J. DIFFERENTIAL GEOMETRY
106 (2017) 507-558

G-INVARIANT HOLOMORPHIC MORSE
INEQUALITIES

MARTIN PUCHOL

Abstract

Consider an action of a connected compact Lie group on a com-
pact complex manifold M, and two equivariant vector bundles L
and E on M, with L of rank 1. The purpose of this paper is
to establish holomorphic Morse inequalities a la Demailly for the
invariant part of the Dolbeault cohomology of tensor powers of
L twisted by E. To do so, we define a moment map u by the
Kostant formula and we define the reduction of M under a nat-
ural hypothesis on p~1(0). Our inequalities are given in term of
the curvature of the bundle induced by L on this reduction.

0. Introduction

Morse Theory investigates the topological information carried by
Morse functions on a manifold and in particular their critical points.
Let f be a Morse function on a compact manifold of real dimension n.
We suppose that f has isolated critical points. Let m; (0 < j < n)
be the number of critical points of f of Morse index j, and let b; be
the Betti numbers of the manifold. Then the strong Morse inequalities
states that for 0 < ¢ < n,

q q
(0.1) D (=11 < (=17 I my,

j=0 j=0
with equality if ¢ = n. From (0.1), we get the weak Morse inequalities:
(0.2) bj <mj for 0<j<n.

In his seminal paper [23], Witten gave an analytic proof of the Morse
inequalities by analyzing the spectrum of the Schrédinger operator A; =
A +t2|df|* +tV, where t > 0 is a real parameter and V an operator of
order 0. For t — +o00, Witten shows that the spectrum of A; approaches
in some sense the spectrum of a sum of harmonic oscillators attached
to the critical point of f.

In [7], Demailly established analogous asymptotic Morse inequalities
for the Dolbeault cohomology associated with high tensor powers LP :=
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L®P of a holomorphic Hermitian line bundle (L, k%) over a compact
complex manifold (M, J). The inequalities of Demailly give asymptotic
bounds on the Morse sums of the Betti numbers of 9 on L? in terms of
certain integrals of the Chern curvature R” of (L, h"). More precisely,
we define R € End(T(HOM) by ¢"™™ (RMu,T) = R (u,T) for u,v €
TN, where ¢"™ is a J-invariant Riemannian metric on TM. We
denote by M (< q) the set of points where RL is non-degenerate and
have at most g negative eigenvalues, and we set n = dimc M. Then we
have for 0 < ¢ <n
(0.3)

q n n
S (~1)77 dim HY (M, LP) < p—/ (—1)4 <‘/_RL> +o(p),

M(<q)

‘ n! 27
j=0

with equality if ¢ = n. Here H7(M, LP) denotes the Dolbeault cohomol-
ogy in bidegree (0, j), which is also the j-th group of cohomology of the
sheaf of holomorphic sections of LP.

These inequalities have found numerous applications. In particu-
lar, Demailly used them in [7] to find new geometric characterizations
of Moishezon spaces, which improve Siu’s solution in [18, 19] of the
Grauert-Riemenschneider conjecture [11]. Another notable application
of the holomorphic Morse inequalities is the proof of the effective Mat-
susaka theorem by Siu [20, 9]. Recently, Demailly used these inequal-
ities in [10] to prove a significant step of a generalized version of the
Green—Griffiths—Lang conjecture.

To prove these inequalities, the key remark of Demailly was that in the
formula for the Kodaira Laplacian [, associated with L, the metric of L
plays formally the role of the Morse function in the paper by Witten [23],
and that the parameter p plays the role of the parameter ¢t. Then the
Hessian of the Morse function becomes the curvature of the bundle. The
proof of Demailly was based on the study of the semi-classical behavior
as p — +oo of the spectral counting functions of [J,. Subsequently,
Bismut gave an other proof of the holomorphic Morse inequalities in
[2] by adapting his heat kernel proof of the Morse inequality [1]. The
key point is that we can compare the left hand side of (0.3) with the
alternate trace of the heat kernel acting on forms of degree < ¢, i.e.,

(0.4)
- - j Q0 (M,LP) u
q=3 J p )4 Q%7 (M, _Z
g (=1)?7 dim H’ (M, L?) g Tr [exp( prﬂ ,

Jj=0 Jj=0

with equality if ¢ = n. Then, Bismut obtained the holomorphic Morse
inequalities by showing the convergence of the heat kernel thanks to
probability theory. Demailly [8] and Bouche [5] gave an analytic ap-
proach of this result. In [15], Ma and Marinescu gave a new proof of
this convergence, replacing the probabilistic arguments of Bismut [2] by
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arguments inspired by the analytic localization techniques of Bismut—
Lebeau [4, Chap. 11].

When the bundle L is positive, (0.3) is a consequence of the Hirze-
bruch—Riemann—Roch theorem and of the Kodaira vanishing theorem,
and reduces to

T
(0.5) dim H°(M, L) = p—' / (ERL)" +o(p").
nl Jy > 27
In this case, a local estimate can be obtained by the study of the as-
ymptotic of the Bergman kernel (the kernel of the orthogonal projection
from €>°(M, L”) onto H°(M, LP)) when p — +oco. We refer to [15] and
the reference therein for the study of the Bergman kernel.

In the equivariant case, a connected compact Lie group G acts on M
and its action lifts on L. When L is positive, Ma and Zhang [16] have
studied the invariant Bergman kernel, i.e., the kernel of the projection
from €>°(M, LP) onto the G-invariant part of H(M, LP). Let u be the
moment map associated with the G-action on M (see (0.7)). Ma and
Zhang [16] established that the invariant Bergman kernel concentrate
to any neighborhood U of ;~!(0), and that near z~'(0), we have a full
off-diagonal asymptotic development. They also obtain a fast decay of
the invariant Bergman kernel in the normal directions to ©~'(0), which
does not appear in the classical case.

In this paper, we establish G-invariant holomorphic Morse inequali-
ties under certain natural condition, in the context of Ma-Zhang [16]
but without the assumption that L is positive.

More precisely, we consider an action of a connected compact Lie
group G on a compact complex manifold M and two G-equivariant vec-
tor bundles L and F on M, with L of rank 1, and we establish asymp-
totic holomorphic Morse inequalities similar to (0.3) for the G-invariant
part of the Dolbeault cohomology of LP ® E (see Theorems 0.3 and 0.5).
To do so, we define a “moment map” pu: M — Lie(G) by the Kostant
formula and we define the reduction of M under natural hypothesis on
p~1(0) (see Assumption 0.1). Our inequalities are then given in term
of the curvature of the bundle induced by L on this reduction, and the
integral in (0.3) will be over subsets of the reduction.

A new feature in our setting when compared to Demailly’s result is
the localization near ~1(0). We use a heat kernel method inspired by
[2] (see also [15, Sects. 1.6-1.7]), the key being that an analogue of (0.4)
still holds (see Theorem 0.7) for the Kodaira Laplacian restricted to the
space of invariant forms. We show that the heat kernel will concentrate
in any neighborhood U of ;~!(0), and we study the asymptotic of the
heat kernel near p~!(0). For this last part, we work with the operator
induced by the Kodaira Laplacian on the quotient of U. However, as we
will have to integrate the heat kernel in the normal directions to x~1(0),
we need a more precise convergence result that in [15, Sect. 1.6]. Indeed
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we also need to prove a uniform fast decay of the heat kernel in the
normal directions, which is analogous to the decay encountered in [16,
Thm. 0.2]. Our approach is largely inspired by [16].

Note that in the literature, there exists another type of equivariant
holomorphic Morse inequalities [24, 17, 25|, which relate the Dolbeault
cohomology groups of the fixed point-set of a compact Kahler manifold
M endowed with an action of a compact connected Lie group G to the
Dolbeault cohomology groups of M itself.

We now give more details about our results. Let (M,.J) be a con-
nected compact complex manifold. Let n = dim¢ M. Let (L, ht ) be a
holomorphic Hermitian line bundle on M, and (E,h¥) a holomorphic
Hermitian vector bundle on M. We denote the Chern (i.e., holomorphic
and Hermitian) connections of L and FE, respectively, by VE and V7,
and their respective curvatures by R* = (V)2 and RF = (VF)2. Let
w be the first Chern form of (L, h"), i.e., the (1,1)-form defined by

VI
(0.6) W= R".
We do not assume that w is a positive (1, 1)-form.

Let G be a connected compact Lie group with Lie algebra g. Let
d = dimg G. We assume that G acts holomorphically on (M, J), and
that the action lifts to a holomorphic action on L and E. We assume
that h’ and h¥ are preserved by the G-action. Then RY, RF and w are
G-invariant forms.

In the sequel, if F is any G-representation, we denote by F& the
space of elements of F' invariant under the action of G. The infinitesimal
action of K € g on any F will be denoted by £, or simply by £x when
it entails no confusion.

For K € g, let K™ be the vector field on M induced by K (see (1.2)).
We can define a map p: M — g* by the Kostant formula

1
(0.7) WK) = 5= (Vien = L) -
Then for any K € g (see Lemma 2.1),
(0.8) du(K) = igmw.
Moreover, the set defined by
(0.9) P =pu~'(0)

is stable by G.
We make the following assumption:

Assumption 0.1. 0 is a reqular value of p.

Under Assumption 0.1, P is a submanifold. Moreover, by Lemma 2.2,
G acts locally freely on P, so that the quotient Mg = P/G is an orbifold,
which we call the reduction of M. For definition and basic properties
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of orbifolds, we refer to [15, Sect. 5.4], for instance. The projection
P — Mg is denoted by .

We denote by TY the tangent bundle of the G-orbits in P. As G acts
locally freely on P, we know that 7Y = Span(K™, K € g) and that it
is a vector bundle on P.

The following analogue of the classical Kahler reduction (see [12])
holds.

Theorem 0.2. The complex structure J on M induces a complex
structure Ja on Mg, for which the orbifold bundles La, Eq induced by
L, E on Mg are holomorphic. Moreover, the form w descends to a form
wa on Mg and if R*G is the Chern curvature of Lg for the metric h'¢
induced by h*, then

e

(0.10) wg = Rlc,

27
Finally, for x € Mg, 7, induces an isomorphism
(0.11) (ker wg)z = (ker w)|z—1(4).-

Let b be the bilinear form on T'M

N
27
Then we will show in Lemma 2.3 that when restricted to TY x TY, the
bilinear form b% is non-degenerate on P. In particular, the signature
of b%|7y x1y is constant on P. We denote by (r,d — r) this signature,
i.e., in any orthogonal (with respect to b") basis of TY|p, the matrix
of b will have r negative diagonal elements and d — r positive diagonal

elements.

We define R'¢ e End(TMOMg) by g(RM6u,7) = RYG(u,D) for
u,v € TEOMe, where ¢ is a Jg-invariant Riemannian metric on the
orbifold tangent bundle T M. We denote by M¢(q) the set of x € Mg
such that RQ%G is invertible and has exactly ¢ negative eigenvalues,
with the convention that if ¢ ¢ {0,...,n — d}, then Mg(q) = 0. Set
Ma(< q) = Ui<gMg(i). Note that Mg(q) does not depend on the
metric g.

As (G preserves every structure we are given, it acts naturally on the
Dolbeault cohomology H®(M,LP ® E). The following theorem is the
main result of our paper:

(0.12) b, ) = REC T =w(-, ).

Theorem 0.3. Assume that G acts effectively on M (i.e., the only
element of G acting as 1dys is the identity). Then as p — +oo, the
following strong Morse inequalities hold for g € {1,...,n}

q
(0.13) (=1)?77 dim H (M, LP @ E)“
j=0

J
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n—d

p —r n—d n—d
<rk(FE —1)4¢ +
ST ( )(n_d)'/c(gq_r)( ) OJG 0(p )7

with equality for q = n.
In particular, we get the weak Morse inequalities

(0.14) dim HY(M,LP @ E)“

n—d
p —r n—d n—d
<rk(F —1)¢ + .
=1 ( )(TL — d)' /Mc(q—r)( ) e O(p )

REMARK 0.4. We assume temporarily that G acts freely on P, so
that Mg is a manifold.

If L is positive, then w is a Kéahler form and p is a genuine moment
map. Moreover, (Mg, wq) is the usual Kéhler reduction of M (see [12]).
Zhang [26, Theorem 1.1 and Proposition 1.2] proved that in this case
quantization and reduction commute: for p large enough,

(0.15) H*(M,L* @ FE)¢ ~ H*(Mg, LY, ® Eg).

We refer to Vergne’s Bourbaki seminar [22] for a survey on the Guill-
emin—Sternberg geometric quantization conjecture.

In particular, as in the non-equivariant setting, Theorem 0.3 is, in
this case, a consequence of (0.15) and of the Hirzebruch-Riemann—Roch
theorem and of the Kodaira vanishing theorem, both applied on M.

We prove here that even if w is degenerate or if G does not act
freely on P, under Assumption 0.1, we have the same estimate for
Z‘;:O(—l)q_j dim H7(M,LP ® E)% as the one given by the holomorphic

Morse inequalities on Mg for 3~9_((—1)77 dim H’ (Mg, Ly, ® Eg).

Theorem 0.3 is in fact a particular case of the more general Theorem
0.5 below.

Set
(0.16) G'={geG : g -x=uxforany z € M},
which is a finite normal subgroup of G. Note that we will see in (5.23)
that we also have G' = {g € G : g-x = z for any x € P}.

