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RECTIFIABILITY OF MEASURES AND
THE 3, COEFFICIENTS
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Abstract: In some former works of Azzam and Tolsa it was shown that n-rectifiabil-
ity can be characterized in terms of a square function involving the David—Semmes
B2 coefficients. In the present paper we construct some counterexamples which show
that a similar characterization does not hold for the 8, coefficients with p # 2. This
is in strong contrast with what happens in the case of uniform n-rectifiability. In
the second part of this paper we provide an alternative argument for a recent result
of Edelen, Naber, and Valtorta about the n-rectifiability of measures with bounded
lower n-dimensional density. Our alternative proof follows from a slight variant of
the corona decomposition in one of the aforementioned works of Azzam and Tolsa
and a suitable approximation argument.
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1. Introduction

Let i be a Radon measure in R?. One says that yu is n-rectifiable if
there are Lipschitz maps f;: R — R%, i =1,2,..., such that

(11) M(Rd\Llin(RnO 0

and p is absolutely continuous with respect to the n-dimensional Haus-
dorff measure H". A set E C R? is called n-rectifiable if the mea-
sure H"|g is n-rectifiable. On the other hand, E is called purely n-un-
rectifiable if any n-rectifiable subset F' C E satisfies H"(F) = 0.

The study of n-rectifiability of sets and measures is one of the main
objectives of geometric measure theory. The introduction of multiscale
quantitative techniques by Jones [Jon] in the 1990’s was very fruitful

The author was supported by the ERC grant 320501 of the European Research Coun-
cil (FP7/2007-2013) and partially supported by MTM-2016-77635-P, MDM-2014-
044 (MICINN, Spain), 2017-SGR-395 (Catalonia), and by Marie Curie ITN MAnET
(FP7-607647).



492 X. ToLsA

and influential in the area of geometric analysis because its applications
to other related questions, for example in connection with singular inte-
grals and analytic capacity (see [DS1], [DS2], [Dav], [Lég], [NTV], or
[Tol1], for instance).

In the monograph [DS1], David and Semmes introduced the notion of
uniform n-rectifiability, which should be considered as a quantitative ver-
sion of n-rectifiability. Let i be an n-AD-regular (i.e., n-Ahlfors—David
regular) Radon measure, that is, for some constant ¢ > 0,

(12) ¢ < p(Bla,r) < o
for all x € supp p and 0 < r < diam(supp p).

The measure p is called uniformly n-rectifiable if, besides being n-AD-
regular, there exist constants 8, M > 0 such that for all = € supp u and
all 0 < r < diam(supp p) there is a Lipschitz mapping ¢ from the ball
B, (0,7) C R™ to R with Lip(g) < M such that

w(B(x,r) N g(Bp(0,7))) > 0r™.

A set ECR? is called uniformly n-rectifiable if H"|g is uniformly n-rec-
tifiable.

In [DS1] and [DS2], David and Semmes gave several equivalent char-
acterizations of uniform n-rectifiability. One of the most relevant involves
the B, coeflicients. For 1 <p < o0, z € R?, 7 > 0, one defines

1
| dist(y. L)\ du(s) | "
. p(gc r)= inf )
L CR%is an n-plane B(z,r) r rm

and also

1/p
_ ) dist(y, L) )p du(y)
n T,7r) = inf ’
Bup(@,7) L C R b oplane (/B(x,r) ( r u(B(z,r))

It was shown in [DS1] that, for 1 < p < 2n/(n — 2) in the case n > 2
and 1 < p < oo in the case n = 1 or 2, an n-AD-regular measure y in R?
is uniformly n-rectifiable if and only if

(1.3) / /ﬁ —du( ) <cR"™ forall zesupppu, R> 0.
B(z,R)

Of course, the same statement is valid replacing the coefficients ﬁ;‘m(x, T)

by gﬁ,p(x,r), because they are comparable for all x € suppp, 0 < r <
diam(supp p) when p is n-AD-regular.
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More recently, Jonas Azzam and the author obtained a related char-
acterization of n-rectifiability for general Radon measures with positive
and bounded upper n-dimensional density. The upper and lower n-di-
mensional densities of 4 at a point 2 € R? are defined, respectively, by

ny b p(B,r)  on w(B(z,r))
™" (x, ) —llriljélpw, O (x, p) —llgglfw.

The aforementioned characterization of n-rectifiability is the following:

Theorem A. Let u be a Radon measure in R? such that 0 < O™* (x, 1) <
oo for p-a.e. x € R, Then p is n-rectifiable if and only if

(1.4) /B (x,7) —<oo for p-a.e. x € R,

The “if” direction of the theorem was proven in [AT], and the “only
if” one in [Tol3]. As an immediate corollary of the above result, it
follows that a set E C R? with H"(E) < oo is n-rectifiable if and only if

/BHMEQCL'T — < oo for H"-ae z € L.

For other criteria for rectifiability in terms of related square functions
which apply to measures which are absolutely continuous with respect
to Hausdorff measure, see [Ler] or [Tol4], for example. For other recent
works which study the rectifiability of more general measures, we refer
the reader to [BS1], [BS3], [MO], [ADT], or [ATT].

We also remark that quite recently Edelen, Naber, and Valtor-
ta [ENV] showed that Theorem A also holds for Radon measures
satisfying the conditions

(1.5) O™ (z,u) >0 and O"(z,u) < oo for p-ae. x € R
instead of the more restrictive one

(1.6) 0< O™ (x,u) <oo for p-ae xeRY

That is, they proved the following:

Theorem B ([ENV]). Let i be a finite Borel measure in R? satisfy-
ing (1.5). If

(1.7) /5 —<oo for p-a.e. x € RY,

then p is n-rectifiable.
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Notice that the condition (1.6) ensures that the measure p is abso-
lutely continuous with respect to H™, while the the assumption (1.5)
does not. However, Theorem B implies that if both (1.6) and (1.7) hold,
then p is absolutely continuous with respect to H™. This is the main
novelty in Theorem B.

In view of the characterization of uniform n-rectifiability in terms of
the B, coefficients with 1 < p < 2n/(n — 2) by David and Semmes
described in (1.3), it is natural to think that perhaps Theorem A is also
valid with 3} , replaced by 8, , for some p # 2. Under some additional
assumptions on the measure u, the following result is already known:

Theorem C. Let 1 <p < 2n/(n—2) in the casen > 2, and 1 <p < o0
in the case n =1 or 2. Let i be a Radon measure in R. The following
hold:

(a) Suppose that 0 < OF(z, 1) < O™*(x, 1) < oo for y-a.e. v € R, If

(1.8) /B —<oo for p-a.e. x € RY,

then p is n-rectifiable.
(b) Suppose that p = H"|g for some E C R™ and that p is n-AD-reg-
ular. Then (1.8) holds.

The statement (a) of the theorem was first proved by Pajot [Paj] in
the particular case where u = H"| g, with E C R? such that H"(E) < oo.
Later on Badger and Schul [BS2] showed that this extends easily to
any measure g such that 0 < ©7(z,u) < ©@™*(z,u) < oo p-a.e. The
statement (b) is also due to Pajot [Paj].

