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Abstract: We consider the integral domain restriction operator Tq for certain bi-

linear operator T. We obtain that if (s,p1,p2) satisfies = + —2 > ﬁ and

IT)Lp1 xLp2 s < 00, then ||Tq|lLr1 xpr2 sps < oo For some spemal domain €,
this property holds for triplets (s, p1,p2) satlsfymg = + == > m
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1. Introduction

Let T be a bilinear operator defined by

(1.1) T(f1, f2)(x / K(z,y1,y2) f1(y1) f2(y2) dy1 dya.

We consider its integral domain restriction operator (IDRO)

(1.2) To(f1, f2)(z /K 7, y1,Y2) f1(y1) f2(y2) dy1 dyz,

where  is an open set in R?. We will show that Ty inherits the

L >< Lp2 — LS boundedness from the operator T, if (s,p1,p2) satis-

fies — —|— - > For special domains €2, we can extend the range
1 rmn{l B

of (S pl,pg) to be]T1 E>m
In order to study the stability of absolutely continuous spectrum for
certain one-dimensional Schrodinger operator, in [1] Christ and Kiselev

considered linear operators

(1.3) (K f)(\) = Ei(\z)f(z)dz, i=1,2,...,n,
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where the functions k; (A, z), i = 1,2...,n are defined on I x RT and I
is a measurable set of R, and the multilinear operator

(1.4) To(fr,-- -y fr)(A / HfJ xj)kj(xy, A H e+ (Ti, —xir) da,

a€cA

where A is any set of ordered pairs @ = (iq,4,), with 1 < 44,1, < n.
Christ and Kiselev proved that if, for some p € [1,2) and ¢ > p

(1.5) 1K fllLacr,any < Cillfllor @ aey, 1=1,2,...,m,
for all functions f € LP(R*") with compact supports, then

(16) ||Tn(f17f2a7fn)HL’n SCnH”f'L”LPv
i=1
for all f; € LP(R*, dx) with s;1 = ng~!. Especially, when n = 2 and
A={(1,2)}, we see
(1.7) To(f1, f2)(A) Z/ fi(@1) fa(@a) k1 (w1, N)k2(22, A) d.
T1>To

Then Christ—Kiselev’s result says that if for some 1 <p <2 and ¢ > p

(1.8) |Kifllee < Cill fllpe, i=1,2,
then
(1.9) 1T (f1, f2)larz @y < Cllfillee@)ll f2ller)s

where C' depends on the constants Cy and Cs.

A natural question raised is that, in the above restriction domain
inequality, can we replace the domain {(z1,23), 1 > 22} by any mea-
surable set? More precisely, for a bilinear operator

(L10) T = [ Ko ) ) din due
we will study its IDRO

(1.11) To(f1, f2)(= /K z,y1,92) f(y1) [ (y2) dyr dy2
for any measurable set 2 C R2. Unlike the linear operator
(1.12) L(f)(z) = . K(z,y1,92)f (Y1, y2) dy1 dya,

fly1,y2) = f1(y1)f2(y2) is separable in the bilinear operator T'(f1, f2).
This definition allows that T can inherit the LP! x LP?2 — L® bounded-

ness from the operator T for some triplets (s, p1,p2).
We have the following theorem.
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Theorem 1.1. Let T be the bilinear operator with kernel K(x,y1,y2),
that satisfies

(1.13) 1T (f1, f2)llLs®) < Cill fillLo w)ll foll ez r)s

for some constant C’1 and both f; € LPi, i = 1,2, where (s,p1,p2) sat-
zsﬁes = 4 and 0 < s,p1,p2 < oo. Then for any open

subset Q - ]ng2 ;n;unm

(1.14) Ta(fi, f2)(z /K (@, y1,92) [1 (1) f2(y2) dyr dys,
we have

(1.15) |Ta(f1, f2) ) < Cll fille w1 f2ll e m)

where C' only depends on Cf.

