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1. Introduction

In this paper, we consider the singular initial value problems

{ y'(t) =@(t)f(t,y,y), te(0,T]
y(0) =y'(0) =0,

where f(t,y,y’) may change sign and may be singular at y = 0 and ¢’ = 0.

When f(t,y,y") > 0 may be singular at t = 0, y = 0 or ¥/ = 0 and suplinear
at y = 400, R.P. Agarwal and D. O’Regan considered the existence of positive
solutions to (1.1) in [1]. Also, in [4], H.-Wang and W.Ge presented the existence
of positive solutions to (1.1) by improving the work in [1] when f(¢,y,') is
nonnegative. In [5, 6], G.Yang considered the existence of positive solutions
to (1.1) (T'=1) when f(t,y,y’) > 0 is singular at y = 0 and y' = 0, but the
boundedness of f(¢,y,y) at +00 is necessary. In this paper, f(t,y,7’) changes
sign and may be singular at y = 0 and ¥/ = 0 and f(¢,y,y’) may be superlinear
at y = +4o0.

(1.1)

There are main two sections in our paper. In section 3, using the theory
of fixed point index on a cone (see [3]) we discuss the existence of positive
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solutions to (1.1) when f(¢,y,y’) is singular at ¢’ = 0 but not y = 0 and when
f may change sign. In section 4, we discuss the existence of positive solutions
to (1.1) when f(t,y,y’) is singular at ¥’ = 0 and y = 0 and when f may change
sign. Some ideas come from [2] and [7].

2. Preliminaries
Let
C'0,T] = {y : [0,T] — R | y(t) is continuously differentiable on [0, T}
with norm || y ||= max{max;c(o7} [(t)], max,e(o7y [ ()]} and
P={ycC'0,T):y(t) >0andy(t) >0, Vt € [0,T]}.

Obviously, C1[0, T is a Banach space and P is a cone in C*[0, T].
The following lemma is needed later.

Lemma 2.1. Let Q be a bounded open set in real Banach space E, P bea
cone of E, 0 € Q, QN P is a relatively open set in P and A : QP — P be
continuous and compact. Suppose

Mz #x, Yo € 0QN P, A€ (0,1]. (2.1)
Then
i(A,QNPP)=1.
Suppose the following condition holds:
® € C[0,T] N LY0,T] for t € (0,T], and f € C([0,T] x [0,00) x [0,00), R).

(2.2)
For y € P, define an operator by

(Ay)(t) = /O tmaX{O, /O o) f(T,y(T),y,(T))dT}ds, we0, 1], (2.3)

A standard argument in the literature [1, 4] yields:

Lemma 2.2 Suppose that (2.2) holds. Then A : P — P is continuous and
completely continuous.



SINGULAR INITIAL VALUE PROBLEMS 289

3. Singularities at y’ = 0 but not y =0

In this section our nonlinearity f may be singular at 3’ = 0, but not at y = 0.
Throughout this section we will assume that the following conditions hold:

(Hy) @ € C[o, T] with ®(t) > 0 on (0,7];

(Hz) f :[0,T] x [0,400) x (0,+00) — R is continuous with |f(¢,z,y)| <
h(z)[g(y) + r(y)] on [0,T] x [0, +00) x (0,+00) with g(y) > 0 continuous and
nonincreasing on (0, +00), and h(z) > 0, 7(y) > 0 continuous and nondecreas-
ing on [0, 00);

(Hz) .
sup e > 1,
ce(0,+00) max{L, TH1(|@lo [y h(z)dz)
where I(z) = [ g(u“f;(u), z € (0,400), and |®|o = maxycpo, 7 |P(t)];

(Hy) there isa e C((0,7),(0,+00)) and constants 6 >0 and 1 >~ >0
such that

flt,z,y) > Bt)x”, Y(t,z,y) € (0,T) x [0,400) x (0,0].

For y € P and each n € {1,2,---}, define operators by

(Any)(t) = /0 max {0, /Os O(7)f(r,y(T) + %, Y (1) + ;)dT} ds, ¥Yte|0,T].
(3.1),

Theorem 3.1 Suppose that (Hy) — (Hy) hold. Then (1.1) has at least one
nonnegative solution yo € C1[0,T] N C?(0,T) with yo(t) > 0 on (0,T].

