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THE WEYL PROBLEM IN WARPED PRODUCT
SPACES
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Abstract

In this paper, we discuss the Weyl problem in warped product
spaces. We apply the method of continuity and prove the openness
of the Weyl problem. A counterexample is constructed to show
that the isometric embedding of the sphere with canonical metric
is not unique up to an isometry if the ambient warped product
space is not a space form. Then, we study the rigidity of the
standard sphere if we fixed its geometric center in the ambient
space. Finally, we discuss a Shi-Tam type of inequality for the
Schwarzschild manifold as an application of our findings.

1. Introduction

The isometric embedding problem is one of the fundamental issues
in differential geometry. Among them, the Weyl problem is a milestone
in the development of the theory of nonlinear elliptic partial differen-
tial equations, particularly, of the Monge-Ampere type. In 1916, Weyl
proposed the following problem: Does every smooth metric on the two
dimensional sphere with positive Gauss curvature admit a smooth iso-
metric embedding in the three dimensional Euclidean space? Weyl [47]
suggested the method of continuity to solve this problem. He also pre-
sented the openness part for the analytic case and established an esti-
mate on the mean curvature of the embedded strictly convex surfaces,
which is C? a priori estimate for the embedding map. The analytic case
was fully solved by Lewy [27]. In 1953, Nirenberg, in his celebrated
paper [34], solved the Weyl problem in the smooth case and exhib-
ited a beautiful proof. Alexandrov and Pogorelov [37] used a different
approach to solve the problem independently. Pogorelov [38] also gen-
eralized Nirenberg’s theorem to the hyperbolic space. Furthermore, he
considered the problem in Riemannian manifolds [39, 40]. In the 1990s,
Weyl’s estimate was generalized to the degenerate case with nonnegative
Gauss curvature by Guan and Li [17], Hong and Zuily [23] and partially
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by laia [25]. Recently, Chang and Xiao [7] and Lin and Wang [28] con-
sidered the degenerate case for Pogorelov’s theorem in the hyperbolic
space.

The isometric embedding problem plays an important role in general
relativity. In 1993, Brown and York [6] proposed the following definition
of quasi-local mass: Let (2,0) be a compact Riemannian 3-manifold,
and suppose its boundary (0€2, g) has positive Gauss curvature. They
define the quantity

(1.1) My (00) = — /m(H0 — H)dv,

8

where dVj is the volume form of 02, H and Hj are the mean curva-
ture of 92 in the original Riemannian manifold and the Fuclidean space
respectively, if it can be isometrically embedded in R3. Nirenberg’s iso-
metric embedding theorem guarantees the existence of such an isometric
embedding. In 2002, an important work by Shi and Tam [44] showed
that the Brown—York mass is nonnegative.

Liu and Yau [29, 30] introduced the Liu—Yau quasi-local mass

(1.2) iy (09) = o /6 (o — [H[)av,,

where |H| is the Lorentzian norm of the mean curvature vector. They
also proved the nonnegativity of their mass. Wang and Yau [48, 49, 50|
defined a new quasi-local mass generalizing the Brown—York mass. They
have used Pogorelov’s work on the isometric embedding of the sphere
into the hyperbolic space. The nonnegativity of the Wang—Yau mass is
also obtained in [48, 45].

The definitions of the Brown—York mass and the Wang—Yau mass
suggest that the isometric embedding of the sphere into model space al-
ways plays an important role for the quasi-local mass problem. Thus, an
important task is generalizing the Weyl problem to other 3-dimensional
ambient spaces which is not a space form. This topic may be helpful
for further discussion of the quasi-local mass.

In the present paper, we study the Weyl problem in 3-dimensional
warped product spaces. These warped product spaces mean the subset
of R™ with some nontrivial but rotation symmetric metrics. One may
write the metric in polar coordinates

1
f2(r)
where r is the Euclidean radius and dS,,—; is the standard metric of the

n — 1 sphere. f depends only on r, which is called the warping function
here. If the warping function takes the form

(1.4) Fr) = ,/1—%+m2,

(1.3) ds? dr® 4 r2dS, 1,
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where k and m are constants, then these spaces are called Anti-de Sitter—
Schwarzschild (AdS—Sch) spaces. They are special interesting examples
in which the quasi-local mass needs to be generalized. If m = 0in (1.4),
then the AdS—Sch spaces are space forms.

Here, we present the outline and main results of this paper.

In the first part of this paper, we establish the openness for the strictly
convex surface in any 3-dimensional warped product space. We note
that Pogorelove [39, 40] has obtained the openness for the strictly con-
vex surface in any 3-dimensional Riemannian space. However, one ex-
pects to find another more rigorous and more elementary proof for the
openness and existence results. In our argument for the openness part,
we observe that a dual relation exists between the linearized isometric
embedding system and the homogeneous linearized Gauss-Codazzi sys-
tem, which is first discovered in our present paper. Then, we use the
maximum principle to obtain the uniqueness of solutions to the dual
problem. Therefore, the Fredholm theory shows the solvability of the
linearized problem. Our proof does not need infinitesimal rigidity of the
linearized isometric embedding system. Thus, our argument is consid-
erably different from Pogorelov’s proof and Nirenberg’s proof.

Let us state the openness theorem. We will always use the notation
N to denote the ambient space.

Theorem 1. Let N be a smooth 3-dimensional warped product space
and g be a smooth metric on the sphere S®. Suppose that (S?,g) can be
isometrically embedded into N as a closed strictly conver surface. Then,
for any o € (0,1), there exists a positive constant €, depending only on
g and o, such that, for any smooth metric § on S? satisfying

19 = Gllo2.e s, sym(T*s205T52)) < €

(S2,3) also can be isometrically embedded into the same space as another
closed strictly convex surface, where the notation C*¢ (82, Sym(T*Sz®
T*SQ)) means the index (2, a)-Holder space of the covariant symmetric
two tensors on S?.

Here, the metric used to define the norm of the space C*® (SQ, Sym
(T"‘S2 ® T*SQ) ) is the standard metric of the sphere. We also note the
recent work of Cabrera Pacheco and Miao [41], who have proved the
openness near the standard sphere metric in Schwarzschild manifolds
with small mass.

Combining the openness with the closeness result of [16, 31], we can
obtain some existence results. One of them is the following theorem,
which is proposed and proved by Guan and Lu [16] and Lu [31],

Theorem 2. Suppose a 3-dimensional warped product space N does
not have singularity and the warping function f satisfies the assumption
(a) and (b). Then for any metric g on S?, if its Gauss curvature K > K



246 C. LI & Z. WANG

for some constant Ko, (S?,g) can be isometric embedded into N as a
strictly convex surface.

Here, the meaning of the assumption (a), (b) and the constant K will
be explained by (4.21) in section 4. A space with singularity means that
it contains some horizon in its interior. If the ambient space is a warped
product space, then containing singularities means that the warping
function f(r) = 0 has solutions, for example, the AdS—Sch spaces. In
other words, no singularity means that the space is null homologous.

The second part of this paper discusses the rigidity of the isometric
embedding problem in a warped product space. The global rigidity is
obtained by Cohn-Vossen for convex surfaces [8] in Euclidean spaces.
The cases of space forms are still valid [10, 18]. However, in general
warped product spaces, the rigidity is not always true.

Theorem 3. Suppose N is an n-dimensional warped product space.
If the function f in (1.3) satisfies

! 2

TR,

r r

then level set sphere r = 1o is not rigid. This means that there exists

a smooth convex hypersurface that is isometric to the r = rq sphere but

with different second fundamental form. If every r-level set sphere is
rigid, then the ambient space must be a space form.

#0, atr=rg

Since the scalar curvature is only determined by its intrinsic metric,
the Alexandrov-type theorem for constant scalar curvature hypersur-
faces in general warped product spaces is also not true.

In general, strictly convex surfaces in 3-dimensional warped product
spaces are not infinitesimally rigid either, because the isometry group
of ambient spaces is small. The lack of infinitesimal rigidity yields the
global non-rigidity of any strictly convex surfaces in general warped
product spaces.

Non-rigidity in general warped product spaces can be explained rou-
ghly as follows: The kernel of the linearized problem of the isometric
embedding system is six dimensional, but the dimension of the isom-
etry group of the ambient space is less than six in general. Thus, we
can move hypersurfaces along a vector field in the kernel of the lin-
earized problem but outside of isometries of the ambient space. Thus,
if a certain type of rigidity is expected, then some restrictions have to
be imposed. Therefore, we propose the following condition in warped
product spaces:

Condition. Suppose that M is a hypersurface in an n dimensional
warped product space N and 7 is its position vector field. We require

(1.5) / FdV, = 0,
%
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where dV} is the volume form of M.

Now, we can recover the rigidity of spheres endowed with Einstein
metrics and further satisfying the above condition.

Theorem 4. Suppose that ¥ is an n — 1 dimensional topological
sphere and g is an Einstein metric with positive constant scalar curva-
ture on 3. Suppose that (X, g) can be isometrically embedded into an n
dimensional warped product space N. If the embedded hypersurface M
is og-convex and it satisfies condition (1.5), then M is a slice sphere,
i.e., a level set sphere.

Here, a o3-convex hypersurface means that the summation of the
product of its any two principal curvatures is positive.

In the third part, we revisit the infinitesimal rigidity in space forms.
The infinitesimal rigidity of any embedded closed convex surface in the
Euclidean space holds, as obtained initially by Cohn-Vossen [9] and
then simplified by Blaschke [4] using Minkowski identities. The corre-
sponding infinitesimal rigidity of any embedded closed strictly convex
surface in the hyperbolic space also holds, as discussed and reconfirmed
by Lin and Wang [28] recently. Here, we provide an alternative proof
for these known results. The infinitesimal rigidities in space forms are
summarized in the following theorem.

Theorem 5. Suppose M is a closed embedded strictly convex sur-
face in a three dimensional space form, then it is infinitesimally rigid.
Namely, the set of solutions of the linearized isometric embedding sys-
tem comes from the Lie algebra of the isometry group of the ambient
space.

In the Euclidean space, we present a new proof of the above theorem
using the maximum principle adopted from [19] and [22]. Then, by
using the Beltrami map, we extend the infinitesimal rigidity of closed
embedded strictly convex surfaces to space forms. Our proofs are dif-
ferent from the classical ones in literature. Furthermore, the openness
of the Weyl problem in space forms can be considered as a corollary
of the openness of the Weyl problem in the Euclidean space using the
Beltrami map.

In the last part, we discuss an application for our theorem. We
will prove an inequality similar to Shi-Tam’s in Schwarzschild manifold,
namely, £ = 0 in (1.4).

Theorem 6. Suppose r > m are two positive constants. Suppose €2
18 a compact connected 3-dimensional Riemannian manifold with non-
negative scalar curvature. We suppose 33 is its boundary and it is mean
convex in 2. We further assume that the induced metric g on ¥ in Q) is
in the neighborhood of the canonical metric of the sphere with radius r.
Namely, g is closed to the canonical metric on the standard r-FEuclidean
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sphere. Then, 3 can be isometrically embedded into the Schwarzschild
manifold with mass m as a strictly convex M. Thus, we have the fol-
lowing mequality

(1.6) / (Ho — H)F(7)dVy + 7 >0,

where Hy, H are the mean curvature of M in the Schwarzschild manifold
and Y in the Riemannian manifold §2, respectively; 7 is the position
vector of M in Schwarzschild manifold; | - | is the norm with respect to
the metric of the Schwarzschild manifold; f is the warping function; and
dVy is the volume form of ¥. The equality holds if M is an asymptotic
Euclidean ball.

The canonical metric of the sphere is the Euclidean metric induced
on the canonical sphere in the Euclidean space. The above theorem
may relate to the work of Fan, Shi and Tam [13] and Shi, Wang and
Wu [43].

In section 2, we present a brief review of some basic formulae. In
section 3, we solve the linearized system. In section 4, we prove the
openness theorem and discuss some existence results. In section 5, we
construct some counterexamples, which are non-rigid in any dimensional
warped product spaces. In section 6, we present the proof of Theorem
4. In section 7, we revisit the infinitesimal rigidity of the closed embed-
ded strictly convex surface in space forms. The last section proves an
inequality of Shi-Tam type and exhibits an example.
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2. Notations and some formulae

For an n-dimensional warped product space, we may rewrite (1.3) as

n—1
1 ,
(2.1) ds* = 70 dr? +r? ( g cos?u'1 ... cos? ut (du') ) ,

=1

where (r,u!,--- 4" 1) is the polar coordinate. 7 takes the range [rg, r1],

where ry may be 0 and r1 may be 400 depending on specific cases.
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In this paper, ‘-’ always presents the inner product defined by the
metric ds? in the ambient space, | - | denotes the norm with respect to
ds? and D denotes the Levi-Civita connection with respect to the metric
ds?. We will always denote N as an n-dimensional warped product space
(R™, ds?) unless otherwise specified. Suppose that X,Y are two vector

fields in the warped product space N. The Riemannian curvature tensor
of N is defined by
R(X,Y)= DxDy — DyDx — Dixy)-
Henceforth, the Greek indices «, 3,7, - always ranges from 1 to n
and the Latin indices i, j, k, - - - ranges from 1 to n — 1.
Then, for any frame {E1, Es,--- , E,} on N, the Ricci curvature and
scalar curvature are defined by

Rag = 0" Rayss, R=) 0" Rag,
v,0 a,B

where 0, g is the metric matrix of the metric ds? and (aaﬂ ) is the inverse
matrix of (043), and

Ronss = R(Ea, E,)Es - Eg.

We define a special orthogonal frame. For a =1,--- ,n, let
(2.2) E, = fg,if a=1;
or
Ea = rcosuo‘*ll- .- cosul 8u§*1’ ifa>1.
With the above frame {E1, Fs,--- , E,}, a straightforward calculation
shows
! 2 1

(23) Rl'yl’y = %7 fOI‘ ’Y # 17Raﬁaﬁ = fri;a and aaﬁ 7é 17a 7é Bv

R.gys = 0 for a, 3,7, 6 taking three different indices.
Accordingly, the scalar curvature is

0= VIF 2o
T

r2

(2.4) R= —1)(n—2)
where f’ = df /dr is the derivative of f.