We remark that the assumptions that ©%(x, ) > 0 p-a.e. in (a) and
the fact that p is n-AD-regular in (b) play an essential role in the ar-
guments for the previous theorem. In fact, they allow to reduce the
arguments to the case when the measure u is n-AD-regular and to apply
then the result of David and Semmes stated in (1.3).

For arbitrary Radon measures p, from Holder’s inequality it follows
that, for 1 < p < g,

B (7 < (“<B(x”) B 7).

/r-’ﬂ

Q=

By Theorem A, this implies that if y is n-rectifiable and 1 < p < 2, then

(1.9) /ﬂ —<oo for p-a.e. x € RY,
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and in the other direction, we also deduce that if 0 < ©™*(z, ) < oo
p-a.e. and (1.9) holds for some p > 2, then u is n-rectifiable. However,
from these statements one can not conclude the validity of the double
implication in Theorem A for some By p with p # 2. In this paper
we show that indeed p = 2 is the only case when Theorem A is valid,
which may look somewhat surprising in view of the results for uniform
n-rectifiability. More precisely, we have:

Theorem 1.1. There exists a set E C R? such that 0 < H'(E) < oo,
which is purely 1-unrectifiable, and so that, for 1 < p < 2,

1
d
(1.10) / 671_11‘}2)1)(33,1“)2% < oo forH'-a.e.x € E.
0

Also:

Theorem 1.2. There ezists a set E C R? such that 0 < H!(E) < oo,
which is 1-rectifiable, and so that, for all p > 2,

1
d
(1.11) / Biis p(xm)?l — o0 forH'-a.e. x € E.
0 ’ r

So Theorem 1.1 shows that the validity of the “if” direction in Theo-
rem A requires p > 2, while Theorem 1.2 shows that the other “only if”
implication fails for p > 2 and thus requires p < 2.

To prove Theorems 1.1 and 1.2 we will construct some Cantor type
sets E such that H!|g is non-doubling. They are obtained as limits in
the Hausdorff distance of other sets Ej, made up of finitely many parallel
segments in the plane. It is worth comparing these sets with other
counterexamples constructed in [ATT] in connection with the so-called
« coefficients.

In this work we will also see that the purely 1-unrectifiable set E in
Theorem 1.1 can be constructed so that, for 1 < p < 2,

1
~ d
(112) / ﬁ’}{l‘E p(l'vr)2l < 0 fOI' ’Hl-a.e. T € E‘7
0 > r
which, a priori, is a stronger condition than (1.10), taking into account
that ©1* (2, H!|g) < oo for Hl-a.e. x € E. This shows that Theorem A
does not hold either if we replace the coefficients 5, 2(x,r) by B,.p(x,T)
for any p > 1 different from 2. For more details, see Theorem 3.1 below.

In the last part of this paper we will provide a new proof of Theorem B.
Indeed, we will show that this can be derived from the results in [AT] in
combination with a careful approximation argument. The techniques are
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quite different from the ones of Edelen, Naber, and Valtorta in [ENV]
and use a slight variant of the corona decomposition obtained in [AT)].
On the other hand, we remark that the work [ENV] contains other
more quantitative results about rectifiability and S numbers, apart from
Theorem B. We will not consider these additional results in the current

paper.

2. Proof of Theorem 1.1

To shorten notation we will write 8, ,(,7) instead of 3, ,(z,r).

Given a closed segment I contained in a horizontal line in R? and
two constants h > 0 and 0 < a < 1 and an integer n > 2, we denote
by I(h,a,n) the set made up of n closed segments J1,...,J,, of equal
length, contained in the parallel segment I+h e5 (where ea = (0, 1)), with
S HY () = aHY(I), and so that the left endpoint of J; coincides
with the left endpoint of I + hes, the right endpoint of J, coincides
with the right endpoint of I + hes, and dist(J;, Jiy+1) = 2=¢H(I) for
allt=1,...,n—1.

Our set E will be constructed as a limit in the Hausdorff distance of
a sequence of compact sets Ej, k > 0. We consider sequences {ag },
{hi}k, ng, so that 0 < ag,hr < 1, ngp > 2. Both {ax}r and {hg}g
converge to 0, while ny tends to co very quickly. Each set Ey, k > 0, is

of the form
my,
By =J I},
i=1

where JF, i =1,...,my is a family of horizontal segments in R? (which
may be contained in different lines and may have different lengths). The
sets E), are constructed inductively. We let Ey = [0,1] x {0}, and we
construct Ey41 from Ej as follows. We denote

mi mi
d k k
Ek—i—l = U Jz (O’ 1- ak-i-lank-‘rl)? E};—i—l = U Jz (hk-i-l)ak-‘rla nk+1)7
i=1 i=1

where JF(h,a,n) is the set associated to the segment JF with param-
eters h, a, n which was defined in the previous paragraph. Then we
set

Ek+1 = Eg+1 U EIICL+1
(the superindices d and v stand for “down” and “up”). See Figure 1.
Observe that

El,, CEy and Ep, C Ex+ hji eo.



RECTIFIABILITY OF MEASURES AND THE () COEFFICIENTS 497

Also,
HUER ) = (- app) HY(E)  and HY(EjL) = ap HY(E),
since
H(JF(0,1 = aggr,npn) = (1= apyr) H (JF)
and
H(TF (g, ars1, 1)) = aggr H(IF)
for each i = 1,...,my. Hence H'(Ex.1) = H'(E), because the sets
JF0,1—agy1,n%41), J5(hs1, @rr1,npr1) are pairwise disjoint (assum-
ing hy41 to be small enough).
E1 E2

— — — hhdd hhdd add

FiGURE 1. The generations F; and E5 of the Cantor
set F, with n; = 3 and ny = 4.

Later we will choose {ax}, so that ), ai/p < oo but ), ar = oc.
On the other hand, we will take hy so that {h}x converges to 0 much
faster than {aj}r. Further, for convenience we will choose ny such that
nk ~ 1/h% (for example, we may take nj as the smallest integer larger
than 1/h%). We also assume that

1<i<my

(2.1) Pit1 <2‘2k—5min(hk, min Hl(Jf))

In particular, the condition hjyq < 272¥7%h;, guaranties that hyyq is
much smaller than the minimal distance among the different horizontal
lines that intersect supp p (which equals hy).

We denote p, = H'|g,. Next we will estimate B,,,, ,(z,r) for
x € supp pg4+1 in terms of B, p(2',7 + c1hiy1), where 2 is the near-
est point to = from supp pr and ¢; is some universal constant. That is,
by construction, 2’ = z if x € Eg+1 and 2’ = x — hgiep if x € B .
Note first that, for our fixed point z € Ej,

Buprp(@,r) =0 i 0<r < hggy.