Proof. From (Hs), choose Ry > 0 with
R
— >1
max{1, T} ~1(|®]o [, h(z)dz)

From the continuity of I=!, I and [ h(u)du, we can choose ¢ > 0 and ¢ < Ry
such that
Ry
R1+€
me{1, TYT-1(@]o [ h(x)dz + 1(2))

Let ng € {1,2,---} be chosen so that n—o <6/2, L <candlet Ny =

777,0

{no,no +1,---}. Now (H;), (Hz2) and Lemma 2.2 guarantee that for each
n € Ny, A, : P — P is continuous and completely continuous. Now let

> 1. (3.2)

O ={yeC'0,T]: |y ll< Ri}.
‘We now show that

y # pAny,Vy € PNOQy, pe (0,1], ne No. (3.3)
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Suppose there exist a yo € PNIQ; and a pg € (0, 1] such that yo = poAnyo,
ie.,

T 1

t s
(t) = o [ max{o. ["ar)f (70(r)+ Tt + 3 )ar s, 1€ 0.7,
0 0
which yields
p t s 1
yO(t) = Mo Imax 07/ @(S)f 373/0(5) + ﬁ?yO(s) + ﬁ dse, te [OvT]
0
Obviously, yy(t) > 0, t € (0,7] and lim+ yo(t) = 0. Then, from 1 < §/2,
t—0

there is a o > 0 such that 0 < y((t) + 1 < 6 for all ¢ € (0,to]. (Hy) implies
(it yo(t) + %, yo(t) + %) > B(t)(yo(t) + %)7 > 0 for all ¢ € (0, t], which means

that
max {o, /Ot B(s) f <5,yo(s) + 2 0h(s) + i) ds}
> max {0, /Ot 2()5(s) (so(s) + 2)” ds}
= /th)(s)ﬂ(s) (yo(s) + %)AYds >0, te(0,t).
and

056 = momax 0. [ @615 (s.n(s) + S.0h(5) + 3 ) s}
> poma{o, ()8 (w(s) + ) s}
= 1o [ #(6)306) (snls) +2) ds > 0, 1 0,10

Let t* = sup{t € (0,7] | y(s) > 0 for all s € (0,¢]}. Then, we claim that
t* = T, which means that y{(t) > 0 for all ¢ € (0,7"), and so

, t s 1
() = po max {o, [ (s,yo<s> + 2 (o) + n) ds} >0, Vi (0,7).
Hence

ot = ho / o(s)f <s,yo<s> + 2 h(s) + jl) ds, te (0.T).  (34)
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Suppose that t* < T', which means y;,(¢t*) = 0 and y((t) > 0 for all ¢ € (0,¢*)
and

0 <ui0) = pomax {0, [ 0611 (s.0(5) + Z.04(5) + % ) s
“ o [ 07 (50 + 2+ 1 ) s, teO0). @9

The continuity of y(t) at ¢* and 1 < §/2 guarantee that there is a t €
(0,¢*) such that 0 < y)(¢t) + L < 6 for all ¢ € [t§,¢*], which implies that
Fltyo(t)+ L, yp(t)+2) > B(t) (yo(t) + L)7 for all ¢ € [t5,*]. Thus, from (3.5),
we have

t s 1
2(6)f (svm(e) + 20hlo) + ) do

<
S~
—
~
S
S—
I
=
S
o\

and

= 1o max {0,/0 D(s)f(s,y0(s) + %,yé(S) + i)dS}

*
0

+ /Ot6 B(s)f <s, yo(s) + %,yé(s) ¥ i) ds}

o
= Mo INax {Oa/ (I)(S)f <Sa 90(3) + zvyé)(s) + i) ds + ‘uloyf)(ta)}

to

— 110 max{o, / ") (s,yo<s> + 2 4h(s) + ) ds

> [io max {0, /tt* O(s)B(s) (yo(s) + %)Fyds + :Oy()(ta)}

*
0

i [ @(6)80) (s0(s) + 2) s+ uht) > 0.

