyé, Z2) + S(V2E,Y)]
== (’;(‘nl_)(%_ 2 2)dr(Y).

In view of (2.4) we obtain from (4.9)
(4.10) —(a+b)[(n —1)g(0Y, Z) + S(¢Z,Y)]

_ a—(n—1)(n—-2)
n(n—1)

n(Z)dr(Y).

Replacing Z by ¢Z in (4.10) and using (2.1) we get

(4.11) (a +D)[S(Y, 2) - (n - Dg(Y, 2)] =0,

which implies

(4.12) S(Y,Z) = (n—1)g(Y. 2),

provided a 4+ b # 0. Hence (4.12) follows that

(4.13) QY = (n—1)Y.

Hence in view of (4.12) and (4.13) we get from (1.1)

(4.14) C(X,Y)Z = aR(X,Y)Z + g(X, 2)Y — g(Y, Z)X].

From (4.12) we get the following:

Theorem 4.1. A K-contact manifold with divergence free quasi-conformal
curvature tensor is an Finstein manifold provided a + b # 0.

Since a compact K-contact Einstein manifold is Sasakian ([4]), hence we
obtain the following:
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Corollary 4.1. A compact K-contact manifold with divergence free quasi-
conformal curvature temsor is Sasakian.

If a K-contact manifold (M",g) (n > 5) is quasi-conformally symmet-
ric, then it satisfies divC' = 0. Hence the relation (4.14) holds from which
it follows that the manifold is locally symmetric. Again it is known ([20])
that a locally symmetric K-contact manifold is of constant curvature +1 and
Sasakian. Hence we state the following:

Corollary 4.2. A quasi-conformally symmetric K-contact manifold (M™, g)
(n >5) is of constant curvature +1 and Sasakian.

§5. K-contact manifold satisfying R(X,Y).C =0

To solve this problem we consider following two cases:
Case i) The manifold is Einstein.
Case ii) The manifold is n-Einstein.

Case i) In this case we have,
(5.1) S(X,Y) = \g(X,Y),
where A is a constant. Putting X =Y = ¢ in (5.1) we get by virtue of (2.1),
(2.2) and (2.7) that A =n — 1. Hence (5.1) reduces to

(5.2) S(X,Y) = (n—1)g(X.Y),

which yields

(5.3) QX = (n—1)X
and
(5.4) r=n(n—1).

Now from (1.1), using (5.2), (5.3) and (5.4), we get

~ ar

(5.5) C(X,)Y)Z = aR(X,Y)Z+[2b(n—1)— =1

“2lg(v, 2)X — g(X, 2)Y],
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Therefore we get

(5.6) R.C = aR.R.

From (5.6) it follows that on a K-contact Einstein manifold the quasi-conformally
semi-symmetry and semi-symmetry are equivalent, since by assumption a # 0.

It is known ([21]) that a semi-symmetric K-contact manifold is of con-
stant curvature 41 and Sasakian. Hence an Einstein quasi-conformally semi-
symmetric K-contact manifold is of constant curvature +1 and Sasakian.

Case ii) In this case we have,

(5.7) S(X,Y) = ag(X,Y) + n(X)n(Y),

where a and 3 are scalars. Putting X =Y = ¢ in (5.7) we get
(5.8) n—1)=a+p.

Let {e;} (i =1,2,...,n) be the orthonormal basis of the tangent space at each
point of the manifold M. Then putting e; in the place of X and Y of (5.7)
and summing up over 1 to n we get

(5.9) r=an+ .

Solving (5.8) and (5.9) we have

r r
(5.10) a:n_l—l, ﬂ:n—n_l.
Again (5.7) yields

(5.11) QX =aX + Bn(X)E.

Then using (5.7), (5.10) and (5.11) in (1.1) we get
(5.12) C(X,Y)Z = aR(X,Y)Z
b 1) = (-
[9(Y, 2)X — g(X,2)Y
+b(n — —=)[g(Y. Z)n(X)¢ = g(X. Z)n(Y )¢]

"V )m(Z2)X = n(X)n(Z)Y].

1 +2b)] x

b(n —
+b(n —
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Then from (5.12) we have

N

(5.13)  C(X,Y,Z,W) = aR(X,Y,Z,W)
+2b(g = 1) = (== +2b)] x
[9(Y, Z)g(X, W) — g(X, Z)g(Y,W)]
(n = —)lg(Y. Z)n(X)n(W)
—9(X, Z)n(Y )n(W)]
( )In(Y)n(Z)g(X, W)

where

N

C(X,Y,Z,W) =g(C(X,Y)Z,W) and R(X,Y,Z,W) = g(R(X,Y)Z,W).

