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ABsTRACT. This paper is the first version of a project of classifying all su-
perelliptic curves of genus g < 48 according to their automorphism group.
We determine the parametric equations in each family, the corresponding sig-
nature of the group, the dimension of the family, and the inclussion among
such families. At a later stage it will be determined the decomposition of the
Jacobians and each locus in the moduli spaces of curves.

1. INTRODUCTION

In this paper we study some very classical problems related to algebraic curves
and the possibility of organizing such results in a database of curves. Such informa-
tion would be quite useful to researchers working on coding theory, cryptography,
mathematical physics, quantum computing, etc.

In section 2 we give a brief review of the background on algebraic curves.
Throughout this paper, by "curve" we mean a smooth, irreducible algebraic curve,
defined over an algebraically closed field k of characteristic zero. For the reader
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who is interested in details and full treatment of the subject we suggest the classi-
cal books [1,2,7,8].

Identifying isomorphic classes of algebraic curves is a fundamental problem of
algebraic geometry which goes bach to the XIX century mathematics as a branch
of invariant theory. Especially of interest are invariants of binary forms as they
determine the isomorphic classes of hyperelliptic curves and superelliptic curves
(cf. Section 5).

In section 3 we give the basic background of the binary forms and their invariants.
In section 5 we discuss in more detail superelliptic curves. We define such curves
and describe their automorphism groups and the signature o of the covering X; —
X,/G. The Hurwitz space H(g, G, o) is a quasi-projective variety and the dimension
and irreducibility can be determined as explained in section 5. Such information
enables us to fully understand such families of superelliptic curves. Identifying the
isomorphism classes of such curves can be done via the invariants of binary forms
(see Section 3) or the dihedral invariants as defined in [4].

In section 5 we propose the idea of creating a database for all the algebraic curves.
The superelliptic curves consist of the bulk of the cases. We propose what invariants
need to be included in this database based on the fact that how easy it is to compute
such invariants. The main criteria of this proposed database is the automorphism
group. Each family of curves with fixed genus g > 2, group G, and signature o
defines a locus in M,. We compute the dimension and the irreducibility of such
loci and an equation of such loci whenever possible. For each family we discuss
the decomposition of the corresponding Jacobians. Some computational packages
are given as examples for curves of small genus. We don’t describe in details the
mathematics behind such computer packages but for the interested reader they can
be found in [13,14] and others.

2. PRELIMINARIES ON CURVES

By a curve we mean a complete reduced algebraic curve over C which might
be singular or reducible. A smooth curve is implicitly assumed to be irreducible.
The basic invariant of a smooth curve C is its genus which is half of the first Betti
number of the underlying topological space. We will denote the genus of C' by
g(C) = i rank (H'(C,Z)).

Let f : X — ) be a non-contant holomorphic map between smooth curves X
and ) of genera g and ¢’. For any ¢ € X and p = f(q) in ) chose local coordinates
z and w centered at ¢ and p such that f has the standart form w = z¥(9. Then,
for any p on C’ define

q€f~*(p)
If D is any divisor on X" then define f*(D) to be the divisor on X by extending the
above f*(p). The degree of n the divisor f*(p) is independent of p and is called the
degree of the map f. The ramification divisor R on C of the map f is defined by

R=Y (v(p)-1)q
qeC

The integer v(q) —1 is called the ramification index of f at q. For any meromorphic
differential ¢ on C” we have

(7 (@) =" () + R
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Counting degrees we get the Riemann-Hurwitz formula
29g—2=mn(2¢' —2)+degR

Let X, be a genus g > 2 curve and G its automorphism group (i.e, the group
of automorphisms of the function field C(X;)). That G is finite will be shown in
section 77 using Weierstrass points.

Assume |G| = n. Let L be the fixed subfield of C(X,). The field extension
C(Xy)/L correspond to a finite morphism of curves f : X, — X,;/G of degree n.
Denote the genus of the quotient curve X,;/G by ¢’ and R the ramification divisor.
Assume that the covering has s branch points. Each branch point ¢ has n/ep points
in its fiber f~1(q), where ep is the ramification index of such points P € f~1(q).

Then, R=5;_, 2 (ep — 1). By the Riemann-Hurwitz formula we have

i=1ep
1

2 1 i
Z(g—1)=2J -2+ = deg R=2g' — 2 1— —
~(g=1) =29~ 2+~ deg g +;< eP)

Since g > 2 then the left hand side is > 0. Then

Cae(g)
2 — 2+ ; 1 )= 0.
The fact that ¢’, s, and ep are non-negative integers implies that the minimum
value of this expression is 1/42. This implies that n < 84(g —1).
Next we define another important invariant of the algebraic curves. Let w1, ..., wq
be a basis of H(C, K) and 71,. .., 724 a basis for H,(C,w). The period matriz § is

the g x 2g matrix Q = [ fﬂ/_ wj} . The collumn vectors of the period matrix generate

a lattice A in CY, so that the quotient C9/A is a complex torus. This complex torus
is called the Jacobian variety of C' and denoted by the symbol J(C'). For more
details see [1] or [g].