28
This is a contradiction.

Consequently, t* = T and (3.4) is true. Since y9(0) = 0, one has yo(¢) > 0
for all ¢ € (0,7]. And by direct differentiation, (3.4) yields

Yo (t) = po®(t) f(tyo(t) + L yp(t) + L), t€(0,T),
g (3.6)
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Therefore,
. t 1
yo(8) = no®(B)f ( t:y0(t) + — () + —

X0 ‘f (t,yo(t) + %,yé(t) + 1) ‘

n

<o (@ + 1) (s (s +3) +r (w0 +1)) ., vee ),

n

which means that

Yo (1) (wo(t) + 7)
9(yo(t) + ) +r(yp(t) + 5)

Integration from 0 to ¢ yields

I (y()(t) + i) <I(e) + /th’(s)h (yo(S) - 7) d (yo(s) + i)

Thus
yO(t)"rg
yo(t) < T71 \<I>|0/ h(z)dx + I(¢)
0

<! <|<I>\0/0R1+Eh(x)da:+l(a)>, t € (0,T).

Integration from 0 to T yields
T Ri+e
(@) =@ =) < [ 17 (jolo [ naao+ 1(6) ) at
0
Ri+e
=TI! <\c1>|0 / h(z)dx + I(s))
0

Then we have
Ri+e
Ry = |lyoll < max{l,T}.F1 <|<I>]0/ h(zx)dx +I(€)> ,
0

which means that
Ry

<1.
max{1, T}1(|®]o [ h(z)dz + I(¢))

< ®(t)h <yo(t) + t) <y6(t) + ;) , Vte(0,T).
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This is a contradiction to (3.2). Thus (3.3) is true.
From Lemma 2.1, for each n € Ny, we have
i(An, PNy, P) = 1. (3.7)

As a result, for each n € Ny, there exists an y, € P N 1 such that
Yn = Anin, ie. |

Yn(t) = (Anyn)(t)
- /Ot max{O,/OSCI)(T)f <T, yn(T) + %,y’(r) + i) dT} ds, t € [0,T].

A similar argument to show (3.4) yileds

v, (t) >0, and y,(t) = /OtCI)(s)f (s,yn(s) + %,y;l(s) + 711) ds, t€ (0,T), n € Ny.
Now we consider {y, }nen,. Since ||y,| < Ri, obviously

the functions belonging to {y,(¢)} are uniformly bounded on [0,7] (3.8)
and

the functions belonging to {y,,(t)} are uniformly bounded on [0,7]. (3.9)
And moreover, (3.9) guarantees that

the functions belonging to {y,(t)} are equicontnuous on [0,7].  (3.10)
A similar argument to show (3.6) yields that

{ yn(t) = @) f(t,yn(t) + 5, yn(t) +5),  t€(0,T),
yn(0) =0, 4,(0) = 0.

And then,

0 = 20 (1nle) + L0+ 1)

n

< a(t) ‘f (t’y"(” o)+ rlz) ‘

<ot () + ) (s (sh0r+ 1) +r (41 ) ) vee 0.1
(3.11)
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which means that

(Wn() + ) (n(®) + )
g(yn(t) + ) +r(yn(t) + )

< B(t)h <yn(t) + ;) <y;(t> + ;) Ve (0,7).

(3.12)
Therefore, for any t1, to € [0,T], t1 < t2, one has

I (yg(m) + Tll) —1 (y;(tl) + ;) < /: ©(s)h (y”(s) * %) d (y"(s) + %)

Yn (t2)+2
< |<I>|0/ h(zx)dx. (3.13)
yn(t)+2
On the other hand
" _ t , 1

< a(1) 'f (t’y“@ )+ D ’

<o (m0+ 1) (s (sh+ 1) +r (4 1)) vee o).

(3.14)
Therefore, for any t1, to € [0,T], t1 < ta, one has
1 1 Yn (t2)+ 2
I <yé(t1) + ) —1 <y;(t2) + ) < "I’\o/ h(z)dz. (3.15)
n n yn(tl)‘i‘%

(3.13) and (3.15) imply that

yn(@)"!‘%
/ h(z)dx
yn(t1)+ a1

(s + 1) -1 (1) + 1) <12l

which together with (3.10) implies that

1
the functions belonging to {I <y,’1 (t) + > } are equicontinuous on [0, 7.
n

(3.16)
Since =1 are uniformly continuous on [0, I(R; + €)], for any & > 0, there is a
¢’ > 0 such that

[I7Y(s1) — I Y (s9)| < &, Vl|s1 —s1]| <€,s1,80 € [0,I(Ry +¢)]. (3.17)
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From (3.16), for ¢’ > 0, there is a ' > 0 such that

1 1
’I <y;(t1) + n) —1 <yg(t2) + n)‘ <&, V[ty —to] <&, t1,t1 €0, 7).

