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THE RICCI FLOW ON THE SPHERE WITH MARKED
POINTS!

D. H. PHONG, JIAN SONG, JACOB STURM & XIAOWEI WANG

Abstract

The Ricci flow on the 2-sphere with marked points is shown
to converge in all three stable, semi-stable, and unstable cases.
In the stable case, the flow was known to converge without any
reparametrization, and a new proof of this fact is given. The semi-
stable and unstable cases are new, and it is shown that the flow
converges in the Gromov—Hausdorff topology to a limiting metric
space which is also a 2-sphere, but with different marked points
and, hence, a different complex structure. The limiting metric
is the unique conical constant curvature metric in the semi-stable
case, and the unique conical shrinking gradient Ricci soliton metric
in the unstable case.

1. Introduction

A central theme in geometry is to characterize geometric structures
by canonical metrics. The Uniformization Theorem achieves this for
smooth compact Riemann surfaces. In higher dimensions, a well-known
conjecture of Yau [63], broadly stated, is that the existence of a canon-
ical metric should be equivalent to a suitable notion of stability in geo-
metric invariant theory. When the structure is not stable, it is expected
that a canonical metric should still exist, albeit with singularities or on
an adjacent structure. A model scenario is that of holomorphic vec-
tor bundles £ — M over a compact Ké&hler manifold M. When F is
stable, a Hermitian—Einstein metric will exist, by the celebrated theo-
rem of Donaldson—Uhlenbeck—Yau [21, 58]. When E is unstable, the
Yang—Mills flow will converge instead to a Yang—Mills connection on the
double dual of the Harder—Narasimhan—Seshadri filtration of E. This
last statement was conjectured by Bando and Siu [1]. It was proved in
dim M = 2 by Daskalopoulos and Wentworth [17], and very recently
in general by Jacob [24], Sibley [41], and Sibley and Wentworth [42],
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building on the ideas of Donaldson [21], Uhlenbeck and Yau [58], and
Uhlenbeck [57].

When we pass from holomorphic vector bundles to complex mani-
folds, the Yang—Mills flow is replaced by the Ricci flow. The major
questions are then to determine the metric, the complex structure, and
the singularities which would emerge from its long-time limit. This ques-
tion is significantly more difficult than in the Yang—Mills case, because
the equations are more non-linear, and the group of diffeomorphisms is
more subtle than the group of gauge transformations. The case of posi-
tive curvature has proved in particular to be quite challenging, and there
are still few reasonably complete results. In particular, the convergence
of the flow is closely related to the geometric stability of the underlying
Kahler manifold, in accordance with the principles of Yau’s program
[63]. Two very recent important advances are the work of Tian—Zhu
[53] in 3 dimensions, and the work of Chen—-Wang [12] in all dimen-
sions, on the convergence of the flow to a soliton with mild singularities.
However, it is not known whether the solutions can be extended across
the singularities, and what would be the limiting spaces and metrics.

The purpose of the present paper is to provide the complete analysis
of the Kéahler—Ricci flow in a situation where the flow may cause the
complex structure to jump.! For this, we need to consider a geometric
situation where there may be instability. The simplest is the case of
Riemann surfaces with conic singularities. Before describing our results
on the Kahler—Ricci flow on Riemann surfaces with singularities, we be-
gin by discussing the existing body of works on Kahler—Einstein metrics
and Kahler—Ricci solitons on such surfaces.

First, we need the notion of metrics with conical singularities on a
Kéhler manifold. In [62], Yau considers complex Monge—-Ampere equa-
tions with a singular right hand side as a generalization of his solution
to the Calabi conjecture and he derives various important a priori esti-
mates. In particular, Yau obtains local regularity for solutions of com-
plex Monge-Ampere equations with conical singularities. The general
Schauder estimates for equations of background conical Kahler metrics
are established more recently by Donaldson in [20]. The analysis is con-
siderably easier in the case of Riemann surfaces. Let M be a compact
Riemann surface, and p a given point on M. A metric g on M is said
to have a conical singularity at p if it can be expressed as

(L1) 9= /)2 2| dz?

near p, with f(z) a bounded function. Here z is a local holomorphic
coordinate centered at p, and 8 € (0,1) is a constant. The constant /3
is sometimes referred to as the weight of g at p, and the cone angle of
g at p is 2(1 — B)w. To lighten the notation, we denote by g both the

'Please also see [49, 60] for some examples from the smooth Kihler-Ricci flow.
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metric and the corresponding Kéhler form gef (2)| 2| ~2P|dz|?, when
which is intended is clear from the context. Kéhler metrics with conical
singularities have been extensively studied.

More generally, we consider a compact Riemann surface M with given
points p1, - - -, pk, and weights 3; associated to each point p;. We denote
by S the divisor 8 = Z§:1 Bjlp;], and refer to the data (M, ) as a
pair. Throughout this paper, we always assume that §; € (0,1) for

j=1,..,k If g is a C? metric on M \ 3, the Ricci curvature can be
defined on M \ 8 by the usual formula

J—1 _

For simplicity, we identify each Kéhler metric with its associated Kéahler
form. If, in addition, g admits a conical singularity with weight g; at
each point pj, then the Ricci curvature Ric(g) can be defined on the
whole surface M as a current

Ric(g) = Ric(g) + Z Bilp;l,

where [p;] is the Dirac measure at p;. Th1s is because, in two dimensions,
the contribution 199 f of the conformal factor f in (1.1) cannot include
a singular measure if f is bounded and C? away from the point p. We
restrict ourselves to metrics g with conical singularities whose Ricci
current Ric(g) is still in ¢;(M), i.e., the same Chern class as the Ricci
curvature of smooth metrics on M. This means that

k
:/ Ric(g) = Ric(g) + > B;,
M j=1

M\B

and, hence,

k
Ric =y(M) — i = M, pB).
. (9) = x(M) ;B X(M, B)

where the second equality just defines the Euler characteristic x (M, 3)
of the pair (M, j).

The metric g with conical singularities is said to have constant Ricci
curvature if it satisfies Ric(g) = pg on M \ (B for some constant u.
In view of the requirement that Ric(g) is still in the same Chern class
c1(M), it follows that the constant p must satisfy the constraint
X(M,B) = p [;9- If we normalize the metric g so that [, 9 = 2,
the equation of constant Ricci curvature becomes

(12) Riclg) = 3x(M, B)g

on M\ f. The metrics with conical singularities and constant Ricci cur-
vature on Riemann surfaces (M, 3) with weights have been extensively
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studied by Troyanov [56], McOwen [30], Luo-Tian [28]. When the pair
(M, B) has Euler characteristic x(M, 5) < 0, it has been shown in [56]
that it always admits a conical metric with constant Ricci curvature,
and that such a metric is unique up to scaling. Clearly, x(M, ) can be
strictly positive only when

k
(1.3) M =S§? Y i<
j=1

Henceforth, we shall make these assumptions. In this case, there are,
indeed, in general obstructions for the existence of metrics with con-
ical singularities and constant Ricci curvature. More specifically, the
following is known:

e When k = 1, equation (1.2) does not admit a solution. Instead,
one can construct a unique rotationally symmetric compact shrinking
soliton g € ¢1(S?) (the tear drop) [61, 4, 37].

e When k = 2, if 51 = [, there exists a unique rotationally symmetric
solution of equation (1.2) (the football) [13, 4, 37].

e When k = 2 and 31 # 2, equation (1.2) does not admit a solution.
Instead, one can construct a unique rotationally symmetric compact
shrinking soliton g [61, 4, 37].

e When k£ > 3, there does not exist any holomorphic vector field on
S? fixing p1, ..., p since any holomorphic vector field can at most vanish
at 2 distinct points. Then the equation (1.2) admits a unique solution
if and only if [56, 28]

k
Qman ﬁj < Z’BJ

J=1

Next, we describe what is known about the Ricci flow on the sphere
S?. The case without marked points and conic singularities has been
completely settled by the work of Hamilton [23] and Chow [13]. The
orbifold shrinking gradient solitons on S? have been classified by Wu
[61]. The Ricci flow for metrics with conical singularities on Riemann
surfaces was first studied by Yin [64, 65], who provided an important
analytic framework as well as a proof of the long-time existence, and
convergence of the flow when x(M,3) < 0. Another approach to ex-
istence results for the Ricci flow for metrics with conic singularities
was given by Mazzeo, Rubinstein and Sesum [29], using an extensive
machinery of polyhomogeneous expansions, conormal distributions and
b-spaces. They also prove the convergence of the flow on any stable
pair (S%,8). When the pair (S?, 3) is not stable, they argue for some
notion of “geometric” convergence (see Theorem 1.3 as well as section
§5, and especially Proposition 5.3 in [29]). The fact is that the case of
(S?, B) not stable presents some significant new difficulties which were
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absent in the stable case and which cannot be bypassed. On one hand,
the existence and global structure of the limiting space have to be de-
termined, and it is far from evident a priori that the limiting space is
another pair (S?, Bs), or even that its singular set is closed. In fact,
all conical singularities except the main one may converge to a single
limiting conical point, and, thus, the injectivity radius will converge
generically to 0, preventing any application of Hamilton’s compactness
theorem. Furthermore, for the possible convergence to a soliton, one
must allow for reparametrizations, thus, ruling out techniques based
solely on multiplier ideal sheaves.

The case of pairs (S?, 8) is of particular importance as it is the most
basic example of spaces that can exhibit all three types of geometric
structures, namely stable, semi-stable, and unstable structures, and
where the phenomenon of the jumping of complex structures in the
limit can take place. It is also a good model case of the Ricci flow
on complex manifolds with singularities. We shall provide a complete
understanding of the long-time behavior of the Ricci flow in this case.
Besides its own interest, such an understanding should be valuable in the
development of any program to produce canonical metrics on singular
Kahler manifolds by the Ricci flow.

We state now precisely our results. Fix the following metric gg

on S? with conic singularities at the points {pi,--- ,pr} with weights
/817"' 7/8]6 € (071)7
6.
1L+ |22 \7
(1.4) g =] (z grs,
=\ |z —pjl
where grg is the Fubini-Study metric. Explicitly grg = g%

Note that o; = (z — pj)Q% is the defining section for [2p;], and that
Js2 93 = 2, which means that gg € ¢1(S*). We consider the conical Ricci
flow given by

39855’5) — —Ric(g) + %X(SQ, Bg®),  9(0) = go

on S?\ B, where g is a “regular metric”, i.e., a metric of the form
(1.6) go=€"gs,  ug € C™(S%), / go = 2.
SQ

Theorem 1.1. Consider the conical Ricci flow with initial metric
go satisfying the conditions (1.6). Then there exists a solution g(t) =
grs + %8&0@) satisfying

(1) p(t) € PSH(S?, grs) N L>®(S?) for each t € [0,00). p € C®(S? \
B x [0,00)).

(2) If we set g(t) = e“Mgg, then u(t) € L>®(S?) for each t € [0,00)
and u € C®(S?\ B x [0,00)).

(1.5)
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(3) For any T > 0, there exists C > 0 such
|| oo (s2x[0,17) < C-

(4) For anyt > 0, there is a unique function v € C*°(S?\ B)NL>(S?)
satisfying
1 —1_=
Riclg) = yx(8% 0)g - Yy ~000 on§*\5, [ eg=1
S2

s

This function is called the Ricci potential of g(t).
(5) For any to > 0 and any k € Z* U {0}, there exists C(k,ty) > 0
such that
sup  (|APR|? + [VAFR]) < Cryy.
(S2\B)x[to,00)
where R is the curvature of g(t), and the operators A, V are defined
with respect to g(t).

One can show that u(t) is actually continuous on S? x [0, c0) because
Agpu(t) and % are bounded on §? x [0, 7] for any T' > 0 (Aypyu(t) =
—R(t) + R(gg) is bounded and %u is equivalent to A,y u(t) on any
closed time interval). Of particular importance to us is the following
property of the spaces (S \ 3, g(t)):

Theorem 1.2. Let (Xy,d;) be the metric completion of (S*\ 8, g(t)).
Then

(1) (Xy,dy) is a compact metric space homeomorphic to S? for any
t € [0,00), with uniformly bounded diameters and curvature,

(1.7) sup diam(Xy,dy) < C, sup |R| < C,
te[0,00) §2\8x[0,00)

for some C > 0.
(2) (X, dy) is a continuous family of compact metric spaces in the
Gromov—Hausdorff topology for all t € [0,00).

To describe the convergence of the flow, we introduce the following
terminology:

Definition 1.1. Let (S?,3) be a sphere with marked points, with
k > 3. We shall say that

o (S?,3) is stable if Zle Bi > 2 or 2max;f; < Zle Bi.

e (S?,3) is semi-stable if Zle Bi <2 and 2max;j3; = Zle B;.

e (S?,3) is unstable if Zle Bi < 2 and 2max;3; > Zle Bi.

