ALBANIAN JOURNAL OF MATHEMATICS
Volume 9, Number 1, Pages 3-29
ISSN: 1930-1235; (2015)

SIEGEL FUNCTIONS, MODULAR CURVES, AND SERRE’S
UNIFORMITY PROBLEM

HARRIS B. DANIELS
Department of Mathematics
Ambherst College Box 2239

P.O. 5000
Amherst, MA 01002-5000
Email: hdaniels@amherst.edu

ABSTRACT. Serre’s uniformity problem asks whether there exists a bound k
such that for any p > k, the Galois representation associated to the p-torsion of
an elliptic curve E/Q is surjective independent of the choice of E. Serre showed
that if this representation is not surjective, then it has to be contained in either
a Borel subgroup, the normalizer of a split Cartan subgroup, the normalizer of
a non-split Cartan subgroup, or one of a finite list of “exceptional” subgroups.
We will focus on the case when the image is contained in the normalizer of
a split Cartan subgroup. In particular, we will show that the only elliptic
curves whose Galois representation at 11 is contained in the normalizer of a
split Cartan have complex multiplication. To prove this we compute X3 (11)
using modular units, use the methods of Poonen and Schaefer to compute its
Jacobian, and then use the method of Chabauty and Coleman to show that
the only points on this curve correspond to CM elliptic curves.

1. INTRODUCTION

It is a classical result that the points of an elliptic curve E over a number field
K (a smooth projective genus one curve with at least one K-rational point) can be
given the structure of an abelian group. In fact, it is known from the Mordell-Weil
theorem, that this group is finitely generated. Therefore, we have that

E(K) 2 Ein(K)xZ™%
where Ej.(K) is the torsion subgroup of E(K) and r = ri is the rank of E(K).
There are many interesting questions about the rank of an elliptic curve that are
still open, but the focus of this paper is on the torsion part of E(K).

Let p be a prime number, and let E[p] be the F,-vector space of p-torsion points
on E(K), where K is a fixed algebraic closure of K. The natural Galois action
of Gal(K/K) on E[p] induces a Galois representation Gal(Q/Q) — GL(E[p]), and
if we choose a Z/pZ-basis of E[p], then we obtain a Galois representation pg , :
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Gal(Q/Q) — GL2(Z/pZ). The image of pg, was extensively studied by Serre in
[15].

Theorem 1.1. [15] If E is an elliptic curve over Q that does not have complex
multiplication, then there exists a constant Cg > 0 such that for every prime p >
Cg, the mod-p Galois representation p : Gal(Q/Q) — GLo(Z/pZ) is surjective.

Serre asked the next natural question: can the constant Cr be chosen indepen-
dently of E7?

Question 1.2 (Serre’s Uniformity Problem, [15], §4.3). Does there exist a con-
stant C' > 0 such that pg ), is surjective for all p > C and all E without complex
multiplication?

In [15], Serre also shows that there are five possible cases for what the image of
pE,p could be. There is an IF,-basis of E[p] such that one of the following happens:
(1) pE,p is surjective;
(2) The image of pg , is contained in a Borel subgroup of GLy(Z/pZ);
(3) The image of pg , is contained in the normalizer of a split Cartan subgroup
of GL(Z/pZ);
(4) The image of pg, is contained in the normalizer of a non-split Cartan
subgroup of GL2(Z/pZ);
(5) The image of pg,, is contained in one of a finite list of “exceptional” sub-
groups.

Serre showed the exceptional groups, as in case (5) above, are not subgroups of
GL2(Z/pZ) for p greater than 13. The uniformity question in case (2) was proven
by Mazur [11] where he showed that if p is greater than 37, and F does not have
CM, then the image of pg , cannot be contained in a Borel subgroup. Bilu, Parent,
and Bilu, Parent, and Rebolledo [3] (also using results of Momose [12]) have shown
that if p > 11, p # 13, and E is not CM, then case (3) cannot occur. This just
leaves the case when the image of pg , is contained in the normalizer of a non-split
Cartain subgroup of GL2(Z/pZ). In this case, the arguments used by Mazur [11],
and Bilu and Parent [2], fail and a different tactic must be taken. The focus of this
paper is on the split case for the case of p = 11.

Theorem 1.3 (Theorem 5.5, Corollary 5.6). Any elliptic curve defined over Q
whose associated Galois representation at 11 has image contained in the normalizer
of a split Cartan subgroup of GLa(Z/117Z) has complex multiplication.

As mentioned above, Theorem 1.3 has already been proven. It is the simplest
case of [13, Theorem 1.1] and in fact was probably even known before that. Here,
the main goal is to prove the result by analyzing completely the arithmetic of the
modular curve, X (11), that parametrizes elliptic curves over Q with pg 11 having
split Cartan image. In the proof of Parent, the author shows a bound on the height
of the j-invariant of any elliptic curve in the split case (3) above, and then run
an exhaustive calculation that proves that none of the curves up to that bound
have split Cartan image and are not CM, therefore proving the desired result. Our
methods work directly on X (11), in that we calculate all the rational points on
XF(11), and in doing so, we compute the structure of the jacobian of the modular
curve, and determine its rational points.

More concretely, the main theorem of this article is the following.
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Theorem 1.4. Let X be the modular curve X (11) and let J be its associated
jacobian variety. Then:

(1) X has a model y?> = 2% — 62° + 112* — 82% + 1122 — 62 + 1, and the j-map
X — PYQ) can be calculated explicitly.

(2) X(Q) contains exactly 6 points, two of which are points at infinity cor and
oo_, and one is a cusp (0,—1). The points, together with the j-invariant
of the elliptic curve associated to each non-cuspidal point are given in the
following table:

P lO1]0-1)] (1,2 | (1,-2) | ooy | oo
j(P) ‘ 8000 ‘ cusp ‘ —3375 ‘ 16581375 ‘ —884736 ‘ —88473600

(3) J(Q) 2 Z/5Z x Z. The torsion subgroup of J(Q) is generated by [(0,1) —

oo_], while [coy — 0o_] is a generator of infinite order.

Another main goal of this paper is to illustrate several important techniques in
the computation of rational points on (hyperelliptic) curves. First, a model for
X = X} (11) is computed using Siegel functions and modular units and compute
the j-map that gives the j-invariant of the elliptic curve associated to each non-
cuspidal point on the curve. The method used to compute a model for X should
readily generalize to other modular curves of prime level. In order to be able to
apply the method of Chabauty and Coleman to find a bound on the number of
rational points on X, we first need to determine the rank of the jacobian variety
(in particular, one needs to show that the rank of J(Q) less than the genus of X,
which is 2). The jacobian is studied by performing a 2-descent via the methods
of Poonen, Schaefer, and Stoll, that allows us to determine the structure of J(Q),
and in particular show that the free rank is 1, less than the genus of X, as desired.
The method of Chabauty and Coleman now produces a bound of 8 rational points
on X, but a naive search for points only yields the 6 points listed in Theorem 1.4.
Finally, we find several automorphisms of X (Q) that allows us to conclude that if
there was an additional point beyond the 6 we list, then there would be at least
10 points on X, contradicting the bound of 8. Hence, the ones we list are all the
rational points on X.

The paper is organized as follows. In Section 2 Siegel functions, and modular
units are defined. In Section 3 we construct a model for X (11) using modular
units built out of Siegel functions, and in Section 3.5 we go on to compute the
j-map. The 2-descent on the jacobian variety is described in Section 4. Finally, the
method of Chabauty and Coleman is summarized in Section 5 and Theorem 1.3 is
proved in Section 5.4.

1.1. Acknowledgments. Much of the contents of this paper were originally writ-
ten in partial fulfillment of the requirements for the degree of doctor of philosophy
at the University of Connecticut in 2013. Without the help and guidance of my
thesis advisor, Alvaro Lozano-Robledo, this paper would not have been possible.

2. KLEIN FORMS, SIEGEL FUNCTIONS, AND MODULAR UNITS

2.1. Klein Forms and Siegel Functions. In this Section we follow the notation
and terminology laid out in Section 1 and 2 of Chapter 2 of [10]. In these sections,
the authors give explicit methods for computing units in the function field of the
modular curve X (N). These functions are units because they only have poles and
zeros at the cusps, and so when we consider the functions only on the non-cuspidal
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points, they are invertible. Before diving in, we need to recall the definition of what
it means to be modular for a given congruence subgroup.

