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2-Factors with Cycles Through Specified Vertices
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Abstract. Let k£ > 2 and n > 1 be integers, let G be a graph of order n with
minimum degree at least k4 1. Let v1, va, - -+, vk be k distinct vertices of G,
and suppose that there exist k vertex disjoint cycles C1,--- ,Ck in G such that
v; € V(C5) for each 1 < ¢ < k. Suppose further that the minimum value of the
sum of the degrees of two nonadjacent distinct vertices is greater than or equal
to n + %. Under these assumptions, we show that there is a 2-factor of G
with k cycles D1, D2, - -, Dy such that v; € V(D;) for each 1 <i < k.
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§1. Introduction

All graphs considered in this paper are finite simple undirected graphs with
no loops and no multiple edges. For a graph G, we let V(G) and E(G) denote
the set of vertices and edges of G, respectively. For a vertex v of G, we let
dg(v) denote the degree of v in G. We define §(G) to be the minimum degree
of G, and 03(G) to be the minimum value of the sum of the degrees of two
nonadjacent distinct vertices.

The following theorem appears in [1]:

Theorem A. Let k and n be positive integers with n > 3k, and let G be a
graph of order n. Suppose that one of the following four conditions is satisfied:

a) n =3k and §(G) > =2,

b) 3k +1 < n <4k and §(G) > 2Eth=3,
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c) 4k <n <6k —3 and 6(G) >3k —1; or
d) n>6k—3 and 6(G) > 5.

Then for any k distinct vertices vi,--- ,vg, there is a 2-factor of G with k
cycles Ci, 1 <1i < k such that v; € V(C;) for each 1 <i < k.

In [1], Theorem A is derived as an immediate corollary of the following two
theorems:

Theorem B. Let k and n be positive integers with n > 3k, and let G be a
graph of order n. Suppose that one of the conditions a) through d) in Theorem
A is satisfied. Then for any k distinct vertices vy, --- , vy, there exist k vertex
disjoint cycles C;, 1 < i < k, such that |V(C;)| < 5 and v; € V(C;) for each
1<i<k.

Theorem C. Let k and n be positive integers, and let G be a graph of order
n such that o2(G) > n, §(G) > k+ 1 and o2(G) + 6(G) > n + 3k — 2.
Let vy,--- ,v be distinct vertices of G, and suppose that there exist k vertex
disjoint cycles C;, 1 < i < k, such that v; € V(C;) for each 1 < i < k. Then
there is a 2-factor of G with k cycles D;, 1 < i <k, such that v; € V(D;) for
each 1 <13 <k.

This paper is concerned with Theorem C. In Theorem C, the condition
02(G) + §(G) > n+ 3k — 2 is of technical nature, and it has been conjectured
that Theorem C holds even if we drop the condition o2(G)+0(G) > n+3k—2.
This conjecture has partially been settled affirmatively by the following two
theorems proved in [2] (Theorem D says that if we regard a path of length 0 or
1 as a cycle of length 1 or 2, respectively, then the conjecture is true; Theorem
E says that if n > 6k — 4, then the conjecture is true):

Theorem D. Let k and n be positive integers, and let G be a graph of order
n. Suppose that 02(G) > n and 6(G) > k+1. Then for any k distinct vertices
V1, , U, there is a spanning subgraph of G with k components C;,1 < i < k,
such that for each i, v; € V(C;) and C; is either a cycle or a path of length 0
or 1.

Theorem E. Let k and n be positive integers with n > 6k — 4, and let G be
a graph of order n such that 02(G) > n and §(G) > k+ 1. Let vy,--- , v be
distinct vertices of G, and suppose that there exist k vertex disjoint cycles C;,
1 <i <k, such that v; € V(C;) for each 1 < i < k. Then there is a 2-factor
of G with k cycles D;, 1 <1i <k, such that v; € V(D;) for each 1 <i < k.
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In this paper, we give the following (somewhat negative) solution to the
conjecture (as we shall see in the second paragraph following the statement
of Theorem 1, the condition o2(G) > n + % in Theorem 1 is best possible,
which means that if we drop the condition o2(G) + §(G) > n + 3k — 2 in
Theorem C, then we need to replace the condition o2(G) > n by the stronger
condition o3(G) > n + %):

Theorem 1. Let k > 2 andn > 1 be integers, and let G be a graph of order n
such that o9(G) > n—l—% and 6(G) > k+1. Let vy, -+ ,v be distinct vertices
of G, and suppose that there exist k vertex disjoint cycles C;, 1 <1 <k, such
that v; € V(C;) for each 1 < i < k. Then there is a 2-factor of G with k cycles
D;, 1 <i <k, such that v; € V(D;) for each 1 <i < k.