Without loss of generality, we assume that

0<51§52§--'§Bk:ﬂmam-

We have then the following main result of the paper.
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Theorem 1.3. Let (S?,3) be a sphere with k marked points, 3 =
Z?Zl B;lp;l, Z§:1 Bj <2 and k > 3. Consider the Ricci flow g(t) with
an initial metric gy satisfying the condition (1.6).

(1) If (S%,B) is stable, then the flow converges in the Gromov-
Hausdorff topology and in C*(S%\ B) to the unique conical constant
curvature metric goo € c1(S?) on (S%, B).

(2) If (S%, B) is semi-stable, then the flow converges in the Gromov—
Hausdorff topology to the unique conical constant curvature metric goo
on a pair (S?, Bso), where the divisor Bso is given by

Boo = /Bma,m[ oo] + 5macc [QOo]a

with Bmaz = Br. The convergence is smooth on S? \ {Poo,Goo}. In
particular, py converges in Gromov—-Hausdorff distance to one of the
two points poe and oo, while p1, ..., pp_1 converge to the other.

(3) If (S%,B) is unstable, then the flow converges in the Gromov-
Hausdorff topology to the unique rotationally invariant shrinking soliton
Joo 0N the pair (S%, Bso), where the divisor B is given by

Boo = Br [poo] + 51/6 [QOo]a

with By, = > ;1 Bj. The convergence is smooth on S?\ {Poo, @0 }- In
particular, pr converges in Gromov-Hausdorff distance to the point pso
while p1, ..., pr—1 converge to Goo-

We remark that the stable case (1) in Theorem 1.3 is proved in [29].
In the unstable case (3), we also show that py, ..., pp_1 converge to g in
distance exponentially fast as t — oo (c.f. Lemma 7.11). We conjecture
that in the semi-stable case (2) in Theorem 1.3, the convergence of
P1, -y PE—1 1O oo 18 in distance with polynomial decay.

The present paper is a substantially revised and improved version of
the paper with the same title which was posted as ArXiv:14.07.1118. A
first significant improvement is the proof of a conjecture left open in the
original paper, on the convergence in the unstable case of the conic sin-
gularities p1, - ,pr_1 t0 ¢o. The second significant improvement is a
self-contained proof of the long-time existence and Perelman monotonic-
ity for the conical Ricci flow. The original paper ArXiv:14.07.1118 had
relied on the results of Yin [64, 65], by quoting directly his long-time
existence results in suitable Schauder spaces, and by using his methods
for the proof of Perelman monotonicity. Besides being self-contained,
the proof in the present paper of the long-time existence of the conical
Ricci flow and Perelman monotonicity applies to a more familiar class
of initial metrics g (see Theorem 1.1) than metrics defined in the more
subtle Schauder spaces that Yin [64, 65] had introduced specifically for
the heat equation on surfaces with conic singularities. The main idea
is to use smooth approximations of conical metrics, and make use of
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traditional techniques for the twisted Kéhler—Ricci flow as in [16] and
[45, 46]. It is likely that the idea will also be useful in higher dimensions.

The paper is organized as follows. In Section §2, we establish the long-
time existence of the conical Ricci flow, together with basic estimates
for the conformal factor, the Kahler potential, and the Ricci potential.
As a consequence, we obtain the essential fact that the scalar curvature
and the diameter are uniformly bounded along the flow. Since in two
dimensions, the scalar curvature determines the full Riemannian curva-
ture, we are in a situation similar to that considered in [32], with the
key additional complication that the manifolds are not compact, and
the injectivity radius not bounded from below. In Section §3, we es-
tablish Perelman monotonicity for the conical Ricci flow. This requires
some delicate arguments of integration by parts. Section §4 is devoted
to the analysis of the long-time behavior in the stable case. In this case,
the functional Fj is proper, and we adapt the arguments in the smooth
case to show the convergence of the flow. The Perelman monotonic-
ity for the conical Ricci flow is only needed for this section, but not
for the remaining sections on the Gromov—-Hausdorff convergence in the
semistable and unstable cases. Section §5 is devoted to the proof of the
sequential convergence of the flow in the Gromov-Hausdorff sense, by
combining Cheeger—Colding theory, the partial C? estimate, and Hamil-
ton’s entropy. The limit is a sphere with marked points, equipped with
either a metric of constant curvature or a shrinking gradient soliton.
The semi-stable case is treated in Section §6: we derive a weak lower
bound for the functional Fjg which allows us, nevertheless, to show the
existence of a sequence of times along which the Ricci flow converges to
a metric of constant curvature. The unstable case is treated in Section
§7. We show that the limiting metric cannot have constant curvature,
and, hence, it must be a soliton with rotational symmetry. We further
prove that the conical Ricci low must uniformly converge to a unique
shrinking Ricci soliton with two conical points and such a soliton metric
does not depend on the choice of initial metric.

Some basic facts about the a-invariant and the F-functional for pairs
(S?, B) are summarized in the appendices.

Acknowledgments. The second named author would like to thank Xi-
aochun Rong for many stimulating discussions.

2. Long-time existence for the conical Ricci flow

In this section, we establish some general properties of the conical
Ricci flow, including the existence of long-time solutions ¢(t), and the
identification of the metric completion of the space (S?\ 3) for each time
t. The main idea is to use a smooth approximation of conical metrics.
This bypasses the problem of solving partial differential equations on
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open manifolds. The key quantities such as the metric g(¢), the con-
formal factor u(t), the Kéhler potential ¢(t), and the Ricci potential
v(t) are obtained by smooth convergence over compact subsets of S?\ 3.
Nevertheless, we can establish L>°(S? \ 3) bounds for u, Vu, ¢, Vi, v
Vi on any finite time interval [0, 7.

2.1. A smooth approximation of the initial metric. Let gg be the
initial conical Kéhler metric satisfying (1.6), and consider the following
approximating smooth Kéhler metrics for € > 0,

B,
1+ |z !
(2.1) go,e = "0 H <H> gFs,
J

|z —pjI> +e

where a, is the normalizing constant so that [ go = 2. Then

5.
1+ 2% > I
—Qe __ UO
grs,
/82 H (Iz—p 2+

and a. is uniformly bounded for e € (0,1) with ac — ap =0 as € — 0.
Clearly,

(2:2) go.c > Cyrs,
for some constant C' > 0 independent of €. Define the (1, 1)-form 6. by
(2.3) Zﬁjiaa log(|z — p;|* + €).

Then the Ricci curvature Ric(woe) of wo e is given by

1 =1 —
(2.4) Ric(goc) = 5X(S?, B)grs + O — =5 —00up.

Let ¢, be the Kéahler potential of the approximating metric go, i.e.,

1/il _
(2.5) 9o,e = grs + ?a&bs, supgz e = 0.

The function ¢, is then the unique solution, with the normalization
indicated, of the following smooth Laplace equation on S2,

Bi
(2.6) Agesde = e I ( (L+]21%) ) -1
j

|z —pjI* +e

Lemma 2.1. There exists a constant C' > 0 so that, for all e € (0,1),
we have
(2.7) [@ellzoe + [[Vellgo < C-

Furthermore, for any k > 0 and K CC S?\ {p}, there exists Ci ¢ such
that

(2.8) [ellcr iy < Crie for all e € (0,1).
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Proof. The right hand side of the equation (2.6) is uniformly bounded
for all € € (0,1) in LP(S?, gpg) for some fixed p > 1. The L estimate
then follows immediately from the Laplacian estimates and Sobolev em-
bedding.

We now prove the estimates for [[Vo||g, ., using the techniques for
combining gradient estimates and Yau’s Schwarz lemma first used in
[45, 46]. For the remainder of the proof, we denote by just A and V
the Laplacian and gradient with respect to the metric go.. We also
suppress the subindex € in ¢.. Using the equation A¢ =1 —trygrg, we

find

AV = |[VVe +|VV6[ + R(9)|[Ve|* — 2Re(Viry(grs), Vo)
(2.9) > [VVO[* +|VVe|* = 2Virg(grs)| Vo] — C1| Vo[,
since R(g) is bounded from below by a constant —C independent of .

Next, let A be a constant so large that A+ ¢ > 1 on S%. A straightfor-
ward computation gives

Vol*. AV Vo o Vel AgVe
2100 ACGg) = a5y "B Vg T e
On the other hand, we can also write
Vo Vo>, Vgl V¢ VIVe|
Relare VT e = rer Pelaraate’
Vo' [Ve[*(IVVe| + [VV)
(At (A+¢)?
1 |[Vo[*  1(|VVg| +|VV9g|)?
(2.11) = 3 U+eP 2 A+e

Fix 0<d < %. The above inequalities imply

Vg|® Ve|* Vo Vg|®

AGIES) = 8 sars =21 = ORel s VD)
1 [(|Vg]*A
(212) i (8 4 1wy (ars)l V6l + UV ).

The troublesome term is |Vtrg(grs)| |V¢| on the right hand side. To
handle it, write

Atrg(grs) _ [Virg(g9rs) |2

(2.13)  Alogtry(grs) = try(grs)  (trg(grs))?

The left hand side can be recognized as
(2.14)

— Alog g + try(grs) Arslog grs = R(g) — trg(grs)R(grs) > —Cs,
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where (s is a constant independent of €. Thus, we have

° Vitrg(grs)?

Vitr
(2.15) Atry(grs) > Virggrs)” Catrg(grs) = Cs.

trg(grs) trg(grs)
Set then
\V4 2
(2.16) H = Lf‘d) + Mtrg(gps).
We have
2
At = AT 4 s Ay grs
Vol* [Vitry(grs)|® V¢
+2M(1 - 5)Re<AVJF¢¢, Vtrg(grs))
B <\V¢I2A¢ [Vitrg(grs)| V| +01|V¢\2>
(A+¢)? A+¢ '

The terms involving |Vtry(grg)| can be grouped into

[Vitrg(grs)|?

+2M(1 = §)Re(=22 Viry(grs))

trg(grs) A+9
 [Vtrg(grs)| Ve
A+ ¢
o M |[Virg(grs)l® ) Vgl
T2 trg(grs) (A+9¢)¥

if M is large enough, and the constant Cjy is allowed to depend on M.
Since A¢ is bounded, we obtain in this manner
Vol* Vo Vo|?
———= —2(1 - §)Re(——,VH) - C .
A gp 20T ORG VI =G s
It follows now from the maximum principle, applied to the function H,
that the function |V¢| is uniformly bounded in e.
Finally, the estimates for ||¢e||cr (k) are standard local estimates in
linear elliptic theory. q.e.d.

(217)  AH>§

2.2. A smooth approximation for the Ricci flow. We consider
now the approximating Ricci flow

9.
ot

It is an example of a twisted Ricci flow with a positive (1, 1)-form 6., as
considered in [16]. When e = 0, it coincides with the Ricci flow. If we

. 1
(218) = 7ch(ge) + §X(S2, 6)96 + 967 ge|t=0 = Jo,e-
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let ge = grs + gagcpe, then the corresponding flow for ¢ is given by
the parabolic Monge-Ampere equation,

Dpe grs + —2_185% 2 |2 —pil* +e
=1 G (S . Jog - Bl T

5 = o8 o~ + -x(57, B8)¢ +—%’/% %8 T 1P

(2.19) Pelt=0 = Pe.

Lemma 2.2. The following hold.
(1) For any T > 0, there exists C > 0 such that for all € € (0,1),

el Loo (52 x]0,17) < C-

(2) For any T > 0, there exists C = C(T') > 0 such that for all e € (0,1)

sup |ue| < C,
S$2x[0,T
_ uelt (1) |7

where g(t) = et )H]- (m) grs-

(3) For any K cC S?\B3, T > 0 and k > 0, there exists C = Cr 1) > 0,
[pell e x xjo,77) < C-

Proof. The proposition follows from general results from [45]. How-
ever, we include a proof for completeness.
Let H = ¢¢(t) — ¢e. Then

5 o + %2 00H
(g7 — Do H =log == 2= & H, H|ig = 0.

Then the maximum principle immediately implies that for any 7" > 0,
H is uniformly bounded on S? x [0,T] for all € € (0,1). Since ¢ is
uniformly bounded, this proves (1).

Next, at

8 aSDg 71 8806
(8t_ e) ot _2X( 76) at'

The initial value

8906 90,e

|z —pj* +e
SQ J
s ' 3 Z/BJ T+ |2

’t o=1lo g
is uniformly bounded for all € € (0, 1) because ¢ is uniformly bounded.
The maximum principle immediately implies that for any 7" > 0, there
exists C' > 0 such that for all € € (0, 1),

(2.20) o
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On the other hand, the defining relation for the conformal factor v can
be rewritten as

pj] +e€

2.21 ¢ e =1 1
(2.21) Ue + @ og +Zﬁj og FuEE

Comparing this with the equation (2.19), we find

e
ot
Thus, the uniform boundedness of u, follows from that of ¢, and dp./0t,
proving (2).

Finally, from the estimates for 2 e
there exists C' > 0 such that for all € € (0, 1),

1
(222) = Ue + Qe + §X(S2v 5)906

\Band T >0,

| Aoell oo (5 x[0,77) < C,

where A is the Laplacian operator with respect to grg. The higher
order estimates follow immediately from the standard linear parabolic
theory. The proof of the lemma is complete. q.e.d.