Observe that dim(L, @ E,)C" does not depend on v € M. We will
thus denote it simply by dim(LP @ E)C".

Theorem 0.5. As p — 400, the following strong Morse inequalities
hold for g € {1,...,n}

(0.17) Eq:(—nq—j dim H (M, LP @ E)¢
j=0

<

n—d
< dim(L? @ B)®° -2 / ()W 4 o(p ),
Mg (<q—)

(n—d)!
with equality for ¢ = n.
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In particular, we get the weak Morse inequalities

(0.18) dim HY(M,LP @ E)“
n—d

<ampon® T [ e o,
: Gglg—r

REMARK 0.6. The integer dim(L? ®E)G0 depends on p. However, as
GY is finite and acts by rotations on L, there exists k € N (a divisor of
the cardinal of GY) such that G acts trivially on L*. In particular, we
have dim(L* @ E)¢" = dim ES".

We now explain what are the main steps of our proof.

Let ¢"™™ be a J- and G-invariant metric on TM. Let dvys be the
corresponding Riemannian volume on M, and let VTM be the Levi-
Civita connection on (T'M, "™ ). Let OF"®F he the Dolbeault operator
acting on Q%*(M, LP ® E). Let 0¥ ®E* be its dual with respect to the
L? product induced by ¢g"™, h* and h¥ on Q%*(M,LP @ E) (see (1.8)).
We set
(0.19) D, = V2 (0MEF 4 oM e |
and we denote by e %P » the associated heat kernel.

We denote Pg the orthogonal projection from Q%®(M, L @ E) onto

u M2
Q0*(M, LP @ E)C. Let (Pge »"?Pg)(v,v') be the Schwartz kernel of
u M2
Pge »P? P with respect to dup (v)).

Note that the operator D2 acts on Q%*(M, LP E)@ (i.e., commutes

with Pg) and preserves the Z-grading. We denote by Tr, [PGe_%Dng]

the trace of PGe_%D?’PG acting on QO9(M, L? ® E). We then have an
analogue of (0.4):

Theorem 0.7. For any v >0, p € N* and 0 < g <n, we have

(0.20) Eq:(—m—j dim H (M, LP @ E)“

j=0

q
< 3 (=1 Iy [Poe” 2P0 P).
=0

with equality for ¢ = n.

We now give the estimates on PGe_%DT%PG to treat the right-hand
side of (0.20).

Let U be a small open G-invariant neighborhood of P, such that G
acts locally freely on its closure U.

First, we have away from P the following theorem. The analogous
result of Ma—Zhang for the invariant Bergman kernel is [16, Thm. 0.1].
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Theorem 0.8. For any fized u > 0 and k,¢ € N, there exists C' > 0
such that for any p € N* and v,v" € M with v,v' € M\ U,

(0.21) PGe_%DZZ’Pg(U,v') » <Cp7F,

where |-|ye is the € -norm induced by V¥, VE, VTM hE hE and g™M.

We now turn to the “near P” asymptotic of the heat kernel. To
explain simply this asymptotic, we assume now that G acts freely on P.
We can thus also assume that G acts freely on U. Let B = U/G. Then
Mg and B are here genuine manifolds. We will explain in Section 5.2
how to adapt the proof of Theorems 0.3 and 0.5 to the case of a locally
free action.

We again denote by TY = Span(K™, K € g) the tangent bundle of
the orbits in U. By Lemma 2.3, we have

(0.22) TU =TY & (TY )L,

Then we can choose the horizontal bundles of the fibrations U — B and
P — Mg to be, respectively,

(0.23) T"U = (TY)"* and T7P=T"U|,NTP.
Indeed, using (0.22) and the fact that TY C TP, we see that
(0.24) TP=TY TP

Let gTHP be a G-invariant and J-invariant metric on THP. Let g™V
be a G-invariant metric on TY and let ¢/7" be the G-invariant metric
on JTY induced by J and g”Y". Then by (2.19), we can chose the metric
g™ on TM so that on P:

H
(0.25) 7 Mp=g"Ypag ™ pagd .

We will use this condition on g7 in the rest of the introduction as well
as in Sections 4.1-5.2.

Let ¢ be the metric on TB induced by ¢"™ and THU, and let dvp
be the associated volume form.

Suppose that U is small enough so that it can be identified with a
e-neighborhood, ¢ > 0, of the zero section of the normal bundle N of
P in U via exponential map. We denote the corresponding coordinate
by v = (y, Z+) € U with y € P and Z+ € N,,. Note that by (0.24) and
(0.25) we can identify N, and JT'Y,.

Let J € End(T'M|p) be such that on P

(0.26) w=g"™(J- ).

By (4.3), the normal bundle Ng of Mg in B can be identified with
the bundle (JTY)p induced on B by JTY ~ N (see Section 1). In
particular, if m(y) = x, we keep the same notation for an element of N,
and the corresponding element in Ng ;.
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We will see in Section 4.3 that J intertwines the bundles TY and
JTY. 1In particular, J? induces an endomorphism of Ng and if

{a%, “e ,aj‘} == —2\/ _17TSP(J|(TY€BJTY)(1’O)) (aj_ 6 R*), then

1
(0.27) Sp2|ng) = =z {a ey )

Let ¢™V¢ be the induced metric On N¢g and dvy,, the corresponding
volume form. For z € Mg, let {e 1 be an orthonormal basis of Ng ,

such that J2e = 41261L ?(2)ef-. We can then identify RY with Ng
via the map

d
(0.28) (Zt.....Z7) R 2+ = Zte
i=1

We now define the operator .Z;- acting on NGz ~ R? by

d
(0.29) .z;:—z((v#f lat Z:4| ) Za],

i=1

where Vi denotes the ordinary differentiation operator on R¢ in the
direction U. We denote by e % (Z+, Z"L) the heat kernel of Lt
with respect to dvn, , (Z'*). Note that we have an explicit formula for

e‘“"gﬂ}(ZL,Z’l) (see (5.12)), but we do not give it to have a simpler
asymptotic formula for the heat kernel.

Let ¢"™¢c be the metric on Mg induced by ¢"™ and TH P and dv Me
the corresponding volume form. We denote by (-,-)¢ the C-bilinear
extension of gTMG'.on TMg ® C. Then we can identify RY¢ with the
Hermitian matrix RL¢ € End(T™M% Mg) such that for V, V! € 710 Mg,
(0.30) RLe(v, V') = (REeV, V)q.

Let {w;} be a local orthonormal frame of 7% M with dual frame
{w’}. Set
(0.31) wa =— Y R*(w;,w;)w’ A ig,.

.7
Let h be the G-invariant smooth function on M given by (see Section 1)
(0.32) h(z) = v/vol(G.x),
and let Kk € €°°(TB|u,) be the function defined by x|, = 1 and for
r € Mg, Z €1,.B,
(0.33)  dvp(z, Z) = k(z, Z)dvr, B(Z) = k(z, Z)dvng (v)dong , (Z).

The following result is a version of [16, Thm. 2.21] in our situation
for the heat kernel.
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Theorem 0.9. Assume that G acts freely on P. For any fized u > 0
and m € N, we have the following convergence as p — +oo for |Z+| < e:
(034) h(y,ZL)z(PGe_%DI%PG) ((y7 Zl)a(y7 Zl)) =
KMz, ZY)  det(REo)e?uwal®)

(2m)n=4  det (1— exp(—2uR£G))

e—ufij(\/ﬁZJ_’\/]—?ZJ_)®IdEpn—d/2

+O(pn_d/2_1/2(1+\/]_?’ZJ'D_m),

where © = w(y) € Mg and the term O(:) is uniform. The convergence
18 in the €°°-topology in y € P. Here, we use the convention that if an

L
, . I det(Ry&
£OG is zero, then its contribution to S

. 18
dct(l—exp(—uR£§ )

eigenvalue of R
1

2u”
From Theorems 0.7, 0.8 and 0.9, we get Theorem 0.3 in the case where

G acts freely on P by integrating on M the trace of (PGe_%Dg Pg)(m,m),
then taking the limit u — +oc.

This paper is organized as follows. In Section 1, we recall some con-
structions associated with a principal bundle. In Section 2, we apply
the constructions and results of Section 1 to our situation to define the
reduction of M and to descend on it the different objects we are given,
thus proving Theorem 0.2. In Section 3 we prove the localization of the
heat kernel near P, i.e., Theorem 0.8. In Sections 4, we assume for sim-
plicity that G acts freely on P and U, and study the asymptotic of the
heat kernel near P by localizing the problem and studying a rescaled
Laplacian on B. We thus obtain Theorem 0.9. Finally, in Section 5,
we prove the G-invariant holomorphic Morse inequalities (Theorems 0.3
and 0.5) and we also show how to use Theorem 0.5 to get estimates on
the other isotypic components of the cohomology H®(M, L ® E).

Acknowledgments. This work is part of the PhD. thesis of the author
at Université Paris Diderot. The author wants to thank his advisor Pro-
fessor Xiaonan Ma for helpful discussions about the problem addressed
here, and more generally for his kind and constant support.

1. Connections and Laplacians associated with a principal
bundle

In this section, we review some results of [16, Chp. 1] for the conve-
nience of the reader.

Let G be a connected compact Lie group of dimension d that acts
smoothly and locally freely on the left on a smooth manifold M of
dimension m. Then 7: M — B = M/G is a G-principal bundle and
B is an orbifold. We denote by TY the relative tangent bundle of this
fibration.
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Note that in [16, Chp. 1], Ma and Zhang assumed that G acts freely
on M, but as they explain in the introduction of [16, Chp. 1] and in
[16, Sect. 4.1], the results of [16, Chp. 1] extend to the case where G
acts only locally freely, essentially because when we work on orbifold
quotients, we in fact work with invariant sections on M.

Let g™ be a G-invariant metric on TM, and V™ the correspond-
ing Levi-Civita connection on 7M. We denote by TH M the orthogonal
complement of TY in TM. For U € TB, we denote by U the hor-
izontal lift of U in TM, that is mU" = U and UH € TEM. Let
§: TM — g be the connection form corresponding to T M, and let ©
be its curvature, i.e., the horizontal form such that

(1.1) oW, vHy = _pTY[yf v

where PTY is the natural projection TM =TY @ THM — TY.

The metric g7 induces a metric g”" (resp. gTHM ) on TY (resp.
THM). Let g"B be the metric on TB induced by gTHM, and let VT8
be the corresponding Levi-Civita connection.

Let (F,hf) be a G-equivariant Hermitian vector bundle with G-
equivariant Hermitian connection V. Then G acts on €°(M, F) by

(9-5)(x) = g.s(g ).
Any K € g induces a vector field K™ on M given by

0
(1.2) KM= = e K 1.
s s=0

For K € g, recall that L is the infinitesimal action of K on any G
representation. Let uf” € °°(M, g* @ End(F)) be defined by

(1.3) pf(K) = Vi — Lk.

Using the identification TY ~ M x g, we can identify p” with gt e
€>°(M,TY @ End(F))% such that

(14) (i KM = ().

Let Fp be the orbifold bundle on B induced by F, ie., Fp, =
E(r Y (x), F |7T71(x))G. Then there is a canonical isomorphism

(1.5) Ta: €°(M,F)¢ =5 €>°(B, Fp).

The invariant metric A" induces a metric A2 on F. For s € €>°(B, Fp)
and U € T'B, we define

(1.6) Vng = V[I;HS.

Observe that V2 is the restriction of the connection VI — 1(6) to
€ (M, F)Y. Let R"? be the curvature of V2. Then by [16, (1.18)]
we have for V,V' € TB

(1.7) REs(v, vy = RE(WVH v'HY — nF (o), V).
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Let dvys be the Riemannian volume on (M,g"™). We endow
€ (M, F) with the L? product induced by ¢g”™ and h'":

(18) (5,8') = /M<s e (@)dorr ().

In the same way, g’ ® and k2 induce a L? product (-,-) on (B, Fp).
For x € M, we denote by vol(G.xz) the volume of the orbit of G.x

endowed with the restriction of g7 . Define the G-invariant function h
on M by

(1.9) h(z) = /vol(G.x).

Then h define a function on B, which is still denoted by h. Note that
h is smooth only on the regular part of AB . However, we can extend it
continuously to get a smooth function h on B. Then h also define a

smooth function on U.
The map

(1.10) & = hrg: (€°(M,F)°,(-,)) = (€=(B, Fp), (-,-))

is then an isometry.

Let {u;}™; be an orthonormal frame of T M. For any Hermitian bun-
dle with Hermitian connection (E,h¥, VF) on M, the Bochner Lapla-
cians AP Ay, are given by

(L) AP =3 ((VE) - VEp, ), Au=AC
i=1
Let { fl}l 1 be a G-invariant orthonormal frame of TY with dual
frame {f'}¢_ |, and let {e;}"7¢ be an orthonormal frame of TB. Then

{efl| f;} form an orthonormal frame of T'M.
For 0,0' € TY ® End(F), let (0,0") rv € End(F) be the contraction

of the part of 0 @ ¢/ in TY ® TY with g”. Note that

(1.12) " i oy Z (", )2z € End(F).
=1
Theorem 1.1. As an operator on € (B, Fg), ®AT®~1 is given by
(1.13) oATo~! = AP — (7P 5Py v — T Aph.
Proof. This is proved in [16, Thm. 1.3]. q.e.d.