(3.18)
(3.17) and (3.18) yield that

(1) — ) (t2)] =

i+ 2= (s + 1)

n

(o)) (1)

<& V[t1 —ta| <&, t1,t2 €[0,T],n € Ny,

which means that
the functions belonging to {y,,(t)} are equicontinuous on [0,7].  (3.19)

Consequently, from (3.8), (3.9), (3.10) and (3.19), the Arzela-Ascoli Theorem
guarantees that {y,(t)} and {y,,(¢)} are relatively compact in C[0,T], i.e.,
there is a function yog € C*[0, 7], and a subsequence {yy,} of {yn} such that

li (t) —yo(t)| =0, i " (t) —yh(t)| = 0.
e 2 s ) 0O = 0, i, i 4, ) =600

Since 3, (0) = 0 and 44, (0) = 0, 3, () > 0, 4, () > 0, ¢ € (OT), j
{1,2,---}, one has

0(0) =0, 5(0) =0, yo(t) >0, y(t) >0, Vte(0,T). (3.20)
Following we show that y,(¢t) > 0, t € (0,7). By the continuity of y{(¢) at
t =0, there is a ty < T such that y{(t) < %6 for all ¢t € [0,¢]. By

li L (t) —yh(t)] =0,
i max [y, (£) = yo(0)

there is a jo > 0 such that 0 < y;j (t) + % < ¢ for all t € [0,tg], 7 > jo. Thus,
(Hy) implies
o+t 0+2) 580 (wn+L) ) teph
Y yn]- nj 9 ynj nj — yO n Y 9 0 9
which yields
, ¢ s 1
ynj (t) = 0 @(S)f $7ynj(8) + ;7ynj(8) +—)ds
j

U

> [ 00506) (m(s) + £)" s> 0 1€ 0ol T € Gioi+ 1)
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Therefore, yy(t) > [ ®(s)3(s)ds > 0,t € [0,to]. Let t* = sup{t € (0,T]|yp(s) >
0 for all s € (0,t]}. We claim that t* = T.

Suppose that ¢t* < T, which means y((t*) = 0 and y)(t) > 0 for all ¢ €
(0,t*). The continuity of y,(t) at t* guarantees that there is a 0 < ¢§ < t*
such that 0 < y)(t) < 36 for all ¢ € [t5,t*]. And the uniform convergence of
{yn, (1)} on [0, T] guarantees that there is a jo > 0 such that 0 <y, (¢)+ n—lj <
5, t ety t*],7 > jo. Therefore, for t € [t§, t*],

Pt ol 0+ ) 2 500, t€ ot

J 1

which implies that

0=, ()= [ "o (5e0m,(6) + 001, 014 1 )

J n;
t i / )

- / @(S)f (s’ynj (8) + 7(t)’ynj (5) + ) ds
t n; n;

0

N /Oté 3(s)f <S’ynj($) + %(t),y;j(s) + 1) ds

J 1

> [ o+ [ 0607 (s )+ St ) as

- j nj
"
= y;j(ta) + /t ®(s)B(s)ds >0, j € {jo,jo+1,---}
0
Letting j — +o0, one has 0 = y(,(t*) > yé(tf;)—kft%* ®(s)5(s)ds, a contradiction.
Consequently, t* = T and yj(t) > 0 for all ¢ € (0,7). In addition to
y0(0) = 0, one has yo(t) > 0 for all ¢t € (0,T]. Therefore,

T T
min y(s) >0, forallte [2,T] and min y)(s) >0, forallte (0, 2] .

s€[L 1] seft, 2]
Since
, , (T ¢ s 1
Yn, (t) — Yn; 9 = T (I)(S)f S, Yn; (3) + ;j,ynj (S) + FJ ds, t € (07 T>7
2

letting 7 — 400, the Lebesgue Dominated Convergence Theorem guarantees
that
/ / T t /
b0 =30 (3) = [, 27 mle) ), t€ 0.7)
2

By direct differentiation, we have

Yo (t) = () f (£ yo(t),50(t)), t € (0, 7).
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In addition to (3.20), yo € C0,T] N C%(0,T) is a nonnegative solution to
(1.1) with yo(t) > 0 for all t € (0, 1].

