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DEFORMATIONS OF SEMISIMPLE POISSON PENCILS
OF HYDRODYNAMIC TYPE ARE UNOBSTRUCTED

GuIDO CARLET, HESSEL POSTHUMA & SERGEY SHADRIN

Abstract

We prove that the bihamiltonian cohomology of a semisimple
pencil of Poisson brackets of hydrodynamic type vanishes for al-
most all degrees. This implies the existence of a full dispersive
deformation of a semisimple bihamiltonian structure of hydrody-
namic type starting from any infinitesimal deformation.

1. Introduction

1.1. Basic setup from the theory of integrable hierarchies. Con-
sider a system of evolutionary PDEs with one spatial variable x and n
dependent variables of the form

ou’

ot
(Here, and in the following we use the summation convention.) The right
hand side of this equation is represented as a formal power series in €,
where the coefficient of €* is a homogeneous differential polynomial, i.e.,
a homogeneous polynomial in u>? := E?gui, i=1,...,n,d=1,...,k,
degu®? = d, of degree k + 1 whose coefficients are smooth functions of
coordinates u', ..., u" on some domain U C R™. We can think of the
u'(x) as (e-power series of) smooth functions of # € S or Schwarzian
functions of z € R.

On of the possible ways to define and study an integrable hierarchy
of partial differential equations of this type uses so-called bihamiltonian
structures with hydrodynamic limit.

A bihamiltonian structure with hydrodynamic limit is given by: a
pencil of two compatible Poisson structures on the space of local func-
tionals of the form

{u'(z),u (y)}a = (géj(u)ax + Fﬁf@(u)u’;ﬁ) 5z —y)+0(e), a=1,2,

where the leading order is given by two Poisson brackets of hydrody-
namic type, and the terms of higher order in € are homogeneous differen-
tial operators acting on é(x —y), and their coefficients are homogeneous

= Aj(u)uf, + e (B;(u)ugm + C;kugcu';> + O(é%).
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differential polynomials in the dependent variables u', ..., u"; a system
of Hamiltonians of the form

Hau] = /dx-(ha(u)—i-O(e)), 0=1,2,

with higher order terms in e given by homogeneous differential polyno-
mials in u', ..., u".
The evolutionary PDE above can be written as a Hamiltonian flow

w.r.t. both Poisson structures
ou’

ot = {ul(x)v Ha}a’

fora =1,2.

The natural equivalence relation on these systems, and, in particular,
on the pencils of Poisson structures with hydrodynamic limit, is given
by the so-called Miura transformations, which are transformations of
the dependent variables of the form

(1) u' = v'(u) + O(e),

where higher order terms in € are homogeneous differential polynomials
in u',...,u", and the leading term is a diffeomorphism.

In this context, an important problem is to classify the Poisson struc-
tures with hydrodynamic limit, and respectively the pencils of such Pois-
son structures, up to the equivalence given by Miura transformations.
In the case of a single Poisson structure a triviality theorem [9, 8, 6, 12]
holds: any Poisson structure with hydrodynamic limit is Miura equiv-
alent to its leading order, i.e., to a Poisson structure of hydrodynamic
type.

The problem of classification of Poisson pencils is more complex. In
the scalar (n = 1) case a complete solution of this classification problem
has been obtained, see [14, 11, 1, 13, 4, 5].

We are going to consider the general n > 0 case (see [3, 7, 8, 10, 12]),
where it is convenient to make the assumption that the pencil of Poisson
brackets of hydrodynamic type that we are considering is semisimple.
A Poisson pencil of hydrodynamic type

(97 (s + T (wyik ) 8w =), a=1,2

is semisimple if the polynomial det <gij — /\géj ) of degree n in A\ has
n pairwise distinct non-constant roots on U C R™. In such case [7]
one can use the roots as a set of coordinates on U, called canonical
coordinates. This choice ensures that both metrics g% are diagonal
with diagonal entries respectively equal to f'(u), u'fi(u), i = 1,...,n
for non-vanishing functions f*(u) on U.
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In this paper we shall consider the deformation problem of semisimple
Poisson pencils of hydrodynamic type by working in canonical coordi-
nates. The change of coordinates to canonical ones is an example of
a Miura transformation of the first kind, i.e., a diffeomorphism with
the terms O(e) in (1) equal to zero. By fixing these coordinates, we
are, therefore, left with the problem of classifying Poisson pencils up
to Miura transformations of the second kind, that is, transformations
of the dependent coordinates as in (1), with the zeroth order constant
in € equal to the identity. Since Miura transformations of the first and
second kind obviously generate the whole Miura group, this classifica-
tion problem is equivalent to the original one described above. Let us
now give a precise formulation of this deformation problem in canonical
coordinates.

1.2. Classification of Poisson pencils and the extension prob-
lem. Let {,}9 = {,}3 — A, }{ be a semisimple Poisson pencil of hydro-
dynamic type [7], and let u',...,u"™ be the associated canonical coor-
dinates over a domain U C R" where u! — u? # 0 for i # j. The two
compatible Poisson brackets {, }{ 5 are of the form

{u' (@), 0 ()}) = g (w(@))d' (& — y) + T}, (w(@))uf (2)5(x — y),
with ¢ = 1,2, 7,7 = 1,...n, where the contravariant metrics are given
by

gij = fiéij, géj = uifiéij (no summation over i),
and sz o = ”F{k @ where F{k , are the Christoffel symbols of the
metric g/, and f'(u),..., f(u) are non-vanishing functions on U.

A deformation of {,}} is given by a pencil

{7}>\ = {7}2 _)‘{7}17

where {, },, a = 1,2 are compatible Poisson brackets of the form

k+1
(2) {u'(2), v (y)}a = {'(2), v (y)}o+ Y e ZAM, )80 (z—y),
k>0 =
with A, € A and deg Agl;a =k — 1+ 1. Here A denotes the space
of differential polynomials in u',...,u", i.e., formal power series in the
variables u®*, i = 1,...,n, s > 0, with coefficients that are smooth
functions of u!,...,u"™. The degree is defined by setting degu>® = s.

Two deformations are equivalent iff they are related by a Miura trans-
formation (of the second kind [12]), i.e., by a change of variables of the
form

uiH&i:ui+ZekF,i, 1=1,...,n,
k>0
with F} € A and deg F} = k.
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An infinitesimal deformation {, }§2 of {,}} is given by a pair of com-
patible Poisson brackets of the form (2) where terms of O(€?) are disre-
garded. This means that in the expansion (2) above, we only consider
the coefficients Agl; J(u(zx)) for k up to 2, so that the highest derivative

Y (r — y) appearing is 3. Two infinitesimal deformations are equiv-
alent if they are related by a Miura transformation up to O(¢?). The
following theorem, which classifies the deformations of {, }g, was proved
in [10, 7).