2.3. Perelman monotonicity for the approximating flow. We
consider Perelman’s W-functional for the twisted Ricci flow as intro-
duced in [16]

Wolg.1.7) = [ eIm(r(R = tr,(0) + V1) + )iV,
and the corresponding twisted p-functional,

T) = inf Wol(g, f,7).
po(g, ) recmio, @itk [ e-tavymt 0(g, f,7)

It is proved in [16] that ug is increasing along the Ricci flow, and that
Perelman’s estimates can be exactly reproduced for any fixed smooth
positive twisted form #. In our situation, X = §%, 7 = 1/2, 6 = 0..
Thus,

Lemma 2.3. Let g.(t) be the solution of the twisted Ricci flow (2.18).
There exists C > 0, such that for all € € (0,1),

Mo, (ge(t)7 1/2) > —C.

Proof. By its definition, the initial gg  has uniformly bounded diam-
eter for € € (0,1) and its curvature is uniformly bound below in view
of (2.4). Also the volume of go, is uniformly bounded above and below
away from 0 for all e € (0,1). Hence, the Sobolev and Log Sobolev
constants are uniformly bounded. Together they give a uniform lower
bound for the jp_-functional at the initial time. The lemma follows from
the monotonicity of pyg,_. q.e.d.
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We define the twisted Ricci potential v, by
0
(2.23) Ve = LA ce(t), / e ge(t) = 1.
ot §2
The function v, is the twisted Ricci potential in the sense that

. 1 -1
Ric(ge) = gx(S%ﬂ)ge + trg. (6e) — 5 —00ve.

Lemma 2.4. There ezists C > 0 such that for all € € (0,1),

(supClel + Vel + 1)) oo < C.
S

Proof. The bound for v, follows from the bound for dp./0t estab-
lished in (2.20). To establish the bound for |[Vv|y, , we note that

1
UE’tZO + Ce(o) =up + ae + §X(S2a B)¢e

Then ]
(|vv€|ge) =0 < |VU0|go,e + §X(S2’/8)|v¢5’g(),e <C

by Lemma 2.1 because gpg is bounded above by a positive multiple of
go,e- Finally, let R. be the twisted scalar curvature defined by

(2.24) Rc = R(ge) — try be.

At t = 0, the explicit formula for R(go.) given in (2.4) shows that
|R| < C. Since Agve = R — 1x(S?, 8), the desired estimate follows.
q.e.d.

Lemma 2.5. There exists C > 0 such that for all € € (0,1) and for
all t € [0, 00)

SLlQp(‘Ug‘ + ’VUE’ge + |Age7)s’) <C,
S

(2.25) diam(S?, g.(t)) < C, —C < R. < C.

Proof. The same argument of Perelman for the Fano Ké&hler—Ricci
flow [39] have been shown to generalize to the twisted Fano Kéhler—
Ricci flow by [16]. In particular, the bounds only depend on the lower
bound of the p-functional at the initial time as well as the bounds of
[Vel, |VVelg., Ag.ve at the initial time (see the proof of Lemma 2.2 in
[35] for such bounds of a family of the Kéhler—Ricci flow). Since the
g -functional is uniformly bounded from below for all € € (0,1), the
resulting bounds for v., Vv, and Ay v, are all uniformly bounded in
e € (0,1) and ¢t € [0,00) from Lemma 2.4. q.e.d.

Lemma 2.6. For any k > 0, tg > 0 there exists Cj 4, > 0 such that
for all e € (0,1),

sup (|A§€Re‘ + |vgeAZ€R6|ge) < Choto-

S2x [to,00)
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Proof. We consider the evolution of |VR|?. There exist A, B > 0,
such that

O|VR|? _
|at‘g€§A96|VR6‘2_|VQEVQERE|§6_|Vg€VgERE’§e +A(R3+B)|VR€|35
Let H = t|VRe’3€ — 2M R? for sufficiently large M > 0. We have

OH

o S A0 H - M|VgR? + R+ C,

because R, is uniformly bounded. The maximum principle immediately
gives a uniform bound for H and, thus, ¢|Vy R[> on §? x [0, c0).
We now pick any § > 0. Let

G =(t—06)Ag R+ N|Vy Rl
on S? x [§,00). Then there exists C' > 0 so that

0G
< —_
5, <80.G-CG+C

on S? x [§,00). By the maximum principle, G is uniformly bounded
above on S? x [§,00) and so is (¢t — §)Agy Re. The lower bound of
(t — 0)Ay Rc is obtained by applying the maximum principle to (¢t —
§)Ag.Rc+ N|Vy.R|2 .

The proof of the lemma is completed by repeating the procedure
applied to |V, A*R,| and (A, )*1R.. q.e.d.

We noticed after we finished writing our paper that the conical
Kéahler—Ricci flow was treated similarly in [27] by applying approxi-
mation of twisted Kéhler-Ricci flow with results in [16]. The argument
in our case is simpler and the curvature estimates are stronger, due to
the low dimension.

2.4. Proof of Theorem 1.1 and Theorem 1.2. Now we can take
limits and let g(¢) = lim¢ 0 ge(t) after passing to a convergent subse-
quence. Theorem 1.1 follows immediately. We note also that the same
limiting process shows that the curvature of the metrics along the con-
ical Ricci flow is uniformly bounded on S?\ 3.

Next, we establish Theorem 1.2.

Part 1 follows from well-known arguments in Riemannian geome-
try because the conformal factors are uniformly bounded and converge
smoothly away from finitely many points, and the sectional curvature is
uniformly bounded below. More precisely, we fix t. Then any sequence
of points {z;} in S?\ B converging to a point p ¢ S*\ 8 with respect to

2 Bj
g(t) must also converge in distance with respect to [] j (@pﬂé) ! grs
J
because u(t) is bounded. But such a sequence of points must converge
to a unique conical point p € S?. This implies that (X;,d;) is homeo-

morphic to S2.
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For fixed ¢, we consider the sequence {(S?, g1/;(¢))};. Then the diam-
eter of (S, g1/;(t)) is uniformly bounded below, the volume is always 2
and the curvature is uniformly bounded below. Applying the Cheeger—
Colding theory for degeneration of non-collapsed Riemmanian mani-
folds with Ricci lower bound after passing to a sequence, (S?, g /;(t))
converges to a compact metric length space (Y, dy). By the smooth con-
vergence of gy/;(t) to g(t) on §*\ B, (Y, dy) must coincide with (X;,dy),
the metric completion of (S?\ 3, ¢(t)) by the almost geodesic convex-
ity results of Cheeger—Colding theory. In particular, the diameter of
(Xt,d;) is uniformly bounded above for all ¢ € [0,00). The uniform
curvature bound follows immediately from the uniform bound for R,
for all € € (0,1) and the smooth convergence of g.(t) to g(t) on S?\ B.
One might also apply the Alexanderov theory for Riemann surfaces with
sectional curvature bounded below.

For Part 2, it suffices to prove the family of metric spaces (S?, g(t))
is continuous at some tg > 0. For any € > 0, there exists an open neigh-
borhood U of 8 such that diam(U,g(t)) < €/2 for t € [0,2t] because
g(t) is uniformly equivalent to grg on a fixed closed time interval. There
exists 0 > 0 such that for ¢ € [ty — I, tp + 0],

den((S*\U,g(t)), (*\ U, g(t0))) < /2,
because g(t) converges smoothly to g(tp) on S?\ B as t — tg. By the
triangle inequality, for all t € [ty — d,t9 + ],

den((S%,9(1)), (8%, 9(t0))) < e.

We also obtain the following approximation using the solution g (t)
of the approximating twisted Ricci flow.

Corollary 2.1. There exists K > 0 such that for all t € [0,00) and
§ > 0, there exists a smooth metric g, 5 € c1(S?) such that

R(gt,(;) > _K7 dGH((S27g(t))7 (SQ,gt,é)) < 5
We conclude this section with two important gradient bounds:

Lemma 2.7. For each T > 0, there exists a constant Cp so that for
all t € 10,7,

(2.26) IVelze + [Vull~ < Cr.
Proof. We shall show that
(2.27) IV@ellpe < Cr.

This will imply the desired bound for ||V||p~, since V. and g con-
verges uniformly to V¢ and g(t) on compact subsets of S? \ /3.

We apply the same argument as in Lemma 2.1 for the proof of the
bound for [Véey, .. Notice that

Acpe =1 — trg, (grs)
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is uniformly bounded on [0,7] for all € € (0,1). By a straightforward
calculation as in the proof of Lemma 2.1, we have

AVeclZ = |VeVepdl? + IVeVepdls, — 2Re(Virg, (grs), Vo) g,
+R(96)|V‘PE|§€

IV Vepels, + |VeVepel? — 2Re(Virg, (grs), Ve g,
—C|Veelg,

2
9

v

since R, is uniformly bounded. Similarly, arguing as in the proof of the
inequality (2.15), and using the fact that try, (grg) is uniformly bounded
on [0, 7], we have

|Virg (grs)]5

- CTa
trg. (9rs)

Actrg, (9rs) >

for some uniform Cp > 0. Then we apply the maximum principle to

Vel

= TPl gy ,
SOG+A+B gs(ng)

where A = supc(o.1)SUPs2x[o,7) |¥e| and B is some fixed sufficiently
large constant. Then H is uniformly bounded on [0, 7] because

5|V [* 22§
AH > V|

R VH,? a. — Cs,
~ 2.+ A+B) . +A+B el Pelge = Co

for some fixed sufficiently small 6 > 0. The desired bound for |Ve|
follows. Finally, in view of the equations (2.22) and (2.23), we have

(2.28) Ve — Ce(t) = ue + ae + %X(SQ, B).-

Thus, the uniform bound for |V,| implies a uniform bound for |Vu,|,
and, hence, for |Vu|, by taking limits over compact subsets of S?\ 3 as
€ — 0. This completes the proof for the lemma. q.e.d.

3. Perelman monotonicity for the conical Ricci flow

In this section, we introduce the W-functional and establish Perelman
monotonicity for the conical Ricci flow itself. This cannot be obtained
by taking the limits of the W-functionals for the approximating Ricci
flows, because the convergence of the approximating flows is only over
compact subsets of S?\ 3 and the limiting W-functional is different from
the W-functional for the conical Ricci flow.

Consider the unnormalized conical Ricci flow on (S?, 3),

(31) ar _2ch(g)7 g‘t:() =4do = euogﬁ7
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for some ug € C*(S?). Suppose g(t) solves the conical Ricci flow on
[0,T). We define

32) W - R+ |Vf2 2 0
82 Wt = [ GV m>0
We define

(3.3) wlg,7) = inf Wi(g, f,7).

Jio =L g=1,feC(s?)

4T

From its definition, ¢g(¢) has bounded curvature and it is equivalent
to gg. Then the log Sobolev constant for g(t) is bounded and, hence,
u(g(t), ) > —oo for all 7 > 0.

3.1. A maximum principle. The next lemma is a maximum principle
which holds thanks to the existence of a geometric barrier.

Lemma 3.1. Let g = g(t) be a C° metric on (S*\ B) x [0,T]. Let
f€C?((SP\B) x [0, T))NL>(S? x [0, T)) satisfy the following differential
1mequality

(3-4) Onf = Dgf +b(2,t) f,

where Ay is the Laplacian with respect to g, and b(x,t) is a bounded
function.
(1) If f(x,0) > 0 for all x € S*\ B, then f(z,t) > 0 in (S*\B3) x [0,T];
(2) If f(2,0) > 6 > 0 for all z € S*\ B and some constant § > 0,
then f(x,t) > de~tle on (S2,8) x [0,T]. In particular, f(z,t) > 0
on (S?\ B) x [0,T].

Proof. We prove (1) first. Replacing f by fe~“* for some large posi-
tive constant A, we can replace b(z,t) by b(z,t)— A, and, hence, assume
that b is strictly less than —B, for any fixed positive constant B. Let
f=Ff—eclog H§:1 |sj|2 where s; is a holomorphic section of KS_21 with
3
KS}l. The function f satisfies the differential inequality

divisor [2p;], normalized so that |s;|? < %, with h a smooth metric on

k
(3.5) Ouf > Agf +bf +e(k Ry + blog [ ] Is;13).
j=1

and, thus, since Ry, is the contraction of the curvature of h with g and,
hence, bounded,

(3.6) of = Agf +0f,

if we choose B to be sufficiently large. Since f — +o00 near each of
the conical singularities p;, it must attain its minimum somewhere in
(S2\ B) x [0, T]. Assume that this minimum is strictly negative, and let
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to > 0 be the first time when it is achieved, at some point 2o € S? \ 8.
The above differential inequality would imply that

(3.7) 8tf(x0,to) > b(xo,to)f(xo,to) > 0.

But this would imply in turn that f must have attained values strictly
lower than f (x0,t0), which is a contradiction. Thus, the minimum of f
must be non-negative. Letting ¢ — 0, it follows that f is non-negative,
and (1) is proved.