Example 3.1 Consider the initial value problem

{ y'(t) = pleos = (y)° + ()L + 9], € (0,7), (3.21)
y'(0) =0, y(0)=0 '
with @ >0, e >0, b> 0 and > 0. Then there is a g > 0 such that (3.21)
has at least one nonnegative solution yo € C1[0,T] N C?(0,T) with yo(t) > 0
on (0,T] for all 0 < pu < pp.

To see that (3.21) has at least one nonnegative solution, we will apply
Theorem 3.1 with ®(¢) = u, g(v') = )% r(¥/) = 1+ (), h(y) =1+
y’. Clearly, (H;), (Hz) and (Hy) (B(t) = 1 and § = (3)¥/?) hold. Since
lim I—!(z) =0, there is a uo > 0 such that

2—0+
1 >1
max{1, T} 1 (2up) =
and so
c
ceto. oe) max{L, THL([@lo J§ h(x)dz)
> sup ¢ > 1, VO < p < po,

ceOntmey max{L, TH (u(1 + )
which guarantees that (Hs) holds.

4. Singularities at y’ =0 and y =0

In this section our nonlinearity f may be singular at 3 = 0 and y = 0.
Throughout this section we will assume that the following conditions hold:

(P1) ® € C[0,T], with ®(t) > 0 on (0, T);

(P2) f:]0,T] x (0,400) x (0,+00) — R is continuous with |f(¢,z,y)]|
)+ ()] [g(y)+ ()] on [0,T] x (0, +0) x (0, +-00) with w(z) > 0, g(y) >
continuous and nonincreasing on (0, +00) and w € L'[0,T], h(z) > 0, 7(y)
0 continuous and nondecreasing on (0,0) ;

(P3) there is a § € C((0,T),(0,+00)) and a constant 6 > 0 such that
Ft,2,y) > B(1), Y(t2,y) € (0.T) x (0, +00)  (0,5];

(F2)

IV o IA

C
su e
(0ot me) Max{L, T}~ 1(ch(c)|®]o + [@]o [% w(s)ds)

# U
here I(2)= | ——% _du, 2 € (0, By = Bt
where 1) = | —tsdu, = € (0.400). 18l = max [2(0)].

> 1,
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For y € P and each n € {1,2,---}, define operators by

:/ max{O,/SQ(T)f(T,y(T)—i—17’—!—1,y/(T)—I—l)dT}dS, Wt € [0, 7.
0 0 non n 1),

Theorem 4.1 Suppose (P1)— (Ps) hold. Then equation (1.1) has at least one
nonnegative solution yo € C1[0,T] N C?(0,T) with yo(t) > 0 on (0,T].
Proof. From (Py), choose R; > 0 such that

Ry
>1
max{1, T} (Rih(R1)|®[o + |®o f;™ w(s)ds)

Since 11 , I, h and fo u)du are continuous, we choose a Rl > & > (0 small
enough Such that
Ry
max{1, T} 1 ((Ry + e)h(R + ¢)|®|o + |<I>|0 Rete w(s)ds + I(g))

Let ng € {1,2,---} be chosen so that rTo < /2 and % < e. Let Ny =
{ng,no +1,---}.

From (P;) and (P), Lemma 2.2 guarantees that for each n € Ny, A,, : P —
P is continuous and completely continuous .

Now let

>1. (4.2)

O ={ye C’l[O,T] syl < Ra}e
We show that
y # pAny, Yy e PNoQ, ue (0,1], n € No. (4.3)

Suppose there exist a yg € PNOQ; and a ug € (0, 1] such that yo = poAnyo,
ie.,

yo(t) = po Jo max{0, 5 (1) f(7,90(7) + 57 + 5,46(7) + 2)dr}ds, t € [0, 7],
which yields

1 1
hit) = MomaX{ ( () + st () + ) s te 0]

