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G-INVARIANT HOLOMORPHIC MORSE

INEQUALITIES

Martin Puchol

Abstract

Consider an action of a connected compact Lie group on a com-
pact complex manifold M , and two equivariant vector bundles L
and E on M , with L of rank 1. The purpose of this paper is
to establish holomorphic Morse inequalities à la Demailly for the
invariant part of the Dolbeault cohomology of tensor powers of
L twisted by E. To do so, we define a moment map μ by the
Kostant formula and we define the reduction of M under a nat-
ural hypothesis on μ−1(0). Our inequalities are given in term of
the curvature of the bundle induced by L on this reduction.

0. Introduction

Morse Theory investigates the topological information carried by
Morse functions on a manifold and in particular their critical points.
Let f be a Morse function on a compact manifold of real dimension n.
We suppose that f has isolated critical points. Let mj (0 ≤ j ≤ n)
be the number of critical points of f of Morse index j, and let bj be
the Betti numbers of the manifold. Then the strong Morse inequalities
states that for 0 ≤ q ≤ n,

(0.1)

q∑
j=0

(−1)q−jbj ≤
q∑

j=0

(−1)q−jmj,

with equality if q = n. From (0.1), we get the weak Morse inequalities:

(0.2) bj ≤ mj for 0 ≤ j ≤ n.

In his seminal paper [23], Witten gave an analytic proof of the Morse
inequalities by analyzing the spectrum of the Schrödinger operator Δt =
Δ+ t2|df |2 + tV , where t > 0 is a real parameter and V an operator of
order 0. For t→ +∞, Witten shows that the spectrum of Δt approaches
in some sense the spectrum of a sum of harmonic oscillators attached
to the critical point of f .

In [7], Demailly established analogous asymptotic Morse inequalities
for the Dolbeault cohomology associated with high tensor powers Lp :=
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L⊗p of a holomorphic Hermitian line bundle (L, hL) over a compact
complex manifold (M,J). The inequalities of Demailly give asymptotic
bounds on the Morse sums of the Betti numbers of ∂̄ on Lp in terms of
certain integrals of the Chern curvature RL of (L, hL). More precisely,

we define ṘL ∈ End(T (1,0)M) by gTM (ṘLu, v) = RL(u, v) for u, v ∈
T (1,0)M , where gTM is a J-invariant Riemannian metric on TM . We
denote by M(≤ q) the set of points where ṘL is non-degenerate and
have at most q negative eigenvalues, and we set n = dimCM . Then we
have for 0 ≤ q ≤ n
(0.3)

q∑
j=0

(−1)q−j dimHj(M,Lp) ≤ pn

n!

∫
M(≤q)

(−1)q
(√−1

2π
RL

)n

+ o(pn),

with equality if q = n. Here Hj(M,Lp) denotes the Dolbeault cohomol-
ogy in bidegree (0, j), which is also the j-th group of cohomology of the
sheaf of holomorphic sections of Lp.

These inequalities have found numerous applications. In particu-
lar, Demailly used them in [7] to find new geometric characterizations
of Moishezon spaces, which improve Siu’s solution in [18, 19] of the
Grauert–Riemenschneider conjecture [11]. Another notable application
of the holomorphic Morse inequalities is the proof of the effective Mat-
susaka theorem by Siu [20, 9]. Recently, Demailly used these inequal-
ities in [10] to prove a significant step of a generalized version of the
Green–Griffiths–Lang conjecture.

To prove these inequalities, the key remark of Demailly was that in the
formula for the Kodaira Laplacian �p associated with Lp, the metric of L
plays formally the role of the Morse function in the paper by Witten [23],
and that the parameter p plays the role of the parameter t. Then the
Hessian of the Morse function becomes the curvature of the bundle. The
proof of Demailly was based on the study of the semi-classical behavior
as p → +∞ of the spectral counting functions of �p. Subsequently,
Bismut gave an other proof of the holomorphic Morse inequalities in
[2] by adapting his heat kernel proof of the Morse inequality [1]. The
key point is that we can compare the left hand side of (0.3) with the
alternate trace of the heat kernel acting on forms of degree ≤ q, i.e.,
(0.4)
q∑

j=0

(−1)q−j dimHj(M,Lp) ≤
q∑

j=0

(−1)q−j TrΩ0,j(M,Lp)

[
exp
(
− u

p
�p

)]
,

with equality if q = n. Then, Bismut obtained the holomorphic Morse
inequalities by showing the convergence of the heat kernel thanks to
probability theory. Demailly [8] and Bouche [5] gave an analytic ap-
proach of this result. In [15], Ma and Marinescu gave a new proof of
this convergence, replacing the probabilistic arguments of Bismut [2] by
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arguments inspired by the analytic localization techniques of Bismut–
Lebeau [4, Chap. 11].

When the bundle L is positive, (0.3) is a consequence of the Hirze-
bruch–Riemann–Roch theorem and of the Kodaira vanishing theorem,
and reduces to

(0.5) dimH0(M,Lp) =
pn

n!

∫
M

(√−1
2π

RL
)n

+ o(pn).

In this case, a local estimate can be obtained by the study of the as-
ymptotic of the Bergman kernel (the kernel of the orthogonal projection
from C∞(M,Lp) onto H0(M,Lp)) when p→ +∞. We refer to [15] and
the reference therein for the study of the Bergman kernel.

In the equivariant case, a connected compact Lie group G acts on M
and its action lifts on L. When L is positive, Ma and Zhang [16] have
studied the invariant Bergman kernel, i.e., the kernel of the projection
from C∞(M,Lp) onto the G-invariant part of H0(M,Lp). Let μ be the
moment map associated with the G-action on M (see (0.7)). Ma and
Zhang [16] established that the invariant Bergman kernel concentrate
to any neighborhood U of μ−1(0), and that near μ−1(0), we have a full
off-diagonal asymptotic development. They also obtain a fast decay of
the invariant Bergman kernel in the normal directions to μ−1(0), which
does not appear in the classical case.

In this paper, we establish G-invariant holomorphic Morse inequali-
ties under certain natural condition, in the context of Ma–Zhang [16]
but without the assumption that L is positive.

More precisely, we consider an action of a connected compact Lie
group G on a compact complex manifold M and two G-equivariant vec-
tor bundles L and E on M , with L of rank 1, and we establish asymp-
totic holomorphic Morse inequalities similar to (0.3) for the G-invariant
part of the Dolbeault cohomology of Lp⊗E (see Theorems 0.3 and 0.5).
To do so, we define a “moment map” μ : M → Lie(G) by the Kostant
formula and we define the reduction of M under natural hypothesis on
μ−1(0) (see Assumption 0.1). Our inequalities are then given in term
of the curvature of the bundle induced by L on this reduction, and the
integral in (0.3) will be over subsets of the reduction.

A new feature in our setting when compared to Demailly’s result is
the localization near μ−1(0). We use a heat kernel method inspired by
[2] (see also [15, Sects. 1.6–1.7]), the key being that an analogue of (0.4)
still holds (see Theorem 0.7) for the Kodaira Laplacian restricted to the
space of invariant forms. We show that the heat kernel will concentrate
in any neighborhood U of μ−1(0), and we study the asymptotic of the
heat kernel near μ−1(0). For this last part, we work with the operator
induced by the Kodaira Laplacian on the quotient of U . However, as we
will have to integrate the heat kernel in the normal directions to μ−1(0),
we need a more precise convergence result that in [15, Sect. 1.6]. Indeed
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we also need to prove a uniform fast decay of the heat kernel in the
normal directions, which is analogous to the decay encountered in [16,
Thm. 0.2]. Our approach is largely inspired by [16].

Note that in the literature, there exists another type of equivariant
holomorphic Morse inequalities [24, 17, 25], which relate the Dolbeault
cohomology groups of the fixed point-set of a compact Kähler manifold
M endowed with an action of a compact connected Lie group G to the
Dolbeault cohomology groups of M itself.

We now give more details about our results. Let (M,J) be a con-
nected compact complex manifold. Let n = dimC M . Let (L, hL) be a
holomorphic Hermitian line bundle on M , and (E, hE) a holomorphic
Hermitian vector bundle on M . We denote the Chern (i.e., holomorphic
and Hermitian) connections of L and E, respectively, by ∇L and ∇E ,
and their respective curvatures by RL = (∇L)2 and RE = (∇E)2. Let
ω be the first Chern form of (L, hL), i.e., the (1, 1)-form defined by

(0.6) ω =

√−1
2π

RL.

We do not assume that ω is a positive (1, 1)-form.
Let G be a connected compact Lie group with Lie algebra g. Let

d = dimRG. We assume that G acts holomorphically on (M,J), and
that the action lifts to a holomorphic action on L and E. We assume
that hL and hE are preserved by the G-action. Then RL, RE and ω are
G-invariant forms.

In the sequel, if F is any G-representation, we denote by FG the
space of elements of F invariant under the action of G. The infinitesimal
action of K ∈ g on any F will be denoted by LF

K , or simply by LK when
it entails no confusion.

For K ∈ g, let KM be the vector field on M induced by K (see (1.2)).
We can define a map μ : M → g

∗ by the Kostant formula

(0.7) μ(K) =
1

2iπ

(∇L
KM − LK

)
.

Then for any K ∈ g (see Lemma 2.1),

(0.8) dμ(K) = iKMω.

Moreover, the set defined by

(0.9) P = μ−1(0)

is stable by G.
We make the following assumption:

Assumption 0.1. 0 is a regular value of μ.

Under Assumption 0.1, P is a submanifold. Moreover, by Lemma 2.2,
G acts locally freely on P , so that the quotientMG = P/G is an orbifold,
which we call the reduction of M . For definition and basic properties
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of orbifolds, we refer to [15, Sect. 5.4], for instance. The projection
P →MG is denoted by π.

We denote by TY the tangent bundle of the G-orbits in P . As G acts
locally freely on P , we know that TY = Span(KM ,K ∈ g) and that it
is a vector bundle on P .

The following analogue of the classical Kähler reduction (see [12])
holds.

Theorem 0.2. The complex structure J on M induces a complex
structure JG on MG, for which the orbifold bundles LG, EG induced by
L,E on MG are holomorphic. Moreover, the form ω descends to a form
ωG on MG and if RLG is the Chern curvature of LG for the metric hLG

induced by hL, then

(0.10) ωG =

√−1
2π

RLG .

Finally, for x ∈MG, π∗ induces an isomorphism

(0.11) (kerωG)x 	 (kerω)|π−1(x).

Let bL be the bilinear form on TM

(0.12) bL(· , ·) =
√−1
2π

RL(· , J ·) = ω(· , J ·).
Then we will show in Lemma 2.3 that when restricted to TY ×TY , the
bilinear form bL is non-degenerate on P . In particular, the signature
of bL|TY×TY is constant on P . We denote by (r, d − r) this signature,
i.e., in any orthogonal (with respect to bL) basis of TY |P , the matrix
of bL will have r negative diagonal elements and d− r positive diagonal
elements.

We define ṘLG ∈ End(T (1,0)MG) by g(ṘLGu, v) = RLG(u, v) for

u, v ∈ T (1,0)MG, where g is a JG-invariant Riemannian metric on the
orbifold tangent bundle TMG. We denote by MG(q) the set of x ∈MG

such that ṘLG
x is invertible and has exactly q negative eigenvalues,

with the convention that if q /∈ {0, . . . , n − d}, then MG(q) = ∅. Set
MG(≤ q) = ∪i≤qMG(i). Note that MG(q) does not depend on the
metric g.

As G preserves every structure we are given, it acts naturally on the
Dolbeault cohomology H•(M,Lp ⊗ E). The following theorem is the
main result of our paper:

Theorem 0.3. Assume that G acts effectively on M (i.e., the only
element of G acting as IdM is the identity). Then as p → +∞, the
following strong Morse inequalities hold for q ∈ {1, . . . , n}

q∑
j=0

(−1)q−j dimHj(M,Lp ⊗ E)G(0.13)
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≤ rk(E)
pn−d

(n − d)!

∫
MG(≤q−r)

(−1)q−rωn−d
G + o(pn−d),

with equality for q = n.
In particular, we get the weak Morse inequalities

(0.14) dimHq(M,Lp ⊗ E)G

≤ rk(E)
pn−d

(n − d)!

∫
MG(q−r)

(−1)q−rωn−d
G + o(pn−d).

Remark 0.4. We assume temporarily that G acts freely on P , so
that MG is a manifold.

If L is positive, then ω is a Kähler form and μ is a genuine moment
map. Moreover, (MG, ωG) is the usual Kähler reduction of M (see [12]).
Zhang [26, Theorem 1.1 and Proposition 1.2] proved that in this case
quantization and reduction commute: for p large enough,

(0.15) H•(M,Lp ⊗ E)G 	 H•(MG, L
p
G ⊗ EG).

We refer to Vergne’s Bourbaki seminar [22] for a survey on the Guill-
emin–Sternberg geometric quantization conjecture.

In particular, as in the non-equivariant setting, Theorem 0.3 is, in
this case, a consequence of (0.15) and of the Hirzebruch–Riemann–Roch
theorem and of the Kodaira vanishing theorem, both applied on MG.

We prove here that even if ω is degenerate or if G does not act
freely on P , under Assumption 0.1, we have the same estimate for∑q

j=0(−1)q−j dimHj(M,Lp⊗E)G as the one given by the holomorphic

Morse inequalities on MG for
∑q−r

j=0(−1)q−j dimHj(MG, L
p
G ⊗ EG).

Theorem 0.3 is in fact a particular case of the more general Theorem
0.5 below.

Set

(0.16) G0 = {g ∈ G : g · x = x for any x ∈M},
which is a finite normal subgroup of G. Note that we will see in (5.23)
that we also have G0 = {g ∈ G : g · x = x for any x ∈ P}.

Observe that dim(Lp
v ⊗ Ev)

G0
does not depend on v ∈ M . We will

thus denote it simply by dim(Lp ⊗ E)G
0
.

Theorem 0.5. As p→ +∞, the following strong Morse inequalities
hold for q ∈ {1, . . . , n}

(0.17)

q∑
j=0

(−1)q−j dimHj(M,Lp ⊗ E)G

≤ dim(Lp ⊗E)G
0 pn−d

(n− d)!

∫
MG(≤q−r)

(−1)q−rωn−d
G + o(pn−d),

with equality for q = n.
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In particular, we get the weak Morse inequalities

(0.18) dimHq(M,Lp ⊗ E)G

≤ dim(Lp ⊗ E)G
0 pn−d

(n− d)!

∫
MG(q−r)

(−1)q−rωn−d
G + o(pn−d).

Remark 0.6. The integer dim(Lp⊗E)G
0
depends on p. However, as

G0 is finite and acts by rotations on L, there exists k ∈ N (a divisor of
the cardinal of G0) such that G0 acts trivially on Lk. In particular, we

have dim(Lkp ⊗ E)G
0
= dimEG0

.

We now explain what are the main steps of our proof.
Let gTM be a J- and G-invariant metric on TM . Let dvM be the

corresponding Riemannian volume on M , and let ∇TM be the Levi-
Civita connection on (TM, gTM ). Let ∂̄Lp⊗E be the Dolbeault operator
acting on Ω0,•(M,Lp ⊗ E). Let ∂̄Lp⊗E,∗ be its dual with respect to the
L2 product induced by gTM , hL and hE on Ω0,•(M,Lp⊗E) (see (1.8)).
We set

(0.19) Dp =
√
2
(
∂̄Lp⊗E + ∂̄Lp⊗E,∗) ,

and we denote by e−uD
2
p the associated heat kernel.