Theorem 1. Two deformations of {, }9\ are equivalent if and only if
the corresponding infinitesimal deformations are equivalent. Given an
infinitesimal deformation of {,}g, the functions, called central invari-
ants, defined by

1 i i v (A — u' Af'y,)?
i [ — Al’l - — ZAZZ ) 14 ) 7 ,
= g | M M 2

for i = 1,...,n, only depend on the single variable u' are invariant
under Miura transformations. Two infinitesimal deformations of {, }g
are equivalent if and only if they have the same central invariants.

The main open problem in the deformation theory of a semisimple
Poisson pencil {,}9\ is the problem of extension: making a choice of
central invariants ¢ (u'),...,c,(u") fixes an equivalence class of infini-
tesimal deformations of {, }g, but the question is whether there exists
a full deformation {, }, that extends an infinitesimal one to all orders
in €. A positive solution of the existence problem was conjectured (and
formulated in terms of vanishing of the third bihamiltonian cohomology
groups) by Liu and Zhang in [10].

The main result of this paper is the solution of this conjecture, i.e.,
the affirmative answer to the extension problem.

Theorem 2. Let {, }§2 be an infinitesimal deformation of a semisim-
ple Poisson pencil of hydrodynamic type {, }9\ Then there exists a de-
formation {, } that extends {, }§2 to all orders in e.

1.3. Methods of proof and organization of the paper. The prob-
lem of the description of automorphisms, infinitesimal deformations, and
obstructions to the extension of infinitesimal deformations for any alge-
braic structure can be formulated in terms of some cohomology groups
associated to it. In our case, in order to prove that the deformation of a
semisimple pencil of Poisson brackets is not obstructed we have to show
that certain cohomology groups, called bihamiltonian cohomology, are
equal to zero.

There is no straightforward way to compute these cohomology groups.
However, Liu and Zhang have shown that the vanishing of these coho-
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mology groups follows from the vanishing of the cohomology of the
auxiliary complex (A[A], Dy), defined below, in certain degrees. It is a
difficult task to compute the full cohomology of this complex, however,
we are able to show vanishing of such cohomology in the required degrees
using a clever choice of filtrations and the structure of the associated
spectral sequences.

The paper is organized as follows. In Section 2 we recall the defini-
tion of the auxiliary complex and explain its relation to the problems
of deformation of pencils of Poisson structures. In particular, we for-
mulate a statement about the complex (A[A], D)) that implies Theo-
rem 2. In Section 3 we introduce a series of filtrations on the complex

~

(A[A], D) that allows us to prove the key statement about its cohomol-
ogy.

1.4. Conventions. Throughout the paper we use the summation con-
vention in the sense that repeated (upper- and lower-)indices should be
summed over. However, there are a few exceptions when the metrics
g7 = fi5ij and gy = u' fiéij, or the tensors derived from them are in-
volved. Such equations always involve the functions f*. To determine
which indices are to be summed over, it suffices to consider the other
side of the equation and the indices that appear in there.

Acknowledgments. The authors would like to thank P. Lorenzoni for
useful discussions and remarks, and Y. Zhang for a careful and detailed
reading of the manuscript. This work was supported by the Netherlands
Organization for Scientific Research.

2. Theta formalism, polyvector fields and cohomology

The deformation theory of a pencil of Poisson brackets is controlled
by the so-called bihamiltonian cohomology defined on the space of local
polyvector fields. In order to show the vanishing of such bihamilto-
nian cohomology in certain degrees, from which Theorem 2 follows, we
consider the cohomology of a related complex (A[\], Dy), introduced
by Liu and Zhang [13]. This approach has a double advantage: first,
we can work in the space A, where the identifications imposed by in-
tegration are not imposed, making computations simpler; second, we
can compute the cohomology on the space ft[/\] of polynomials in A\,
rather than the bihamiltonian cohomology on A, and this allows us to
use directly the methods of spectral sequences associated with filtra-
tions.

In this Section, we review some basic definitions, mainly from [13],
state our main theorem and derive its most important consequences.

2.1. Basic definitions. Consider the supercommutative associative al-
gebra A defined as
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A=C®U)[[ut, ub?,...;09,08, 6%, .. ]],
where u™*, i = 1,...,n, s = 1,2,... are formal even variables and 63,
i=1,...,n,s=01,2,... are odd variables. An element in C*(U)
is represented by a function of the coordinates u*, ¢ = 1,...,n on the

domain U C R™. We define the standard gradation on A by assigning
the degrees

degu® =degi =5, s=1,2,...,

and degree zero to both 6; = 6 and the elements in C*°(U). The
standard degree d homogeneous component of A is denoted Ay. Notice
that A, coincides with the standard degree d homogeneous component
of the polynomial algebra C=(U)[ub!, ... u»% 09, ... 09. The super
gradation, that we will denote by degy, is deﬁned by assigning degree
one to ¢ for s > 0 and degree zero to the remaining generators of A.

The super degree p homogeneous component is denoted AP, We also
denote

AP = Ad N AP.
The standard derivation on fl

0
4,841 s+1
0= Z( aw*ei aag)

s=0

is compatible with the standard and super gradations, in particular, it
increases the standard degree by one and leaves invariant the super de-

gree. Thanks to the homogeneity of 0, the space F = 52 still possesses
two gradations, which we keep denoting with indices p and d. The ele-
ments of FP are called local p-vectors and the projection map is denoted

by an integral
/ A F.

The space F can be endowed with the Schouten—Nijenhuis bracket
[[]: FP x F9— Frra-t,
which satisfies the usual graded skew-symmetry and graded Jacobi iden-
tities, see [13, 12| for more details.
A Poisson bivector P is an element of F? that satisfies [P, P] = 0. If P
is a Poisson bivector, its adjoint action dp = [P, -] on F by the graded

Jacobi identity squares to zero, hence, defines a differential complex
(]: dp). Given a Poisson bivector P, the super derivation Dp on A is

defined by
s [OP 0 s [(0P\ O
pr= (7 (&) g+ (50) o)

s=>0




DEFORMATIONS OF SEMISIMPLE POISSON PENCILS 69

where the variational derivatives on A w.r.t. u! and 0; are defined as

follows
D . 0 5 . 0

s=0 s=

The super derivation Dp squares to zero, and is such that the integral
defines a map of differential complexes

/ (A, Dp) — (F,dp).