If A C A’ are lattices of rank 2n in C™ and A = C"/A, B = C"/A’, then the
induced map A — B is an isogeny and A and B are said to be isogenous.

The moduli space M, of curves of genus g is the set of isomorphism classes of
smooth, genus g curves. M, has a natural structure of a quasi-projective normal
variety of dimension 3g — 3. The compactification ./\;lg of M, consists of isomor-
phism classes of stable curves. A stable curve is a curve whose only singularities
are nodes and whose smooth rational components contain at least three singular
points of the curve; see [1, pg. 29] and |2, Chapter XII|. M, is a projective variety

Both M, and Mg are singular. All the singularities arise from curves with non-
trivial automorphism group. It is precisely such curves that we intend to classify
in this paper.

2.1. Automorphism groups.

2.2. Superelliptic curves. A curve X is called superelliptic if there exist an el-
ement 7 € Aut (X) such that 7 is central and g (X /(7)) = 0. Denote by K the
function field of X; and assume that the affine equation of & is given some poly-
nomial in terms of x and y.

Let H = (7) be a cyclic subgroup of G such that |H| = n and H < G, where
n > 2. Moreover, we assume that the quotient curve X,/H has genus zero. The
reduced automorphism group of &, with respect to H is called the group
I := G/H, see [1], [11].
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Assume k(z) is the genus zero subfield of K fixed by H. Hence, [K : k(z)] = n.
Then, the group I' is a subgroup of the group of automorphisms of a genus zero
field. Hence, I' < PGLy(k) and T is finite. It is a classical result that every finite
subgroup of PGLs (k) is isomorphic to one of the following: C,,, D,,, A4, S4, As.

The group I" acts on k(x) via the natural way. The fixed field of this action is
a genus 0 field, say k(z). Thus, z is a degree |I'| := m rational function in z, say
z = ¢(z). G is a degree n extension of I and T is a finite subgroup of PG Ly (k).
Hence, if we know all the possible groups that occur as I' then we can determine
G and the equation for K. The list of all groups of superelliptic curves and their
equations are determined in [11] and [12].

Let C be a superelliptic curve given by the equation

y" = f(x),
where deg f = d and A(f,x) # 0. Assume that d > n. Then C has genus

ng(n(d—l)—d—gcd(n,d))—i—l

g= (n71)2(d71)

Moreover, if n and d are relatively prime then , see [4] for details.

3. INVARIANTS OF BINARY FORMS

In this section we define the action of GL2(k) on binary forms and discuss the
basic notions of their invariants. Let k[X, Z] be the polynomial ring in two vari-
ables and let V denote the (d + 1)-dimensional subspace of k[X, Z] consisting of
homogeneous polynomials.

(3.1) f(X,2)=ao X+ X Z 4+ agZ?

of degree d. Elements in V, are called binary forms of degree d. We let GLo(k) act
as a group of automorphisms on k[X, Z] as follows:

fa b X\ [aX +bZ
(3.2) M= <c d> € GLy(k), then M (Z> = <CX+dZ>

This action of GLy(k) leaves V; invariant and acts irreducibly on V.

Remark 3.1. It is well known that SLo(k) leaves a bilinear form (unique up to
scalar multiples) on Vj invariant. This form is symmetric if d is even and skew
symmetric if d is odd.

Let Ag, A1, ..., Ag be coordinate functions on V. Then the coordinate ring of
Vg can be identified with k[Ag, ..., Aq4]. For I € k[Ag,...,Aq] and M € GLy(k),
define I € k[Ao, ..., A4] as follows

(3-3) IY(f) = I(M(f))

for all f € V. Then IMYN = (IM)N and Eq. (3.3) defines an action of GLo(k)
on k[Ag,...,Ad]. A homogeneous polynomial I € k[Ay,...,Aq, X, Z] is called a
covariant of index s if IM(f) = 6°I(f), where § = det(M). The homogeneous
degree in ay,...,a, is called the degree of I, and the homogeneous degree in X, Z
is called the order of I. A covariant of order zero is called invariant. An invariant
is a SLy(k)-invariant on Vj.
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We will use the symbolic method of classical theory to construct covariants of
binary forms. Let

n

f(X,2) = Z (?) a; X" 7' and g(X,Z):= i (”:) b X" 7

=0 =0

be binary forms of degree n and m respectively with coefficients in k. We define the
r-transvection as in [10]. It is a homogeneous polynomial in k[X, Z] and therefore
a covariant of order m + n — 2r and degree 2. In general, the r-transvection of two
covariants of order m, n (resp., degree p, q) is a covariant of order m+mn — 2r (resp.,
degree p + q).