For a special domain, (1.15) is also true for (s,p1,p2) which satisfies
——I——>m and 0 < s,p1,p2 < 00.

Let ¥ be a family of sets 2,, z € R which satisfies the following
conditions:

(1.16) PeV and Re VT,

(1.17) forany z <y, Q CQ,.

We set ©={U : U satisfies (1.16) and (1.17)}, and set X1 (V) = {(z,y) €
R?:yeQf, Q€ ¥}, No(¥) = {(z,y) e R?: 2 € Q5, Q, € U}, Let A
be the algebra generated by some finite subset of Ugco{X1(¥), 32(¥) :

U = {Q,}zer}, then for any ¥ € A there exists n such that ¥ can be
written as finite unions and complements of sets in

{Z1(01), 52(h), .., 50 (U7), 520 ],
with W* ¢ © for k=1,2,...,n

For the bilinear operator T', we consider its restriction operator

(118)  To(f. o) / K (2,91, y2) fr(51) fole) dy dyo.

Theorem 1.2. Suppose T is the bilinear operator defined in Theorem 1.1
and satisfies (1.13) for (s,p1,p2) satisfying p% + p% > m, 0 <
$,p1,p2 < 00. Then for 3 € A, there exists a constant C' > 0 dependent
only on the domain and Cy in (1.15), for any function f; € LPi(R),
i=1,2,

(1.19) 1T (f1, f2))]

Lo < C|lfilles | f2ll e
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We give some notations used in this paper. Let . := % (R™) be the
Schwartz space. If @ C R™, then || denotes the Lebesgue measure of
and #¢) denotes the cardinality of 2. For ;,Qs C R™, notation 1 C,e.
3 means that there exists a 0 measure set A such that Q;\ A C Qp. We
define N(f) = {z € R": f(z) # 0} for any function f defined on R™.

This paper is organized as follows. In Section 2, we give the proof
for Theorem 1.1, by using dividing integral domains into rectangles. In
Section 3, we prove Theorem 1.2. And in Section 4, we extend the results
to high dimension and give corresponding results on special domains.

2. Proof of Theorem 1.1

In this section we give the proof of Theorem 1.1 by using inductive
argument to divide the integral domains into domains on which the in-
tegral is controlled.

Since T, is bilinear, we may assume without loss of generality through-
out the proof that ||f1]|7%, = |f2ll1%. = 1/2 and f; € S (R), i = 1,2.
Let

F@) = | @) + | fala) 2.

Since

21) Talfi. fo)(x) = / ey ) 00 o)

If QN (N(f) x N(f))| = 0, then Ta(f1,f2) = 0. So we should
consider the the nontrivial case |2N (N (f) x N(f))| # 0 and Q # R?. To
estimate To(f1, f2), we need to decompose the support of the function f
into dyadic pieces and show that there exists a constant C, such that
[Ta(f1, f2)llLs <C.

We consider a partition of QN (N(f) x N(f)) into the dyadic pieces
by the following inductive method. In this part, we denote E(m,i,j) =
E(m,i) x E(m,j) for simplicity.

Dividing process. Denote E(0,1) =R.

Step 1: Find the smallest 11 € N(f), such that

1

(2.2) Ifxeanllr = I xeazln = 3

Here E(1,1) and E(1,2) are defined as follows: If 1 1 is an inner point
of N(f), then we define E(1,1) = (—o0,z1,1) and E(1,2) = [x1,1,00); if
211 is at the boundary, we define E(1,1) = (—o0,z1,1) and E(1,2) =
(1,1,00). We remark here since we let f; € S (R), i = 1,2, x1,1 exists
and is unique. So we divide F(0,1) into 2 intervals F(1,1), E(1,2).
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Step m: For each E(m —1,14), we divide it into 2 intervals E(m,2i — 1),
E(m,2i) such that

1
(2-3) HfXE(m,2i71)||L1 = HfXE(m,%)HLl = om

for 1 <4 < 2™~ respectively.
Selecting process.