We denote PG the orthogonal projection from Ω0,•(M,Lp ⊗ E) onto

Ω0,•(M,Lp ⊗ E)G. Let (PGe
−u

p
D2

pPG)(v, v
′) be the Schwartz kernel of

PGe
−u

p
D2

pPG with respect to dvM (v′).
Note that the operator D2

p acts on Ω0,•(M,Lp ⊗E)G (i.e., commutes

with PG) and preserves the Z-grading. We denote by Trq[PGe
−u

p
D2

pPG]

the trace of PGe
−u

p
D2

pPG acting on Ω0,q(M,Lp ⊗ E). We then have an
analogue of (0.4):

Theorem 0.7. For any u > 0, p ∈ N
∗ and 0 ≤ q ≤ n, we have

(0.20)

q∑
j=0

(−1)q−j dimHj(M,Lp ⊗ E)G

≤
q∑

j=0

(−1)q−j Trj
[
PGe

−u
p
D2

pPG

]
,

with equality for q = n.

We now give the estimates on PGe
−u

p
D2

pPG to treat the right-hand
side of (0.20).

Let U be a small open G-invariant neighborhood of P , such that G
acts locally freely on its closure U .

First, we have away from P the following theorem. The analogous
result of Ma–Zhang for the invariant Bergman kernel is [16, Thm. 0.1].
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Theorem 0.8. For any fixed u > 0 and k, � ∈ N, there exists C > 0
such that for any p ∈ N

∗ and v, v′ ∈M with v, v′ ∈M \ U ,

(0.21)
∣∣∣PGe

−u
p
D2

pPG(v, v
′)
∣∣∣
C �
≤ Cp−k,

where | · |C � is the C �-norm induced by ∇L, ∇E, ∇TM , hL, hE and gTM .

We now turn to the “near P” asymptotic of the heat kernel. To
explain simply this asymptotic, we assume now that G acts freely on P .
We can thus also assume that G acts freely on U . Let B = U/G. Then
MG and B are here genuine manifolds. We will explain in Section 5.2
how to adapt the proof of Theorems 0.3 and 0.5 to the case of a locally
free action.

We again denote by TY = Span(KM ,K ∈ g) the tangent bundle of
the orbits in U . By Lemma 2.3, we have

(0.22) TU = TY ⊕ (TY )⊥bL .

Then we can choose the horizontal bundles of the fibrations U → B and
P →MG to be, respectively,

(0.23) THU = (TY )⊥bL and THP = THU
∣∣
P
∩ TP.

Indeed, using (0.22) and the fact that TY ⊂ TP , we see that

(0.24) TP = TY ⊕ THP.

Let gT
HP be a G-invariant and J-invariant metric on THP . Let gTY

be a G-invariant metric on TY and let gJTY be the G-invariant metric
on JTY induced by J and gTY . Then by (2.19), we can chose the metric
gTM on TM so that on P :

(0.25) gTM |P = gTY |P ⊕ gJTY |P ⊕ gT
HP .

We will use this condition on gTM in the rest of the introduction as well
as in Sections 4.1–5.2.

Let gTB be the metric on TB induced by gTM and THU , and let dvB
be the associated volume form.

Suppose that U is small enough so that it can be identified with a
ε-neighborhood, ε > 0, of the zero section of the normal bundle N of
P in U via exponential map. We denote the corresponding coordinate
by v = (y, Z⊥) ∈ U with y ∈ P and Z⊥ ∈ Ny. Note that by (0.24) and
(0.25) we can identify Ny and JTYy.

Let J ∈ End(TM |P ) be such that on P

(0.26) ω = gTM (J· , ·).
By (4.3), the normal bundle NG of MG in B can be identified with

the bundle (JTY )B induced on B by JTY 	 N (see Section 1). In
particular, if π(y) = x, we keep the same notation for an element of Ny

and the corresponding element in NG,x.
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We will see in Section 4.3 that J intertwines the bundles TY and
JTY . In particular, J2 induces an endomorphism of NG and if
{a⊥1 , . . . , a⊥d } = −2

√−1πSp(J|(TY⊕JTY )(1,0)) (a
⊥
j ∈ R

∗), then

(0.27) Sp(J2|NG
) = − 1

4π2
{a⊥,21 , . . . , a⊥,2d }.

Let gNG be the induced metric on NG and dvNG
the corresponding

volume form. For x ∈MG, let {e⊥i }di=1 be an orthonormal basis of NG,x

such that J2
xe
⊥
i = − 1

4π2a
⊥,2
i (x)e⊥i . We can then identify R

d with NG,x

via the map

(0.28) (Z⊥1 , . . . , Z⊥d ) ∈ R
d �→ Z⊥ =

d∑
i=1

Z⊥i e
⊥
i .

We now define the operator L ⊥
x acting on NG,x 	 R

d by

(0.29) L
⊥
x = −

d∑
i=1

(
(∇e⊥i

)2 − |a⊥i Z⊥i |2
)
−

d∑
j=1

a⊥j ,

where ∇U denotes the ordinary differentiation operator on R
d in the

direction U . We denote by e−uL⊥
x (Z⊥, Z ′⊥) the heat kernel of L ⊥

x

with respect to dvNG,x
(Z ′⊥). Note that we have an explicit formula for

e−uL⊥
x (Z⊥, Z ′⊥) (see (5.12)), but we do not give it to have a simpler

asymptotic formula for the heat kernel.
Let gTMG be the metric on MG induced by gTM and THP and dvMG

the corresponding volume form. We denote by 〈· , ·〉G the C-bilinear
extension of gTMG on TMG ⊗ C. Then we can identify RLG with the
Hermitian matrix ṘLG ∈ End(T (1,0)MG) such that for V, V ′ ∈ T (1,0)MG,

(0.30) RLG(V, V ′) = 〈ṘLGV, V ′〉G.
Let {wj} be a local orthonormal frame of T (1,0)M with dual frame

{wj}. Set
(0.31) ωd = −

∑
i,j

RL(wi, wj)w
j ∧ iwi

.

Let h be the G-invariant smooth function on M given by (see Section 1)

(0.32) h(x) =
√

vol(G.x),

and let κ ∈ C∞(TB|MG
) be the function defined by κ|MG

= 1 and for
x ∈MG, Z ∈ TxB,

(0.33) dvB(x,Z) = κ(x,Z)dvTxB(Z) = κ(x,Z)dvMG
(x)dvNG,x

(Z).

The following result is a version of [16, Thm. 2.21] in our situation
for the heat kernel.
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Theorem 0.9. Assume that G acts freely on P . For any fixed u > 0
and m ∈ N, we have the following convergence as p→ +∞ for |Z⊥| < ε:

(0.34) h(y, Z⊥)2
(
PGe

−u
p
D2

pPG

)(
(y, Z⊥), (y, Z⊥)

)
=

κ−1(x,Z⊥)
(2π)n−d

det(ṘLG
x )e2uωd(x)

det
(
1− exp(−2uṘLG

x )
)e−uL⊥

x (
√
pZ⊥,

√
pZ⊥)⊗ IdE pn−d/2

+O
(
pn−d/2−1/2(1 +

√
p|Z⊥|)−m),

where x = π(y) ∈ MG and the term O(·) is uniform. The convergence
is in the C∞-topology in y ∈ P . Here, we use the convention that if an

eigenvalue of ṘLG
x0

is zero, then its contribution to
det(Ṙ

LG
x0

)

det(1−exp(−uṘLG
x0

))
is

1
2u .

From Theorems 0.7, 0.8 and 0.9, we get Theorem 0.3 in the case where

G acts freely on P by integrating onM the trace of (PGe
−u

p
D2

pPG)(m,m),
then taking the limit u→ +∞.

This paper is organized as follows. In Section 1, we recall some con-
structions associated with a principal bundle. In Section 2, we apply
the constructions and results of Section 1 to our situation to define the
reduction of M and to descend on it the different objects we are given,
thus proving Theorem 0.2. In Section 3 we prove the localization of the
heat kernel near P , i.e., Theorem 0.8. In Sections 4, we assume for sim-
plicity that G acts freely on P and U , and study the asymptotic of the
heat kernel near P by localizing the problem and studying a rescaled
Laplacian on B. We thus obtain Theorem 0.9. Finally, in Section 5,
we prove the G-invariant holomorphic Morse inequalities (Theorems 0.3
and 0.5) and we also show how to use Theorem 0.5 to get estimates on
the other isotypic components of the cohomology H•(M,Lp ⊗ E).

Acknowledgments. This work is part of the PhD. thesis of the author
at Université Paris Diderot. The author wants to thank his advisor Pro-
fessor Xiaonan Ma for helpful discussions about the problem addressed
here, and more generally for his kind and constant support.

1. Connections and Laplacians associated with a principal

bundle

In this section, we review some results of [16, Chp. 1] for the conve-
nience of the reader.

Let G be a connected compact Lie group of dimension d that acts
smoothly and locally freely on the left on a smooth manifold M of
dimension m. Then π : M → B = M/G is a G-principal bundle and
B is an orbifold. We denote by TY the relative tangent bundle of this
fibration.
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Note that in [16, Chp. 1], Ma and Zhang assumed that G acts freely
on M , but as they explain in the introduction of [16, Chp. 1] and in
[16, Sect. 4.1], the results of [16, Chp. 1] extend to the case where G
acts only locally freely, essentially because when we work on orbifold
quotients, we in fact work with invariant sections on M .

Let gTM be a G-invariant metric on TM , and ∇TM the correspond-
ing Levi-Civita connection on TM . We denote by THM the orthogonal
complement of TY in TM . For U ∈ TB, we denote by UH the hor-
izontal lift of U in TM , that is π∗UH = U and UH ∈ THM . Let
θ : TM → g be the connection form corresponding to THM , and let Θ
be its curvature, i.e., the horizontal form such that

(1.1) Θ(UH , V H) = −P TY [UH , V H ],

where P TY is the natural projection TM = TY ⊕ THM → TY .

The metric gTM induces a metric gTY (resp. gT
HM ) on TY (resp.

THM). Let gTB be the metric on TB induced by gT
HM , and let ∇TB

be the corresponding Levi-Civita connection.
Let (F, hF ) be a G-equivariant Hermitian vector bundle with G-

equivariant Hermitian connection ∇F . Then G acts on C∞(M,F ) by
(g.s)(x) = g.s(g−1x).

Any K ∈ g induces a vector field KM on M given by

(1.2) KM
x =

∂

∂s

∣∣∣∣
s=0

e−sK .x.

For K ∈ g, recall that LK is the infinitesimal action of K on any G
representation. Let μF ∈ C∞(M, g∗ ⊗ End(F )) be defined by

(1.3) μF (K) = ∇F
KM − LK .

Using the identification TY 	 M × g, we can identify μF with μ̃F ∈
C∞(M,TY ⊗ End(F ))G such that

(1.4) 〈μ̃F ,KM 〉 = μF (K).

Let FB be the orbifold bundle on B induced by F , i.e., FB,x =

C∞(π−1(x), F |π−1(x))
G. Then there is a canonical isomorphism

(1.5) πG : C
∞(M,F )G

∼−→ C
∞(B,FB).

The invariant metric hF induces a metric hFB on FB . For s ∈ C∞(B,FB)
and U ∈ TB, we define

(1.6) ∇FB

U s := ∇F
UHs.

Observe that ∇FB is the restriction of the connection ∇F − μ(θ) to
C∞(M,F )G. Let RFB be the curvature of ∇FB . Then by [16, (1.18)]
we have for V, V ′ ∈ TB

(1.7) RFB(V, V ′) = RF (V H , V ′H)− μF (Θ)(V, V ′).
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Let dvM be the Riemannian volume on (M,gTM ). We endow
C∞(M,F ) with the L2 product induced by gTM and hF :

(1.8) 〈s, s′〉 =
∫
M
〈s, s′〉hF (x)dvM (x).

In the same way, gTB and hFB induce a L2 product 〈· , ·〉 on C∞(B,FB).
For x ∈ M , we denote by vol(G.x) the volume of the orbit of G.x

endowed with the restriction of gTM . Define the G-invariant function h
on M by

(1.9) h(x) =
√

vol(G.x).

Then h define a function on B, which is still denoted by h. Note that
h is smooth only on the regular part of B. However, we can extend it

continuously to get a smooth function ĥ on B. Then ĥ also define a
smooth function on U .

The map

(1.10) Φ := ĥπG :
(
C
∞(M,F )G, 〈· , ·〉) → (C∞(B,FB), 〈· , ·〉

)
is then an isometry.

Let {ui}mi=1 be an orthonormal frame of TM . For any Hermitian bun-
dle with Hermitian connection (E, hE ,∇E) on M , the Bochner Lapla-
cians ΔE,ΔM are given by

(1.11) ΔE = −
m∑
i=1

(
(∇E

ui
)2 −∇E

∇TM
ui

ui

)
, ΔM = ΔC.

Let {fl}dl=1 be a G-invariant orthonormal frame of TY with dual

frame {f l}dl=1, and let {ei}m−di=1 be an orthonormal frame of TB. Then

{eHi , fl} form an orthonormal frame of TM .
For σ, σ′ ∈ TY ⊗End(F ), let 〈σ, σ′〉gTY ∈ End(F ) be the contraction

of the part of σ ⊗ σ′ in TY ⊗ TY with gTY . Note that

(1.12) 〈μ̃F , μ̃F 〉gTY =

d∑
l=1

〈μ̃F , fl〉2gTY ∈ End(F ).

Theorem 1.1. As an operator on C∞(B,FB), ΦΔ
FΦ−1 is given by

(1.13) ΦΔFΦ−1 = ΔFB − 〈μ̃F , μ̃F 〉gTY − ĥ−1ΔBĥ.

Proof. This is proved in [16, Thm. 1.3]. q.e.d.

2. The reduction of M and the Laplacian on B

This Section is organized as follows. In Section 2.1 we apply the con-
structions and results of Section 1 to our situation in order to define the
reduction of M and to descend on it the different objects we are given.
We prove, under Assumption 0.1, some properties of the reduction that
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are well-known in the case where ω is positive and get Theorem 0.2. In
Section 2.2, we compute the operator induced on U/G by the Kodaira
Laplacian.

We use here the notations of the introduction. In particular, let
(M,J) be a connected compact complex manifold of dimension n, let
(L, hL) be a holomorphic Hermitian line bundle on M and (E, hE) a
Hermitian complex vector bundle on M . We denote the associated

Chern curvatures by RL and RE. Let ω =
√−1
2π RL be the first Chern

form of (L, hL), which is not assumed to be positive. Let G be a con-
nected compact Lie group with Lie algebra g. Let d = dimRG. We
assume that G acts holomorphically on (M,J), and that the action lifts
in a holomorphic action on L and E. We assume that hL and hE are
preserved by the G-action.

Recall that ∇L denotes the Chern connection of (L, hL) and that the
moment map μ is defined by 2iπμ(K) = ∇L

KM − LK for K ∈ g. Let

P = μ−1(0) and let U be a small tubular neighborhood of P . Finally,
we set MG = P/G.