For the rest of this paper F(X, Z) denotes a binary form of order d := 2g + 2 as
below

d d
_ yizd—i N\, yign—i
(3.4) F(X,Z2)=) a X'z =) (Z) b X'Z
i=0 i=0
where b; = (";f!)! i ~a;, for i =0,...,d. We denote invariants (resp., covariants) of
binary forms by I, (resp., Js) where the subscript s denotes the degree (resp., the

order). We define the following covariants and invariants:

I := (F,F)?, Jag = (F,F)7% j=1,...,4,
Iyi= (Jg, Jo)*, I = (Js, Jg)%,

(3.5) Is = ((F, Ja)*, (F, Ja) ), I = ((F, Js)%, (F, Jg)®)" 7,
I5 o= ((F, Ji2)"?, (F, J1i2) )12, I3 = (F,Jg)Y,
M = ((F, Jy)*, (F, Jg)®)4—19, Ig = (M, M)®

Absolute invariants are called G Lo (k)-invariants. We define the following absolute
invariants:

o nnB o LT I3 (Is)°
11 = 1—22a 12 1= IS,; 13 I3a J1: Iga J2 - I27 §1 = 1—12a S2 1= 1—12
Is (1,)? Io (1)
0y 1= o, V2= ——, U3:i= =, Uy = .
1 ]§ I ij

In the case g = 10 and I;5 = 0 we define

I§ = ((F, J16)'°, (F, J16) %) *719),
(3.6) S = (J12,16)"?,

Iy = ((Ji6,9)*, (Jig, 5)*)"?
and
_ I
Iy

by

For a given curve X, we denote by I(X;) or i(X;) the corresponding invariants.
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3.1. Invariants of binary Sextics. Let f(X,Y’) be the binary sextic f(X,Y) =

Z?:o a; X'Y%~% defined over an algebraically closed field k. We define the following
covariants:

(37) H:(f7f)27 i:(faf)4a l:(ivf)37
Then, the following
Jo = (f. )", o= (0,0,

(3.8)
JG = (lal>25 JlO = (f) l3)67
are SLy(k)- invariants; see [13] for details.
The absolute invariants t1,ts and t3 called absolute invariants are:
JS J3 - J J2 . J
(39) tl :727 2 = 2 47 t3: 2 67
JlO J10 JlO

Lemma 3.2. Two genus two curves C and C' are isomorphicm if and only if they
have the same absolute invariants.

3.2. Invariants of binary octavics. Let f(X,Y) be the binary octavic f(X,Y) =
% @i XV8. defined over an algebraically closed field k. We define the following
covariants:
g:(fvf)47 kZ(fvf)Gv h:(kak)Qa
m:(fak)4a n:(fvh)4a p:(gak)4v q:(g,h)47
where the operator (-,-)™ denotes the n-th transvection of two binary forms; see
[13] among many other references. Then, the following

1

(3.10)

Jo=22-5-T-(f, )", Jy=35-2052-T(f,9)%,
Jy =237 (k k)4, Js=29.5.7° (m, k)4,
(3.11) Jo = 213275 . (k, h)4, Jr=21%.3.5.77. (m, h)*,
Jg=217.3.52.79 . (p,h)*, Jo=219.32.5.79 . (n,h)*,
Jio = 22232 .52 . 71 (g, h)?
are SLy(k)- invariants; see [13] for details.
Next, we define GL(2, k)-invariants as follows
J3 J J, J J J.
t1 = J—%, ty = J—g, t3 = 7 '5']37 ty = ﬁ, ts 1= T7J5’ te == 7;,
There is an algebraic relation
(3.12) T(ty,...,t5) =0
that such invariants satisfy, computed in [13]. The field of invariants Sg of binary

octavics is Sg = k(t1,...,ts), where t1,...,ts satisfies the equation T'(t1,...,ts) =
0. Hence, we have an explicit description of the hyperelliptic moduli Hz; see [13]
for details.

Throughout this paper we will use the following important result

Lemma 3.3 (Shaska [13]). Two genus 3 hyperelliptic curves C and C’, defined
over an algebraically closed field k of characteristic zero, with Js, J3, Jy, J5 nonzero
are isomorphic over k if and only if t;(C) = t;(C"), fori=1,...6.
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In the cases of curves when t1, ..., tg are not defined we will define new invariants
as suggested in [13]. From [13, Lemma 4] we know that Js,...,J; can’t all be 0,
otherwise the binary form would have a multiple root.

3.3. Invariants of binary decimics. Let f(X,Y") be the binary decimic defined
over an algebraically closed field k. We define the following covariants:

k:(faf>8a q:(faf)ﬁa m:(mvk)47
r= (fa Q)sv kq = (Q7Q)Ga km = (ma m)47 mg = (Qa kq)4

and the following invariants:

(3.13)

Ja = (£, N, Ag = (m,m)°,
Jy = (k,k:)4, Cs = (r,7)?,
(3.14) Js = (kykm)?, Jia = ((kg, kq)?,mg)?,
Jo = ((k,m)', k- k)%, Ay = ((k, k)? - (k, k)%, (m,m)*)%,

Jio = ((m,m)* k- k)8

Theorem 3.4. The eight invariants Jo, Jy, Ag, Cs, Js, Jg, J1g, J1a + A14 form
a homogeneous system of parameters for the ring O(V,)52 of invariants of the
binary decimics.