Step 1: Denote

Ty ={FE(,i,5): 1,5 =1,2}.
We drop the domains in 77 which intersect Q N (N(f) x N(f)) with
0 measure and let D; be the set of dropped domains in Step 1. So the
dropped family in Step 1
(24) Dy ={BE(Q1,i,j) € Th : |E(L,4,7) NQN(N(f) x N(f))| =0,

1, =1, 2}.

Then in 77 \ D; we select the domains which are contained a.e. in QN

(N(f) x N(f)), and let Sy be the set of selected domains in Step 1. So
the selected family in Step 1

S1 ={E(1,i,j) € 1\D1 : E(1,i,5) Cae. QON(N(f)xN(f)), 1,5 =1,2}.

Denote the remaining domains in Step 1 by R;, and we have Ry =
71\ (S1UDy).

Step m: Denote
T, ={E(m,2i—1,2j—1), E(m, 2,2j—1), E(m, 2i—1,2j), E(m, 2i,2j) :
for any i,j =1,2,...,2™" !, such that E(m —1,i,j) € Rm_l}.

Also we drop the domains in T},, which intersect QN (N (f) x N(f)) with

0 measure and let D,, be the set of dropped domains in Step m. So the

dropped family in Step m is

(2.5) D = {E(m,i,j) € T : |[E(m,4,5) N (2N (N(f) x N(f)))| =0,
i,j=1,2,3,...,2"}.

Then in T, \ D,, we select the domains which are almost everywhere

contained in QN(N(f)x N(f)), and let S, be the set of selected domains

in Step m. So the selected family in Step m is

S = {E(m,i,j) € Try \ Dy, : E(m, 4, ) Cae. QN (N(f) x N(f)),

i,j=1,2,3,...,2"}.
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Denote the remaining domains in Step m by R,,, we have R, = T,, \
(Sm UDp,).

Next, we show that there is a 0 measure set A C U _1 Up(m,ij)es,.
E(m,i,j), such that

an(NH <N = U  Emi\A

m=1 E(m.i,j)€Sm

and
ANQN(N(f) x N(f)) =0.

According to our selecting process, there is a 0 measure set A(m,1,j) C
E(m,i,7) and A(m,4,7) NQN(N(f) X N(f)) = 0 such that E(m,1,j) \
A(m,i,7) CON(N(f)xN(f)). We take A:U%O=1UE(m,i,j)eSmA(m> i,7),
then we have

an(NH <N Y U Emig)\A
m=1 E(m,i,j)ESm

and
ANQN(N(f) x N(f)) =0.

Now we show QN (N(f) x N(f)) C Upe—1 UB(m.i,j)es,, E(m,i,j)\ A.
Since N(f) is open, we have QN (N(f) x N(f)) is an open set. For all
x = (x1,22) € QAN (N(f) x N(f)), there exists a 6 > 0, such that

($1—5,$1+6) X ($2—6,$2+5) CQQ(N(f) XN(f))

And there exists € > 0, || fX(z1—6,21+0) 21 > & [ fX(@s—6,20+0) L1 > €.
By the process of dividing, for the above § > 0, there exist N1, N, for
all n > Nj there exists E(n,i,) such that

x1 € BE(n,i,) C (1 — 8,21 + ),
and for all n > Ny there exists E(n, j,) such that
z2 € E(n, jn) C (z2 — 6,22 + 0).
So for all n > max{Ny, N2},
x = (x1,22) € E(Nyin,Jn) C (£1 — 0,21 +0) X (z2 — 0,2 + 0)
CON(N(f) x N(f)).