Definition 2.1. A modular function for a congruence subgroup I' is a meromorphic
function on the compact Riemann surface T\JZ*.

Often, modular functions are considered as meromorphic functions on J#* that
are invariant under the action of I". From this perspective a modular function for
I is a function that satisfies the following conditions:

(1) f(r) is invariant under the I'. That is, f(y7) = f(7) for all v € T';
(2) f(7) is meromorphic in JZ;
(3) f(7) is meromorphic at the cusps.
Let L be a lattice in the complex plane and let f(z, L) be the Klein form attached
to L (see [10]). This is a function which takes a complex variable z and a lattice L

as its arguments. These functions are homogeneous of degree 1; that is to say that
f(Az, A\L) = Af(z, L) for X € C.

Let W = (zl) € C? such that = ¢ R. Take L = L(W) = Zw; + Zw,, and

2

let z = z(a,w) = ayw; + asws with a = (a;,as) € R?. Now, we can create a
new function that takes as its arguments a vector a € R? instead of z € C and a
vector W € C? whose entries are linearly independent over R by fa(W) = f(z, L). In
[10, Chapter 2], the authors show that these functions have the following properties:

KO. fa(ATV) = Afa ().

K1. For a € SLo(Z), fa(aW) = faa(W).

K2. If b = (b1,by) € Z2, then faip(W) = (a, b)fa(W), where

€(a, b) — (71)b1b2+b1+b2efﬂ'i(b1d2*b2a1).
K3. If « € I'(N), and a = (a;,as) € Q? such that the denominators of a; and
as divide N, then
fa(@W) = faa (W) = ca(a)fa(W)

where £, () is a 2Nth root of unity. If we let a = (£, %), £(a) is given by

€a(a) _ _(_1)(‘1;,1 TJr%SJrl)(%TJr%S‘Fl)e27ri(bT2+(b—1)TS—CSZ)2N2.

b

Definition 2.2. For o = (Z d

) € SLo(Z) and T € A, let j(a,T) be the factor

of automorphy given by
jla,7) =cr +d.
The Klein functions may be considered as functions on the upper half plane, as
T

follows: let 7 € % and define f,(7) = fa(W, ), where W, = <1>

Proposition 2.3. For a € SLy(Z)
faa(T) = j(a, 7)falar).
PRrROOF: Using properties KO and K1 we see that for

far) = fn02) = ) = 5 ( (T 0)) = (e ) (1) ) = dtemfutom)
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Definition 2.4. The Siegel function associated to a € R?, g.(7), is a function on
FC defined by
ga(T) = fa(m)n(1)?,

where 1(7)% = ¢ [172,(1 —g™)? is the Dedekind eta function and g = ™.

Notice that property K2 says that if we are normalizing our functions to have
leading coefficient 1, then a € R? only matters modulo Z. That is, we can actually
take a € (R/Z)2. In fact, for the rest of the paper we are going to restrict ourselves,
for the sake of simplicity, to considering functions where a € (Q/Z)2.

Before we continue, let us recall a theorem about the Dedekind eta function.

Proposition 2.5. [1, page 51] If a € SLy(Z), then

n(ar) = &) - /jle, T)n(7),
where &(a) is a 24th root of unity.

Remark 2.6. The observant reader might ask about how the square root above is
chosen and whether the choice depend on 7. We will ignore this question for now
and see in the proof of 2.8 that this ambiguity can be ignored.

For our purposes, we will only be interested in a = (a1, az) € (Q/Z)? and we let
Z=a17T + as and ¢, = e?™%.

Theorem 2.7. [10, p. 29] For each a € (Q/Z)?, the Siegel function ga(t) can be
given by the following q-expansion:

oo

Ga(7) = —gM/PBelen) Zriaz(a=D2(1 — g ) TT(1 - ¢}'q:)(1 - ¢} /g2)

n=1

2o+ % is the second Bernoulli polynomial.

where Bo(z) =

Theorem 2.8. If o € SLy(Z) as above and a € (Q/Z)?, then
ga(aT) = ((@) - gaa(T)

where {(«) is a 12th root of unity that depends only on «.

ProoF: Using Propositions 2.3 and 2.5 we have,

ga(at) = fa(ar)(n(ar))®
2
= (0, 7) aalr) (&) - Vil ()
= f(a)Qfaa (7)77(7')2 = ((a)gaa (7).
Here ((a) = £(a)? and since () is a 24th root of unity, ((a) is a 12th root of

unity and since 1/j(a,7) appears inside the square, which square root we choose
doesn’t matter. ]

In [10], Kubert and Lang develop sufficient conditions for products of the g,’s to
be modular of level N. These conditions are more difficult to state if IV is not prime
to 6, and also not of interest to us, so we will only state conditions for (N,6) = 1.

Theorem 2.9. [10, Chapter 3, Theorem 5.2] Let N € N such that (N,6) = 1. Let
A be the set of alla = (%,%2) € (%Zf and a ¢ 7. Let

N’ N
o(r) = [ o™ ().

acA
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Then g is modular of level N if and only if the family {m(a)} satisfies the following:

(1) Z m(a)r? = Z m(a)rs = Z m(a)rirs = 0mod N, and

acA acA acA
(2) Z m(a) = 0 mod 12.
acA

In general, we will always assume that an element a = (a1,a2) € (Q/Z)? is
normalized so that 0 < a; < 1and 0 < ay < 1. If we wish to remove this assumption
then we will always use the notation (a;) and (as) to mean the fractional part of
ai and as.

Lemma 2.10. [10, p. 31] For a = (a1,az2) € (Q/Z)* we have

ordy, ga(T) = 0rdjco ga(T) = %32 ({a1)).

With this lemma we will be able to compute the divisor of any Siegel function
we want. This will be important when we start to use these functions along with
the Riemann-Roch theorem to compute models of curves.

2.2. Modular Units for Congruence subgroups of Level p. In this section we
generalize the methods used in [6] to find a class of explicitly computable modular
units for an arbitrary congruence subgroup of prime level p # 2, 3. For the rest of
this section let I" be a congruence subgroup of level p # 2, 3. Let I'*(p) = (=13, T'(p))
if —I, € T, otherwise let I'*(p) = ['(p). Next, let Q = I'/T"*(p), and let Q be a fixed
set of representatives of O in T.

Remark 2.11. Notice that Q and € are finite since I' is a congruence subgroup of
level p.

Now that we have defined these basic objects, we can define the basic functions

that we are going to be interested in:

2
Definition 2.12. Fora € (%Z/Z) with a & 72 let
'Ua(F’T) = Ua(T) = @a(Q) H ga’Y(T)
~YEQ

where ©,(2) € C* is defined so that the leading term of the q-expansion of va(T)
is 1. Also, let

ua(,7) = ta(7) = va (I, 7)¢ = Oa(Q)° [ ] gary(7)°
v€Q
where ¢ is the smallest positive integer such that ¢ - #£ = 0 mod 12. In each case,
when the congruence subgroup is obvious, we will use the notation that omits I.

2
Lemma 2.13. Foré € I'*(p), a € (%Z/Z) ,a & 7%, we have gas(T) = €a(0)ga(T),
where £,(0) is the 2p-th root of unity in K3.
PROOF: Suppose § € T'(p) and a is as above, then

9a5(7) = Fas () (0(1)? E £a(0)fa(r)(1())? = ca(8)ga(r).
Now, recall that
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and j(—I;,7) = 07 — 1 = —1. This means

Ja-(~1)(T) = j(—12,7)ga(—1.
Thus, for any element of the form —d with § € F(P

) _ga(T)'
);

Ya( 12)(7_) = 768(5)96(7_)7

and the result follows. [ |

Ja(-5)(T) = Ga(~1,6)(T) = Y(a(~1,))-6(T) = €a(d)
and since £,5(9) is a 2p-th root of unity, so is —e,(9)

Proposition 2.14. Let 2 = {'yz} Tl and Q = {’yl} 1 be two different choices of
lifts for Q0 ordered so that there exists a 6; € I'*(p) such that ~v; = v;0;. Then

#9Q

#Q
[T gav. () = 5[] gan;(7)
i=1 i=1

#Q
where kK = H Ea,y . Further,
=1

Oa() = 0a(Q) - 1.