2. The reduction of M and the Laplacian on B

This Section is organized as follows. In Section 2.1 we apply the con-
structions and results of Section 1 to our situation in order to define the
reduction of M and to descend on it the different objects we are given.
We prove, under Assumption 0.1, some properties of the reduction that
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are well-known in the case where w is positive and get Theorem 0.2. In
Section 2.2, we compute the operator induced on U/G by the Kodaira
Laplacian.

We use here the notations of the introduction. In particular, let
(M, J) be a connected compact complex manifold of dimension n, let
(L, h") be a holomorphic Hermitian line bundle on M and (E,h%) a
Hermitian complex vector bundle on M. We denote the associated
Chern curvatures by RY and RF. Let w = %RL be the first Chern
form of (L, k"), which is not assumed to be positive. Let G be a con-
nected compact Lie group with Lie algebra g. Let d = dimr G. We
assume that G acts holomorphically on (M, J), and that the action lifts
in a holomorphic action on L and E. We assume that h’ and h¥ are
preserved by the G-action.

Recall that V* denotes the Chern connection of (L, h’") and that the
moment map g is defined by 2iru(K) = Vng — Lg for K € g. Let
P = 1~1(0) and let U be a small tubular neighborhood of P. Finally,
we set Mg = P/G.

2.1. The reduction of M. We begin by proving the following result:

Lemma 2.1. The map p is smooth on M and is linear in K. More-
over, it is moment map of the G-action on M, i.e., u is G-equivariant
and for any K € g,

(2.1) du(K) =igmw.

Proof. First, as both V% u and Lx satisfies the Leibniz rules and
preserves h%, we know that Vf( v — L is €°°(M)-linear, and, moreover,

it is a skew-adjoint operator. Thus, under the canonical isomorphism
End(L) =C,

(2.2) Vi — Lk € €(M,iR).
This proves the first part of Lemma 2.1.

As VI is G-invariant, we have g - (VEs) = Vg*y(g -s) for Y €

E*(M,TM), s € €¢°(M,L) and g € G. Thus, taking g = e X for
K € g and differentiating at ¢t = 0, we get

(23)  LxVys=Viuys+ ViLgs,  thatis [Lx, V'] =0.
Using the definition of u (0.7), (2.3) becomes

(24)  (2imu(K) + Vign ) Virs = Vi yis + Vi (2imu(K) + Vi) s.

This, together with (0.6), yields to

(2.5) Y (u(K)) = w(KM,Y),

which is (2.1).
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Finally, it is easy to prove that g, KM = (Ad,K)M and g - (Lks) =
Lad,r(g-8), so

(2.6) 2im g - (n(K)s) = (Viaa, xyn — Lad,x)(g-9),
and thus
(2.7) plg~'e) = Ad i p.
The proof of Lemma 2.1 is complete. q.e.d.

Lemma 2.2. The group G acts locally freely on P.
Proof. By (2.1), we have for x € P,V € T,M and K € g,
(2.8) w(EM, V)y = (deps(V))(K).

In particular, if K™ =0, then (d,u(V))(K) vanishes for all V € T, M.
However, by Assumption 0.1, the differential d, pu: T,,M — g* is surjec-
tive, hence K = 0. q.e.d.

Lemma 2.3. When restricted to TY x TY, the bilinear form b is
non-degenerate on P.

Proof. First, observe that for x € P, V € T, M and K € g, equations
(0.12) and (2.1) yield

(2.9) VE(EM, V), = —w(EM V), = —(dopu(V)) (K).
Let z € P,V € T,M and K € g. Then by (2.9)
(2.10) JV € (TY )t L, = dap(V) =0 = V ETP,

the last equivalence coming from the fact that P = p~'(0). In partic-
ular, dim(TY) 2 = dimTP = 2n — d, the last identity coming from
the fact that 0 is a regular value of p. Moreover, dim 7Y = d (because
G acts locally freely on U) and TY + (TY)ts = TU. This is possible
only if this sum is direct, i.e., TY N (TY)*r = {0}. We have proved
our lemma. q.e.d.

By Lemma 2.3, we have
(2.11) TU =TY & (TY )L,

Then we can choose the horizontal bundles of the fibrations U — B and
P — Mg to be

(2.12) T"U = (TY)"t and T"P=T"U|,NTP.
Indeed, using (2.11) and the fact that TY C TP, we see that
(2.13) TP=TY TP

Let (Lg, hte,VEe) and (Eg, ¢, VES) be defined from (L, h*, V1),
(E,h" VE) and T P as indicated in Section 1. We also define wg by

(2.14) wa(V, V') = w(VHE V'),
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Note that (1.7) restricted to P = p~1(0) gives
(2.15) Ry (V, V') = RE|p(VH V'),

From (0.6), (2.14) and (2.15), we see that if RYG is the curvature of
VEe, then

V=1 .
2.1 = ——R"C,
( 6) wa Gy R
Lemma 2.4. We have
T"U|, = JTP,

(2.17)
TU|p =TP® JTY.

In the second line, the sum is orthogonal with respect to b*.

Proof. Recall that THU = (TY)12. Thus the first identity in (2.17)
follows from (2.10).
Concerning the second, we have for V € TP and K € g,

(2.18) VHIEM V) = w(EM V) = (dop(V)) (K) = 0.

Using (2.18) and the facts that b is non-degenerate on JTY and that
dim7TU = dimTP + dim JTY, we get the second identity in (2.17).
q.e.d.

Using Lemma 2.4 and (2.13), we find firstly
(2.19) TU|p=THP®TY © JTY,

the decomposition being orthogonal for b”, and secondly by Lemma 2.4
and (2.12),

(2.20) TP =TPNJTP.

In particular, TH P is stable by .J, so we can define an almost-complex
structure on Mg in the following way. For V € T Mg, we denote V7 its
lift in 7" P, and we define the almost complex structure Jg on Mg by

(2.21) (JeV)H = Jvi).

Lemma 2.5. The almost complex structure Jg is integrable, thus
(Ma, Ja) is a complex manifold.

Proof. Let u,v € € (Mg, T**Mg). Then there are U,V € €°°(Mg,
TMg¢) such that

(2.22) u=U—-1JgU, v=V—+/-1JgV.
Using (2.21), we find
(2.23) v = U —/—1JU" | v =VH - /1JVvH e TOM N TCP.

As both TY9M and T¢P are integrable, we have [ufl,v] € THOM N
TcP, ie., there is W € €°°(M,TM) such that

(2.24) W o) =W —/=1JW,
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and, moreover, W, JW € TP. Thus, W € TP N JTP = THP and we
can write W = X for X a section of TMg. Hence

(2.25)

[u,v] = m[ull o] = m (X — V=1JXH) = X —/=1JX € TH M.

By the Newlander—Nirenberg theorem, (2.25) means that Jg is inte-
grable. q.e.d.

Lemma 2.6. The bundles Lg and Eg are holomorphic. Moreover,
VEG and VFG are the respective Chern connections of (Lg, h*¢) and
(Eg,hEG).

Proof. We first prove the result for Lg.
Observe that for U,V € T'Mg,

(2.26)  wg(JqU,JqV) =w(JUR, gV = w(UH, V) = wa(U, V).

Hence, wg is a (1, 1)-form, and so is R¥¢ by (2.16). We decompose V¢
into holomorphic part and anti-holomorphic part,

(2.27) vie = (vEe)Lo 4 (yle)ol,
As R%6 is (1,1), we have
(2.28) (VEe)01)2 — .
For s € €°(Mg, Lg), we define
(2.29) dlos = (Vie)olg,

Let sg be a local frame of Lg near zg € Mg. Then we can write
(VEG)O 15y = asg for some (0,1)-form a. By (2.28), we have

(2.30) 0= ((VFe)*1) %50 = (Da)so.

Thus, do = 0. By the (local) 0-lemma, there is a function f defined
near xg such that 0f = —a. Thus,

(2.31) dFG 59+ (0f)so = 0.

This shows that (2.29) defines a holomorphic structure on L, for which
el so is a local holomorphic frame near zg.

Finally, V¢ is clearly Hermitian with respect to h¢, and is holo-
morphic by the definition (2.29), so V¢ is indeed the Chern connection
on Lg.

We now turn to Eg. Here again, it is enough to prove that RF¢ is
a (1,1)-form (see, for instance, [13, Prop. 1.3.7]). As RF is a (1,1)-
form, (1.7) shows that it is equivalent to prove that O|pupyrup is a
(1,1)-form.

Let u = U — /=1JU and v = V — /=1JV be in (THP)L0. As
U,V,JU and JV arein T" P = TPNJTP and TP is integrable, we have
[u,v] € Tc P. Moreover, as u and v are of type (1,0) and J is integrable,
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[u,v] is also of type (1,0), and thus [u,v] = —iJ[u,v] € JIcP. In
conclusion, [u,v] € THZ P and by (1.1), ©(u,v) = 0. q.e.d.

Lemma 2.7. We have kerw|p C TH P, and for v € Mg, m, induces
an isomorphism

(2.32) (ker wg)z = (ker w)|z—1(4).-

Proof. Let V€ TU|p be such that w(V,-) = 0. Then we also have
b“(V,-) = 0. Thus V is in particular in (TY)t = THU. Moreover, V
is also orthogonal (for %) to JTY, so is in T P by Lemma 2.4.

As wg(my-, mer) = w(-, ), we know that 7, maps kerw|p in kerwg,
and is injective as kerw|p C THP. Finally, if V € kerwg, then
w(VH VY =0 for V! € THP. In fact, as the decomposition in (2.19)
is orthogonal for b”, we have w(VH V') = 0 for V' € TU|p, and thus
VH ¢ kerw. The proof of our lemma is complete. q.e.d.

By (2.16) and Lemmas 2.5, 2.6 and 2.7 we have proved Theorem 0.2.

2.2. The Kodaira Laplacian and the operator induced on B.
We define the vector bundle £, and E,, (p > 1) over M by

E=A"*(T"M)® E,

(2.33) .
E, = A%(T*M)® E ® L.

Recall that ¢g"™ is a J- and G-invariant metric on TM (we do not
assume that (0.25) holds in this section). We endow ¢*°(M,E,) with
the L? scalar product associated with ¢’ Al and h¥ as in (1.8).
Then the Dolbeault-Dirac operator D,, defined in (0.19) is a formally
self-adjoint operator acting on ¢*°(M,E,).

We now recall the Lichnerowicz formula for the Kodaira Laplacian
D2.

Let V™ be the Levi-Civita connection on (M,g"™). We denote
by PTHOM the orthogonal projection form TM ®g C onto T M.
Let VI"OM — pT®OMGTM pT™OM 16 the induced connection on
TWOM. We endow det(T0M) with the metric induced by ¢"™, and
we denote by V9 the Hermitian connection on det(7T"°M) induced by
VI"OM | Let Rdet be the curvature of Vet

Let (wi,...,w,) be an orthonormal frame of (TL0 M, g™™), and
(e1,...,e2,) be the orthonormal frame of (T'M, g"™) given by

1 V-1
1= %= g5 (w;

Let {e*} be the dual basis of {e;}. The Clifford action of TcM on
A%*(T*M) is defined by linearity from

(2.35) c(wj) == V2w A and c(W;) = —\/5@'@..

(2.34) (wj +w;) and — wj).
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We then define a map, still denoted by ¢(-), on A(TEM) by setting for
Jr <o < Jg:
(2.36) c(e A Nelk) = clej) ... cle),)-

Let TTM and I'det be the connection forms of VI™ and Vet associ-
ated with the frames {e;} and wy A --- A w,. Define the Clifford con-

nection on AO"(T*M) (see [15, (1.3.5)]) by the following local formula
in the frame {wW" A --- A W' }:

1 1
(2.37) vl =a+ 1 Z(FTMe,-, ej)c(ei)c(ef) + gfdet.
i,J
We also denote by V¢! the connection on € induced by V¢! and VE.
Let Q be the real (1, 1)-form defined by
(2.38) Q=g"™M@J- ).

On A%*(T*M), we define the Bismut connection V5 by

Y Lofiv(o-9)0).

This connection, along with V¥ and V%, induces connections V¢ and
VE» on £ and E,. Moreover, we know that (see, e.g., [15, Thm. 1.4.5])

(2.39) v = v+

2n
(2.40) Dy =" clei)Ver.
=1

Let AF» be the Bochner Laplacian on E, induced by VE» Tt is
given by the following formula: if (¢") is the inverse of the matrix

(glj) = (ggM(eiaej))7 then
E id E E E
(2.41) AE» — _gii (ve;’ve;’ _ vk > .

ViEMe;

Let 7™ be the scalar curvature of (M, g"™). Let W¢ be the smooth
self-adjoint section of End(£) given by

(2.42) W = Tf + (R + %Rdet) + \/2?1@(589) - é|(a —9)0f*.
Set also

wa=— Y R*(w;, W)W A i,
(2.43) &

2¥)
T = Z RL(ZUZ',@Z').

The Lichnerowicz formula (see, for instance, [15, Thm. 1.4.7 and
(1.5.17)]) reads

(2.44) D2 =A™ —p(2wy +7) + T
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Let xf, 1B and p®» be the moment maps induced by VE, VB! and
VEr as in (1.3). Recall that p is defined in (0.7). Then we have

{ pt = 2imp,

(2.45) ,
p* = 2irpp + p” + pB

Assume now that G acts freely on P, and recall that we then choose
the G-invariant neighborhood U of P so that G acts freely on its closure
U. Using the procedure of Section 1 for U — U/G = B and ¢"™|y,
we can define the operator @DSCI)_l induced by DS on B. Thanks to
Theorem 1.1 and (2.44), we find that in the case of a free G-action on P,

(2.46) ®D2®™ = ABr2 — p(2wy+7) + Ve — (7B, 7 v — W Aph.