Remark 2.1. For E(n,i,j) where i,7 € {1,2,3,...,2"}, there exists a
unique E(k, iy, ji) such that E(n,i,7) C E(k,ig,jx) for all 1 < k <
n,k € Z.
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Proof: By the processes above, the existence is obvious. If there exist
(k' ik,jk) (k’ Zk,jk) such that E(n,l,j) C E(k’ Zk,jk) (k‘,lk,jk)
Then E(n,i,j) C E(k, i, ji) N E(k,ix, jr) # 0, contradictory. O

Then we choose any n > max{Ni, N2} and claim the fact that there
exist E(k,ig,jx) D E(n,in,jn), for some k = 1,2,...,n, such that
E(k,ik, jr) € Sg. If not, for |E(1,i1,71) N QN (N(f) x N(f))| #0, so
E(1,41,71)¢ Dy and E(1,41,j1) must be in Ry. Then we get E (2,12, j2) €
T5, by the same argument, we get E(2,1s,j2) € Ra. Step by step, finally
we have E(n,i,,j,) € Ry, this is contradictory, since E(n,in,j,) C

QN (N(f) x N(f)).
According to our dividing and selecting, we get
#Sm + #Dm + #Rm = #Tm = 4#Rm—17
(2.6) ATy = 4,
#Sn, >0, #D,, >0, #R, >0.
Since #R,, <4# R, 1, #R1 <4, we get #R,, < 4™, then we have

m

2.7) FHS A #D) =1~ LR <2
k=1

Then we have the estimate for To(f1, f2):

(2.8) [Ta(fi, f2)| < Z Z ITa(fiXEm.i)> f2XEm. )]

m=1E(m,i,j)€Sm

We now consider two cases: s < 1 and s > 1. Suppose first that 0 <

S
s<land L p12 > 2. We use the fact (3> ;o [4;])” < 37, |As]*, where
A; eR. By our assumption we have || fixe,. |'7o: < fxe,, e =277,

i =1,2. Then by (1.13) and (2.7), we have

ITa(fi 25 <C1 > > IAaxsmy i | f2XE@m.5 e

m=1 E(m,i,j)€Sm

<C i #Sm2

m=1

ms

15 _ ms

Zim#s + #D,,)4m2"

<C

— 1
< 2m Gy — D) < Cs.
_C'(ysnu>p1 Z4m #Sm + #Dm) < C3

m=1
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If s > 1, by our assumption we have p% + p% > 2. Using Minkowski
inequality on L® norm, we have:

L <C Y Y MfaxEm e | f2X B l|e

m=1E(m,i,j)€Sm

1Ta(f1, f2)l

m

<Cy fj #Sm2 1

m=1
= 1 m_m
<Cu Y o (#Sm+ #Dp)4"2 5
m=1
m —\ 7 e . 1
< Cysup (2" 01)) N7 o (#8 + #Dm) < Cs.
m>1 m=1 l

So, for both cases, there exists a constant C, such that ||[Tq(f1,f2)||L:<

C'. This completes the proof.

3. Proof of Theorem 1.2

In this section we give the proof of Theorem 1.2. To prove Theo-
rem 1.2, we only need to show it is true for ¥ = X;(¥) with ¥ =
{Qm}mGR €0.

First, we prove the theorem under an additional assumption that
|2, (the Lebesgue measure of €2,) depends continuously on z. We set
a = supq cgiz @ Qp = 0}, b = infg cu{r : Q, = R}. Here a may
be —oco and b may be +o0o. Then

T (f ) = [ [ K@ aa ) bl drdry
b
=/ / . K(z,x1,x2) f1(21) fo(z2) dwa day
a x2€ 9061

+[m/RK(:E7I1,x2)f1(x1)f2(x2)dIdel

=1+ I.
For the boundedness of I5, by the boundedness of T', we have
(3.1) [L2]] < [IT(fiX(=00,a)> f2)llLs < CullfallLen || f2ll e

Next we consider the boundedness of I;. Since Ty, is bilinear, we may
assume without loss of generality throughout the proof that || f1[/7,, =
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| fall52, = 1/2. Let
f(@) =|fi(@)[P* + | folx)P>.