In the case hx11 < r < hi/2, B(x,r) only intersects either one or two
lines from the family of all lines which contain some segment Jf“,
i =1,...,mpq1. If it only intersects one line, then 3,, ., »(z,r) = 0.
Otherwise, let us call Ly and L, the two lines which contain some seg-
ment JZ-kH, i =1,...,mp41 and intersect B(x,r), so that L, contains
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segments which are contained in E,‘f 41, and Ly, segments from £} ;.
Further, the distance between L4 and L, is hg11. Then we have

1 dist(y, L P
ﬂHkJrlvp(x?T)p < /B( )<(yd)> dpk+1(y)

r r

1 dist(y, Lq) \ P
(Y
T JB(z,r)NL., r

hy,
= rp:’_'ll prt1(Ly N Bz, 7).

By construction, it is easy to check that

(2.2) pit1(Ly N B(x,r)) S agq1 7

To this end, notice that ny41 ~ h,:fl and thus

le(JZ_k-i-l) <

1
—— maxH'(J¥) < — ~ W2 < hpga,
Ng+1  J ( j) Nk+1 R bt
for k big enough. From (2.2) we derive

1/p hk:Jrl
ﬂ#k+17p(x’r) S ak+1 r '

Therefore,

hi/2 dr hy /2 5 h2 dr
k+1 2
e3) [ AT s [ IR <0,

2
k1 r r

for all x € supp pi+1.

To deal with the case r > hy/2 we claim that, if hj; is small enough,
then

h
(24)  Bur (@) < B+ b)) + O,
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for some universal constants c¢;, C' to be fixed below. We defer the
details to the end of the proof. Gathering the previous estimates, for
any 0 < ep41 < 1/2, we obtain

o o dr o , 5 dr
ﬁ#k+1’p(xﬂ'r) — §(1+5k+1) Bukm(x vr+clhk+1) —
hy/2 r hi/2 r
C 1 ° hiipl dT
+ Ek r2/p 7
+1 Jhyy2

(2.5)

1

*hk 0 dr

< 1+€k+1 —_— / ﬁ , x/,r 2
( )%hk_clhk-&-l 0 H p( ) 1

hi/:ﬂ
+1
+C h2/17 ’

Ek+11y,
by a change of variables in the last inequality. Together with (2.3), and
using that

iy h
—2r <14
she — c1hiy hi
this gives
> dr
/ /B.U'kJrlﬁD(‘T’ 7’)27
0 T
h > d
(2.6) < Caifl + (1 +ekt1) (1 + CZH> / Buk’p(w’7r)27r
k 0
P41
Eht1 b

Choosing ex41 = 27% and since, by (2.1),

P
hy
iterating the estimate (2.6), it follows that

<272

o) d’f’ k+1 k 2] h L k+1
T AR Do PR Dl
0 i i J i
j=1 Jj=1 Jj=1

Since this is uniform on k, taking a weak limit and denoting by u the
corresponding weak limit, we derive

> Qd’l" < 2/p
(2.7) ; Bup(z,r) — S 1 +Zaj .

jz1
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Consider now a sequence {a;}; such that >, af/p < oo but so that
>_ja;j = oo, such as, for example, a; = 1/(2]) (recall that 1 < p < 2).
It is easy to check that p = gH!|g for some function g ~ 1, and so
0 < HY(E) < co. We also postpone the detailed arguments to the end
of this section. Thus the condition (2.7) yields

dr
[ et 14 <o

7>1

It remains to prove that ' = suppu is purely unrectifiable. This
is a consequence of the fact that Zj a; = oo. Indeed, given z € E,
write x € Uy, if the closest point to x from FEj, belongs to E}, and write
x € Dy otherwise. By the second Borel-Cantelli lemma the condition
Zj a; = oo implies that « € Uy for infinitely many k’s. Note now that,
by construction, if x € Uy, then there exists some segment JF C E}! such
that

dist(x, J7) k Z h; <
J>k+1
because of the quick decay of {hy}. Then, for r = hy/2 and k big enough,
we have

HY(B(z,r)NE) < Cu(B(z,r)NE) < C up(B(z,1.1r) NE) < Cayr.

Therefore, if x € Uy for infinitely many k’s, since ar — 0 as k — oo,
then )
liming 2 EOB@)
r—0 2r
As this happens for H'-a.e. z € E, it turns out that F is purely unrec-
tifiable (see Theorem 17.6 in [Mat], for example).

Proof of (2.4): Split each segment JF, i = 1,... my, into ny;; segments
with disjoint interiors and equal length, and denote by {Ijk“}lgjgmkﬂ/z

the resulting family of segments obtained from such splitting. Let IJI?H’I

be the leftmost closed sub-segment of I]’?H of length (1—aky1) 7—[1(1]’“1)
and let IJHLT be the rightmost half open-closed sub-segment of I f“ of
length a1 Hl(Ij’?H), so that IJ]-CJr1 = I;Hl’l U I]’?H’T and the union is
disjoint.

Suppose that the family of segments {JJI'CH}lSjSmHl is labeled so
that the indices j = 1,...,my41/2 correspond to the subfamily of the
segments Jf“ which are contained in Eg 11, and assume also that the
JHH

J

labeling is so that, for each 1 < j < mygy1/2, is the closest seg-

ment (in Hausdorff distance) from {Jjﬁ+1}1§jlgmk+l/2 to IJ’-“H. Also, for
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Jj=1,...,mgy1/2, given some segment Jf“ C Jik, denote by Jf“’“
a segment from the family {Jﬁ+1}mk+l/2§j/§mk+l which is contained in
k41 62+Jf and is at a distance at most ¢ hyy1 from J]].H'l, where c is some
absolute constant. By our geometric construction, it is easy to check that

such choice can be done so that the segments from {ij,"'l’“}lgj/gmkﬂ/z
are pairwise different (i.e. the correspondence Jf“ — Jf“’“ is one to
one).

Now we consider the map T**!': supp up — suppuxs1 defined as

follows. For each j =1,...,my4+1/2 we denote by Tf“’l the translation
such that Tf“’l(I]’?H’l) = Jf“ and by TfH’T the translation such that
TfH’T(I]EH’r) = (Jf+1’u). Now, for each j = 1,...,mg+1/2, we set

Tk+(2) :T;H'l’l(x) ife e I]’-H'l’l, and TF+1(z) = Tf"'l’r(x) ifx e IJ’-H'I’T.
Then it is easy to check that, for all = € supp pgy1,

(2.8) |z — T ()| < C hpyr,
and further
(2.9) TR S, = pugega .