Next, we prove (2). This time, we set f = f —ee 4. Then the
function f satisfies the differential inequality

(38) Ouf > Dgf +bf +e(A+b)e > Ay f +bf,

for A = |[b]|g~. In view of Part (1), we have f>0forallt e [0,T],
if f > 0att = 0. Thus, we choose ¢ = §, and obtain the bound
f(z,t) > de~tlbllie> a5 claimed. The proof of Lemma 3.1 is complete.

q.e.d.

3.2. Regularity of the coupled system. Suppose g(t) is a solution of
the conical Ricci flow on [0, T"). We would like to show that u(g(t),T—t)
is increasing along the Ricci flow, just as in the case of smooth manifolds.
For this we fix T', and consider the following coupled system of equations
(3.9)

%90 = 2Ricto), 220

with 7 =T —t, tg € (0,T), Fy € C*(S?) and F > 0.

= A\ — R(t)F, F’t:to = Iy,

Lemma 3.2. There exists a unique solution F(t) solving the linear
equation (3.9) satisfying

(1) F € L™(S? x [0,t0]) and F € C*(S%*\ B x [0,t0]).

(2) infSQX[O,to] F>0.

(3) For any k € ZT U {0} and 0 < 6 < to,

(3.10) sup  (|VF|+ |AF|+ (to — t)*|AF]) < <.
SQX[J,to}

Proof. We recall the approximating twisted Ricci flow in Section 2.
Here we consider the unnormalized flow

aag; = —2Ric(ge) + 26k,

which only differs from the normalized flow by a reparametrization. The
form 6, is the same as in (2.3). Then we consider the linear equation,

_OF,

ot

where R, = R(gc(t))—0.. Obviously, there exists a unique F. € C*(S? x

[0,%0]) solving the above equation. Since R, is uniformly bounded on

- AeFe - ReFea Fe|t:to = FO’
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S? x [0,t] for all € € (0,1), the maximum principle implies that there
exists C' > 0 such that for all € € (0,1),

sup |Fe| < C.
SQX[O,t()]
By the maximum principle, there also exists ¢ > 0 such that for all
€ (0,1),

inf F. > c.
S2><[0,t0]

The evolution for V|2 is given by

a 2 2 2 = 2 2
—oVEL, = AVEL, — [VVeE — |[VVEf;, —2R|VE],

+2ReVe(RF,) - VF — trg, (6c)|VF2,
< A|VFE, — [V VF|? = |V VE|: + CIVE],

for some uniform C' > 0 which only depends on § because |VR€|£2]€ is
uniformly bounded on [§,%p]. On the other hand, the evolution for
F, = atﬁ is given by

OF.

ot

for some uniform C > 0 which only depends on § because A R, is

uniformly bounded on [4,%y]. We can use then the same arguments as
before for the twisted scalar curvature. First we notice that

a 2 2
_ <
( 5 A6> (AF.)? < —|VAFP +C,

:AeFe _ReFe_ReFe_zReAeFe < _CF67

)
(- - AE> IVAF], < —|V VAL~V NVAF +CIVAF,

ot
0
(_0t -4 ) ot ’81&2

for some uniform constant C' on [d,tp]. Then applying the maximum
principle to

H = (to — t)|[VAF2 + A(AF)?,
and
Gy = (to — t)*(A)’F + A(to — t)|VALF|? + A*(AF)?,
and
G= — (to — )*(A)’F. + A(t — t0)[VAF|], + A*(AcF)?,

for sufficiently large A > 0, we can show that there exists C' > 0 such
that for all € € (0,1),

sup (H+G4++G-) <C.
S2><[5,t0}
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The desired solution F' can now be obtained as the limit of F/; as
j — oo after passing to a convergent subsequence. The lemma follows
from the uniform estimates we obtained above because F' is smooth
away from [ by the standard linear parabolic theory. q.e.d.

3.3. Continuity of the W-functional along the coupled system.

Lemma 3.3. Let (g, F) be the solution of the coupled system (5.9).
Then W (g, f,T) is continuous on (0,to].

Proof. Let ¢; be a sequence of cut-off functions 0 < ¢; < 1 on S?
such that each ¢; vanishes in a neighborhood of 8 and for any compact
set K in S?\ 3, ¢; uniformly tends to 1. We can further assume that

sup |V¢j|2g — 0.
tel0,to] JS2?

We first prove the continuity on (0,tp). We fix any time interval
[0,t0] C (0,tp]. Then for any € > 0, there exists j > 0 such that for all
t e [5, to],

< €.

—f
W(g, f.7) ‘/ S(r(R+IVIP) +f ~2)5—g

This is because R, f and |V f| are all uniformly bounded on [, to].
However, all the data are smooth on §?\ B x [0,ty], therefore,

fgg\ﬁ i (T(R+|VfI2)+f—2)¢ 47rTg is continuous. Then for any ¢’ € [9, t¢],
there exists §; > 0 such that
t

e_f
e ([, o@D+ -0 g
S2\8 T .
for all t € (' — 01, 4 01) N [d,to] and so

|W(g(t)’f(t)vt0 - t) - W(g(t/)vf(t/)’tﬂ - t,)‘ < 2e.

This proves the lemma. q.e.d.

<€,

Lemma 3.4. Let (g, F) be the solution of the coupled system (3.9).
Then for any t € (0,t],

u(g(t), T —t) <W(g(t), f(£), T —1).
Proof. We fix t € (0,to] Let

E-O+qﬂ@ﬂﬂ+ﬂ—%»eCW§%/l%—L

SQ

Since F(t) is bounded and positive, F; will be uniformly bounded above
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and below from 0. In particular, €; — 0. Let Fj = (477)"2e~/i. Then
a straightforward calculation shows that

u(g(t). T — ) < lim W(g(t), f5(0),T — t) = W(g(t), (1), T — t).

Jj—00

q.e.d.

3.4. Monotonicity of (g, 7). We can complete now the proof of the
monotonicity of the function u(g,7) along the Ricci flow exactly as in
Perelman’s original arguments (c.f. [55]). Thus, set

(3.11) wv= <T(2Af —|Vf?+R)+ f - 2>Z;j_, F = (4n1)"te ),

We need the following lemmas on integration by parts:

Lemma 3.5. Let g = e%gs with u € C®°(S*\ B) N L>®(S?). If f €
C>(S%\ B) N L™(S?), and

3.12 inf Af>—
(3.12) Sga\ﬁf 0,

then |V f| € L*(S?%,g) and

(3.13) /Sz(Af)g —0.

Proof. Since Af > —C on S? \ 3 for some C > 0, f is quasi-
subharmonic on §?\ 3, i.e.,

L;aéf +Cg>0,

where g = grs+ ‘/2—?8590(15) is the Kéhler current associated to g(¢) and
it has bounded local potentials. On the other hand, since f € L>(S?)
and [ is a set of finite points (hence, pluripolar), f can be uniquely
extended to a bounded quasi-subharmonic function on S?. The Chern—
Levine-Nirenberg inequality immediately implies that Af is integrable
and integration by parts is valid for bounded subharmonic functions

/SQ Vil = _/82 f(Af)g < oo, /SQ(Af)g = 0. qe.d.

Lemma 3.6. Let F' be the unique bounded solution of the coupled
system (3.9). Then for any t € (0,to),

2
inf A <|VF| > > —00
S2\g F
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Proof. A straightforward calculation shows that

A <|VF|2> _ |VVF?+|VVF|? + 2Re(VAF,VF)
F F
—2Re( 9°*9°*(V,V . F)V:FV; F>
F
_3|VF|2AF N 2|VF|4 N R|VF|?
F? F3 F

Since F, F~!, VF, AF, VAF are bounded, the above formula implies
that there exists C' > 0 such that

F 2
A <|VF|> > —C. q.e.d.

The next lemma follows immediately from the preceding two, because
F, |VF| are bounded:

Lemma 3.7. Let F' be the unique bounded solution of the coupled
system. Then for any t € (0,tp),

IVFPP\
/S2A< fa g =0.

We return to the study of the W-functional.

Lemma 3.8. Suppose F' is the solution of the coupled system (3.9).
Then for any T =T —t with t € (0,1),

(3.14) Wig.f.r) = [ vate)

Proof. Since F, |[VF| and AF are all bounded for any fixed t € (0, t),
the lemma follows directly from integration by parts.

Now the same calculation on the smooth part S?\ 3 as in Perelman’s
original arguments gives

(3.15) 0% = —27|Ric(g) + Hess(f) — (21)~ g|24m_

where 0% = —% — At + R(t). It follows that
8W 0 .
16) o fr) =5 [ w0 = [ (Ov—Awg.  aed

Lemma 3.9. Suppose F is the solution of the coupled system (5.9).
Then for any T =T —t with t € (0,t),

[ @mae) =0
for all t € (0,tg).
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e

. . !
Proof. Indeed, v can be rewritten in terms of F' = ¢— as
[VE?

F
(3.17) v=—2TAF+T1 v

+(TR+ f —2)F.

As a consequence of Lemma 3.2, Lemma 3.6, Lemma 3.7 and Lemma
3.8, we have

(3.18) Awg(t) = 0.
S2

This completes the proof of the lemma. q.e.d.

An immediate corollary is

Lemma 3.10. For 1 € (0,ty), we have

oW -7

(0 1m) = [ |Riclg) + Hess() = (2r) g {—g(t) = 0
Furthermore, W (g, f,T) is increasing on [0, to].

Theorem 3.1. u(g,T —t) is increasing along the conical Ricci flow
forte[0,T).

Proof. By Lemma 3.10 and Lemma 3.4, we have for any 0 < t; <
to < T,

n(g(t2), T —t2) = p(g(tr), T — t1).
We now prove by contradiction that for any 0 < ¢ < T,
M(Q(t)a T— t) Z M<g<0)7 T)
Suppose there exists ¢ > 0 and ¢y > 0 such that for all ¢ € (0, ),
n(g(t), T —1t) < p(g(0),T) —c.
We solve the coupled system (g(t), F'(t)) on (0, tp] with
F(to) € C®(S%), W(g(to), f(t0), T — t0)) < u(9(0),T) —c.
Then immediately, there exists C' > 0 such that for all ¢ € (0, ¢¢],
sup |f(t)] < C, sup IV£(t)|?g(t) < C.
S2 % (0,t0] te(0,to] JS2

Let b(t) € R be the function of time defined by

(47T) ™ /S ] e F D=0 g0y = 1.

Then lim;_,o b(t) = 0 because g(t) smooth on §?\ 3 % [0,20] and g(t) is
uniformly equivalent to ¢g(0) for all ¢t € [0,%9]. Let f(t) = f(t) + b(t).
Then

/S2 R(O)e*f(t)g(o) - /82 R(t)ef(t)g(t)‘

< [ IRO) = RO Og(0) + [ ROl — elgy 0
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and
L/\vﬂoﬁef@am—1/\VﬂwPef@mw
S2 S2
f;‘/|Vfan%—ﬂme*@“m—ewﬂma»+o,
SQ

since R(t), u(t) and f(t) are both uniformly bounded and converge
smoothly away from # when t — 0. The above estimates imply that

#(9(0),T) < liminf W(g(0), f(¥),T) < (%%E]W(g(t),f(t),T—t)

< u(9(0),T) —c,

which is a contradiction. q.e.d.

4. The stable case

In this section, we prove the convergence of the conical Ricci flow
on (S?,4) in the stable case. This case is the easiest, and it does not
require the more sophisticated machinery of the other cases, because
the convergence is just the smooth convergence of the Kéahler potentials,
without any need for reparametrizations. The following is a more precise
version of Part 1, Theorem 1.3:

Lemma 4.1. If 28,4, < Zle Bi, then for any reqular initial metric
go = €e"gg € c1(S?), the comical Ricci flow converges to the unique
constant curvature metric goo € c1(S?) on (S?, ) in the sense that the
potentials o are uniformly bounded in some Schauder space C(S?) for
some o > 0, and they converge in C™ on any compact subset of S\ .
Furthermore, (S%,g(t)) converges in Gromov-Hausdorff topology to the
unique constant curvature metric goo ON (82, B).

Proof. The proof is an adaptation of the methods in [33] and [34],
exploiting the properness of the functional Fj (see Appendix B for a
brief review of F3) and the fact, established in the previous section,
that the Ricci potential v is uniformly bounded along the conical Ricci
flow.

First, we note as in [34] that if we express the metrics g(t) along the
Ricci flow as

(4.) o) = grs + 00011,

then v = ¢(t) + ¢(t), where ¢(t) is a constant depending only on the
time t. Arguing as in [34], we see that the constant c¢(t) can be made
uniformly bounded in ¢ by choosing suitably the arbitrary constant in
the definition of ¢(0). The integrations by parts in the argument are
justified because v is bounded and |Vv| is bounded. With this choice of
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normalization, we have then
(4.2) supy||@||co < oo.