2
PROOF: Suppose that Q and ' are as above. For any a € (%Z/Z) such that

a ¢ 72, we have

#8 #Q #Q
H Gary, (T H Gav.s, ( H Eav! (0:)gary: ( H €ay:(0i) - H Gay((T) = K- H Gavy, (T)
i=1 i=1 i=1

Therefore, we get that, if we choose a different set of lifts, we simply change our
normalization constant by k, more specifically, ©, (') = 0.(Q) - k. ]

Corollary 2.15. The g-expansion vy is independent of choice of the representatives
of Q and thus so it the q-expansions of ua(T).

PRrOOF: Follows immediately from Proposition 2.14

2
Theorem 2.16. Let a € (%Z/Z) , with a & 72, then for any a €T,

Ua(aT) = C(a)#ﬂgl(a7 O[)Ua(’l'),
where €1(a, a) is an explicitly computable 2p"-root of unity that depends on a and
a and () is the 12" root of unity in Theorem 2.8. Further, £1(a,a) = 1 if and
only if the product of Siegel functions defining va satisfies condition (1) of Theorem
2.9. Similarly, {(a)#? is 1 if and only if the product of Siegel functions defining
va satisfies condition (2) of Theorem 2.9.

PROOF: Recall that Q = I'/T*(p) and that Q is a fized set of lifts of Q to I'. Fix
a €T, @ its reduction to . Let o be the permutation of Q given by o(f) = 3 - @.
For any v € T', we can write yao = 77 - §(7y, &) where 77 is the unique lift of o(%¥)
into © and 5(7, a) € T'*(p). By abuse of notation, we can let ¢ be a permutation
of Q by v — ~?. Therefore,

Javya (T) = ga’y”é(w,a)(T) = €anc (77 O‘)ga'y" (7)7
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where eay0 (0, ) is the 2p-th root of unity from Lemma 2.13 that depends on a and
d(v,a). Let e1(a,a) = H €ay(7, ). Then

yEQ
va(a) = 0a(@) [] gy (@) = ©a(@) J] ¢() - gara(r) = Oa(®) - <(@)*® T] 2y (7. @) (7)
YEQ YEQ YEQ
= 04(Q) - C(O‘)#le(aa @) H Janye (T) = C(a)#ﬂgl(a, )va(T),

yEQN

where the last equality follows from the fact that ¢ is a permutation of €2, so the
terms are simply being reordered.

Finally, we note that the content of the proof of [10, Chapter 3, Theorem 5.2] is
exactly showing that €1(a,«) = 1 if and only if our product satisfies condition (1)
of Theorem 2.9, while condition (2) ensures that ¢(a)#* would be 1. [ |

2
Definition 2.17. For a = (a1,a2) = (”—1 T—Q) € (%Z/Z) and a € SLa(Z), let

p’p
(aa); and (aa)y be the integers such that ac = (%7 %)
2
Proposition 2.18. For each a = (a1,a2) = (7"—1 Q) € (%Z/Z) such that
Z c(ay)? = Z clay)i = Z c(avy)1(ay)2 = 0 mod p,

YEQ YEN YEQ

ua(T) is modular for T'. Further, in this case e1(a,«a) = 1 for all a € T, where
e1(a,a) is as defined in Theorem 2.16.

2
PROOF: Suppose that a € (%Z/Z) such that

doclani=) cani=) c(ay)i(ay)s = 0mod p.

YEQ YEN YEQ

This means that the function u,(7) is modular for I'*(p) from Theorem 2.9. This
implies ua(07) = ua(7) for all § € I'™*(p), but by the definition u,(7), this means
that ;1 (a,~y) is also 1 since the product that defines it only depends on the §(v, )’s
which are elements in T'*(p). Therefore, for all « € T,

ua(ar) = (¢(@)*%e1(a, a)va(7))" = ((@)FHC 1% 0a(7)¢ = va(7)" = ual(r),

and u,(7) is modular for T'. [

3. THE MODULAR CURVE X (11)

3.1. Modular curves associated to Normalizers of Split Cartan Subgroups.
We start this section by defining the basic groups that we will be interested in.

Definition 3.1. A split Cartan subgroup of GLa(Z/pZ) is a conjugate of the group

of diagonal matrices;
a 0
e ={(§ §)ave @z},

The normalizer of Cs(p) is given by

Cj(p):{(g 2)(2 8):a,b,c,d€(Z/pZ)X}.
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The congruence subgroup, T'T (p), is the inverse image of CF(p) NSL2(Z/pZ) under
the standard reduction map SLa(Z) — SLo(Z/pZ).
With these definitions we are now ready to define the modular curve X (p).

Definition 3.2. Let X (p) be the Riemann surface given by T'F (p)\o*.

Theorem 3.3. [7, p. 4] For p > 3, the genus of the curve X (p) is given by
1 -3
o)== (p* - 1n—4(—)).
95 (0) = 55 (p 8p + (p))

p [ S5| 7|11 |13 17|19 |23 |29 |31 |37 |41 |43 |47
g 0|0 23| 7|9 |15[26|30|45|57|63|77

Example 3.4.

3.2. Curves of Genus Two. Using Theorem 3.3, we can see that the genus of
XF(11) is equal to 2. Before we start looking at this curve in particular it would
be worth it to better understand general genus 2 curves.

Proposition 3.5. Every smooth projective curve of genus two, C, is birationally
equivalent to a curve of the form:

y* +yh(z) = f(2),
with deg(h) < 3 and deg(f) < 5.

Proposition 3.5 tells us that every genus two curve is hyperelliptic. In fact, if
the base field of C is not of characteristic two, then C' is birationally equivalent to
a curve of the form y? = f(x) where deg(f) = 5 or 6. This model is obtained by
completing the square on the left hand side and doing a change of variables.

Remark 3.6. Here we notice that it is impossible to embed a smooth genus two
curve into P2. Indeed, if C' is a smooth curve given as the vanishing set of a
degree d homogeneous polynomial then its genus must be g = wfléﬁ. A quick
check shows that this formula never equals two since it is impossible for (d —1)(d —
2) to be 4. Therefore in regular projective space the models of these curves are
always singular. To combat this, when we consider a genus two curve given by a
hyperelliptic equation, we are really thinking about them in weighted projective
space. More specifically, we give z and z weight 1 and y weight 3. Therefore,
when the models are homogenized they become Y2 + Yh(X, Z) = f(X, Z) where
deg(h) = 3 and deg(f) =6, or Y2 = f(X, Z) with deg(f) = 6.

3.3. Modular Units for X (11). Now, we aim to find a model for X} (11) using
a technique similar to the proof of Proposition 3.5. We start noticing that in this
case # = 12 and so ¢ = 1. Therefore in this case, have that u, = va. To ease

notation, we let
Ua
Wa,b = —-
Ub
Using SAGE, we check that for every a € (ﬁZ/ Z)2 the product defining v, satisfies
the condition in Proposition 2.18 and we compute the divisors of the modular units

of the form w, . Doing so gives us the following table:
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0o | L |23 4]5
W(1/11,1/11),(0/11,1/11) -5 1 3 1 0 0
W(3/11,1/11),(0/11,1/11) -5 1 0 3 1 0
W(2/11,1/11),(0/11,1/11) -5 | 3]01]0 1 1
W(5/11,1/11),(0/11,1/11) -5 0 1 0 3 1
W(4/11,1/11),(0/11,1/11) -5 0 1 1 0 3
W(1/11,1/11),(3/11,1/11) 0 0|3 |-2|-1]0
W(3/11,1/11),(2/11,1/11) 0 -21 0 3 0| -1
W(2/11,1/11),(5/11,1/11) 0 3 |-1]0|-2|0
W(5/11,1/11),(4/11,1/11) 0 0 0 |—-1] 3 | -2
W(4/11,1/11),(1/11,1/11) 0 —-1]-2] 0 0 3
W(4/11,1/11),(3/11,1/11) 0 -1/ 1 |-2|-1] 3
W(1/11,1/11),(2/11,1/11) 0 |-2| 3 1 |-1]-1
W(3/11,1/11),(5/11,1/11) 0 1 |-1] 3 |-2]-1
W(2/11,1/11),(4/11,1/11) 0 —1]|-1] 1 ]-=2
W(5/11,1/11),(1/11,1/11) 0 —1|-2|-1| 3 1

Remark 3.7. From Theorem 2.7 we know that the field of definition of the functions
defined in Section 2.2 is the p-th cyclotomic field. In practice, the field of definition
might actually be a subfield of the p-th cyclotomic field. In fact, using the Riemann-
Roch Theorem, one can show that all of the functions above are actually defined
over the maximal real subfield of Q(¢11), usually denoted Q(¢q11)*.