To estimate I; we need to decompose the support of the function f
into dyadic pieces and show that there exists a constant C, such that
1]l < C. We consider a partition of R into the dyadic pieces in the
following way:

Em,j = Qmm,j+1 \Qmm,j7

xm,jZinf{t:/ |f(x)|dx:2mj}.
Q

The value z,, ; is well-defined for j = 1,2,3,...,2™ and m € Z " because
|2| depends continuously on x. We denote by M C R? the set

M = {(1‘1,1‘2) S R?: xTo € Q;l}

where

Then we can claim that

M0 (supp(f1) x supp(f2)) = |J |J (B X Emir1)

m=1 [=1
! odd

(the proof is similar to the proof of Lemma 4.2 in [1]). We begin to
estimate Iy:

oo 2™

‘Il| S Z Z |T21(f1XEm,pfQXEm,L+1)|'

m=1 [=1
! odd

We consider two different cases: s < 1 and s > 1. Suppose first
that 0 < s < 1. We use the fact (3=, |4i])” < Yoo, |4;]*. By our
assumption we have ||fixg,, [|5% < |fxe,.. o2 =27™, i =1,2. Then,
by (1.13),

ol

o 2™

7 <C Y Y s,

m=1 [=1
! odd

< Cl Z Z 277;1577:25

111

|ip1 ||f2XEm,l+1 ||}zp2

< 02 Z 2m(lfs(ﬁ+é)) < 03.

m=1
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If s > 1, by our assumption we have pil + p% > 1. Using Minkowski
inequality on L® norm, we have:

oo 2™

1o <00 Y Y fixm e | fax il re

m=1 [=1
! odd

o 2™

<Gy Y 2 P12 wo

m=1 =1
! odd

1]

<0 Y 2O EE) <.
m=1

So, in either case, there exists a constant C, such that ||I1]|rs < C.
This completes the proof under the assumption that |2, | is a continuous
function of x.

Then we consider the general case. We use the same method that
Kiselev used in [3] when dealing with the a.e. convergence of integral
operators.

We consider the function |Q,|. We say there is a jump for Q, at x if
limw_m0+ Q] # |Qa| or limg 5y |Qg] # |Qs,|. We denote the value of
jump by hy:

(3.2) hi(x) = Qa0 \ Qaf,  h-(z) = [Qe \ Qaol.

Since |2, | is monotone, according to our assumption 2, C Q, for z < y.
The set of values of h4 where any jump may occur is at most countable.
Let {x,}52, be the sequence of these points. If for some z, both hy
and h_ are nonzero, let x,, = x,41 = z, for some n. We set A, =
Dy 40\ Qg 1 Qs 10\ Q] # 0, and A, = Qy \ Qo otherwise, and
set the new measure space:

©=0yU <9@m>

in which ©g = (R\ U, A,, ) x {0} and ©,, = A,,, x [0,1]. While on ©,,
the measure p equals the product measure dx x dv (dv being a Lebesgue
measure on [0,1]) and on O, du = dx x di(0).

Then we construct the new bilinear operator:

63 TR = [ K@yiy)fihn)falz) dulvye),

where IN((x, v1,¥2) is a new kernel defined on R x © x O, which is equal
to K(z,x1,22) for all z, when (y1,y2) = (21,0,22,0) € ©¢ x ©g. If
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(y1,y2) = (T1,91,22,92) € O, X O, which is (y1,42) € [0,1] x
0,1] and (z1,22) € A, X A, for some n and m, then K(z,y1,ys) =
K(x,x1,x9) for all . If (y1,y2) = (21,0,22,y2) € Og X O, which is
(z1,22) € (R\UpA,, ) XA, for some n, then K(z,y1,y2) = K (x, 21, 22)
for all . If (y1,y2) = (21,%1,22,0) € O, x B¢, which is (z1,22) €
A, X (R \ UnA,;") for some n, then f((amyl,yg) = K(z,z1,29) for
all z.

Next, define a family Q of the extending measurable sets in ©. We
construct €, so that () = u which means ;(£,,) is continuous on w.