This estimate together with the properness of I3 can now be shown to
imply the following key estimate for the gradient

(4.3) Volgondp <,
S2 2

and for the average of ¢ along the flow

/ P YFrs
S2

To see this, we begin by noting, as in [33], that the functional Fz and
the functional F’ g defined by

(4.4) <C.

1
(45) F(0) = Y [ 0endo—3 [ oars
8 2 Js2
are comparable along the ﬂow,
(4.6) [Fs(p) — Fi(p)| < C.

This is because their difference satisfies

—|l¢ S 7/8
ge-lleloo < /SZ 1x( “”Hlazlngng

- / e~%(g + L_ag@ < 2¢ll#llco
S2 2

which is uniformly bounded since ||¢||co is uniformly bounded.
Next, a straightforward calculation shows that Fj is decreasing along
the Kéhler—Ricci flow, and, hence, using the properness of Fg,

an  EO) 2 Fe) 2 G [ Y 0ende- o

which shows that
(4.8) / 7&0 A &p < (s,
82

for all ¢, which is equation (4.3). It follows also that |Fj(¢)| is uniformly
bounded, and, hence, that |F g(go)] is uniformly bounded. Since we
already know that (4.3) holds, the estimate (4.4) follows at once.

We can now apply the Trudinger inequality on compact Riemannian
manifolds of dimension 2: there exist constants C' > 0 and x > 0 so
that for any p > 0,

(4.9) /SQeWngSCexp(fﬁp / vl

1
890/\890+p‘2/2<pgm
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We deduce that for any p,

(4.10) sup, /2 Py < 0.
S
Next we rewrite the equation for the flow as
k
v—=1_= s _1oq2 _3
(4.11) grs + ?3390 = grge’e 2X(E0)2 H Elmes
i=1

Since e2X(*8)1¢l is in LP for any p < 0o, we can apply Holder’s inequality
and find that the right hand side of the above equation is in L for some
p > 1. By the standard W?P estimate for elliptic linear PDE, we can
conclude that

1
(4.12) ©— 2/ ©grs
S2

is uniformly bounded in W2?(S?) ¢ C%(S?) for o = 2 — %. In view of
(4.4), we can conclude that ¢ is uniformly bounded in C(S?).

We can then apply the parabolic versions ([34]) of the standard es-
timates of Aubin and Yau for the second derivatives, and of Calabi for
the third order derivatives, modified by € log Hle |oi|%.g, to obtain the
uniform boundedness of the potentials ¢ in C*°(K) for any compact
subset K CC $?\ 8.

Applying the arguments in [36] (c.f. Lemma 6.1), one can show that
lo(t)|lLe — 0 as t — oo. This implies the convergence of the poten-
tials ¢ in C* on compact subsets of S? \ 3 for a subsequence o(t5).
Since the limit is unique, the convergence along subsequences implies
the convergence of the whole flow. The Gromov-Hausdorff convergence
follows immediately because [|¢[lca(s2,gpq) and [|¢]lco(s2, gpg) are uni-
formly bounded for all ¢ > 0 for some fixed a > 0 and the standard
sphere metric grg. The proof of the lemma is complete. q.e.d.

5. Sequential convergence of the conical Ricci flow

The sequential convergence for the conical Ricci flow in both the
semi-stable and unstable cases can be established as follows.

Lemma 5.1. After passing to a subsequence, for any sequence t; —
oo, the spaces (S% g(t;)) converge to a compact length metric space
(X, d) satisfying the following properties:

(1) X is homeomorphic to S?;

(2) the singular set D is a finite set of isolated points;

(3) (X\ D, d) is a smooth surface equipped with a smooth Riemannian
metric with volume 2.

In particular, the convergence is smooth on X \ D.
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Proof. We first apply Corollary 2.1 for g(t;) so that we can find
smooth metrics g; for all j such that

R(g;) > —K, dau((S*,9(t;)), (8%,95)) <57,

where K is the constant in Corollary 2.1. In particular, g; € ¢1(S?)
and the diameter of (S?, g;) is uniformly bounded. We can now di-
rectly apply Cheeger—Colding theory and obtain a Gromov—Hausdorff
limit (X, d), a compact metric length space, after taking a convergent
subsequence of (S?, gj). Without loss of generality and by passing to
a convergent subsequence, we can assume that (SQ, g(tj)) converges to
(X,d) in Gromov—Hausdorff topology.

We would like to show that the singular set D of (X,d) is finite
and that, in fact, it coincides with the set of limiting points of the
conical points along the sequence (S?,g(¢;)). Let D’ be the set of all
the limiting points of the conical points. Obviously, D’ must be finite.
Furthermore, D' C D because by (1) the volume comparison, (2) the
uniform lower bound of the curvature, and (3) the fact that the angles
of all the conical points are less than 27(1 — (%), there exists § > 0 such
that, for any conical pj, the geodesic ball By (pj,r) has volume less
than (1 — 0)Bg(0,r) for all ¢t > 0 and r € (0, 1], where Bg(0,r) is the
Fuclidian ball of radius r.

We will show that D = D’. Suppose P € X \ D', then there ex-
ist a sequence of points P; € (S?,g(t;)) converging to P in Gromov—
Hausdorff sense. Since D’ is finite, we can assume that the distance
from P to D' is bounded from below by 2r > 0. Therefore, the distance
from P; to the set of all conical points in (S?, g(¢;)) is bounded from
below by r for sufficiently large j. We then consider the sequence of
balls Bg(tj)(Pj,r), which do not contain any conical point. Since the
curvature of g(¢;) is uniformly bounded on By ,)(Pj,r) and one has
uniformly nonlocal k-collapsing for all (S2, g(¢;)), the injectivity radius
of any point in Bg(tj)(Pj,r/A) is uniformly bounded below by apply-
ing Klingenberg’s lemma (see Section 8.4 in [55]) for a fixed sufficiently
large A > 0. Therefore, Bg(t].)(Pj, r/A) converges in C1* after passing
to a convergent subsequence by Gromov’s compactness theorem. This
implies that P must be a regular point of X and so D = D'.

We can now establish the partial C%-estimates as in [22]. Of course,
one has to make a slight modification and this is essentially the case
studied in [10, 52]. However, in our situation, the singular set is much
simpler since there is no singular set of Hausdorff codimension greater
than 2 and, thus, each tangent cone of (X,d) is a flat metric cone on
C. This implies that each tangent cone is good, i.e., one can construct
appropriate cut-off functions. Hence, one can immediately obtain the
partial C%-estimates for the evolving metric g(t). More precisely, there
exist € > 0 and N > 0 such that for all t+ > 0 and any p € S?, there
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exists o € HO(S?, KS_QN) satisfying

(lo2(g))™) (p) > e, / o2(g(t) N+ = 2.
SQ

Here ¢(t) is the volume form of g(¢) and so it is a hermitian metric on
KS_QI. Suppose P is a singular point in (X, d). Then any tangent cone at

Poo Must be a metric cone C, on C with a cone metric g, = %85\2]27
for some v € (0,1] with 0 being po. The trivial line bundle on C,
is equipped with the hermitian metric e 1#1”. Let 0 < F < 1 be the
standard smooth cut-off function on [0, 00) with F' =1 on [0,1/2] and
F =0on [1,00). We then let

pe=F <1n6 ) , ne = max(log|z|?,2loge).
oge

Then one can show by straightforward calculations that

/ IVpel*gy < C(—loge) ™",
C

for some fixed constant C' > 0 uniform in € € (0, 1]. Obviously for any
K cc C* and § > 0, there exists sufficiently small € > 0 such that
pe = 1 on K, suppp. CC C*. Using the construction of p., one can
prove the partial C%-estimate as in [22].

We can now make use of the arguments of [22]: the existence of the
above sections o(g(t)) for any ¢ implies that the surfaces (S?,g(t)) can
be uniformly imbedded into some CP?, separating points, and that the
limit of their images must be a normal variety. Since this normal variety
is a projective degeneration of S?, it must be S.

From Shi’s local estimates [40], namely that uniform bounds for the
curvature along the Ricci flow on any bounded domains implies similar
bounds for the derivatives of the curvature on smaller domains, the
convergence on X \ D is smooth and the limiting metric is a smooth
metric on X \ D. The lemma is then proved. q.e.d.

Xijaochun Rong has pointed out to us that one can apply Perel-
man’s stability theorem for Alexandrov spaces instead of the partial
C%-estimate to show that X is homeomorphic to S%. But what was
established above via the partial C? estimate is slightly stronger: the
image in PV is a smooth P!, excluding the possibility of singular ratio-
nal curve which is also homeomorphic to S?, e.g., a rational curve with
cuspidal singularities.

To identify the metric on the limiting space, we make use next of
Hamilton’s entropy functional [23], defined for metrics with infgz R > 0
by

(5.1) N:/leogRg.
S
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The assumption infge Ry > 0 can be removed by a trick of Chow [13],
which still works in exactly the same way in the case of the sphere with
marked points (c.f. Section 8.2, Chapter 5 [15]), after replacing R by
R — s, where s is defined by % = s(s — 3x(S% B)) with 5(0) < infgz Ro.
Thus, we can, henceforth, assume that infg2 R > 0.

Lemma 5.2. Let v be the Ricci potential defined as in (2.22). Along
the conical Ricci flow, we have
ON VR + RVu|?
ot /Sz - R
if infge Ry > 0.

1
(5.2) 9—2/'vv»—<Awm%,
S2 2

Proof. From the flow equation for R and the maximum principle
Lemma 3.1, it follows that infgz R > 0 for all ¢ if infg2 Rg > 0. Thus, the
entropy functional N is well-defined for all time. It suffices now to ap-
ply the same arguments as in Hamilton [23]. The integration by parts
which are required are justified in the lemmas which we state below.

q.e.d.

Lemma 5.3. Let g = e“gg be a conical metric with u, Vu, and Au
all bounded, where A is the Laplacian with respect to g. Then

/ \Vzu\2g:/ (Au)2g+/ R:V'uVju g.
S2 S2 S2

In particular, [o |V?u|?g < co.

Proof. Let pe be a family of cut-off functions pe, 0 < pe < 1, with the
following properties: for any € > 0 and any K CC S\, p. € C5°(S?\5),
pe=1on K, and [ [Vpe|>gs < €.

/pfvivjuvivjuzz/ pﬁvipevjuvivju/ p? VIuV'V,;Vu
s2 S2 S2
=2 / PV pVIuV;V ju — / p2VIuV V'V u
S2 S2
+/ szz-VjuViu
SQ
:/ pz(Au)2—|—/ png»Vjuviu
S2 s2?

—2/ pEVipEVjuViVju—i-Z/ pevjpevjuAu.
S2 S?

Hence,

‘L@WW—L&@W—L@@WWW

/ peV' p NV uV;V ju +2’ / peV ip VI uAu
S2 S2

<2
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1/2 1/2
s2< / |Vu|2|we|2> ( / ,o2|v2u|2>
S2 S2
1/2 1/2
w2 ([ we?) " ([ wuiv)
S2 S2
1/2
sz( / |Vu|2|vpe|2>
SQ
) ) 1/2
([ = [ e~ [ i)
S2 S2 S2
1/2 1/2 1/2
+c(/ |Vu|2|vp€|2) +z(/ mr?) </ |Vur|w|> ,
S2 S2 S2

for some uniform constant C' > 0 since |Vu|, Au and R are bounded.
Then the proposition is proved by letting ¢ — 0. q.e.d.

More generally, we have the following proposition, which can be
proved in exactly the same way:

Lemma 5.4. Let g be a conical metric g = e“gg as in the preceding
lemma. Suppose f € C®(S?\ B)NL>(S?), with |V f|, Af bounded, and
V(Af) € L. Then

/S2 |V2f|2g:/Sz(Af)29+/SQR§'Vifvjf .

where A is the Laplacian with respect to g. In particular,

/S2 V2 f?g < oo.

Since Rlog R is bounded from below, the entropy N is bounded from
below, and Lemma 5.2 implies immediately

Lemma 5.5. If infs2 Ry > 0, then
t+1 1
(5.3) lim IVVov — 5(Av)g|2g ds = 0.

t—o00 s—t S2

The following lemma will help establish the limiting soliton equation
of the conical Ricci flow. It should be well-known in complex analysis,
but we include the proof since we cannot find exact references.