As pointed out in [13] this allows us to work with the complex (A, Dp)
rather than with the more complicated (F,dp).

A Poisson pencil is given by two Poisson bivectors Py, P» which are
compatible, i.e., [P, P,] = 0. For each A, then, P\ := P, — AP} is
also a Poisson bivector. We denote by dy and ds the differentials on F
corresponding to P; and P, respectively. Due to compatibility, dy :=
ds — Adj squares to zero. We denote by Dq and Dy the super derivations
on A associated to P, and P, respectively. Their compatibility in this
case implies that D)y := Dy — AD; also squares to zero. In summary we
can define two differential complexes associated to a Poisson pencil

(A[/\]vD)\)v (]}[)‘Ld)\)
REMARK 3. The Poisson brackets {, }; 2 introduced in (2) are ele-
ments of the space AZ  of local bivectors written in §-formalism, see [8].
There is a one to one correspondence betweep the space of local p-vectors
Afoc, written in d-formalism and the space FP. We will not recall it here
in general but rather refer the reader to [13]. For the case of a bivector,
written as
{w' (), 0/ (y)} = > BIsW (@ —y),

s=>0

with BY' € A, the corresponding element in F2is
P= %/9,-23;7’9;.
s=>0
2.2. The complex (A[)\], Dy). Let us fix a semisimple Poisson pencil
of hydrodynamic type {, }% = {,}3—A{,}{, and denote by u!, ..., u" the
associated canonical coordinates on U C R", see §1.2. The compatible
Poisson brackets {, }(1)72 are represented in ]:'12 by two bivectors

1 . .
P, = 3 / (gff@?@} + Fgauk’wﬂj) , a=1,2.

In canonical coordinates the Christoffel symbol of gij = fi(?ij is
1 : 17

Iy, = 5 <akfi(5ij + %@‘fjéjk - Fajfiéik> ’
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and P is given by
Ul (gt s o i
P = 5/ <f 0:0; + Faifju]719i9j> :

We denote by Dy = D(f!,..., f") the super derivation on A corre-
sponding to P;. A straightforward computation gives us the following
formula

3)

D(fY,.... ™
=30 ()
s>0
zf 10 f 10 8
4= 95 (8 7 y,190+ 7 j 9 jYiJ z g°
;0 f e e
1 : o f i f )
= s £300 1 Yt) 0pl i 0pl
+2§Oa (&f@ﬂ + f flee —f f290’>805
k
S ,1 f i ,1 0
+ Za ( 8kf1)u1 0,0, —ﬁ(flakf)uﬁ e’fe)aef'

Notice that D is a homogeneous operator of standard degree one,
therefore, it is well-defined on A[)], because each homogeneous compo-

nent /ld[)\] the infinite sums appearing in (3) have only a finite number
of non-vanishing terms.
The super derivation corresponding to P» is then given by

Dy :=D(u'fY, ... u"fm).

Our aim is to compute the cohomology of the complex (A[)], D)) with
Dy = Dy — ADq, and D1, D5 given above.

2.3. The main theorem. In Section 3 we prove the following vanish-
ing theorem for the cohomology of the complex (A[\], D).

Theorem 4. The cohomology Hg(ft[/\],D)\) vanishes for all bi-de-
grees (p,d), unless

d=0,....n, p=d,...,d+n,
or
d=n+1n+2, p=d,...,d+n—1.

REMARK 5. For n = 1 the bi-degrees for which we cannot state
vanishing according to Theorem 4 are

(p,d) = (0,0),(1,0),(1,1),(2,1),(2,2), (3, 3).
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In [5] (and in [4] for the KdV case) we compute by a different method
the cohomology H. C’Z (A[M], Dy) for all bi-degrees, proving, in particular,
that it vanishes also for

(p, d) = (17 0)7 (17 1)7 (27 2)'

This shows that the vanishing theorem above can be strengthened. Our
result is enough, however, to prove the absence of obstructions to de-
formations of bihamiltonian structures, which is our main aim.

REMARK 6. In the proof of Theorem 4 we will distinguish two sets
of indexes for which we do not prove vanishing;:
d=0,....,n, p=d,...,d+n (Casel),
and
d=2,....n+2, p=d,...,d+n—1 (Case?2),

which clearly overlap for n > 2. We distinguish the two cases since they
have different sources in the complex.

2.4. Vanishing of bihamiltonian cohomology. By the following
lemma of Liu and Zhang [13], the bihamiltonian cohomology of F is
isomorphic to the cohomology of the complex' (F[A],dy) in almost all
degrees (p,d). Let (C,01,0,) be either the double complex (A, Dy, Dy)
or (]:' ,dq1,ds). The bihamiltonian cohomology of the double complex
(C,01,09) is defined by

Ker 01 N Ker 0y

Im 010

Lemma 7. The natural embedding of C' in C[\] induces an isomor-
phism

BH(C,01,02) =

BHy(C,01,0,) = Hy(C[A], 01),
forp>0,d=>2.
As pointed out in [13], the short exact sequence of complexes
0 — (AN/RAL, Dy) = (A, Dy) = (FIA] dy) =0
implies a long exact sequence in cohomology, which includes
o HY(AN) — HY(FN) — HY P AD) = -

for p,d > 0. It is clear that if both Hg(ft[/\],D)\) and HgH(A[)\],D)\)
vanish, then HY (F[N\],dy) vanishes too. Our vanishing result for
HY(A[)])) translates to the following statement for the cohomology of
the complex (F[A],dy).

LA similar description in terms of a bicomplex was given in [3].
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Corollary 8. The cohomology H(F[N,dy) vanishes for all bi-de-
grees (p,d), unless

d=0,....n, p=d-—1,...,d+n,
or
d=n+1n+2, p=d—-1,...,d+n—1.
Using the isomorphism of Lemma 7 we obtain the vanishing of the
bihamiltonian cohomology of F.
Corollary 9. The bihamiltonian cohomology BHg(]:', dy,ds) van-
ishes for all bi-degrees (p,d) with d > 2, unless
d=2,....n, p=d—1,...,d+n,
or
d=n+1n+2, p=d—-1,...,d+n—1.
REMARK 10. Notice that, in particular, it follows that
BH2,(F,d1,d2) =0,  BH3,(F,di,d2) = 0.