Here, we have kept the same notation for an element in € (U,
End(E,))“ and the induced element in ¢>°(B,End(E, 5)), and we will
always do this in the sequel.

3. Localization near P

The goal of this section is to prove the localization of PGe_%D’%PG
near P, i.e., we prove Theorem 0.8.

Let inj™ be the injectivity radius of (M, g"™), and e €]0, inj][.

For zg € M, we denote by BM (zg,¢) and BT=0M (0, ¢) the open balls
in M and T, M with center xy and 0 and radius ¢, respectively. If exp%
is the exponential map of M, then Z € BT (0,e) — expl!(Z) €
BM(x¢,¢) is a diffeomorphism, which gives local coordinates by identi-
fying Ty, M with R?" via an orthonormal basis {e;} of T}, M:

(3.1) (Z1,..., Zon) €R™ = Y~ Zie; € T, M.

(2

From now on, we will always identify BTz (0,¢) and BM (g, ¢).

Let x1,...2n be points of M such that {Uy = BM(z),e)}4_; is an
open covering of M. On each Uy we identify Ez, Ly and AO”(TEM)
to By, , Ly, and AO”(T;kM) by parallel transport with respect to V7,
V% and VB along the geodesic ray t € [0,1] — tZ. We fix for each
k=1,...,N an orthonormal basis {e;}; of T,;, M (without mentioning
the dependence on k).

We denote by Vy the ordinary differentiation operator in the direc-
tion V on T}, M.

Let {¢k } be a partition of unity subordinate to {Uy }. For £ € N, we
define a Sobolev norm || - || ¢,y on the (-th Sobolev space H'(M,E,)
by

4 d
(32 sl =20 S Ve - Ve (o532

k ]:0 il,...,ijzl
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Lemma 3.1. For any m € N, there exists Cp, > 0 such that for any
p € N* and any s € H*™2(M, E,),

m—+1

(3.3) 5l [3p2m2(y) < Cond™™ > 7D 5|l 2.
j=0
Proof. This is proved in [15, Lem. 1.6.2]. q.e.d.

Let f: R — [0, 1] be a smooth even function such that
1 for |t| < g/2,
£t) =

3.4
(34) 0 for [t| > e.

For v > 0,¢>1and a € C, set

mwzéwmmwﬂmmwbm

\/%7
Gu(a) = /]R "V exp(—12/2)(1 — f(vv/a))

(3.5) "

Nor3

These functions are even holomorphic functions. Moreover, the re-
strictions of F,, and G, to R lie in the Schwartz space S(R), and

(3.6) Fu(vDp) + Gy(vDp) = exp (—U2D§) for v > 0.

Let Gy (vLy)(x, ") be the smooth kernel of Gy (vL,) with respect to
dops ().

Proposition 3.2. For any m € N, ug > 0, € > 0, there exist C >0
and N € N such that for any u > ug and any p € N*,

2
o N _&gp

Here, the €™-norm is induced by VL, VE, VB hl hE and ¢™M.

Proof. This is proved in [15, Prop. 1.6.4]. q.e.d.

Proof of Theorem 0.8. As 0 is a regular value of p, there is ¢y such that
(3.8) p: Mae, := u~Y(B%(0,2¢)) — BY (0, 2€0)

is a submersion. Note that My, is an open G-invariant subset of M.

Fix €, €g small enough so that My, C U and d (z,y) > 4e if x € M,
and y € M\ U. We set V,, = M \ M,,, which is a smooth G-manifold
with boundary 0V,,. Then M \ U C V.

We denote by D), p the operator D,, acting on V,, with the Dirichlet
boundary condition. Then D,, p is self-adjoint.

By [21, Sects. 2.6, 2.8] and [15, Append. D.2], we know that
the wave operator cos(uD, p) is well defined and its Schwartz kernel
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cos(uD, p)(x,z") only depends on the restriction of D, to G- BM (x,u)N
V., and vanish if ™ (z,2') > u. Thus, by (3.5),
(3.9)

Vr,2' € M\U, Fu (MDP) (z,2') = Fu (\/WDI,,D> (x,2").

Let s € €°°(M,E,) with supp(s) C V,. Since D, commutes with
the G-action, we know that D,s € Q%*(M,LP ® E)%. Moreover, from
the Lichnerowicz formula (2.44), we get

(3.10) (Dps,s) = V™) 72 — p((wa +7)s, 5) + (Les, s).
Observer that, as s € QU*(M, LP @ E)%, (1.3) gives

(3.11) Vidus = (Li + 5 (K))s = = (K)s,

and thus by (2.45) and the fact that supp(s) C V,,

E
IVEsll72 >C Y IV Zusllze = C Yl (Ki)s|z

3.12
(3.12) > Cp?|| |uls)|2e — C'|ls) 2

> Cegp®[slliz — Cllsl|72-
Thanks to (3.10) and (3.12), we have
(3.13) (D2s,5) > Cp?||s|2..

In particular, as Py preserve the Dirichlet boundary condition, there
are C,C" > 0 such that for p > 1,

(3.14) Sp(Pe D} pPs) C [Cp®,+00].

By the elliptic estimate for the Laplacian with Dirichlet boundary
condition [21, Thm. 5.1.3], we can see that the proof of Lemma 3.1 (see
[15, Lem. 1.6.2]) still works if we replace therein D, by D, p and take
s € H*™2(M,E,)NH}(M,E,). Using this modification of Lemma 3.1,
(3.14) and

(3.15) sup |a"F (av/u/p)| < Conpup ™,
a>Cp P

we find that for any @, @ differential operators of order 2m,2m’ with
scalar principal symbol and with support in U;, U; and for any k € N

(316)  ||QF: (Va/pDpn)Q's| , < Conmap™ sl 22

Thus, using Sobolev inequalities with (3.16), and (3.6), (3.7) and (3.9),
we get Theorem 0.8. q.e.d.
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4. Asymptotic of the heat kernel near P for a free action

We assume in this Section that G acts freely on P and U.

In this section, we prove Theorem 0.9. In Section 4.1, we work near
P and replace our geometric setting by a model setting, in which M is
replaced by G x R?"~? P by G x R?"~24 x {0} and the different bundles
are trivial. We can then define a rescaled version of %Dg, and in Section
4.2, we prove the convergence of the heat kernel of the rescaled operator.
In Section 4.3 we compute the limiting heat kernel to finish the proof
of Theorem 0.9.

4.1. Rescaling the operator <I>Dg<1>_1. This section is analogous to
[16, Sect. 2.6], with the necessary changes made.

We fix g € Mg and € €]0,inj™ /4].

Recall that we have the following diagram:

P=u10)——=U

o e
Mg~——B
Recall also that gTHP is a G-invariant and J-invariant metric on
THP, g7V is a G-invariant metric on TY and ¢’7" is the G-invariant
metric on JTY induced by J and ¢g”. Then by (2.19), we can chose
be a G-invariant metric ¢”™ on M such that on P:

H
(4.1) dMp=g"Ypagdpagd .

Let gTHU be the restriction of g”™ on THU. Let g"P (vesp. g"Mc)

be the metric on T'B (resp. T'M¢) induced by gt (resp. gTHP).
By (0.24) and Lemma 2.4, we know that

(4.2) THU|p = JTY|p® JTHP = JTY|p & T P.

As a consequence, if Ng denotes the normal bundle of M in B, then
N¢ can be identified as

(4.3) Ng ~ (TMg)* ™5 = (JTY) 5| e,

where (JTY)p denotes the bundle over B induced by JTY.

Let VTP be the Levi-Civita connection on (T'B, g’ ?). Let PN¢ and
PTMc he the orthogonal projections from T'B|yz, to Ng and TMg,
respectively. Set

VNG — PNG (VTB|MG)PNG, VTMG — PTMG (VTB|MG)PTMG,
OvTB _ VNG o VTMG, A= VTB’MG o OvTB.

For W € T, Mg, let u € R +— z, = expll¢(ulW) € Mg be the
geodesic in M starting at xo with speed W. If [IW| < 4e and V' € Ng 4,

(4.4)
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let 7'V be the parallel transport of V with respect to V¢ along to
curve u € [0,1] — z, = exp2lc (uW).

It Z € T,,,B, we decompose Z as Z = Z% + Z+ with Z° ¢ TyoMa
and Z1t € Ngg, and if |Z°,|Z1] < e we identify Z with
exp? Mg, o (T70Z 1), This gives a diffeomorphism

exp,7 (Z2°)

(4.5) F: BT2oMc (0, 4¢) x BNGw0(0,4e) =5 % (x0) C B,

where % (z¢) is an open neighborhood of zp in B. Note that under this
diffeomorphism, % (x9) N M is identified with (BZ=0Mc(0,4e) x {0}).

In the sequel, we will indifferently write BT=0Mc (0, 4¢) x BNG.0 (0, 4¢)
or % (o), xo or 0, etc.

We identify (Lp)z, (EB)z and (E,)pz with (Lp)s,, (EB)s, and
(Ep)B,z, by using parallel transport with respect to Vvis, VEB and
VE)B along the curve u € [0,1] — v, = uZ.

Fix yo € 7 1(xg). We define 7: [0,1] — M to be the curve lifting v
such that %iuu € T;ﬁU. As above, on 71 (B7%05(0,4¢)), we can trivi-
alize L, F and E, using the parallel transport along v with respect to
the corresponding connections. By (1.6), the previous trivialization are
naturally induced by this one.

This also gives a diffeomorphism

(4.6) 7L (BT20B(0,4¢)) ~ G x BT=0B(0, 4¢),
and the induced G-action on G' x BT=05(0,¢) is then
(47) 9-(¢',2) = (99’ 2)-

Let {€} and {e;-} be orthonormal basis of Ty, Mg and N 4, respec-
tively. Then {e;} = {e¥,e;} is an orthonormal basis of T, B. Let {e'}
be its dual basis. We will also denote Fi(e?), Fi(ei) by {el}, {ei}, so
that in our coordinates,

9 _ o 9 1
(48) a—Ziozei, T = €.

In what follows, we will extend the geometric object from B7=05(0, 4¢)
to R?"~4 ~ T, B (here the identification is similar to (3.1)) to get ana-
logue geometric structures on G' x R?"~% as on M, an thus work on

(4.9) My := G x R4,

instead of M.

Let Lo be the trivial bundle L., lifted on My. We still denote by
VL, hE the connection and metric on Lo over 71 (B0 5(0, 4¢)) induced
by the above identification. Then A’ is identified with the constant
metric A = hfvw . We use similar notations for the bundle E.
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Let ¢p: R — [0,1] be a smooth even function such that

10 1 for |v| < 2,
(4.10) Plv) = 0 for |v] > 4.

Let v.: My — My be defined by

(4.11) (9, Z) = (9, ¢(12|/) Z).

Let VEo = ¢fVE. Then VF0 is an extension of V¥ outside
71 (BT=0B(0, 4¢)).

Let PTY be the orthogonal projection from T'M onto TY. For W €

TB, let WH e THU be the horizontal lift of W. Then we can define
the Hermitian connection V0 on (Lg, h%0) — G x R?"~4 by

(4.12) VI = oIV 4 (1= o(1Z]/2) Ry (27, PyY ).

We can compute directly the curvature R of V©1o: if we denote
(1,Z) just by Z, then
L L TY  plY L (pTHU pTY
Ry’ =R, () (Pyy Py ) + Ry (Pyy = By )
H H
+¢*(121/e)Ry, (2)(Pyy T P )
H
+¢(121/6) (R z) — By (P o Pyy)

(4.13) P
o (121/0) 7 A [Bizy — Bl (27 P7)
o) (12l/e) 2 ARE (2, PTU.)
Py e|Z| e (2) » Yo ’

where Z* € T B is the dual of Z € T,,B with respect to the metric
ggoB‘

The group G acts naturally on My by (4.7) and under our identifica-
tions, the action of G on L, E on G xT=05 (0, ¢) is exactly the G-action
on LGy, Elc.yo-

We define a G-action on Lg, Ey by the action of G on G.yg. Then it
extends the G-action on L, E on G xT=08 (0,¢) to Mj.

By Lemma 2.4, we know that

(4.14) R{ 50(Z™, KM) = Rl 400 (297, KM).

For (1,Z) € G x R4 (4.7) gives gog*K(J\l/{(’Z) = K?%[ for K € g.
Thus, by (0.7), (4.12) and (4.14), the moment map pg: My — g* of the

G-action on (M, Ly) is given by

(4.15) NO(K)(LZ) = N(K)gpg(l,Z) +%(1_w(’Z’/E))RyLo((ZL)H’K%)’
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Now, from the construction of our coordinate, we have pg = 0 on G x
R27=2d » {0}. Moreover,
(4.16)

W) = 5= Rh o (01 21/)Z KM) + 0(o(121/)1 7124,

Thus, from our construction, Lemma 2.3 and (4.3), (4.15) and (4.16),
we know that

(4.17) 1 H(0) = G x R?=24 % {0},
Let

(4.18)  g"™(9,2) = " (¢:(9.2)) and Jo(g.Z) = J(p:(g,2))

be the metric and almost-complex structure on My. Let T*OVD A1, be
the anti-holomorphic cotangent bundle of (M, Jy). Since Jy(g,Z) =

J(pe(g,2)), T(g(Z)) My is naturally identified with T*((() I)Z) M.