Theorem 1 does not hold for £k = 1. To see this, let [ > 2 be an integer,
and consider a complete bipartite graph G = K(I,l + 1). Then o09(G) =
20 = |[V(G)| -1 = |[V(G)| + 5% and 6(G) =1 > 2 = k + 1, but G does
not have a 2-factor. Also the condition 6(G) > k + 1 is best. To verify
this, let k, n be integers with k£ > 2 and n > 3k + 1, and define a graph G
of order n as follows: let L be a complete graph of order n — 1 containing
specified distinct vertices vi,ve,--- ,vg, let u be a vertex with u ¢ V(L),
and let V(G) = V(L) U{u} and E(G) = E(L) U{uv;|1 < i < k}. Then
§(G) = dg(u) =k, 02(G) = (n—2)+k =n+k—2>n+ %2 and there exist
k vertex disjoint cycles Cy,- -+ ,Cy in L (so in G) such that v; € V(C;) for each

1 < ¢ < k. But G does not contain a 2-factor with k cycles D1, Do, -+, Dy
such that v; € V(D;) for each 1 < i < k because any cycle containing u must
passes through at least two vertices in {vy,ve, -+, vg}.

Finally we verify that the condition o2(G) > n + % is best for 3k 42 <
n < P—g’k] Let k, n be integers with k > 2 and 3k+2 <n < [%k], and write
n = 3k + h. We define a graph G of order n as follows. Let H be a complete
graph of order h. Let m = L%J and let L be the graph of order 3k with vertex
set

VL) ={vi |1 <i<k} U{w|l<i<k}U{w|l<i<k}
such that the complement graph L of L satisfies

E(L) = {ww;|1<i<j<m}U{wwg|l<i<m}
Ufuy m+1<i <k, j#i}
U{inj|1§’i§m, m+1§]§k—1}

(Figure 1). Define G by V(G) = V(H)U V(L) and E(G) = E(H) U E(L) U
{hu; |h e V(H), 1 <i<k}.
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Figure 1: Dotted lines stand for the edges of L while solid lines stand for some
of edges of L for the case where k = 5.

Then
dg(h) = h+k—-1 (for heV(H)),
n—1 (for1<i<m),
6(u) L) + [V ) {n—k (for m+1<i < k),
k+4+2m (for 1 <i<m),
dG(UZ') = dL('UZ') - 2k—l—m (fOI' m + 1 S i S k‘),
dg(w;) = dp(w;) = 3k—m—1 (for1<i<k),

and hence §(G) > k + 1. Next we verify that o2(G) > n + % — 1. Let
er = 0,2,1 and ¢ = 3,4,2 according as k = 0, 1,2 (mod 3). Then m = %_TE’“,
k_;k is an integer, the condition o9(G) > n+ % —1 is equivalent to o2(G) >
n -+ k_gck — 1, and

(i) d(h)+dg(v) — (n+ 552 —1) > 9222 > 0 and da (k) +da (w;) -
(n—i-k_%—l) = &t 1 >0 for any h € V(H) and any i with
1<i<k,

(ii) dg(wi)—i—dg(wj)—(n +Eoe 1) = 13kt2epber3 ) > (L] _p >0
forany i and j with 1 <i<j<m,orl<i<mandj=k,
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(iii) dG(ui)erg(vj)—(nJrk‘%—l) 2k+%+12k+1>0for
any ¢ with m + 1 <4 <k and any j with j # i, and

(iv) dG(Ui)—i—dg(wj)—(n—i— % — 1) — mﬂ%ﬂ_n > {131?-1] >0
for any ¢ with 1 <i<m and any j withm+4+1<j<k—1.