In the rest of this paper, we use the Einstein summation convention
unless otherwise specified.

Suppose M is a hypersurface in N and ¢ is its induced metric. For
any two vector fields X,Y defined on the manifold M, the Riemannian
curvature tensor of the submanifold M is defined by

R(X, Y) = vay - VyVX - V[X,Y]v

)

where V is the Levi-Civita connection with respect to g.
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Suppose {e1,€9,- -+ ,e,—1} is a frame on M. We denote
Riji = R(es, ej)er - ey,
and then the Ricci curvature and the scalar curvature are
Rij = g" Rarj, R=g"Ri;.
We further denote

Rl ik — g Rzgkp
Suppose {xl, z2, - ,:L‘”*l} is a local coordinate of M. Using the Ricci
identity, for a 1-form & = u;dz’, we have
(2.5) Wik — Wikj = R,

where wu; ;i represents the second order covariant derivative of u; with
respect to the connection V.

We always use 7 to present M’s position vector field and v to be its
unit normal vector field of M with a suitable orientation. If M is closed,
then we further assume that v is the exterior normal. We denote k; as
the i-th principal curvature function of M. Suppose {e1, e, - ,ep—1}
is an orthonormal frame. Let Rijij = R(ei,ej,ei,ej). By the Gauss
equation, we have

(2.6) o2(K1," " 5 Kn-1) **‘FZRzmv
1<J
where o9(K1, K2, , Kp-1) = ZKJ kikj. We let

V= E VeE,,
(0%

where v¢ is the scalar component of v with respect to E,. Thus, we
have

Z Rm] + RZC(I/ v), Rjic(y, v) = Z(VQ)QRQQ'
1<J -
By (2.3) and (2.4), we have

(2.7)
! o 2 1\2
Zszzj—n_2)|:ff 3fr21_(y7,2) <rff/+1_f2):|

2
1<)

The conformal Killing vector field in IV is defined by

(2.8) X = rf(r)gr.

For any vector field Y, it is well known that

(2.9) DyX = fX.
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The squared distance function and support function of M are defined
by
2

1 r
2.1 =-X -X=—
(2.10) pP=5 5
We defined the second fundamental form of M,

and p = X - v.

hij = *Deiej s V.

Note that, if M is a closed strictly convex hypersurface, since v is as-
sumed to be the out normal, then h;; is positive definite. The Weigarten

formula is
DeiV = E h,;mem.
m

Based on (2.9) and the definition of the second fundamental form, the
covariant derivatives of p with respect to e; and e;,e; are

(211) pPi = fX~ei,
f
pij = YPPin + 2955 — hijfe,
where the function f, means
df _ dfdr
fp = 5
dp dr dp

In this paper, an r-geodesic sphere is the set defined by {p € N; p(p) =

r2/2}. For the r-geodesic sphere in the warped product space, we have
2

(212) V:fgv =" p:%a hij:fir)gij-

We always call the r-geodesic sphere the radius r slice sphere or r slice

sphere in this paper.

Suppose M is an n — 1 dimensional Riemannian manifold. It can be
isometrically embedded into N as the hypersurface M by some isometric
embedding map 7, that is #*: M — M C N. Since any point in warped
product space N corresponds to one vector, we also view 7 as the posi-
tion vector of M in N if no ambiguity exists. Suppose {2t 22, 2"}
is a local coordinate of M. Then, 881,--- ,812,--- ) B

frame on M. We always denote the push-forward of (?ci in the tangent

or’

—— is a local

space of the ambient space by 7; = 75.

As we will consider a differential equation on the sphere, we may
need the Sobolev spaces of sections of bundles on (S?, g). Suppose F is
a vector bundle on S?, which is endowed with an inner product (-,-). The
notations C"™“ (S?, E) ,C>™(S? E), L*(S* E) denote the index (m, )
Holder space, smooth space and L? space of sections of the bundle E.
Here, the inner product of the L? space is

[ v,
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m is an integer and 0 < a < 1 is a real number and not an index.
Since the sphere can be presented as some standard unit sphere in the
3-dimensional Euclidean space R?, there is a standard metric mg in-
duced by the standard Euclidean metric. If £ = (TS2)®p ® (T*82)®q,
unless otherwise specified, we always assume that the inner product of
F is induced by the metric mg. Thus, the norm of the Holder space
cme (82, E) is defined by mg.

3. Linearized problem

In this section, we first study the linearized problem in a 3-dimen-
sional warped product space N, and then we generalize our main results
when the ambient space is any 3-dimensional Riemannian manifold.
Suppose that (S?, g) is a 2-dimensional sphere endowed with the metric
g. The isometric embedding problem is to find an embedding map ¥
that maps S? to R? to satisfy the following system:

dr-dr = g.
We always denote the image surface of the map 7 by M. The linearized
problem of the above system is
(3.1) dr- DT = q,

where T, ¢ are the variation fields of 77 and g, respectively. The variation
fields 7, ¢ means that if we have a 1-parameter family of metrics ¢g; and
a l-parameter family of isometric embeddings 7 of (S?,g;) in N such
that gg = g,7 = 7, then we let

_ o
dt
The details to obtain system (3.1) have been written down in [28].

We have to rewrite the system (3.1) on the sphere S?. Let {:1:1, $2}
be a local coordinate. We define a 1-form

dry
T= —

’
=0 dt

t=0

¢ =71 dF = widz' + ugda?,

where u; = 7 -7;,¢ = 7-v and v is the unit normal vector field of
the embedded surface M. The connection D of the ambient space can
be decomposed into two components, namely, tangential and normal
components D = V + D+, and then we have

V¢
= du; @ dz' + w;Vdz
= 7-Dr®dz + 7D ® da' 4+ u;Vda'
= 7 Djrda’ @ dal + 7 Vi @ da’ + 7 - Dj Fyda! @ da’ + u;Vda',
By the Gauss formulas, the definition of the second fundamental form
h;j and the definition of the Christoffel symbol I’fj with respect to V,
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we have
Dy = hgjv, V7 =T @ da’.

By the Levi-Civita property Ffj =T"% we have

3
(3.2) V¢ = 7 Dirda' @ da? + ¢hyjda’ @ da’
—i—I‘fjukdxj ® dr’ —w; I de™ @ da!
= (7 DjT + ¢hij)da’ @ da’.
Based on the previous notations, the system (3.1) is equivalent to the
following system:

u1,1 = qu + ¢hn
(3.3) uig+uz1 = 2(qi2 + ¢hi2),
U2 = @22+ dha

where the comma indicates the covariant derivative with respect to V.
Denote the symmetrization operator by Sym. We also denote the cotan-
gent bundle of S? by T*S?. Then, we define a linear operator

(3.4) Ly :T*S* — Sym(T*S*®T*S?)
¢ sym(ve) -~ VS,

where trp, means taking a trace with respect to the positive definite
tensor h, i.e., for any (0,2) tensor a, we have trp(a) = h*a;;, where
(h*) is the inverse matrix of (h;;). Thus, (3.3) becomes

trp(q
(3.5) Ln(§) =~ ’;( .
because ¢ can be represented by
trp(VE —
= h( 25 q)

It is easy to check that the operator Lj is a strong elliptic operator
defined on the closed manifold S?. As the strong elliptic operator is a
Fredholm operator, we know that

coker(Lyp) = ker(L},),

where L} is the adjoint operator of Lj. Thus the solvability of the
linearized problem is equivalent to show that the kernel of Lj is zero.
Let’s present the framework to clarify our notions. At first we define an
inner product space H

H = {a e C*™ (SQ, Sym (T*S* ® T*S?) );trh(a) = 0}
equipped with the inner product

(a,b) = ; KRR ™ a,b,dV,
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for a,b € H, where K = gi%g;, det(g), and det(h) are the determinants

of the first and second fundamental forms, respectively, and dVj, is the
volume form with respect to the metric g. Thus K is the oo curvature of
the surface M in the ambient space N. We also define the inner product
in C*° (SQ,T*SQ),

(36) € = [ Wuaa,

for ¢ = widxt,n = pdz® € C°(T*S?). Here, C*°(-) means the set of
smooth sections of the corresponding vector bundle.
According to the definition of adjoint operator, L} is defined by

(&, Ly(a)) = (Lp(§),a), for any £ € C (SQ,T*SQ) ,a € H.
Then, we have
(Lh(é), CL)

g 1 g
= Kh7 R u; maindVy + 3 / Ktrp(VERY R hipandV
s2 S?

= — /S Z(Khifhm"ajn),muidvg,

where we have used h% a;; = 0. Thus, the adjoint operator is
(Lh(a))k = —(Kh7 D™ ajn) b
For any a € H, Lj(a) = 0 implies
(Aijhmnajn),m = 0,
where A;; is the cofactor of h;; with respect to the matrix (h;;).
For ¢ = 1, the preceding equation can be written as
0 = (Anh'™ar, + Azh'agn) 1 + (A1 h* ay, + A1ah®"asy) 2
(—A11h* ag, + A1ah'agn) 1 + (A1 h* a1, — A12h'a1n) o
= (—hgah®ag, — h1ah'"agn) 1 + (hoeh® ar, + h1sh'"a1,) 2
= —(b2na2n)1 + (d2na1n) 2
= a12 — a1,

where we have used h% a;; = 0 in the second equality and d;; is Kro-
necker’s symbol. A similar argument yields

a2 = a12,1.
Thus, the tensor a satisfies a homogenous linearized system
hiq,. —
(3.7) { aj =0
Aijk = Qik,j
In the following, we will prove that (3.7) has only trivial solutions,
thereby implying that ker(Lj) = 0.
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A standard procedure is applied to define the cross product “x” on

every tangent vector space of N induced by its inner product “” if N

is 3-dimensional. Once we fix an orientation of a given tangent space,

for any two tangent vectors @, g, the cross product of Ez’,g is a unique
tangent vector that satisfies the following two properties:

(3.8) Axb-da=axb-b=0;]axb?=(@-a)b-b)—(@-b)?
which is a bilinear product for its two variables. It is easy to check that
for any three tangent vectors @, b, ¢, we have @ x b-c=a - (b x ©).

Using the cross product, we define a new (1, 1) tensor related to the
homogenous linearized system (3.7). We let

Ap = g%apv x 7,
where v is the unit normal vector field of the surface M being parallel
to 1 x 7. By (3.8), Ay is a tangent vector field. Then, Ay ® dz* is a

well defined (1,1) tensor on the sphere S2. More precisely, using (3.8)
and the triple scalar product formula, we obtain

Al — ﬁ(g) (—a12771 + 6111772)
(3.9) Ay = —L (—ageTl + ag7)
det(g)

Lemma 7. For any vector field E in the ambient space N satisfying
(3.10) dr-DE =0

on the given surface M, where M is the image of the embedding map
7:S? = N, we can define a 1-form on S?

w= A Edz*.
Then, w s a closed form, and is zero.
Proof. Obviously w is a one form. Then, the differential of w is

(3.11) dw = 9;(Ay, - E)dx? A da®

= (DjAg - E+ Ay, - D;E) da? A dz*

- [(DlAQ — DoAy) - E + (Ay - D1E — Ay - DoE)|da? A da?.
By (3.10), we have

7 -D1E=0;7 - DoFE =0;71- DoE +75- D1 E = 0.
Thus, by (3.9), we obtain

a a2
7o - D1 E +

det(g) V/det(g)

Ay -D1E— A1 - DoFE = 7 - Do = 0.
For convenience, we write

| -
Ay, = w7,



256 C. LI & Z. WANG

where wé are coefficients of the (1, 1) tensor 2, and the relation between

a;; and w is given in (3.9). In detail,

(3.12) wi ! ayz, wr ! a
. 1= — =012, W] = —=——=011,
det(g) det(g)
’UJ1 ! a w2 ! a
9 = T T  /——=0a22, Wy = —/——=—A421-
v/ det(g) v det(g)

Then, we have
DA, = l Fm l — ZDJ_—*i l I‘\m l — lh‘
iAp = Wy ; + Ligwy, | 1 +wp Dir = (wy; + Lgw,, ) 1+ wphyv,

0

5.7 Since

where wfm» is the covariant derivative of wij with respect to
I =17, by (3.7) and (3.12), we have

DAy — Dy Ay

= - (wlm — wévl) 7+ (hule — hglwll> v

_1 . .
= m((aﬂ,l —a12,2)7 + (@112 — a21,1)72

+(h11ag2 — hi2as1 — hairaiz + hosair)v)

1 . . g
= ———((a22,1 —ai22)71 + (a11,2 — a21,1)7 + det(h)h a;jv)

det(g)

= 0.

Thus, w is a closed one form.

Since the first de Rham cohomology of the sphere is trivial,
HE(S?) = 0, there exists a smooth function f on the sphere such
that

w=df = frdz".

Therefore, we have
(3.13) fe=Ay-E=wlf-E.
Similarly, we have
(3.14) Vjw = 9;(Ay, - E)da® + Ay, - BV da*

= (DA, - E+ Ay, - DjE)da* — T% Ay - Eda

- [<w§w. v r;?;;win) 7 B+ whhiw - B+ wh DjE] dz*

- I‘?lwznf'm - Eda!

- [wfﬁjﬁ B+ whhyv - B+ wli - DjE} dz*.

Thus, we obtain

frj = wi ;7 - B+ wihjw - E + wi - D;E.
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Furthermore, we obtain
(3.15)

W fy, 5 = B 7 - E 4 wiv - E + Wwir - D;E

= bkt 7B+ B R v-B
kgl <\/det(g) V/det(g)

+ hlk’wi’FQ -D1FE + h2kw,1€771 - Doy
= hkjwfwﬁ B+ (hlkw,%, — thwi) 7y D1 E

. hll h12 h21 h22
— Wl 7 E 4+ ail +h"ag +h*are + 92 DB
ad det(g)

For [ = 1, we also have

Biwl, = Bl 4 h2wly B2l 4 WPl
1
= dt()( —h'ajg; — h'%a1as — K age — h22&22,2>
etg
1
= _\/T() (hnang + h'%a199 + K agi o + h22a22,2)
et(g
1 .
Vdet(g) 7
= 71 hzéaw
det(g) ~
Similarly, we have
- -1 .
h/l]w2 = 7}7}]@ .
I det(g) AT
Using the preceding three formulae, we obtain
. 1 T 1 _—
(3.16) M f; = mhgaim E+ mhf{aim -E.