The vanishing of the second cohomology for d > 4 has been already
proved in [10, 7], together with the results

BHZ(F,dy,dy) =0,  BH2(F,dy,ds) @C"O

The vanishing of the third cohomology for d > 5 is new, and is the most
relevant for the extension problem of deformation theory.

2.5. Bihamiltonian cohomology and deformations. The deforma-
tion problem can be formulated in F as follows. Let P) = PY — AP? ¢
]:'12 [A] be a semisimple Poisson pencil of hydrodynamic type. A defor-
mation of PY is given by Py = P, — AP € F2,[)] with P, — P{ € F2,
and [Py, P] = 0. An infinitesimal deformation of P is given by

PP =P+ P+ P, PIt=Pi AP e FRN,
such that
[PS2, PS?) € F25N.

A deformation Py of P)(\) extends a infinitesimal deformation sz if P\ —
P e F3,0N.
The extension problem can be stated as follows: given an infinitesimal
deformation PA<2 of PY, there exists a deformation Py extending PA<2 ¢
As pointed out in [13] the fact that the second bihamiltonian co-
homology groups BHg(]:' ,dy,ds) vanish for d > 4 and d = 2 but not
for d = 3, implies that the vanishing of BH §6(]} ,dq,ds) guarantees that
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any infinitesimal deformation sz can be extended to a full deformation
Py.

This result, expressed in the §-formulation of local bivectors, is The-
orem 2.

To see that the vanishing of BH §6(]} ) implies that the deformations
are unobstructed, consider that any infinitesimal deformation, thanks
to the triviality theorem for the deformations of a single Poisson struc-
ture [9, 8, 6, 12|, can be put in the form

P2 =P, P'=P+P

by an appropriate Miura transformation. Clearly P is in the kernel of
both d; and da, hence, identifies an element of BH2(F). Let us look for
a deformation of the form

(4) P =P, P=P)+P}+P}+P5+...

Let us first show that exist a term Py such that
1
(5) Py =0, doPy + [P}, P =0.

Clearly [P, Pj] € ﬁg’ is in Kerd; N Kerds, hence, the vanishing of
BHZ(F) implies that

1
d1dQ1 = §[P22,P22],

for some @ € ]-21 Then Py = d1Q1 gives a solution of (5).
At the next step of the deformation we want to find P§ such that

(6) diP§ =0, doP§+ [P35, Py]=0.

As before [P§,Py] € ]:'g’ is in Kerd; N Kerds, hence, the vanishing
of BHg’(]:") implies that there is an element Qo € ﬁé s.t. dideQo =
[P, Py]. Then setting P = d1 Q2 gives us the required solution of (6).

Since the vanishing of BH 26(]} ) ensures that this procedure can be
continued indefinitely, as proved by induction in [13], the existence of
a full deformation extending the infinitesimal deformation PS?indeed,
follows.

Notice that this, in particular, implies that any deformation can be
put in the form (4), i.e., with the first Poisson tensor undeformed and
the second one having only odd standard degree terms. This fact was
also proved independently of the vanishing of the third bihamiltonian
cohomology in [7].

3. Filtrations and spectral sequences

In this Section, we give a proof of Theorem 4. It is a rather technical
argument: basically, we introduce a sequence of filtrations and study
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the associated spectral sequences in order to show the vanishing of the
cohomology in some degrees.

3.1. Strategy of the proof of Theorem 4. Before we start with the
technical details, let us make some general remarks about the strategy
of the proof. The theorem states that the cohomology of the complex
(A[N], D)) vanishes in certain degrees (p,d). We provethis vanishing by
introducing several spectral sequences associated to certain filtrations.

Central to this derivation is the following simple principle: suppose

we have a cochain complex (C,d) with a bounded decreasing filtration
...CFrlCcFrCcC....
The associated spectral sequence is bounded and converges to
EPT = HPY(FPC/FPHLC, dy) = HPT(C,d),

where dj is the induced differential on the zeroth page, i.e., the associ-
ated graded complex. Suppose now that H?P(Ey, dy) = 0 for some k > 0.
Since all higher pages are iterated subquotients of Ej, we see that in
this case HP(C,d) = 0.

In the proof we will apply this principle inductively: we introduce a
filtration on the complex (A[)\], D)) which induces a spectral sequence.
To show the vanishing of the cohomology of the first page E7, we intro-
duce another filtration on this page, which induces a spectral sequence
converging to the second page Fs of the previous spectral sequence.
In this way, we apply in total a sequence of three filtrations. For the
convenience of the reader, we list them below:

1. The first filtration is associated with the degree of monomials in
ft[/\] in the variables u**, s > 1, i.e., we assign degree 1 to each
u"*, s > 1. The differential on the zeroth page of the associated
spectral sequence is the part of D) that preserves this degree,
whereas on the first page it is the part that decreases it by 1.

2. On the first page of the spectral sequence above, we consider the
filtration given by the degree in 6}, for all i = 1,...,n, i.e., this
time deg(@}) =1, 7=1,...,n. Onthe zeroth page, the differential
is given by the part of the differential in 1 (at the first page) that
increases the number of 6} by 1.

3. The complex on the zeroth page in 2 splits as direct sum of com-
plexes C}, i =1,...,n. To compute the cohomology of the sub-
complex C;, we filter by the degree of monomials in 92-1, where this
time ¢ is fixed. On the zeroth page of the spectral sequence we
finally find a complex of which we can prove the vanishing of the
cohomology in the relevant degrees.

Having obtained the vanishing of the cohomology in 3, we apply the
principle stated above to argue that the first page of the spectral se-
quence in 2 vanishes in certain degree. The same argument gives the
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vanishing of the second page of the spectral sequence in 1, which in
turn proves the vanishing of the cohomology of the original complex
(A[M], Dy) in certain degrees, i.e., Theorem 4.

3.2. Grading and subcomplexes. Since 0 are odd variables, we have
a restriction on possible gradings p and d on the space A. Indeed, the
minimal possible standard degree d of a monomial in 6] of super degree
p=nqg+r,r <nisthe degree of 9 --- 69 .. -93_1 e 9%_19% -+ 0] equal
ton(0+---+(qg—1))+rq=ng(q—1)/2+rq. So, the finitely generated
C(U)-module A is zero for

(7) d<ng(qg—1)/2+rq.