Example 3.8. Using SAGE, one can compute that the first few terms of the q-
expansion of

w(2/11,1/11),(0/11,1/11)(T) are given by

(=G DT A A+ G+ G e+

—2¢) =28 + g P+ (2 + A G G G -2+ 9+
ACY + CB + 2¢T + G+ G+ 2¢h + ¢ - 4¢h +12)+

51 +2CF1 + 2011 + 207 + 2¢7) + 2¢1 + 267 — 5¢ +20)g+

8¢T1 +2¢T + 2¢T) +2¢0 + 2¢ + 2¢1 + 268, — 8¢ + 27+

9¢T1 + 5CT1 +5CT1 + 5CTy + 571 + 51 +5¢H — 9¢ + 43)q +

161 + 5CH + 5¢T, + 5¢P) + 5¢Ey + B¢ + 5¢H — 16¢7, + 57)q* +

(
(
(
(
(
(
(—19¢3; + 78 + 7¢H + 7¢0 + T¢1 + 76 + 7¢H — 19¢7, + 84)¢° + O(¢°)

If we have any hope to use these functions to compute a model for X (11), we
somehow have to use these functions to construct new functions that are defined
over Q and apply the argument from Proposition 3.5 to them.

Proposition 3.9. Let K/Q be a number field of degree n and let {e1,ea,...,e,}
be a Z-basis for Ok . Let Gal(K/Q) = {o;}i=,. Let I' be a congruence subgroup
of SLo(Z) such that the cusp of X(T') at infinity is rational. Further, let f(1) =
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Z ar q° be the g-expansion of a modular function for T with coefficients in K. Let
k

ar = agie1 + -+ agpe, with a;; € Q. Then the function fi(T) =", a,; q* is

also modular for I'. In particular, there are constants, b; € K depending on k, such

that fu =Y _bjo;(f(7)).
j=1

PRrROOF: Using the fact that every element o € Gal(K/Q) is a field automorphism
that fixes Q, for any a = aje; + -+ ape, € K we get

oi1(er) oi(e2) ... o1(en) a o1(a)

oa(e1) o2(e2) ... oa(en) o oa(a)
(3.1) : : - : o

on(.el) on(ea) ... onlen) an on (@)

For convenience let A be the matrix on the left hand side of (3.1), and let A; be
the matrix obtained from replacing the i-th row of A with the column vector on
the right hand side of (3.1). Applying Cramer’s rule we get that «; = det A;/det A.
Now, if we let Aj; be the matrix obtained by deleting the j-th row and i-th column
of A;, we can compute the determinant of A; by looking at the cofactor expansion
of A; along the i-th column. Doing this shows that:

det A; 1 " L
;= b = —1)7 %0 (o) det A;;.
@ det A det A ;( ) oj(a) det A,

j+1 .
Letting b; = “yew we have that a; = 22:1 bj 0j(a). Notice that the
definition of b; does not depend on o because both determinants are polynomials
in the o;(ex)’s.

Now, if we assume that X (I') has a rational cusp at infinity, then Gal(K/Q)
acts on the g-expansion of a modular form f = 3", as ¢* simply by acting on the
coefficients. Since the b;’s don’t depend on anything other than the choice of basis
for Ok, we get that

fi(m) =Y _bjos(f(7)),
j=1
and the modularity of f;(7) follows from the modularity of o;(f(7)). [

Looking at the first 5 functions on our table, we see that they all have poles of or-
der 5 at infinity and no where else. Now, since ord,, is a non-archemedian valuation
on the functions of X} (11), and oo is a rational point, we know that taking linear
combinations of the Galois conjugates won’t introduce any other poles. With this
in mind we let X = [w(2/11,1/11),(0/11,1/11)(7')}1, Y = [w(1/11,1/11),(0/11,1/11)(7')]27
Z = [ws/11,1/11),(0/11,1/11)(T)]o, where the subscript indicates which coefficients we
are using to create the g-expansions. The important thing is that ord.(X) = —3,
orde (Y) = —4, and ord«(Z) = —5 and these functions don’t have any other poles.

3.4. Computing a Model for X (11). Now that we have computed some func-
tions whose poles are concentrated at infinity, we need to find a polynomial rela-
tionship between them.
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Proposition 3.10. Let C be a smooth genus 2 curve. Let X, Y, and Z be in K(C)
the function field of C with poles of order 3, 4, and 5 respectively at oo and nowhere
else. Then C can be mapped into P?(K) as the vanishing set of a polynomials of
degree at most 7.

PROOF: We start by noticing that all the monomials of degree d > 0 in X, Y, and
Z are contained in .Z(5doo). Using the Riemann-Roch theorem, we know that the
dimension of this space is

0(5d(c0)) = deg(5d(c0)) — g +1 = 5d — 1.

d+2

2

So we build a table and see when the number of monomials of degree d becomes
greater than the dimension of .Z(5d - 00).

The number of three variable monomials of degree d is given by

((5d-00) | 4|9 |14] 19|24 ] 20 |34
<d+2> 316101521 28] 36

The table above shows that there must be a polynomial, p, of degree at most 7
such that p(X,Y,Z) =0. [ |

Lemma 3.11. Let C' be a genus g curve. The only function without any poles and
a zero at infinity is the zero function.

PROOF: Let f be a function that has no poles and a zero at oco. This means that
fis in £ (—o0), but by the Riemann-Roch Theorem, we know that ¢(—oc0) = 0.
Thus, f must be the zero function. ]

Now, we notice that since X, Y, and Z are functions whose only poles are at
00, any polynomial in X, Y, and Z can also only have a pole at infinity. Thus,
by Lemma 3.11, if we can find a polynomial in X, Y, and Z that has a zero at
infinity, it must in fact be zero. Computing the g-expansions of X, Y, and Z to a
reasonable precision, it is easy to show that

0=p(X,Y,Z2)=3X*Y3 4+ X?Y2Z - X?’YZ? +2XY* —2XY?22 + 2XY Z3+
XZ'—Y® +3Y'Z Y3722 - Y273 + O(¢V).

for some N > 1 depending on the initial precision that was used to calculate X, Y,
and Z. Unfortunately, this is not in the best model for the modular curve. First of
all it is singular, and secondly it isn’t written in hyperelliptic form.
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A quick check show that if we use the change of variables

1

X, =Y?Z*+ 5Yzf’,
3 5712 3 6712 4713 1 5713 3 3714 ) 4714
Y1:§XYZ —§YZ +2XY*Z +§YZ —|—§XYZ +§YZ
_ %Xy2zl5_ly?yzlS_lezl6+ly2zlﬁ+lyzl7+lzlS
8 2 8 4 2 8 ’
1 1
Zy=Y?2Z* - Y Z° - - Z5.
2 2

and 1 = X1/Z; and y; = Y1/Z3}, then we see that X} (11) is isomorphic to the
hyperelliptic curve given by

yi (23 + 2 F oy + Dy = =225 + 227 — 323 + 227 — 224,

Here we note that we are working in weighted projective space where x; and z;
have weight one and y; has weight three. While this model is minimal, it will not
be the most convenient for us to use. Instead we will use its simplified model:

XF(1):y? = 2% — 62° + 112* — 82° + 112 — 62 + 1.

Here the change of variables from the initial curve is given by
Xo=Y?ZY +1)2Y 25,
3 3
Y2 — _3XY5Z12 _ Y6Z12 _ 4XY4213 _ Y5213 _ ZXY3Z14 + 1Y4Z14
5 3 1

e YZl7* 7218
4 )

Y2Z16 2
4 8

1= 1
+ zXYQZ“ + ZXYZ16 —
Zy=Y?Z% —1/2Y Z° —1/225,

and again ¥ = X5/Z5 and y = Y5/Z3. This model has bad reduction at two and
eleven, but the extra prime of bad reduction will not cause any problems.