To estimate £, p(x,7) for r > hy/2, let L be some line minimizing
Buuw.p(@’ 7+ c1higr) for some constant ¢; ~ 1 to be fixed below. Then
we have

Buesr (@) < /

B(z,r)

- / (dist(T’“H(y),L))pduk(y)
(TH+1)=1(B(z,1)) r ro

To deal with the last integral above, we take into account that

’ (dist(y,L))p B <dist(Tk+1(y), L))p

(dist(y, L) )P d(THH 4 u,) (y)
(2.10) ' '

B e )| R T

T r T r

Using also that u((T*+1)~Y(B(x,7))) < pu(B(2',7 + c1hiy1)) < car
for some universal constants ¢; and ¢z (see Remark 2.1 for more details),
we obtain

Buesr 1) < /

B(z',r+c1hy)

dist(y, L) \” dpx(y) 4 T
T T r

h
= /Bﬂkxp(x/7 T+ Clhk)p + Cﬂ

)

which proves (2.4).
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Proof of p = g H"™|g for some g ~ 1: First we show that H"|g < ul|g.
To this end we consider a family of “dyadic cubes”

Dp={Q} :k>0,1<j<m}
defined as follows. For k > 0 and 1 < j < my, consider a segment JJ’-C
from the construction of E. Then denote by R;? the closed rectangle
whose bases are lep and 2hgi1e2 + Jf, and set
Qf=R:NE.

Alternatively, one can think that Qf is the limit in the Hausdorff distance
of the set

Tk—‘ri o Tk—‘ri—l O--+0 Tk(JJk)
as ¢ — oo. Observe that, by (2.1)

diam Q% < diam RY < H'(JF) + 2hjy1 < (14272 HI ().

J
Thus, by the covering

k _ k+h
&= U «
sotcal

and setting €, = max; gr+ngr diam(QF™™), it follows that
Q! k

HL@Q)< Y diam(QF)

QI CQk

(1 + 2—2k—2h—4) Z zHl(JikJrh) < (1 + 2—2k—2h) Hl(JJk)

i:Qf+hCQ?
So, letting h — oo, H'(Q¥) < H'(JF) = u(QF). Since any relatively
open subset G C E can be split into a countable disjoint union of cubes
from Dg, one deduces that H!(G) < u(G). By the regularity of H!|g
and p, this implies that H!|g < pu.
To show that u < g H"|g for some g < 1, it is enough to prove that

(2.11) w(A) < Cdiam(A) for any Borel set A C R
Indeed, given any subset F' C FE, any arbitrary covering F' C U;A;

satisfies
p(F) <Y p(A) <€ diam(4;),

which implies that pu(F) < CH!(F), by the definition of H'.
To prove (2.11), let k& be such that %hk+1 < diam A < %hk. Denote
by {L?}lgigzk the family of lines which contain some segment from the

IN
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family {J¥}1<j<m,, and recall that the distance between two different

lines Lf, Li?, is at least hy. Also, it is easy to check that, by construction,
| e < HY|px for each i. Therefore, any set A’ intersecting at most one

of such lines satisfies p;(A’) < diam(A’). Recall now, that for any j,
pi+1(A) =TT 405 (A) = p; (T7F)7HA) < 3 (Ucny o (A)),
taking into account (2.9) and (2.8), and denoting by U;(A) the t-neigh-

borhood of A. Iterating the preceding estimate, for j > k we get
i (A) < pj—1(Ucn;(A) < < pe(Uc hyto 0 hiyr (A))
S :uk(UC’ hi+1 (A))7
taking also into account the fast decay of the sequence {hy}x, by (2.1).

Since the set A’ := Ucrp,,, (A) intersects at most one line L¥ (assuming
k big enough), we deduce that

(2.12) pj(A) < diam(Ucs p,,, (A)) < diam(A) +2C" hyyq < C diam(A)
for all j > k. Letting j — oo, we infer that any set A C R? satisfies
u(A) < Cdiam(A) as wished.!

Remark 2.1. The arguments above also show that

(2.13) ;i (A) < Cdiam(A) for any Borel set A C R?.

Indeed, (2.12) shows that this holds if %h}c+1 < diamA < %hk for
some k < j. In the case diam A < %hj_H, then A intersect at most
one line L7 and so (2.13) also holds.

3. The counterexample involving the Bp coefficients
In this section we will prove the following.

Theorem 3.1. There exists a set E C R? such that 0 < H'(E) < oo,
which is purely 1-unrectifiable, and so that, for 1 < p < 2,

1
~ d
(3.1) / 571{1‘&1,(17,7”)2% < oo for H'-a.e. v € E.
0

Let us remark that, for sets £ C R? such that 0 < H!(E) < oo, the
condition (3.1) implies (1.10), and thus Theorem 1.1 is implied by the
theorem above. However, we have preferred to prove first Theorem 1.1
separately because its proof is a little more transparent and less technical
than the one of Theorem 3.1.

1By a more careful argument, one can show that pu(A) < diam(A) for any Borel
set A C R?, which implies that u = H!|g.
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Proof: To shorten notation we write BW;(% r) instead of Ellhp(x, r).

We consider exactly the same set F constructed in the previous sec-
tion, and we use the same notation. We also choose a,, =1/(2k) and hy, as
in (2.1), and also ny ~ 1/h2. We have already shown that 0 < H!(E) < oo
and that F is purely l-rectifiable, and thus we just have to show that
(3.1) holds for 1 < p < 2 if hy decreases fast enough as k — oo (be-
sides satisfying (2.1)). Further, we may assume that 1 < p < 2 because
ngl‘E)l(SC,’/‘) < Bﬂl‘E)p(f,T) for such p’s.

To prove (3.1) we will follow some arguments quite similar to the ones
in the preceding section. Clearly, for any x € Ey,

EHHI,p(a:,r) =0 if0<r < hgyr.

In the case hyt1 < r < hy/2, B(x,r) (still for z € Ej) only inter-
sects either one or two lines from the family of all lines which contain
some segment Jf“, i=1,...,miq1. If it only intersects one line, then
Eyk+1,p($7 r) = 0. Otherwise, let we call Ly and L,, the two lines which
contain some segment Jik"'l, i =1,...,mps1 and intersect B(z,r), so
that Ly contains segments which are contained in E,‘ci 41, and Ly, seg-
ments from Ey, ;. Then we have

~ 1 dist(y, Lq) \”
P _— d
B#k-%—hp(x?r) = Mk+1(B($,’I“)) /B(z,r) < r :U/k+1(y)

Ry pis1 (Lo 0 B(z, 1)
7k (B, 7))
Then, from (2.2) it follows that

(32) 3 (2.7) < al/? h1 < r )1/17
. A & o pr1(B(z, 7)) .

Now we need to estimate py11(B(z,r)) from below, still assuming
that hpi1 <17 < hy/2. Tt is easy to check that

(3.3) pre1 (B(z, 7)) 2 HY(B(z,7) N Ly) =~ r if x € Ly.
In the case x € L,, we write

p1(B(2,7)) = pyr (B2, 7) 0 La).

HY(B(z,7) N Ly) = 24/r2 — hi oy

Observe that
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Recall that, by construction, each of the segments Jf“, 1=1,...,mks1,
which are contained in L,, is also contained in a set JJ’»C (0,1 —agy1,nEt1)
for some j € [1,my]. Denote

spp1 = maxdist(JFT By \ JET).
K3

Clearly, by construction,
1

1
34) s < —— max HI(JFTH <
(3.4) ki1 S o () T

12
~ D1

It follows easily that if H!(B(x,7) N Lg) > 2sk41 (or equivalently, r? >
hﬁﬂ + 3%+1)7 then

pe1(B(z,7) N La) = H' (B(x,7) N La) = 24/12 = b}, .