Moreover, the operators D; and D, (and, correspondingly, d; and d2)
are of bi-degree (p,d) equal to (1,1). Therefore, the difference p — d
is preserved by both operators, and this means that the space A can
be seen as the completion of an infinite direct sum of subcomplexes
indexed by difference d—p = —n, —n+1,.... The inequality (7) implies
that each of these subcomplexes is finite, and, consequently, we can
compute the cohomology of each of them separately. For this general
reason all the filtrations and spectral sequences introduced below will
be bounded, and, consequently, the spectral sequences will converge in
a finite number steps.

3.3. The first filtration. Let us define a degree deg, on A[\| by as-
signing degree one to u*® with s > 1 and degree zero to the remaining
generators.

The differential Dy splits in homogeneous components A, with re-
spect to the degree deg,, i.e.,

Dy=A_14+A0+...,
where deg, A = k.

One can easily check from (3) that the only term that lowers the
degree deg, is

0

— ins+1
A=) (FA+u) O =

s>1

The terms in (3) that preserve the degree deg, are:
Ag = (=X +u')fio}

U out
0
+ Z /\—I—u <‘Z>8jfz Jtlel-i—ba s
s=a+b
s,a=1;b>0
+ Z fz zael—l—b 0
8uzs

s=a+b
s,a=1;b>0
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1 (s 0
- _ ) L ri, 4,14+apnb
+5 > )\+u)<b>8]fu 05

s=a-+b
s=1;a,b>0

1 i, 9,1+apnb 9
+2 Z <>‘f Hlauzs

s=a-+b
s=1;a,b>0

1 i ,af anh O
ty X ara())r0f e O

s=a+b
s=1;a,b>0

1 zzlaba
2 Z <>f +0Z0u”

s=a-+b
s=1;a,b>0

1 : Oif" ittag O
_5 Z (_)\+uj)<>f] fz i egauzs

s=a+b
s=1;a,b>0

i, aba
Z <>f o 9Z8u“

s=a-+b
s=1;a,b>0

1 (s 0
- o i ripapnl+d
5 2 )\+u)<b>8zf90 5

s=a-+b
s,a,b=0

1 apl+b 9
+5 > <>f96 57

s=a-+b
s,a,b=0

1 : 0; )
+5 > (—)\+u9)<b>f9 f{ o¢ ;+b895

s=a+b
s,a,b=0

1 apltb 9
+5 > <>f96 o

s=a-+b
s,a,b=0

8f alba
-3 3 rr(§) P e

s=a+b
s,a,b=0

1 S\ rigaglth_9_
s T (5)7aet g

s=a+b
s,a,b=0

_|_

1
2

Suppose we introduce a filtration of ft[/\] related to the degree deg,,.
The usual decreasing filtration associated with deg, is defined as fol-
lows: let F" A[\] be the subspace of A[\] of elements with homogeneous
components of deg, greater of or equal to r. This filtration, however,
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is not preserved by D), because of the presence of the term of negative
degree A_1.

Let us instead consider the decreasing filtration FA[\] of A[\] associ-
ated with the degree deg, + degy. Let F T’fl[)\] be given by the elements
in A[)\ with homogeneous components in deg, + deg, of degree > r,
where degy is the super gradation defined in §2.1. We get

o FRAN € FYAD] ¢ FOAD] = AN

Since degy Dy = 1, the differential D) preserves this filtration. Notice
that this filtration, when restricted to each subcomplex .,Zts [A] with fixed
difference d — p, is bounded.

Let us now consider the spectral sequence associated with the filtra-
tion I fl[)\] Since such filtration comes from a grading, the zeroth page
is given by

Ey = @Eg,q _ @FpApﬂ[/\]/FpHApﬂ[)\] ~ A[/\L
P,q

p.q

and the induced differential by A_q, i.e.,
(Eo,do) = (AN, A y).

To obtain the first page of the spectral sequence we need, therefore, to

compute the cohomology of the complex (A[N], A_1).
We define

C:=C>U)[8Y,...,09,01,....08],
and
Ci = C[[{u"",6; ! s > 1}]].
On C}, we denote by d; the de Rham differential
d; = ;efﬂafm.

Proposition 11. The cohomology of A_1 is given by
H(AN,A_y) =N @ P (CZZ- G c) .
i=1

Before we start the proof of this proposition, as a preliminary step, we
observe that the cohomology of the de Rham complex (C;, d;) is trivial
in positive degree.

Lemma 12 (“Poincaré lemma”).

H(C;,d;) =C.



78 G. CARLET, H. POSTHUMA & S. SHADRIN

Proof. A simple proof of this fact can be given in terms of a homotopy
map, a procedure that we will use repeatedly in the following. For fixed
i=1,...,nand s > 1, let

9 ,8
hi’szw/du’,

where the integration constant is set to zero. We have
thdi + dihi75 =1- Tyins Mps+1,

where 7, denotes the projection that sets the variable p to zero. Given a
cocycle g € C; representing a cohomology class [g], the previous formula
implies that the same cohomology class can be represented by the cycle
Tryis Tos+19- Repeating this process, we can kill all variables u»*, HSH
with s > 1, hence, a cohomology class can be always represented by an
element in C. Since Imd; always contains 98+1 with s > 1, no further
simplification is possible. q.e.d.

Proof of Proposition 11. To prove Proposition 11 we introduce two
homotopy maps. Let o; be the map that acts on a rational function of
A by removing the polar part at A = u'. For a polynomial p(\) we have

()Y _ P~ pl)
() -5

Fixi=1,...,nand s > 1 and let

1 1 9 s
hl’s_alul—)\flaef'i‘l/du .

Clearly h; s defines a map on A[\] which satisfies

(8) hisA_1+A_1his=1—p;s,
where
17 0 0 ,
pZ g =Ty, 57T€S+1 + (Z i ;+1 95-{-1 8uj,t dulvs) TA—ui-
t>1

J

As before 7, denotes the projection that sets the variable p to zero, in
particular, 7,_,i sets A to u’.

In the derivation of formula (8) is useful to notice the following obvi-
ous identities

.0 0
b —_— . +1
/dul sm =1—T7,is, 895+1 Qf = TMys+1.

The operator p; s is homogeneous of standard degree zero, hence, it
acts separately on each A4[\], where the infinite sum appearing in its
definition becomes finite, hence, it is well defined. Moreover, for s large
enough, it acts like the identity. We, therefore, introduce a well-defined
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operator py on /l[)\], which is given by the application of all the operators
Di,s in a given order, i.e.,

pr=---0(pp20---0pi2)o(ppio---0pi1).