Since r, g, n(X), n(Y') and n(Z) all are scalars, then (5.13) yields

N

(5.14) R(X,Y).C = aR(X,Y).R.

Thus from (5.14) we have quasi-conformally semi-symmetry and semi-sym-
metry are equivalent since by assumption a # 0.

It is well known ([21]) that a semi-symmetric K-contact manifold is of
constant cvurvature +1 and Sasakian.

Therefore from the above discussions we can state the following theorem:

Theorem 5.1. A quasi-conformally semi-symmetric K-contact Finstein (or
n-Einstein) manifold is a manifold of constant curvature +1 and Sasakian.

Since a manifold of constant curvature +1 is locally isometric with a unit
sphere, hence we have:

Corollary 5.1. A quasi-conformally semi-symmetric K-contact Finstein (or
n-Einstein) manifold is locally isometric with a unit sphere.

86. ¢-quasi-conformally flat K-contact manifold

&-conformally flat K-contact manifolds have been studied by Zhen, Cabrerizo,
L. M. Fernandez and M. Fernandez [23]. Here we study &-quasi-conformally
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flat K-contact manifold.

Definition 6.1. A K-contact manifold is said to be &£-quasi-conformally flat
([23)) if C(X,Y )¢ =0.

Let us assume that the manifold M" is {- quasi-conformally flat. Then
using C(X,Y){ =0 in (1.1) we get
(6.1)  aR(X,Y)S + b[(n—1n(Y)X —(n—1n(X)Y +n(Y)QX
r, a
- n(X)QY] - E(m +20)[n(Y)X — n(X)Y]
=0.

Putting X = ¢ in (6.1) and using (2.6) and n(§) = 1 we get

(6.2)  a(=Y +n)§) + bl(n—-1n(Y)E-Y)+n(Y)QE - QY]

- o=t 2b)n(Y)§ —Y]=0.
ie,
(6.3) S(Y,W) = Ag(Y,W) + Bn(Y)n(W),
where A and B are given by

a T, a

(6.4) A——Z+%(m+2b)—(n—1)
and

a T, a
(6.5) B:Z_%(n—1+2b)+2(n_1)'

In view of (6.3) we state the following:

Theorem 6.1. A &-quasi-conformally flat K-contact manifold is an n-FEinstein
manifold.

Let us assume that there exist two functions L and M on M™ such that

(6.6) (VxQ)Y — (VyQ)X = LX + MY,

for X, YeT(M).
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From (6.3) we have

(6.7) QX = AX + Bn(X)¢,

where A and B are given by (6.4) and (6.5) respectively. Thus we have

(6.8)  (VxQ)Y —(VyQ)X = (XA)Y - (YA)X + (XB)n(Y)§
—(YB)n(X)§ — Bn(Y)eX
+Bn(X)pY — 2Bg(6X,Y)E.

Replacing X by ¢X and Y by ¢Y in (6.8), we get

(6.9) (Vex Q)oY — (Voy Q)X = (¢XA)pY — (Y A)pX
—2Bg(¢” X, ¢Y )¢.

From (6.6) and (6.9) we obtain

(L + (¢Y A))pX + (M — (X A))¢Y = —2Bg(¢*X, ¢Y )¢,
which shows that

(6.10) —2Bg(¢*X, pY) = 0.

Replacing X by ¢Y in (6.10) we have

(6.11) 2Bg(¢Y, ¢Y) = 0.

Hence from (6.11), it follows that B = 0. Therefore from (6.7), we get
QX = AX. Then from (2.7) we obtain QX = (n — 1)X.
Therefore we have the following;:

Corollary 6.1. Let M™ be a &-quasi-conformally flat K-contact manifold. If
there exist functions L and M on M"™ such that

(VxQ)Y — (VyQ)X = LX + MY,

for X, Y € T(M), then

(6.12) QX = (n—1)X.
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From Corollary 6.1 we have the following applications:

Corollary 6.2. A quasi-conformally flat K-contact manifold is of constant
curvature +1 and Sasakian.

Proof: Let us suppose that a K-contact manifold is quasi-conformally flat.
Then from (4.4) it follows that

la — (n —1)(n — 2)b]
(a+bn(n—-1)
[Ydr(X) — Xdr(Y)).

(6.13) (VxQ)(Y) = (VyQ)(X)

Hence by the above Corollary 6.1 we obtain the manifold is an Einstein
manifold. Using (6.12) and (6.13) in (3.1) we obtain

(6.14) R(X,Y)Z = g(Y,2)X — g(X, Z)Y.

Therefore the quasi-conformally flat K-contact manifold is of constant curva-
ture +1 and Sasakian. This proves the Corollary.

Acknowledgement. The authors are thankful to the referees for their valu-
able suggestions in the improvement of this paper.
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