2.1. The reduction of M . We begin by proving the following result:

Lemma 2.1. The map μ is smooth on M and is linear in K. More-
over, it is moment map of the G-action on M , i.e., μ is G-equivariant
and for any K ∈ g,

(2.1) dμ(K) = iKMω.

Proof. First, as both ∇L
KM and LK satisfies the Leibniz rules and

preserves hL, we know that ∇L
KM−LK is C∞(M)-linear, and, moreover,

it is a skew-adjoint operator. Thus, under the canonical isomorphism
End(L) = C,

(2.2) ∇L
KM − LK ∈ C

∞(M, iR).

This proves the first part of Lemma 2.1.
As ∇L is G-invariant, we have g · (∇L

Y s) = ∇L
g∗Y

(g · s) for Y ∈
C∞(M,TM), s ∈ C∞(M,L) and g ∈ G. Thus, taking g = e−tK for
K ∈ g and differentiating at t = 0, we get

(2.3) LK∇L
Y s = ∇L

[KM ,Y ]s+∇L
Y LKs, that is [LK ,∇L] = 0.

Using the definition of μ (0.7), (2.3) becomes

(2.4)
(
2iπμ(K) +∇L

KM

)∇L
Y s = ∇L

[KM ,Y ]s+∇L
Y

(
2iπμ(K) +∇L

KM

)
s.

This, together with (0.6), yields to

(2.5) Y (μ(K)) = ω(KM , Y ),

which is (2.1).
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Finally, it is easy to prove that g∗KM = (AdgK)M and g · (LKs) =
LAdgK(g · s), so
(2.6) 2iπ g · (μ(K)s) =

(∇L
(AdgK)M − LAdgK

)
(g · s),

and thus

(2.7) μ(g−1x) = Ad∗g−1μ.

The proof of Lemma 2.1 is complete. q.e.d.

Lemma 2.2. The group G acts locally freely on P .

Proof. By (2.1), we have for x ∈ P , V ∈ TxM and K ∈ g,

(2.8) ω(KM , V )x =
(
dxμ(V )

)
(K).

In particular, if KM = 0, then (dxμ(V ))(K) vanishes for all V ∈ TxM .
However, by Assumption 0.1, the differential dxμ : TxM → g

∗ is surjec-
tive, hence K = 0. q.e.d.

Lemma 2.3. When restricted to TY × TY , the bilinear form bL is
non-degenerate on P .

Proof. First, observe that for x ∈ P , V ∈ TxM and K ∈ g, equations
(0.12) and (2.1) yield

(2.9) bL(KM , JV )x = −ω(KM , V )x = −(dxμ(V )
)
(K).

Let x ∈ P , V ∈ TxM and K ∈ g. Then by (2.9)

(2.10) JV ∈ (TY )⊥bL

∣∣∣
P
⇐⇒ dxμ(V ) = 0 ⇐⇒ V ∈ TP,

the last equivalence coming from the fact that P = μ−1(0). In partic-
ular, dim(TY )⊥bL = dimTP = 2n − d, the last identity coming from
the fact that 0 is a regular value of μ. Moreover, dimTY = d (because
G acts locally freely on U) and TY + (TY )⊥bL = TU . This is possible
only if this sum is direct, i.e., TY ∩ (TY )⊥bL = {0}. We have proved
our lemma. q.e.d.

By Lemma 2.3, we have

(2.11) TU = TY ⊕ (TY )⊥bL .

Then we can choose the horizontal bundles of the fibrations U → B and
P →MG to be

(2.12) THU = (TY )⊥bL and THP = THU
∣∣
P
∩ TP.

Indeed, using (2.11) and the fact that TY ⊂ TP , we see that

(2.13) TP = TY ⊕ THP.

Let (LG, h
LG ,∇LG) and (EG, h

EG ,∇EG) be defined from (L, hL,∇L),
(E, hE ,∇E) and THP as indicated in Section 1. We also define ωG by

(2.14) ωG(V, V
′) = ω(V H , V ′H).
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Note that (1.7) restricted to P = μ−1(0) gives

(2.15) RLB |MG
(V, V ′) = RL|P (V H , V ′H).

From (0.6), (2.14) and (2.15), we see that if RLG is the curvature of
∇LG , then

(2.16) ωG =

√−1
2π

RLG .

Lemma 2.4. We have

(2.17)
THU

∣∣
P
= JTP,

TU |P = TP ⊕ JTY.

In the second line, the sum is orthogonal with respect to bL.

Proof. Recall that THU = (TY )⊥bL . Thus the first identity in (2.17)
follows from (2.10).

Concerning the second, we have for V ∈ TP and K ∈ g,

(2.18) bL(JKM , V )x = ω(KM , V )x =
(
dxμ(V )

)
x
(K) = 0.

Using (2.18) and the facts that bL is non-degenerate on JTY and that
dimTU = dimTP + dim JTY , we get the second identity in (2.17).

q.e.d.

Using Lemma 2.4 and (2.13), we find firstly

(2.19) TU |P = THP ⊕ TY ⊕ JTY,

the decomposition being orthogonal for bL, and secondly by Lemma 2.4
and (2.12),

(2.20) THP = TP ∩ JTP.

In particular, THP is stable by J , so we can define an almost-complex
structure on MG in the following way. For V ∈ TMG, we denote V

H its
lift in THP , and we define the almost complex structure JG on MG by

(2.21) (JGV )H = J(V H).

Lemma 2.5. The almost complex structure JG is integrable, thus
(MG, JG) is a complex manifold.

Proof. Let u, v ∈ C∞(MG, T
1,0MG). Then there are U, V ∈ C∞(MG,

TMG) such that

(2.22) u = U −√−1JGU , v = V −√−1JGV.
Using (2.21), we find

(2.23) uH = UH −√−1JUH , v = V H −√−1JV H ∈ T 1,0M ∩ TCP.

As both T 1,0M and TCP are integrable, we have [uH , vH ] ∈ T 1,0M ∩
TCP , i.e., there is W ∈ C∞(M,TM) such that

(2.24) [uH , vH ] = W −√−1JW,
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and, moreover, W,JW ∈ TP . Thus, W ∈ TP ∩ JTP = THP and we
can write W = XH for X a section of TMG. Hence
(2.25)

[u, v] = π∗[uH , vH ] = π∗(XH −√−1JXH) = X −√−1JGX ∈ T 1,0MG.

By the Newlander–Nirenberg theorem, (2.25) means that JG is inte-
grable. q.e.d.

Lemma 2.6. The bundles LG and EG are holomorphic. Moreover,
∇LG and ∇EG are the respective Chern connections of (LG, h

LG) and
(EG, h

EG).

Proof. We first prove the result for LG.
Observe that for U, V ∈ TMG,

(2.26) ωG(JGU, JGV ) = ω(JUH , JV H) = ω(UH , V H) = ωG(U, V ).

Hence, ωG is a (1, 1)-form, and so is RLG by (2.16). We decompose ∇LG

into holomorphic part and anti-holomorphic part,

(2.27) ∇LG = (∇LG)1,0 + (∇LG)0,1.

As RLG is (1, 1), we have

(2.28)
(
(∇LG)0,1

)2
= 0.

For s ∈ C∞(MG, LG), we define

(2.29) ∂̄LGs = (∇LG)0,1s.

Let s0 be a local frame of LG near x0 ∈ MG. Then we can write
(∇LG)0,1s0 = αs0 for some (0, 1)-form α. By (2.28), we have

(2.30) 0 =
(
(∇LG)0,1

)2
s0 = (∂̄α)s0.

Thus, ∂̄α = 0. By the (local) ∂̄-lemma, there is a function f defined
near x0 such that ∂̄f = −α. Thus,
(2.31) ∂̄LGs0 + (∂̄f)s0 = 0.

This shows that (2.29) defines a holomorphic structure on LG, for which
efs0 is a local holomorphic frame near x0.

Finally, ∇LG is clearly Hermitian with respect to hLG , and is holo-
morphic by the definition (2.29), so ∇LG is indeed the Chern connection
on LG.

We now turn to EG. Here again, it is enough to prove that REG is
a (1, 1)-form (see, for instance, [13, Prop. I.3.7]). As RE is a (1, 1)-
form, (1.7) shows that it is equivalent to prove that Θ|THP×THP is a
(1, 1)-form.

Let u = U − √−1JU and v = V − √−1JV be in (THP )1,0. As
U, V, JU and JV are in THP = TP∩JTP and TP is integrable, we have
[u, v] ∈ TCP . Moreover, as u and v are of type (1, 0) and J is integrable,
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[u, v] is also of type (1, 0), and thus [u, v] = −iJ [u, v] ∈ JTCP . In
conclusion, [u, v] ∈ TH

C
P and by (1.1), Θ(u, v) = 0. q.e.d.

Lemma 2.7. We have kerω|P ⊂ THP , and for x ∈MG, π∗ induces
an isomorphism

(2.32) (kerωG)x 	 (kerω)|π−1(x).

Proof. Let V ∈ TU |P be such that ω(V, ·) = 0. Then we also have
bL(V, ·) = 0. Thus V is in particular in (TY )⊥bL = THU . Moreover, V
is also orthogonal (for bL) to JTY , so is in THP by Lemma 2.4.

As ωG(π∗· , π∗·) = ω(· , ·), we know that π∗ maps kerω|P in kerωG,
and is injective as kerω|P ⊂ THP . Finally, if V ∈ kerωG, then
ω(V H , V ′) = 0 for V ′ ∈ THP . In fact, as the decomposition in (2.19)
is orthogonal for bL, we have ω(V H , V ′) = 0 for V ′ ∈ TU |P , and thus
V H ∈ kerω. The proof of our lemma is complete. q.e.d.

By (2.16) and Lemmas 2.5, 2.6 and 2.7 we have proved Theorem 0.2.

2.2. The Kodaira Laplacian and the operator induced on B.

We define the vector bundle E , and Ep (p ≥ 1) over M by

(2.33)
E = Λ0,•(T ∗M)⊗ E,

Ep = Λ0,•(T ∗M)⊗E ⊗ Lp.

Recall that gTM is a J- and G-invariant metric on TM (we do not
assume that (0.25) holds in this section). We endow C∞(M,Ep) with
the L2 scalar product associated with gTM , hL and hE as in (1.8).
Then the Dolbeault–Dirac operator Dp defined in (0.19) is a formally
self-adjoint operator acting on C∞(M,Ep).

We now recall the Lichnerowicz formula for the Kodaira Laplacian
D2

p.

Let ∇TM be the Levi-Civita connection on (M,gTM ). We denote

by P T (1,0)M the orthogonal projection form TM ⊗R C onto T (1,0)M .

Let ∇T (1,0)M = P T (1,0)M∇TMP T (1,0)M be the induced connection on
T (1,0)M . We endow det(T 1,0M) with the metric induced by gTM , and
we denote by ∇det the Hermitian connection on det(T 1,0M) induced by

∇T (1,0)M . Let Rdet be the curvature of ∇det.
Let (w1, . . . , wn) be an orthonormal frame of (T (1,0)M,gTM ), and

(e1, . . . , e2n) be the orthonormal frame of (TM, gTM ) given by

(2.34) e2j−1 =
1√
2
(wj +wj) and e2j =

√−1√
2

(wj − wj).

Let {ek} be the dual basis of {ek}. The Clifford action of TCM on
Λ0,•(T ∗M) is defined by linearity from

(2.35) c(wj) :=
√
2wj ∧ and c(wj) := −

√
2iwj

.
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We then define a map, still denoted by c(·), on Λ(T ∗
C
M) by setting for

j1 < · · · < jk:

(2.36) c(ej1 ∧ · · · ∧ ejk) := c(ej1) . . . c(ejk).

Let ΓTM and Γdet be the connection forms of ∇TM and ∇det associ-
ated with the frames {ei} and w1 ∧ · · · ∧ wn. Define the Clifford con-
nection on Λ0,•(T ∗M) (see [15, (1.3.5)]) by the following local formula
in the frame {wi1 ∧ · · · ∧ wik}:
(2.37) ∇Cl = d+

1

4

∑
i,j

〈ΓTMei, ej〉c(ei)c(ej) + 1

2
Γdet.

We also denote by ∇Cl the connection on E induced by ∇Cl and ∇E.
Let Ω be the real (1, 1)-form defined by

(2.38) Ω = gTM (J · , ·).
On Λ0,•(T ∗M), we define the Bismut connection ∇Bi by

(2.39) ∇Bi
V = ∇Cl

V +

√−1
4

c
(
iV (∂ − ∂̄)Ω

)
.

This connection, along with ∇E and ∇L, induces connections ∇E and
∇Ep on E and Ep. Moreover, we know that (see, e.g., [15, Thm. 1.4.5])

(2.40) Dp =
2n∑
i=1

c(ei)∇Ep
ei .

Let ΔEp be the Bochner Laplacian on Ep induced by ∇Ep . It is
given by the following formula: if (gij) is the inverse of the matrix
(gij) = (gTM

Z (ei, ej)), then

(2.41) ΔEp = −gij
(
∇Ep

ei ∇Ep
ej −∇Ep

∇TM
ei

ej

)
.

Let rM be the scalar curvature of (M,gTM ). Let ΨE be the smooth
self-adjoint section of End(E) given by

(2.42) ΨE =
rM

4
+ c
(
RE +

1

2
Rdet

)
+

√−1
2

c(∂̄∂Ω)− 1

8

∣∣(∂ − ∂̄)Ω
∣∣2.

Set also

(2.43)

ωd = −
∑
i,j

RL(wi, wj)w
j ∧ iwi

,

τ =
∑
i

RL(wi, wi).

The Lichnerowicz formula (see, for instance, [15, Thm. 1.4.7 and
(1.5.17)]) reads

(2.44) D2
p = ΔEp − p(2ωd + τ) + ΨE .
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Let μE, μBi and μEp be the moment maps induced by ∇E, ∇Bi and
∇Ep as in (1.3). Recall that μ is defined in (0.7). Then we have

(2.45)

{
μL = 2iπμ,

μEp = 2iπpμ + μE + μBi.

Assume now that G acts freely on P , and recall that we then choose
the G-invariant neighborhood U of P so that G acts freely on its closure
U . Using the procedure of Section 1 for U → U/G = B and gTM |U ,
we can define the operator ΦD2

pΦ
−1 induced by D2

p on B. Thanks to
Theorem 1.1 and (2.44), we find that in the case of a free G-action on P ,

(2.46) ΦD2
pΦ
−1 = ΔEp,B − p(2ωd+ τ)+ΨE −〈μ̃Ep , μ̃Ep〉gTY − ĥ−1ΔBĥ.

Here, we have kept the same notation for an element in C∞(U,
End(Ep))

G and the induced element in C∞(B,End(Ep,B)), and we will
always do this in the sequel.

3. Localization near P

The goal of this section is to prove the localization of PGe
−u

p
D2

pPG

near P , i.e., we prove Theorem 0.8.
Let injM be the injectivity radius of (M,gTM ), and ε ∈]0, injM [.
For x0 ∈M , we denote by BM (x0, ε) and BTx0M (0, ε) the open balls

in M and Tx0M with center x0 and 0 and radius ε, respectively. If expMx0

is the exponential map of M , then Z ∈ BTx0M (0, ε) �→ expMx0
(Z) ∈

BM (x0, ε) is a diffeomorphism, which gives local coordinates by identi-
fying Tx0M with R

2n via an orthonormal basis {ei} of Tx0M :

(3.1) (Z1, . . . , Z2n) ∈ R
2n �→

∑
i

Ziei ∈ TxM.