Let xo(u) = sup,{t : |Q] < wu}. If zo(u) # z,, for any n, we let

ﬁu = ((on(u) X {0}) n @0) U U O,

T, <o (W)

If at xo(u) we have a jump on the left, we let

ﬁu = ((on(u)—o x {0}) N @0) U U O

T, <o (W)

—|Q _
U (Awn X [O, U= ol OlD.
|Q$0(u)|

If at xo(u) we have a jump on the right, we let

Ou= (o x{0HNG)U| @m u( [0 WD

T <o (u fﬂo(")|

We can give the following claim without proof (details can be found
in [2]):
(1) Let ¥ be a family of sets €, then ) € ¥, © € ¥, and Q,, C Q.
for any uy < us. _
(2) Ifwelet u(w) = sup,<,{|Q|}, and for given f; € LPi(R), let fi(7) =
fi(x) when (z,0) € ©g and f;(Z) = f;(x) in which Z = (z,y) for
any y € [0,1] if z € A,,, for some n, then we have

/ / o R AR @, ) = To, (1)
Yy2)E

u(y1)

(3) There exists a constant C, such that
1T (f1, f2)llr

Hence, we have shown the bound (1.19) in general case.

r) < C1ll fillzer ©,am) | f2ll Lp2 (©,dp)-
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4. Some corollaries and remarks

In this section, we will show some corollaries and remarks.

Remark 4.1. For a multilinear operator

(4.1) T(f1, fa,---, fo)(x)

= o K(z,y1,92, - yn) f1(1) fa(y2) - - - fr(yn) dyr dyo

we assume that it satisfies

(4.2) IT(frs foseos fadlle < C T fullons

k=1

where (s,px), k= 1,2,...,n, satisfy:

n
1 1
(4.3) 0<8,pk<oo,22nmax{,1}.
1 Pk s

Let ©2 € R™ be any open set, and
(44) Tﬂ(fl,f%"'vfn)(‘r)

- /Q K (@51, 90 sy 1 (90) Fa(2) -~ Fo () s e

we have

(4.5) ITa(fr, for s Fadlles < Cu [T Ifxlloon,

k=1

where Cy depends only on the ||T'||pr1 x 2 x... x LPk — s DOTIN.

We can see that the special case in [1] ({(x,y), > y}) satisfies the
condition required for the region in Theorem 1.2 even though it looks
complicated. Also, there are some other special cases, such as convex

sets.

dyna

dyna

Remark 4.2. For k = 1,2, let fi, € LP+(I;) and I; be measurable
sets in R. Assume that (s,p;,po) satisfies = + p% > m and

b1

0 < s,p1,p2 < co. If the whole space R € ¥ in the first condition (1.16)

is replaced by I, Iz € U, then (1.15) and (1.19) also holds.
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Corollary 4.3. Let T be as in Theorem 1.2, (s,p1,p2) satisfies p%—’_p% >
L and 0 < s,p1,p2 < oo. Then for any function f; € LPi(R),

min{1,s}
7

1=1,2

2
e <CTJ I fillwws,

i=1

(4.6) ITB(f1, f2)]

where Tg is given by
@n)  Te(h i@ = [ K fele) du
B(0,1)

The constant C' depends only on the constants in the norm bound (1.13)
for the operator T.

Proof: We set gr = fix[-1,1], ¢ = 1,2. We divide the ball B(0,1) =
{(y1,92) : y? +y3 < 1} into two parts By = {(yhyQ) sy € [0,1],
Y2 € (—v1—-y3,V/1—92)} and B- = {(y1,52) : y1 € [-1,0], 2 €
(—vl—y%, Vl_y%)}'

Let @ = {Qu}repo,1) with Q, = (=1, -1 — 22 U [V1 —22,1) for
z € [0,1]. Then § = Qo € &4, (-1,1) = Q; € &, and for z < y,
Qp C Q.