Remark 3.12. The minimal and simplified models for X (11), along with the
changes of variables, were found using Magma and checked to work by hand.

3.5. Computing the j-map for X} (11). The last task for this section is to
compute the map from X} (11) to Q that takes a point on X (11) and returns
the j-invariant of the corresponding elliptic curve. Since we know that j must be a
function in the function field of X} (11), it must be a rational function in x and y.
Therefore, we know that there is a rational combination of the g-expansions of z
and y that will give us the g-expansion of the j function. Recall, we are using the
nonstandard notation ¢ = 627{#, then

G(r) = ¢~ 4 744 4 1968844 + 21493760¢%2 + 8642999704 + O(¢**).

Since x and y satisfy a hyperelliptic relationship, y?> = f(z) we know that the
highest powers of y that can occur in numerator and denominator of our rational
function is one. Further, if the denominator of our rational function is C'y + D’
with ¢’ and D’ in Q[z], we can multiply both the numerator and denominator by
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C'y — D' to get the denominator to be completely in Q[x]. Therefore we know that
there must be A, B, and C in Q[z] such that

. Ay+B
1—70 .

This is equivalent to finding a solution to Cj = Ay + B. We do this by cre-
ating two vector spaces, one spanned by vectors made of the coefficients of the
g-expansions of Vi = {j,z - j,2% - j,...,2" - j}, and the other spanned by Vo =
{1, 2,2y, 2%, 2%y, ..., 2", 2"y} for various values of n. Then we look at the inter-
section of these two vector spaces, increasing n until there is a one dimensional
intersection and we can use this to find j as a rational combination of x and y.

In the end, we find that A is a polynomial of degree 63, B is a polynomial of
degree 66, and C'is a polynomial of degree 66. Their explicit formulas can be found
in the appendix to this section.

3.6. Appendix. Throughout this section we will be using the nonstandard nota-
2miT

tion g = e 11 .

The functions that give the singular model of X (11).

11
X=47+5+1+m+2f+5f+0@%

q3

1 1 2 3
Y=—+—=+4=+>+6+7¢+10¢> + 14¢> + O(¢")

¢ ¢ @ q

1 1 3 4 8
Z:¥+q—4+q—3+q—2+§+11+18q+25q2+38q3+0(q4)

4. THE MORDELL-WEIL GROUP OF THE JACOBIAN OF X[ (11)

4.1. Introduction. Given a curve (', one can construct an associated abelian va-
riety J called its jacobian. As an abelian group, the jacobian is isomorphic to the
Picard group of C'. The Mordell-Weil theorem says that for any number field K, the
K-rational points of the jacobian, J(K), form a finitely generated abelian group.
Therefore, it is non-canonically isomorphic to the product of a finite abelian group,
J(K)tors, and a free abelian group; i.e.,

J(K) 22 J(K )pors X 2.

for some r € Z>¢. In this case we say that J(K) has rank r.
It turns out that computing J(Q)tors is not very difficult using the following
theorem.

Theorem 4.1. [9, Theorem C.1.4] Let A be an abelian variety defined over a
number field K, let v be a finite place of K at which A has good reduction, let K
be the residue field of v, and let p be the characteristic of K. Then foranym >1
with pt m, the reduction map

A(K)[m] — A(K)
is injective, where A(K)[m] denotes the m-torsion of A(K). In other words, the

reduction modulo v map is injective on the prime-to-p torsion subgroup of A(K).
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The basic idea for computing the rank of J is to try and compute the Fa-
dimension of the so-called weak Mordel-Weil group, J(Q)/2J(Q). This is some-
thing that is easily done if one already knows the structure of J(Q), but since we
don’t know the structure of this group we have to find another way to do this.
We describe a method below, the 2-descent method, to bound the Fo-dimension of
J(Q)/2J(Q) and therefore calculate a bound on the rank of J(K). The method
of 2-descent relies on the fact that we have the following short exact sequence of
Galois modules

0 J[2] PRy 0

where J[2] is the 2-torsion of J. Let Sel(Q)(Q, J) be the 2-Selmer group as defined
in [9]. This gives us the following short exact sequence.

00— J(Q)/2J(Q) —= Sel?(Q, J) —— II(Q, J)[2] —=0

Using this sequence we can get a formula that involves the rank of J(Q) and the
F2-dimensions of the other groups that we defined.

(4.1)  rank J(Q) + dimg, J(Q)[2] + dimp, II1(Q, J)[2] = dimg, Sel®(Q, J).
Using equation (4.1), we get the following computable upper bound on the rank
(4.2) rank J(Q) < dimg, Sel®(Q, J) — dimg, J(Q)[2].

In order to calculate this upper bound we must compute the dimension of
Sel® (Q,J). If it turns out that this bound is not sharp, which frequently hap-
pens, one would need to compute III(Q, J)[2]. This is a very subtle task that lies
outside of the scope of this paper. The interested reader should consult either [17]
or [16] to read about computing IIT(Q, J)[2] or III(Q, J) in the case that X is elliptic
or hyperelliptic.

4.2. The Two-Descent Procedure. The notation that we use in this section
will follow that set out in [17]. Throughout the rest of this section we will focus
on computing the dimension of the 2-Selmer group of the jacobian of a smooth
projective curve, C, given by an affine equation of the form

C:y?= f(z),

where f is squarefree and deg(f) = 6. In this case, our curve is hyperelliptic of
genus g = 2 with two points at infinity in the projective closure. Before we can
compute the dimension of the 2-Selmer group, we must define a few objects of
interest and examine some of their properties.

Remark 4.2. Almost all of what we do here will go through for deg(f) > 6 with
deg(f) even. We simply limit ourselves to this case for the sake of making this
section cleaner. In fact, [14] considered the more general case of an equation of the
form y? = f(z) with p a prime dividing deg(f). This is actually more difficult than
the case when p does not divide deg(f).

Definition 4.3. For any field extension K of Q, let L = K[T)/(f(T)) denote the
algebra defined by f and Nk denote the norm map from Li down to K.
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Remark 4.4. We can denote Lx = K[f], where 6 is the image of T under the
reduction map K[T] — K[T]/(f(T)), and Lk is a product of finite extensions of
K:

Ly =Lg1 X+ XLy mge,

where my is the number of irreducible factors of f(z) in K[z]. Here, the fields Lg ;
correspond to the irreducible factors of f(x) in K[z]. Here Nk : Lx — K is just
the product of the norms on each component. That is if & = (a1, a9,...,@m,),
then Ng(a) = [[:" N, ,/x () where Np, /i : L — K is the typical field
norm.

When K = Q we will drop the subscripts altogether and if K = Q,, we will just
use the subscript p. This convention will apply to anything that has a field as a
subscript throughout the paper, e.g., L, = Q,[T]/(f(T)) and L = Q[T]/(f(T)).

We will let Ok, I(K), and C1(K) denote the ring of integers of K, the group
of fractional ideals, and the ideal class group of K, respectively. We would like to
define analogous objects for the algebra L, and we do so in the most natural way:

OLK = OLK,I X e X OLK,mK’
I(LK) = I(LK’l) X - X I(LK,mK)y
CI(LK) = CI(LKJ) X+ X CI(LK,mK)~

Definition 4.5. Let I,(L) denote the subgroup of I(L) consisting of prime ideals
in L with support above p a prime in Q. For a finite set S of finite places, let

Is(L)y= [] L(L).

pESN 0
Definition 4.6. For any field extension K of Q, let

Hg =ker (Ng : L/ (L)’ K™ — K* /(K*)?).

For any place, v, of Q, we let res, : H — H, be the map induced by the natural
inclusion Q — Q,.

Remark 4.7. Notice that the norm map is well defined on L /(L%)*K*. Since the
deg(f) is even, the dimension of Lx /K is even and N(z) = z9°8() is a square in
K for all x € K.

Definition 4.8. Let Div*(C) denote the group of degree-zero divisors on C with
support disjoint from the principal divisor div(y).