From now on, we will always identify BTx0M (0, ε) and BM (x0, ε).
Let x1, . . . xN be points of M such that {Uk = BM(xk, ε)}Nk=1 is an

open covering of M . On each Uk we identify EZ , LZ and Λ0,•(T ∗ZM)

to Exk
, Lxk

and Λ0,•(T ∗xk
M) by parallel transport with respect to ∇E ,

∇L and ∇Bi along the geodesic ray t ∈ [0, 1] �→ tZ. We fix for each
k = 1, . . . , N an orthonormal basis {ei}i of Txk

M (without mentioning
the dependence on k).

We denote by ∇V the ordinary differentiation operator in the direc-
tion V on Txk

M .
Let {ϕk}k be a partition of unity subordinate to {Uk}k. For � ∈ N, we

define a Sobolev norm || · ||
H

�(p) on the �-th Sobolev space H
�(M,Ep)

by

(3.2) ||s||2
H

�(p)
=
∑
k

�∑
j=0

d∑
i1,...,ij=1

||∇ei1
. . .∇eij

(ϕks)||2L2 .
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Lemma 3.1. For any m ∈ N, there exists Cm > 0 such that for any
p ∈ N

∗ and any s ∈H
2m+2(M,Ep),

(3.3) ||s||2
H

2m+2(p)
≤ Cmp4m+4

m+1∑
j=0

p−4j||D2j
p s||L2 .

Proof. This is proved in [15, Lem. 1.6.2]. q.e.d.

Let f : R→ [0, 1] be a smooth even function such that

(3.4) f(t) =

{
1 for |t| < ε/2,

0 for |t| > ε.

For u > 0, ς ≥ 1 and a ∈ C, set

(3.5)

Fu(a) =

∫
R

eiv
√
2a exp(−v2/2)f(v√u)

dv√
2π

,

Gu(a) =

∫
R

eiv
√
2a exp(−v2/2)(1 − f(v

√
u))

dv√
2π

.

These functions are even holomorphic functions. Moreover, the re-
strictions of Fu and Gu to R lie in the Schwartz space S(R), and
(3.6) Fu(vDp) + Gu(vDp) = exp

(−v2D2
p

)
for v > 0.

Let Gu(vLp)(x, x
′) be the smooth kernel of Gu(vLp) with respect to

dvM (x′).

Proposition 3.2. For any m ∈ N, u0 > 0, ε > 0, there exist C > 0
and N ∈ N such that for any u > u0 and any p ∈ N

∗,

(3.7)
∣∣∣Gu

p

(√
u/pDp

)
(· , ·)

∣∣∣
Cm(M×M)

≤ CpN exp

(
− ε2p

16u

)
.

Here, the Cm-norm is induced by ∇L, ∇E, ∇Bi, hL, hE and gTM .

Proof. This is proved in [15, Prop. 1.6.4]. q.e.d.

Proof of Theorem 0.8. As 0 is a regular value of μ, there is ε0 such that

(3.8) μ : M2ε0 := μ−1(Bg
∗

(0, 2ε0))→ Bg
∗

(0, 2ε0)

is a submersion. Note that M2ε0 is an open G-invariant subset of M .
Fix ε, ε0 small enough so that M2ε0 ⊂ U and dM (x, y) > 4ε if x ∈Mε0

and y ∈ M \ U . We set Vε0 = M \Mε0 , which is a smooth G-manifold
with boundary ∂Vε0 . Then M \ U ⊂ Vε0 .

We denote by Dp,D the operator Dp acting on Vε0 with the Dirichlet
boundary condition. Then Dp,D is self-adjoint.

By [21, Sects. 2.6, 2.8] and [15, Append. D.2], we know that
the wave operator cos(uDp,D) is well defined and its Schwartz kernel
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cos(uDp,D)(x, x
′) only depends on the restriction of Dp to G·BM (x, u)∩

Vε0 and vanish if dM (x, x′) ≥ u. Thus, by (3.5),
(3.9)

∀x, x′ ∈M \U, Fu
p

(√
u/pDp

)
(x, x′) = Fu

p

(√
u/pDp,D

)
(x, x′).

Let s ∈ C∞(M,Ep)
G with supp(s) ⊂

◦
V ε0 . Since Dp commutes with

the G-action, we know that Dps ∈ Ω0,•(M,Lp ⊗ E)G. Moreover, from
the Lichnerowicz formula (2.44), we get

(3.10) 〈D2
ps, s〉 = ‖∇Eps‖2L2 − p〈(ωd + τ)s, s〉+ 〈ΨEs, s〉.

Observer that, as s ∈ Ω0,•(M,Lp ⊗ E)G, (1.3) gives

(3.11) ∇Ep

KM s = (LK + μEp(K))s = μEp(K)s,

and thus by (2.45) and the fact that supp(s) ⊂
◦
V ε0 ,

(3.12)

‖∇Eps‖2L2 ≥C
∑
i

‖∇Ep

KM
i

s‖2L2 = C
∑
i

‖μEp(Ki)s‖2L2

≥ Cp2‖ |μ|s‖2L2 − C ′‖s‖2L2

≥ Cε20p
2‖s‖2L2 − C ′‖s‖2L2 .

Thanks to (3.10) and (3.12), we have

(3.13) 〈D2
ps, s〉 ≥ Cp2‖s‖2L2 .

In particular, as PG preserve the Dirichlet boundary condition, there
are C,C ′ > 0 such that for p ≥ 1,

(3.14) Sp(PGD
2
p,DPG) ⊂ [Cp2,+∞[ .

By the elliptic estimate for the Laplacian with Dirichlet boundary
condition [21, Thm. 5.1.3], we can see that the proof of Lemma 3.1 (see
[15, Lem. 1.6.2]) still works if we replace therein Dp by Dp,D and take

s ∈H
2m+2(M,Ep)∩H1

0(M,Ep). Using this modification of Lemma 3.1,
(3.14) and

(3.15) sup
a≥Cp

|amFu
p
(a
√

u/p)| ≤ Cm,k,up
−k,

we find that for any Q,Q differential operators of order 2m, 2m′ with
scalar principal symbol and with support in Ui, Uj and for any k ∈ N

(3.16)
∥∥∥QFu

p

(√
u/pDp,D

)
Q′s
∥∥∥
L2
≤ Cm,m′,up

−k‖s‖L2 .

Thus, using Sobolev inequalities with (3.16), and (3.6), (3.7) and (3.9),
we get Theorem 0.8. q.e.d.
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4. Asymptotic of the heat kernel near P for a free action

We assume in this Section that G acts freely on P and U .
In this section, we prove Theorem 0.9. In Section 4.1, we work near

P and replace our geometric setting by a model setting, in which M is
replaced by G×R

2n−d, P by G×R
2n−2d×{0} and the different bundles

are trivial. We can then define a rescaled version of 1
pD

2
p, and in Section

4.2, we prove the convergence of the heat kernel of the rescaled operator.
In Section 4.3 we compute the limiting heat kernel to finish the proof
of Theorem 0.9.

4.1. Rescaling the operator ΦD2
pΦ
−1. This section is analogous to

[16, Sect. 2.6], with the necessary changes made.
We fix x0 ∈MG and ε ∈]0, injM/4[.
Recall that we have the following diagram:

P = μ−1(0) �
�

��

G
��

U

G
��

MG
�
�

�� B

Recall also that gT
HP is a G-invariant and J-invariant metric on

THP , gTY is a G-invariant metric on TY and gJTY is the G-invariant
metric on JTY induced by J and gTY . Then by (2.19), we can chose
be a G-invariant metric gTM on M such that on P :

(4.1) gTM |P = gTY |P ⊕ gJTY |P ⊕ gT
HP .

Let gT
HU be the restriction of gTM on THU . Let gTB (resp. gTMG)

be the metric on TB (resp. TMG) induced by gT
HU (resp. gT

HP ).
By (0.24) and Lemma 2.4, we know that

(4.2) THU |P = JTY |P ⊕ JTHP = JTY |P ⊕ THP.

As a consequence, if NG denotes the normal bundle of MG in B, then
NG can be identified as

(4.3) NG 	 (TMG)
⊥

gTB = (JTY )B |MG
,

where (JTY )B denotes the bundle over B induced by JTY .
Let ∇TB be the Levi-Civita connection on (TB, gTB). Let PNG and

P TMG be the orthogonal projections from TB|MG
to NG and TMG,

respectively. Set

(4.4)
∇NG = PNG(∇TB|MG

)PNG , ∇TMG = P TMG(∇TB |MG
)P TMG ,

0∇TB = ∇NG ⊕∇TMG , A = ∇TB|MG
− 0∇TB.

For W ∈ Tx0MG, let u ∈ R �→ xu = expMG
x0

(uW ) ∈ MG be the
geodesic inMG starting at x0 with speedW . If |W | ≤ 4ε and V ∈ NG,x0 ,
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let τWV be the parallel transport of V with respect to ∇NG along to
curve u ∈ [0, 1] �→ xu = expMG

x0
(uW ).

If Z ∈ Tx0B, we decompose Z as Z = Z0 + Z⊥ with Z0 ∈ Tx0MG

and Z⊥ ∈ NG,x0 , and if |Z0|, |Z⊥| ≤ ε we identify Z with

expB
exp

MG
x0

(Z0)
(τZ0Z⊥). This gives a diffeomorphism

(4.5) F : BTx0MG(0, 4ε) ×BNG,x0 (0, 4ε)
∼−→ U (x0) ⊂ B,

where U (x0) is an open neighborhood of x0 in B. Note that under this
diffeomorphism, U (x0) ∩MG is identified with (BTx0MG(0, 4ε) × {0}).

In the sequel, we will indifferently write BTx0MG(0, 4ε)×BNG,x0 (0, 4ε)
or U (x0), x0 or 0, etc.

We identify (LB)Z , (EB)Z and (Ep)B,Z with (LB)x0 , (EB)x0 and

(Ep)B,x0 by using parallel transport with respect to ∇LB , ∇EB and

∇(Ep)B along the curve u ∈ [0, 1] �→ γu = uZ.
Fix y0 ∈ π−1(x0). We define γ̃ : [0, 1] → M to be the curve lifting γ

such that ∂γ̃u
∂u ∈ TH

γ̃u
U . As above, on π−1(BTx0B(0, 4ε)), we can trivi-

alize L, E and Ep using the parallel transport along γ̃ with respect to
the corresponding connections. By (1.6), the previous trivialization are
naturally induced by this one.

This also gives a diffeomorphism

(4.6) π−1(BTx0B(0, 4ε)) 	 G×BTx0B(0, 4ε),

and the induced G-action on G×BTx0B(0, ε) is then

(4.7) g.(g′, Z) = (gg′, Z).

Let {e0i } and {e⊥i } be orthonormal basis of Tx0MG and NG,x0 , respec-

tively. Then {ei} = {e0i , e⊥i } is an orthonormal basis of Tx0B. Let {ei}
be its dual basis. We will also denote F∗(e0i ), F∗(e⊥i ) by {e0i }, {e⊥i }, so
that in our coordinates,

(4.8)
∂

∂Z0
i

= e0i ,
∂

∂Z⊥i
= e⊥i .

In what follows, we will extend the geometric object fromBTx0B(0, 4ε)
to R

2n−d 	 Tx0B (here the identification is similar to (3.1)) to get ana-
logue geometric structures on G× R

2n−d as on M , an thus work on

(4.9) M0 := G× R
2n−d,

instead of M .
Let L0 be the trivial bundle L|G.y0 lifted on M0. We still denote by

∇L, hL the connection and metric on L0 over π
−1(BTx0B(0, 4ε)) induced

by the above identification. Then hL is identified with the constant
metric hL0 = hLy0 . We use similar notations for the bundle E.



530 M. PUCHOL

Let ϕ : R→ [0, 1] be a smooth even function such that

(4.10) ϕ(v) =

{
1 for |v| < 2,

0 for |v| > 4.

Let ϕε : M0 →M0 be defined by

(4.11) ϕε(g, Z) = (g, ϕ(|Z|/ε)Z).

Let ∇E0 = ϕ∗ε∇E. Then ∇E0 is an extension of ∇E outside
π−1(BTx0B(0, 4ε)).

Let P TY be the orthogonal projection from TM onto TY . For W ∈
TB, let WH ∈ THU be the horizontal lift of W . Then we can define
the Hermitian connection ∇L0 on (L0, h

L0)→ G× R
2n−d by

(4.12) ∇L0 = ϕ∗ε∇L +
(
1− ϕ(|Z|/ε))RL

y0(Z
H , P TY

y0 ·).

We can compute directly the curvature RL0 of ∇L0 : if we denote
(1, Z) just by Z, then

(4.13)

RL0
Z =RL

ϕε(Z)(P
TY
y0 ·, P TY

y0 ·) +RL
y0(P

THU
y0 ·, P TY

y0 ·)
+ ϕ2(|Z|/ε)RL

ϕε(Z)(P
THU
y0 ·, P THU

y0 ·)
+ ϕ(|Z|/ε)[RL

ϕε(Z) −RL
y0

]
(P THU

y0 ·, P TY
y0 ·)

+ ϕ′(|Z|/ε) Z∗

ε|Z| ∧
[
RL

ϕε(Z) −RL
y0

]
(ZH , P TY

y0 ·)

+ (ϕϕ′)(|Z|/ε) Z∗

ε|Z| ∧RL
ϕε(Z)(Z

H , P THU
y0 ·),

where Z∗ ∈ T ∗x0
B is the dual of Z ∈ Tx0B with respect to the metric

gTB
x0

.
The group G acts naturally on M0 by (4.7) and under our identifica-

tions, the action of G on L, E on G×Tx0B (0, ε) is exactly the G-action
on L|G.y0 , E|G.y0 .

We define a G-action on L0, E0 by the action of G on G.y0. Then it
extends the G-action on L, E on G×Tx0B (0, ε) to M0.

By Lemma 2.4, we know that

(4.14) RL
(1,Z0)(Z

H ,KM ) = RL
(1,Z0)

(
(Z⊥)H ,KM

)
.

For (1, Z) ∈ G × R
2n−d, (4.7) gives ϕε∗KM0

(1,Z) = KM
y0 for K ∈ g.

Thus, by (0.7), (4.12) and (4.14), the moment map μ0 : M0 → g
∗ of the

G-action on (M0, L0) is given by

(4.15) μ0(K)(1,Z) = μ(K)ϕε(1,Z)+
1

2iπ

(
1−ϕ(|Z|/ε))RL

y0((Z
⊥)H ,KM

y0 ).
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Now, from the construction of our coordinate, we have μ0 = 0 on G ×
R
2n−2d × {0}. Moreover,

(4.16)

μ(K)ϕε(1,Z) =
1

2iπ
RL

(1,Z)

(
ϕ(|Z|/ε)(Z⊥)H ,KM

)
+O

(
ϕ(|Z|/ε)|Z||Z⊥|).

Thus, from our construction, Lemma 2.3 and (4.3), (4.15) and (4.16),
we know that

(4.17) μ−10 (0) = G× R
2n−2d × {0}.