By Lemma 4 in [19], we obtain
(3.17) (w%)2 + (w%)2 + (w%)2 + (w%)2 < —Cdetw,

where C' is a constant only depending on the given surface M. We
denote the set {P € M;detw(P) # 0} by U, which is an open subset
of M. We conclude that, in U

B" fm
7L = 2l
i det w

)
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where B;" is the cofactor of w;*. Thus, in U, we have a differential
equation satisfied by the function f,
B{nfm hkjakj Bénfm

det(g) det w St /det(g) detw

On the other hand, in the set M \ U, since det w = 0, by (3.17), we have
w] = 0, which implies a;; = 0 for 1 < 4,5 < 2. Using (3.16), we obtain,
in M\U

(3.18) KM fiy=hYay

(3.19) h¥ify. i = 0.
We let
. BmM
W ap;————— if detw #0
AT = 20 Vdet(g) det w 7 )
0 if detw =0
, B
—hM gy ———2——  if detw #0
Ay = ! k]\/det(g) det w 7 .
0 if detw =0

Using the preceding notions and combining (3.18) with (3.19), we have
W fij = AT fon + A5 fn.

Since the coefficients ap; and B[ are all linear combinations of w;",
the coefficients of the preceding equation are bounded in view of (3.17).
The strong maximum principle holds for bounded coefficients of lower
order terms, Chapter 3, [15]. It implies that f is a constant function
on the sphere, which means that

w=df =0.
q.e.d.

In view of the previous Lemma, we need to find enough special solu-
tions of (3.10).

Lemma 8. Suppose the coordinate of the Euclidean space R? is {z!,
22, 23}, Let
0 -,
fo= g Xl
where X g is the cross product defined by the Euclidean metric, then
every I, satisfies (3.10) for a =1,2,3, i.e., dF- DI, = 0. We also have
0
Ia — @ X )(7
where X is the conformal Killing vector of N and X is the cross product
defined by the metric of the ambient space N.
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Proof. The relationship between the isometric system and its lin-
earized system tells that if we can construct a l-parameter family of
embeddings 7; satisfying

dF; - dfy = diF - dF,

where 7 is the given embedding, then E = %‘ satisfies (3.10). As
any 3-dimensional warped product metric is rotationally symmetric,
the 3-dimensional orthogonal group O(3) is a subgroup of its isome-
try group. It is well known that the Lie algebra o(3) of O(3) is the
collection of all 3 x 3 anti-symmetric matrices and Iy, Is, I3 can com-
pose a basis of 0(3). Thus, for every I,,a = 1,2,3, we can always find
a 1-parameter family of orthogonal matrices A, which is a path gener-
ated by I, at the identity matrix I in O(3) using the exponential map.

Therefore, we let

= A7
be a 1-parameter family of surfaces in N, and then we have
dry - dry = A¢dr - Afdr = dr - dr,

which implies the first statement.
For the second result, we claim that, in fact, for any tangent vector
field @ of N, we always have

JXEfzaxX,

where X is the conformal Killing vector defined in (2.8). Suppose the

3-dimensional polar coordinate is (r,u!, u?), then we write

IR Y B, L0
(320) a—ua—i—)\w—i-)\m,andr—rg,

where 11, A\', A2, r are scalar components. The definition of the cross
product involves the orientation of the vector space. As the underlying
manifold of the 3-dimensional Euclidean space and the 3-dimensional
warped product space is the same, we can fix a same orientation for
every tangent vector space. Thus, we have

S o 0
CLXE’I“:T‘<—)\QCOSUI ,
which implies
a’xEF-d’:axEF-X:O.

Therefore, @ x g 7 is parallel to @ x X. We only need to compare their
norms,

@ x X2 =|aPIX]>— (@ X)*=r*((A\*)?cos®u' + (A\1)?) = |@ x g 7%

The claim is verified. q.e.d.
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We define a set of zero points
mo = {p € SQ;F(p) = O} .
As M is a regular surface, mg is a finite set by the compactness of the
sphere. Furthermore, we have the following fact:

Proposition 9. The set Z = {p € S* \ mo; p(p) = X -v(p) =0} is
a reqular curve on the sphere, if the surface M 1is strictly conver.

Proof. Tt suffices to check that on Z, dy # 0. X is the conformal
Killing vector field, we have

dip = X - Dyv. and Dy = —g*hy 7).
Since X -v = 0 on Z, we can assume that X = a'7; for any point p € Z.
Then, if dp = 0, by the Gauss-Weingarten formulae, we have
dip = —a’hiy, = 0,

which implies that a* = 0, namely, X = 0. Thus, we know that 7(p) = 0,
which contradicts p ¢ my. q.e.d.

We are in a position to prove our main theorems in this section.

Theorem 10. Suppose that (S?, g) can be isometrically embedded into
a 3-dimensional warped product space as a closed strictly convex surface
M with the embedding map 7. For any given (0,2) symmetric tensor q,
there exists a vector field T satisfying the following system:

dr- Dt = q.

Proof. We first assume that N is a warped product space. From
the previous discussion, it suffices to prove that ker(L;) = 0, which is
equivalent to A,®dz* = 0. By Lemma 7 and 8, we obtain for o = 1,2, 3,

Ay @da® - I, =0, and Ay, - vda® = 0.

By (3.9), each Ay is a tangent vector field, which implies the above
second equality. For any three tangent vector fields a, b, c, we always
have

(axb)xc=bla-c)—alb-c).
Thus, for o # 8 and o, 8 = 1,2, 3, we have

0 0
(321) IaXIﬁ'V = (MXX>X<8Z/BXX)V

0 0
= (azaxaza'X>¢'

At a point of M where X # 0, we can always find two different indices

(675} # 6(] such that %, m

function ¢ is non-zero on S\ (Z Umyg), (3.21) means that I,,, Ig, and
v are linearly independent, which implies that A; ® dz* = 0. Note that

and X are linearly independent. As the
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Z\Umy is a closed set without interior points. Thus, Ay ®dz* = 0 is zero
on the entire sphere. We complete the proof for any warped product
space. q.e.d.

We now deal with general V. The following theorem and corollary are
the only two places in this paper where the assumption of the ambient
space is a general Riemannian manifold and not only a warped product
space.

Theorem 11. Suppose that (S?,g) can be isometrically embedded
into a 3-dimensional Riemannian manifold as a closed strictly convex
surface M with the embedding map F. For any given (0,2) symmetric
tensor q, there exists a vector field T satisfying the following system:

dF - Dt = q,
where dF means the differential of the map F.

Proof. In the following notations, we still use NV to denote the ambient
Riemannian manifold. The Riemannian metric is denoted by “” and
D is its corresponding Levi-Civita connection. Thus, for a given metric
g on S?, the isometric embedding system is to find an embedding map
F :S? — N that satisfies

dF -dF =g,

where dF represents the differential of the map F. We denote the image
of 7 by M. Then, we derive the linearized problem of the isometric
embedding system in a general Riemannian manifold. Suppose that we
have a 1-parameter family of metrics ¢* on the 2-dimensional sphere S?
and every (S?,g') can be isometrically embedded into N by the map
F(t). Let F(0) = F and 7 = %t be the variation vector field. We

ot lt=0
let {x!, 22} be a local coordinate of the sphere. We have
0
(3.22) —.gi;

a9 aN o 9 ) B
~ @ (mw) —9 (Daiaxwaxj)” <ag;Dax>

o 0 ) )
g( aii@t’(?ﬂ)_'_g (axz’ ai’jat>

Thus, the preceding equation can be rewritten as

10
dF - D1t = = —¢'
2 oY
which is the same as the linear system (3.1) derived in the warped prod-
uct space. As the argument of this section before Lemma 8 does not
substantially use the warped product structure, we can extend every-
thing in any Riemannian manifolds. Thus, we also have the definition

)

t=0
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(3.4) of the linear operator Lj; in a Riemannian manifold, where h is
the second fundamental form of M.

Let us consider the index of the operator L. Since Ly is an elliptic
operator defined on the cotangent bundle of the sphere with respect to
the surface M, it is a Fredholm operator. Its index is defined by

(3.23) ind(Ly,) = dimker Lj, — dim cokerLj,.

The index of an elliptic operator only depends on its principal sym-
bol. In the following, we calculate the index of Lj using the homotopic
invariance of the index.

We quote Theorem 19.2.2 in the work of Hérmander [24]: Let I be the
interval [0,1] on R, and let I 3 t — a(t) € C*° (T*(X); Hom(7*E, 7*F))
and I 3t~ b(t) € C°(T*(X); Hom(7*F,7*E)) be continuous maps
such that a(t) is uniformly bounded in S™, b(t) is uniformly bounded
in S~™ and a(t)b(t) — I is uniformly bounded in S~1(7*(X); Hom(7*F,
7*E)) while b(t)a(t) — I is uniformly bounded in S~ (T*(X); Hom(7*E,
T F)). If Ag,A; € ¥™ (X;E@ Q%,F(X)Q%) have principal symbols
a(0) and a(1), respectively, then it follows that ind Ap = ind A;.

We further explain the above Theorem. X is a compact manifold
and F, F are two complex vector bundles on X with the same fiber
dimension. T*(X) is the cotangent bundle of X and the map 7 :
T*X — X is the canonical projection. €2 is a density line bundle on

X. g™ <X; E® Q%, F® Q%) means the set of order m linear elliptic

(pseudo) differential operators mapping the sections of £ ® Q3 to the

sections of F'® Q3 with coefficients defined on X. If the dimension of X
is n, then T* X can be viewed as R” x R™ in a local coordinate. Thus,
for a real number s, the definition of a section a € S is as follows: In a
local coordinate, we can write a = a(x,§) where (z,£) € R” x R™. For

all multiple indices o, 3, the derivative af = 8?85 a(z, ) has the bound

|a§(z,€)| < Cap(l+ €)1 2,6 eR™,

where C,, 3 is a positive constant depending on the underlying Riemann-
ian manifold.

Being specific to our case, the underlying manifold X is the 2-dimen-
sional sphere S? and the bundle E is the complexification of the cotan-
gent bundle 7*S?. The bundle F is the complexification of the following
bundle:

Fy = {a € Sym (T*S* ® T*S?) ;trpa = 0} .
Now we need to point out two facts. One is that the complexification
is not necessary because we can extend our operator to the complexi-
fication of our bundles and the complex dimensions of the kernel and
cokernel of the complexification are the same as the real dimensions of
the original real bundles. Another is that we do not need to consider
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the density line bundle in our present case. In the literature, the destiny
line bundle is mainly used to define the adjoint operator. In our case,
however, the underlying manifold is a Riemannian manifold and the el-
liptic operator Ly is only composed of the covariant derivatives. Thus,
we can use the volume form to define the density line bundle: Suppose
we have two different local coordinates for a certain point, {z!, 2%} and
{y*,4?}. The metric can be represented by g;; and §;; in the two coor-
dinates. The transition functions of the half density line bundle can be
defined by

~ (detgi)"*
S ~ \1/4°
(det gl-j)

The section of the density line bundle {(det gij)l/ 4} will be not involved
in the calculation of the dual operator, i.e., no contribution for the
integration by part. In the following, we use Hormander’s theorem
without the complexification and density bundle.

Let’s calculate the principal symbol of Lj. Suppose that 1 = n;dx? is a
unit cotangent vector field (i.e., 1-form), £ = u;dx’ is another cotangent
vector field and ¢ is a symmetric (0, 2) tensor field with trpg = 0. Then,
the principal symbol of L;, defined by h is a linear operator determined
by

(3.24) qu = uim — Cha,
2q12 = 2qo1 = uine + uzam — 2Chi2,
G2 = wu2n2 — Chao,

where 2¢ = h%u;n;.

The previous calculation shows that the principal symbol only de-
pends on the second fundamental form A. Thus, if we need a homotopy
path of the principal symbols, we can consider a 1-parameter family
of (0,2) positive definite tensors. Since the sphere can be presented as
some standard unit sphere in the 3-dimensional Euclidean space R3, the
standard Euclidean metric gy on the standard unit sphere can be viewed
as a positive definite section in the bundle Sym(7T*S? @ T*S?). Thus,
we can define the following path:

ht = (1 —t)h+tgo, and g = (1 —t)g + tgo,

where 0 < t < 1. As g¢', h! are positive definite, we can define a 1-
parameter family of elliptic operators L; using them

e (vgtg)

5 ht, for € € T*S?,

Li€ = Sym (vgtg) -

where V¢' is the Levi-Civita connection with respect to gt. The image of
the map L; is arank 2 bundle F}, = {a € Sym(T*S? ® T*S?); trpea = 0}.
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In fact Fy, is bundle isomorphic to Fy = F},. Let’s calculate the bun-

dle isomorphism in a local coordinate {z!,2?}. For any b' € F},, it
means (h')7b}; = 0. We let section b € Sym(T*S* ® T*S?) satisfy
bgj = Rt h™"b,; which implies that h*/b;; = 0. Therefore, the bundle
isomorphism ¢ from F} to F}, is determined by the matrix (hf, h™")
in the local coordinate.

The operators (got)fl L; have the same image F}. Again, let us sup-
pose that £ is a unit cotangent vector field, u is a cotangent vector field,
and ¢ is symmetric (0,2) tensor with tr,q = 0. We let ¢' = p'q. Thus,
the principal symbol a(t) of the operators ((pt)_l L; is determined by

(3.25) qllel = uim — Chtnv
2qy = 2g5 = uimz + ugm — 2Chi,,
q§2 = uz2mn2 — Chézv

where 2¢ = (h')"%u;n;. The inverse symbol b(t) of a(t) is determined by

1
(3.26) u1 = ? [(Q§1h52 - (ézhtn)m - 2(ht12‘ﬁ1 - hiﬂﬁ)m] )
1
ug = — [(g52h11 — qiihbe)me — 2(Riaqh — hbagia)m]
X' = hbyni + hiyns — 2hiamna.