Theorem 4.9. [1, Chapter 11] For every K we get a homomorphism
Fr : DV (C)(K) = L, > npP e [[(=(P)-0)",
P P
which induces a homomorphism
(SK : J(K) — Hg.
Definition 4.10. Let

Selgl)(e((@, J)={§ € H :resy(§) € 6,(J(Qy)) for all places v}.
We will call this group the fake 2-Selmer group.
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The link between the fake 2-Selmer and the 2-Selmer group will be explained in
Corollary 4.23.

Remark 4.11. If we use this definition for Selgie((@, J), in order to check if £ € H

is in Selgl)(e((@, J) we have to check that res,(§) € 6,(J(Q,)) for ALL places v. In
order to make this definition more tractable, we will need the following definition
and proposition.

Definition 4.12. Let K be a finitely ramified algebraic extension of Q, with maz-
imal ideal prc. We let I, (Lk) be the group of ideals in Lk and
I =ker (N : Iy, (L) /Ty (L) py (K) = I (K) /I (K)?).
For all primes p in Q, let
I, = ker (N : L(L)/(1,(D))*[,(Q) — L,(@)/(1,(Q))?).
We also have maps val, : H, — I,. These maps, taken together, give us a map

val : H C L*/(L*)?> — I(L)/(I(L))*I(Q). We denote val the canonical map
L*/(L*)* = I(L)/(I(L))*.

Remark 4.13. The notation I, is not breaking with the subscript convention that
we established at the beginning of this section since I, is naturally isomorphic to

I, = ker (N : Iy(Ly) /Ip(Lp)* Ip(Q) — 1,(Qyp)/1p(Qp)?) -

Proposition 4.14. [17, Proposition 5.10] If p ¢ S = {00,2} U {p : p?|disc(f)},
then
Op val,
J(Qp)/27(Qp) Hy Ip 0
18 exact.

Proposition 4.15. If S = {00,2} U {p : p?|disc(f)}

Sel(21.(Q, J) = {€ € H wal(€) € Is(L)/Is(L)*1(Q),
and res, (§) € 6,(J(Qy)) forv e S}.
PROOF: Since

val,

61’
J(Qp)/2J(Qp) H, Iy 0

is exact for p ¢ S, we know that res,(§) € 9,(J(Qp)) if and only if val,(res,(€)) is
the trivial class for p ¢ S. Each ¢ € L*/(L*)?Q* has a squarefree representative
Bin Op. Fix £ =[] € H C L*/(L*)?Q* with 3 normalized to be a squarefree
element of 0. Using the fact that for £ = [5] € H, res,(§) € 6, if and only if
[(8)] = [(1)] € I,. Using this we can rewrite Definition 4.10 as
Selgl){e ={& € H :res,(§) € 6,(J(Qy)) for all places v}

={{ € H :valy(res,(§)) = [(1)] for p & S, and res,(§) € §,(J(Qy)) for v € S}

={¢ € H :val(¢) € Is(L)/Is(L)*Is(Q), and res,(§) € 6,(J(Qy)) for v € S}.

Before exploring the relationship between Sel®(Q, J) and Selgl){e((@, J), we need
to figure out when the kernel of § is exactly 2J(Q).

Definition 4.16. We say that K satisfies condition (1), if either of the following
occurs:
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(t.a) f(z) has a factor of odd degree in K[x], o
(1.b) f factors as hh over a quadratic extension K’ of K, where h is the Gal(K'/K)-
conjugate of h.

Remark 4.17. Condition (1.b) is equivalent to L containing a quadratic extension
of K.

Lemma 4.18. [14, Theorem 11.2] The kernel of dx is 2J(K) if K satisfies con-
dition (1), or if there is no K-rational divisor class of degree 1 on C. Otherwise,
2J(K) has index two in ker(dx).

Lemma 4.19. [17, Lemma 5.2] Condition (1) is satisfied in each of the following
situations.
(1) K =R.

(2) K is a p-adic field, and the irreducible factors of f in K|x] all define un-
ramified extensions of K.

Lemma 4.20. [17, Lemma 5.3] Write f(z i), and let

\\:]a

h(f) = H(JU - (%(1)%(2)%(3) + aa(4)aa(5)aa(6)))a

o

where the product is over left coset representative o € Sg modulo the stabilizer of
the partition {{1,2,3},{4,5,6}}. Then h(f) has degree 10.
(1) Fora € K, (1.b) holds for f if and only if it holds for f(x + a).
(2) If h(f) has a simple root in K, then K satisfies (1.b).
(3) If h(f) has no root in K, then K does not satisfy (1.b).
(4) There are at most 45 values of a € K such that h(f(x+a)) is not squarefree.

Now, we answer the question about the relationship between Sel® (K,J) and
Selgl)(e(K ,J) with the following theorem.

Theorem 4.21. [14, Theorem 13.2] There is an exact sequence
Ho(K) —2> Sel® (K, ) — > Sel2) (K, J) — 0.

Moreover, the image of ¢ is trivial in Sel® (K, J) if and only if K satisfies (1).

Remark 4.22. Here the map € is a map that is closely related to a generalization of
the Weil pairing defined on J[2] x J[2]. The map ¢ is the connecting homomorphism
on the Galois cohomology groups induced from the short exact sequence
0 —— J[2] — > pa (L) /2 (K) T2 pip(K) — 0.
We use ¢ here only because § has already been defined. We think of po(K) living
inside of yi3(L4) diagonally.
Corollary 4.23. The relationship between the dimensions of Selgl)(e(K, J) and
Sel'® (K, J) is as follows:
. 2) . .
dimg, Sel® (K, J) = d?mIF2 Sellzgl)(e(K7 J) if K sa.tzsﬁes 1),
dimg, Selg [ (K,J)+1 otherwise.
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Now that we have the relationship between dim Selgie (Q, J) and dim Sel® (Q,J),

we need to compute dim Selgl){e((@7 J). To make this possible we need to be able
to compute the image of dx for various K. To do this, we will use a theorem that
tells us what the images of some specific divisors are.

Theorem 4.24. [14] Let K be a field extension of Q.

(1) Suppose that the points ooy at infinity on C are K-rational. Then for a
point P € C(K) not in the support of div(y), we have dx (P — coy) =
z(P) — 60 mod (L} )?K*.

(2) To every monic polynomial h € K|[z]| of even degree such that h divides f,
we can associate an element Py, € J(K)[2] such that:

(a) TheNPh generate J(K)[2] and satisfy 3, ]ij =0, if[[;hj = f.
(b) Let h be the polynomial such that f = hh. Then éx(Pn) = h(0) —
h(0) mod (L3)2K*.

(3) dim J(K)[2] = mg — 1, if all irreducible factors of f over K have even

degree, and dim J(K)[2] = mg — 2 otherwise.

Now that we know what the images of these divisors are, we want to compute
the dimensions of these Fo-vector spaces. This way, we can compute the images of
“enough” divisors until we have a basis. To make things a little easier we define
the following quantities:

Definition 4.25. For any field extension K of Q, let:

o tx = 0 if all the factors of f in K[x] have even degree, and tx = 1 other-
wise,

o uy = 0 if there is a quadratic extension of K contained in Ly, and ug =1
otherwise.

For a p-adic field K, let:

o Let rx = 0 if all ramification indices of the field extensions Lk ;/K are
even, and rxg = 1 otherwise,

o Let s = 0 if all the residue class degrees of the field extensions Lk ;/K
are even and s = 1 otherwise,

o Letdy =[K:Qq] ifp=2and dix =0 if p is odd.

With these definitions we can now compute the dimensions of most of the local
groups we are interested in.

Lemma 4.26. [17, Lemma 5.7] Let K be a p-adic field. Then
(1) dim J(K)/2J(K) =dim J(K)[2| + dgkg =mg — 1 —tx + dk - g.
(2) dlmIK = Mg — Tk — SK-
(3) dim Hx = 2dim Ik if p is odd.
(4) If p is odd and ri =1, then val, : H, — I, is onto.
The last thing we need is to compute the dimensions of some of these same spaces
over R.
Lemma 4.27. [17, Lemma 4.8]
(1) dim J(R)/2J(R) = dim o0 (J(R)) = dim J(R)[2] — g.
(2) 000 (J(R)) is generated by doo(P + Q — 0oy —oo_) with P,Q € C(R), and
0oo(P+Q — 0oy —oo_) only depends on the connected components of C(R)
contacting P and Q. Here ooy are the two points at infinity on C.
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We have now translated the question of finding the dimension of Sel® (Q,J) to
finding the dimension of Selgie (Q, J), a finite subspace of L*/(L*)2Q. In order to

compute Selgl)(e((@, J) as a finite subspace of L* /(L*)?Q*, we consider the following
diagram. We want to define Ker, Sel;, and Sels so that the top and bottom row of
the diagram become exact.