Consequently, we have 09(G) > n+ kEJ — 1. Also G contains vertex disjoint
cycles C; = uv;wiu;, 1 < i < k, such that v; € V(C;) for each i. However, G
does not contain a 2-factor with k cycles Dy, Do, --- , Dy such that v; € V(D;)
for each 7. To see this, by way of contradiction, suppose that G contains a
2-factor with k cycles Dy, Ds,--- , Dy such that v; € V(D;) for each i. First
note that each D; must contain exactly three vertices in V(L). Let D;, be a
cycle containing a vertex in V(H). Then D;, contains (exactly) two vertices
in {u1, -+ ,ur}, and hence there is a cycle D, that consists of v;, and two
vertices wj;, and wj,, where j; # ja. For each ¢ with m +1 <1 <k, v; is the
only vertex in {v1,--- , v} that is adjacent to u;, and hence u; and v; are in
the same cycle. Therefore

(1.1) 1 <iy <m.

On the other hand, w;w; € E(G) only when at least one of 7 and j is in

m+1,--- ,k —1}. Thus we may assume m + 1 < j; < k — 1. But then
Yy J

wj, vi, € E(G) by (1.1) and the construction of G, a contradiction.

Our notation is standard with the possible exception of the following:

Let G be a graph. For a subset U of V(G), we let (U)g denote the subgraph of
G induced by U. For a vertex v of G, we denote by N¢(v) the set of neighbours
of v. For a vertex v of G and for a subgraph H of G with v € V(H), we let
Ny (v) = Ng(v) NV (H) and dg(v) = |[Ng(v)|. Furthermore, for subgraphs
H and K of G with V(H) NV (K) =0, we let Ny (K) = Uyev(x)Nu(v). Let
C = uguy - - - um—1ug be a cycle (indices are to be read modulo m). For two
vertices u;,u; on C' with i < j < i+ m —1, we let Clu;, u;] and C(u;,u;)
denote the paths w;u;yq---u; and w;y1u;q9---uj_1, respectively (if j =i or
j=1i+1, C(u;,u;) denotes an empty path).

§2. Proof of Theorem 1

Throughout this section, let k, n, G, v; and C; be as in Theorem 1. We may
assume we have chosen k cycles C; so that Ele |[V(C;)| is maximum. Let
L= (U V(C))g, | =|V(L)| and H = G — L. If V(H) = (), then there is
nothing to be proved. Thus suppose that

(2.1) V(H) # 0.
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Let Hy be a connected component of H. We shall obtain a contradiction in
a series of claims. The first five claims, Claims 1 through 5, are essentially
proved in [1], but we include their proofs for the convenience of the reader.

Claim 1. Let D;, 1 <1i <k, be vertex disjoint subgraphs of L such that D1 is
a path (we allow Dy to consist of a single vertex), and D; is a cycle for each
2 < i < k. Suppose that D; contains exactly one vertex in {vi,--- v} for
each 1 < i <k, and write V(D;) N {v1,--- v} = {v;,}. Suppose further that
dr(u) > 1—3|UE V(Dy)] for allu € V(L)—UE_ V(D;). Then there are vertes
disjoint subgraphs D}, 1 < i < k, of L such that D7 is a path, D} is a cycle
for each 2 < i <k, v;, € V(D) for each 1 <i <k, and UF_,V(D;) = V(L),
and such that D} has the same initial vertex and the same terminal vertex as
Dy (thus if Dy consists of a single vertex, then D = D).

Proof. Choose vertex disjoint subgraphs D;,1 < i < k, of L satisfying the
same conditions as the D; so that Zle [V (Dy)| is as large as possible, subject
to the condition that V(D}) O V(D;) for each 1 < i < k and Dj has the
same initial vertex and the same terminal vertex as D;. Let A = UF_, V(D;).
Suppose that A # V(L), and take u € V(L) — A. Then dp(u) > 1 — 3| U,
V(D;)| > 1 — 3|A| by assumption, and hence diayg(w) = dp(u) —dp—a(u) >
(1—3]A]) = (I —|A| — 1) = 1|A| + 1. Consequently there exist v, v’ € Ne(u)
such that v and v’ are consecutive on some D7, 1 <i < k. Inserting u into
D, we get a contradiction to the maximality of |A|. Thus A = V(L), as
desired. O

Claim 2.