Obviously, since h?, g* are uniformly bounded, we have a(t) € S, b(t) €
S=L a(t)b(t)—1I,b(t)a(t)—I € S~1 and all of these bounds are uniform,
i.e., not depending on ¢, where the explicit meaning of the notation
St S~! can be found in [24]. Now, using the invariance of the index
along a homotopic path, e.g., Theorem 19.2.2 [24], the index of the oper-
ator Ly, is the same as (p!)~'L;. It is easy to see that the dimensions of
the kernel and cokernel of the operator (¢!)~!L; are the same as the di-
mensions of the kernel and cokernel of L. The operator L is defined by
the standard unit 2-dimensional sphere embedded in the 3-dimensional
Euclidean space. Thus, by the infinitesimal rigidity in the Euclidean
space, namely Cohn-Vossen Theorem, we have ind (L;) = 6 because
the kernel has six dimensions consisting of three rotations and three
translations and the cokernel is trivial. Thus, we have ind(L) = 6.
We now prove our theorem. In view of (3.23) and ind(Lp) = 6,
the kernel of Lj is always nontrivial. Thus, we can find a 1-form &
satisfying Lj,(§) = 0, which is not identically zero. We claim that the
set S = {p € S%;w|, =0} is a closed set with no interior point. In fact,
suppose the set includes an open subset. As the equation Lp(§) = 0
can be viewed as an elliptic differential system of the first order on an
open subset of R? in a local coordinate, the unique continuation (2, 3]
states that £ = 0 on the entire surface, which contradicts that £ is not
identically zero. Thus, we have proved our claim. Let 7 be a vector
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field that satisfies
dF -Dr =0, and £ =7 -dF.

We again suppose that {z!, 22} is a local coordinate. For any symmetric
(0,2) tensor a;; that satisfies the homogenous linearized Gauss-Codazzi
system (3.7), using (3.9) and Lemma 7, we have

—a12 ann| (7-F1
3.27 =0.
(3.27) {—azz a21] <T']:2>
Thus, the above algebraic system has nontrivial solution on S?\ S, which
implies

det |01 @12 _ 4o |T012 11| _

as1 a9 —a22 G21

on the entire sphere. As h¥ a;; = 0 and a;; is symmetric, we obtain

a;j = 0. Thus, we have ker(L;) = 0, which implies coker (Lj) = 0.
q.e.d.

Although we have two different proofs of the existence theorem for
the linearized problem, the benefit of the first one is that it is a purely
geometric argument and does not need the unique continuation.

For any 3-dimensional Riemannian manifold N, let TN denote its
tangent bundle. An immediate corollary of the above theorem is

Corollary 12. Suppose that (S?,g) can be isometrically embedded
into a 3-dimensional Riemannian manifold N as a closed strictly convex
surface M by the embedding map F. The dimension of the solution space
of the linear homogeneous system

(3.28) dF - Dt =0

1s always six, where T is a smooth vector field of the pull-back vector
bundle F*T N, dF is the differential of the map F and D is the Levi-
Civita connection of N.

Proof. In view of the proof of the previous theorem, the cokernel of
the operator Ly, is trivial. Thus, we have ind (L) = dim ker L;, = 6.
q.e.d.

4. Openness and existence results

In this section, we prove the openness for the Weyl problem, namely,
Theorem 1. We assume that (S?, g) can be isometrically embedded into
the ambient space N as a strictly convex surface M by the map 7.
Following Nirenberg’s approach, for any perturbation metric g closed to
the metric g on S?, we need to find a vector field 7 to satisfy

(4.1) d(r+79)-d(F+ ) = g.
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We let {z', 2%} be a local coordinate of the sphere. As the underlying
manifold of the warped product space N i IS R3, we have a global coordi-
nate {z 22 23} for N such that {6Z1, 3.7 823} is the standard frame

of R3. Note that every 8; can be viewed as a global vector field in
N. We present additional notations. Here, the Greek indices «, 8,7, - - -
range form 1 to 3 and the Latin indices i, j, k,--- range from 1 to 2.

The vector fields ¥ and ¢ can be expressed as linear combinations of
0 0 0
0217 0227 923

. 0 . 0

¥ = @ and § = yﬂ 9.8
where r®, y? are the scalar components. Let (0qp) be the metric matrix
of the warped product metric ds? defined by (1.3). Thus, at points 7+
and 7, 0,5 can be expressed respectively by

L L0y o+t L (9 0 o
o+ ) XYV gy iy (220 = gt

or® orP o 0
Uaﬁ(ﬁw@ = g(7) (W’ W) = gij(fj‘

We introduce the following three tensors,

and

- ! 0? I
(4.2) Fop\(7,9) = /0 (1—t)maa5(r+ty)dt,

1
9
v [0
Gapy (T, 9) /0 o7 O (7 + t)dt,

(4.3)  qi;(%, V)

o L Oy P or® orP
= 9 (F+¥) — 9i; (") — 0ap(F) 5 7 92 Oxd — Fapy(7 y)a 8x3y v

Dy (37‘0‘ oyP N oy 877“6 oy 8y6>

—Gapy (T, )y Ozt Ozd | Ozt Bz Ozt Oxd

where ¢ is a symmetric (0, 2) tensor. Using these notations, we conclude
that (4.1) can be rewritten as the following nonlinear system:

(4.4) dr'- Dy = q(i, V).
The detailed derivation can be found in [28]. Also note that
(4.5) [ Fapyallom.a(sz 1 NoiT Nom T NeomT* N)
HIGapyllcmes? 1 NomT* NomT*N)
< Cono+ Conall T e oy

where Cp, q, C’m,a are two constants depending on m,a and M.
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Now we define a map ® on S%2. As in section 3, TN denotes the
tangent vector bundle of N. For any given vector field 2’ of the pull-
back bundle 7T N, suppose the image of ® is the vector field ¢ of 7T N,
namely,

®: C**(S%,™TN) — C**(S*,7TN),
Z = 9,
for 0 < a < 1. We define the vector field i as follows. Consider the
following system for the unknown vector field 7:

(4.6) di'- Dr = q(2,V3),

where the tensor ¢ is defined in (4.3). Theorem 10 states that the above
system is always solvable if M is a strictly convex surface. Note that
the kernel of the above system is nontrivial. We let the vector field 4 be
the solution of the above system being perpendicular to its kernel, i.e.,
the solutions of the system

(4.7) di'- DT = 0.

We explain the meaning of the word “perpendicular” here. Every vector
field 7 corresponds to a 1-form & = 7 - d7. Thus, any two vector fields
perpendicular to each other means that the corresponding 1-forms are
perpendicular to each other in the inner product space defined by (3.6).
We will prove that i is a C*< vector field in the next several paragraphs.

Suppose {x!, 2%} is a local coordinate of the sphere. We first give the
Schauder estimates for the linear elliptic system (3.3). We let & = u;dz’.
In (3.3), multiplying his in the first equation and multiplying h1; in the
second equation, and then, taking their difference, we have

(4.8) 2higui g — hii(uig +u21) = 2hiaqin — 2h11qi2.

Again in (3.3), multiplying hi; in the last equation and multiplying h1q
in the first equation, and then, taking their difference, we have

(4.9) hitugo — hoour1 = hi1q22 — h22qi1.

Covariant differentiating (4.8) with respect to % and (4.9) with respect

to % respectively, and then summing them up, we obtain

(4.10) —hogui 11 + higui 21 + hotui 12 — hi1ug 22 + lower order terms
= (h11g22 — ho2qi1) 1 + (2h12g11 — 2h11q12) 2,

where we have used the Ricci identities lelul = w121 — ui,12 and
R’f22uk = ug12 — u221. Similarly, switching 1 and 2 in the above equa-
tion, we have

(4.11) —hooug 11 + higug 21 + horug12 — hi1ug 22 + lower order terms
= —(h11g22 — h22¢11) 2 + (2h12g22 — 2h22¢12) 1.
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Thus, we obtain a linear elliptic partial differential system (4.10), (4.11)
of second order. Using the interior Schauder estimates of elliptic systems
[14], we have

(4.12) 1§l c2.a(s2,77s2)
< O (llgllores? symr=s2er=s2)) + 1€l co.os2,res2)) ,

where the positive constant Cs, only depends on the upper and lower
bounds of the principal curvatures k1, ko of M and the upper bound of
the derivatives of k1, ko. See Vekua [46] for another argument regarding
(4.12).

If € is perpendicular to the kernel of the operator Ly, then £ is the
unique solution to the system (3.3) for a given ¢q. Thus, we further have
the following estimate by a compactness argument:

(4.13) [€llc2.es2,7s2) < Cllgllcra(s? sym(rs2eres2))-

Therefore, the tangential component of 7 is C%®. The compactness
argument is standard in the regularity theory of elliptic PDEs [14, 15],
but for the sake of completeness, we include the detail here. If the
estimate (4.13) does not holds, then we have a sequence {£(™}° | which

satisfies that every £(™ is perpendicular to the kernel of Ly, in the sense
of L? product defined by (3.6) and ¢™, such that we have

Jim 1€ [l 2.0 52 1v52) = 400,

g™ || c1.0 (52 sym(Tes20m52)) = 1,
and
(n)
) _ m _ tral@™)
Ly (5 ) q —h.
We denote

£ &

1€ || 2,052, 7752
As Lj, is a linear operator, we have

(n) _ trald™) p,

cm)) - 4 2
(4.14) b <€ ) 1€ | 2,052, 7752)

~ [e.9]

Obviously the sequence {5(")} is bounded in C?* (SQ,T*S2). For

any 0 < 3 < a, by Sobolv’s compact embedding theorem, there ex-

~ o0
ists a subsequence of {f(”)} X which converges to a £* in the space
n=

Cc?h (82,T *82). Without loss of generality, we may assume that the
~ oo
subsequence is the sequence {5(")} , itself. By (4.14), we have
n=

(4.15) Ly(€) = 0.
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As every £™ is perpendicular to ker(Lyp), £ is also perpendicular to
ker(Lp). Therefore, (4.15) implies £* = 0. Using Sobolev’s embedding
theorem, we have

¢ <ol

where C' is a universal constant. £* = 0 implies that the right hand side
of the above inequality converges to zero, but it is clear that the left
hand side is equal to 1, which is a contradiction.

In view of the system (3.3), if £ is C>* and ¢ is smooth enough, we
can obtain only ¢ = ¢ - v is C®, where v is the unit exterior normal
vector field of M. If we would like to define the map ® well, we need to
improve the regularity of ¢ to C>®. We perform this task by modifying
Nirenberg’s trick [34]. Let

C2,a S2 T*S2 - C2.8 §2 T*SQ)

_ Uiz — U
det(g) ’

where a comma indicates covariant derivatives. w is a globally defined
function on S? because 2wdV, = d¢. Moreover, w satisfies

(4.17) wy/det(g) + q12 = u12 — hi29,
g1 —wy/det(g) = uz1 — hi2o.
By Ricci identities (2.5), we have
Rhiw = uror — w12 = (qi2 + wy/det(g) + h12¢) 1 — (qu1 + h116) 2,
Riyyur = wgi2 — ug21 = (go1 — wy/det(g) + ha1d) 2 — (g2 + ho2d) 1.

Thus, we have

(4.16)

1
—w = ————(qi21 — qu1.2 + (h219) 1 — (h119) 2 — RYw),
det(g)
1
—wy = ———(qa21 — q12.2 + (ha2) 1 — (h218) 2 + Rigpuy,).
det(g)

By the compatibility condition w2 = ws 1, we obtain
(4.18)  ((deth)h @) ;
= —(Rhjyw)2 — (Riyoue),1 + 2,02 — @11,22 — Go2,11 + qu2,21,

which is an elliptic equation if the second fundamental form h;; is pos-
itive definite.

Remark 13. In fact, (4.18) is the linearized Gauss equation. As the
tensor q is the linearization of the metric tensor, the Gauss curvature
type tensor with respect to g appears on the right hand side.

Using (4.13), (4.18), and Schauder estimates, we obtain the following
lemma.
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Lemma 14. For 0 < a < 1 and any given symmetric (0,2) tensor
q, suppose i is a solution of the system

dr- Dy = g,

which is perpendicular to its kernel. Then, we have the estimate

C&(SQ)> ,

where C' is a positive constant depending only on a and the surface M.

(4.19) 5]l 2.0 (52,770
< C<||QHCLO‘(SQ,T*S2)

1

( ) (Q12,12 —q11,22 — q22,11 + Q12,21)

i Hdet g

By (4.3), in every term of ¢;; except the term g;; — g;;, the vector 2
appears at least twice. For any vector field Z on M, we let ¢ = ¢(Z, VZ)
defined by (4.3). As the term g12,12—¢11,22—¢22,11+¢12,21 is the linearized
Gauss curvature, it does not include any third order derivatives of Z.
By (4.3), in every term of ¢;; except the term §;; — g;;, the vector 2
appears at least twice. Thus, by the definition of the map ®, Lemma
14 implies

(4.20) [2(2) | c2.a(s2 1)
< C H "—N"” 2,00(§2 *§2 T2 —i—HEﬂz
— Gij = GijllC22(S2,Sym(T*S2QT*S2?)) C2:2(S2 7 TN)

ik 14
2202 merny + ||Z||c2,a(s2,F*TN)) ~
For any number § < 1, let
= {Z a vector field defined on the surface M; ||Z]|c2.0(s2,m7n) < 0} -

If we take a sufficiently small §, the map ® is well defined in Bs by
(4.20). We then prove that the map ® is a contraction map. Suppose
71,70 € Bg, and let

y (4.3), we have
dij =
~0usl® (1)~ (0 (), + 5 (), - (),
— (2] — #4) (/Olagzﬁw\( +(1—t)22)dt>zlzlro‘ﬁ

+Fap(22) (] + ) (5 = 28) v

— (2} = 25) ( i ag;lf”( +(1- t)zQ)dt)
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(12 (), +of G G, (),

J
o) (7 - ) (78 (), +15 G+ (00, () )
+Ga ()33 (8 (4= ) 477 G2 - ),
- a a 5 (o4
+Gapy(72)23 <(21 —23); (2'15>j + (22); (2'16 - 22’3>j> )

where z{, 2§ are the scalar components of zi, 23 with respect to %,

o
a.’L’i 9

and (z{'),, (25), are the derivatives of z{', 2§ with respect to

o 0z¢ |, 07§
(21 )z = 87117 (25 )z = (%21'-

ie.,

Thus, by Lemma 14, we have

[®(21) — ®(22)|lc2.0(s2 vy < CO[|21 — 22l c2.a(s2 ey -
If we choose a sufficiently small d, then the map & is a contraction map
that implies the existence of (4.4). We complete the proof of Theorem 1.