We can now construct all the objects corresponding to those of Sec-
tion 2.2 in this new setting and denotes them by adding subscripts 0,
e.g., Eop, vdeto wClo Bl Fopr - Then, we can define the Dirac

operator D;)V[O on M, which satisfies
(4.19) DIJJWO’2 = AEO’I’ — p(2wd70 + 7'()) + ‘I’go.

By (2.44) and the above constructions, we know that D2 and Dyl
coincide on 7~ (BT=05 (0, 26))
We can identify A% (T (9.2) M) with A% (1}, M) by identifying first

AY ’(T(* )Mo) with A% ’(T* (0.7) M) and then identifying
AO(T e (9.2),J M) with A% '(Tg*y0 ) by parallel transport with respect

to VB0 (see (2.39)) along u € [0,1] +— (g,up(|Z|/€)Z). We also trivial-
ize det(T™M% My) in this way using Vaeto,

Let ¢7Po be the metric on By := R**~% induced by ¢7™o, and let
dvp, be the corresponding Riemannian volume. We denote by TY) the
relative tangent bundle of the fibration My — By, and by ¢”¥° the
metric on 7Yy induced by g7Mo.

The operator <I>DM°’ @~ is also well-defined on T}, B ~ R?"~4. More
precisely, it is an operator on the bundle (Eg,)p, over By induced by
Eo,p, and by (2.46), it is given by

(4.20) D)2t =
1
h—ABOhQ.
Let exp(—uD}®?)(Z, Z') be the smooth heat kernel of D)2 with
respect to dvyy, (Z'), the volume form associated with g7,

AEop)By _ p(2wo.q+ 10) + e, — (ﬁEo,P, ﬁlEo,P>gTY0 _
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Lemma 4.1. Under notation of Proposition 3.2 and the above triv-

ializations, the following estimate holds uniformly on v = (g, Z),v' =

(¢, Z") € G x BT=B(0,¢):

uD]wO’2 €2p

(421) |37 (0,0)) =3 ((9,2), (9. 2)) | < CpNexp (= 1)

Proof. By (4.19), D;,VI 22 has the same structure as Dg. Thus Lemma
3.1 and Proposition 3.2 are still true if we replace DS therein by DI],W 0.2,

Moreover, as D,],V[ 02 and DIQ, coincide for |Z| small, by the finite prop-
agation speed of the wave equation (see, e.g., [15, Thm. D.2.1]), we
know that

a2y (ValaD,) ) = Fy (VeinDi®) ((0.2).),

if v = (g, Z) under the above trivializations. Thus, we get our Lemma
by (3.6). q.e.d.

We still denote Pg the orthogonal projection from Q%*(U,LP ® E)
onto Q%*(U,LP @ E)“. Let dg be the Haar measure on G. Then we
have
(4.23) (Pge »"7Fg)(v,0)) =/ (9.97") - e 277 (g7 v, g'v)dgdyg'.

GxG

If we again denote by P the orthogonal projection from Q% (Mo, L
Ep) onto Q%*(My, L @ Ep)“, then we have a similar formula as (4.23)

_wyMg,2 ) )
for (Pge » Dy P¢). Thus, as G preserves every metric and connection,
Lemma 4.1 implies

Corollary 4.2. Under notation of Proposition 3.2, the following es-
timate holds uniformly on v = (g, 2),v' = (¢', Z') € G x BT=5(0,¢):

“ w4 M2
(424) | (Pae 22 Po)(v,0) — (Pae v Po) (9. 2), (g, 21))
2

Ny (5P

<Cp exp( 16u)'

Let Sz, be a G-invariant unit section of L|gy,. Let pr be the projec-
tion G x R?»~?4 — G. Using S;, and the above discussion, we get two
isometries

Eo, = A% (T*Mo) ® Eo ® L ~ pr*(€lay,)

4.25
(4.25) (Eop)Bo == EBx-

Thus, <I>D,Z,V[0’2<I>_1 can be seen as an operator on £p,,. Note that
our formulas will not depend on the choice of Sy as the isomorphism
End((Eop)B,) ~ End(€p 4,) is canonical.
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Let dvrp be the Riemannian volume of (T, B, g’=0?). Let s be the
smooth positive function defined by

(4.26) dvp,(Z) = k(Z)dvrp(Z) = k(Z)dvpy, (a:o)vaG@O,

with x(0) = 1.

As in (1.7), we denote by RY2, RPB and RP'® the curvature on Lp,
Ep and (A%*(T*M))p induced by V¥, V¥ and VB on M.

As in (1.4), g € TY, p¥ € TY ® End(E) and % € TY ®
End(A%*(T*M)) are the sections induced by p, u” and pB'in (1.3)
and (2.45).

We denote by Vy the ordinary differentiation operator on 7,,B = By
in the direction V.

We will now make the change of parameter ¢t = # €10, 1].

Definition 4.3. For s € €°(R*""% g ,,) and Z € R?"~ < get

(5:8)(2) = s(2/1),

V, = 18 k1 2y For)s —1/2g,
1
Vo=V + §R£(§3(Zv ')a

(4.27)
&, = 125, 1 2o D029 1712,
1 2n—d
% = _5 Z (VO,Bi)2 - 2wd,xo = Two + 47T2|PTYJIOZ|2‘
1=1

Proposition 4.4. When t — 0, we have
(4.28) Vt,@i = VO,ei + O(t) and £ =%+ O(t)

Proof. Let I'l8, T'E5 and T'B'5 be the connection form of VI8, Vs
and VBiZ with respect to fixed frame of Lp, Ep and (A"*(T*M))p
which are parallel along the curve u € [0, 1] — uZ under our trivializa-
tion on BT=05B(0, 4¢).

By (4.27), we have for |Z]| < e/t

(4.29)
vt,ei(Z)
= k12 (42) { Ve, + (1712 () + 4012 (e0) + T2 (e) ) | <7 Y/2 (12).

It is a well known fact (see, for instance, [15, Lemma 1.2.4]) that for
if I =T'EB (resp. I'PB, I'BiB) and R = R (resp. R¥B, RPiB), then

(4.30) Ty(er) = %Rxo(z, e)) +0(I2P).
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Thus,

07 (e5) + U7 (e;) = O (%),
(4.31)
t7IrE (e;) = 5350(2, e;) +O(t).

The first asymptotic development in Proposition 4.4 follows from
©(0) = k(0) =1, (4.29), (4.30) and (4.31).

Let (¢"(Z)) be the inverse of the matrix (g;;(2)) :=
By (2.41), (4.20) and (4.27) we have

(957" (e, ¢5))-

(4.32) %4(2) = —¢(t2) (vt,eivt,ej 19, g1, )
yVe; €j
— (tor tior) oy (tZ) — (2wo,a + T0)(tZ)

1
R ho) (t2).

With the asymptotic of V; above, (2.41) and the fact that g (0) = §;;
we find

(4.33)  —¢"(t2) (vtveivm - tvt,vZ.Boej) =5 (Vo) + O0).

i

+ t2 <\Ifgo +

Moreover,

1
(434) = (Quoa+0)(t2) + ¢ (W, + h—OABOh0> (t2)

= —2W 20 — Ty + O(1).

Now, by (2.1), (0.26) and the fact that i, = 0 for yo € P, w(y0) = o,
we get for K € g:

(435) —( e, KMy, —W(KMyefI)yo

ot () (yo) = (V31 i, KMy,

Thus,

(4.36) |il2ey (2) = V5 il2ry + O(ZP) = |[PTY 3,0 2 v + O(ZI7).
Note that

(4.37) (tuE”,tuEP>gTy =
1 ~ . ~ ~ ~ 1 ~ ~Rj
17T2t2’ ’3 <JZ7T,U, t2(,u,E ,U,Bl), E B1>g

Thus, we get the second asymptotic development in Proposition 4.4 by
using (4.32), (4.33), (4.34), (4.36) and (4.37). q.e.d.

4.2. Convergence of the heat kernel. In this section, we prove the
convergence of the heat kernel of the rescaled operator. Note that here
we must have a more precise result than in [15, Sect. 1.6] because in
the proof of Theorem 0.3 (see Section 5.1) we will have to integrate
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along the normal directions, and thus we need a result of decay in these
directions. To obtain it, we draw our inspiration form [16].

Recall that & = A%*(T*M,) ® Ey and that we have trivialized the
Hermitian bundle (SO,BO,hEOvBO) on By = T,,B by identifying it to
(5B,xoah53’zo). Recall also that pg: My — g* is the moment map of
the G-action on Mj.

Let || - ||z2 be the L2 norm on €*°(By, p.+,) induced by g'=08 and
hfB=0 as in (1.8).

Let {fi} be a G-invariant orthonormal frame of TY on
7Y BP(z0,4¢)), then {fo1(Z2) = fi(p:(9,2))} is a G-invariant or-
thonormal frame of T'Y;; on M.

Definition 4.5. Set

1
(4.38) D, = {vmi, L<i<om—d; (o fo)(t2), 1< 1< d},

and for £ € N*, let D" be the family of operators () acting on
¢ (T, B, ER,z,) which can be written in the form Q = Q1 ... Q,, with
Q; € Dy.

For s € €°°(By, B ,) and k € N*, set
(BRIl

4.39 -
(4.39) 12 = llslZ0+ 3" 3 l1QsIiZo.

(=1 Qepf
We denote by HJ" the Sobolev space H™ (By, B z,) endowed with the
norm || - ||z.m, and by H; ' the Sobolev space of order —1 endowed with
the norm
/
s, 8" ),
(4.40) ol = sup i

verioy I15'llto

Finally, if A € Z(HY, H™), we denote by ||A| ]fm the operator norm
of A associated with || - ||; % and || - ||¢m-

Then .%; is a formally self-adjoint elliptic operator with respect to
|- 1l+,0 and is a smooth family of operators with respect to the parameter
xo € Mg.

We denote by €°(Bo, £B,4,) the set of smooth section of £p 4, over
By with compact support.

Proposition 4.6. There exist constants C'1,Co, C3 > 0 such that for
any t €10,1] and any s,s" € €°(Bo, Ep.x,),
(Zis, 80 = Cullsl|Z1 — Callsl|Zo,

(4.41) , /
(L5, 8 )eo0| < Csllsllells’]e-
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Proof. From (4.32) and (4.39), we have

(4'42) <°%37 S>t70 - ”VtSHz%,o - t2<</jEO’paﬁEo’p>gTY (tZ)Sv 3>
1
+ St_l( — (2wo,q + 70) + 12 <\I/go + —ABOh0>>s, s
ho t,0
By (4.15) and our constructions, we know that for Z € T ,,B with
|Z] > 4e,
(4.43) o (K) 1,2y = 2imp po(K) 1,2y = pRy, (217, Ky ).
Thus, from (1.12), (4.15), (4.37) and (4.43), we get

(4.44)  — 2@ or, @"or) v (t2)s, s)

t,0

t,0
d_ 5
> 22y || 2o foa(t2)s| = Ctllslig
=1 ’
Now, (4.41) follows from (4.42) and (4.44). q.e.d.
Let I' be the contour in C defined in Figure 1.

A

—2C

\ 4

Figure 1

Proposition 4.7. There exist tg > 0 and C > 0, a,b € N such that
for any t €]0,tg] and any A € T, the resolvent (A — £;)~" exists and

e e
(4.45) -
o=z sca+np.

Proof. Note that .%; is self-adjoint operator, thus (4.41) implies that
(A — %)~ ! exists for A € I' and there is a constant C' > 0 (independent
of \) such that

<C.

(4.46) [ —.,zﬂt)‘luo’o



G-INVARIANT HOLOMORPHIC MORSE INEQUALITIES 537

On the other hand, if A\g €] — 00, —2C5], then (4.41) also implies that
— _171 1
(4.47) [oo-2)7| " <

t Ch
Then, using the fact that

448) A —Z) = (h-2) T - A2 (A—2) T —2) 7
( ) = ( ) ( ) ( )

we find that
14 A e S RO TP Y
(4.49) -7 < o (1= ).

Finally, exchanging the last two factors in (4.48) and applying (4.49),
we get

< +

A ‘1H — 1+CA—A

w50 O e I R )
<O+ NP).

The proof of our Proposition is complete. q.e.d.

Proposition 4.8. Take m € N*. Then there exists a contant Cp, > 0
such that for any t €10,1], Q1,...,Qm € D U{Z; }2" 4 and s, s €
(5000(30753710);

(CHCRRRCHEI RN BN

)

(4.51) < Cillslle,1]l8l[e1-

Proof. First, note that [V ,, Z;] = 0;;. Thus by (4.32), we know that
[Z;, 2] satisfies (4.51).

Using (4.15) and (4.43), we see that (Ve, (1o, fo1))(tZ) is uniformly
bounded with its derivatives for ¢ € [0, 1], and for |Z| > 4e,
(4.52) (Vei(Ro, fo))(Z) = (eilfio, for)) ,, = wao(fo, €)-

Thus, [$ (7o, fo.)(tZ), %] also satisfies (4.51).

Let RL0)Bo and R©0)By be the curvatures of .the connections on
(Lo)p, and (&)p, induced by VEIo VEo and VB, Then by (4.27),
we have
(4.53) (Vie,, Vie,] = (RFP0 + 2 R%050), (e;,¢5).