Let

(4.18) gTM0(g, Z) = gTM (ϕε(g, Z)) and J0(g, Z) = J(ϕε(g, Z))

be the metric and almost-complex structure on M0. Let T ∗(0,1)M0 be
the anti-holomorphic cotangent bundle of (M0, J0). Since J0(g, Z) =

J(ϕε(g, Z)), T
∗(0,1)
(g,Z),J0

M0 is naturally identified with T
∗(0,1)
ϕε(g,Z),JM0.

We can now construct all the objects corresponding to those of Sec-
tion 2.2 in this new setting and denotes them by adding subscripts 0,
e.g., E0,p, ∇det0 , ∇Cl0 , ∇Bi0 , ∇E0,p , . . .. Then, we can define the Dirac

operator DM0
p on M0, which satisfies

(4.19) DM0,2
p = ΔE0,p − p(2ωd,0 + τ0) + ΨE0 .

By (2.44) and the above constructions, we know that D2
p and DM0,2

p

coincide on π−1(BTx0B(0, 2ε)).
We can identify Λ0,•(T ∗(g,Z)M0) with Λ0,•(T ∗gy0M) by identifying first

Λ0,•(T ∗(g,Z)M0) with Λ0,•(T ∗ϕε(g,Z),JM) and then identifying

Λ0,•(T ∗ϕε(g,Z),JM) with Λ0,•(T ∗gy0M) by parallel transport with respect

to ∇Bi0 (see (2.39)) along u ∈ [0, 1] �→ (g, uϕ(|Z|/ε)Z). We also trivial-

ize det(T (1,0)M0) in this way using ∇det0 .
Let gTB0 be the metric on B0 := R

2n−d induced by gTM0 , and let
dvB0 be the corresponding Riemannian volume. We denote by TY0 the
relative tangent bundle of the fibration M0 → B0, and by gTY0 the
metric on TY0 induced by gTM0 .

The operator ΦDM0,2
p Φ−1 is also well-defined on Tx0B 	 R

2n−d. More
precisely, it is an operator on the bundle (E0,p)B0 over B0 induced by
E0,p, and by (2.46), it is given by

(4.20) ΦDM0,2
p Φ−1 =

Δ(E0,p)B0 − p(2ω0,d + τ0) + ΨE0 − 〈μ̃E0,p , μ̃E0,p〉gTY0 −
1

h0
ΔB0h0.

Let exp(−uDM0,2
p )(Z,Z ′) be the smooth heat kernel of DM0,2

p with
respect to dvM0(Z

′), the volume form associated with gTM0 .
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Lemma 4.1. Under notation of Proposition 3.2 and the above triv-
ializations, the following estimate holds uniformly on v = (g, Z), v′ =
(g′, Z ′) ∈ G×BTx0B(0, ε):

(4.21)

∣∣∣∣e−u
p
D2

p(v, v′)− e−
u
p
D

M0,2
p
(
(g, Z), (g′, Z ′)

)∣∣∣∣ ≤ CpN exp
(− ε2p

16u

)
.

Proof. By (4.19), DM0,2
p has the same structure as D2

p. Thus Lemma

3.1 and Proposition 3.2 are still true if we replace D2
p therein by DM0,2

p .

Moreover, as DM0,2
p and D2

p coincide for |Z| small, by the finite prop-
agation speed of the wave equation (see, e.g., [15, Thm. D.2.1]), we
know that

(4.22) Fu
p

(√
u/pDp

)
(v, ·) = Fu

p

(√
u/pDM0

p

) (
(g, Z), ·),

if v = (g, Z) under the above trivializations. Thus, we get our Lemma
by (3.6). q.e.d.

We still denote PG the orthogonal projection from Ω0,•(U,Lp ⊗ E)
onto Ω0,•(U,Lp ⊗ E)G. Let dg be the Haar measure on G. Then we
have

(4.23)
(
PGe

−u
p
D2

pPG

)
(v, v′) =

∫
G×G

(g, g′−1) · e−u
p
Dp(g−1v, g′v′)dgdg′.

If we again denote by PG the orthogonal projection from Ω0,•(M0, L
p
0⊗

E0) onto Ω0,•(M0, L
p
0 ⊗ E0)

G, then we have a similar formula as (4.23)

for (PGe
−u

p
D

M0,2
p PG). Thus, as G preserves every metric and connection,

Lemma 4.1 implies

Corollary 4.2. Under notation of Proposition 3.2, the following es-
timate holds uniformly on v = (g, Z), v′ = (g′, Z ′) ∈ G×BTx0B(0, ε):

(4.24)

∣∣∣∣(PGe
−u

p
D2

pPG

)
(v, v) − (PGe

−u
p
D

M0,2
p PG

)(
(g, Z), (g′, Z ′)

)∣∣∣∣
≤ CpN exp

(− ε2p

16u

)
.

Let SL be a G-invariant unit section of L|Gy0 . Let pr be the projec-

tion G × R
2n−d → G. Using SL and the above discussion, we get two

isometries

(4.25)
E0,p = Λ0,•(T ∗M0)⊗E0 ⊗ Lp

0 	 pr∗(E|Gy0)

(E0,p)B0 	 EB,x0 .

Thus, ΦDM0,2
p Φ−1 can be seen as an operator on EB,x0 . Note that

our formulas will not depend on the choice of SL as the isomorphism
End((E0,p)B0) 	 End(EB,x0) is canonical.
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Let dvTB be the Riemannian volume of (Tx0B, gTx0B). Let κ be the
smooth positive function defined by

(4.26) dvB0(Z) = κ(Z)dvTB(Z) = κ(Z)dvMG
(x0)dvNG,x0

,

with κ(0) = 1.
As in (1.7), we denote by RLB , REB and RBiB the curvature on LB ,

EB and (Λ0,•(T ∗M))B induced by ∇L, ∇E and ∇Bi on M .
As in (1.4), μ̃ ∈ TY , μ̃E ∈ TY ⊗ End(E) and μ̃Bi ∈ TY ⊗

End(Λ0,•(T ∗M)) are the sections induced by μ, μE and μBi in (1.3)
and (2.45).

We denote by ∇V the ordinary differentiation operator on Tx0B = B0

in the direction V .
We will now make the change of parameter t = 1√

p ∈ ]0, 1].

Definition 4.3. For s ∈ C∞(R2n−d, EB,x0) and Z ∈ R
2n−d set

(4.27)

(Sts)(Z) = s(Z/t),

∇t = tS−1t κ1/2∇(E0,p)B0κ−1/2St,

∇0 = ∇+
1

2
RLB

x0
(Z, ·),

Lt = t2S−1t κ1/2ΦDM0,2
p Φ−1κ−1/2St,

L0 = −1

2

2n−d∑
i=1

(∇0,ei)
2 − 2ωd,x0 − τx0 + 4π2|P TY Jx0Z|2.

Proposition 4.4. When t→ 0, we have

(4.28) ∇t,ei = ∇0,ei +O(t) and Lt = L0 +O(t).

Proof. Let ΓLB , ΓEB and ΓBiB be the connection form of ∇LB , ∇EB

and ∇BiB with respect to fixed frame of LB, EB and (Λ0,•(T ∗M))B
which are parallel along the curve u ∈ [0, 1] �→ uZ under our trivializa-
tion on BTx0B(0, 4ε).

By (4.27), we have for |Z| ≤ ε/t

∇t,ei(Z)

(4.29)

= κ1/2 (tZ)
{
∇ei +

(
t−1ΓLB

tZ (ei)+ tΓEB

tZ (ei)+ tΓBiB
tZ (ei)

)}
κ−1/2 (tZ).

It is a well known fact (see, for instance, [15, Lemma 1.2.4]) that for
if Γ = ΓLB (resp. ΓEB , ΓBiB ) and R = RL (resp. REB , RBiB ), then

(4.30) ΓZ(ei) =
1

2
Rx0(Z, ei) +O(|Z|2).
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Thus,

(4.31)
tΓEB

tZ (ei) + tΓBiB
tZ (ei) = O

(
t2
)
,

t−1ΓL
tZ(ei) =

1

2
RL

x0
(Z, ei) +O (t) .

The first asymptotic development in Proposition 4.4 follows from
ϕ(0) = κ(0) = 1, (4.29), (4.30) and (4.31).

Let (gij(Z)) be the inverse of the matrix (gij(Z)) := (g
Tx0B

Z (ei, ej)).
By (2.41), (4.20) and (4.27) we have

(4.32) Lt(Z) = −gij(tZ)
(
∇t,ei∇t,ej − t∇

t,∇TB0
ei

ej

)
− 〈tμ̃E0,p , tμ̃E0,p〉gTY (tZ)− (2ω0,d + τ0)(tZ)

+ t2
(
ΨE0 +

1

h0
ΔB0h0

)
(tZ).

With the asymptotic of ∇t above, (2.41) and the fact that gij(0) = δij
we find

(4.33) −gij(tZ)
(
∇t,ei∇t,ej − t∇

t,∇TB0
ei

ej

)
=
∑
i

(∇0,ei)
2 +O(t).

Moreover,

(4.34) − (2ω0,d + τ0)(tZ) + t2
(
ΨE0 +

1

h0
ΔB0h0

)
(tZ)

= −2ωd,x0 − τx0 +O(t).

Now, by (2.1), (0.26) and the fact that μ̃y0 = 0 for y0 ∈ P , π(y0) = x0,
we get for K ∈ g:

(4.35)
−〈JeHi ,KM 〉y0 = ω(KM , eHi )y0

= ∇eHi
(μ(K))(y0) = 〈∇TY

eHi
μ̃,KM 〉y0 .

Thus,

(4.36) |μ̃|2gTY (Z) = |∇TY
Z μ̃|2gTY +O(|Z|3) = |P TY Jx0Z|2gTY +O(|Z|3).

Note that

(4.37) 〈tμ̃Ep , tμ̃Ep〉gTY =

− 4π2 1

t2
|μ̃|2gTY +

〈
4iπμ̃ + t2(μ̃E + μ̃Bi), μ̃E + μ̃Bi

〉
gTY .

Thus, we get the second asymptotic development in Proposition 4.4 by
using (4.32), (4.33), (4.34), (4.36) and (4.37). q.e.d.

4.2. Convergence of the heat kernel. In this section, we prove the
convergence of the heat kernel of the rescaled operator. Note that here
we must have a more precise result than in [15, Sect. 1.6] because in
the proof of Theorem 0.3 (see Section 5.1) we will have to integrate
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along the normal directions, and thus we need a result of decay in these
directions. To obtain it, we draw our inspiration form [16].

Recall that E0 = Λ0,•(T ∗M0) ⊗ E0 and that we have trivialized the
Hermitian bundle (E0,B0 , h

E0,B0 ) on B0 = Tx0B by identifying it to

(EB,x0 , h
EB,x0 ). Recall also that μ0 : M0 → g

∗ is the moment map of
the G-action on M0.

Let ‖ · ‖L2 be the L2-norm on C∞(B0, EB,x0) induced by gTx0B and

hEB,x0 as in (1.8).
Let {fl} be a G-invariant orthonormal frame of TY on

π−1(BB(x0, 4ε)), then {f0,l(Z) = fl(ϕε(g, Z))} is a G-invariant or-
thonormal frame of TY0 on M0.

Definition 4.5. Set

(4.38) Dt =
{
∇t,ei , 1 ≤ i ≤ 2n− d ;

1

t
〈μ̃0, f0,l〉(tZ) , 1 ≤ l ≤ d

}
,

and for k ∈ N
∗, let Dm

t be the family of operators Q acting on
C∞(Tx0B, EB,x0) which can be written in the form Q = Q1 . . . Qm with
Qi ∈ Dt.

For s ∈ C∞(B0, EB,x0) and k ∈ N
∗, set

(4.39)

||s||2t,0 = ||s||2L2 ,

||s||2t,m = ||s||2t,0 +
m∑
�=1

∑
Q∈D�

t

||Qs||2t,0.

We denote by H
m
t the Sobolev space H

m(B0, EB,x0) endowed with the

norm || · ||t,m, and by H
−1
t the Sobolev space of order −1 endowed with

the norm

(4.40) ||s||t,−1 = sup
s′∈H1

p\{0}

〈s, s′〉t,0
||s′||t,0 .

Finally, if A ∈ L (Hk
t ,H

m
t ), we denote by ||A||k,mt the operator norm

of A associated with || · ||t,k and || · ||t,m.
Then Lt is a formally self-adjoint elliptic operator with respect to

‖·‖t,0 and is a smooth family of operators with respect to the parameter
x0 ∈MG.

We denote by C∞c (B0, EB,x0) the set of smooth section of EB,x0 over
B0 with compact support.

Proposition 4.6. There exist constants C1, C2, C3 > 0 such that for
any t ∈ ]0, 1] and any s, s′ ∈ C∞c (B0, EB,x0),

(4.41)
〈Lts, s〉t,0 ≥ C1||s||2t,1 − C2||s||2t,0,∣∣〈Lts, s

′〉t,0
∣∣ ≤ C3||s||t,1||s′||t,1.
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Proof. From (4.32) and (4.39), we have

(4.42) 〈Lts, s〉t,0 = ‖∇ts‖2t,0 − t2
〈〈μ̃E0,p , μ̃E0,p〉gTY (tZ)s, s

〉
t,0

+

〈
S−1t

(
− (2ω0,d + τ0) + t2

(
ΨE0 +

1

h0
ΔB0h0

))
s, s

〉
t,0

.

By (4.15) and our constructions, we know that for Z ∈ TR,x0B with
|Z| > 4ε,

(4.43) μE0,p(K)(1,Z) = 2iπp μ0(K)(1,Z) = pRL
y0

(
(Z⊥)H ,KX

y0

)
.

Thus, from (1.12), (4.15), (4.37) and (4.43), we get

(4.44) − t2
〈〈μ̃E0,p , μ̃E0,p〉gTY (tZ)s, s

〉
t,0

≥ 2π2
d∑

l=1

∥∥∥1
t
〈μ̃0, f0,l〉(tZ)s

∥∥∥2
t,0
− Ct‖s‖2t,0.

Now, (4.41) follows from (4.42) and (4.44). q.e.d.

Let Γ be the contour in C defined in Figure 1.

�

�

−2C2
�

�

�

Γ
i

−i

0

Figure 1

Proposition 4.7. There exist t0 > 0 and C > 0, a, b ∈ N such that
for any t ∈ ]0, t0] and any λ ∈ Γ, the resolvent (λ−Lt)

−1 exists and

(4.45)

∥∥∥(λ−Lt)
−1
∥∥∥0,0
t
≤ C,∥∥∥(λ−Lt)

−1
∥∥∥−1,1
t

≤ C(1 + |λ|2).
Proof. Note that Lt is self-adjoint operator, thus (4.41) implies that

(λ−Lt)
−1 exists for λ ∈ Γ and there is a constant C > 0 (independent

of λ) such that

(4.46)
∥∥∥(λ−Lt

)−1∥∥∥0,0
t
≤ C.
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On the other hand, if λ0 ∈]−∞,−2C2], then (4.41) also implies that

(4.47)
∥∥∥(λ0 −Lt

)−1∥∥∥−1,1
t

≤ 1

C1
.

Then, using the fact that

(4.48)
(
λ−Lt

)−1
=
(
λ0 −Lt

)−1 − (λ− λ0)
(
λ−Lt

)−1(
λ0 −Lt

)−1
,

we find that

(4.49)
∥∥∥(λ−Lt

)−1∥∥∥−1,0
t

≤ 1

C1
(1 + C|λ− λ0|) .