For the proof the reader can check [6]. We still do not know a set of GLy(k)-
invariants for the binary decimics.

4. A LIST OF ALL SUPERELLIPTIC CURVES WITH EXTRA AUTOMORPHISMS

To create a database of algebraic curves which contains enough information we
have to start with superelliptic curves as the simplest cases of all the families. It
turns out that the superelliptic curves are the overwhelming majority of automor-
phism groups of curves for any fixed genus.

In the tables below are displayed all superelliptic curves for genus 5 < g < 10.
The cases for ¢ < 5 have appeared before in the literature. The first column
of the table represents the case from Table 1 of [11], the second column is the
reduced automorphism group. In the third column we put information about the
full automorphism group. Such groups are well known and we only display the
"obvious’ cases, for full details one can check [11] and [12].

In the fourth column is the level n of the superelliptic curve; see [4]. Hence,
the equation of the curve is given by y™ = f(z), where f(z) is the polynomial
displayed in the last column. Columns 5 and 6 respectively represent the order of an
automorphism in the reduced automorphism group and the signature of the covering
X — X /G. The sixth column represents the dimension of the corresponding locus
in the moduli space M. Throughout these tables fi(x) is as follows

fi(z) = 2" —a12' — 332% 4 2a; — 332* — a12® + 1

The signatures of the coverings are not fully given. Indeed, for a full signature
(01,...,0.) we know that o1---0, = 1. Hence, o, = U;_ll---afl. We do not
present o,..
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TABLE 1. Superelliptic curves for genus 5 < g < 10

’ Nr. \ G \ G \ n \ m \ sig. \ ) \ Equation y™ = f(z)
Genus 5
1 C3 2 [2 [27 5 (2243 ¥ +1
1 | o |CsxCy |2 |3 |23.32 |3 | 224357 aa®+1
1 ToloyxCy |2 |4 122,42 |2 | 2P 4 aa®+aat +1
2 Cao 2 [ 11(11,22 |0 |zt +1
2 Cho 1112 2,22 0 |22+1
3 Cy 2 |1 |21 9 |20+ a1
3 Cy 2 |2 |2 4 |20+ aa? 41
4 2 |2 |26 3 |1, (@* + ai2® + 1)
4 2 (3 |243 2 | (2% + ayz® + 1) (28 + aga® + 1)
g | Pom 2 16 [2%,6 1 |2 6
, ¢+ a1z’ +1
5 2 14 22,42 |1 | (2* =128 +axt +1)
5 2 [12/2,4,12|0 |z2-1
6 2 [5 (23510 |1 |2z +a2®+1)
7 2 (2 23,42 |2 | (z* - D(a* +ar2® + 1)(z* + a2 + 1)
7 2 (3 ]2,3,42|1 | (25-1D(a%+a123+1)
8 2 |2 (23,42 |2 |22 -1 (2 +a12® + 1) (2 + agz? + 1)
8 2 110(2,4,20(0 |z(2%—1)
10 | Ay 2 2232 |1 | ilx)
20 | Sy 2 [0 |3, 42 0 [ 2™ —332% —3327+1
25 | As 2 2,310 [0 |22 +112° - 1)
Genus 6
1 32 2 |2 |28 6 |2 +30 a1
2 | q Chs 2 |13/13,26 |0 |28 +1
2 ™o Co 3 |7 |7,21 0 |2"+1
2 Ca 4 15 |5,20 0 |z5+1
2 Cho 5 12 12,5,10 |1 |z*+az®+1
2 Cso 5 |4 |4,20 0 |z*+1
2 Co1 7 13 |3,21 0 |z2+1
2 Cag 1312 ]2,26 0 |22+1
3 Cy 2 |1 |28 1|22+ 30 a1
3 Cy 2 12 20,42 |5 | 22430 aa¥ 41
3 Cs 2 13 |23,6% |3 |22+ ad+1
3 Cs 2 |4 22,82 |2 |22+ ambi41
3 Cs 3 |1 |37 5 |2+ 30t +1
3 Cs 3 12 |32%62 2 |28 +aga* +a12®+1
3 Cy 4 |1 |45 3 |2t + 30 am +1
3 Cs 5 |1 | 5% 2 | 23+ a1+ ax? +1
4 DyyxCy |2 |7 [257 1 [ 2%+ a2+ 1)
5 | p,. |Cs 2 |2 25,4 |3 |(@2-1D)] (@*+ax®+1)
5 Gs 2 |14(2,4,14 |0 |z -1
5 Dqg % Cy |5 5 2, 9, 10 0 25 —1
6 Ds 2 |2 25,4 |3 |z [, (a4 a®+1)
6 DexCy |2 |3 |26 |2 |z-[] (a*+aia®+1)

w
s}
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TaBLE 1. (Cont.)