Obviously, y,(t) > 0, t € (0,7) and hm yO( ) = 0. Then, since = < §/2,

there is a tg > 0 such that 0 < y()( +1 < d for all t € (0,tp]. From (P3), one
has f(t,yo(t) + 2t + L yi(t) + 1) > ( ) > 0 for all t € (0,tp], which implies
that

max {0, /th)(s)f <s,yo(s) s T yh(s) + i) ds}

> /Ot O(s)B(s)ds > 0, t € (0,tg]



SINGULAR INITIAL VALUE PROBLEMS 299

and

046 = pomax {0, [ 0615 (s.n(s) + oo+ Loahs) + 1 ) s}
> pomas 0. [ t B(5)5()ds |
o /Ot@(s)ﬁ(s)ds >0, te(0,t).

Let t* = sup{t € (0,T)|y;(s) > 0 for all s € (0,t]}. We claim that t* = T,
which means that y((¢) > 0 for all ¢ € (0,7), and so

0(t) = 0 t<I> L Lo L d 0, Vt 0,7
wolt) = pomax 0. [ @()F (s.0(5) + 1o+ map(e) + 1 ) dsf >0, Ve (0.7),
Hence
t
(0 =0 [ 07 (50(5) + L 2 hlo) + ) s
t
— 0 [ 07 (5.0(s) + 5 Th(e) ) ds (€ OT). (0

Suppose that t* < T', then y;(t*) = 0 and y((t) > 0 for all ¢ € (0,¢*) and

t
0 < yp(t) = po max {0’/0 (o) (S’yo(s) + %S i %’yé(s) " 711) ds}

t
— o [ B (s.00(6) + Lo (o) + 1 ) s, € (085 (45

Hence, since 2 < §/2, there is a 0 < ¢} < t* such that 0 < y(t) + = < § for
all t € [t§,*], which implies that f(t,yo(t) + 2t + L. 4(t) + 1) > B(t) for all
t € [t§, t*]. Thus, from (4.5), we have

*

to
(6 =0 [0 (5(6) + s o)+ ) ds

n
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and

= o ma {o, [ #)7 (st + 2o+ Lo+ 1) ds}

- uomax{o, [ @61 (s + Lo g+ D) as

0

+
+ /to O(s)f <S,yo(8) + ls + - ,yo dS}
0

-
> jio max {Q/t D(s)B(s)ds + :01/6(%)}

*
0

*

— o / B(5)B(s)ds + g (t) > 0.

This is a contradiction. Consequently, t* =T and (4.4) is true.
Since y((0) = 0, one has yo(t) > 0 for all ¢ € (0,T). By direct differentia-
tion, we have

{ yot) = po®) ftyot) + 2t + L yi() + 1), te(0,T), (46)
Y0(0) =0, y,(0) = 0. .

Therefore,

Yo (1)
= uo®(t)f <t,yo( )+ lt* ’?/O(t) + i)

< O(t) ’f (t, yo(t) + EH i’yo(t) + %
0 {h <y0(t) + %t + i) +w <yo(t) + %t + 1>]

Jo (e 3) +r (w0 +1)] e,

which means that

Yo (t)
g(yo(t) + 1)+ r(ye(t) + +)

X0 [h <y0(t) + %t + i) b w (yo(t) + %t + i)} Ve (0,7)
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and

"
<o) {h (yo(t) +Io4 ;) +w <yo(t) S 1)] <yg(t) + ) e (0,7).

Integration from 0 to ¢ yields

Iyo(t) + —) = I(-)

T
< |®lo[h(R1 +&)(R1 +¢) +/0 w(y —s+ )]d(yo(s)+%s+l)]

3

Ri+e
< |®lo[h(R1 4+ €)(R1 + ) +/
0

and so

I <y6(t) + n) <I(e) +|®lo [h(Rl +e)(R1+¢)+ /ORlJrgw(s)ds] :

Thus

yh(t) < I <I(€) +1®)o [h(Rl +e)(Ry +¢) +/0R1+€w(s)ds]> , Ve o,T].

(4.7)
Integrate from 0 to T to obtain

Ri+e
yo(T) = yo(T)—yo(0) < I1 <I(€) + |®|o [h(Rl +e)(R1+¢) +/0 ’ w(s)ds}) T.