(i) |N¢,(Hp)| <1 for each 1 <1i<k.
(i) H = Hy.

Proof. (i) First note that for each 1 < <k,

(2.2) no two vertices in N¢,(Hy) are consecutive on C;

because of the maximality of Zle |V (C;)|. By way of contradiction, suppose
|Nc,(Hp)| > 2 for some i, say i = 1. Take uy,us € V(C1) and hy, he € V(Hp)
(we allow the possibly that h; = hg) such that w;h; € E(G) for i = 1,2,
V(C1i(u1,u2)) # v1 and such that Ng,(C1(u1,u2)) = 0. Let P = Cifua,u1]
and let @@ be a path in Hy having hy and ho as its initial vertex and its
terminal vertex, respectively. Then C' = PQus is a cycle containing v;. Let
R = Cy(u1,u2) and r = |[V(R)|, and take w € V(R) (note that V(R) # () by
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(2.2)). Then since dg(h1) < |V (Ho)| — 1+ =5 by (2.2), dg(w) + |V (Ho)| —
1+ 525 > dg(w) + da(h) > n+ [%] > n. Consequently

d(w) > da(w) ~ [V(H) = V(HO)| > 1— S —r)+ 5
= 1= VP U ULV + 5

and hence it follows from Claim 1 that there exist vertex disjoint subgraphs
P',CY,--- ,C} of Lsuch that P’ is a path with v; € V(P’) joining ug and uy, C}
is a cycle with v; € V(C!) for each 2 < i < k, and V(P)U(UF_,V(C))) = V(L).
Set C] = P'Qusy. Then C1,CY, - -, C, are vertex disjoint cycles such that v; €
V(C!) for each 1 < i < k and such that S>F_ [V(C))| = S5, [V(CH|+V(Q)]-
This contradicts the maximality of Zle |V (Cy)|.

(ii) Suppose H # Hy. Take h € V(Hp) and b € V(H) — V(Hp). Then
n < dg(h)+da(h') < ([V(Ho)|—=1+dp(h)+(|V(H)|—|V (Ho)|—1+dr(h')) =
dr(h) +dp(h') + |V (H)| — 2, and hence dp(h) + dp(h') > n —|V(H)| +2 =
Il 4+2 > 3k + 2. On the other hand, it follows from (i) of this claim that
dp(h) +dp (W) < k+ k = 2k. Consequently 3k + 2 < 2k, a contradiction. O

Set S = {u € V(L)|dg(u) > 2} and let s = |S|. By Claim 2 (i), |[S N
V(C;)| < 1foreachie{l,---,k}. We may assume SNV (C;) = {u;} for each
ie{l,---,stand SNV(C;) =0 for each i € {s+1,--- ,k}.

Claim 3.
(i) wi # v; for each i € {1,--- ,s}.
(ii) |V(H)| >k —s.

Proof. (i) Suppose v; = u; for some i € {1,--- ,s}, say i = 1. Take hy,hy €
Ny (v1) with hy # hg. Since H is connected by Claim 2 (ii), there is a path
Q@ in H connecting hy and hg. Take u € V(Cy) — {v1}. By Claim 2 (i), u is
adjacent to no vertex in V(H). Hence n < dg(u) + dg(h1) = dr(u) + dg(hy),
which implies dr,(u) > n— (|V(H)| - 1+k) =1—(k—1) > -1 3%, |[V(C)).
Thus applying Claim 1 with D; = v1, we obtain k£ — 1 vertex disjoint cycles
Cl(2 < i < k) in L such that v; € V(C}) for each 2 < ¢ < k and {v;} U
(UF_,V(C)) = V(L). Set C} = v1Qui. Then the C! (1 < i < k) are vertex
disjoint cycles such that v; € V/(C!) for each 1 < ¢ < k, which contradicts the
maximality of Zle [V (Cy)|-

(ii) Suppose |V(H)| < k —s. Let E(H,L) denote the set of edges which
have one endvertex in V(H) and the other in V(L). Since §(G) > k + 1,
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[VE)|(k+1=(|V (H)|=1)) < |E(H, L)| < s|V(H)|+(k=s) = s(|[V(H)|-1)+F,
and hence |V(H)|(k+2— |V(H)|) < (k— |[V(H)|)(|[V(H)| — 1) + k by the
assumption that |V(H)| < k —s. This implies 2|V (H)| < |V(H)|, which
contradicts (2.1). O

Recall 05(G) > n + %. Let ¢ = 3,4,2 according to whether k = 0,1, 2
(mod 3). Then we have

(2.3) o9(G) > n+

because 03(G) is an integer.
Claim 4. dp(u) >1—s+ %% +1 for allu € V(L) — N (H).