Lemma 5.6. Let f(z,Z) be a smooth real-valued harmonic function
on the punctured disc B* C C. Then

f(z,2) = Re(F(2)) + clog |2[%,

where F(z) is a holomorphic function on B* and ¢ € R. In particular,
if ef € LY(B), then F extends to a holomorphic function on B.
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Proof. Let h be the exponential map from the left plane
{w € C| Re(w) < 0} to B*. Then u(w) = h*f(w) = f(e") is also
a harmonic function satisfying u(w + 2my/—1) = u(w). Since the left
plane is simply connected, there exists a complex conjugate v(w) for
w(w). In particular, Vo(w + 2m/—1) = Vo(w) for all w and we can
define a holomorphic function G satisfying

G(w) = u(w) + vV—1v(w) — cw, G(w + 271iv/—1) = G(w),
for some ¢ € R. Hence,
f(z,2) = Re(G(log 2)) + clog|z|,

and F'(z) = G(log z) is obviously a holomorphic function on B* because
G(w+2m1y/—1) = G(w).
If e/ € L'(B), then

/ef:/‘zfcheFﬂF < 0.
B B

Hence, 2™ is a holomorphic function on B for some sufficiently large
m € ZT and this implies that F' cannot have a singularity at 0. The
proof of the lemma is complete. q.e.d.

oF/2

Lemma 5.7. Let t; — oo. Then by passing to a subsequence,
(S%,g(t;)) converges in Gromov-Hausdorff topology to one of the fol-
lowing:

(1) a conical metric space (S?, Bso) of constant curvature 1—% Zle Bi,

(2) a rotationally symmetric conical shrinking gradient Ricci soliton

on (S?, Boo) with Boe = Bpee [Poo) + Bgoc [Go0] with 0 < B, < By, < 1.

Proof. Using Lemma 5.1, we see that the flow converges smoothly on
X\ D. Since R = Av+ 1x(S?, 8) and v is uniformly bounded in C?, it
follows from the standard estimates for the Laplace equation that v(t;)
is locally bounded in C%“ for all j near any limiting point in X \ D,
where D is the singular set of X. After passing to a subsequence, we
can assume that (S2, g(¢;)) converges in Gromov—Hausdorff topology to
(S2,d) equipped with a smooth Riemannian metric g, on S?\ D, where
D is the singular set of (S2,d). Then v(t;) converges smoothly on S?\ D
to v satisfying on X \ D

1

(54) R(goc) = 5X(8% 8) + Acctie.

Furthermore, from the curvature bounds and injectivity radius bounds,
for any domain K CC S? \ D, we can apply the local version of Hamil-
ton’s compactness theorem for the Ricci flow, i.e., there exist domains
Kj cC S?\ D and diffeomorphisms ®; : K — Kj, such that the Ricci
flow g(t; +t) for t € [0, 1] converges to a smooth family of Riemannian
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metrics goo(t) for ¢ € [0,1] on K satisfying the Ricci flow

0¢oo(t ) 1
=ll) —  Ric(goe(1)) + x(S% B)gcl0). 900(0) = g
In particular, v(t; +t) converges to v (t) smoothly on K x [0, 1] after
reparametrization.
We claim that on S? \ D, we have

1
V2 Voo = §(Avoo)goo.
Otherwise, there exists a domain X CcC S? \ D such that
. 1
1%f V2 Voo — §(Avoo)goo|goo > 0.

Then there exists some ¢ € (0, 1) such that

1 2

5 (Bgac )00 () g0 (D) g, 1) > 0,

. 2 .
inf [V )vee(t) 5

K x[0,0]

in particular,

1
1
L L1900 a0l = 50O 98 > 0.

From the smooth convergence of the Ricci flow g(t;+t), this then implies

that
ti+1

lim inf V20 — 1(A1})g|§ g dt > 0.
Contradiction by Lemma 5.5.

Hence, (goo,Vo0) is & shrinking gradient soliton on X \ D. In partic-
ular, X, =7 Ovs is a holomorphic vector field on X \ D. From the
partial CO-estimate, g, extends to a Kihler current with bounded local
potentials. Since vy, is bounded in W12(S?) with respect to a fixed
smooth metric on S?, X4, must extend to a holomorphic vector field on
S2.

We consider the following two cases:

1) X is trivial.

In this case, vy is a constant and the limiting metric is a con-
stant curvature metric on S? \ D. Suppose that D = { P}, ..., P,}.
We choose holomorphic sections o; € H°(S?, —Kg2) such that o;
vanishes at P; of order 2. Let grg € c1(S?) be the standard smooth
sphere metric on S?. From the partial C? estimate and the fact
that the limiting metric has constant curvature 1 — %Zle B; on
X \ D, the limiting equation must be of the following form

J—_1 _
Joo = gFs + ?889000

— (1= X B (g06) 175 it Bi |y |~ Tia BiF

grs)
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for some bounded potential ¢ and some smooth harmonic func-
tion F on S?\ D. Lemma 5.6 implies that the preceding equation
can be rewritten in the following form

k
e—(l—% > izt Bi)¢oo
l i 2’)/2'
Hi:l |o; grs

This implies that g is a conical constant curvature metric. The
fact that the cone angle of each conical point is less than 27 implies
that v € (0,1/2), and Zézl 2y, = Zle Bi, from the Gauss—
Bonnet formula.

2) X is nontrivial.

J_1 _
Joo = grs + ?aa@oo = grs-

Each nontrivial holomorphic vector field on S? can vanish at two
distinct points at most and the imaginary part of X is a Killing
vector field induced from an S'-action. This implies that D can
have at most two points fixed by X, and the limiting soliton
metric g, must be rotationally symmetric. By the same argument
as for the case of X, = 0 or directly by solving an ODE equation,
we see that the limiting metric must be a conical shrinking gradient
Ricci soliton metric on S? with 0, 1 or 2 conical points. We denote
(S?, Bso) the limiting conical sphere. In particular, 3, # 0, by the
Gauss—Bonnet formula.

Combining the above, Lemma 5.7 is proved. q.e.d.

6. The semi-stable case: 23,4, = Zle Bi

The goal of this section is to obtain a sequence converging to a conical
constant curvature metric space along the conical Ricci flow on a semi-
stable pair (S2, 3).

The first step in the proof is to establish the following lower bound for
the conical functional Fg(p): let g(t) = gg+ %a&o(t) be the solution
of Ricci flow (1.5). Then for any € > 0, there exists Cc > 0 such that
for all t € [0,00) and ¢ = p(t),

v—=1
2T

(6.1) Fs(p) > —¢ dp A Op — C..
S2

To do this, we introduce for each € > 0 the following approximation
F3 () of the functional Fpg(p) of (B.2),

V=1 _ 1
F S _ -
B.e(®) - /S2 Op NI — 5 /S2 ©g3

1 10q2
| —(ex(8%.8)—e)p+hs , -
%X(8275) — € Og/ ‘ 98
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We claim that for any e € (0,3x(S% B)), the functional Fjs () is
bounded from below,

(6.2) Fpe(p) = =Ce,

for all ¢ € PSH(S?, g3) N L>(S?). This can be shown by the following
argument. First by Corollary A.1, the conical alpha invariant is equal to
% for the semi-stable pair (S?, 3). By the interpolation method in [47],
the Euler-Lagrange equation for the functional Fg.(y) is a Monge-
Ampere equation which can be solved by the method of continuity for
these values of € (see [47]). By the results of [3], the corresponding
functional Fj ¢(¢) must be bounded from below by a constant for these
values of e.

The lower bound for the functional Fj . implies the following lower
bound for the functional Fj,

Fs(p) > \g?/ggawAaw—;/Q@%
_X(Si,ﬂ)(log/gz —(5x(8%,8)- E)wgﬁ_anfSQSO)
+)<(8226,,8)<\/8?/S2 8@/\590—;/82 pgs + infg20)
(6.3) > x(Sie,B)(g SQ&M&/)—;/SQ ¢gp + infge) — Ce.

By Theorem 1.2 and the remark at the beginning of Section §6, we
know that the curvature and the diameter along the conical Ricci flow

are uniformly bounded. We let gg = g + ga&/} and g(t) = g +
_1 851/14- F@Ego( t), where g € [gs] is a smooth Kéhler metric and ¢ is

a ﬁxed continuous function in PSH(S?, §). Let g; be the approximating
smooth Kéhler metrics for g(t) for a fixed ¢ after applying Corollary 2.1.

Then there exists C' > 0 such that g; = § + F(‘)@(w + ;) satisfy
Ric(gj) > —Cygj, diamyg,(§%) < C, |pj — ¢(t)|1=(s2) = 0,

for all j > 0. Then the Green’s functions G; for g; are uniformly
bounded below for all j and so

Sinf( g < 1/<w+%><g+raa<w+m>+f(

IN

1
/ 0% A Bp; + 3 / eigs + K",
SQ 2
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for fixed K, K’ > 0 because ¢ € PSH(S? §) N L>®(S?). Hence, by
letting 7 — oo, we have

: V=1, = 1 "
(6.4) infyp < i 5¢A9@+2/S2S09ﬁ+K7
since ¢; converges to ¢ in L, where K” only depends on K and not
on t. Substituting this inequality into (6.3) gives the desired inequality
(after a renaming of €).

We remark that in the last step, we can avoid using the lower bound of
the Green’s function for the evolving metrics. It suffices to approximate
the evolving metrics g(t) and ¢ by smooth metrics and potentials so
that the estimate (6.4) holds uniformly for the approximation.

The estimate (6.1) is slightly weak, since the ideal bound for the Fjp
functional should be a uniform bound from below by a constant. How-
ever, (6.1) suffices for our purpose, which is to show that the curvature
converges to a constant:

Lemma 6.1. There exists a sequence t; — oo such that the scalar
curvature R(t;) converges uniformly to 1 — Bmaa along the conical Ricci

flow.

Proof. First, a straightforward calculation shows that

0
—_ = — _e v <
8tF6(90t) /gz v(l—e"")g <0,

where v is the Ricci potential defined in Theorem 1.1. Next, we claim
that

(6.5) inf /S2 v(l—e")g=0,

te|T,00)

for any 7' > 0. We prove the claim by contradiction. If not, then
inf(pr o0y fg2 v(1 — €7 ")g > & for some fixed § > 0 and some sufficiently
large 7" > 0. This implies that

Fa(py) < =0t + Ch,

for some fixed ¢y > 0. On the other hand, by the estimate for v
established in Lemma 2.5 and the fact that ¢(¢) = v, ¢(t) has at worst
linear growth in £ modulo a bounded time-dependent constant. Thus,

[ V1000 7 Dott) = [ olt)(ga = glt) < At+Co,

for some fixed A, Cy > 0, where gg and g(t) are the Kéhler forms asso-
ciated to gz and g(t). Therefore,

Fg(pr) + 6/2 V—=10p; A D¢y
S

IN

—0t + € V—=10¢; A Op; + Cy
SQ

—(0 — Ae)t + C3 — —o0

IN
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as t — oo if we choose € > 0 sufficiently small. This would contradict
the estimate (6.1).

Since |Vw| is uniformly bounded for ¢ € [0,00), and we have k-
nonlocal collapsing along the flow, the equality (6.5) implies that there
exists a sequence t; — oo with lim;j_, supge |v(¢;)| = 0. Furthermore,
we have

lim sup lv(z,t)] =0,
T00 (2,8)€S2x [t;,t;+1]

since % = Av 4 v and v is uniformly bounded.

Finally, one can apply the smoothing techniques in [36] in the conical
setting and show that there exist a sequence t;- € [tj,t; + 1] — oo such
that

) 1
lim sup(|Vo(t))| + |R(t}) — §X(8275)|) =0.
J—00 S2

This requires only the application of the maximum principle over
[tj,t; + 1] combined with a family of barrier functions as in Lemma 3.1,
which is justified by the regularity of v. For example, for the bound
on |Vv|, we would apply the maximum principle to e=2t(v? + ¢|Vv|?) —
elog|o|?, and for Av, to e~ =D (Vo2 4 (t—1)Av) —€|o|?, and let € — 0.
This completes the proof of Lemma 6.1. q.e.d.

By Lemma 5.7, after passing to a subsequence, we can assume that
(S%,9(t;)) in Lemma 6.1 converges to a limiting space (X, d).

Lemma 6.2. The limiting space (X,d) has the following properties:

(1) The singular set D consists of two points peo, oo With weights
/Bmaxy

(2) the conical Ricci flow converges in Gromov—Hausdorff topology to
((827500)7900) with foo = Bmaz[ oo] + 5maa:[QOo]; and goo € 01(82) is the
unique conical metric with constant curvature 1 — Baz,

(3) the convergence is in C™® on S\ {Poo, @oo }-

Proof. By Lemma 5.7 and Lemma 6.1, (S, g(¢;)) converges to a
conical metric of constant curvature 1 — B,4.. The angle of pi is
2(1—=fBmaz )7, which is the smallest angle. The point py will converge to a
limiting point ps, in the limiting space (X, d) along any convergent sub-
sequence in the Gromov-Hausdorff topology. Applying the convergence
results from the theory of Cheeger—Colding and volume comparison, we
obtain

Vol(Bg(poo,sT))
Vol (BY—Bmaz (1))

.. Vol(Byq,)(pks 7))
= 500 Vol(B=Bmas (1))
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< lim lim (

j—oor—0

Vol(Byt,)(Pk:7)) Vol(Binfs2 R9(t)) (1))
Vol (B™s2 Rl9(t)) (1)) Vol (B1=Bmaz (1))

= (1 - /Bmax)v

because the curvature tends to 1 — (B4, uniformly as j — oo, where
BH(r) is the metric ball of radius 7 on S? of constant curvature H
for H > 0. Therefore, po, must be a singular point on X by volume
comparison. In particular, ps is a conical point with cone angle at most
2(1 = Bmaz)7-

Applying Troyanov’s stability condition [56] for the existence of con-
stant curvature combined with R = 1— ez on S?, we can conclude that
there can be only another conical point ¢, with the same cone angle as
Do, Otherwise, the curvature must be strictly less than 1 — B4z

Since the constant curvature metric in ¢1(S?) with two conical points
of cone angle 27w (1 — () is unique, the flow must converge to the same
limiting space for any convergent subsequence. This completes the proof
of Lemma 6.2. q.e.d.