Hence, for hii1 + sgt+1 < 1 < hi/2 we have

prr1(B(z, 7)) 2 \/7"2 - hiﬂ-

By (3.3) this estimate also holds for x € Ly. Together with (3.2), this
implies that for all © € Ey41 and hgy1 + Sg+1 < r < hi/2 we have

2 2 1/p 2 1/p
Bl S a2 Mesn (T watlp M (o
HE+1,P\*) ~ Yk+1 7“2 7“2 _ hi+1 k+1 7“2 r— hk+1

From the preceding estimate we deduce

hx/2 _ Qd’l" - Rkt1+Sk+1 dr
Bﬂk+17p(x7r) TN —
0 r h

k41 r
hi/2 2 1/p
v/ 2/p Mt r " dr
+ W12 \ g r
hipr1+ski1 k+1
=1 + L.

Note that, by (3.4),

Pit1 + Sk+1 _ Sk+1
P41 hit1

I, = log S hiyr
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Concerning I, we write

Ry /2 2 1
K/ a/p Piia r P g
Ir < Tpy17 2 —_h o
It r r— hpt1 r

2hk+1 o0
L
Rhi41 2hk41

Zhicr1 1 > 1dr
< g2r hl/pfl/ —  _dr+dP 2 / = —
~ Yk+1 "Yk+1 N (T—hk+1>1/p k+1""k+1 )

2
k+1 bt 75T

~ 2/P
N~ gy,

using the fact that p > 1 to estimate the first integral in the before to
last line. So we have

/2 o dr 2/p 2/p
65 [ Buale? S S b+~ ol
assuming that hg11 < aiipl.

For r > hy/2 and = € supp pr+1 we will estimate Eﬂk“,p(aj,r) in
terms of 3, »(z',7 + c1hk41), where 2’ is again the nearest point to x
from supp pr and ¢; is some universal constant. By (2.4), denoting
" =71+ crhgy1, we have

7 p____ " P
Bltkﬂm(x’r) uk+1(B($,T))ﬁuk+l’p(I’T)

IN

o R
prt1(B(z,r)) (Bﬂk,p(x77‘) +C - >

_ r (B2, r")) ~ . hk+1>
e (B(z, 1) ( T B (@', 7')P +C—="= ).

Observe that

(3.6) pur1(Blw, 7)) = e ((T*H) "1 (B(x, 1))

> (B2, 1 — cshiqr)) = (B2, 1/2)) = exr,
where c3 is some universal constant and ¢ is some constant depending
on the parameters k, a1, ...,ak, h1,...,hg,n1,...,n, (probably the esti-
mate (3.6) can be sharpened, but this is enough for us). So taking also
into account that v’ > r, we derive

p(B(a',1")) ~ it

3 P Y -1
(3.7) Bupir.p(@, )P < ,uk+1(B(1:,r))5”k’p<x P+ Cey -
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We have

pe(B(@',r") | _ k(B 1) — pea (B(a, )|
i1 (B(z, 7)) pr1(B(, 7))

_ (B 1) — e ((T*) " (B(=, 1))
puy1(B(z,7))

< pr (A 7 — ca hggr, 7 + ca hyyr))
- CLT

1—

for some universal constant ¢4. To estimate ug(A(x',r — cq hg1,7 +
¢4 hi41)) we take into account that Ej is contained in the union of
2% horizontal lines, and we use the brutal inequality

(A2, r — ca hygyr, 7+ ca hig1))
< 2%sup HY(A(z',r — cg hpy1,7 + cahpy1) N L),
L

where the supremum is taken over all lines L. One can easily to check
that

S%p HY A r—cahpyr, r+cahpy1) L) =/ (r+cg hpy1)2— (r—ca hpy1)?

=1/ 204T'hk+1.

Therefore,

‘1 (B ") ’ _ 28\ /2¢4 1 by i1 .o (hkﬂ)l/z
< : . .

pet1(B(z, 7)) kT
Together with (3.7), this gives

1/2
~ , N o
Bunsaw(,7)P < (1 + Ckrli-/i_;) Bup(@'s ") + Cey 1%1

N h 1/2 h
S 6#k717(x/a r/)p + CCk ( kTJrl) T Cclzl k’l‘Jrl

N _ 1/2
< ﬁuk,p(ml’ )P + Ch (hk+1> ’

r
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which should be compared with (2.4). Arguing now as in (2.5), (2.6),
(2.7), if we take hg41 small enough (depending on Cy), by iterating the
estimate above, we obtain

R dr 2
[ BT s14 Y @ <o,
0 i>1

recalling that a; = 1/(25). We leave the details for the reader. O

4. Proof of Theorem 1.2

We consider the same construction as in Sections 2 and 3 for the proofs
of Theorems 1.1 and 3.1, respectively, and we use the same notation.
However, now we choose

1
aQ, = ———————————= -
7 j(log(e +))?
In this way, by the estimate (2.7) with p = 2, for any = € E,

o dr
2
/0 B2z, ) 7§1+Zaj<oo,

Jj=1

and so FE is n-rectifiable, by Theorem A.
We will show now that, for all p > 2,

oo d
/ Bu,p(xar)2fr =o0 forallz € FE.
0 r

To this end, consider a ball B(x,r), with € E and r such that 2h; <
r < 4hy,. Let 2’ € E}, be the closest point to z from E}. By construction
B(z',2r) intersects two lines L? and L“ which contain segments JF
from Eﬁ and E} respectively, so that moreover,

(140 B (,30)) 2 (1~ ax)r
and
pe (LN B (2, 3r)) Z air.

Consider an arbitrary line L C R? and denote B = B (:I:’ , %7’) If
distg (LN B, LYN B) < ﬁhk, then one can easily check that distg (LN
B,L*N B) 2 hy =~ r, and then it easily follows that

/ <dist(y,L)>p dug(y) > M (B (35/7 %T N Lu))
B, 3r) h

~ ar.
5T T r r
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Since hpy1 < hg, it is easy to check that in fact we also have

/ <dist(y7L)>p dpi(y) - me (B (2" 3rn L")
B(«,37)

%ak

~Y
5T r r r

uniformly for all j > k, with k£ big enough. Hence, by taking a weak

limit,
/ (dist(y, L))” dpy) .
B(z,r) r r ~

On the other hand, if dist7 (LN B, LYNB) > 145y, then it easily follows
that

/ (dist(y,L))p dp(y) < Pk (B (', 3rn L))
B(a 5r)

~1—a,~1.

~
r r r

Since hiy1 < hg, then we also have

dist(y, L) " dp;(y) N
/B(I/,;r)( r > r R

uniformly for all 7 > k with k& big enough, and then letting j — oo,

/ (dist(y,L)Y du(y) - |
B(z,r) r r ~

So in any case, for any line L we have

/ (dist(y,L))p W) > in(1, a) = ax
. " Z ) )

r

and thus
Bup(@,r) 2 a,lc/p for 2h;, < r < 4hy.