Nr. | G G n | m |sig. 0 | Equation y™ = f(z)
6 Doy 2 |6 |23 12 1 [z(@?+a12°%+1)
6 DgxCs |3 |3 |223,9 1 | 2(@®+a12® +1)
6 Dqg 4 12 22,48 |1 |z@*+a2®+1)
8 Gs 2 (4 (22,48 [1 |z(2*—1)(2%+az*+1)
8 Gs 2 [121]2,4,24 |0 |x(z2-1)
8 DyxCs |3 |2 12,362 |1 |z(@®—1)(z*+a12®+1)
8 DiaxCs |3 |6 2,618 [0 |z(2f—1)
8 Gs 4 |4 2,816 |0 |z(z*—1)
8 DgxCs |5 |3 ]2,10,15(0 |z(z®—1)
8 DyxCq |7 |2 2,142 |0 |z@®-1)
9 Gy 2 12 2243 |2 |a@*—1) T (a* + a;a® +1)
9 Gy 2 13 12,426 |1 |z(2%—1)(a%+a12®+1)
18 [ Sy |Gis 410 2,316 [0 |z(@="—1)
19 G1g 2 [0 (2,68 [0 |z(z*—1)(2®+ 142* +1)
Genus 7
1 2 2 (2 |29 7 |2+ e 41
1 | o [CoxCy |2 |4 |2542 |3 2043  aut +1
1 " C’32 3 |3 |3 2 | 2% +agxb + a1z +1
2 Cs 2 (3 2436 |4 |28+ aad+1
2 Cho 2 |5 22510 |2 |z +a12® +ax!®+1
2 Cso 2 |15 15, 30 0 |2 +1
2 Cs 312 12,3.6 |3 |28 +a3254+a2* +a122+1
2 012 3 4 3, 4, 12 1 1’8 + a1z4 + 1
2 Coy 3 18 [8,24 0 |2%8+1
2 Cso 152 |2, 30 0 [22+1
3 Cs 2 [1 |21 13 | 2"+ 302 at + 1
3 Cy 2 [2 2642 |6 |2 +Y0 a4+ 1
3 Cs 3 |1 |38 6 |27 +>30 a1
4 DyxCy |2 |2 |27 4 [Tl (a* + a2® + 1)
4 |5 DgxCy [2 |4 |24 4 2 | (2% +arzt + 1) (28 + aa? +1)
4 M DigxCy |2 |8 238 1 (2% +a2® +1
5 Gs 2 [161]2,4,16 |0 |26 -1
5 DegxCs |3 |3 12,36 |1 |(23—1)(2®+a12®+1)
5 DigxCs |3 |9 (2,69 |0 |22-1
6 DyyxCy |2 |7 |23 14 1 | 2@ +a12" +1)
7 Gy 2 |2 24,42 |3 | (@ -1l (e +aiz®+1)
7 G~ 2 (4 |2,43 1 | (@ =1)(2®+aiz* +1)
8 Gy 2 12 24,42 |3 |a@?-1) [, (et + am? + 1)
8 Gs 2 [141]2,4,28 |0 |a(z—1)
8 DiyxCs |3 |7 12,621 [0 |z —1)
8 Gs 8 |2 |26 0 |z(2z%2-1)
(11 [A, [K 12 [0 [2%3,6 [1 |(@'+2V=32"+1) fi(x) \
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TaBLE 1. (Cont.)
[Nr. [G |G n [ m |sig. | 6 | Equation y" = f(x)
Genus 8
1 C2 2 [2 210 8 [aB+3° aw? +1
Lo lo |CaxCs |2 |3 2532 5 |2+ a1
1 CQ X CG 2 6 22762 2 1'18+01£L'6+(121'12+1
2 Csy 2 |17|17,34 |0 |27 +1
2 Caa 1712 |2, 34 0 |22+1
3 Cy 2 |1 |27 15 | 20+ baga’ +1
3 Cy 2 |2 279,42 |7 |24+ a1
3 Cs 2 |4 |23 82 3 | 2% +aiat + agx® + aszr!? + 1
4 DgxCy |2 [3 [25,3 3 | I}, (a" + a;x® +1)
11, DigxCy |2 |9 |2%9 1 | 2® +a2” +1
5 Gy 2 |2 |254 |4 | (@2-1)][I, @ + @i 22 + 1)
5 Gs 2 (6 [22,4,6 |1 | (2° 1) (22 +a12%+1)
5 Gs 2 |181(2,4,18 |0 |z'®—1
6 Dy 2 (2 264 4 | 2T, (@ + a2® + 1)
6 D1 2 (4 |24,8 2 | 2(2® 4+ arzt + 1) (2® + agzt + 1)
6 D3 2 (8 23,16 |1 |z(z'®+a2®+1)
7 Gy 2 13 122,3,42|2 | (2° - 1)(2® + a1z + 1)(2% + aga® + 1)
8 Gs 2 1162,4,32 |0 |a(2—1)
9 Gy 2 (2 |23,43 3 |z(z*—1) HL+1( +alx +1)
9 Gy 2 (4 ]2,42,8 |1 |2z(®-1)(a®+az*+1)
13 [4, | K 2 [0 (2,354 [1 |[2"=1) fi(x)
22 [ S, |Ga 2 10 [3,4,8 [0 |2@@"—1)(z™—332%—-3327+1)
Genus 9