Proof. Since 3= cv sy da(h) < [V(H)|(|V(H)| — 1) + s|V(H)| + k — s, there
exists h € V/(H) such that dg(h) < [V(H)| =1+ s+ gigsy. In view of Claim
3 (ii), we have dg(h) < |V(H)| — 1+ s. Thus for every v € V(L) — NL(H),

k‘—Ck — Ck

k
dr(u) =dg(u) >n+ —dg(h) >1—s+ +1

by (2.3). O

For each u € V(L) — Np(H), dr(u) >l —s+1=|(V(L) —{u}) — S| +2 by
Claim 4, and hence |Ng(u) N S| > 2. In view of Claims 2 (i) and 3 (i), this in
particular implies that s > 2, and

(2.4) Ne(vi) N (S — {u;}) # 0 for each i € {1,--- ,s}.

Claim 5. There exist no vertex disjoint subgraphs P, C!, 2 < i <k, in L such
that

P is a path joining two distinct vertices in {u1,--- ,us}, C! is a cycle
(2.5) { foreach2 <i <k, each of P and the C}, 2 < i < k, contains exactly
one vertez in {vi, -+ ,vi}, and V(P) U (UF_,V(C))) 2 NL(H).

Proof. Suppose that there exist vertex disjoint subgraphs P, C/,2 < i < k,
in L which satisfy (2.5). Write V(P) N {v1,--- v} = {vj,} and V(C]) N
{vi,--+ , o1} = {v;,} for each 2 < i < k. Let u, and u; be the initial vertex
and the terminal vertex of P, respectively. Since dp(u) >1—s >1—k >
L—3(|lV(P)|+ S L IV(CY)) for all w € V(L) — N(H) by Claim 4, it follows
from Claim 1 that there are vertex disjoint subgraphs P', C/, 2 <i <k, in L
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such that P’ is a path with v;, € V(P’) connecting u, and u;, C!' is a cycle
with vj, € V/(CY) for each 2 < i < k, and V(P') U (UE_,V(CY)) = V(L). Take
h € Ng(u,) and ' € Ng(ut) — {h} (note that dg(u;) > 2 because u; € S).
Combining P’ and a path in H connecting h and h’, we obtain a cycle C}. Then
C} and the CY, 2 < i < k, are vertex disjoint cycles in G such that v;, € V(C1),
vj, € V(CY) for each 2 < i <k, and [V(C})| + X1, [V(C))| > X1, [V(Cy)l.-
This contradicts the maximality of Zle |V (Cy)|. O

For each i€ {1, -- , s}, take w; € V(C;)—{w;,v;} and let W; = ({u;,v;,w;}) -
We redefine the orientation of each Cj, 1 < i <'s, so that w; € V(C;(v;,u;)).

Claim 6. Let 1 < h, j < s with h # j, and suppose that vyu; € E(G). Then
wpvj & E(G) or wyw; & E(Q).

Proof. At the cost of relabeling, we may assume h = 1 and j = 2. Suppose
viug € E(G), wivy € E(G) and wywe € E(G). Let P’ = Cifuy,v1]ug and
Ch = w1 Calvg, wa]wy, and let C! = C; for 3 < ¢ < k. Then P’ and the
C!(2 <1 < k) satisty (2.5), a contradiction. O

Having (2.4) in mind, take i¢; and iy with 1 < 41,4y < s and i1 # s
satisfying u;, € Ng(v;,) so that

(2.6) >oi_ 1 dw, (w;,) is minimum.

We may assume ¢; = 1 and i, = 2. We remark in advance that we make use
of (2.6) only in the last stage of the proof (see the paragraph following Claim
12).