Using the openness, we can prove an existence theorem of AdS—Sch
spaces. The metrics of AdS—Sch spaces are defined by (1.3), (1.4).

Theorem 15. For any metric g on S?, if its Gaussian curvature K >
—kK, where k is a nonnegative constant, then (S?,g) can be isometrically
embedded into an AdS-Sch space with the form (1.4). More precisely,
(S?,9) always can be isometrically embedded into the AdS-Sch space
with parameters k,m as a surface outside of a large ball Br, where R
is the Fuclidean radius of the ball.

Proof. Using the Weyl problem in space forms, we know that, (S?, g)
can be isometrically embedded into a space form as some surface M.
Here, the scalar curvature of the space form is 6k, which is referred
to as k-space form in the following. We also call the AdS—Sch space
with parameters k,m the (k, m)-AdS—Sch space in the following. We
translate M to the outside of a sufficiently large ball Br in the x-
space form. As the underlying manifold of the k-space form and the
(k, m)-AdS—Sch space are the same, we can view M as a surface in the
(k, m)-AdS—-Sch space and its induced metric is denoted by gr. Then,
we have

C

lg = grllcsa(s2 sym(r-s2er-s2) < 5
where C' is a positive constant not depending on R. The second fun-
damental forms of M in the k-space form and in the (k, m)-AdS—Sch
space are denoted by h, hgr, respectively. The unit normal vector fields
of M and the Levi-Civita connections on M in the x-space form and in
the (k, m)-AdS—Sch space are denoted by ", v and V", V| respectively.
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Suppose {xl, xz} is a local coordinate of the sphere and 7 is the position
vector of M, then it is not difficult to check that

C . . C
I = v"llo2a(s ooy < 5 and [|ViT) = Vitjlloza(sz sz < 3,

which implies

C
A — hErllc2.0(s2, sym(Tes2eT=52)) < =

Here, C'is also a positive constant independent of R. Thus, based on the
above several inequalities, the constants in the proof of the openness,
Theorem 1 are uniformly bounded. Thus, we conclude that there is a
positive large constant Ry such that for R > Ry, the constants appearing
in Theorem 1 do not depend on R. Therefore, for a sufficiently large R,
metric ¢ is in a e neighborhood of gr. By the openness, (S?,g) can be
isometrically embedded into the (x,m)-AdS-Sch space. q.e.d.

For the sake of the completeness, we roughly review existence results
obtained by Guan and Lu [16] and Lu [31]. The following Heinz type
C? a priori estimate has been proved by Lu [31]:

Theorem 16. Suppose (S?,g) is isometrically embedded into some
ambient Riemannian manifold (N3,§) such that it is null homologous.
Let X be some isometric embedding map. Assume that

R(z) — R(X () + 2inf{ Ricx (s) (1. 1) : 1t € Ty U, [ = 1} > Co > 0,

for any x € S? where Cy is a positive constant. Further assume that R >
—6k2 and R > —2k? for some constant . Then, the mean curvature H
of the embedded surface is bounded from above,

H<C,

where C'is a positive constant depending on Cq, inf(R+2k2), ||g|lcs and
lgllcs, but not depending on the position of the embedded surface.

We clarify the condition appearing in Theorem 2. Assume that there
is a universal constant Ky satisfying

(4.21)

_£2 1— 2 9 /
(a) lim sup 2f < Ky, (b)lim sup —M < Kp.
r

r—oco T r—00

The proof of Theorem 2 can be found in [16], [31].

5. Non-rigidity of slice spheres

In this section, we construct examples to show the non-rigidity of the
isometric embedding problem in any dimensional ambient space. More
precisely, we will find some convex hypersurface in an n-dimensional
warped product space that is isometric to the unit slice sphere, but
their second fundamental forms are not the same.
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Reconsider the linearized system in the warped product space N,
(5.1) 2dr- Dt = q,

where 7 is the position vector of a given surface M, 7 is a variation field,
and ¢ is a symmetric (0,2) tensor on the sphere. Similar to Section 3,
in a local coordinate {z', 2%} of S?, this system can be rewritten as

(5.2) Ui+ uji = 20hi; + gij,

where § = ), widz? u; = T - 21 is a 1-form on the sphere, ¢ = 7 - v

is a function on the sphere, and h;; is the second fundamental form of
M. The comma again indicates the covariant derivative. Henceforth,
we always use “x” to present the Euclidean inner product. By (2.12),
for any r slice sphere, we have

f2(r)y o 1 0
Phi; = T 50 = T o5 gij-

r

Let ¢p = 7 x v and hiEj be the second fundamental form of M in the
Euclidean space, where vg is the exterior normal of M in the Euclidean
space. Then, for the r slice sphere, we have

wij + uj; = 2¢phl; + qij,

which means that, if the given surface M is a slice sphere, then the
system (5.1) can be viewed as a linearized isometric embedding system
in the Euclidean space. Thus, we rewrite the above system in a polar
coordinate.

Let (u',u?,--- ,u™!) be a spherical coordinate and r be the radius.
Then, we can present the radius r slice sphere in the warped product
space by the map

F(ul’... 7un*1)
= r (cos u' cosu? - cosu 7, cosut cosu? - - cosu Zsinu T,
sin ul)
= (701”27... ),
where r is a positive constant, and r® is the scalar component of the
position vector 7 with respect to %. By (5.1), we have

0 or 0 or

(53) o * oV ouw Tow = W
We define a symmetric (0, 2) tensor for two given vector fields 7, 7,
(5.4) i (7, )

= _Uaﬁ(f)y?yf - Fa,B'yA(Fa gj’)rf‘rnyyA

—Gapy (T 9)y" (r?yf + s + y?yf) ,



274 C. LI & Z. WANG

where the notations 0., r*, ¥, F,G have been defined in section 4.

For convenience, we denote r{ = grcf, yl = %W Let {21, 2"} be
u J ouJd
the standard coordinate of the underlying Euclidean space R™. Thus,

we have the following result for the system (5.3),

Lemma 17. Suppose 0 is a smooth function of one variable. Let’s
define two vector fields

0 0
- . 1 S
(5.5) g=0(sinu') 9o (mdr—ra
on the radius r slice sphere for a given positive constant r. Thus, the
solution to the system (5.3) with q;; given by (5.4) and 7,y defined by

(5.5) can be chosen by

(5.6) =40 (sinu') 82”7
where 0 is another smooth function of one variable depending on 6.
Proof. We calculate g;; in the Euclidean coordinate {z},---,2"}. The
metric (1.3) can be rewritten as
1
(5.7) ds* = Fer +72dS,_1
1
= <fQ — 1) dr® + dr® + 1r2dS,_;

= p(r)2°28dz"d2P + S4pd22d2",

where 6,3 is Kronecker’s symbol, and we let

(5.8) P(r) = riz (f;(?”) - 1) , and 7% = Z (z%)%.

We divide g into three terms

q=—I1—1I-1III.

[0}

In the following, we calculate g;; term by term. We first note that
y" =0, and y* = 0 if i < n. For the first term, we have

Iij = O’nn(F)ein,

where 6; indicates the derivative of 6 with respect to a?ﬂ' As 0 =

f(sinul), except i = j = 1, we have I;; = 0. For I;1, we have
Iy = (¢("”)(7"n)2 +1) 0;
= (r%{)(r) sin u! 4 1) (0")2 cos® ul,

where 0’ indicates the first order derivative of 8. The second term is

1
IL; = / (1 —t)Opnoap(F+ tﬂ')r?rf@th,
0
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where 7§ indicates the derivative of r* with respect to 8?;1" Let 7 =
|7+ ty], then we have

(5.9) an(fag(f"+ tgj) =

Qﬁ/?(f) (rn + tyn) (T,a + tya) <’I“ﬁ + ty’B)

+(F) <6om (rﬂ + tyﬁ) + 85n (ra + tyﬂ)) ,

where 1/ indicates the derivative of 1) with respect to the variable r.
We also have

(5.10) Onn0ap (T + ty))

= [WEF)}/ (™ + ty™)? (rY + ty®) (rﬁ + ty5>

T

+¢/?£7:) (r® + ty®) (7“5 + tyﬁ)

+21/)/7£7:)(r" 1) (San (77 + 97 + 30 (1 + ty™))
+2¢(7 )5om56n
Obviously,
72 =724+ 2 (9 (sin ul))2 + 2trsinu'6 (sinul) ,
depending only on sinu' and t. As Y (r®)? = r?, where r is constant,
forany i =1,--- ,n — 1, we have

§ :,,,ocra —
ol

Thus, we have

I; = /01(1 —1)6? { [1@]/ (r™ + ty™)? + WT)} 2 (y™) ey dt

7

1 /
—1—4/0 (1-— )921/17{7') (r" + ty" )ty i dt

1
+2 / (1 — )02p(F)r et

0
Therefore, I1 is zero except i = j = 1 because ™ = rsinu'. For I,
we have
1111
1 /
= / (1—t)t26?4{[ E )] (rsinu! —i—t@) ¢E )}r cos® uldt
0 T r

' W'(F)
+4/( )0 ——= = (rsinu® + t0)r? cos® uldt
0

+2/ (1 — 1)024(7)r? cos? u'dt.
0
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For II11, by (5.9), we have
(5.11)

I11;
1
/ 00n0ap 7+ t7) (ri) + i) +yiy)) dt
T,Z}/
/ O—=(r" +th) [ty"(r?y;? + iy ) (" + ty")
(r" + ty"™) Yty dt
4 /0 B () [(rT + 2097) (zn + ty" + ty™) + 207 + ty™)] .

Therefore, except ¢ = j = 1, 111 is zero. For I1111, we have

(5.12) I

/1 GW;F) (rsinu' + t6)? [2tr0¢’ cos? u'
+O(r sinu! 4 t0) (6")% cos ul]dt
+ /1 0y (7)[2r0 cos? ut (rsin ul + 2t6)
—1—2(09’)2 cos?u' (rsinu' + 1) ]dt.
If we let
W (r,sin ut 9)
= (1"1/1 sin?u! 41 9'

) (
/ rsinu d}/( ) T
+/0 1 t)t20* {/[ } L+ 6)” + : } 2dt
+4/( )t93¢( ") (rsinu' +t0) 2dt+2/ (1 — )0 (7)rdt.

r 0
7!1

(rsinu® + tH) [2tr0¢" + (rsin u' +0) (0’)2} dt

—i—/ 0v(7) [27’9’ (7‘ sinu' + 2t6) +2(6')? (7’ sinu! + t9)] dt,
0

then we have
i (r,sinul,ﬁ) cosul, ifi=j=1
(5.13) dij = { 0, otherwise

Inserting (5.6) into the system (5.3), we have

do
2r cos ulﬁ = —W cos? u!,
U
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more explicitly,
ord) = —Wdsinu'.
Integrating the above ODE, we find

- 1 [t
(5.14) 0(t) = —/ W (r,s,8(s))ds,
2r 0
which implies that 6 (sin ul) is required. q.e.d.

In the following, we apply Banach contraction mapping theorem to ob-
tain the solution of (5.3). For any small positive constant € < ¢, we
define a map

(5.15) T:C*([-1,1]) — Ck([-1,1)

1 t
0 — _27”62/0 W(T,S,€+€2(9(S))d8,

which has created a well defined map. We denote

1
m(s) = 2/0 (1 — t)ap(7(s,t))r2dt, and Cy = Il er=1,1)s
where 7 = [+ tg]. If [|0]|cx((_1,1]) < 2Co, we estimate T'0),

W (r,s, e+ €%6(s))

(5.16)  ||T6llcr(-1,1y) < C &

< 2007
Ch=1([-1,1])

for any sufficiently small constant ¢ < ¢y. It remains to prove that T
is a contraction map. For 01, 05 satisfying ||61 || cx 1,1y 02llor(—1,1)) <
2Cy, we have

(5.17) | T61 — T/l (-1,1))

IN

g HW (7“, S,€+ 6291(3)) —-W ('r, s, €+ 6202(3))
< C(Co)EHHl - 92“016([_171]).

HCH([_MD

Once we choose a sufficiently small positive constant ey, the map T is
a contraction map for any € < ¢y. Thus, T has a fixed point, which is
denoted by 0*(s). A C* hypersurface Y is defined by

(5.18)
e . (s 0 ~ ./ 0
Ye=7r+ (6+ €20 (smul)) D and ¢y = (e—i— €20 (smul)) Eel
for ¢ < ¢g. By Lemma 17, it is obvious that

0 0y o 0y L
ou? ou’ * ouJ out dij (T7 ?/)

We conclude, as we have shown in section 4, Y€ is isometric to the r

slice sphere.
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Remark 18. If M is a 2-dimensional strictly convex surface, then
the system (5.1) always is solvable in view of the argument in section
3. However, if M is a high dimensional hypersurface, the solvability of
the system (5.1) is an open question in general.

Now, we can prove Theorem 3, i.e., the non-rigidity of slice spheres.