Let ®_ = {Q}oe( 10 With Q, = (—vT —22,v1—22). Then () =
Q,ed_, (-1,1) = Qo € ®_ and for z < Y, Q, C ﬁy. Since

To(fi, f2)(@) = / K (g, 92) 1 () fa(92) dy

B(0,1)

-/ K(z,y1,y2) f1(y1) f2(y2) dy

+ ; K (2, y1,92) [1(y1) f2(y2) dy

= / K(z,y1,92)91(y1)92(y2) dy
y2€Q¢, ,y1€[0,1]

10
+/ / K(x,y1,Y2)91(y1)92(y2) dy1 dy2
1Ja

- / ~ K(z,y1,92)91(y1)92(y2) dy.
yzEQ@l ,yle[fl,o]

So by using Theorem 1.2 and Remark 4.2, we get (4.6). O
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The proof gives us a method of dealing with some area whose bound-
ary consists of finite monotonic functions and lines parallel to coordinate
axes.

Corollary 4.4. Let the bilinear operator T with kernel K(x,y1,y2) be
as in Theorem 1.2 with (s,p1,p2) satisfying p% + p% > m and
0 < s,p1,p2 < 00. For a conver bounded measurable set K C R?, Tx is
given by

(4.8) T (f1, f2)(x /K T, y1,92) f1(y1) f2(y2) dy

Then we have
2
(4.9) | Tic(f1, f2)llze < CTT Ifill o
i=1

Finally we make some remarks of extending our theorem to high
dimensional cases n > 1. The extension of Theorem 1.2 is involved.
The main difficulty is how to define an order for sets 2, and €, where
z,y € R™ To this end, we should give an order for points in higher
dimension. A lot of orders can be given. In this paper, we just show two
typical cases which can be proved in the same method.

We consider the bounded bilinear operator T': LP* x LP2 — L% given
by

(4.10) T(f1, f2)(A /K (A z1,22) fr (@) fo(2) do
and assume

(4.11) 1T(f1, f2)lle < Cullfalles [ fallLre-

Let U be a family of sets Q, and x;(z) = |z|, k2(z) = >, x4, which
satisfies the following conditions:

(1) D € ¥ and R™ € ¥;

(2) for any 5 (z) < 1 (y) or Ka(z) < Ka(y), % C 9.
Set © = {V, ¥ satisfies (1) and (2)}, X1(¥) = {(z,y) € R? : y € QS},
and Xo(¥) = {(z,y) € R* : z € Qf}. Let ¥ be any set in A, where A
is the algebra generated by some finite subset of Ugeg{31(¥), X2(P)}.
Consider the bilinear operator Ts given by

(4.12) (fl,fg /K /\ xl,xg)fl(l‘l)fg(xg) d.l?l dJ?Q
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Remark 4.5. For any function f; € LPi(R™), i« = 1,2, and (s,p1,p2)
satisfying p% + piz > ﬁ and 0 < s,p1, pa < 00, if (4.11) holds, then

2
ITo(f1, f2)llee < CTT IS llews

=1

The constant C' depends only on the constant C; in (4.11) and the
domain.

At last we remark that the relationship of (p1,p2,s) in Theorem 1.2
is optimal in some sense.

Remark 4.6. Here we refer to Muscalu et al. [4]. Let

T(f1, f2)(z) = /2 e 2@ £ (1)) fo (25) day da = fi(—2) fo().
R

Here fis the Fourier transform of f. Let ¥ = {(z1,22) € R?, 21 < 23}

and

Ts(f1, fo)(z) = / e 2= £ (21) fo(22) davy dva.

z1<T2
Actually one may find that if we choose f1 = fao, then Tx(f1, f1)(z) is

essentially P(|fA1|2)(x) Here 15(7) = X(—oo,O]fA: 1(I- zH)(|f1|2) and
H is the Hilbert transform. Thus although we have

IT(f1. )l < Cllfillczl fallze < CllAllzell 2l e,
it fails that
1T (f1, f2)llzr < Cllfillzz |l follz2-

Since the L' boundedness of Hilbert transform fails.
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