Finally, exchanging the last two factors in (4.48) and applying (4.49),
we get

(4.50)

∥∥∥(λ−Lt

)−1∥∥∥−1,1
t

≤ 1

C1
+
|λ− λ0|

C2
1

(1 + C|λ− λ0|)

≤ C(1 + |λ|2).
The proof of our Proposition is complete. q.e.d.

Proposition 4.8. Take m ∈ N
∗. Then there exists a contant Cm > 0

such that for any t ∈ ]0, 1], Q1, . . . , Qm ∈ Dt ∪ {Zi}2n−di=1 and s, s′ ∈
C∞c (B0, EB,x0),

(4.51)

∣∣∣∣〈[Q1, [Q2, . . . [Qm,Lt] . . . ]]s, s
′
〉
t,0

∣∣∣∣ ≤ Cm||s||t,1||s′||t,1.

Proof. First, note that [∇t,ei , Zj ] = δij . Thus by (4.32), we know that
[Zj ,Lt] satisfies (4.51).

Using (4.15) and (4.43), we see that (∇ei〈μ̃0, f0,l〉)(tZ) is uniformly
bounded with its derivatives for t ∈ [0, 1], and for |Z| ≥ 4ε,

(4.52)
(∇ei〈μ̃0, f0,l〉

)
(Z) =

(
ei〈μ̃0, f0,l〉

)
x0

= ωx0(f0,l, ei).

Thus, [1t 〈μ̃0, f0,l〉(tZ),Lt] also satisfies (4.51).

Let R(L0)B0 and R(E0)B0 be the curvatures of the connections on
(L0)B0 and (E0)B0 induced by ∇L0 , ∇E0 and ∇Bi0 . Then by (4.27),
we have

(4.53)
[∇t,ei ,∇t,ej

]
=
(
RL0,B0 + t2RE0,B0

)
tZ
(ei, ej).

By (4.32), (4.52) and (4.53), we find that [∇t,ei ,Lt] has the same
structure as Lt for t ∈ ]0, 1], by which we mean that it is of the form

(4.54)
∑
i,j

aij(t, tZ)∇t,ei∇t,ei +
∑
i

bi(t, tZ)∇t,ei + c(t, tZ)

+
∑
l

[
dl(t, tZ)

1

t
〈μ̃0, f0,l〉(tZ) + d′

∣∣∣1
t
μ̃0

∣∣∣2
gTY

]
,

where d′ ∈ C, and aij, bi, c and dl are polynomials in the first variable,
and have all their derivatives in the second variable uniformly bounded
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for Z ∈ R
2n−d and t ∈ [0, 1]. Note that in fact, for [∇t,ei ,Lt], d

′ = 0 in
(4.54).

The adjoint connection (∇t)
∗ of ∇t with respect to 〈· , ·〉t,0 is given

by

(4.55) (∇t)
∗ = −∇t − t

(
κ−1∇κ

)
(tZ).

Note that the last term of (4.55) and all its derivative in Z are uniformly
bounded for Z ∈ R

2n−d and t ∈ [0, 1]. Thus, by (4.54) and (4.55), we
find that (4.51) holds when m = 1.

Finally, we can prove by induction that [Q1, [Q2, . . . [Qm,Lt] . . . ]] has
also the same structure as in (4.54), and thus satisfies (4.51) thanks to
(4.55). q.e.d.

Proposition 4.9. For any t ∈ ]0, t0], λ ∈ Γ and m ∈ N,

(4.56) (λ−Lt)
−1(

H
m
t

) ⊂H
m+1
t .

Moreover, for any α ∈ N
2n−d, there exist K ∈ N and Cα,m > 0 such

that for any t ∈ ]0, 1], λ ∈ Γ and s ∈ C∞c (B0, EB,x0),

(4.57)
∥∥Zα(λ−Lt)

−1s
∥∥
t,m+1

≤ Cα,m(1 + |λ|2)K
∑
α′≤α

||Zα′s||t,m.

Proof. Let Q1, . . . , Qm ∈ Dt and Qm+1, . . . , Qm+|α| ∈ {Zi}2ni=1. Then

we can express the operator Q1 . . . Qm+|α|(λ−Lt)
−1 as a linear combi-

nation of operators of the type
(4.58)
[Q1, [Q2, . . . [Q�, (λ−Lt)

−1] . . . ]]Q�+1 . . . Qm+|α| with � ≤ m+ |α|.
We denote by Ft the family of operator Ft = {[Qj1 , [Qj2 , . . . [Qjk ,

Lt] . . . ]]}. Then any commutator [Q1, [Q2, . . . [Q�, (λ−Lt)
−1] . . . ]] can

be expressed as a linear combination operators of the form

(4.59) (λ−Lt)
−1F1(λ−Lt)

−1F2 . . . F�(λ−Lt)
−1 with Fj ∈ Ft.

Moreover, by Proposition 4.8, the norm ‖ · ‖1,−1t of any element of Ft

is uniformly bounded by C. As a consequence, using Proposition 4.7
we see that there is C > 0 and N ∈ N such that the ‖ · ‖0,1t -norm of
operators in (4.59) is bounded by C(1 + |λ|2)N . Thus, Proposition 4.9
holds. q.e.d.

Let e−Lt(Z,Z ′) be the smooth kernel of the operator e−Lt with re-
spect to dvTB(Z

′). Let πMG
: TB×MG

TB →MG be the projection from
the fiberwise product TB×MG

TB onto MG (here we should rather write
TB|MG

but we drop the subscript to simplify the notations). As Lt de-
pends on the parameter x0 ∈ MG, then e−Lt(·, ·) can be viewed as a
section of π∗MG

(End(EB)) over TB ×MG
TB.
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Let ∇π∗MG
End(EB)

be the connection on π∗MG
End(EB) induced by ∇EB .

Then ∇π∗
MG

End(EB)
, hE and gTM induce naturally a Cm-norm for the

parameter x0 ∈MG on sections of π∗MG
(End(EB)).

As above, we will decompose any Z ∈ Tx0B as Z = Z0 + Z⊥, with
Z0 ∈ Tx0MG and Z⊥ ∈ NG,x0 .

Theorem 4.10. There exists C ′ > 0 such that for any m,m′,m′′, r ∈
N and u0 > 0, there is C > 0 such that for any t ∈ ]0, t0], u ≥ u0 and
Z,Z ′ ∈ Tx0B = B0

(4.60)

sup
|α|,|α′|≤m

(
1 + |Z⊥|+ |Z ′⊥|)m′′ ∣∣∣∣∣ ∂|α|+|α′|

∂Zα∂Z ′α′
∂r

∂tr
e−uLt(Z,Z ′)

∣∣∣∣∣
Cm′ (MG)

≤ C
(
1 + |Z0|+ |Z ′0|)2(n+r+m′+1)+m

exp
(
4C2u− C ′

u
|Z − Z ′|2

)
,

where | · |
Cm′ (M) denotes the Cm-norm for the parameter x0 ∈MG.

Proof. By (4.45), we know that for k ∈ N
∗,

(4.61) e−uLt =
(−1)k−1(k − 1)!

2iπuk−1

∫
Γ
e−uλ(λ−Lt)

−kdλ.

Then for m ∈ N, we know from Proposition 4.9 that for Q ∈ ∪m
�=1D�

t ,
there are Cm > 0 and M ∈ N such that for λ ∈ Γ,

(4.62) ‖Q(λ−Lt)
−m‖0,0t ≤ Cm(1 + |λ|2)M .

Moreover, taking the adjoint of (4.62), we deduce

(4.63) ‖(λ−Lt)
−mQ‖0,0t ≤ Cm(1 + |λ|2)M .

From (4.61), (4.62) and (4.63), we have for Q,Q′ ∈ ∪m
�=1D�

t :

(4.64)
∥∥∥Qe−uLtQ′

∥∥∥0,0
t
≤ Cme2C2u.

Let ‖ · ‖m be the usual Sobolev norm on C∞(Tx0B, Ex0) induced by
hEx0 and the volume form dvTX(Z):

(4.65) ||s||2m =
∑
�≤m

∑
i1,...,i�

||∇ei1
· · · ∇ei�

s||20.

Then by (4.29) and (4.39), for any m ∈ N there exists C ′m > 0 such that
for s ∈ C∞(Tx0B, Ex0) with support in BTx0B(0, q) and t ∈ [0, 1],

(4.66)
1

C ′m(1 + q)m
‖s‖t,m ≤ ‖s‖m ≤ C ′m(1 + q)m‖s‖t,m.
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From (4.64), (4.66) and Sobolev inequalities (for ‖ · ‖m) we find that
if Q,Q′ ∈ ∪m

�=1D�
t , then

(4.67) sup
|Z|,|Z′|≤q

∣∣∣QZQ
′
Z′e

−uLt(Z,Z ′)
∣∣∣ ≤ C(1 + q)2n+2e2C2u.

Moreover, by Lemma 2.3 and (4.15), (4.16) and (4.43), we have

(4.68)
d∑

l=1

∣∣∣1
t
〈μ̃0, f0,l〉(tZ)

∣∣∣2 = ∣∣∣1
t
μ̃0

∣∣∣2
gTY

(tZ) ≥ C|Z⊥|2.

Thus, (4.29), (4.67) and (4.68) imply (4.60) with the exponential e2C2u

for the case where r = m′ = 0 and C ′ = 0, i.e., for any m,m′′ ∈ N, there
is C > 0 such that for any t ∈ ]0, t0], Z,Z

′ ∈ Tx0B = B0

(4.69) sup
|α|,|α′|≤m

(
1 + |Z⊥|+ |Z ′⊥|)m′′ ∣∣∣∣∣ ∂|α|+|α′|

∂Zα∂Z ′α′
e−uLt(Z,Z ′)

∣∣∣∣∣
≤ C

(
1 + |Z0|+ |Z ′0|)2n+2+m

exp(2C2u).

To obtain the right exponential factor in the right hand side of (4.60),
we proceed as in the proof of [3, Thm. 11.14] (see also [15, Thm. 4.2.5]).

Recall that the function f is defined in (3.4). For ς > 1 and a ∈ C,
set

(4.70) Ku,ς(a) =

∫
R

eiv
√
2ua exp(−v2/2)

(
1− f

(√
2uv/ς

)) dv√
2π

.

Then there are C ′′, C1 > 0 such that for any c > 0 and m,m′ ∈ N, there
is C > 0 such that for u ≥ u0, ς > 1 and a ∈ C with |Im(a)| ≤ c, we
have

(4.71) |a|m|K(m′)
u,ς (a)| ≤ C exp

(
C ′′c2u− C1

u
ς2
)
.

For c > 0, let Vc be the image of {a ∈ C : |Im(a)| ≤ c} by the map
a �→ a2, that is

(4.72) Vc =
{
λ ∈ C : Re(λ) ≥ 1

4c2
Im(λ)− c2

}
.

Then the contour Γ of Figure 1 satisfies Γ ⊂ Vc for c large enough.

As Ku,ς is even, there exist a unique holomorphic function K̃u,ς such

that K̃u,ς(a
2) = Ku,ς(a). By (4.71), we have for λ ∈ Vc

(4.73) |λ|m|K̃(m′)
u,ς (λ)| ≤ C exp

(
C ′′c2u− C1

u
ς2
)
.

Using the finite propagation speed of the wave equation and (4.70),
we know that there exists c′ > 0 such that for any ς > 1

(4.74) K̃u,ς(Lt)(Z,Z
′) = e−uLt(Z,Z ′) if |Z − Z ′| ≥ c′ς.
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From (4.73), we see that for k ∈ N, there is a unique holomorphic

function K̃u,ς,k defined on a neighborhood of Vc which satisfies the same

estimates as K̃u,ς in (4.73) and

(4.75)
K̃

(k−1)
u,ς,k (λ)

(k − 1)!
= K̃u,ς(λ).

In particular, as in (4.61), we have

(4.76) K̃u,ς(Lt) =
1

2iπ

∫
Γ
K̃u,ς,k(λ−Lt)

−kdλ.

Using (4.64) and proceeding as in (4.66)–(4.69), we find

(4.77) sup
|α|,|α′|≤m

(
1 + |Z⊥|+ |Z ′⊥|)m′′ ∣∣∣∣∣ ∂|α|+|α′|

∂Zα∂Z ′α′
K̃u,ς(Z,Z

′)

∣∣∣∣∣
≤ C

(
1 + |Z0|+ |Z ′0|)2n+2+m

exp
(
C ′′c2u− C1

u
ς2
)
.

For Z �= Z ′, we set ς ∈ N
∗ such that |ς − 1

c′ |Z −Z ′|| < 1 in the previous
estimate and get

(4.78) sup
|α|,|α′|≤m

(
1 + |Z⊥|+ |Z ′⊥|)m′′ ∣∣∣∣∣ ∂|α|+|α′|

∂Zα∂Z ′α′
K̃u,ς(Z,Z

′)

∣∣∣∣∣
≤ C

(
1 + |Z0|+ |Z ′0|)2n+2+m

exp
(
C ′′c2u− C1

c′2u
|Z − Z ′|2

)
.

Now, take δ1 = C′′c2+2C2
C′′c2+4C2

, then from (4.69)δ1×(4.78)1−δ1 and (4.74)

(and from (4.69) if Z = Z ′), we get (4.60) for r = m′ = 0, i.e., for all
Z,Z ′ ∈ Tx0B

(4.79) sup
|α|,|α′|≤m

(
1 + |Z⊥|+ |Z ′⊥|)m′′ ∣∣∣∣∣ ∂|α|+|α′|

∂Zα∂Z ′α′
e−uLt(Z,Z ′)

∣∣∣∣∣
≤ C

(
1 + |Z0|+ |Z ′0|)2n+2+m

exp
(
4C2u− C ′

u
|Z − Z ′|2

)
.

We now turn to the case r ≥ 1. By (4.61), we have

(4.80)
∂r

∂tr
e−uLt =

(−1)k−1(k − 1)!

2iπuk−1

∫
Γ
e−λ

∂r

∂tr
(λ−Lt)

−1dλ.

For k, q ∈ N
∗, set

(4.81) Ik,r ={
(k, r) = (ki, ri) ∈ (N∗)j+1 × (N∗)j :

j∑
i=0

ki = k + j ,

j∑
i=1

ri = r
}
.
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For (k, r) ∈ Ik,r, λ ∈ Γ, t > 0 set

(4.82) Ak

r (λ, t) = (λ−Lt)
−k0 ∂

r1Lt

∂tr1
(λ−Lt)

−k1 · · · ∂
rjLt

∂trj
(λ−Lt)

−kj .

Then there exist akr ∈ R such that

(4.83)
∂r

∂vr
(λ−Lt)

−k =
∑

(k,r)∈Ik,q
akrA

k

r (λ, t).

We claim that for any m ∈ N, k > 2(m+ r+ 1) and Q,Q′ ∈ ∪m
�=1D�

t ,
there exist C > 0, N ∈ N such that for λ ∈ Γ

(4.84)
∥∥QAk

r (λ, t)Q
′s
∥∥
0
≤ C(1 + |λ|)N

∑
|β|≤2r

‖Zβs‖0.