Proof of Theorem 3. In the preceding calculation, we have proved that
every C* hypersurface Y€ defined by (5.18) is isometric to the r slice
sphere. Furthermore, we can show that it is smooth. Using the spherical

coordinate {ul,---  u""!} of the sphere, by (2.6), the Gauss equations
says that

—1(n-2 R _
(5.19) o3(hij) = (”2731(_”1) - g + Ric(v,v),

where h;; is the second fundamental form of Y€, R and Ric are the
scalar and Ricci curvature of the ambient space N, and v is the unit
exterior normal vector field of Y¢. As in section 2, using the squared
distance function p, the second fundamental form can be rewritten as
follows:

1

(5.20) hij = 7o <_Pi,j + j;fpipj + fQQij> ;

where ¢ is the support function and 2p = r2. We can assume that the
hypersurface is C? at least. In view of section 2, the right hand side of
(5.19) can also be expressed by p. Combining (5.19) with (5.20), and
using the standard regularity theory of linear elliptic partial differential
equations, we have the smoothness of p, which implies the smoothness
of hi;. By the Gauss formula, we have

Y =T5Ys + hijv,

thus, we obtain the smoothness of Y¢, where the comma indicates the
covariant derivative using D and I’fj is the Christoffel symbol with re-
spect to the connection V.

Now we can calculate the second fundamental form of Y€ to compare
with the slice sphere’s. Note that
o . 40 cosul & _ 0
@—smu E—l— , w,r—ra.

Thus, the squared distance function p(Y€) of Y€ is a function of the
variable €. If € = 0, then Y is exactly the r slice sphere. The Taylor
expansion of p(Y ) in the e neighborhood of the r slice sphere is

2p(Y) = r?+2resinu’ +0 (€%),

which implies

V| = /2p(Y¢) = /72 + 2resinul + O (2) = 7 + esinul + O (62).
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As the derivatives of h* are independent of €, we can require € to be

sufficiently small such that the first order term of € is dominant. As we
know, the second order covariant derivative of p is defined by

)
Pii = uiow” sui o )

Thus, we have
(5.21) p11 = —resinu' + 0 (62) iy pij =0 (62) for i # j;

pii = —resin ulﬂé;ll cos?u? + O (62) for i # 1.
A straightforward computation shows

pip; =0 () ;1Vpl> = O ()
w=4/2p— m :r+esinu1+0(e2).

Using Taylor expansion, we have

fUYe) = f(r) + f'(r)esinut + O (62) ,

F2YE)) = f2(r) + 2f(r) f'(r)esinu! + O (62) ,

wf([Y) =rf(r) + (rf'(r) + f(r))esinu' + O (¢%).
For ¢ # j, we have h;; = O (62). Thus, the diagonal terms are
W= gt = f2(r) + (2f(7")f’(r) + %) ensinu1 +0 (62)

rf(r)+ (rf'(r) + f(r))esinu! + O (€2)
/ 2 : 1
_ fir) N (f(r)f (r) 1 Z; (r)> 6?3? L0,

where the index 7 does not take summation here. Thus, h% is the i-th
diagonal term of the matrix ¢g~'h, which means it is the i-th principal
curvature of Y. Thus, if the positive constant € is sufficiently small,
then each principal curvature of Y€ is not the same as the slice sphere’s.
Thus, we present our counterexamples. If every sphere is rigid, then the

coefficient of the first order term vanishes for every r in the expression
of hi. Thus, the warped function should satisfy

522 HOI') 1= PO

r2

=0,

for any r. It is well known that the solutions to the above equation are
only the warping functions of space forms. We complete our proof.
q.e.d.

An immediate corollary of the above theorem is that A. Ros’s type
theorems [42] are not always true in general warped product spaces,
namely,



280 C. LI & Z. WANG

Theorem 19. Constant scalar curvature hypersurfaces are not al-
ways round spheres in general warped product spaces. More precisely,
if (5.22) does not hold for some r, then there exists a convex hypersur-
face which is a perturbation of the radius r slice sphere with the same
constant scalar curvatures but different second fundamental forms.

Proof. The examples in Theorem 3 are isometric to slice spheres,
hence, their scalar curvatures are the same. q.e.d.

Remark 20. Using Brendle’s theorem [5], in some cases, we have
another proof that the second fundamental form of Y¢ is not the same
as the slice sphere’s. In fact, if the second fundamental form of Y€ is
the same as a slice sphere’s, then its mean curvature should be con-
stant, which implies that it must be a slice sphere [5]. However, the
construction of Y¢ shows that it should not be a slice sphere, which is
a contradiction.

The uniqueness of the solution to the Weyl problem in space forms is
true, [18, 10]. If the dimension of these space forms are large that
3, as we have more Gauss equations for a strictly convex embedded
hypersurface M, these algebraic equations will determine the principal
curvature of M. However, in general warped product spaces, Theorem 3
says that these more algebraic relations are not useful for the uniqueness
of the solution to the isometric embedding problem.

The lack of rigidity of any strictly convex surface also appears in
any 3-dimensional warped product space. An immediate corollary of
Corollary 12 is the following non-infinitesimal rigidity of any strictly
convex surface:

Corollary 21. If the sectional curvature of a 3-dimensional warped
product space is not a constant, namely
' 2
SO 1P
r r
for some r, then any embedded strictly convexr surface is not infinitesi-
mally rigid.

Proof. We first review some known facts about the isometry group of
an n-dimensional Riemannian manifold N. The isometry group of N is
a Lie group and its dimension is at most n(n + 1)/2. If the dimension
achieves n(n + 1)/2, then the space should be a constant sectional cur-
vature space. For further details, refer to [26] and [12]. In the present
case, the 3-dimensional warped space is not a space form, the dimension
of the isometry group is less than 6 which implies that the dimension
of its Lie algebra is also less than 6. The argument in section 3 shows
that for any element A in the Lie algebra, we can define a vector field 7
using A satisfying (3.28). The details are the following: Suppose ¢, is a
family of isometries generated by A and 7 is the position vector field of
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an embedded surface M. Every ¢, M is isometric to M. Thus, we let 7
be the variation of ¢,7, namely,

_d(gy7)
o dt

t=0

On the other hand, Corollary 12 states that the kernel of (3.28) is always
6-dimensional. Thus, there should exist a solution to (3.28) that does
not come from the Lie algebra of the isometry group of N. Therefore,
the embedded strictly convex surface is no longer infinitesimally rigid.
q.e.d.

In view of the proof of openness, the previous corollary implies the
non-rigidity of any strictly convex surface in a general 3-dimensional
warped product space.

We point out that the meaning of the rigidity in the following theorem
is different from the rigidity used in Theorem 3. In fact, we have two
definitions of rigidity. One is that if two hypersurfaces have the same
first fundamental forms, then they have the same second fundamental
forms. The other is that if two hypersurfaces have the same first funda-
mental forms, then they can be isometrically translated to each other
by an isometry of the ambient space. The second definition of rigidity
is stronger than the first one. Let us see some examples. In (1.3), we
choose the following warping function in R3, then

L, if0<r<rg
(5.23) fr) = { g(r), if r >rg ’

where 7 is a given positive number and g(r) is an arbitrary positive
function. If there is a convex surface M contained in the ball B,, with
radius 7o, then the translation of M in the ball does not change the
shape of the surface. However, if the function g is not equal to 1, the
warped product space defined by (5.23) is not a space form. Hence, M
is rigid according to the first definition but not rigid according to the
second one using the following theorem:

Theorem 22. In any 3-dimensional warped product space N that is
not a space form, any embedded strictly convex surface M is not rigid.

Proof. Suppose 7 is the position vector of M. By the previous corol-
lary, there exists a vector field 7', which is the solution of (3.28), but
not from the Lie algebra of the isometry group, i.e., there is no element
A in the Lie algebra such that T" = A7. In the following, we generate a
1-parameter family of strictly convex surfaces M., which is isometric to
M using the vector field T'. For any positive constant €, we define the
position vector field of M, as

7. =7+ €l + 2Ty,
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where T, is a vector field to be determined later. As required, 7, satisfies
the isometric embedding system

dre - dre = dr'- dr.

According to a similar procedure to obtain (4.4) in section 4, the
above system can be rewritten as

dit- D (eT + €’T.) = q (T + *T.,V (eT + €T.)),
which implies that

di'- DT, = éq (€T + €T,V (T + €°T,)) .

We will reuse the argument in the proof of openness to find a solution
T, that satisfies the above nonlinear system. Let T'N again denote the
tangent vector bundle of the ambient space N. For any given vector
field T, of the pull-back bundle 7T N, we can define a map F whose
image is a vector field T of ™T N, namely,

F:C>*(S*,i*TN) — C**(S*,i*TN),
T. — T,
for 0 < a < 1, where T solves the following system:
1 ~ -
d- DT = =g <6T LT,V (eT n €2T€>) ,
€

for the given 7., and T is perpendicular to its kernel, namely, the
solutions to the system

dr- DT = 0.

Such T exists uniquely as seen in section 4, so the map F' is well defined.
If we choose a sufficiently small €, then the map F' is a contraction
map. By contraction mapping theorem, there exists a fixed point for
the map F. We obtain a family of strictly convex surfaces M. if T, is
exactly the fixed point. The detail is similar to what is presented in
section 4.

We claim that there is some ¢y such that there is no isometry of N
by which we can translate M., to M. If the claim is not true, then we
can find a 1-parameter family of isometries g. of the ambient space N
such that

Te = geT.
Now, we differentiate 7. with respect to €, and then letting ¢ = 0,
we find that the vector field T is an infinitesimal vector field coming
from an isometry of N, i.e., T comes from the Lie algebra of isome-
try, which contradicts our assumption. Thus, M, is isometric to the
surface M but we cannot translate M, to M by any isometry of N.
q.e.d.
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6. A rigidity theorem for spheres

In the previous section, some counterexamples have been constructed
to answer the rigidity problem for isometric embedding system nega-
tively. In this section, we try to recover the rigidity of round spheres
using condition (1.5), which restricts “translations” and exhibits the
rotations. Thus, it may be compatible with the isometry group of the
ambient space.

Suppose that X is an n — 1 dimensional topological sphere and g is
an Einstein metric with positive constant scalar curvature on . The
Einstein condition says

(6.1) Rij = (n —2)gij = (n — 2)di;.

We need a Poincére-type inequality. By Linchnerowicz’s theorem
[36], for Einstein metric defined by (6.1), the first eigenvalue A; of the
Laplacian with respect to the metric g defined on manifold ¥ is not less
than n — 1. Thus, for any smooth function y defined on ¥ satisfying
fz xdVy = 0, where dV} is the volume form of X, we have the following
Poincére type inequality:

n=1) [ dv, < [ av, < [ [9xgav,,

Here, | - |4 is the norm with respect to the metric g on X.

Suppose that (X, g) can be isometrically embedded into an n-dimen-
sional warped product space N. The embedded hypersurface is denoted
by M. As the underlying manifold of N is the n-dimensional Euclidean
space R™, let {z!,--- 2"} be the standard coordinate of R™. We use x
to denote the standard inner product of the underlying Fuclidean space.
A vector field F is called a constant vector field, if every E x 821' is a
constant for ¢ = 1,--- ,n. Thus, by the condition (1.5), we have

/ 7x BdV, =0,
M

where 7 is the position vector field of the hypesurface M. Again, suppose
{e1,e2, -+, ep—1} is an orthonormal frame on M. If the metric on M is
of Einstein, by the above Poincare-type inequality, we have

. 1 . 1
/Eyr*EPdeq < n_lfzzi:\ei(r*E)\de = H/Ezi:\ei*E\deg.

Denote r = |7]. Thus, we have

(6.2) /E P24V, — /Z >

F*i
023

2
1 2
| v <oy [ Sl
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where | - |g represents the Euclidean norm of some vector field. Now,
we calculate the Euclidean norm of e; using the polar coordinate. Let

- E - -
Elzf,Engg,---En:En,

be another orthonormal frame with respect to the Euclidean metric,
where Ej; is defined in section 2. Suppose the scalar components of the
vector e; are af* and ai with respect to the two different frames

= Zaf‘Ea = Z&?E’a,
[} [0

then we have

al = fal,ad =a, fora=2,--- ,n.
Since every ¢; is unit in N, we have Y, (a$)® = 1. Thus, we obtain

. ~172 2 2

el => (@)?= ()" +1—(aj)" =1+ (2= 1) (af)".
(03

We also have

X
alzei'El:eZi7 andpi:fei-X:rfail.
r

(3

Thus, we obtain
f? -

pi-
2pf2

leilt =1+
Therefore, (6.2) becomes

-1 2
6.3 /2dV§/dV—|—/V dv,.
( ) - pavg s g 22(n—1)pf2| p| g

In the following, we try to find another integral equality using the Dar-

boux equation. For the orthonormal frame {e1,--- ,e,—1}, by (2.6), we
have (
n—1)(
oa(h) = ) 4 > Rijij,
1<j

where the last term is the curvature of the ambient space defined by
(2.7). Recall that ¢ = X - v is the support function of M, and then we
have

2 _ ’VPP 12 _ 2 _ @2 _ |VP|2
¢ = 2= hE and (1) = (v B = G =1 S

By (2.7), we have

1 n-1 n—1f2-1 f 1— f?
6.4 h) = =LV 2.
Denote

J

(6.5) wij = —pij + Fpip; + 253,

f
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where the comma indicates covariant derivative with respect to V. By
(2.11), we have w;j = foh;;. Then, by (6.4), we have

(6.6)
1 oa(w) 5 [n-— 1
_ 2 - 1jij
n—2 f Z<]
n—1 f 1— f2
—(n—1 2_ 1y, de 2 2
(n =D+ "= (7 = )+ VP 4 5V
n— 1 IVPI2

- ZRW :

n _
We calculate the left hand side. ObV1ously, we have

1
(72(w) = 502 < pzy"‘J})pipj"i_]d(Sij)

1 . fo
= 508 (=pug) + 3507 pir;

+(”_22)f2 (—Ap + J;f|vp|2 +n— 1)f2> .

Thus, we obtain
(6.7)

oa(w)
s f?

ol fo
- . <2f2> V[ 3 fpebon,

+(n—1 n—2) /deV

Lo
:/ZZJCQ( j Pzdv /2f3‘72 PiPj

+—(”_1)2( 2)/Ef2dVg.