By (4.32), (4.52) and (4.53), we find that [V;.,, %] has the same
structure as .%; for ¢ €10, 1], by which we mean that it is of the form

2
TY’

where d’ € C, and a4, b;, ¢ and d; are polynomials in the first variable,
and have all their derivatives in the second variable uniformly bounded

(454) > aij(t,t2)Vie, Vi, +Zb (t,tZ)V e, + c(t,tZ)
7-7

+Z [dl (t,t2)~ uo,f01>(tZ) +d’
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for Z € R~ and t € [0,1]. Note that in fact, for [Vi,,.%], d = 0 in
(4.54).

The adjoint connection (V)* of V; with respect to (-,-)¢o is given
by

(4.55) (Vo) = =V, — t(k7'Vk)(tZ).

Note that the last term of (4.55) and all its derivative in Z are uniformly
bounded for Z € R?*~? and t € [0,1]. Thus, by (4.54) and (4.55), we
find that (4.51) holds when m = 1.

Finally, we can prove by induction that [Q1, [Q2, ... [@Qm,-Z]...]] has
also the same structure as in (4.54), and thus satisfies (4.51) thanks to
(4.55). q.e.d.

Proposition 4.9. For any t €]0,tg], A€ ' and m € N,
(4.56) A=) " (H}") c H"

Moreover, for any o € N>~ there exist K € N and Ca,m > 0 such
that for any t €10,1], A € T and s € €°(Bo,EB )

457) |20 = Z) sy < Cam(1+ AP) S NZ s m.

o'<a

Proof. Let Q1,...,Qm € Dy and Qut1,- -+, Qrpjo) € {Zi 2n . Then
we can express the operator Q1 ... Qm+|a‘()\ — %) ! as a linear combi-
nation of operators of the type
(4.58)

[Q1,[Q2,...[Qe (A — ﬁ)_l] )] Qe - Qm+|a‘ with ¢ <m+|al.

We denote by .%; the family of operator .7 = {[Q;,,[Qjs: - -- [Qjy,
Z]...1]}. Then any commutator [Q1, [Qo, ... [Qr, (A —%)71]...]] can
be expressed as a linear combination operators of the form

(459) A=) 'R\ -Z4) ' R...F(\-%4)"" with Fj e #.

Moreover, by Proposition 4.8, the norm || - ||} of any element of .%
is uniformly bounded by C. As a consequence, using Proposition 4.7
we see that there is C > 0 and N € N such that the | - |"'-norm of
operators in (4.59) is bounded by C(1 + |A|?). Thus, Proposition 4.9
holds. q.e.d.

Let e=#*(Z,Z') be the smooth kernel of the operator e~%* with re-
spect to dvpp(Z'). Let mar, : TBxp,TB — Mg be the projection from
the fiberwise product 7B X jz,T'B onto Mg (here we should rather write
T B| ., but we drop the subscript to simplify the notations). As .%; de-
pends on the parameter xqg € Mg, then e_"gt(', -) can be viewed as a
section of my, . (End(Ep)) over T'B X, T'B.
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Let V™M6™4E8) b the connection on Ty End(Ep) induced by vés,

Then V™higHnd(Ex ), h¥ and g™ induce naturally a ¢™-norm for the
parameter o € Mg on sections of 73, (End(€p)).

As above, we will decompose any Z € T,,B as Z = Z° + Z+, with
Zy € T:cOMG and Z+ S NG,xo-

Theorem 4.10. There exists C' > 0 such that for any m,m',m",r €
N and ug > 0, there is C > 0 such that for any t €10,tg], u > ug and
Z,7' € T,,B = By

(4.60)
lal+le| gr

—u.Y /
ozeozw o€ L2

sup (14|24 + 2™

laf,|o’|<m

o™ (M)
/ '
<C(1+12°%+ \2/0])2(n+r+m HFm exp <4C2u — ;\Z — Z’]z),
where | - ‘%m’(M) denotes the € -norm for the parameter xo € Mg.

Proof. By (4.45), we know that for k € N*,

2imuk—1

; —1)F Yk —1)!
(4.61) et = TV / e " MA— L) 7FdA.
r

Then for m € N, we know from Proposition 4.9 that for Q) € Uznzlpf,
there are C,, > 0 and M € N such that for A € I,
(4.62) IR = Z) ™™ 1 < Cin(1+ AP)M.
Moreover, taking the adjoint of (4.62), we deduce
(4.63) I = Z) QI < Con(1+ M.

From (4.61), (4.62) and (4.63), we have for Q,Q’ € UJ Dy:

0,0
S C{me202u‘
t

(4.64) HQe—“ftQ’

Let || - |l be the usual Sobolev norm on ¢*°(1y, B, &;,) induced by
hf= and the volume form dvrx (Z):

(4.65) sl =D D lIVes, - Ve sl

L<min,...ig

Then by (4.29) and (4.39), for any m € N there exists C/, > 0 such that
for s € €°°(Ty, B, Ex,) with support in BT=05(0,q) and ¢ € [0, 1],

1
o lIsllem < llsllm < Cru(1 4+ @)™ 15 ]le.m-

(4.66) it gm
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From (4.64), (4.66) and Sobolev inequalities (for || - |,,) we find that
if Q,Q € Uy Dy, then

(4.67) sup ‘QZQ’Z,e_“‘%(Z, Z"
1Z],12"1<q

Moreover, by Lemma 2.3 and (4.15), (4.16) and (4.43), we have

< C(l + q)2n+2e2C’2u‘

d
1 1.2
(4.68) Z(; fo. fo)(t2)| = |3l ,, (12) = ClZ*P.

Thus, (4.29), (4.67) and (4.68) imply (4.60) with the exponential e2“2%
for the case where r = m’ = 0 and C’ = 0, i.e., for any m, m” € N, there
is C' > 0 such that for any ¢ €0, o], Z, 2’ € T,,, B = By

glol+a’|
0797
< O(1 4120+ |2°)) > exp(2Chu).

To obtain the right exponential factor in the right hand side of (4.60),
we proceed as in the proof of [3, Thm. 11.14] (see also [15, Thm. 4.2.5]).

Recall that the function f is defined in (3.4). For ¢ > 1 and a € C,
set

(4.69)  sup (1+|ZH+ (2"

lal,|a’[<m

e (7,7

(4.70) K,c(a) = /Rew 2ua oxp(—v?/2) (1 - f(\/ﬁv/g)) \;i;}_ﬂ_

Then there are C”, C7 > 0 such that for any ¢ > 0 and m,m’ € N, there
is C' > 0 such that for u > ug, ¢ > 1 and a € C with |[Im(a)| < ¢, we
have

(4.71) ]a\m\Kﬁfﬁl)(a)! < Cexp (C”czu — %§2).

For ¢ > 0, let V. be the image of {a € C : |Im(a)| < ¢} by the map
a +— a?, that is

(4.72) Vo={reC: Re() > ;?Im(x) -e).

Then the contour I' of Figure 1 satisfies I' C V;. for ¢ large enough.
As K, ¢ is even, there exist a unique holomorphic function K, ¢ such
that K, (a?) = K,(a). By (4.71), we have for A € V.
~ C
(4.73) IR (A)] < Cexp (C”c2u - —1§2>.
’ u
Using the finite propagation speed of the wave equation and (4.70),
we know that there exists ¢ > 0 such that for any ¢ > 1

(4.74) Ko (Z)(2,2") = e "% (2,2") it |Z—2Z'|>{s.
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From (4.73), we see that for k € N, there is a unique holomorphic
function K, ¢ ; defined on a neighborhood of V. which satisfies the same
estimates as K, ¢ in (4.73) and

E&Doy
(4.75) T T Kuc(N).

In particular, as in (4.61), we have

QW/KMM EARIY

Using (4.64) and proceeding as in (4.66)—(4.69), we find

(4.76) Kuo(Z) =

'l

glal+a
9 R,
dZ0dZ s

(4.77) sup  (L+[Z+H] + |Z’l|)mﬁ K

laf,|o’|<m

(2,2)

<C(1+12° + ]Z’0])2n+2+m exp (C"c2u — %§2).

For Z # 7', we set ¢ € N* such that |¢ — %|Z —Z'|| <1 in the previous
estimate and get

laf+o|
0 Ko (2,2

J_ J_ m//
(4.78) sup (142~ +12") OZe 7 us

|af,|o’|<m

<C(1+12° + \Z’O\)2n+2+m exp (C"czu — ,C21

?).
Now, take 6; = %ﬁgﬁ, then from (4.69)% x(4.78)'7% and (4.74)

(and from (4.69) if Z = Z'), we get (4.60) for r = m' = 0, i.e., for all
Z,7' € Ty, B

'l

flal+a

J_ J_ m//
(4.79) sup (14|25 +12") B

lal,|a’[<m

uty (27 Z/)

C/
< C(1+2° +12°)*" ™ exp <4C’2u Yz Z’|2).
u

We now turn to the case r > 1. By (4.61), we have

A G VA G ) / 20" 1
(4.80) 50 = S o —(\ = %) dX
For k,q € N*, set
(4.81) Iy, =
J
{ler) = (hivrs) € (Y (V) 2 Y ki = k45 Zm =},
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For (k,r) € I ,, A€ ', t > 0 set

oY 0%
(182) A0 = 0= L0705 T A )™ Tt O )
Then there exist ak € R such that
(4.83) Lo t= Y akara,
(k,r)EIk,q

We claim that for any m € N, k > 2(m+r+1) and Q,Q" € Uz’"blef,
there exist C' > 0, N € N such that for A € I’

(4.84) [QAX(A1Q's||, < C@+ AN D 11270
|B|<2r

Indeed, we know by (4.32) that %iﬂt is a combination of

87‘1 . 87‘2
r gZ](tZ)a r Vtep
(4.85) o i
H(tZ), t(l&’ 07p7f0,l(tZ)>7

otm ot
where # runs over the functions 7, etc., appearing in (4.32).

Now, if f = ¢ or f = 6 in (4 85) (resp. f = Vi, or f =
t(i®or fo,(tZ))), then for r; > 1, 2 S f(tZ) is a function of the type
g(tZ)Z8 where |B] < r1 (vesp. r1 + 1) and g(Z) and its derivatives in
Z are uniformly bounded for Z € R?".

Let %] be the family of operators of the form

(4'86) 9}/ = {[fleju [szQjm R [fijjm’ﬁ] R ”}7
where f;, is smooth and bounded (with its derivatives) and @, € D; U
{Z3 .

We will now deal with the operator AX(\,¢)Q’. First, we move all
the terms Z7 in the terms g(tZ)Z” (defined above) to the right-hand
side of this operator. To do so, we use the same commutator trick as
in the proof of Theorem 4.9, that is we perform the commutations once
at a time with each Z; (and not directly with Z? |3| > 1). Then
we obtain that AX(\,#)Q’ is of the form > <2r LtﬁQgZﬁ where Q7
is obtained from @’ and its commutation with Z”. Next, we move all
the terms V., and (370, fo,(tZ)) in %.Zg to the right-hand side of
the operators L; 3. Then as in the proof of Theorem 4.9, we finally get
that QAX(\, 1)@’ is of the form 2o |pl<ar %,37P, where %, 5 is a linear
combination of operators of the type

(4.87) Q(/\ — ﬁ)_kéRl()\ _ ﬁ)_klle . Rl’()\ N ﬁ)_k;’Qm //’

where 37 k) = k+1', Rj € F, Q" € U2 Df and Q" € U Dy is
obtained from @' and its commutatlon with ZB. Since k > 2(m+r+1),
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we can use Proposition 4.9 and the arguments leading to (4.62) and
(4.63) in order to split the operator in (4.87) into two parts:

(488) QA — L) MR\~ L) MRy Ry — Z) 7 x
()\—ﬁ)_(k/ ”)R i1 Rl/()\—ﬁ)_kll/Q///Q//a
such that the || - |2%-norm each part is bounded by C(1 +|A|2)Y. This
conclude the proof of (4.84).
By (4.80), (4.83) and (4.84), we get (4.60) for m’ = 0 using a similar

reasoning that for (4.79).
For m’ = 1, observe that if U € T M, then

ﬂ;/[G End(€)

. e Ut =
(4.89) V,; uZ;
(CDMHR =D [\ ST Bnd (@) —k
Sy Fe Vy ¢ (A= L) "dA.
7, End(E
Moreover, V"¢ ( )(/\ — %)% is a linear combination operators of
the form
¢ End( .
(4.90) (A — %)~ (Ve ( ).i’”t)(A —2) "X
7, End(E .
(VUJWG ( )D%)(A—D%)_ZZ’
i End(€) . . . .
and V; % is a differential operator with the same structure

. End(E) . .
as Z;. In particular, V¢ %, satisfies an estimates analogous

o (4.51). Thus, above arguments can be repeated to prove (4.60) for
m’ = 1. The case m’ > 2 is similar. q.e.d.

REMARK 4.11. In the sequel, we will in fact only use Theorem 4.10
with r = 0,1, but we prefer to state it in the general case.

Proposition 4.12. There are constants C > 0 and M € N* such
that for t € [0,to] and A € T,

491) (A=) = (= Z) sy,
<Gt + AP D7 1129 loo-

o] <3
Proof. From (4.29) and (4.39), for ¢ € [0, 1] and m € N* we find
(4.92) Isllemn < C Y 12%l0,m-
|ao| <m

Moreover, for s, s’ with compact support, a Taylor expansion of (4.32)
gives

(493) [ Z—L)s,s),o| < CHlSTea Y 12750

o <3
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Thus,
(4.94) (L — Lo)slle—1 < Ct > 11Z%]|o-
<3
Note that

(495) A=) -A-L) '=A-L4) (L4 - L)L)

Moreover, Propositions 4.7, 4.8 and 4.9 still holds for ¢ = 0. Thus,
Proposition 4.9, (4.94) and (4.95) yields to (4.91). q.e.d.