(4.3)
1 Ker Sely Sely Selgl)(e (Q,J) ——1

| | |

I Ker —= @ /(@) —= L*/(L*) —= L* /(L*’Q* —~1

In order for the bottom row to be exact, clearly we need
Ker={deQ:Vde L*}.

So now we need to find finite subgroups, Sel; and Sely, of L* /(L*)? and Q* /(Q*)?,
respectively, that makes the top row of the diagram exact.
To determine exactly what Sel; and Sely are, we need the following proposition:

Proposition 4.28. [17, Lemma 4.9] Let G, be the image of J(Qp) in I, (i.e.
Gp = val, 00,(J(Qp))). Recall that v, = 0 if and only if all the fields L, ; have
even ramification index. Let Sely be the span in Q% /(Q*)? of {—1} U S’, where
S'={p: r,=00r G, #{1}}.
Define
H={¢e L*/(L*)?: val(¢) € Is/(L)/Is/(L)? and
val,(§) € G for allp € S'}

where val, is the canonical map from L*/(L*)? to I(L)/I(L)2. Then H is finite.
Let S = S"U{o0,2} and set

Sel; = {¢€ € H : res,(£) € 0,(J(Qy)) for all v € S}.

Then with these definitions of Sel; and Sela, the top row of diagram (4.3) is exact.

With all of this, we finally have enough information to compute Selgl)(e((@, J)
and dimg, Sel@(Q, J) for a specific f(z).

4.3. Explicit Computations. Now that we have laid the foundation we are ready
to perform a 2-descent. The curve we will be working with is given by the affine
equation

C:y* = f(x) =2% — 62° + 112" — 82 + 112 — 62 + 1.
In the projective closure, this curve has two points at infinity, call them coy. Using
SAGE, we compute disc(f) = —1-22°.11% and that f(z) is irreducible over Q.

We let S = {p: p?|disc(f)} U {2,00} = {00,2,11} and compute all of the basic
information about the local groups associated to these places.
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Using SAGE we can factor f(z) over Qp[z] to get the following table:

P my |ty | up | Tp | Sp|dp
2 1 /00O |1]1
11 2 0 0 1 1 0
| 3 |- —=|—=-1]-1-

From the information above and Lemmas 4.26 and 4.27 we have the following:

p | dim J(Q,)/2J(Q,) | dimd,(J(Qp)) | dim H, | dim I,
2 2 2 ? 0
11 1 0 0 0
00 0 0 — —

Remark 4.29. Lemma 4.26 doesn’t give us a formula for dim Hs. We could compute
it directly, but we will postpone its computation for now as we will need to compute
all of Hs later in the paper.

Next we use SAGE to compute h(f) as in Lemma 4.20 in our case and we get
h(f) = 20 =72 +762% —6962"+28002° —33282° —44642* 4825623 +37122% — 12802 —512.
Reducing h(f) mod 17 we get
210 + 1027 + 828 + 27 + 1220 + 42° 4+ 7zt + 112° + 622 4 122 + 15,

which is irreducible in Fi7. Thus we know that h(f) is irreducible in Q[z] and so
Lemma 4.20 tells us that in our case Q does not satisfy (f). So, by Corollary 4.23,
we have that

dim Sel®(Q, J) = dim Sel$Z)_(Q, J) + 1,
and we now turn our attention to determining the dimension of Selg})(e(Q7 J).
The first step to computing the dimension of Selgl)(e(@, J) is to find the subgroups
Sel; and Sels from Proposition 4.28. To do this we start by computing H. Recall
that

H={¢eL*/(L*)?: val(€) € Is(L)/Is/(L)* and
val,(§) € G, for all p € S}

where S" = {p : r, = 0 or G, # {1}}. In this case we can see that we have that
S’ = {2}. Using SAGE, we find that the class number of L is one and that the
prime factorization of the ideal 20, = p§ = (2)S.

This means that Is /Is/(L)2 = {[(1)],[(2)]}, and so & is in H only if it is
equivalent modulo (L*)? to either a unit, or a unit multiple of B. Since G is a
subset of I, we only need to check if valy(82) is in Ga. The table above gives us
that Go = {[(1)]} since it is a subgroup of Iy = {[(1)]}. Therefore, we know that
vala(f2) is not in Ga, since [(52)] # [(1)]. Hence the only classes modulo squares in
H correspond to ones that are represented by units.

To find representatives of these classes we simply compute the fundamental units
of L. Using SAGE, we find that ; = 0 and ro = 3 and so by Dirchlet’s unit theorem
we know that there are r1 +r9 — 1 = 2 fundamental units. Again using SAGE, one
can check that the only roots of unity in L are 1. Therefore,

OZ/(OZ)Z = <_17u17u2>
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where
53 5 1334 , 1729 ., 70491 , = 92264 4485
= 6455 64559 + 12919 + 6455 "+ 6455 o+ 1291’
"y = 843 05 _ 21072, 13224393 n 23852592 . 12004299 n 235233.
71005 71005 71005 14201 71005 71005
Recall that € is the image of T under the map K[T| — K[T]/(f(T)).
Before moving on we notice that with u; and uy defined as above, 2 = —ujus ,BS

and 50 2 = —uyup mod (LX) Thus, H = (—1,u,us) = (—1,2,u1). Here we
are suppressing the equivalence class notation to make things cleaner. From the
work we did in the last section and to compute the tables at the beginning of the
section, we know that Sely = (—1,2) and since L does not satisfy (i) we know that
Ker = {1}. But using the fact that

1 —— (—1,2) Sel, Sel?) (Q,J) —1

|

<717 2,U1>

1—Q*/(Q*)? — L*/(L*)? —= L /(L*)*Q* ——1

has exact rows, we know that Sel; D (—1,2). So the question becomes, is u in Sel;?
From Proposition 4.28, this question amounts to checking if res,(u1) € 0,(J(Qy))
for all v € S, where S = {2,11,00}. We start by checking if rese(uq) is in d2(J(Qz2))
and hope that, in fact, resa(u1) € d2(J(Q2)), and therefore we are done.

In order to do this, we need to find explicit generators for d2(J(Q2)). From the
table above we know that dimd2(J(Qs2)) = 2, so we just start looking for points
P € C(Q2) and using Theorem 4.24 to compute the images of P — co; under ds.

Lemma 4.30. For f(z) = 2° — 625 + 112* — 828 + 1122 — 62 + 1, the field Q2 does
not satisfy (1).

PRroOF: To prove this we just need to show that
h(f) = 2 4+ 1027 + 82% + 27 + 122° + 42° + 72* + 112% + 622 + 122 + 15,

does not have a simple root in Q9. First, notice that since h(f) is a monic poly-
nomial, if it has a root in Q2, that root has to be in Zy. Next, if h(f) has a root
in Za, then of course that root will reduce to a root in Fy. So to show that h(f)
doesn’t have a root in Qs it is sufficient to show that the reduction of h(f) modulo
2 doesn’t have a root in Fy. The reduction of h(f) modulo 2 is

h(f) =2 + 2" 42 + 23 + 1.

Clearly zero isn’t a root of h(f), and a quick check shows that one isn’t a root of

h(f) as well. Therefore since h(f) doesn’t have a root in Fy, we know that h(f)
doesn’t have a root in Q5. [ |

Lemma 4.31. Two elements, a and b, in LY are congruent modulo (L3 )*Qy if
and only if there is an v € Q5 /(Q5)* = {£1,£2,+5,£10} such that & is a square
in L.
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PRrROOF: From Lemma 4.30 we know that Lo does not contain a quadratic extension
of Q2 and so we have the following exact sequence:

L Q3 /() " Ly /(L5)? —" L3 /(1505 — 1.
Therefore, a = bmod (L3 )*Q5 < ¢ = 1mod (L5 )?Qj if and only if ¢ is in the
kernel of ¢. Since we know that the kernel of ¢ is Q' /(Q5)? = {#£1, £2, 5, £10}, if
we want to check if a = b mod (L3 )2Q5, it is sufficient to check if ¢ = r mod (L*)?
for all representatives 7 of Q5 /(Q5)? = {£1,+2,+5,4+10}. Another way to say
this is that a = b (L3)?QJ if and only if there is an r € {+1,+2,+5 +10} such
that % is a square in L3 . ]

Lemma 4.31 gives us an easy way to check if two elements are congruent modulo
(LY)?Q2 since Magma has a built in command that checks if an element of a field
is a square or not, so we can check these equivalencies in Magma quite easily.