We detail the first term of the above equality. We can rotate our frame
to diagonalize the matrix w;;, and then we have

(6.8) (U? ) P =03 g = > pilwiji — wigy).
’ j#i

dv,

pl*dv,

It is obvious that
(6.9)

f
Whja — Whaj = Poaj — Pbja + Tp(pbapj — PojPa) + 2f fo(padv; — pjdab)-
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By applying Ricci identities, we have

(6.10) Poaj — Pbja = chRajbc'

By using (6.5), the definition of w;;, we obtain
(6.11)

J;f(pbapj — PbjPa)

J;ﬁ’ [pg <_wba + J;fpbpa + f25ba> ~ Pa <_wbj + J;fpbﬂj + f25bj>} :

Combining (6.9) and (6.10) with (6.11), we obtain
(6.12)

Wyja — Whaj = Z pc ajbe T pawb] ijba) + ffp(paébj - Pj5ab)'
Thus, combining (6.8) with the Einstein condition, we have

(Uéj)j pi = Zzpmc ijje T J;UQ pipj + ( Q)ffp‘v’O‘Q

i,¢ j#i

= (n—2)|Vpl? + j}agpzpﬂr(n—?)ffp\vp\g-

Thus, combining the above equality with (6.7), we have

oa(w)
s [ Vs
n—2 |Vp|2 fp 2
= av, dvj
—1)(
LnDn=2) /deV
Using (6.6) and the above equality, we have
(6.13)
|VP|2 / /7= 2
2pdV, = [ d d —_— d
Jo2ova= [Lavi+ [ —1f2V9+ e
IVpI2
1 177
+/Z ey ZRJ i | —dV.

Combining (6.3) with (6.13), we obtain

Vpl? -1
(6.14) 0 > /Zm‘_pl‘)JQdVg—i—/ZWWm?d%
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\Vp\
1 | BELg
+/E +(n_1 ZR” V,.

Now, we will be able to prove Theorem 4.

Proof of Theorem 4. We define a function depending on the variable p

d(p) =2p+ f>—1.

As the function p is defined on M, p should range between its minimum
and maximum values. Denote the two values by pmin, Pmax, then pmin <
P < pmax- Obviously, we have

bp =214 f 1)),

where ¢, indicates the derivative of the function ¢ with respect to p.
By (6.4), we have

n=160) | 0l0) g 00 o
2 2p Tapp 422 VP

(6.15) oa(h) =

n—2
By the assumption of the convexity, the right hand side of the above
equality is always positive. Therefore, at the minimum point of p on
M, we have Vp = 0, which implies ¢(pmin) > 0. We claim that ¢ is
always positive between puin and pmax. If this is not true, let py be the
first zero of ¢ from pmin, and then, at pg, ¢, < 0. By (6.15), we obtain
o2(h) < 0 at p = pg, which contradicts oo(h) > 0. Thus, we always
have ¢ > 0. By the positivity of ¢(p), the assumption of the convexity,
and (6.14), we obtain Vp = 0. Therefore, p is a constant. Using (6.13),
we have 2p = 1, which implies M is a unit slice sphere. We complete
our proof. q.e.d.

In any 3-dimensional warped product space, Theorem 4 implies the
following Corollary on the surfaces with constant Gauss curvature.

Corollary 23. In any 3-dimensional warped product space, the only
possible embedded strictly convexr surface with constant scalar curvature
1s the slice sphere provided that the embedded surface satisfies condition
(1.5).

Proof. As the constant scalar curvature condition implies that the
intrinsic metric of S? is the standard metric of the sphere, applying
Theorem 4 immediately yields the corollary. q.e.d.

If the warping function f = 1, namely, that the ambient space is
the Euclidean space, the above corollary is the classical rigidity of 2-
dimensional strictly convex embedded surfaces.
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7. Infinitesimal rigidity in space forms

In this section, we reprove the infinitesimal rigidity of strictly convex
embedded surfaces in R? using the maximum principle. Then, using
Beltrami map, we can obtain the infinitesimal rigidity of strictly convex
embedded surfaces in space form.

In the first two proofs on the infinitesimal rigidity in the Euclidean
space, for simplification, we use the notation x to present the cross
product induced by the Euclidean metric.

As in section 3, the infinitesimal rigidity problem of an isometric
embedding system is to consider the linear system

(7.1) i dr =0

for any given strictly convex embedded surface M, where 7 is its position
vector field. Obviously, there is vector field A satisfying

(7.2) dr = A x dF.

A is called the rotation vector. Differentiating the above equation (7.2),
we have

d’r = dA x dF = 0,
which implies that dA is parallel to the tangent space of M. Suppose
{x!, 22} is a local coordinate of M. Therefore, we can assume

dif = Fydxt, dA = Aydx® and A; = wly,

where 75, A; are the derivatives of 7, A with respect to 8?:1' and wf is the

corresponding scalar components. By dA x dr = 0, we have

Wi x Fyda' A da! = (wiTi x 7o = whTi, x 71 ) da' A da? =0,
which implies
(7.3) wi + w3 = 0.
Now, we use a comma to indicate the covariant derivative. Using the
Gauss formula, we have
(7.4) A@j = ’wlk’jf’k + U)Zk??k,j = wi-fjfk + wfhkjy,

where h;; and v are the second fundamental form and the unit exte-
rior normal vector field of M. As A;; = Aj;, by (7.4), we have the
compatible equations

k _ .k
ij =W

w Ji
The second equation can be rewritten in detail as

and whyj = whhy;.
—w%hlg — w%h22 + w%hn + w%hm =0.
Multiplied by det(h;;), it becomes

(7.5) wih® — wihM + wih®? — wih'? = 0.
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We introduce a new tensor a = aijdﬂd:nj defined by

(7.6) a11 = v/det(g)w?, ajz = \/det(g) 1027
a1 = \/det( wl,agg = \/det

Then, by (7.3) (ai;) is a symmetric matrix, and the above equations can
be rewritten as

. —
(7.7) {h“” 0
ijk = Qik,j
which is exactly (3.7) in fact. For further detail, see [34] and [21].
Differentiating the first equation of (7.7), we have

2azg V/det(g)hw ”,hzlaw \/det(g)hijwzj.

Therefore, we obtain

(7.8)
. - . 1 . 1 .
hiA; i = W90l 7, + wit = ————=h"a;;7| + ——==h"a;j75.
2,] ,J % det(g) 2] det(g) ,17]

By Lemma 4 in [19], we have
afy + afy + a3y + a3y < —Cdet (ay5)
which means that
(wh)* + (W) + (wd)” + (w3)” < ~Cdet (wy)).

Thus, by A; = wff’k, we conclude, in any non-degenerate point, namely,
detw # 0,

” ; CtA ; CLA
hUAi,j _ _hz%aij 144 + hzg aij I
7 /det(g) det w /det(g) detw’
where Cji» is the cofactor of wg with respect to matrix <wi )

Suppose the standard coordinate of R? is {21, 22, 23}. A constant
vector field E means that each F - a(zi is a constant for ¢ = 1,2,3.
Thus, for any constant vector F, taking the inner product on both
sides of the previous equation with E, we obtain an elliptic partial
differential equation of the function A - E with bounded coefficients for
non-degenerate points. For degenerate points det w = 0, using (7.8), we
have

hij (A : E)i,j =0,

which is an elliptic partial differential equation with bounded coeffi-
cients. Then, an application of the strong maximum principle yields
that A - E is a constant that implies A is a constant vector field.

Thus, we have the following infinitesimal rigidity of any strictly con-
vex embedded surface in the Euclidean space.
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Proposition 24. In the 3-dimensional Euclidean space, all solutions
of (7.1) are
A X7+ B,
where A, B are two constant vector fields and 7 is the position vector
field of a given strictly convex embedded surface.

Remark 25. We can provide another proof of the above proposition,
though which we establish an elliptic equation for the vector field

B=71—AXT,

where 7 and A are defined by (7.1) and (7.2). Then, again using the
strong maximum principle, we can obtain that B is a constant vector

field.
Proof. Obviously, by (7.2), we have

(7.9) dB = —dA x 7.
Again, we suppose that {z!, 22} is a local coordinate of S2. We write
By = —Ap x 7, Ay = wi i,
where B;,7;, A; are the derivatives of B, 7, A with respect to %, and
wf is the corresponding scalar component. Then, we have
(7.10) B = —A;xF=—wli xF,
Bij = —wip x 7= hgjwiii x 7 — wfiy x 7.

Multiplied by h%, where (h/) is the inverse matrix of (h;;), the above
equation becomes

h9Bi; = —h9w} i x 7 — wii x 7 — h9wiF, x 7
= —hwf;F, x T,
where we have used (7.3) and (7.5) in the last equality. Using the

first equation of (7.10), we obtain an elliptic equation of B in any non
degenerate point,

l l
hIB;; = —h} Gid ¥ B

ajj—r———— + hjajj——re,
2 7 /det(g) det w ! 7 /det(g) det w

where C’; is the cofactor of wg with respect to matrix (wf ) and a;; is
defined by (7.6). The strong maximum principle implies that B is a

constant vector field. q.e.d.

Lin and Wang [28] discussed the infinitesimal rigidity of convex em-
bedded surfaces in the 3-dimensional hyperbolic space. Here, using the
Beltrami map, we turn the infinitesimal rigidity problem in space forms
into the one in the Euclidean space. The idea used here may appear in
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the literature, but we do not find an appropriate reference. For the sake
of completeness, we include the detailed argument.

The Anti-de Sitter space time of signature (3,1) is a hyperboloid
— (y0)2 + (y1)2 + (y2)2 + (y3)2 = —1 in the Minkowski space R!3,
where y° is the time coordinate and {y',3? 43} is the space coordi-
nate. It is known that the hyperboloid with the induced metric of the
Minkowski space is isometric to the hyperbolic space. Thus, the infin-
itesimal rigidity problem in the hyperbolic space can be considered as
the same problem in the hyperboloid.

Suppose that M is a strictly convex embedded surface in the hyper-
boloid and g is the induced metric on M. Let - denote the Minkowski
inner product. For a l-parameter family of surfaces M; in the hyper-
boloid, let 73 be M,’s position vector field satisfying

—

Tt'ﬂ:_17 anddﬂdﬁ:gv

where 7y = 7. Set 7 = % o which is a variation of 7. Differentiating
t=

the above equations with respect to ¢ and then letting ¢ = 0, we have

7-r=0, and dr'-dr = 0.

We can express 7,7 with respect to the coordinate of the Minkowski
space

T = <;02Aiyi,A1,A2,A3> , 7= (7)), and 7 = (?,A),
where
=y %Y%) A= (A1, A% A7),

and * again denotes the standard inner product in the Euclidean space.

We have

dr - dr
7 7 0
= (dy°,dF) - (dA*r+0A*dr _A*rdyz,dA>
y (¥°)

1 0\2 7= 0 50 .0 0 02
= ()2 ((y) dr * dA — y’dA « 7dy” — y° A drdy” + A =7 (dy") >
_ (yQ)Q yOdF — fdyo . yOdA — Aaly0

(y°)* (y°)*

0\ 2 A T

which implies

(7.11) d (;) «d (;) — 0.
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The above equation indicates that the infinitesimal rigidity of the em-
bedded surface M in the hyperboloid can be considered as a correspond-
ing infinitesimal rigidity problem of the surface M in the Euclidean
space, where M is defined by the position vector field # = 7/¢°. Thus,
we need to study the convexity of M. We believe the following lemma
is well known, but we do not find an appropriate reference. Thus, we
provide a short proof here.

Lemma 26. The second fundamental form of the surface M in R?
1s conformal to the second fundamental form of the surface M in the
hyperboloid. The conformal function is always positive.

Proof. Let {z!, 22} be a local coordinate of M. The normal direction
of M in the hyperboloid is

o oo 0
Yy oyt 9y Oy
1 - (y0)1 1
det(g) |- ("), T2
_yO 7
where (yo)k = g—i’,(i, T = 8‘97’2 for k = 1,2 and g is the induced metric of

M in the hyperboloid. Thus, the second fundamental form of M in the
hyperboloid is

_ 0
—_ (yo)i] Tij +1 o Zj o (yyo)zjf
1 - (yg)l Fl = ( 1)" = <y0)17ﬁ
det(g) | — (3/ 0)2 T2 det(g) 1 (yl{)o)
-y r To — m 25
where (yo)ij = 8222'3(;1' and 7;; = %. On the other hand, the normal
vector field of the surface M is
2 2> 2
Jy 9y dy
— L gy
~ y y )
det(g) 7y (yO)sz
y (y0)2

where § is the induced metric of M in R3. The second derivative of 7 is

LTy (yo)ijf B (yo)j i+ (1°), 7

T T Ty v
Since the second fundamental form of M is Bij = 7 * 1 where * is
the standard Euclidean metric, using the above three equalities, we
obtain that the two fundamental forms are conformal and the conformal
4 y/det(3)
det(g)

Now, we can prove Theorem 5.

function is (yo) , which is positive. q.e.d.
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Proof of Theorem 5. To obtain the proof, we divided into three cases.
For the Euclidean space, Proposition 24 states that any solution 7 to
(7.1) is generated by an element of the Lie algebra of the Lie group
O(3) x R3, which is the isometry group of the 3-dimensional Euclidean
space.

For the hyperbolic space, we use the notations in the previous para-
graphs. Lemma 26 and the argument before it show that we have two
constant vector fields Y, Z in R3, such that

A=Y xpr+y°Z,

where X g is the cross product of the Euclidean space. Therefore, we
have
T= (yOZ*F,Y XEF—I—yOZ).

For any point p = (yo, vt y2, y3) € H3, the Beltrami map Bp is defined
as follows:
(7.12) By:R* — TR

o Vo0
Ay’ y? oy’ oyt
If we let X = ,(7), Yo = 5p(Y), Zo = Bp(Z), then it is easy to check
that

T=y"Yo x X +4°%,

where X is the cross product of the hyperboloid. The above result was
first proved by Lin and Wang [28]. Evidently, 7 is generated by an
element of the Lie algebra of the isometry group of the hyperboloid.
See [26] for further details.