Theorem 4.13. There exists C' > 0 such that for any m,m’,m"” € N
and ug > 0, there is C > 0 such that for any t €]0,t9], u > ug and
7,7 € By

(4.96) )
sup (1 + |Zl| + |Z/l|)m
la,|a’[<m
Plal+le’| g —uh )
“Nozeaz0 <e o ) &2
™ (Mg)

0 10\ 2(n+m’ +1)+m ¢’ /"2
< Ct(1+4|2° +12")) exp<4C2u—?\Z—Z]>.

Proof. Let B, = BT205(0,q). Let ||S||%q = f‘Z|<q |5|%¢. dvrx(Z), and

h&wo
let Jy o = L*(By, EB.2y)- If A is a bounded operator on J 4, we denote
its operator norm by || Al|g,. By (4.61) and (4.91), we know that there
is ¢’ > 0 and N, M € N such that for t €]0, 1],

He—u,gt o e—u.,go

B

(1.97) <o /F =)~ (A= ),

< Ct/ U (1 NPYM (1 4 o) NdA < Ct(1 + o).
I

Let ¢: T, B — [0,1] be a smooth function with compact support,
equal to 1 near 0 and such that [, ,¢(Z)dvrx(Z) = 1. Let v €]0,1].
0

By the proof of Theorem 4.10, we see that e~%<0 satisfies an inequality
similar to (4.60). By Theorem 4.10, there exists C' > 0 such that for
|Z],1Z'| < qand U, U’ € &,,,

(4.98) K@ﬂd?—fw%xzzan§
_ / (e—ufft _ e—uf/o)(Z _ VV, Z/ . W/)U, U/>
Ty BX Ty B

1

X V4n—2d ¢

(W/u>¢<w’/u>dvTX<W>dvTX<W/>\ < o1+ MU U],
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Moreover, by (4.97), we have

(4.99)

/ <(e_“‘$t — e ) (Z W, Z' — W)U, U’>
Tyy Bx T B

1

X~ nmza ?W/v)o(W' [v)dvrx (W)dvrx (W)

- Ct
— V2n—d

Hence, taking v = t'/(27=4+1) we find that there is C > 0 and K € N
such that for any t €10,t0], Z, Z' € BP(0,q),

(1 +a™ulit’].

(4.100) ‘(e—“f’”t — e (2, 2')| < ot/ @nmdt (g 4 g)K
In particular, we have
(4.101) e A, = e
From Theorem 4.10, (4.101) and the formula
t

(4.102) G(t) — G(0) = / & (s)ds,

0
we get (4.96). q.e.d.

REMARK 4.14. As we have estimates on every derivatives of
e""%(Z,7"), we can in fact use the same method as in Theorem 4.13
to get an asymptotic expansion at every order of e~%%*(Z, Z').

4.3. Computation of the limiting heat kernel. In this section,
we will evaluate the limiting heat kernel e~"#0((0,Z%1),(0,2%)) for
(0, Z+) € T,,, B and thus obtain Theorem 0.9.

Recall that we have the following splitting of vector bundle over P,
which is orthogonal for both b* and g™ (see (0.25) and (2.19)):

(4.103) TU|p=THP&TY ® JTY.
Note also that by (0.12) and (0.26), we have

and thus —JJ preserves both TY and JTY on P. In particular, on P,
J intertwines TY and JTY, and is invertible on TY & JTY because
g™ and b" are definite positive on this bundle. Thus,

(4.105)  J*TY =TY, JTY =JTY, JTHP=JTHP =THP
Thus, J induces naturally Jo € End(T'M¢), and we see with (4.3) that
(JTY)B|m, is the orthogonal complement of TM¢ in TB. We will

identify the normal bundle Ng of Mg in B with (JTY)g|r,. From
this fact and (4.105), we know that for U,V € T, B,

(4.106) w(UH, Vv = we(PTMey, pPTMey).
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From the above discussion, we can diagonalize J on (77 P)(1L.0) and
(TY @ JTY)10 and we thus can get orthonormal basis {wg };‘:_ld and
{e}d | of Téé’O)MG and Ng g, = (JTY)p 5, C TB, respectively, such
that in these basis

—1
J’ (10) dia‘g(a?7"'7a0—d)7
(4.107) M %77 . "l ,
J? ‘Nc;,zo :—4—d1ag(a1 ey,

where a? € R and ajL € R* are the respective eigenvalues of

—2\/ —17TJ’(THP)(1,O) and —2\/ —17TJ‘(TY®JTy)(1,0) . Let {wo’j };L;ld and
{e1}9_| be their dual basis. We also set

1 v—1
(4.108) egj_l = E(w? +@?) and egj = —

Then {e?}2"72? is an orthonormal basis of Ty, M.

From now on, we will use the coordinates in Section 4.1 induced by
the above basis as in (3.1).

We denote by Z2° = (29,...,29 ) and Z+ = (Zi-, ..., Z]) the ele-
ments in T, Mg and Ng z,. Then Z € T, B can be decomposed as Z =
(Z°,Z+). We will also use the complex coordinates 20 = (29,...,20 ),
so that

70 =20+ 20,

W=val  w=val

(4.109) 87:]0- 87:? ’
0 0 0 0
0 0 —
T 7629 ! 762? LT 1(76? 769)

When We consider 20 or 2z as vector fields, we identify them with
ZJ ) 8z0 and -, z?@ Note that

Z

012 1
(4.110) ‘@( - ‘@( =5 and |2 = [ = \20]2.
J J
Set

2n—2d n—d

(4.111) L== 3 (Vo) =D df,
i=1 Jj=1

and recall that

d d
(4.112) 7= ((ve#)2 izt 2) -3 at



G-INVARIANT HOLOMORPHIC MORSE INEQUALITIES 547

As in [16, (3.11) and (3.13)], we can show using (2.15), (4.27) and

(4.106), that
(4.113) Rﬁf(U, V) = —2nV/—1(JPpTMey, pTMayy,
' 30:$+$J_—2wd($0).

Thus,
(4114) e H(Z,20) = (20,20 (2 2 e,

Moreover, using (4.107), (4.111), (4.113) and the formula for the heat
kernel of a harmonic oscillator (see [15, (E.2.4), (E.2.5)], for instance),
we find (with the convention of Theorem 0.9):

1 det(REe)
(2m)"~% det (1 — exp(—2uRES))
We can now prove Theorem 0.9. We fix u > 0.

Let s € €>°(By, Ex,). Then by (4.26) and (4.27)
(4.116)

e_“"gts(Z)

(4.115) e™"%(0,0) =

= 5w 2RO 125 )
= kY2(t2) /2 ) e_%CPDZ)MO'Q‘PJ(tZ, Z)(Ses)(Z)) V2 (2 ) dvpp (Z))
= p—“+d/2,€1i ZtZ)
) /R% d e_%éDgIO’zqu(tZ’ t2")s(2" )k (2" )dvrp(Z"),
which yields to
4117) % (2,7') =

w o Mg,2
p Y2 0T g V2 (12 V2 (1.2,
On the other hand, for s € €°(By, (Eop)B,) and v € My,

Mgp,2

(e—%‘“’ﬂ ‘I”ls) (r(v))
_ <¢E—ZD§1°’2<1>—13> (r(v)

(4.118) M2
= h(v) /M e # P (0,0 )R (W) s () dvag, (V')
= h(v)/B e_%D%Q(%y’)h(y )s(y)dvg, (y'),
thus we find

(4.119) h()h(t')(Pae #2*" Pg) (v,0)) = ¢ 3220 7 (n(v), m(')).
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Let v = (9,2) € U ~ G x BT#5(0,¢). We suppose that in the
decomposition Z = Z° + Z1, we have Z° = 0. Then from Corollary
4.2, Theorem 4.13, (4.117), and (4.119), we find that for any m, m’ € N,
there exists C' > 0 (independent of Z+) such

(4.120)  |[p~" 4 2h(v)h(v) (Pae™ %Dng) (v,v)
1Ly —u L L
— K (Z7)e "0 VAR YA
(Z7) VPZ7vPZ7)| . 1)

<Op (1t Iz

Now, for v € U, we write as in the Introduction of this paper v =
(y,Z*) with y € P and Z+ € Npjy,. Let 2 = 7w(y) € Mg. Then
we do the procedure of Sections 4.1 and 4.3 with 2o = x and yo = v.
Then Theorem 0.9 follows from (4.114), (4.115) and (4.120) applied to
Z=(0,Z1) € TyyB = TyyMa ® NG -

5. Proof of the inequalities

In this Section, we prove our main results: Theorems 0.3 and 0.5. In
Section 5.1 we prove Theorem 0.7 and, as a consequence, we obtain the
G-invariant holomorphic Morse inequalities in the case of a free G-action
on P. Then, we explain in Section 5.2 how to modify the arguments in
Sections 4 and 5.1 to get our inequalities under Assumption 0.1 in full
generality. Finally, in Section 5.3, we apply Theorem 0.5 to get estimates
on the other isotypic components of the cohomology H®(M, L ® E).

5.1. Proof of Theorem 0.3 when G acts freely on P. We assume in
this Section that G acts freely on P and U. We keep here the notations
of Sections 4.

In this section, we will first prove Theorem 0.7, and then show how
to use it in conjunction with the convergence of the heat kernel of the
rescaled operator to get Theorem 0.3. The method is inspired by [2]
(see also [15, Sect. 1.7]).

For 0 < q < n, set

G J; G
(5.1) bo™ =dim HY(M, LF @ E)~.

By Hodge theory, there is a G-equivariant isomorphism H®(M, LP ®
E) ~ ker DIQ,, and in particular we get for the invariant part:

o G NG G NG
(52)  H*(M,LP @ E)” =~ (ker D)~ and 05" = dim(ker D).
We begin by proving Theorem 0.7.

Proof of Theorem 0.7. If A is an eigenvalue of DI% acting on Q%*(M, LP®
E)Y, we denote by FjA C Q% (M, LP ® E) the corresponding finite-
dimensional eigenspace in degree j. As 0°®F and 9M"®F* act on
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QY*(M, LP ® E) and commute with D2, we deduce that

(5.3) OMOE(FN c Py and  MOEX(F}N C FAL.
As a consequence, we have a complex
5LPQE ALPQE ALPQE
(5.4) 0— P} RS ST R

If A\ =0, we have F) ~ H/(M,L? ® E)° by (5.2). If A > 0, then the
complex (5.4) is exact. Indeed, if oP®Es =0 and s € Fj)‘, then

(5.5) s = /\_lijs = N\ 1GLREJLIOE A g o Im(éLP@E),

In particular, we get for A > 0
q

(5.6) > (=1)7 dim F} = dim (0""®F(F})) > 0,
j=0
with equality if ¢ = n.
Now,
(5.7) Trj[Pae # 77 Pe) = 0 + 3 e v  dim F).

A>0

Thus, (5.6) and (5.7) entail (0.20).
Note that this proof does not depend on the metric we chose on T'M,
so we get (0.20) in general. q.e.d.

We denote by Tryo,q the trace on A%9(T*M)® LP @ E or A%4(T*M).
We know that

(5.8) Trg[Poe #» i Pg] = /

M

With Theorem 0.8 and (4.23), we in fact have

Trp0,q [(Pge_%Dng) (v, fu)} dvps(v).

(5.9) Tr [Pge »P7 Pg) =
/UTer,q [(Pge_%D’%Pg)(U,’U)} dvpr(v) + O(p™=).

By Theorems 0.7 and 0.9, (5.9), and using the change of variable
7+ & VPZ L we deduce that for every u > 0,

q
(510) pHY (-1 <
j=0

rk(E) (/ det(RLe) E?:o(_l)q_j Tr o, [e209d()]
z€EMg,|Z+|<\/pe det (1 — exp(—2uR£G))

X e_“"(/wl(Zl,Zl)dvTB(a;, ZL)> +o(1).
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For u > 0, set

1 1
5.11 _ _ _
(5-11) J(u) tanh(2u)  sinh(2u)
Then there is ¢ > 0 such that for u > 1, f(u) > ¢, and f(u) — +1.
U—> 00
By (0.29) and Mehler’s formula (see [15, Thm. E.1.4], for instance), we

know that

(5.12)
1 d a;-
—u, 1 1 ] 1 1N rrLl,2
e Ve (7, 77) = —ZGXP{—aifuaz’ Zz}
=T (uat)
Thus, as a; f(uaj) > cste > 0 for u > 1,

/Zl<\[ e_ule(ZJ_vZL)vaG,x(Zl)
>\/pPe

(5.13) = /Rd e "L (2, 2 ) don,,  (Z1) + O(p™™)

a 1
= +O(p™™).
Z-I;[l f(uat)(1 — e~tuar) v
Let {wjo-} be a local orthonormal frame of T™W0 Mg such that

5L, 0 — 0,0 : 0,j
R¥Gw; = ajw; (see (4.107)). Tts dual frame is denoted by {w”7}.