Therefore, for p > 2,

oo
2/pd7‘ 1
— > =~
/ Blbp xZ, T Z/Q Z 2/17 1Og(e+j))4/p = 00,

which concludes the proof of Theorem 1.2.

5. Rectifiability of measures with bounded lower density

In this section we will deduce Theorem B of Edelen, Naber and Val-
torta from the corona decomposition in [AT] and a suitable approxima-
tion argument.



510 X. ToLsA

5.1. The dyadic lattice and the corona decomposition from [AT].
We recall that one of the main ingredients of the proof of Theorem A
in [AT] is a corona decomposition in terms of a dyadic lattice D,, asso-
ciated to the measure pu, which we assume to be compactly supported.
We have D, = Ur>k,D,.k, and each family D,, . consists of a collection
of Borel subsets (or “cubes”) of E = supp p which form a partition of E.
That is, for each k > ko,

E= |J @

QED, i

and the union is disjoint. Further, if &k <, @ € D, ;, and R € D, ,
then either Q N R = @ or else Q C R.

The general position of the cubes ) can be described as follows. There
are constants Ag, Co > 1 so that for each k > ko and each cube Q € D,, 1,
there is a ball B(Q) = B(zg,r(Q)) such that

2g € F, Aak <rQ) < CoAaka
ENB(Q)CQCEN28B(Q)=EnNB(zg,287(Q)),
and
the balls 5B(Q), Q € D, i, are disjoint.

For other additional properties of this lattice (constructed by David and
Mattila in [DM]) see Lemma 2.1 from [AT].

We set £(Q) = 56 Cy Ag"* and we call it the side length of Q. Note
that

1
55 Co Q) < diam(B(Q)) < ((Q).
We also denote Bg = 28 B(Q) = B(zg,28r(Q)), so that
EN ?%BQ CQC Bqg.
The corona decomposition from [AT] is a partition of D,, into tree-like
families whose family of associated roots is denoted by Top,. The only

properties of this corona decomposition that here we need to know here
are the following:

(1) Top, C Dy, E € Top,, and each R € Top,, satisfies

1(2BRr) < C u(R).
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(2) For R € Top,,, let T(R) be the subfamily of cubes from D,, which
are contained in R and which are not contained in any other cube
from Top,,. Then

p.= | T,

ReTop,,

and the union is disjoint.
(3) For each R € Top, and each @ € T(R),

Gu(2BQ) <C 9#(2BR)7

where ©,,(B(z,r)) = “E@D),
(4) If

u(R\ U Q> > 0,
QET(R)
then 7 (R) contains cubes @) € D,, of arbitrarily small side length
satisfying ©,(2Bgr) ~ ©,(2Bg).
(5) If u satisfies the growth condition

(5.1) w(B(z,7)) < Cyr™ forallze B, r >0,

then Top,, satisfies the packing condition

62 3 0,28n)uR) < CCaR)+C [[ " Bualer? T duto)

ReTop,,

The properties above are proved in Section 5 from [AT]. We also
remark that another key property is the fact that, in a sense, the mea-
sure u is quite well approximated by n-dimensional Hausdorff measure
in a Lipschitz n-dimensional manifold at the scales and locations of each
tree T (R). However, this property will not be used here and so we skip
the details.

In [AT] the growth condition (5.1) is only used to prove the packing
condition (5.2). Indeed this is not used in connection with the other
properties of the corona decomposition listed above.

We claim now that the packing condition (5.2) also holds if instead
of (5.1) we just assume that there exists some ¢ > 0 such that

(5.3) w(B(z,r)) < Cur™ forallz e E,0<r <rg,

with the constants in (5.2) independent of r¢. The only required modifi-
cations are located in the proof of Lemma 5.5 from [AT]. They are quite
minor and we just sketch them, and advise the reader to have [AT] at
hand to follow the details:
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e Equation (5.9) from [AT] is still valid under the assumption (5.3),
because for k big enough, ©,(2Bgr) < C, for all R € Top,,.

o To estimate the first sum on the right hand side of (5.11) from [AT]
we take into account that if

u(R\ U Q) >0,
QENext(R)
then ©(2BR) =~ ©(2Bg) < C. for infinitely many @ € T(R), by
the above property (4) of the corona decomposition.
e Also, Sy = 0 because we are taking F' = E and so B = @ in [AT,
Section 5].

5.2. Preliminaries for the proof of Theorem B. To prove The-
orem B it is enough to show that any subset F C FE with u(F) > 0
contains another subset F' C F with p(F’) > 0 which is n-rectifiable.
Having this in mind, by standard methods, it is easy to check that we
can assume that, for some constants C, and C1,

B
(5.4) lim inf wB@,r) <C, forallzeFE,
r—0 rn
and
! dr
(5.5) / Buao(z,r)*— < Cp forallzeE.
0 T

We need the following auxiliary result.

Lemma 5.1. Let A > 2. Under the assumption (5.4), for p-a.e. x € E
there exists a sequence of radii v, — 0 such that

(5.6) p(B(x,Ary)) <2A? w(B(z,r)) and p(B(z,r)) <10 C, A" r™.

Proof: Denote by FEy the subset of points € E such that ©™*(x, u) <
4C, A™. Let © € Ey and consider a sequence of balls B(z,ry) with
w(B(z, Ary,)) < 2A% u(B(z, %)) (such sequence exists for p-a.e. z € Ej,
as shown in Chapter 2 of [Tol2], for example). It is clear then that (5.6)
holds for k big enough for p-a.e. x € Ej.

In the case x € E'\ Ep, let sp — 0 be a sequence of radii such that

BB ) _ g
Sn
k
Note that, for each k,

Bz, A7
lim sup M > A7 " limsup a
j—o00 (A=sp)" r—0 rn
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Now we let j > 0 be the least integer such that
B(xz,A™7
pBaATs))
(A_J Sk)"

and we set 7, = A~7s;,. Then we have
u(B(z, Ary)) = p(B(w, A7 F 1 sy)) < 3CL (A7 )"
< A" (B, A sp)) = A" u(B(z, 1)),
which implies that u(B(z, Arg)) < 2A% u(B(x, 7)) and also that
w(B(z,r)) < pw(B(x,Arg)) < 3CA"ry.
This concludes the proof of (5.6) for y-a.e. x € E. O

5.3. Proof of Theorem B. Because of Theorem A, it is enough to
show that

My () = sup “BE )

- < oo for prae. z € E.
r>0 r

Recall that we are assuming the conditions (5.4) and (5.5).
We need to consider an auxiliary approximating measure g which we
proceed to define. By Lemma 5.1 and a Vitali type covering lemma,

there is a family of pairwise disjoint balls B;, i € I, centered at E, which
cover p-a.e. B, satisfying

(5.7) w(AB;) < 2AYu(B;) and p(B;) < 10C, A" r(B;)",
and also that
7A<Bz) S P,

for some arbitrary fixed p > 0. Let Iy C I be a finite subfamily such
that

w(B\ U B) <eum)
i€ly
where € > 0 is some small value to be chosen below. For each i € Iy, we
consider an n-dimensional disk D; concentric with B; and radius %T(Bi)

and we define (B)
~ M Bl n
= H s
i Z 7oy I
i€lp
so that p(D;) = u(B;) for each i € Ij.
We claim now that if A is taken big enough, then