For the spherical space, any strictly convex surface in a 3-dimensional
sphere can be included in a hemisphere by Bonnet-Myers’ theorem [33].
Now for a positive constant x, we let the 3-dimensional sphere with
radius 1/ be in R* of which {3°,4',y?, y3} is the standard Euclidean
coordinate. Without loss of generality, we assume that the surface lies
in the upper hemisphere, namely, yo > 0. Using the Beltrami map,
we project the hemisphere to its equator hyperplane. An argument
similar to the proof in the hyperbolic space shows that solutions of the
infinitesimal problem are

r=y"Yy x X +4°Z,,

where the meanings of x, X, Yy, Zy are similar to those in the hyperbolic

case except y° replaced by \/ 1—(y1)? — (12)? — (y®)%. These solutions
are also generated by the Lie algebra of the Lie group O(4), which is the
isometry group of the 3-dimensional sphere. We complete the proof.
q.e.d.
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Remark 27. The previous argument can be generalized to hyper-
surfaces in high dimensional space forms. As we have more algebraic
relations in view of Gauss equations, the condition of the convexity in
Theorem 5 can be substituted by the condition that the rank of the sec-
ond fundamental form is equal to or greater than three as first proved
by Dajczer and Rodriguez [11]. Additional material on the infinitesimal
rigidity of embedded hypersurfaces can be found in [10].

At the end of this section, we emphasize another fact that may be
useful for the proof of openness in space forms.

Remark 28. In space forms, the linear system

(7.13) dr- Dt =q

can be rewritten as an inhomogeneous system
r A

(7.14) d— xd= = -1

y() yO (y0>2 )
where the meanings of these notations are the same as in previous para-
graphs. Nirenberg [34] proved (7.14) is always solvable in the Euclidean
space, which implies the solvability of (7.13) in space forms.

8. A Shi-Tam type inequality and an example

In this section, we try to prove a Shi-Tam type inequality in the
Schwarzschild manifold Ng, where the warping function is defined by

(1) s = 1=

We assume that 2 is a compact connected 3-dimensional Riemannian
manifold bounded by the surface ¥ and the scalar curvature of € is
nonnegative. We denote the mean curvature of X in Q by H. Further-
more, Y can be isometrically embedded into the Schwarzschild manifold
as a strictly convex surface M containing the black hole. We consider
a geodesic flow

do(t, -

)y e
®0,) = M

where ®(t, -) is the position vector field and ¢! is the unit exterior normal

vector field of the surface M; defined by ®(¢, ). Thus, we have a foliation

of the space outside the M in Ng. Note that My = M. The ambient

space metric can be rewritten as ds? = dt?> + g;, where g; is the metric
on M;. We try to find a conformal metric

d3? = u2dt* + g

(8.2)

)

with the same scalar curvature as ds2, where v is an unknown function
to be determined in the following. We let Hf and H| denote the mean
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curvature of the surface M; in the ambient space with the metric ds?
and d32. Thus, we have an evolution equation of the function u [44],

(9 3
(®3) Hg;it‘ - wAu 4+ 2“ R, if t € (0,+00)
u(0) = Hg\tzo JH

where R? is the scalar curvature of the surface M; and A; is the Lapla-
cian operator on M;.

The following explicit formula of sectional curvatures is useful in this
section:

Proposition 29. For any two vectors u,v in the warped product
space N = (RB, dsQ), the sectional curvature of N with respect to u,v is

(84)  R(uvipv) = oo [lnx v =3(uxv-Er)’]

where the cross product x is induced by ds®> and E is defined in sec-
tion 2.

Proof. We assume that

= ZuaEa, and v = ZVﬂEB,
a B

where E, is defined by (2.2) and p®,v? are scalar components of p, v
with respect to E,. Thus, by (2.3), we have

R(p,v,pmv) = Y p®w PV Rapas
B,7,8
2 _
= 3 (02 () - ) R
a718
2 _
= Z (Mal/ﬁ - Mﬁya) Raﬁaﬁ-
a<f
Using (2.3), we have (8.4). q.e.d.

Using the above explicit formula, we can conclude that the geodesic
flow preserves convexity.

Lemma 30. If the metric on the strictly convexr surface M is suf-
ficiently close to a canonical metric of the round sphere, then for any
t > 0, every leaf My is strictly convex as well.

Proof. We suppose that X is the conformal Killing vector in Ng, and
o' = X -1t is the support function of M;. We can consider the parameter
r in the polar coordinate as a function depending on M; and t. Thus,
we have

dr fgot
8.5 - 1
(8.5) " dt r
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As ®(t,-) is a geodesic flow, we have

(8.6) Dov=0 dd—‘pt—DX t=f
. %V—,an T % vo=7F.

Combining (8.6) with (8.5), we have

d <r2 — (<pt)2>
dt
Solving the above equation, we have

¥ = Vr2_07

where C' is a positive constant only depending on M = Mjy. On the
other hand, we obtain

=0.

12 [Vpl? Vp|?
(W) =20 =2 T
where p = r?/2, which implies C' = 1‘3’;'/27”. Note that, if My is the slice

sphere, we have C' = 0. By continuity, we can require 3C < r% at t = 0
because My is sufficiently close to the slice sphere. Thus, for any unit
tangential direction p! on My, by (8.4), we have

(8.7) R (l/t,ut,z/t,,ut) = — Uut X ut‘g -3 (Vt x b - El)ﬂ

m C
> —(1—-3—= 0
= 23 ( r2> > 5

where we have used the fact that ' and p! are unit vectors and per-
pendicular to each other.
By Riccati equation, any principal curvature ! of M; satisfies

d _
(8.8) A= ()T RO
where ! is the corresponding unit principal direction. By (8.7), we have
the convexity. q.e.d.

Now, we consider the following quantity:

Definition 31. Suppose the ambient space is a Schwarzschild man-
ifold with mass m. For every leaf M, suppose H{, H} are the mean
curvatures of M; with respect to the metric ds?, d3?, respectively. Let

1 m

= Hf — H! —

Q1 877/]\/[t( 0 l)degt+2?
where dVj, is the volume form of M; and f is defined by (8.1).

We observe that if the metric on My is sufficiently close to the canon-
ical metric on the round sphere, we have the monotonicity of Q.
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Lemma 32. The quantity Q; monotonically decreases along the ge-
odesic flow (8.2).

Proof. The proof is modified from [45]. Taking the trace of the Ric-
cati equation, we have
dH{ dvy .
— L = HidV,
dt dt 0% e

where h? is the second fundamental form of M; with respect to ds? and

= —Juf

— Ric (ut, I/t) , and

{htlz is the square summation of the eigenvalues of h.
We calculate @Q; using the parabolic equation (8.3) and the formula
(8.5),
d

it Ju, Hy (1 —ut) fdvg,

u”! 2 ot
= — T(U_ 1)*R fdVy,
My

+ / = (ut = 1) Ric (v',1) | +uAof] dV,
My

r

/
+/ Hy (1 —u ) L2y,
My

By the static equation, we have

&’ f daf

=Af=—-2 + H=

0=247= "Gz tHy

where A is the Laplacian of the metric ds® in Ng and A; is the Laplacian
on M,; with respect to ds?. Then, using (8.5), (8.6), the expression of

Ric (Vt, I/t) in section 2 and the explicit formula of f, we obtain

Ir
r

+Atf7

/ [—(1 —w)Ric (V' V') f+ulf + Hip' (1 —u™?) avy,
M;

-1 2yt ¢ M
- 1 — )2 Hbp! e dV,.
[t wrae s,

Thus, we obtain

d -
o [, ) g,

—1
= R (R 2 (0 00)
M

—1 27t ¢ M
— u (1 —u)“H dVy,,.
/]\/[ : ( ) 0¥ 273 gt
Lemma 30 states that the geodesic flow can preserve the convexity,

therefore, the right hand side of the above formula is non-positive. Thus,
we have the monotonicity. q.e.d.
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In the following, we investigate the asymptotic behavior of the prin-
cipal curvatures. By (8.5) and ¢! = v/72 — C, we have

m C mC
=\/1-— 1_7 1-— - =+ =22
\/ \/ r r2+r3

The right hand side of the above equality is bounded from below. We
can easily check that r(¢,-) monotonically increases to infinity as ¢ ap-
proaches infinity. Thus, for a sufficiently large T, if ¢ > T, we have

m 1 m 2r—m 1
=1-— — T =r—r(T)+—=log———+0 | -] .
T 2r+0 (7"2)’ and ¢ r—r( )—1—2 og 2r(T)—m+ (r)

Since r(t, ) monotonically increases with respect to ¢, by (8.7), fort > T,
we obtain

m
yre TRV, ) < 7
Where —R ( b vt ) is the sectional curvature of the plane spanned
by ut,vt. Thus, we have

d\t
‘ ENGR L
(8.9) (\)"+ w =g s
Therefore, we obtain, for ¢t > T,

1 logt
[
A _t+0< 2 >

By (8.4), the sectional curvature of the ambient space along the tangent
vector fields is O (%3) Using Gauss equations, we have that the scalar

curvature of M; is
¢ 2 0 logt

We investigate the asymptotic behavior of the metric tensor on M.
vt is the unit normal vector field of M; with respect to ds?. Evidently,
we have

. vt vt 1
Dvt-Dvt =d—— — Bd——+0 =g92+0 |-,
Vile = Ve t

where - is the standard Euclidean inner product, |-|g is the correspond-
ing norm and gs2 is the standard metric on the round sphere. Thus, we
have

m
(N + 5

gla, = t2Dvt - DUt 4 O(tlogt) = t2gse + O(tlogt).
Then, the asymptotic behavior of the area form is
dV,, = t*dV, + O(tlogt),

where dV/ is the standard area form of S2. Using a similar argument as
in [44], we have the following lemma:



THE WEYL PROBLEM IN WARPED PRODUCT SPACES 299

Lemma 33. There exists a unique solution to the initial value prob-
lem (8.3) in [0,400) and the asymptotic behavior of the solution wu is

logt
()_1++o< > )
where mg is a constant.

Finally, we calculate the ADM mass of the metric ds?. Let {z!,---,
2"} be the standard coordinate of R™. The ADM mass of a metric g is

defined by
1

o . agij agu j
ADM(g) =5 | <azi T 9. ) F e

It is well known that ADM (ds3) = mw, where w is the area of the
round sphere. Let

ot ot
bij = (u ) 021 027"
Using Lemma 33, a straightforward calculation shows
8[)1']' (%n . 2m0 ot O logt
0zt 8z 12 0z 2 )

Thus, we have

2 dt or
ADM(b) =2 li ——dVy =2 .
(b) = 2mo  lim /Sz Z t dr 8z moe

By the choice of u in (8.3), the scalar curvature of d3? is the same as
ds?, thus is nonnegative. An application of the positive mass theorem
[44] for Lipschitz metrics in asymptotic flat spaces with nonnegative
scalar curvature immediately yields

ADM (ds*) = ADM (ds§) + ADM (b) = (2mg +m)w > 0.
Now, we can prove Theorem 6.

Proof of Theorem 6. By the monotonicity, it suffices to check that 2Q);
converges to ADM (ds?). We can find that

tlginoo 2Qt
_ . 1 ¢ -1 m
= 2t£~r:10087r/ng0(1_u ),/1—7dVgt+m
= 2mg+m > 0.
Thus, we complete our proof. q.e.d.

Remark 34. We believe that this type of inequality holds in any
AdS-Sch space.

We have proved an inequality (1.6) for convex surfaces of which the
metric is closed to the metric of the round sphere. An interesting prob-
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lem may be how to drop the constant m. At the end of this paper,
we calculate the quantity defined in Definition 31 for the radius 1 slice
sphere and its convex perturbation constructed in section 5 in the same
AdS—Sch space. It seems that the positive constant m may be dropped,
if the two surfaces lie in a same space.

We write down the second order approximation of the convex pertur-
bation constructed in section 5 and also use the notations of that section
with n = 2. In AdS—Sch spaces, the warping function f is defined by
(1.4). Let 7 be the position vector field of the radius 1 slice sphere. We
let (u!,u?) be a spherical coordinate of S?, which is

S0 1 2 2

7(ut, u?) = (cos u! cosu?, cosul sinu?, sinul).

We define a vector field

y= (e + e20(sinu') + 630(sinu1)) 0

023
where € is a sufficiently small positive constant and 0,0 are two smooth

functions of one variable to be determined later. Then, by (5.13), we
let

. t
o(t) = —212/0 W(1,s,e€)ds

where the function ¢ is defined by (5.8). Using a similar argument of
section 5, we can find a function 6 such that the above vector field §
defined by 0, 6 satisfies

d(F+ ) - d(¥' + ¢) = dr- dr.

Thus, the convex surface 7+ ¢ is isometric to the radius 1 slice sphere.
We denote

e=0

vd) _ LM -1_ k-m
2 2121 20—m+k)
Then, we have the approximation of the square distance function p of
the surface M defined by the vector field ¥+ ¢/ with respect to €,

(8.10)

1 1
ple) = §|F+ 7% = 3 (14 2esinu' + (1 + 2asin®u')) + O (€°),

where | -|g denotes the standard Euclidean norm. By (2.11), the second
fundamental form and the support function are

fp 2
Pij = FPipj — [ 9ij |V p|2
(8.11)  hij = , o =14/2p— ,
Y fe f?
where the comma indicates covariant derivatives of p with respect to V.
In our example, the mean curvature is defined by H = —g"h;;, where

g is the metric of the round sphere. By a straightforward computation,
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for the surface M, we have the following expansion with respect to e:

6 H 3m m+2k o 3
_ —f — 1= dV = -—— O .

4m Sg[2f mjLﬁj} g 41—m+/£6+ (<)
Since 24/1 —m + x is the mean curvature of the radius 1 slice sphere,
the quantity calculated above is nothing but the mass defined by (1.6)
without extra m/2. Thus, if € is sufficiently small, we have

/ [H—Z\/l—erfi fdo > 0.
S2

Remark 35. Recently, Lu and Miao [32] considered the local version
of the Riemannian Penrose inequality in the Schwarzschild manifold,
thereby clarifying our previous example.
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