(4.8)
(4.7) and (4.8) guarantee that

Ry = ||yo| < max{1,T}I* (1(5) +[®lo [h(Rl +e)(Bi+e)+ /0R1+Ew(s)ds]> ;

which means

Ry
max{1, T} 1(I() + |®|o[h(R1 + &) (Ri + ) + [ w(s)ds])

<1.

This is a contradiction to (4.2). Thus (4.3) is true.
From Lemma 2.1, for each n € Ny, we have

i(An, PNQy, P) = 1. (4.9)
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As a result, for each n € Ny, there exists a y, € PN Q; such that y, = A, yn,
ie.,

yn(t) = (Anyn)(t)

:/Otmax{o,/;@(f)f <T,yn( )+ 1T+ 1,yn( )+ i) dT}ds, te[0,T].

A similar to show (4.4) yields that

Y, (t) >0, y(t) = /Ot @(s)f(s,yn(s)—k%s—k%,yﬁl(s)—i—%)ds, te (0,7), ne€ Np.
Now we consider {y, }nen,. Since ||y,| < Ri, obviously
the functions belonging to {y,(t)} are uniformly bounded on [0,7] (4.10)
and
the functions belonging to {y,,(t)} are uniformly bounded on [0,7]. (4.11)
And moreover, (4.11) yields that
the functions belonging to {y,(t)} are equicontinuous on [0,7].  (4.12)

Similarly as (4.6), one has

{ n(t) = (&) f (£ yn(t) + 5t + 5, un(t) + 3), € (0,7)
yn(0) =0, y,,(0) =0.

Then,
+y (1) (t)f (t,yn *t + ;,yé(ﬂ + i)
‘f (t,yn + ey 1,y;(t)+1>‘
n n n
[h <yn Hi) +w<yn(t)+it+i>}
- {g (0 + %) +r (o +1)] we o

which means that ) ny
E(yp(t) + 5)yn(t)
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For any t1, t2 € [0,T], integration from ¢; to t2 yields that
/ 1 / 1
I\ yp(t1) + o I yn(t2) + o
t2 1 1 1 1 1 1
S [t 4 oy wtone) D] o)+ ok )

n
yn(t2)+2ta+1
/ [h(s) + w(s)]ds
yn(t)+2it1+1

<|®[o

= |®[o

Since I~! is uniformly continuous on [0, [(R; + ¢)], for any &’ > 0, there is a
d’ > 0 such that

|I_1(81) — 1_1(82)| < 6/, V|$1 — 82| < 5/, S1,82 € [O,I(Rl + 6)] (4.14)

Since [ (h(s)+w(s))ds is uniformly continuous on [0, Ry +-¢], there is a §” > 0
such that

/  (h(s) + w(s))ds

1

!

1)
< W7 V\ul — UQ’ < (5",u1,u2 c [O,Rl -+ E]. (4.15)
0

From (4.12), there is a 6 > 0 such that
|(yn(t1) + tl) - (yn(tg) + t2)| < (SN, V‘tl — t2| < S, t1,t2 € [O,T]. (4.16)

(4.15) and (4.16) yield that

(e 1) =1 (s + 1|

yn(t2)+Lto+1
<[alo| [ [h(s) + w(s)lds
yn(t1)+1t1+1
!
< ‘(b|()|(b’0 = (5’, |t1 — tg‘ <4, t1,t0 € [O,T], n € Ny. (4.17)

From (4.14) and (4.17), we have

n

(s ) (s )|

<&, V|t —ty] <6, t1,t2 €[0,T], n € Ny,

W, (1) — o, (t2)] = ‘y;(tl) + % —~ <y§z(t2) + 1>‘

which means that

the functions belonging to {y/,(t)} are equicontinuous on [0,7].  (4.18)
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Consequently, from (4.10), (4.11), (4.12) and (4.18), the Arzela-Ascoli The-
orem guarantees that {y,(¢)} and {y/,(t)} are relatively compact in C[0,T],
i.e., there is a yp € C'[0,T] and a subsequence {yy;} of {y,} such that

li n(t) —yo(t)] =0, 1 " () —yh(t)| = 0.
j;glootgﬁ?]lyg() Yo(t)] jilllooféf&%'y”a() Yo(t)]

Since yn, (0) = 0, yy,.(0) = 0, yn; (t) > 0, y,.(t) > 0, t € (0,T),
y0(0) =0, y5(0) =0, yo(t) >0, yy(t) >0, t€(0,7T). (4.19)