63 [ Mo < CO)CoplB) +C [ Balenr?F duto)
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with the constants on the right hand side depending neither on p nor
on . Before proving (5.8) we show how this implies that M, u(x) < oo
p-a.e. Indeed, by an approximating argument, and denoting

M, pu(x) = sup M
r>p r
and
E.,==En (] B,
=
it follows easily that

(59) [ Moyt mdu<c [ At
E.,
To check this, take z,2’ € B;, j € Iy, and r > p. Then

w(B(z,r)NE:,) < u(B(',2r)NE.,) < Z w(B;)
i€lg:B;NB(x’! 2r)#L

_ 3 i(D;) < p(B(a',3r)),

i€lo:B;NB(z' 2r)#

taking into account that B(z,r) C B(z/,2r) in the first inequality, and
that the balls B; in the before to last sum are contained B(z’,3r). There-
fore,

My (X, ,p)(x) < 3" inf My ppi(a')

z’eD;
for all z € B;, j € Iy. The preceding estimate readily yields (5.9) by
integrating with respect to p in E, ,.
From (5.8) and (5.9) we get

o d
/ My, p(XE. 1) dpu < C(A) O M(E)+C// Bua(z, 1) du(z) =K,
E., 0 r

with K independent of p and . For p > 0 fixed, take €, = 2%, and
note that up to a set of null y-measure, £ = liminfy E,, ,. Recall that
by definition,

liminf B, , = U G;, with G; = ﬂ E.. .
j=>1 k>j

Obviously, we have

/ My p(XG,; 1) dpt S/ My (XE., 1) dp < K.
Gy Efjw"
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Since the sequence of sets G is increasing, by monotone convergence we
get

Xa; Mn,p(xa, 1) (x) = My ,u(x)  for p-ae. x € E.

Then, again by monotone convergence, we deduce that [ M, ,pudp < K.
Since this estimate is uniform on p, again by monotone convergence we
infer that

[ Mupdu< .
which shows that M, u(x) < co p-a.e., as wished.

It just remains to prove (5.8) now. To this end, we consider the corona
decomposition associated to i described in Subsection 5.1. Notice that
the condition (5.3) holds (with C(A) C, instead of C.) for some ro > 0
because of the definition of i, (5.7), and because the family Iy is finite.
Therefore, by (5.2) and the subsequent discussion,

(5:10) Y 0328 iR <CN) C. iR +C [ [ (e r? L aia).
ReTopﬁ 0

By the property (3) of the corona decomposition it is immediate to check
that

/ M,idi S Y. ©:(2Br)ii(R).

RETopﬁ

and thus
- o dr .
(5.11) /Mn,u dp S C(A) Cu p(E) + C//o Bﬁ72($77‘)27r dpi(x).

Thus we just have to estimate the double integral on the right hand side.
Consider x € D; for some i € Iy and r > 0. Note that 85 2(x,7) =0
unless B(z,r) intersects some disc Dj, j # i. In fact, denoting

D(B;, Bj) = r(B;) +r(B;) + dist(B;, B;),
by construction (using that the radius of Dy is one half of the one of By),

: dist(y, L) \* dfi(y)
Bio(z,r 2 = inf / ( ) .
1% 2( ) b7 Z o B(a,r)NB, r rn

jGI()ZD(Bi,B]‘)

Observe also that the balls B; and B; appearing in this equation are
contained in B(y,20r) for all y € B;. Then, taking into account that
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1(By) = pu(By) for each k € Iy, letting L be the n-plane that minimizes
Bu,2(x,20r), for each j in the sum above we have:

/ (dist(z,L))Qdﬁ(z) § / (supz/egj dist(z/7L)>2dﬁ(z)
B r rn B; r rm

J
. 2
B / sup..c, dist(=', L) du(z)
-/ ‘ &

< 2/3 (dist(z,L)>2 du(z) +4r(Bj)2 i(B;).

r rm 2
j

Hence for all € D; and y € B; we can estimate (5 2(x,r) in terms of
Bu,2(y,20r) as follows:

2
Baz(@,1)? < Bualy, 20r)* + > e A(B))-

Jj€lo:D(B;,Bj)<2r

So we obtain

[ tmatanr dito

=S [T et

i€l

S Z /0 /131‘ B2y, 2OT)2 du(y)%

i€l

2 s Y s,

i€lp j€lo:D(B;,B;)<2r

(5.12)

Clearly, the first sum on the right hand side of the inequality does not
exceed C [[ Bu2(z,7)?% du(z). Concerning the last sum, by Fubini
this equals

G Yemrae) [ s

j€lo 0 i€ly:D(B;,B;)<2r
~ w(B(z,20r)) dr
< ZT(BJ)ZN(BJ)/ A Blag, 20r)) . ))7,
r>r(Bj)/2 r r

Jj€lo
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where x; is the center of D; and B;. Now note that, for 0 < r <
75 Ar(Bj),

B3, 201) oy py B 200) oy MBI oy
o = T - r(Bj)™ ~ "
and also that

p(B(zj,2
w<0 inf M,pn(y) forall”>0andy € B,.

rm yEB;
Therefore,
~ ) 15 Ar(B;)
r>r(B;)/2 Tt r r(B;)/2 T
+ / inf Mp,pu(y )dr
Ar(B;) YE€Bi

C(A) C. 1
<
~ 1 (B;)? + A21(B;)2 ylenffgj M ji(y).

Plugging this estimate into (5.13), we deduce that the last term on the
right hand side of (5.12) satisfies

T )2 r
> B 8 ™ )

i€ly jEIy D(B“B )<2r

S Y N CLRB) + 57 YDA it Mafiy)

Jj€lo Jj€lo

1 ~ .
SO Cu(E) + 55 [ Mafidi
From (5.11), (5.12), and the preceding estimate we obtain
o dr
/Mnudu<0( ) Ci p(E AQ/Mnudu+/ ﬁuzxr)*du()

Choosing A big enough and taking into account that M, € L*> (i) (by
the construction of f1) and that g is finite, we derive

> d
[ i< )€y [ Buater? T duta)

as wished.



[ADT]

[AT]

[ATT]

[BS1]

[BS2]

[BS3]

[Dav]

(DM]

[DS1]

[DS2]

[ENV]
[Jon]
[Lég]

[Ler]

MO]

[Mat]

[NTV]

X. ToLsA

References

J. AzzaM, G. DAvID, AND T. TORO, Wasserstein distance and the rectifiability
of doubling measures: part I, Math. Ann. 364(1-2) (2016), 151-224. DOI:
10.1007/s00208-015-1206-z.

J. AzzAaM AND X. ToLsA, Characterization of n-rectifiability in terms of Jones’
square function: Part II, Geom. Funct. Anal. 25(5) (2015), 1371-1412. DOI:
10.1007/s00039-015-0334-7.