First, using Hensel’s lemma, we can find that Py = (2,72512802334441+ O(2%9))
is a point on C(Q2) and from Theorem 4.24, we know that d2(P, — co4) = 2 — 0.
Using Lemma 4.31 we can check that 2 — 6 # 1mod (Ly)?Q,. Therefore, we
only need to find one more non-trivial element in d(J(Q2)) that is not equivalent
to 2 — @ mod (L5 )?Qy. Next, we search for points on C(Q3) using Magma and
find that P, = (151123620125253 - 2 + O(2°°),1) is also a point on C(Qz) and
§2(Py — 00y) = a — 6 where a = 151123620125253 - 2 + O(25°). We just need to
know if 2 — 0 = o — 6 mod (L5 )?Q . Again using Lemma 4.31, we check this in
Magma.

Remark 4.32. Here we note that div(y) = 2?21(0, «;) where the «;’s are the roots
of f(zx). Therefore none of the points we found are in the support of div(y).

Fortunately, it turns out that 2 — 0 # « — 0 mod (L )>Q2. Thus we have two
independent elements in a 2-dimensional Fo-vector space and so we have generators
for d2(J(Q2)). One can directly check in Magma, using the same method as in
Lemma 4.31, if resa(uq) is in d2(J(Q2)). A few calculations later we see that

resy(uy) # 2 — 6 mod L™ /(L*)*Q
resy(u1) # o — 6 mod L™ /(L*)?Q
resy(uy) # (2 — 0)(a — ) mod L*/(L*)*Q.

Again, the details of this computation can be found in the appendix to this section.
Thus we have that u; ¢ Sel; and Sel; = (—1,2). Using the top row in diagram
4.3 we know that Sel; = Sels = (—1,2) and Selgl)(e((@, J) = {1}. Combining this
with proposition 4.23 and equation (5.3) we get that the rank of J(Q) is less than
or equal to one.
In fact, using Magma, one can show that the divisor class of coy — co_ is of
infinity order. Further we can show that

J(XSAD)(@Q) = ([(0,-1) — 00_], [c04 — 00_]) 2 Z/5Z & L.

5. APPLYING THE METHOD OF CHABAUTY AND COLEMAN

5.1. Introduction to the method.
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Theorem 5.1 (Faltings’ Theorem). Let K be a number field and let C/K be a non-
singular curve defined over K of genus g > 2. Then the set of K -rational points on
C is finite.

Faltings’ theorem tells us that there can only be finitely many rational points
on a curve of genus greater than or equal to 2, but it does not give us any way to
show that a set of points on a curve is complete. In 1941, Claude Chabauty proved
the following weaker version of Faltings’ theorem:

Theorem 5.2 (Chabauty’s Theorem [5]). Let X be a curve of genus g > 2 over Q.
Let J be the jacobian of X. Let p be a prime, and let ' = dimg, J(Q) where J(Q)

is the closure of J(Q) with the p-adic topology. Suppose r’ < g. Then X(Q,)NJ(Q)
is finite.

Corollary 5.3. If X is as in Chabauty’s theorem, then X (Q) is finite.

The corollary follows because X (Q) is inside of X (Q,) N J(Q) and thus it must
be finite as well.

Clearly, Chabauty’s theorem is weaker than Faltings’ as it requires the assump-
tion that r’ < g, which is not always true.

As they are stated, neither Faltings’ theorem nor Chabauty’s theorem is effective.
In 1985 Robert Coleman was able to apply the theory of Newton polygons to
Chabauty’s theorem to come up with a method for finding an explicit bound on
the size of X (Q) in the case when r/ is less then the genus of X.

Theorem 5.4 (Coleman’s Theorem [8]). Let X, J, p, r’ be as in Theorem 5.2.
Suppose that p is a prime of good reduction for X.

a) Let w be a non-zero 1-form in H°(Xq,, Q") satisfying conditions 1-3. We
scale w by an element of Q; so that it reduces to a nonzero 1-form w €
HO(XFP, QY. Let m = ordéﬁ. If m < p — 2, then the number of points in
X(Q) reducing to Q is at most m + 1.

b) If p > 2g, then

#X(Q) < #X(Fp) + (29 - 2).

To apply Coleman’s method and get an upper bound on the number of points
on X} (Q), we will use the fact that the rank of the jacobian of X} (11) is one,
which is less than its genus which is two in this case. It will turn out that the
simplest bound obtained from Coleman’s method is not sharp, but utilizing some
extra structure of X (11), we will be able to show that the only points on X} (11)
are the ones found by a naive search. That is to say that

5.2. Applying Coleman’s Theorem. We now return to the question of comput-
ing all of the points on the genus 2 modular curve

(5.2) XF(11) : 9% = f(x) = 2% — 62° + 112* — 82 4 112? — 62 + 1.

We know that this curve has two points at infinity, call them co_ and ooy, and
a naive search yielded four other points, (1,+2), and (0,+1). Now, we have seen

that the group of rational points on the jacobian of X (11) has rank 1. Thus we
can apply Theorem 5.4 to get that

(5.3) £XF(11)(Q) € #XF(11)(Fs) +(2-2-2) = 6+2 =8,
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Unfortunately this bound does not line up with the number of points that we
found, there could still be two other points that we are missing. From the moduli
interpretation, one expects that the six points in (5.1) are in fact, the only ones on
XF(11)(Q), but how do we show that these are the only points?

One could try studying the 77; corresponding to the holomorphic 1-form we used
in Theorem 5.4, but this turns out to be quite difficult in this case because all six of
the points that we found are in unique residue classes for all odd p. Thus, computing
the power series of w in local coordinates is not a straightforward task since we
cannot take our open set to be the kernel of the reduction map J(Q,) — J(F,).

Instead, we aim to exploit the symmetry of f(x). Looking at the affine model of
X (11) given in (5.2), it becomes clear that there is a 1 € Aut(X}(11)), given by
U((x,y)) = (1 4 ) Upon further inspection, the set

o S = {oox, (0,£1), (1,£2)}

is stable under . In fact, S is also stable under the standard hyperelliptic “conju-
gation” automorphism that maps (z,y) to (z, —y).
With this in mind, we can finally prove the following theorem:

Theorem 5.5. The set of Q-rational points on X} (11) is S = {oco4, (0, +1), (1,£2)}.

PROOF: The set S is stable under the automorphisms ¢ and o, so if P is a Q-
rational point not in S, the points P, o(P), (P), and o(¢(P)) are all not in
S.

Next we notice that the only points that are fixed by either ¢ or ¢ have either
z-coordinate 0 or 1, or y-coordinate 0, but these points are already in S. Thus the
points P, o(P), ¥(P), and o(¢p(P)) are actually distinct.

Therefore, if there is one Q-rational point on X} (11) that is not in S then there
must actually be four such points. But this would mean that there are at least
ten points in X (11)(Q), contradicting the upper bound of eight that we found in
equation (5.3).

|

We know that X (11) has one rational cusp and one can check using SAGE that
there are 5 Q-isomorphism classes of elliptic curves with complex multiplication and
split representation at 11.

Corollary 5.6. The only elliptic curves whose Galois representation at 11 with
image contained in the normalizer of a split Cartan subgroup have complexr multi-
plication. Their j-invariants are —3375, 16581375, 8000, —884736, —884736000.

ProOF: Plugging the points in S into the j-map from Section 3.5 we get the fol-
lowing table.

Plon|o-|lwa] 1,-2 | cop | oo
J(P) | 8000 | cusp |-3375 | 16581375 | -884736 | -88473600
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