1 32 2 [2 |21 9 |20+ i +1
Lo lo | CaxCy |2 |4 24 42 4 |20+ aati 41
1 CoxCs |2 |5 |2352 3 |22 4 a12° + a2 +azzr'® +1
1 CoxCy |4 |2 |22%,43 3 | 28 +a12? 4 asx* +aza® +1
2 Css 2 119/19,38 |0 [z +1
2 Cs 312 12,346 |4 | 2940122+ asa* + aga® + aua® + 1
2 Cis 315 13,515 |1 |209+aq2°+1
2 Cso 3 /10]/10,30 |0 |z'941
2 Cos 4 |7 |7 28 0 |27T+1
2 Chy 712 [27,14 |1 |2t+az?+1
2 Cos 7 14 | 4,28 0 |2*+1
2 Cso 103 |[3,30 0 x3 +1
3 C, 2 |1 |2 17 | 28 + Zz Laixt +1
3 Cy 2 |2 |28 42 8 | z1® 4+ 2%21 alx[g’. +1
3 Cs 2 |3 |2° 62 5 28+ aa® +1
3 Cio 2 16 22,122 |2 |2®¥ +a28+ax'?+1
3 Cs 3 [1 |31 8 |2+ 3% at +1
3 Cy 3 |3 |3%2,9? 2 |29 +axb + a1z +1
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TaBLE 1. (Cont.)
Nr. | G G n | m | sig. 0 | Equation y™ = f(x)
3 Cy 4 [1 47 5 |2+, it +1
3 Cs 4 |2 |42,8 2 |28 +asrt + a1z +1
3 Cy 71 |7 2 |23 +az+ax®+1
4 DyxCy |2 [2 [28 5 | T, (z* + aiz® + 1))
4, DigyxCy |2 |5 |245 2 | (2% +a12® + 1) (210 + ag2® + 1)
4 M Doy x Cy | 2 11023, 10 1 | 220 +a12'0 +1
4 DyxCy |4 |2 |23 42 2 | (z* + a2 + 1) (2* + agz? + 1)
4 DgxCy |4 |4 | 2242 1 |28 +azt+1
5 Gs 2 (4 |23 42 2 | (2% = 1)(@® + a1zt + 1)(2® + a2t + 1)
5 Gs 2 [20(2,4,20 |0 |220—-1
5 Gs 4 |8 |2,82 0 [28—-1
6 DexCy [2 |3 25,6 3 | 2 1L, (2% + aa® + 1)
6 DigxCy |2 |9 |23 18 1 | z(z!®+ alxg +1)
6 DegxCy [4 |3 224,12 |1 | x(a® +a1x + 1)
7 G~ 2 |2 |29, 42 4 | (@t = )T, (* +alx +1)
7 Gy 2 |5 2,425 |1 | (2 —=1)(w 10+a :c +1)
7 G~ 4 12 ]2,4,8 1 | (2 =) (a* +a12% + 1)
8 Gs 2 (2 |25 42 4 | a(2®-1) lel(x‘l +a;x? + 1)
8 Gs 2 16 224,12 |1 | 2(2®—1)(2"2+ a2 +1)
8 Gy 2 118(2,4,36 |0 |x(z®-1)
8 DegxCs |3 |3 123,6,9[1 |z(®—1)a%+a2®+1)
8 DigxCs |3 |9 26,27 [0 |z(2®—1)
8 Gs 4 12 [2,4,8 |1 |z@®-1)(z*+a122+1)
8 Gs 4 16 2,824 [0 |z —1)
8 DgxCr |7 |3 214,21 [0 | z(z®—1)
8 Gs 102 |2, 202 0 | z(z®-1)
9 Gy 2 |3 22,426 |2 x(acﬁ )(m +a12® + 1) (2% + agz® + 1)
12 [A; | K 2 [0 |22, 62 I | @+ 1425+ 1) fi(z)
17 | Sy Gir 4 [0 [2,4,12 [0 |aB + 14zT 4+ 1
21 Ga1 2 |0 |4%6 0 ( + 1424 4 1)(2'? — 3328 — 332% + 1)
27 | 4; 2 2,5,6 0 |22 —2282 + 494;1010 +2282° + 1
Genus 10
1 C3 2 |2 |[212 10 | 222 + Zt Lair?t 1
1 C CoxCs; |3 |2 |2235 5 | z'2 + 21:1 a;x? + 1
1 m C2 3 |3 |3° 3 |22+ a2+ aa® +aza® +1
1 C3xCy |3 |4 |3242 2 | 224 ayxt Faga® 41
1 CoxCs |6 |2 |22 62 2 | 2%+ a2+ agzt + 1
2 Cs 2 13 12636 [6 |22+ az¥+1
2 Cia 2 |7 122,714 12 |22 +a12" +asx™ +1
2 Cyo 2 |21]21,42 0 |22t +1
2 Css3 3 |1111,33 0 |2 +1
2 Cio 5 12 12,5210 |2 |20 +asz* +a12®+1
2 Cis 5 (3 13,515 |1 |285+a2®+1
2 Cso 5 |6 |6,30 0 |2®+1
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TaBLE 1. (Cont.)