It is easy to check that the operator p; maps fl[/\] to A" @C [A], where by
A" we denote the subspace of A spanned by monomials with non-trivial
dependence on the variables u»*, 9;“ withi=1,...,n, s > 1.

By formula (8) when applied to a A_j-cocycle the operator p; pro-
duces an equivalent cocycle g+ g with g € A and ge ¢ [A]. Notice that
g is a cocycle by itself, and can no longer be simplified by quotienting
by ImA_;.

Let us now introduce a second homotopy operator. Let us denote
A_1 =d" — \d" and define, for s,t > 1 and i # j

1 1 0 d - ;
P 1,8 7,t
Pisii = ut —ud fifi g5t 89§+1 /du /du .

We have
[hi,s;j,ta d//d/] =1- Di,sijt + ()d/ + (...)d//,

where we did not specify the last two terms since they vanish when
applied on elements in Kerd N Kerd”, and

Di,s;jt 1= TyisTgs+1 & Tyt Mgt+1 — Tyyiss Mps+1 T 5t TWpt+1.
4 J 4 J

Clearly p; . is a well-defined operator on /l[)\], which acts like the
identity for large s or ¢. As before we define an operator p;; on A[)]
given by the application of the such operators in a given order. The
operator pr; acts like the identity on C [A] and maps A 1o EBiéZ‘t, where
CAZ-”t = C;NA™  since it obviously removes all monomials that contain any
quadratic term of the form u®*u?!, u! 59t+1 or 05+19t+1 fori # j,s,t > 1.

We denote by M the subspace of .A spanned by such monomials. Recall
that A_y =) (= A+’ )f’d and observe that d; sends to zero C[\] and
(f’;‘t [A] for j # i. Moreover, dl(./\/l) C M. Notice that this, in particular,
implies that each summand in

AN = o (@) © M
is left invariant by A_;.

Let us then consider the cocycle g € A" Since g does not depend
on J, it is in the kernel of A_; iff g = 0 and d”g = 0. Moreover, an
element of the form d”d' f for f € A is in the image of A_; and does not
depend on \, since A_1d’'f = d"d’'f. By the homotopy formula above it
follows that p;; sends the cocycle § to an equivalent cocycle >, g; for
gi e CM.
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Moreover, since d;(CPt) € CM, and Ay = Y .(=\ + ') fid;, we
have that g; € Ker CZZ', which in turn, because of the vanishing of the
cohomology H (CAZ, d;), is equivalent to g; € Im c?, - éft

To complete the proof we have to show that we cannot further quo-
tient by elements in Im A_; without spoiling the form of »" g;. It is
sufficient to show that if we have a A_j-coboundary of the form ), g;
with ¢g; € (f;‘t, then the g; vanish. Let, then, h(\) € A[)] such that
A_1h(X) = >, g; with g; € (flnt Since A_; leaves invariant each sum-
mand in the splitting of A[\] above, we can choose h(\) = 3, h;(\) for
hi(\) € CM[\], where the h;()\) have to satisfy f;(—\ 4 u?)d;ih;(\) = gi.
Since g; does not depend on A this clearly implies that it has to be zero.
We can conclude that the we cannot further simplify the cocycle ), g;.

Proposition 11 is proved. q.e.d.

We now continue to determine the differential on the first page of the
spectral sequence. Define the space

(9) B:=C\NeaP o) :

1=1

where, in general, by % we denote the quotient of the space of

polynomials A[)\] by the space of polynomials that vanish at A\ = u’.
The inclusion i : B < A[)] is defined as the identity on the first

component C[)], and, on d;(C;)[\]/(A — u?), as the standard inclusion

after the evaluation at A = u’. Proposition 11 says that this inclusion
i: (B,0) < (A[M,A_;) induces an isomorphism on cohomology. The
differential on the first page of the spectral sequence is just the differ-
ential induced on this cohomology by the next degree term Ag of Dy.
More explicitly, we use i to embed elements b € B in /l[)\] as cocycles
for A_q, and apply Ag. Because Di =0, we have A_1Ag+ApA_1 =0,
and the result Agi(b) is another cocycle for A_;, however, not in the
image of 7. Therefore, to project down to the image of 7, we use the
homotopies described in the proof of Proposition 11. Let us denote by
p := pyy o pr the map on ft[)\] defined by the composition p; of all the
maps p; s followed by the composition p;; of all the maps p; 4.5, de-
fined in the proof of Proposition 11. In particular, the map p associates
with a A_; cocycle in fl[/\] the representative in B of the corresponding
cohomology class. We obviously have p o4 = id. Then we have:

Proposition 13. The first page of the spectral sequence associated
with the filtration FA[)\| is given by the complex

(Er,dy) = (B, Ap),
with Ay = po Ag oi.
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From the proof of Proposition 11 we can derive some properties of
the map p, which we collect in the following Corollary. Let us write the
space A[A] as the direct sum of three subspaces, i.e.,

AP =P @ (871 ) & M,

where, as already mentioned in the proof of Proposition 11, CAZm is the
subspace of C; generated by all nontrivial monomials, i.e., monomials
that contain at least one generator among u"?®, 9;“ for s > 1, and
M is the subspace of A generated by all nontrivial mixed monomials,

i.e., monomials containing at least a pair of generators with different
indices 7. We further decompose

CPIN =C" o (A — ')A,
Corollary 14. The map p acts as the identity on C[A] and CP N

Kerd;, and it sends to zero the spaces (A — ui)(f}‘t[)\], 1=1,...,n, and

M)

Proof. The projection p on fl[)\] is defined as py; o p;, where p; is
given by the composition of the operators p; ; for s > 1 and prr by the
composition of the operators p; s.;; for ¢ # j, s,t > 1.

It is quite easy to check that p; =1 on ¢ [A], since all p; s act just like
the identity.

On (f’lnt [A] the operator py s acts like the identity unless i = k. On
(A — u)CM[A] the operator 7, _,: is equal to zero, so p; s = Tyis Tgs+1,
therefore, p; = 0 on (A — u?)CI*[\].

Notice that on éft the operator p; ; becomes

P L
s =1— —— [ du"®d;,
Pis aef_,_l / i
while p; s = 1 for j # i, therefore, on é[‘t N Ker CZZ', the operator p; acts
like the identity. Moreover, notice that p;(M[)]) € M.