J. Azzam, X. ToLsA, AND T. Toro, Characterization of rectifiable measures
in terms of a-numbers, Preprint (2018). arXiv:1808.07661.

M. BADGER AND R. ScHUL, Multiscale analysis of 1-rectifiable measures:
necessary conditions, Math. Ann. 361(3—4) (2015), 1055-1072. DOI: 10.
1007/s00208-014-1104-9.

M. BADGER AND R. ScHUL, Two sufficient conditions for rectifiable measures,
Proc. Amer. Math. Soc. 144(6) (2016), 2445-2454. DOI: 10.1090/proc/
12881.

M. BADGER AND R. ScHUL, Multiscale analysis of 1-rectifiable measures
II: Characterizations, Anal. Geom. Metr. Spaces 5(1) (2017), 1-39. DOI:
10.1515/agms-2017-0001.

G. DaviD, Unrectifiable 1-sets have vanishing analytic capacity, Rev. Mat.
Iberoamericana 14(2) (1998), 369-479. DOI: 10.4171/RMI/242.

G. DaviD AND P. MATTILA, Removable sets for Lipschitz harmonic func-
tions in the plane, Rev. Mat. Iberoamericana 16(1) (2000), 137-215. DOI:
10.4171/RMI/272.

G. DAVID AND S. SEMMES, Singular integrals and rectifiable sets in R™: Be-
yond Lipschitz graphs, Astérisque 193 (1991), 152 pp.

G. DAVID AND S. SEMMES, “Analysis of and on Uniformly Rectifiable Sets”,
Mathematical Surveys and Monographs 38, American Mathematical Society,
Providence, RI, 1993. DOI: 10.1090/surv/038.

N. EDELEN, A. NABER, AND D. VALTORTA, Quantitative Reifenberg theorem
for measures, Preprint (2016). arXiv:1612.08052.

P. W. JONES, Rectifiable sets and the Traveling Salesman Problem, Invent.
Math. 102(1) (1990), 1-15. DOI: 10.1007/BF01233418.

J. C. LEGER, Menger curvature and rectifiability, Ann. of Math. (2) 149(3)
(1999), 831-869. DOI: 10.2307/121074.

G. LERMAN, Quantifying curvelike structures of measures by using Lo Jones
quantities, Comm. Pure Appl. Math. 56(9) (2003), 1294-1365. DOI: 10.1002
/cpa.10096.

H. MARTIKAINEN AND T. ORPONEN, Boundedness of the density normalised
Jones’ square function does not imply 1-rectifiability, J. Math. Pures Appl. (9)
110 (2018), 71-92. DOI: 10.1016/j.matpur.2017.07.009.

P. MATTILA, “Geometry of Sets and Measures in Euclidean Spaces. Fractals
and Rectifiability”, Cambridge Studies in Advanced Mathematics 44, Cam-
bridge University Press, Cambridge, 1995. DOI: 10.1017/CB09780511623813.
F. Nazarov, X. ToLsA, AND A. VOLBERG, On the uniform rectifiability of
AD-regular measures with bounded Riesz transform operator: the case of
codimension 1, Acta Math. 213(2) (2014), 237-321. DOI: 10.1007/s11511~
014-0120-7.


http://dx.doi.org/10.1007/s00208-015-1206-z
http://dx.doi.org/10.1007/s00039-015-0334-7
https://arxiv.org/abs/1808.07661
https://doi.org/10.1007/s00208-014-1104-9
https://doi.org/10.1007/s00208-014-1104-9
https://doi.org/10.1090/proc/12881
https://doi.org/10.1090/proc/12881
http://dx.doi.org/10.1515/agms-2017-0001
http://dx.doi.org/10.4171/RMI/242
http://dx.doi.org/10.4171/RMI/272
http://dx.doi.org/10.1090/surv/038
https://arxiv.org/abs/1612.08052
http://dx.doi.org/10.1007/BF01233418
http://dx.doi.org/10.2307/121074
https://doi.org/10.1002/cpa.10096
https://doi.org/10.1002/cpa.10096
http://dx.doi.org/10.1016/j.matpur.2017.07.009
http://dx.doi.org/10.1017/CBO9780511623813
https://doi.org/10.1007/s11511-014-0120-7
https://doi.org/10.1007/s11511-014-0120-7

[Paj]

[Tol1]

[Tol2]

[Tol3]

[Tol4]

RECTIFIABILITY OF MEASURES AND THE () COEFFICIENTS 519

H. Pajort, Conditions quantitatives de rectifiabilité, Bull. Soc. Math. France
125(1) (1997), 15-53. DOI: 10.24033/bsmf . 2298.

X. ToLsA, Bilipschitz maps, analytic capacity, and the Cauchy integral, Ann.
of Math. (2) 162(3) (2005), 1243-1304. DOI: 10.4007/annals.2005.162.
1243.

X. TorsA, “Analytic Capacity, the Cauchy Transform, and Non-ho-
mogeneous Calderon—Zygmund Theory”, Progress in Mathematics 307,
Birkh&user/Springer, Cham, 2014. DOI: 10.1007/978-3-319-00596-6.

X. TorsA, Characterization of n-rectifiability in terms of Jones’ square
function: part I, Cale. Var. Partial Differential Equations 54(4) (2015),
3643-3665. DOI: 10.1007/s00526-015-0917-2z; Correction to: Characteriza-
tion of n-rectifiability in terms of Jones’ square function: part I, Calc. Var.
Partial Differential Equations 58(1), Art. 35 (2019), 11 p. DOI: 10.1007/
s00526-018-1478-8.

X. ToLsA, Rectifiable measures, square functions involving densities, and the
Cauchy transform, Mem. Amer. Math. Soc. 245(1158) (2017), 130 pp. DOI:
10.1090/memo/1158.

ICREA, Passeig Lluis Companys 23, 08010 Barcelona, Catalonia, and

Departament de Matematiques and BGSMath, Universitat Autonoma de Barcelona,
08193 Bellaterra (Barcelona), Catalonia

E-mail address: xtolsa@mat.uab.cat

Primera versié rebuda el 18 de setembre de 2017,
darrera versié rebuda el 17 de gener de 2018.


http://dx.doi.org/10.24033/bsmf.2298
https://doi.org/10.4007/annals.2005.162.1243
https://doi.org/10.4007/annals.2005.162.1243
http://dx.doi.org/10.1007/978-3-319-00596-6
http://dx.doi.org/10.1007/s00526-015-0917-z
https://doi.org/10.1007/s00526-018-1478-8
https://doi.org/10.1007/s00526-018-1478-8
http://dx.doi.org/10.1090/memo/1158

	1. Introduction
	2. Proof of Theorem 1.1
	3. The counterexample involving the "055Dp coefficients
	4. Proof of Theorem 1.2
	5. Rectifiability of measures with bounded lower density
	5.1. The dyadic lattice and the corona decomposition from Azzam-Tolsa-GAFA
	5.2. Preliminaries for the proof of Theorem B
	5.3. Proof of Theorem B

	References