Claim 7. We have dw, (w1) + dw, (v2) + dw, (we) < 7. Further if dy, (w1) +
dv[/1 (UQ) + dv[/1 (wg) =7, then

(2.7) vox € E(QG) for each x € {u1,v1,w1}; and

{w1w2 & E(G), wiul € E(G), wiv1 € E(G),
wox € E(G) for each x € {u1,v1}.

Proof. Applying Claim 6 with & = 1 and j = 2, we get vowy € E(G) or waw; &
E(G). This implies dy, (v2) + dw, (w2) < 5, and hence dy, (w1) + dw, (v2) +
dw, (w2) < 7. Now assume that dy, (w1) + dw, (v2) + dw, (we) = 7, ie.,
dw, (v2) + dw, (w2) = 5 and dw, (w1) = 2. Assume further that wiws € E(G).
Then vyw; ¢ E(G) by Claim 6. Hence by the assumption that dy, (v2) +
dw, (w2) = 5, we in particular have vou; € E(G) and wev; € E(G). But then
applying Claim 6 with h = 2 and 57 = 1, we get a contradiction. Thus the
equality dy, (w1) + dw, (v2) + dw, (w2) = 7 implies (2.7). U
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Claim 8. dy, (wl) + dw, (UQ) + dw, (wg) < 6.
Proof. Since dyy,(w;) < 2 by Claim 6, the desired inequality follows. O

Claim 9. dy,(w1) + dw, (v2) + dw,(wa) < 7 for each i € {3,--- ,s}.

Proof. Let 3 < i <s. If vau; € E(G), then dw,(v2) < 2; if vou; € E(G), then
dw, (wz) < 2 by Claim 6. In either case, we have dy, (v2) + dw, (w2) < 5. Now
assume that dy, (v2) + dw,(w2) = 5 and dw,(w1) = 3. Then u; € Ng(v2) N
Ng(ws) or w; € Ng(v2) N Ng(ws). If u; € Ng(va) N Ng(ws), then P/ =
Cl [ul,vl]u2, Cé = UiCQ[’UQ,’LUQ]Ui, Cz/ = wlC’i[vi,wi]wl and CJI = Cj, j 75 1,2,i,
satisfy (2.5), a contradiction; if w; € Ng(v2) N Ng(w2), then P’ = Cy[ug, v1]us,
Cé = 'LUiCQ[’UQ,’LUQ]wZ', Cz/ = wlCl-[ui,vi]wl and CJI = Cj, j 75 1,2,i, satisfy

(2.5), a contradiction. O

Let W = (Uj_,V(W;))qg. Clearly

dr(z) < |V(L)=V(W)|+dw(x) = [—3s+dw(x
(28) {fOﬁ.(e;CEL‘E({)qul,U(27’u32|—}i_' w () +dw ()

From this and Claims 7, 8 and 9, it follows that

(2.9) dp(wi) +dp(ve) +dp(we) <3l—9s+T7+6+7(s—2) =31 —2s — 1.

Now if dp (w1)+dp (ve)+dp (we) < 3l—2s—2, then 31—2s—2 > 3 (l —s+ k_%
+1) by Claim 4, and hence s > k — ¢t +5 > k + 1, a contradiction. Thus
dr(wi)+dr(v2) +dr(w2) = 3l —2s — 1. Then again by Claim 4, 3] —2s—1 >
3 (l -5+ k_gi + 1), i.e., s > k+ 4 — ¢;. This inequality holds only when
¢k =4 and s = k. Thus s = k =1 (mod 3). Consequently, s > 4, and all of
the following equalities, (2.10) through (2.12), must hold:

(2'10) dw, (wl) + dw, (UQ) + dw, (w2) =T
(2.11) dw, (w1) + dw, (v2) + dw, (w2) = 6; and
(2.12) dw, (w1) + dw, (ve) + dw,(w2) = 7 for each i € {3,--- ,s}.