Finally, it is easy to see that p;; acts as the identity on C [A] and

C™[\], and as the zero operator on M[X]. The Corollary is proved.

q.e.d.
3.4. The second filtration. We are now left with the problem of com-
puting the second page Fs of the spectral sequence associated with the
filtration F' ./Zl[/\], which amounts, as explained in the previous section,
to computing the cohomology of the operator A{; on the space B. This
task is not trivial, so we introduce a filtration on B and consider the
associated spectral sequence.

Let us define a degree degg on ft, and, consequently, on B, that

simply counts the number of 6}, i = 1,...,n. The differential A splits
in three homogeneous components
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Ag = Aog,1 + Ao+ Ag—1,

where degg1 Ao = k. It is clear from their definition that the maps 4
and p preserve the degree deggi, hence, the homogeneous components
of Afj are simply given by AO f=PO Ao 0.

Let us now introduce on B the decreasing filtration F B associated
with the degree deggp — degy, i.e., let F "B be given by elements of B
with homogeneous components in degy — degy of degree less or equal
—r,

.CF’BCcF'Bc F'B=5B.

This filtration is preserved by Af, hence, this turns (B, Al) into a

filtered complex to which we associate a spectral sequence (E}, d}.). The

zeroth page is given by B with induced differential given by A’OJ, ie.,
(Ep, do) = (B,A5,1).

Our aim is to compute the first page E}, i.e., the cohomology of A/O,l

on B. Let us first compute the explicit expression of the differential.
Lemma 15. The differential A/O,l on B is given by

/ A .
01 =PoAg104,

where
Ag1 = (=X +u)fio} 0
0.1= "ot
ZS+2 i isnl 8
= 2 b Oubs
f' ism O
- )\+ Sf] J zs —
sz:l fi j8u7
: 0
P INA: I 0 2 o s
5 )\+u)8zf9]0j890+ S;f 19,92893
1 f 0
_ 723 J s
5 (=X +u!)f 7 (s +1)9ﬂ92698
s=>0
1 af 190 0
- R
+2( )f fl 9@ jaeo

Proof. Let us first collect the terms in Ay that increase the degree
degyi. We get:

0
AOJ—( )\+u)f9,a :

+Z(_)‘+ul)ajfl Jsella i,s +Zfl 2892

s>1 s>1

aul s
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1 i i, 7,801 i, 1,8
+§Z(—/\+u)88jfu] 92818+ Z sfiub*0}

s>1 s>1 8 b
771 ,S 8

+ Z )\+u f ff uj ]lauzs

s>1

1 0; f? 0
_ _ J 373 J zs 1

QZ:( A+ul)sf i

s>1

L A+ ul)0; f7 (030 + 560,05 0
+ 5 2 (A2 030} + 50,607) 5.

s=>0

1 i/nS s a
+§Zf(9i9i1+39i19i)89$

s=>0 ?

1 O f 0
- _ J .7 1 snl sl
+2§( A+ ud) f (s +1)(650] ejel)apf

s;rél7
0; 0
a0 g O

fz Z J 891

Since A_; has degy equal to zero, the equation AgA_;1 + A_1A¢ =0
implies, in particular, that

Ao,lA—l + A_le,l =0.

Since the map 7 maps to the kernel of A_q, it follows from the previous
equation that Ag o4 also maps to the kernel of A_;.

Keeping in mind the properties of the map p outlined in Corollary 14,
let us now determine which of the terms in the formula for Ag; above,
applied to an element in the image of 7, are mapped to zero when com-
posing with p.

The second, fourth and sixth terms are of the form

ZC” —u)u]saj”,

s>1

for C? € C. When evaluated on the image of (9) through ¢, such
operator clearly gives 0 on C[A]. An element of d;(C;) is mapped, for
1% 7, to M[)\], which in turn is mapped to zero by p. Finally, for i = j,
such element is mapped again to an element in C;, which, however,
vanishes for A = u’, hence, is mapped to zero by p. Hence, these terms
do not contribute to Ag ;.

The eighth term vanishes identically for s = 1 and for s > 2 either
maps C; to M[)\], in which case applying p gives zero, or maps C; to
(f’j so that setting A = u; yields zero. Therefore, only the s = 0 term
contributes.
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In the tenth term, observe that the operator (—\+u’ )9]"7, s > 2 acting

on éj gives zero when composing with p. Collecting all the remaining
terms, we obtain the expression stated in the Lemma. q.e.d.

3.5. The third filtration. We have arrived at the problem of comput-
ing the cohomology of the complex (B, A{M). In this Section, first, we
show that we can compute such cohomology on each of the n + 1 sum-
mands in (9) independently, and then we introduce our final filtration
to estimate the possible non-vanishing (p, d)-degrees in the cohomology
of A ;.

Let us start with the following observation:

Lemma 16. The operator A/0,1 preserves the splitting (9) of the co-

homology B of A_1 in n+ 1 summands, namely
b1 (CIN) < e,
Ty CES

fori=1,...,n.

Proof. Acting on /l[)\], one explicitly checks that each term of the
operator Ag; as stated in Lemma 15 preserves the subspaces C[)] as
well as C*[A]. Since p is the identity on C[], it is preserved by A,
too.

As noticed before, we have that Ag1A_1+A_1Ap; = 0. Since A_; =

Fi(=X + u')d; on CAim, we get that Ag; sends éft NKerd; = d;(C;) to

itself. Finally, p acts like the identity on such space, which is, therefore,
preserved by A . g.e.d.

This Lemma implies that we can compute the cohomology of Af; on

each of these n + 1 spaces separately. Let us start from ¢ [A].

~

Lemma 17. The cohomology of the complex (C[)\],A{M) vanishes if
the bi-degrees (p,d) are not in the range

d=0,...,n, p=d,...,d+n.

Proof. The possible (p, d)-degrees of the elements of C[\] are those of
monomials 9?1---9?k9]1-1---9jl-z, 1< < <ip <n, 1 < <0 <
je < n. So, for the standard gradation d we have 0 < d < n, and, if we
fix d, then for the super gradation p we have d < p < d + n. q.e.d.