Indeed, we know by (4.32) that ∂r

∂tr Lt is a combination of

(4.85)

∂r1

∂vr1
gij(tZ),

∂r2

∂tr2
∇t,ei ,

∂r1

∂tr1
θ(tZ),

∂r1

∂tr1
t〈μ̃E0,p , f0,l(tZ)〉,

where θ runs over the functions rX , etc., appearing in (4.32).
Now, if f = gij or f = θ in (4.85) (resp. f = ∇t,ei or f =

t〈μ̃E0,p , f0,l(tZ)〉), then for r1 ≥ 1, ∂r1

∂vr1 f(tZ) is a function of the type

g(tZ)Zβ where |β| ≤ r1 (resp. r1 + 1) and g(Z) and its derivatives in
Z are uniformly bounded for Z ∈ R

2n.
Let F ′

t be the family of operators of the form

(4.86) F
′
t =
{
[fj1Qj1 , [fj2Qj2 , . . . [fjmQjm,Lt] . . . ]]

}
,

where fji is smooth and bounded (with its derivatives) and Qji ∈ Dt ∪
{Zl}2n−dl=1 .

We will now deal with the operator Ak
r (λ, t)Q

′. First, we move all
the terms Zβ in the terms g(tZ)Zβ (defined above) to the right-hand
side of this operator. To do so, we use the same commutator trick as
in the proof of Theorem 4.9, that is we perform the commutations once
at a time with each Zi (and not directly with Zβ, |β| > 1). Then
we obtain that Ak

r (λ, t)Q
′ is of the form

∑
|β|≤2r Lt,βQ

′′
βZ

β where Q′′β
is obtained from Q′ and its commutation with Zβ. Next, we move all
the terms ∇t,ei and 〈1t μ̃E0,p , f0,l(tZ)〉 in ∂r

∂tr Lt to the right-hand side of
the operators Lt,β . Then as in the proof of Theorem 4.9, we finally get

that QAk
r (λ, t)Q

′ is of the form
∑
|β|≤2r Lt,βZ

β, where Lt,β is a linear

combination of operators of the type

(4.87) Q(λ−Lt)
−k′0R1(λ−Lt)

−k′1R2 · · ·Rl′(λ−Lt)
−k′

l′Q′′′Q′′,

where
∑

j k
′
j = k + l′, Rj ∈ F ′

t , Q
′′′ ∈ ∪2r

�=1D�
t and Q′′ ∈ ∪m

�=1D�
t is

obtained from Q′ and its commutation with Zβ. Since k > 2(m+r+1),
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we can use Proposition 4.9 and the arguments leading to (4.62) and
(4.63) in order to split the operator in (4.87) into two parts:

(4.88) Q(λ−Lt)
−k′0R1(λ−Lt)

−k′1R2 · · ·Ri(λ−Lt)
−k′′i ×

(λ−Lt)
−(k′i−k′′i )Ri+1 · · ·Rl′(λ−Lt)

−k′
l′Q′′′Q′′,

such that the ‖ · ‖0,0t -norm each part is bounded by C(1 + |λ|2)N . This
conclude the proof of (4.84).

By (4.80), (4.83) and (4.84), we get (4.60) for m′ = 0 using a similar
reasoning that for (4.79).

For m′ = 1, observe that if U ∈ TMG, then

(4.89) ∇π∗
MG

End(E)
U e−uLp =

(−1)k−1(k − 1)!

2iπuk−1

∫
Γ
e−λ∇π∗MG

End(E)
U (λ−Lt)

−kdλ.

Moreover, ∇π∗MG
End(E)

U (λ − Lt)
−k is a linear combination operators of

the form

(4.90) (λ−Lt)
−i1(∇π∗

MG
End(E)

U Lt

)
(λ−Lt)

−i2×(∇π∗MG
End(E)

U Lt

)
(λ−Lt)

−i� ,

and ∇π∗
MG

End(E)
U Lt is a differential operator with the same structure

as Lt. In particular, ∇π∗
MG

End(E)
U Lt satisfies an estimates analogous

to (4.51). Thus, above arguments can be repeated to prove (4.60) for
m′ = 1. The case m′ ≥ 2 is similar. q.e.d.

Remark 4.11. In the sequel, we will in fact only use Theorem 4.10
with r = 0, 1, but we prefer to state it in the general case.

Proposition 4.12. There are constants C > 0 and M ∈ N
∗ such

that for t ∈ [0, t0] and λ ∈ Γ,

(4.91)
∥∥((λ−Lt)

−1 − (λ−L0)
−1)s∥∥

0,0

≤ Ct(1 + |λ|2)M
∑
|α|≤3

||Zαs||0,0.

Proof. From (4.29) and (4.39), for t ∈ [0, 1] and m ∈ N
∗ we find

(4.92) ‖s‖t,m ≤ C
∑
|α|≤m

‖Zαs‖0,m.

Moreover, for s, s′ with compact support, a Taylor expansion of (4.32)
gives

(4.93)
∣∣∣〈(Lt −L0)s, s

′〉
t,0

∣∣∣ ≤ Ct‖s′‖t,1
∑
|α|≤3

‖Zαs‖0,1.
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Thus,

(4.94) ‖(Lt −L0)s‖t,−1 ≤ Ct
∑
|α|≤3

‖Zαs‖0,1.

Note that

(4.95) (λ−Lt)
−1 − (λ−L0)

−1 = (λ−Lt)
−1(Lt −L0)(λ−L0)

−1.

Moreover, Propositions 4.7, 4.8 and 4.9 still holds for t = 0. Thus,
Proposition 4.9, (4.94) and (4.95) yields to (4.91). q.e.d.

Theorem 4.13. There exists C ′ > 0 such that for any m,m′,m′′ ∈ N

and u0 > 0, there is C > 0 such that for any t ∈ ]0, t0], u ≥ u0 and
Z,Z ′ ∈ B0

(4.96)

sup
|α|,|α′|≤m

(
1 + |Z⊥|+ |Z ′⊥|)m′′

×
∣∣∣∣∣ ∂|α|+|α′|

∂Zα∂Z ′α′
(
e−uLt − e−uL0

)
(Z,Z ′)

∣∣∣∣∣
C m′ (MG)

≤ Ct
(
1 + |Z0|+ |Z ′0|)2(n+m′+1)+m

exp
(
4C2u− C ′

u
|Z − Z ′|2

)
.

Proof. Let Bq = BTx0B(0, q). Let ‖s‖2Bq
=
∫
|Z|≤q |s|2hEx0 dvTX(Z), and

let Jq,x0 = L2(Bq, EB,x0). If A is a bounded operator on Jq,x0 , we denote
its operator norm by ‖A‖Bq . By (4.61) and (4.91), we know that there
is C ′ > 0 and N,M ∈ N such that for t ∈ ]0, 1],

(4.97)

∥∥∥e−uLt − e−uL0

∥∥∥
Bq

≤ 1

2π

∫
Γ
|e−uλ|∥∥(λ−Lt)

−1 − (λ−L0)
−1∥∥

Bq
dλ

≤ Ct

∫
Γ
e−uRe(λ)(1 + |λ|2)M (1 + q)Ndλ ≤ C ′t(1 + q)N .

Let φ : Tx0B → [0, 1] be a smooth function with compact support,
equal to 1 near 0 and such that

∫
Tx0B

φ(Z)dvTX(Z) = 1. Let ν ∈]0, 1].
By the proof of Theorem 4.10, we see that e−uL0 satisfies an inequality
similar to (4.60). By Theorem 4.10, there exists C > 0 such that for
|Z|, |Z ′| ≤ q and U,U ′ ∈ Ex0 ,

(4.98)
∣∣∣〈(e−uLt − e−uL0

)
(Z,Z ′)U,U ′

〉
−
∫
Tx0B×Tx0B

〈(
e−uLt − e−uL0

)
(Z −W,Z ′ −W ′)U,U ′

〉
× 1

ν4n−2d
φ(W/ν)φ(W ′/ν)dvTX(W )dvTX(W ′)

∣∣∣∣ ≤ Cν(1 + q)N |U ||U ′|.
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Moreover, by (4.97), we have

(4.99)

∣∣∣∣∣
∫
Tx0B×Tx0B

〈(
e−uLt − e−uL0

)
(Z −W,Z ′ −W ′)U,U ′

〉
× 1

ν4n−2d
φ(W/ν)φ(W ′/ν)dvTX(W )dvTX(W ′)

∣∣∣∣
≤ Ct

ν2n−d
(1 + q)N |U ||U ′|.

Hence, taking ν = t1/(2n−d+1) we find that there is C > 0 and K ∈ N

such that for any t ∈ ]0, t0], Z,Z
′ ∈ BB0(0, q),

(4.100)
∣∣∣(e−uLt − e−uL0

)
(Z,Z ′)

∣∣∣ ≤ Ct1/(2n−d+1)(1 + q)K .

In particular, we have

(4.101) e−uLt
∣∣
t=0

= e−uL0 .

From Theorem 4.10, (4.101) and the formula

(4.102) G(t)−G(0) =

∫ t

0
G′(s)ds,

we get (4.96). q.e.d.

Remark 4.14. As we have estimates on every derivatives of
e−uLt(Z,Z ′), we can in fact use the same method as in Theorem 4.13
to get an asymptotic expansion at every order of e−uLt(Z,Z ′).

4.3. Computation of the limiting heat kernel. In this section,
we will evaluate the limiting heat kernel e−uL0((0, Z⊥), (0, Z⊥)) for
(0, Z⊥) ∈ Tx0B and thus obtain Theorem 0.9.

Recall that we have the following splitting of vector bundle over P ,
which is orthogonal for both bL and gTM (see (0.25) and (2.19)):

(4.103) TU |P = THP ⊕ TY ⊕ JTY.

Note also that by (0.12) and (0.26), we have

(4.104) bL(· , ·) = 〈(−JJ)· , ·〉,
and thus −JJ preserves both TY and JTY on P . In particular, on P ,
J intertwines TY and JTY , and is invertible on TY ⊕ JTY because
gTM and bL are definite positive on this bundle. Thus,

(4.105) J2TY = TY , JTY = JTY , JTHP = JTHP = THP.

Thus, J induces naturally JG ∈ End(TMG), and we see with (4.3) that
(JTY )B |MG

is the orthogonal complement of TMG in TB. We will
identify the normal bundle NG of MG in B with (JTY )B |MG

. From
this fact and (4.105), we know that for U, V ∈ Tx0B,

(4.106) ω(UH , V H) = ωG(P
TMGU,P TMGV ).
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From the above discussion, we can diagonalize J on (THP )(1,0) and

(TY ⊕ JTY )(1,0), and we thus can get orthonormal basis {w0
j }n−dj=1 and

{e⊥i }di=1 of T
(1,0)
x0 MG and NG,x0 = (JTY )B,x0 ⊂ TB, respectively, such

that in these basis

(4.107)

⎧⎪⎪⎨⎪⎪⎩
J|

T
(1,0)
x0

MG
=

√−1
2π

diag(a01, . . . , a
0
n−d),

J2|NG,x0
= − 1

4π2
diag(a⊥,21 , . . . , a⊥,2d ),

where a0j ∈ R and a⊥j ∈ R
∗ are the respective eigenvalues of

−2√−1πJ|(THP )(1,0) and −2√−1πJ|(TY⊕JTY )(1,0) . Let {w0,j}n−dj=1 and

{e⊥,i}di=1 be their dual basis. We also set

(4.108) e02j−1 =
1√
2
(w0

j + w0
j) and e02j =

√−1√
2

(w0
j − w0

j).

Then {e0i }2n−2di=1 is an orthonormal basis of Tx0MG.
From now on, we will use the coordinates in Section 4.1 induced by

the above basis as in (3.1).
We denote by Z0 = (Z0

1 , . . . , Z
0
2n−2d) and Z⊥ = (Z⊥1 , . . . , Z⊥d ) the ele-

ments in Tx0MG and NG,x0 . Then Z ∈ Tx0B can be decomposed as Z =

(Z0, Z⊥). We will also use the complex coordinates z0 = (z01 , . . . , z
0
n−d),

so that

(4.109)

Z0 = z0 + z0,

w0
j =

√
2

∂

∂z0j
, w0

j =
√
2

∂

∂z0j
,

e02j−1 =
∂

∂z0j
+

∂

∂z0j
, e02j =

√−1( ∂

∂z0j
− ∂

∂z0j
).

When we consider z0 or z0 as vector fields, we identify them with∑
j z

0
j

∂
∂z0j

and
∑

j z
0
j

∂
∂z0j

. Note that

(4.110)
∣∣∣ ∂

∂z0j

∣∣∣2 = ∣∣∣ ∂

∂z0j

∣∣∣2 = 1

2
and |z0|2 = |z0|2 = 1

2
|Z0|2.

Set

(4.111) L = −
2n−2d∑
i=1

(∇0,e0i
)2 −

n−d∑
j=1

a0j ,

and recall that

(4.112) L
⊥ = −

d∑
i=1

(
(∇e⊥i

)2 − |a⊥i Z⊥i |2
)
−

d∑
j=1

a⊥j .
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As in [16, (3.11) and (3.13)], we can show using (2.15), (4.27) and
(4.106), that

(4.113)
RLB

x0
(U, V ) = −2π√−1〈JP TMGU,P TMGV 〉,

L0 = L + L
⊥ − 2ωd(x0).

Thus,

(4.114) e−uL0(Z,Z ′) = e−uL (Z0, Z ′0)e−uL⊥

(Z⊥, Z ′⊥)e2uωd(x0).

Moreover, using (4.107), (4.111), (4.113) and the formula for the heat
kernel of a harmonic oscillator (see [15, (E.2.4), (E.2.5)], for instance),
we find (with the convention of Theorem 0.9):

(4.115) e−uL (0, 0) =
1

(2π)n−d
det(ṘLG

x )

det
(
1− exp(−2uṘLG

x )
) .

We can now prove Theorem 0.9. We fix u > 0.
Let s ∈ C∞c (B0, Ex0). Then by (4.26) and (4.27)

(4.116)

e−uLts(Z)

= S−1t κ1/2e
−u

p
ΦD

M0,2
p Φ−1

κ−1/2Sts(Z)

= κ1/2(tZ)

∫
R2n−d

e−
u
p
ΦD

M0,2
p Φ−1

(tZ, Z ′)(Sts)(Z
′)κ1/2(Z ′)dvTB(Z

′)

= p−n+d/2κ1/2(tZ)

×
∫
R2n−d

e−
u
p
ΦD

M0,2
p Φ−1

(tZ, tZ ′′)s(Z ′′)κ1/2(tZ ′′)dvTB(Z
′′),

which yields to

(4.117) e−uLt(Z,Z ′) =

p−n+d/2e
−u

p
ΦD

M0,2
p Φ−1

(tZ, tZ ′)κ1/2(tZ)κ1/2(tZ ′).