Following we show that y;(t) > 0, t € (0,T"). Since y;(t) is right continuous
at t = 0 and y((0) = 0, there is a 0 < #y < 1 such that y(t) < 30 for all
t e [O,to]. By

li n () —ypt)] =
;e [y, () = %o(t)] =0,
there is a jo > 0 such that 0 <y, (¢) + % < ¢§ for all ¢t € [0,to], j > jo. Thus,
(Hs3) implies

Pt O+ ot 04 ) 2 500, te Dot

j J U

which yields

t
Uy (8) = /0 ®(s)f (S’ynj(s) +s+ ;j,y;gs) + 1) ds

J nj

t
> /0 B(s)B(s)ds > 0, ¢ € [0,to), j € Lorjo+ 1, ).

Therefore, yj(t) > [7 ®(s)B(s)ds > 0, t € [0, o).

Let t* = sup{t € (0,7)|yy(s) > 0 for all s € (0,¢]}. Then, we claim
that t* = T. Suppose that t* < T, which means y;(t*) = 0 and y;(t) > 0
for all t € (0,¢*). The continuity of y,(t) at t* guarantees that there is a
0 < ¢ < t* such that 0 < yj(t) < 30 for all ¢t € [t},t*]. And the uniform
convergence of {y;, (t)} on [0,7] guarantees that there is a jo > 0 such that

0 <y, (t) + - <8, t €[t t"], j = jo. Then, for ¢ € [t5, t*],

(B @+ ot iy 0+ ) 2 500

J J J
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which implies that

§
)= [ <I><s>f<s,ynj<s>+§s+ W (s

J

D(6)F (5090, (5) + st ot o )
S
U

j .

(2
+/0 <1><s>f<s,ynj<> és+1j,ynj<>+
t*

> | ®(s)B(s)ds + v, (1)

£
t*
> / (I)(S)ﬁ(s)ds, .7 € {.707.]0+17}
£
Hence, letting j — +o00, we have y;(t*) > ftt* ®(s)B(s)ds > 0, a contradiction.
0

Consequently, t* = T and yj(t) > 0 for all ¢ € (0,7). In addition to
y0(0) = 0, one has yo(t) > 0 for all ¢t € (0,T]. Therefore,

T
min{ min yo(s), min yy(s)} >0, forallte [,T ,
se[Z 1) se[ Lt 2]
and T
min{ min yo(s), min y,(s)} >0, forallte <O,
set, T s€ft, 2] 2
Since
T t 1 1 1
)y (=)= @ . — — )ds, t T
o0k, (3) = [, 208 (500 o+ oty 0+ )b e 0.7)

letting 7 — 400, the Lebesgue Dominated Convergence Theorem guarantees

that
¢

b0 30 (3) = [, 2 e mle) s, t€ 0.7)

By direct differentiation, we have

Yo (t) = (&) f(t,50(t),50(t)), t € (0,T).
In addition to (4.19), yo € C[0,7] N C?(0,T) is a nonnegative solution to
equation (1.1) with yo(t) > 0 for all ¢ € (0, 1].

Example 4.1 Consider the initial value problems

"(t) = plsing — (¥)° + () L+ +y 7Y, te(0,T),
{ z'(o) :(/i y(0) :g ’ s (4.20)
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witha >0,e>0,0>0,0<d < 1and g > 0. Then there is a pg > 0 such
that (4.20) has at least one nonnegative solution yg € C*[0,T]NC?(0,T) with
yo(t) > 0 on (0,7 for all 0 < u < pyp.

To see that (4.20) has at least one nonnegative solution, we will apply
Theorem 4.1 with ®(t) = p, g(y') = (¥')7% r(y') = 1+ ()% h(y) = 1+,
w(y) = y~¢. Clearly, (P1), (P2) and (P3) (8(t) = 1 and § = (%)1/“) hold.
Since Z£%1+ I71(z) = 0 there is a ug > 0 such that

1
max LT p@+ 11 +d) ="

and so
c

sup =
c€(0,+00) max{l,T}I*I(ch(0)|<I>|o + |(I)|0 fO w(s)ds)
which guarantees that (Py) holds.

>1,
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