Note that this Lemma gives Case 1 in the statement of Remark 6.
Now we want to estimate the cohomology of ABJ in each of the spaces

Im <a7/2 G — él) [A]/(u® — \), i =1,...,n. For the rest of this Section
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the index 7 is fixed and refers to the particular space that we con-
sider. '
Obviously, the map m,_,: that sets A to «' defines an isomorphism

between Im (JZ G — (f’l> [A]/(u* —\) and Im <a7/2 (G — él) Let us de-

note by A/O,l the operator induced by Af ; on d;(C;) by such isomorphism
and let us represent it in the following way:

n
A/ 1
01 = Z 0% Dk
k=1

where

Of? | O
k k k k

+ZS+2fk '”auks——zzu —u)sfk l}f 85]8

s>1 s=1 j=1
#5253 k- P e
§=2 S>2j 1 f
0 1 0
_ - k g0 kg0 O
Z ud; f 9’“89]0. 5! ekaeg
af 0 1 - 9 f* o 0
KOk 50 0
_72 u')f 9) 590 EZ:( ul) f fk v 590
In partlcular
s+2 ., 5 0 0
(10) D Z f uzs +Z ’898

s>1 s=2

0 1w, . N Oift o 0
o —]”9?860 Z(uj o ul)fj fi 0] —0'
j=1
As a first step towards the computation of the cohomology of Aé’l on the
space l’;’, = d; (él), we introduce the decreasing filtration F’ l’;’, associated
with the degree deggy1 — degy, in the same way as we did for the filtration
FB before. In this case degy: is the degree that counts the number of 6}
for fized i. Denote by (E},d]) the associated spectral sequence. Since
deggy1 Dy, = 0, the zeroth page is given by B; with the differential induced
by Q}DZ, i.e.,
(Egv dg) = (Blv QZIDZ)

We now proceed to find the first page of the spectral sequence by com-
puting the cohomology of this complex. We will find restrictions on
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the possible (p, d)-degrees at which the cohomology can be non-trivial,
which will be sufficient to complete the proof of our vanishing Theo-
rem 4.

PI‘OPOSitAiOIAl 18. The cohomology of the differential 6}D; on the
space B; = d;(C;) vanishes,
Jigh (Bi,egpi) —0,
unlessd=2,3,....n+2, p=d,d+1,...,d+n—1.
Proof. In order to compute the cohomology of G}Di on

Im <a7/2 G — él), we represent this space as a direct sum of subcom-

plexes indexed by some auxiliary gradation. That is, we consider all
possible non-constant polynomials in u»>! and 9? 2 and we represent
this space as a direct sum

Ci 07 = ) ar
wE%Z
where M C Clu®>1,07 %] is the subspace of weighted homogeneous

polynomials of the weight w, where the weight w is defined on generators
as w(u™®) = (s+2)/2,s=1,2,...,and w(0}) = (s —1)/2, s =2,3,....

Lemma 19. There is an isomorphism
wE%Z

where each of the summands is preserved by the differential Hill)i. There-
fore, the cochain complex (BZ-,H}DZ-) decomposes into a direct sum of
subcomplexes indexed by all possible w € %Z.

Proof. A short computation shows that
[D;, di] = —f'd;.
Consider an element m € M;”. It follows from the identity above that
0;D;(Cd;(m)) C (0;D;(C)) - di(m) +C - 6} D;(d;(m))
= (0} Di(C)) - di(m) +C - 0}dy(D; — f*)(m).
We see from equation (10) that 6}D;(C) C C and that (D; — f7) acts
on m by multiplication by a scalar and by f*. This shows that 91-1171-

preserves the subspace C-d; (m), and, therefore, the space C. cf,(MZ“’ ) for
any w € %Z. q.e.d.

Because of this Lemma, we can consider an infinite direct sum of
complexes, each of which is a finite dimensional module over C. Note



DEFORMATIONS OF SEMISIMPLE POISSON PENCILS 87

that d;(M®) is equal to 0 for w < 3/2, so we assume that w > 3/2 in
the rest of the proof.

Let us discuss the action of §1D;. Observe that this operator is linear
over the ring of functions in w!,... u"” and 9]1-, j # i. So, we omit the
coefficients from this ring in the computations below, assuming that
there can be an arbitrary coefficient that would be preserved.

Note that the eigenvalue of the operator

s+2 ;. 0 0
> 5 aw*z 2 Zaas’

s>1 s=2

on d;(M) is equal to w — 1. Then the eigenvalue of D; on d;(M") is
fi(w —1). Observe that w — 1 is always a positive half-integer, and the
minimal value of w — 1 is equal to 1/2 for w = 3/2 and in this case
(M) = (07).
Consider monomials 9?1 e Gjl such that 1 < j; < ... < j; < n, and
jr#iforall k=1,...,0. Let m € M. We have that
0;D;: 09, - 05 di(m) — f'(w—1)0;69, - 69 di(m).

v

So, since w — 1 # 0, we see that the subspace of ¢ CZZ(M;”) spanned
by the elements 9?1 e H?Zcz,-(m) and 911991 : "H?Zc?,-(m) forms an acyclic
subcomplex of C - d;(M").

Now we consider monomials 9?9?1 e 9?{ such that 1 < j; < -+ <
je < n,and jp # i forall k = 1,...,¢. Let m € M. Modulo the
acyclic subcomplex that we introduced in the previous paragraph, we
have that

01D;: 0969 -6 d;(m) — f ( 3) 06969, - - 69 d;(m).
Note that w — 3/2 is equal to zero only if w = 3/2, and, therefore,
di(m) # 02. Thus, if w > 3/2, the quotient of C - d; (M“’) modulo
an acyclic subcomplex is an acyclic subcomplex, and so C- dZ(MZ-w ) is
acyclic.

The only possible case when we can have non-trivial cohomology is the
case of w = 3/2, that is, the case of the complex C 93 In this case, after
taking the quotient modulo the acyclic subcomplex, the cohomology of
911) is represented by a product of 9002 by an arbitrary function in

ul, , 09,...,0% (09 is omitted), and 61,...,0.. This means that
we have non—trivial cohomology only for gradation d = 2,3,...,2 +n,
and once we fixed d, the possible values of gradation p are d, d+1, ..., d+
n — 1. This proves the Proposition. q.e.d.

Proof of Theorem 4. Recall from Remark 6 that we have to prove the
vanishing of the bihamiltonian cohomology, except for the two cases 1
and 2 specified in that remark. The computations in this subsection
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show that the cohomology of A vanishes, unless d = 0,1,...,n; p =
d,d+1,...,d+n (Case 1, coming from the sub-complex é[A]), ord=
2,3,...,n+2,p=d,d+1,...,d+n—1 (Case 2, coming from the sub-
complex d; (é )). Going back via the second to the first spectral sequence,
we conclude the vanishing of the cohomology groups of the complex

(A[A], Dy) in the same (p,d)-degrees: this is exactly the statement of
Theorem 4. q.e.d.

(1]
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