By the uniqueness of conical constant curvature metric on (S%, 8),
the limiting metric g, must be rotationally symmetric. We now want to
show that the conical points p1, pa, ..., pr—1 Will merge into one point in
the limiting space. This would complete the proof of Part 2 of Theorem
1.3.

Lemma 6.3. Let A = {p1,p2,...,pk—1}. Then the diameter of A with
respect to g(tj) converges to 0 as t; — oco. Furthermore, A converges to
a conical point in the limiting space.

Proof. First we pick p, and let po, be the limiting point of p; along
the flow. It suffices to show that liminf; e disty(,)(pk, A) > 0 by
Lemma 6.2. This is because there is only one conical point ¢, other
than pso, and the limit of each p; must be a singular point by the volume
comparison, hence, A must converge to ¢uo.

We will prove the proposition by contradiction. Suppose that a sub-
set A" of A converges to ps instead of ¢so, say qi, ..., q with weights
Bqis -1 Bg,- We know that the limiting space is a football of constant
curvature metric. Let 2L be the distance from po, and ¢o on (X, d).
Then By, (pk, L) converges to the half football By__ (pso, L) in Gromov—
Hausdorff topology, furthermore, the convergence is smooth on
Bgoo (pOO? L) \ Bgoo (pOCH L/2)

Let K = $?\ {By.. (poo, L/4) U By (g0, L/4)}. Then for any € > 0,
there exists T > 0 such that for ¢t; > T', there exists a diffeomorphism

o1, : K — K(tj) c $*\ B,

such that
lo%,9(t5) = goollc2(k g0c) < €
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Let 77 be a smooth cut-off function on (S?\ Beo, goo) such that 0 < n(z) <
1 on S? with n = 0 on S?\ By__ (¢s0, L/2) and n = 1 on S?\ By (Poo, L/2).
Let 6+, be a smooth diffeomorphism of S? which is a smooth extension
of oy, to §? \ By..(qoo, L/4). We then define a conical metric §(t) by
(6.6) 9(t;) = ngoo + (1 —n) 1,9(t;).
Obviously, g(tj) = g on By, (¢s,d/2) and g(t;) = 67 g(t;) on
By..(pser 4/2).

Since g(t;) converges to go on K, G(t;) converges to g on K smooth-
ly as t; — oo. This implies that R(g(t;)) converge to 1 — 3 Zi:l B; in
L>®(S?), and the total volume of g(t;) converges to 2, i.e.,

limy—ye0 fSQ (tj) = 2 because By, )(Px,d/2) converges to B oo(poo, d/2)
in Gromov—Hausdorff topology as well as in measure. Therefore,

(6.7) lim | R(3(t;)3(t —2—2@

t—o0 SQ

On the other hand, by Gauss—Bonnet formula,

68 [ R0 =2 Bk—zﬁqlw—zﬁz

Equations (6.7) and (6.8) lead to contradlctlon by choosmg t sufficiently
large. q.e.d.

This lemma illustrates why one cannot apply a local version of Hamil-
ton’s compactness theorem to the local C*°-convergence as in Propo-
sition 5.3 in [29]. This is because from the partial C-estimates, the
gauge transformations come from the C*-action, and all points but px
will converge to a single limiting conical point. Thus, the injectivity
radius will always tend to 0 for generic points on S?\ 3.

7. The unstable case: 23,4 > Z 1 B

In this section, we will show that in the unstable case, the conical
Ricci flow must converge to the unique shrinking gradient Ricci soliton.
Such a soliton metric is rotationally symmetric and does not depend on
the initial conical metric.

7.1. Uniform convergence to a rotationally symmetric soliton.
First we show that if (S2, 8) is unstable, then any sequential limit cannot
be a conical constant curvature metric space.

Lemma 7.1. Suppose (S?, Bs) 45 a sequential limit of the conical
Ricci flow (1.2) on an unstable pair (S?,8). Then Boo = By, [Poo] +
By ldoo] with 0 < By < Bp.. < 1. Therefore, the limiting soliton
metric cannot be a constant curvature metric.
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Proof. Suppose (S?,g(t;)) converges to a limiting conical shrinking
gradient Ricci soliton ((S%, 8x),9s0). By the volume comparison, py
must converge to a limiting conical point, say p, such that the cone
angle of goo at poo must be at most 27(1 — Sx) by volume comparison
as the curvature is uniformly bounded. On the other hand, by the
boundedness of R and smooth convergence of R on S? \ D, we have

k
/ R(goo)goo =2~ ZB@
§2 i—1

Suppose 500 = Bpoo [p00]+2i:1 ﬁq'i [ql] ot pOintS Py q15--+,q1 €
D. Then B, > By and by the Gauss-Bonnet formula, we have

l k
Bpee + ZBQ'L = Zﬁka

i=1 i=1
and so

l k—1
D By <D Bi < Br < By

i=1 i=1
This contradicts Troyanov’s stability condition and so (S?, 8 ) does not
admit a conical constant curvature metric. q.e.d.

Lemma 7.2. Assume that (S?, Boo, sol,p..) 5 the limit of a sequence
(S2,8,9(tm)) along the conical Ricci flow as m — oco. Then (S?, Boo,
Gsol B ) 15 @ rotationally symmetric conical gradient shrinking Ricci soli-
ton. Furthermore,

Pi = Poos 1 €1, Pj = Goo, J € J,

Booe = > Bis Bae = D_ Bi»

iel jeJ

for some I C {1,2,..,k} and J ={1,2,..,k}\ I.

and

Proof. By Lemma 7.1, the limiting metric cannot have constant cur-
vature and there are at most two distinct conical points. Then by the
classification of nontrivial shrinking solitons with conical singularities on
S?, the limiting soliton metric must be always rotationally symmetric.

Without loss of generality, we can assume that for some IC{1,2, ..., k}
and J ={1,2,....,k}\ I,

Pi — Poo, bj — (oo

for : € I and j € J. It suffices to show that the weights at ps and geo

satisfy
Bpe =Y Bis B = Y Bj-
icl jed
This can be shown by the same arguments in the proof of Lemma 6.3
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by gluing and by the Gauss—Bonnet formula, because the curvature is
uniformly bounded and converges uniformly away from po, and geo.
q.e.d.

Lemma 7.3. Let S be the set of all conical shrinking gradient Ricci
solitons (SQ,ﬁw,gsoljgw) which arise as sequential limits for the Ricci
flow. Then S is a finite set.

Proof. For fixed Boo, the conical shrinking soliton (S?, Boc, gsol 5o ) 8
unique. The corollary immediately follows from Lemma 7.2 and the fact
that there are only finitely many combinations of I U .J = {1,2,...,k}.

q.e.d.

Lemma 7.4. Let g(t) be the solution of the Ricci flow. Then
(S2,8,9(t)) converges uniformly in Gromov-Hausdorff topology to a
shrinking gradient conical Ricci soliton (S*, Boo, gsolp.,) for t — 0c.

Proof. The proof is by contradiction. Suppose not. Then there ex-
ist two sequences of solutions for the conical Ricci flow g(¢;) and g(t))
converging to two distinct conical shrinking solitons (S?, 4, ¢’ ;) and
(S%,8".¢”,) in Gromov-Hausdorff topology, as | — oco. In particular,
there exists D > 0 such that

dan((S?, ), (8%, ¢")) = 2D,
and L > 0 such that for all | > L,

den((S%, 9(t)), (S%,9(1))) > D.

Without loss of generality, we can assume t; > ¢; for each . Then we
consider the function

fi(s) = dau((S*, 9((1 = o)t + 5 1)), (8%, g(t))), s € [0,1].

Since the conformal factor of g(t) with respect to g(0) is continuous,
f(s) is a continuous function with f;(0) = 0 and f;(1) > D.
Therefore, for any d € [0, D], there exist a sequence g(t; 4) such that

dan((S?, g(tra)), (S%, 9(t))) = d.

After passing to a subsequence, (S?, g(#;4)) converges to a conical shrink-
ing soliton (52, B4, gsota) satisfying

dan ((S?, gsor.a), (%, gly)) = d-

This implies that there are infinitely many distinct limiting conical
shrinking solitons from the conical Ricci flow. This contradicts Lemma
7.3. q.e.d.

We remark that Lemma 7.4 does not prove the limiting soliton is
independent of the choice of initial metrics. We will prove such a strong
uniqueness result in §7.3.
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7.2. Rotationally symmetric solitons on S?. In the previous sec-
tion, we prove that in the unstable case, the conical Ricci flow must
converge to a unique shrinking Ricci soliton metric gso; on (S?, Bso)
with

k
Boo = Bpee [Poo] + Baoo g, Bpoo T Booo = ZB]’» 0 < Bgoe < Bpeo-
j=1

Therefore, g5,y must be a rotationally symmetric soliton metric possibly
depending on the choice of the initial metric. Toric Kéhler—Ricci soliton
metrics with conical singularities are completely classified in [19] on
compact toric manifolds, generalizing the work of [59].

We consider C* in S? with holomorphic coordinates z = eg“ﬁa,
p € (—00,00), 6 € [0,27). Then a rotationally conical soliton metric
gsor O S? with conical points Bs can be identified on C* as

1 _
Jsol = Taa%
T

for some smooth function ¢(z) = u(p). The function u = u(p) defined
for p € (—o0,00) satisfies the following properties from the results in
[19].

1) «/ >0, u" > 0.

2) lim, o ' (p) = —1, lim, oo u/(p) = 1.

3) ug(ell=Pa)r) = u(p) + p and us (e~ =Prec)P) = w(p) — p € are

both smooth functions on [0, c0).
4) The soliton equation can be expressed as
o = e—ﬁu—cu'—&—ﬁTp’

where .
D _ 6poo+B(Ioo_ 2321/8]
R=1-——">==1-—""7"—+
2 2
is the average of the curvature and the constants ¢ and 7 are
defined by

T= =— .

2— Bpoo - /quo ffl eTdx

The following lemma immediately follows from the definition of 7 and
¢, and the fact that 3, > B4, > 0.

Lemma 7.5. 7 € (0,1) and ¢ > 0.

The following lemma shows that the curvature near the conical point
with greater weight 3, is smaller than R and the curvature near the
conical point with smaller weight 3, is greater than R.

Lemma 7.6. Let g,y be the limiting soliton metric on (S?, Bso). Then
there exist € > 0 and r > 0 such that

R(gso1) < R — 4e, on By, (oo, 2r),
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and
R(gso1) > R+ 4¢, on By, (40, 27).

Proof. By the calculations in [5] (c.f. [48]), the scalar curvature R of
Jsol 1s given by

'U//

. o "
=—,v=—logu".
u

Then straightforward calculations show that
R—R=—cR( —71)—

by making use of the soliton equation. From the soliton equation,
limyy o0 u”(p) = 0 because 7 € (—1,1). Therefore,

pli_}rgo(R(p) —R)=—-cR(1-71)<0, pl’}r_noo(R(p) —R)=cR(1+71)>0,

and the lemma immediately follows. q.e.d.

The rest of the section is devoted to calculate the u-functional for all
shrinking gradient Ricci solitons on S? with conical singularities. We
define the following normalized W-functional

_ o 2 —f —f,_
Wi(g, /) /SZ<2_Zflﬁi(R+|Vf!)+f>e g, /826 g=2

with g € ¢1(S?). Note that the singular time for the unnormalized
conical Ricci flow on (S?, 3) is

k
T=02-) 8)
i=1
and so
_ 1k . k
W(gaf) =2W <g7f+ log 222:7;_1617 (2 - ZBZ)_1>
i=1

2%k B
+4—21ogz2:“’8‘,
T

k
—(r+n 72‘21':1&)
(4%7)_1/ e ( T g=1.
S2

As usual, we define

_ . —f
u(g)—u}fW(g,f), /826 g=2,

with

where the infimum is taken over functions f satisfying the conditions in
the definition of p (c.f (2.1)).
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Suppose ((S?, B), gso1) is a gradient shrinking soliton with g, € c1(S?).
Then g, is rotationally symmetric and satisfies

1 1
R(geot) = (1= 5B+ ) + Dgsots V2, 0u01 = 5 (D lct) et

2
/ eamgsol = 27
S2

Lemma 7.7. Suppose ((S?,3),gs01) is a gradient shrinking soliton.
Then

(7‘1) W(gsoh _Qsol) =1- /82 asole‘gmlgsol-

and

for a unique 8,,;.