Nr. | G G n | m | sig. 0 | Equation y" = f(x)
2 Cso 6 |5 |5, 30 0 [2°+1
2 Ciss 113 |[3,33 0 |2>+1
2 Cuo 212 | 2,42 0 |22+1
3 Co 2 |1 | 2% 19 | 220+ 3707 airi + 1
3 Cy 2 |2 | 29,42 9 |20+ a?+1
3 Cs 2 |4 |24 82 4 | 220 4+ a2t + agx® + azz® + aqx'® + 1
3 Cho 2 |5 23,102 |3 |22+ a12° + asx!® + agz'® + 1
3 Cs 3 (1 |31 9 |20+ aat+1
3 Cs 3 12 |3%62 4 | 20 4 a12% 4+ asx* + aza® + agxd + 1
3 Cs 5 (1 |58 4 |2+ a1
3 Cs 6 |1 |6° 3 | 2t 4+ a1z + axraszz + 1
4 Doy x Cy | 2 [11]23, 11 1 |22+ a2t +1
4 | p | DixCy |3 |2 |23,3 3| [, (@* + aia® + 1)
2m P . .
4 DgxC3 |3 |3 |2233 2 | (2% 4+ a12® + 1) (2 + aga® + 1)
4 DiaxCs |3 |6 (2236 |1 |(22+a28+1
4 DgxCg | 6 3 2273,6 1 $6+a1$3+1
5 Gs 2 (2 27,4 5 | (2% =D (@* + aiz® + 1)
5 Gs 2 122(2,4,22 |0 [222-1
5 DgxCs |3 |4 [12,3,4,6|1 | (2*=1)(2®+a12* +1)
5 Doy xCs |3 |12]2,6,12 |0 |22—-1
5 Gs 6 |2 [22,6,12 |1 | (22 —-1)(z* + a12® + 1)
5 Gs 6 |6 2,612 [0 |25-1
6 Ds 2 |2 27,4 5 | a0, (et + aia® + 1)
6 DigxCy |2 |5 |24 10 2 | z(z'0 + a12® 4+ 1) (@' + aga® + 1)
6 Dy 2 11023 20 1 | 2(2® + a12° + 1)
6 D1g X 03 3 5 22, 3, 15 |1 1‘(3710 + CL11‘5 + 1)
6 Doy 6 |2 [22,6,12 |1 |z(z*+ax®+1)
7 DyxCs |3 |2 12,3262 |2 | (22—1)(2*+a12®+1)(z* + aza® + 1)
7 DgxCs |3 |3 |3%62 1 | (2% =1)(a% + a2 + 1)
8 Gs 2 14 [2%4,8 |2 |z(z*—1)(28%+arx? +1)(2® + agz? + 1)
8 Gy 2 12002,4,40 |0 |x(z?—1)
8 DyxC3 |3 |2 232,62 |2 |z(®—1)(2a*+a2®+ 1)(2* + ax2® + 1)
8 Dy xCs |3 |10]2,6,30 |0 |az(2!?—1)
8 DigxCs |5 |5 210,25 |0 | z(z®—1)
8 Gs 6 (4 (212,24 |0 |z(z*—1)
8 DyxCpp |11 2 |2, 222 0 | z(z?-1)
9 Gy 2 |2 |2443 4 | x(@* =D)L, (e* + aix® + 1)
9 Gy 2[5 24210 |1 |2(z - 1) (2! +a12®+1)
10 | Ay 310 [2,3° 1 | fi(z)
14 2 (0 [2,3,4,6|1 |z(*—1(a*+2/-322+1) fi(x)
18 | Ss | Gis 6 [0 [2,3,24 [0 [z(z®-1)
20 SixCs |3 [0 [3,4,6 0 | 2" —332% —332% +1
25 |As [AsxCs [3 [0 [2,3,15 [0 |2 +112° 1)
34 (©2014 albanian-j-math.com
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5. FINAL REMARKS

Following the methods described above we intend to create a database of all su-
perelliptic curves of genus g < 48, inclusions among the loci, and the corresponding
parametric equations for each family. Each locus can be determined in terms of the
invariants of binary forms, but this is a difficult task computationally since such
forms are not known for high degree binary forms. However, such loci can also be
described in terms of the dihedral invariants of superelliptic curves.