Note that we have not made use of (2.6) so far. Note also that we have
(2.13) uy € Ne(v2)

by (2.7) and (2.10). Thus dw,(w2) + dw, (v1) + dw,(w1) = 7, and hence (2.7)
holds with the roles of W7 and W5 replaced by each other. Consequently

wwy € E(G), wiuy € E(G), wivy € E(G), and every vertex
(2.14) in {uy,v1,w;} and every vertex in {ug,vs, wa}, except wy and
wo and except possibly u; and ug, are adjacent to each other.
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Again note that we have not yet used (2.6). Thus

(2.15) for any i,j € {1,---,s} with 4 # j such that u; € Ng(v;), the
‘ statements corresponding to (2.10) through (2.12) and (2.14) hold.

Let I = {i|dw,(w1) = 3,3 < i< s} andlet J = {3,---,s} —I. Since
dw (wy) > 2s+ 1 by Claim 4 and (2.8), and since dy, (w1) = dw,(w1) = 2 by
(2.14), we have

(2.16) I#0.

Claim 10. Let i € I. Then w;v1, wiva € E(G) and dw,(wz) = 3.

Proof. We first show that u;v2 & E(G). Suppose that u;v2 € E(G). Since
dw,(w1) = 3 by assumption, and since dy;,(v2) + dw,(w2) = 5 by (2.14) and
(2.15), we have dy,(w1) + dw,(v2) + dw,(w2) = 8, which contradicts (2.12).
Thus u;ve ¢ E(G). Next suppose that w;ve € E(G). If ujwe, viwe € E(G),
then P’ = C}[uy, v1]ug, C4) = wivew;wi, C! = weCi[u;, vijwe and CJ/» =0}, j#
1,2, 1, satisfy (2.5), a contradiction; otherwise, in view of (2.12), w,we € E(G),
and hence P = Ci[uy, vi]ug, Cy = w;Calva, wolw;, C! = wiCilu;, vijw; and
C]’- = ()}, j #1,2,1, satisfy (2.5), a contradiction. Thus w;vy ¢ E(G). Conse-
quently dyy, (v2) = 1 and

(2.17) dy, (w2) = 3

by (2.12). Now by (2.13) and (2.17), we can argue as above with the roles of W1
and Wy replaced by each other, to obtain (u;v1 ¢ E(G) and) w;v; ¢ E(G). O
Claim 11. Let j € J. Then wjwi ¢ E(G), and ujvy, ujwy,vjw; € E(G).
Proof. We have

(2.18) dw, (w1) + dw, (v2) + dw, (w2) =7

by (2.12), and dyw,(w1) < 2 by the assumption that j € J. Furthermore, it
follows from (2.12), (2.13) and (2.15) that

(2.19) de (we) + de (1) + de (wy) =T1.

If dw,;(w2) = 3, then applying Claim 10 with the roles of Wi and Wj re-
placed by each other, we obtain dy, (w1) = 3, which contradicts the assump-
tion that j € J. Thus dw,(w2) < 2. Consequently by (2.18) and (2.19),
dw, (v1) = dw, (v2) = 3. Therefore ujv; € E(G), and hence wjw; ¢ E(G) and
ujwy,vjwy € E(G) by (2.14) and (2.15). O
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Since viu; € E(G) for each j € J by Claim 11, we can apply Claim 10 to
Wi and W; in place of Wy and W, to obtain the following claim:

Claim 12. Leti € I and let j € J. Then wiyv; € E(G). O

Take ¢ € I (recall (2.16)). Since > ., dw,(wy) < 2|J U{1,2,¢'}| + 3|I —
{#'}| = 3|I|+2|J| + 3 by Claims 10 and 12, it follows from the choice of i; =1
and i = 2 (recall (2.6)) that

(2.20) > dw,(wr) < 31| +2|7| + 3.
=1

On the other hand, it follows from (2.14) and Claim 11 that
S
D " dw, (wr) = [{ur, v1,uz, v2}] + 3|T| + 2| = 3|I| + 2|J| + 4,
i=1

which contradicts (2.20).
This completes the proof of Theorem 1.

References

[1] Y. Egawa, H. Enomoto, R. J. Faudree and H. Li, Two-factors each component
of which contains a specified vertex, preprint.

[2] T. Sakai, Two-factors with cycles through specified vertices, in preparation.

Toshinori Sakai

Research Institute of Education, Tokai University
2-28-4 Tomigaya, Shibuya-ku, Tokyo 151-8677, Japan
E-mail: tsakai@yoyogi.ycc.u-tokai.ac.jp