Then
n—d
004 A s
(5.14) wed = — Z; aj w7l A U0
=

We again denote by wg the horizontal lift of w;-) in THP. In the same
way, let {w]L} be a local orthonormal frame of (TY @ JTY )10 such
that RijL = ajL wjl (see Section 4.3). Its dual frame is denoted by
{w*7}. Then

n—d d
(5.15) wi ==Y @] Nige = ay I N
j=1 j=1
Thus, writing {w;} = {wg,wjl} and {a;} = {ag ,ajL}, we get
(5.16) Mt =1+ 3" (7Y — 1T A i,
J
and

s}

(5.17) Tr po.q[e2"44] = Z exp ( —2u Z ajk>.

J1<<Jq k=1
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In particular, there exist C' > 0 such that for x € Mg, v > 1 and
0<g<n,

det (1 — exp(—2uR£G)) w1\ fluaH) (1 — e—4uai)

On the other hand the signature of b on JTY is the same as on TY

(i.e., (r,d — 7)), so by Lemma 2.3 and (2.15), (2.19) and (2.32) we have
for0<g<n

(5.19) (PN M(q)) = Mg(q— ),

where M (q) is define in an analogue way as M¢(q) in the introduction.
Thus, by (5.17) and (5.19),

(5.20) tim 9oL TYAO"Z[GZTW)] d ¢ : -
u=+too det (1 — exp(—2uRy)) =7 \| flual)(1 — e tuai)
= 1Mc(q—7‘) (m)(—l)q_r det(RLG),
where the function 1g takes the value 1 on S and 0 elsewhere.
Using (5.10), (5.13), (5.18), (5.20) and dominated convergence as
u — +00, we find
(5.21)

k(E) - 1
= Qnyrd 1;[ \/ Fluat)(1 — e~uai)

/ det(REe) Y0I_(—1)979 Trpo, [e?we.d(®)]
X
Mg

- dvyr. (z
det (1 — exp(—2uR£G)) (@)

Rk
< (-1 q_’"/ det ( —=2— )dvps ().
o [ de (G )dva(a)
Finally, note that by (2.16),
RLG \/__1 Lo n—d
x — —d)! =
(5.22) det( 5. )deG(x) ( o R > /(n —d)!
Then (5.21) and (5.22) entail Theorem 0.3.

5.2. The case of a locally free action. In this section, we prove
Theorem 0.3 under Assumption 0.1. In particular, the action of G on
P and U is only locally free, and thus Mg and B are orbifolds. The
proof relies on a similar method as the case of a free G-action, but
the main difference is that we need to work off-diagonal to get uniform
estimates near the orbifold singularities. We explain below how to adapt
the arguments in Sections 4 and 5.1 to get the general result.
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Recall that GO = {g € G : g-2 = x forany € M}. Then G° is
a finite normal subgroup of G and the quotient G/G° acts effectively
on M.

It is a well-known fact that if ¢: (M, g"M) — (M, g"M) is an isometry
and z € M is a point such that ¢(x) = x and d¢, = Idp, s then
¢ = Idys. In particular, suppose that g € G satisfies g|p = Idp. Then
we have for x € P: gr = x, dg;|r,p = Idp,p and g preserves J so
dg.|jr,p =1dyr,p. As TP+ JTP =TM, we deduce that g acts as the
identity on M. Thus,

(5.23) G'={9eG : g-x=uxfor any z € P}.

Recall that the function h defined in (1.9) is smooth only on the
regular part of B and we have denoted by % its smooth extension from
the regular part of B to B.

First, we need to modify Section 4.1 as follows:

Recall that TM is endowed with a metric g7 satisfying (0.25). We
identify the normal bundle IV of P in U to the orthogonal complement
of TP. By (0.24) and (0.25), this means that N is identified with JT'Y".
By (0.24) and (2.17), we have in particular THU = THP @ N.

Let ¢™Y, gTHU be the restriction of ¢'™ on TY, THU. Let ¢"8
(resp. ¢"™¢) be the metric on TB (resp. TMg) induced by gTHU
(resp. g7"'P).

Here, unlike in Section 4, we will not work on the quotient B but
directly on M. Let VIZ be the Levi-Civita connection on (7B, g*P).
Let PN and PT"P be the orthogonal projections from TH#U|p to N and
TH P, respectively. Set

v _ T8, vV — PN(VTHU‘P)PN7

vIiP _ PTHP(VTHU|P)PTHP Oy THU — N g TP,

9

(5.24)

Fix yo € P. For V. € THU (resp. THP), we define t — z; =
epo:)HU(tV) € U (resp. epo:)HP(tV) € P) the curve such that z¢ = yo,
io =V, i€ THU and VI"Ui = 0 (resp. & € THP and VI"Pi = 0).
For W € THP small and V € Ny,, let Ty V' be the parallel transport of

. H
V with respect to V¥ along to curv: t€[0,1] — expg0 Pw).

As in Section 4.1, we identify BTHOU(O, g) to a subset of U as follows:
for Z € BT?féU(O,e), we decompose Z as Z = Z° + Z+ with 2% € TP
1 : : : THU 1
and Z— € Ny, and then we identify Z with expexpgoH i (ZO)(TZOZ ).

Moreover, if Gy, = {9 € G : gyo = yo} is the stabilizer of yy and
g € Gy,, we can decompose TyIO{ P as

(5.25) TRP = (T)IP)Y & Ny g,



G-INVARIANT HOLOMORPHIC MORSE INEQUALITIES 553

where (TJ1P)9 is the fixed point-set of g in T,/ P = T, P N JT,,, P and
Nyo,g 1s its orthogonal complement. Hence we get, for each g € Gy,
a decomposition of the coordinate Z° as 70 = Zlo7g + Zgg with Zlo7g €

(TF P)9 and Zgg € Ny, 4- Note that tk(Ny, 5) = 0 if and only if g € G°.
Observe that U ~ G - BT@%U(O,E) = G Xg,, BT;({)U(O,E) is a G-

neighborhood of the orbit G - yy and (BT;{JU(O, €), Gy, ) gives local chart
on B.

As the constructions in Section 4.1 are G, -equivariant, we can extend

in the same way the geometric objects from G x¢,, BT U(O, g) to
(5.26) My :=G xg,, R,

where R?"—4 ~ T;;I U. Note that Lemma 4.1 and Corollary 4.2 still
hold, because do not work on the quotient to get them: we only use
finite propagation speed of the wave equation on M.

Set

By = My/G =R* /G,

(5.27) - PO
My =G x R> 4, By = My/G = R* 4,

Then we have a covering ]\/4\0 — My (resp. By — By) which gives a
(global) orbifold chart on My (resp. Bp). We can then extend the
geometric objects from Mo to MO We will add a hat to denote the
corresponding obJects on Bo or M() In particular, we have a Dirac
operator DM0 on Mo corresponding to DM0 in Section 4.1.

Let 7 G x R27=d 5 R27—d e the prOJectlon on the second factor.
As in (1.10), we define

(528) @ =hig: (G x R4 Kop)% — €(R™ ™, (Eop)5,)-

We also denote by ® the map induced from € (Mo, Eg )¢ to €°°(Bo,
(Eop)Bo)-

Let g7Mo be defined as in (4.18) and let g7" ™o be the metric on
R?"~4 induced by ¢”™o, with corresponding Riemannian volume on
(R2n—d ¢T" Moy denoted by dvps Mo

PO AP ~ T o~ ~
Let e “®Dr°"® be the heat kernel of the operator CIDDI],V[O’2<I> on By

and e‘“‘f’Dﬁlo’Qa’(Z, Z') (Z,Z' € By) be its smooth kernel with respect to

dvrm py,(Z'). Concerning heat kernels on orbifolds, we refer the reader

to [14, Sect. 2.1]. Then we have for v = [g, Z] and v’ = [¢/, Z'] in My,
VN uplfo-? !

h(v)h(v')(Pge »™"  Pg)(v,v")

Mgy,2=

(5.29) = e (), n (1))



554 M. PUCHOL

]\12

1 “<I>D o,
:@ Z (971) r ( 1Z7Z/)7
9€Gy,

where |G| is the cardinal of G°. Indeed, the first equality in (5.29) is
analogous to (4.119), and the second follows from a similar computation
as in [6, (5.19)] or [15, (5.4.17)].

Note that our trivialization of the restriction of L (resp. FE) on

BT?féU(O, ¢) is not G -invariant, except if G, acts trivially on Ly, (resp.
Eyo)/.\More precisely, let ]\/ZG,O = R%_z‘j\x {0} C Eo and for g € Gy,,
let M(g;’0 be the fixed point-set of g in Mg . Then the action of g on
L|1\7g § is the multiplication by e*s and t4 is locally constant on ]\7&0.
Likewise, the action of g on E|Mg is given by gp € ‘500(]\/4\(9;’0, End(E))
which is parallel with respect to VE

Now, as we work on Bo and Mo, we can apply the results of Sections

4.1-4.3 to the operator <I>D,],V‘[0’ ®. We will use the same notation as in
these sections, and add a subscript to indicate the base-point (e.g., K,
L0,z,---).- By Theorem 4.13 and (4.117), we obtain for g € Gy, and
u > 0 fixed

(5.30) ‘p‘"+d/2 ~230,07%
— kg (ZH)e % (Jpg T (Zag + Z1),/D(Zag + 27T)) ot

< Cp V2 (14l Zag|) ™ (1+/B1ZH) ™" exp (=Cp, inf |p712-2).
Yo

9712, 2)

On the other hand, note that there is p > 0 such that for g € Gy,
971 Z — Z|* > plZa 4, so

Mg,2%

*97'2,2)
_ m}f,g(Zl)e_““%’Zw (VP9 (Z2yg + Z7),V/D(Z2yg + Z7)) &' (Mg)

< Cp~ (14 VplZH) " exp (= C'pl Zagl?).-

We can now prove Theorem 0.5. First, observe that Theorem 0.7 is
still true here because we work on M to prove it in Section 5.1. Thus,
we can use a similar approach to prove Theorem 0.5 as in Section 5.1.

Note that the estimate (5.9) still holds. Consider now a G-invariant
function ¢ € €°°(M) such that the induced function (again denoted
by 1) on B is compactly supported in a small neighborhood (in B) of
T € Mg.

Similarly to (4.26), we denote by dvpr;; the Riemannian volume of
(T, Ay, gT Y). Then, as in (5.10), (5.31) and dominated convergence

(5.31) \p‘”*d/ 2e=5%0r
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imply that
_upMp,2
(5.32) pntd / P(v) Try [(PGe » Dp PG)(U,U)} dvp(v) =
U

1 Z pENas)/2
|Gy /GONIGO (2m)n=

/ ¢<Zl,g +
A(pse)

where A(p,e) = {Z € Eo D Zigl L6, Zag| < /P, VA £y/p} and
Lim(g, Z) is the limiting term given by

f/_;)Lim(g, Z)dvpay(Z) +o(1),

(5.33) Lim(g,Z) =
det(Réﬁg)ede(Zl’g)
det (1 — exp(—2uRéfg))

(gv 1) ’

—u 1
x € " Cs (57 (Zag + Z1), Zag + Z1) @ 1dp

In particular, in (5.32), every term involving a g such that rk(Ny, 4) > 0,
ie., g ¢ G°, disappears when we look at the leading term in p.

Thus, we now consider g € GY. The action of g on M and A%*(T*M)
is trivial, so we have

det(Réoc)e%“’d(Zo)
det (1 — exp(—2uRég"))

(5.34) Try |(g,1)

x e " (g7 124 71 9 1dg

det(RJS) Tryo.[e?"s(Z")] —u2h
det (1 — exp(—2uRé§))
Using (5.32), (5.33) and (5.34), we get as in (5.13)—(5.21):

= ' (24, 72F) @ gr(2°).

lim supp_"+d/ P(v) Try [(Pge_%Dgpg)(v,v)] dvps(v)

p—+00

S n d|G0| Z H —4uail)><

geGo i=1
det(RLG) Zq ( 1)477 Tr o, [e21Ga(e)]
/MG v det (1 — exp(—2uR£C"))
x ¢ T [gp (x)]dvar (2)
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(5.35)

<o [ )det(RLG)%( 3 e T g (@) ) doase (2)
c(<g—r geGo

= (—1)7 " dim(L? @ E)¢° /MG(<q T)q/)( )det(ijj)dvz\/jc( ).

Finally, we take some functions 1y, as ¢ above and such that ), ¢ =
1 in a neighborhood of Mg in B and we apply (5.35) for those 1. We
get Theorem 0.5 by taking the sum over k of the obtained estimates and
using Theorem 0.7 and (5.9).

5.3. The other isotypic components of the cohomology. In this
subsection, we show how to use Theorem 0.5 to get estimates on the
other isotypic components of the cohomology H®(M, [P @ E).

Let V, be the finite dimensional irreducible representation of G' with
highest weight ~.

For a representation F' of G, we denote by F, its isotopic component
associated with v. Then we have

H*(M,LP ® E), =V, ® Homa(Vy, H* (M, LP ® E))
(5.36) —V, ® (H*(M,L” ® E) @ V)¢
=V, @ H*(M, I’ ® E® V})°,

where V7 is viewed as a trivial bundle over M.
By Theorem 0.5 applied replacing £ by F © V} and (5.36) we have
as p — +o0,

q
(5.37) > (=17 dim H/(M, P @ E),

7=0
< dim V, dim(LP@ E@V*)¢’ i / (1) Wi o (p )
- ! 7 (= d) g (e ’

with equality for ¢ = n.
In particular, we get the weak inequalities

(5.38) dim HY(M, L ® E),
n—d

< dim v, dim(Le 50V 2 ) / (— 17w o).
— &) JMa(q—r)
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