In a further stage we intend to add to such database the minimal equation of
such curves, the corresponding minimal height, and the moduli height for genus
g = 2,3 as defined in [3] and even the decompositions of their Jacobians in terms
of their dihedral invariants; see [9] and [5] for details.

(1]

[2

3]

[4

[5

6

(7]

B

(9]
(10]
[11]
(12]
(13]

14]

REFERENCES

E. Arbarello, M. Cornalba, P. A. Griffiths, and J. Harris, Geometry of algebraic curves. Vol. I,
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences]|, vol. 267, Springer-Verlag, New York, 1985. MR770932 (86h:14019)

Enrico Arbarello, Maurizio Cornalba, and Pillip A. Griffiths, Geometry of algebraic curves.
Volume II, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]|, vol. 268, Springer, Heidelberg, 2011. With a contribution by Joseph
Daniel Harris. MR2807457 (2012e:14059)

L Beshaj and T Shaska, Heights on algebraic curves, On the arithmetic of superelliptic curves,
2015.

Lubjana Beshaj, Valmira Hoxha, and Tony Shaska, On superelliptic curves of level n and
their quotients, I, Albanian J. Math. 5 (2011), no. 3, 115-137. MR2846162 (2012i:14036)
Lubjana Beshaj, Tony Shaska, and Caleb Shor, On jacobians of curves with superelliptic
components, Contemporary Mathematics 619 (2014).

Andries E. Brouwer and Mihaela Popoviciu, The invariants of the binary decimic, J. Symbolic
Comput. 45 (2010), no. 8, 837-843. MR2657667 (2011£:13007)

Igor V. Dolgachev, Classical algebraic geometry, Cambridge University Press, Cambridge,
2012. A modern view.

William Fulton, Algebraic curves, Advanced Book Classics, Addison-Wesley Publishing Com-
pany Advanced Book Program, Redwood City, CA, 1989. An introduction to algebraic ge-
ometry, Notes written with the collaboration of Richard Weiss, Reprint of 1969 original.
MR1042981 (90k:14023)

J. Gutierrez and T. Shaska, Hyperelliptic curves with extra involutions, LMS J. Comput.
Math. 8 (2005), 102-115. MR2135032 (2006b:14049)

Vishwanath Krishnamoorthy, Tanush Shaska, and Helmut Volklein, Invariants of binary
forms, Progress in Galois theory, 2005, pp. 101-122. MR2148462 (2006b:13015)

R. Sanjeewa, Automorphism groups of cyclic curves defined over finite fields of any charac-
teristics, Albanian J. Math. 3 (2009), no. 4, 131-160. MR2578064 (2011a:14045)

R. Sanjeewa and T. Shaska, Determining equations of families of cyclic curves, Albanian J.
Math. 2 (2008), no. 3, 199-213. MR2492096 (2010d:14043)

T. Shaska, Some remarks on the hyperelliptic moduli of genus 3, Comm. Algebra 42 (2014),
no. 9, 4110-4130. MR3200084

T. Shaska and F. Thompson, Bielliptic curves of genus 8 in the hyperelliptic moduli, Appl.
Algebra Engrg. Comm. Comput. 24 (2013), no. 5, 387-412. MR3118614

(©2014 albanian-j-math.com 35


http://albanian-j-math.com
http://www.ams.org/mathscinet-getitem?mr=770932
http://www.ams.org/mathscinet-getitem?mr=770932
http://www.ams.org/mathscinet-getitem?mr=2807457
http://www.ams.org/mathscinet-getitem?mr=2807457
http://www.ams.org/mathscinet-getitem?mr=2846162
http://www.ams.org/mathscinet-getitem?mr=2846162
http://www.ams.org/mathscinet-getitem?mr=2657667
http://www.ams.org/mathscinet-getitem?mr=2657667
http://www.ams.org/mathscinet-getitem?mr=1042981
http://www.ams.org/mathscinet-getitem?mr=1042981
http://www.ams.org/mathscinet-getitem?mr=2135032
http://www.ams.org/mathscinet-getitem?mr=2135032
http://www.ams.org/mathscinet-getitem?mr=2148462
http://www.ams.org/mathscinet-getitem?mr=2148462
http://www.ams.org/mathscinet-getitem?mr=2578064
http://www.ams.org/mathscinet-getitem?mr=2578064
http://www.ams.org/mathscinet-getitem?mr=2492096
http://www.ams.org/mathscinet-getitem?mr=2492096
http://www.ams.org/mathscinet-getitem?mr=3200084
http://www.ams.org/mathscinet-getitem?mr=3118614
http://albanian-j-math.com

	1. Introduction
	2. Preliminaries on curves
	2.1. Automorphism groups
	2.2. Superelliptic curves

	3. Invariants of binary forms
	3.1. Invariants of binary Sextics
	3.2. Invariants of binary octavics
	3.3. Invariants of binary decimics

	4. A list of all superelliptic curves with extra automorphisms
	5. Final remarks
	References