Proof. Following the same argument as in Hamilton [23], one can
show that

k k
1 ) 1
R—Abor = (1= 53 ), R+ [Vl = —(1— ;&)(9501 +0).

i=1
Integrating by parts, we obtain

1
C=1+ 2/ gsoleesolgsola
S2

and the lemma immediately follows. q.e.d.

We now compare W (gso1, —0s01) for different markings, and establish
a monotonicity formula for different conical shrinking soliton metrics.

Lemma 7.8. Let (S%,8) and (S% ') be two conical spheres with
/8 = Bp[p] + Bq[Q]y 5/ = 51/;/[29/] + /8(/1/[(]/]7 prﬂqvﬁp’vﬁq’ € [O> 1) Let
Gsol,B> sol, B’ € C1 (S?) be the shrinking gradient soliton metrics on (S?, B)
and (S2,8'). If Bp + By = By + By and By — Bql < B, — By, then

W(gsol,ﬁa _esol,ﬁ) > W(gsol,ﬁ’v _esol,ﬂ’)-

Proof. It suffices to calculate the integral fgg 016 gsor.  We can
apply the calculations in [19], since the soliton metrics are toric. The
polytope associated to (S?, ¢1(S?)) is P = [~1, 1] with defining functions
lo(x)=1—2 >0 and l(z) =1+ 2z > 0. The soliton equation for g,
is given by

Ric(gsol) = (1 - %(BO + BOO))gsol + L{gsol + BO[DO] + Boo [Doo]a

where Dy, Dy are the two points fixed by the torus action, £ is a
holomorphic vector field. We let n = |5y — Boo|- By Theorem 1.1 in



THE RICCI FLOW ON THE SPHERE WITH MARKED POINTS 161

[19], one can solve the above equation if and only if

Bo[Do] + Boo[Doc]

= (1 - (1= (B + Bo)o(r) (Do)

1
+ (1 - (1 - 5(50 + Boo)loo(T)))[Doo]
Immediately one has
_ 500 — Bo
T=—

2— /BO - /Boo
Obviously, |7| is an increasing function in 7 since Sy + Soo is fixed. Then
one can uniquely solve ¢ from the following equation

_ fil zedx
fil ectdy

In particular,

1 —2 1 1 1 2
7'(c) = (/ e”ﬂx) / :J:Qecxd:v/ e“dr — (/ xecwdac> > 0.
1 —1 -1 -1

Therefore, |c| is an increasing function in |7|. From [59, 19],
2601’

Osor = log ————,

f—l edx

and
1

! 1
F(c) = / 05016080lgsol = A_l/ (cx —log A)e“dz, A= 2/ e“dx.
S2 -1

~1
Straightforward calculations show that

2
F'(c) = % /1 z?edr /1 e“dr — </1 a;ecxda;> :
242 \ J -1 -1

Therefore, F'(¢) > 0if ¢ > 0 and F'(¢) < 0 if ¢ < 0, and it immediately
implies that fS2 Oso1€”%! gso is strictly increasing in terms of 1. This
completes the proof of the lemma. q.e.d.

Let (S?,3) be the sphere with marked points 3 = Zle Bi[pi], and
Br > > icp Bi- Welet TUJ = {1,2,...,k} be a division of {1,2,..., k}
and define a sphere with new marked points (S?, 81,;) by

Bra=>_Bilpl+ ) _ Bild-
i€l el

Then we can order the finite set {1(gsot,8; ,, —0g015, )11, DY

p1 > pl2 > p3 2 ... 2> N,
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for some N and p; = W(gsol,ﬁz,w_egsoz,mﬁJ) with I = {k} and J =
{1,2,....,k —1}. Theorem 1.3 would imply that the conical Ricci flow in
the unstable case will always converge to the conical Ricci soliton with
the highest p-energy among the finite set ;.

7.3. Uniqueness of the limiting soliton metrics. Now we prove
the unstable case of Theorem 1.3 by showing that the limiting soliton
metric does not depend on the choice of initial metric. In particular,
the limiting metric has the highest p-energy p; among i, ..., ux. In
order to complete the proof of Theorem 1.3, it suffices to show that p;
converges to poo and pi, ..., pp_1 converge to goo by Lemma 7.2.

We consider the conical Ricci flow g(t) on the unstable pair (S?, 3).
Let gy, be the limiting nontrivial soliton metric on (S?, B ) with B =

/Bpoo[ oo] + ,quo [QOo]a 0< quo < 5}700-

Lemma 7.9. There exist to > 0 and ro > 0 such that for all t > t,
and r < rg,
R(t) < R —2¢, on By (pk,7),
and
{p1,p2, s Pr—1} N By(io) (P, T0) = ¢-

Proof. First of all, by the Cheeger—Colding theory, (B (pk, 27), g(t))
converges in Gromov-Hausdorff topology to (By,,, (Poo,27), gsor). Fur-
thermore, the convergence is smooth on By, (Pso, 27) \ {poc} by Hamil-
ton’s compactness theorem.

We consider U = By_,,(Poc,2r) \ By,,,(Psc,d) for some sufficiently
small § > 0 to be determined later. Then ¢(¢) converges smoothly and
uniformly to gso; on U. In particular, there exist tg > 0 and rg > 0 such
that for all ¢ > ¢p and r < 7p, we have on B (Pk,7) \Bg(t) (pk, 20),

R(t) < R — 3¢,
from Lemma 7.6. Furthermore, we can always assume that {p1, po, ...,
Pk—1} N Byto) (Pk;T0) = ¢ after choosing a smaller rg.
On the other hand, there exists K > 0, such that for all ¢ > ¢,
sup |[VR|y4) < K.
S2

Therefore, for all ¢t > ty, we have

sup  R(t) < R—3e+ 25K < R — 2,
B (1) (pk+20)

if we choose ’

., €
5 < mln(ﬁ, Z)
The lemma then immediately follows. q.e.d.

We now will prove a monotonicity result for geodesic balls centered
at Pk
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Lemma 7.10. For any tog < t1 < to, 0 <71 < 1o, we have

Byt2)(Pks7) C By (Pr»T),

where ty and ro are chosen as in Lemma 7.9.

Proof. For any t; > tg and 0 < r < rg, we define

S ={t >t | By(prsr) 0 (8 \ By (7)) # 0}
We claim that
S =¢.
If S is not empty, then we define
T =infS € [t1,0).
By the definition of 7' and continuity of (52, g(t)) in Gromov—Hausdorff
topology,
By (pr:7) € By(ey) (Pr7)-

Since the curvature R is Lipschitz both in space and time, there exists
0 > 0 such that

sup R(z,t) < R —e.
Bg(ry (pr,r) X [T,T+6]

The Ricci flow implies that

o) _

a—g = —Ric+ Rg > eg,
and so

g(t) > eg(T), T <t <T+36.
This implies that for 7' < t < T + §, the metric is monotonically in-
creasing on [T, T + 4] and so
By (Prs7) C Byt (PEs 7).

Then it follows that for ¢ € [T, T + §],

Bg(t)(pk,"") C ﬁa or Bg(t)(pk’vr) N (52 \ﬁ) = ¢a

which contradicts the definition of T
The above claim that S = ¢ immediately implies that

Bg(tz)(plﬁr) - Bg(t1)(pk7T)7
for all t9 > t1 > tg. This completes the proof of Lemma 7.10. q.e.d.

We can now complete the proof of Theorem 1.3 for the unstable case.
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Corollary 7.1. pi converges to pse and pi,...,pp—1 converge to oo
in Gromov-Hausdorff distance as t — oo. Furthermore, the limiting
soliton gso 18 the unique rotationally symmetric shrinking soliton metric
on (52, goo) with

k—1
Bpse = Bors Baoe = By
j=1

Proof. We first note that the limiting soliton can have at most two
singularities and the limiting point of any conical point must be a sin-
gular point. Then the first statement immediately follows from Lemma

7.10. The second statement follows by Lemma 7.2. q.e.d.
Lemma 7.11. Let
Dm,...,pkfl(t) = 19.1?]?2%71 dg(t) (pi,pj),

where dg ) (p,q) is the geodesic distance between p and q in the metric
space (S?,g(t)). Then Dy, . p._,(t) converges to 0 ezponentially fast as
t — oo.

Proof. Note that pq, ..., pr_1 converge to ¢, by Corollary 7.1. By the
same argument used in Lemma 7.9, there exist ¢ > 0, g > 0 and r > 0
such that for ¢ > tg, we have on By (p1,7),

R(t) > E-i— 2€¢, P1,y..., P_1 € Bg(t)(pl,T‘).
Then we apply similar argument in the proof of Lemma 7.10 to show
that By (p1,7) is increasing in time for ¢t > t9. Then on the fixed
domain B, (p1,7) and for ¢ > to,
R(t) > R+ 2¢, g(t) < e “g(to).
Therefore, there exists C' > 0 such that for all ¢ > tg,

€t

Diamg)(By) (p1,7)) < Ce™ 2,

and the lemma follows immediately since p1,...,pr—1 € By)(p1,7)-
q.e.d.

Appendix A. The a-invariant for (S2, 3)

The a-invariant [51] can be readily extended to the case of the sphere
with marked points. We define

Al a(S? =supw
( : pa,
where « satisfies the condition
k
sup [ et T 0 5 g ) < o,
PEPSH(S2,gps)NC>=(S2) Js2 Pl

where o; € HO(SQ,KS_;) vanishes at p; of order 2, ¢ =1, ..., k.
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The following lemma is due to Berman [2]. We reproduce the short
proof below, for the convenience of the reader:

Lemma A.1. Assume that Z§:1 Bj < 2. Then

1 — By
A2 ofS?,8) = —2.
(42) &P =8
Proof. By a theorem of Demailly [8] in the smooth case, and extended
to the conical case by Berman [2], the a-invariant a(S?, 3) is equal to
the log canonical threshold Lct(S?, 3), which is defined as follows. Let

h be any hermitian metric on K§}1. Then
(A.3) Let(S?,8) = sup e,

where « satisfies the condition
k
(A.4) (/)kﬂ‘ﬁX@ﬁﬂ)II|0”—&h§x®%mU—a)<(m’
§2 i=1

for any m € Z*, o € HO(S?, KZ™).
Since f is the largest among f;, we can calculate the integral near
pr. Without loss of generality we may assume pp = 0. Then for any

0<!<2mthereisaoc € HO(S2, Kszm) which admits an expansion o =

2! f(2) near 0 for some holomorphic function f(z) satisfying f(0) = 1.
Then we have

k
/ ||~ x(S%8) H o3| 7
§2 i=1

— V1 12| "2 X5 |28k A dz + O(1)

|z|<1
< V-1 |2|20XE%0) =28k 42 A dz + O(1),
|z|<1

which is finite for any a < Xl(gifg). The equality follows easily by apply-

ing a test holomorphic section ¢ in the anti-pluricanonical system. The
proof is complete. q.e.d.

The threshold for the conical alpha invariant of (52, 3) is %

Corollary A.1. Assume that Z;?:l By < 2. If B, < Z?;ll Bj,

a@%m>%.

If Be = Y21 B,
a(s%,6) = 5.
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Appendix B. The F functional for pairs (S?, 3)

It is well-known in the smooth case that the equation of constant
scalar curvature admits a variational formulation. As for the a-invariant,
this can be readily extended to the case of Riemann surfaces with
marked points. We can write the corresponding functional in two dif-
ferent ways, depending on whether we use the Fubini-Study metric grg
or the metric gg with conical singularities as reference metric.

With grg as reference metric, we set for o € PSH(S?, grg)NL>®(S?),

v—1 = 1
Fg(e) = . 82890/\590—2/909FS

2 2 2.8)
(B.1) _X(SQ,ﬁ) log (/S x(S ’B)WH o~ 5ngs ) )

while with gg as reference metric, we set

(B.2) Fp(p)
vl 50 — 1 2 —3x(S*,B)p+hs
o L Y R v L K 98)-

In view of the fact that the potentials are always bounded with bounded
Dirichlet energy, integration by parts is justified and the two formula-
tions of the Fjg functional can be verified to agree. The Euler-Lagrange
equation for Fjp is exactly the equation for the stationary points of the
flow

(B.3)

i) + Yooy 1 1o
S0 =g L e > sl
It is a special case of the functional Fz defined in [47] for paired Fano
manifolds and it satisfies the co-cycle condition.

We shall need the following simple property of Fj3, which is a straight-
forward adaptation of the similar property established in the smooth
case in [43]:

Lemma B.1. Let (S?, 3) be a pair with Z?Zl B; < 2. If a(S$?,8) >
1/2, then there exists € > 0 and Ce > 0 such that for all ¢ €
PSH(S?, grs) N L*(S?),

(B.4) Fs(p) > €

In particular, the equation (B.3) is solvable.

We remark that when (S?,3) is not stable, the functional Fjg is not
bounded below and so (S?, 3) does not admit a constant curvature met-
ric. Combined with Lemma A.1, this can provide a complex geomet-
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ric proof for the criterion of Troyanov and Luo-Tian as suggested in
[56, 28|.
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