On the other hand, for s ∈ C∞c (B0, (E0,p)B0) and v ∈M0,

(4.118)

(
e−

u
p
ΦD

M0,2
p Φ−1

s
)
(π(v))

=

(
Φe−

u
p
D

M0,2
p Φ−1s

)
(π(v))

= h(v)

∫
M0

e
−u

p
D

M0,2
p (v, v′)h−1(v′)s(v′)dvM0(v

′)

= h(v)

∫
B0

e−
u
p
D

M0,2
p (v, y′)h(y′)s(y′)dvB0(y

′),

thus we find

(4.119) h(v)h(v′)
(
PGe

−u
p
D

M0,2
p PG

)
(v, v′) = e

−u
p
ΦD

M0,2
p Φ−1

(π(v), π(v′)).
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Let v = (g, Z) ∈ U 	 G × BTx0B(0, ε). We suppose that in the
decomposition Z = Z0 + Z⊥, we have Z0 = 0. Then from Corollary
4.2, Theorem 4.13, (4.117), and (4.119), we find that for any m,m′ ∈ N,
there exists C > 0 (independent of Z⊥) such

(4.120)
∣∣∣p−n+d/2h(v)h(v)

(
PGe

−u
p
D2

pPG

)
(v, v)

− κ−1(Z⊥)e−uL0(
√
pZ⊥,

√
pZ⊥)

∣∣∣
Cm′ (MG)

≤ Cp−1/2
(
1 +

√
p|Z⊥|)−m.

Now, for v ∈ U , we write as in the Introduction of this paper v =
(y, Z⊥) with y ∈ P and Z⊥ ∈ NP/U,y. Let x = π(y) ∈ MG. Then
we do the procedure of Sections 4.1 and 4.3 with x0 = x and y0 = y.
Then Theorem 0.9 follows from (4.114), (4.115) and (4.120) applied to
Z = (0, Z⊥) ∈ Tx0B = Tx0MG ⊕NG,x0 .

5. Proof of the inequalities

In this Section, we prove our main results: Theorems 0.3 and 0.5. In
Section 5.1 we prove Theorem 0.7 and, as a consequence, we obtain the
G-invariant holomorphic Morse inequalities in the case of a free G-action
on P . Then, we explain in Section 5.2 how to modify the arguments in
Sections 4 and 5.1 to get our inequalities under Assumption 0.1 in full
generality. Finally, in Section 5.3, we apply Theorem 0.5 to get estimates
on the other isotypic components of the cohomology H•(M,Lp ⊗ E).

5.1. Proof of Theorem 0.3 when G acts freely on P . We assume in
this Section that G acts freely on P and U . We keep here the notations
of Sections 4.

In this section, we will first prove Theorem 0.7, and then show how
to use it in conjunction with the convergence of the heat kernel of the
rescaled operator to get Theorem 0.3. The method is inspired by [2]
(see also [15, Sect. 1.7]).

For 0 ≤ q ≤ n, set

(5.1) bp,Gq = dimHq(M,Lp ⊗ E)G.

By Hodge theory, there is a G-equivariant isomorphism H•(M,Lp ⊗
E) 	 kerD2

p, and in particular we get for the invariant part:

(5.2) H•(M,Lp ⊗ E)G 	 (kerD2
p)

G and bp,Gq = dim(kerD2
p)

G.

We begin by proving Theorem 0.7.

Proof of Theorem 0.7. If λ is an eigenvalue ofD2
p acting on Ω0,•(M,Lp⊗

E)G, we denote by F λ
j ⊂ Ω0,j(M,Lp ⊗ E) the corresponding finite-

dimensional eigenspace in degree j. As ∂̄Lp⊗E and ∂̄Lp⊗E,∗ act on
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Ω0,•(M,Lp ⊗E)G and commute with D2
p, we deduce that

(5.3) ∂̄Lp⊗E(F λ
j ) ⊂ F λ

j+1 and ∂̄Lp⊗E,∗(F λ
j ) ⊂ F λ

j−1.

As a consequence, we have a complex

(5.4) 0 −→ F λ
0

∂̄Lp
⊗E−→ F λ

1
∂̄Lp

⊗E−→ · · · ∂̄Lp
⊗E−→ F λ

n −→ 0.

If λ = 0, we have F 0
j 	 Hj(M,Lp ⊗ E)G by (5.2). If λ > 0, then the

complex (5.4) is exact. Indeed, if ∂̄Lp⊗Es = 0 and s ∈ F λ
j , then

(5.5) s = λ−1D2
ps = λ−1∂̄Lp⊗E ∂̄Lp⊗E,∗s ∈ Im(∂̄Lp⊗E).

In particular, we get for λ > 0

(5.6)

q∑
j=0

(−1)q−j dim F λ
j = dim

(
∂̄Lp⊗E(F λ

q )
) ≥ 0,

with equality if q = n.
Now,

(5.7) Trj[PGe
−u

p
D2

pPG] = bp,Gj +
∑
λ>0

e−
u
p
λ dim F λ

j .

Thus, (5.6) and (5.7) entail (0.20).
Note that this proof does not depend on the metric we chose on TM ,

so we get (0.20) in general. q.e.d.

We denote by TrΛ0,q the trace on Λ0,q(T ∗M)⊗Lp⊗E or Λ0,q(T ∗M).
We know that

(5.8) Trq[PGe
−u

p
D2

pPG] =

∫
M

TrΛ0,q

[(
PGe

−u
p
D2

pPG

)
(v, v)

]
dvM (v).

With Theorem 0.8 and (4.23), we in fact have

(5.9) Trq[PGe
−u

p
D2

pPG] =∫
U
TrΛ0,q

[(
PGe

−u
p
D2

pPG

)
(v, v)

]
dvM (v) +O(p−∞).

By Theorems 0.7 and 0.9, (5.9), and using the change of variable
Z⊥ ↔ √

pZ⊥, we deduce that for every u > 0,

(5.10) p−n+d
q∑

j=0

(−1)q−jbp,Gj ≤

rk(E)

(2π)n−d
( ∫

x∈MG, |Z⊥|≤√pε

det(ṘLG
x )
∑q

j=0(−1)q−j TrΛ0,j [e2uωd(x)]

det
(
1− exp(−2uṘLG

x )
)

× e−uL⊥
x (Z⊥, Z⊥)dvTB(x,Z

⊥)
)
+ o(1).
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For u > 0, set

(5.11) f(u) =
1

tanh(2u)
− 1

sinh(2u)
.

Then there is c > 0 such that for u > 1, f(u) > c, and f(u) −−−−→
u→±∞ ±1.

By (0.29) and Mehler’s formula (see [15, Thm. E.1.4], for instance), we
know that
(5.12)

e−uL⊥
x (Z⊥, Z⊥) =

d∏
i=1

√
a⊥i

π(1− e−4ua⊥i )
exp
{
−a⊥i f(ua⊥i )Z⊥,2i

}
.

Thus, as a⊥i f(ua
⊥
i ) > cste > 0 for u > 1,

(5.13)

∫
|Z⊥|≤√pε

e−uL⊥
x (Z⊥, Z⊥)dvNG,x

(Z⊥)

=

∫
Rd

e−uL⊥
x (Z⊥, Z⊥)dvNG,x

(Z⊥) +O(p−∞)

=

d∏
i=1

√
1

f(ua⊥i )(1− e−4ua⊥i )
+O(p−∞).

Let {w0
j} be a local orthonormal frame of T (1,0)MG such that

ṘLGw0
j = a0j w

0
j (see (4.107)). Its dual frame is denoted by {w0,j}.

Then

(5.14) ωG,d = −
n−d∑
j=1

a0j w
0,j ∧ iw0

j
.

We again denote by w0
j the horizontal lift of w0

j in THP . In the same

way, let {w⊥j } be a local orthonormal frame of (TY ⊕ JTY )(1,0) such

that ṘLw⊥j = a⊥j w⊥j (see Section 4.3). Its dual frame is denoted by

{w⊥,j}. Then

(5.15) ωd = −
n−d∑
j=1

a0j w
0,j ∧ iw0

j
−

d∑
j=1

a⊥j w⊥,j ∧ iw⊥j
.

Thus, writing {wj} = {w0
j , w

⊥
j } and {aj} = {a0j , a⊥j }, we get

(5.16) e2uωd = 1 +
∑
j

(e−2uaj − 1)wj ∧ iwj
,

and

(5.17) TrΛ0,q [e2uωd ] =
∑

j1<···<jq

exp
(
− 2u

q∑
k=1

ajk

)
.
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In particular, there exist C > 0 such that for x ∈ MG, u > 1 and
0 ≤ q ≤ n,

(5.18)

∣∣∣∣∣det(ṘLG
x )TrΛ0,q [e2uωd(x)]

det
(
1− exp(−2uṘLG

x )
) d∏

i=1

√
1

f(ua⊥i )(1− e−4ua⊥i )

∣∣∣∣∣ ≤ C.

On the other hand the signature of bL on JTY is the same as on TY
(i.e., (r, d− r)), so by Lemma 2.3 and (2.15), (2.19) and (2.32) we have
for 0 ≤ q ≤ n

(5.19) π(P ∩M(q)) = MG(q − r),

where M(q) is define in an analogue way as MG(q) in the introduction.
Thus, by (5.17) and (5.19),

(5.20) lim
u→+∞

det(ṘLG
x )TrΛ0,q [e2uωd(x)]

det
(
1− exp(−2uṘLG

x )
) d∏

i=1

√
1

f(ua⊥i )(1 − e−4ua⊥i )

= 1MG(q−r)(x)(−1)q−r det(ṘLG),

where the function 1S takes the value 1 on S and 0 elsewhere.
Using (5.10), (5.13), (5.18), (5.20) and dominated convergence as

u→ +∞, we find
(5.21)

lim sup
p→+∞

p−n+d
q∑

j=0

(−1)q−jbp,Gj

≤ rk(E)

(2π)n−d

d∏
i=1

√
1

f(ua⊥i )(1 − e−4ua⊥i )

×
∫
MG

det(ṘLG
x )
∑q

j=0(−1)q−j TrΛ0,j [e2uωG,d(x)]

det
(
1− exp(−2uṘLG

x )
) dvMG

(x)

≤ (−1)q−r
∫
MG(≤q−r)

det
(ṘLG

x

2π

)
dvMG

(x).

Finally, note that by (2.16),

(5.22) det
(ṘLG

x

2π

)
dvMG

(x) =
(√−1

2π
RLG

)n−d
/(n − d)! =

ωn−d
G

(n− d)!
.

Then (5.21) and (5.22) entail Theorem 0.3.

5.2. The case of a locally free action. In this section, we prove
Theorem 0.3 under Assumption 0.1. In particular, the action of G on
P and U is only locally free, and thus MG and B are orbifolds. The
proof relies on a similar method as the case of a free G-action, but
the main difference is that we need to work off-diagonal to get uniform
estimates near the orbifold singularities. We explain below how to adapt
the arguments in Sections 4 and 5.1 to get the general result.
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Recall that G0 = {g ∈ G : g · x = x for any x ∈ M}. Then G0 is
a finite normal subgroup of G and the quotient G/G0 acts effectively
on M .

It is a well-known fact that if φ : (M,gTM )→ (M,gTM ) is an isometry
and x ∈ M is a point such that φ(x) = x and dφx = IdTxM then
φ = IdM . In particular, suppose that g ∈ G satisfies g|P = IdP . Then
we have for x ∈ P : gx = x, dgx|TxP = IdTxP and g preserves J so
dgx|JTxP = IdJTxP . As TP + JTP = TM , we deduce that g acts as the
identity on M . Thus,

(5.23) G0 = {g ∈ G : g · x = x for any x ∈ P}.
Recall that the function h defined in (1.9) is smooth only on the

regular part of B and we have denoted by ĥ its smooth extension from
the regular part of B to B.

First, we need to modify Section 4.1 as follows:
Recall that TM is endowed with a metric gTM satisfying (0.25). We

identify the normal bundle N of P in U to the orthogonal complement
of TP . By (0.24) and (0.25), this means that N is identified with JTY .
By (0.24) and (2.17), we have in particular THU = THP ⊕N .

Let gTY , gT
HU be the restriction of gTM on TY , THU . Let gTB

(resp. gTMG) be the metric on TB (resp. TMG) induced by gT
HU

(resp. gT
HP ).

Here, unlike in Section 4, we will not work on the quotient B but
directly on M . Let ∇TB be the Levi-Civita connection on (TB, gTB).

Let PN and P THP be the orthogonal projections from THU |P to N and
THP , respectively. Set

(5.24)
∇THU = π∗∇TB , ∇N = PN (∇THU |P )PN ,

∇THP = P THP (∇THU |P )P THP , 0∇THU = ∇N ⊕∇THP .

Fix y0 ∈ P . For V ∈ THU (resp. THP ), we define t �→ xt =

expT
HU

y0 (tV ) ∈ U (resp. expT
HP

y0 (tV ) ∈ P ) the curve such that x0 = y0,

ẋ0 = V , ẋ ∈ THU and ∇THU
ẋ ẋ = 0 (resp. ẋ ∈ THP and ∇THP

ẋ ẋ = 0).
For W ∈ THP small and V ∈ Ny0 , let τWV be the parallel transport of

V with respect to ∇N along to curve t ∈ [0, 1] �→ expT
HP

y0 (tW ).

As in Section 4.1, we identify BTH
y0

U (0, ε) to a subset of U as follows:

for Z ∈ BTH
y0

U (0, ε), we decompose Z as Z = Z0 + Z⊥ with Z0 ∈ TH
y0P

and Z⊥ ∈ Ny0 , and then we identify Z with expT
HU

expTHP
y0

(Z0)
(τZ0Z⊥).

Moreover, if Gy0 = {g ∈ G : gy0 = y0} is the stabilizer of y0 and
g ∈ Gy0 , we can decompose TH

y0P as

(5.25) TH
y0P = (TH

y0P )g ⊕Ny0,g,
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where (TH
y0P )g is the fixed point-set of g in TH

y0P = Ty0P ∩ JTy0P and
Ny0,g is its orthogonal complement. Hence we get, for each g ∈ Gy0 ,
a decomposition of the coordinate Z0 as Z0 = Z0

1,g + Z0
2,g with Z0

1,g ∈
(TH

y0P )g and Z0
2,g ∈ Ny0,g. Note that rk(Ny0,g) = 0 if and only if g ∈ G0.

Observe that U 	 G · BTH
y0

U (0, ε) = G ×Gy0
BTH

y0
U (0, ε) is a G-

neighborhood of the orbit G · y0 and (BTH
y0

U (0, ε), Gy0 ) gives local chart
on B.

As the constructions in Section 4.1 are Gy0-equivariant, we can extend

in the same way the geometric objects from G×Gy0
BTH

y0
U (0, ε) to

(5.26) M0 := G×Gy0
R
2n−d,

where R
2n−d 	 TH

y0U . Note that Lemma 4.1 and Corollary 4.2 still
hold, because do not work on the quotient to get them: we only use
finite propagation speed of the wave equation on M .

Set

(5.27)
B0 = M0/G = R

2n−d/Gy0 ,

M̂0 = G× R
2n−d, B̂0 = M̂0/G = R

2n−d.

Then we have a covering M̂0 → M0 (resp. B̂0 → B0) which gives a
(global) orbifold chart on M0 (resp. B0). We can then extend the

geometric objects from M0 to M̂0. We will add a hat to denote the

corresponding objects on B̂0 or M̂0. In particular, we have a Dirac

operator DM̂0
p on M̂0 corresponding to DM0

p in Section 4.1.

Let π̂G : G× R
2n−d → R

2n−d be the projection on the second factor.
As in (1.10), we define

(5.28) Φ̂ = ĥπ̂G : C
∞(G× R

2n−d,E0,p)
G → C

∞(R2n−d, (E0,p)B̂0
).

We also denote by Φ̂ the map induced from C∞(M0,E0,p)
G to C∞(B0,

(E0,p)B0).

Let gTM0 be defined as in (4.18) and let gT
HM0 be the metric on

R
2n−d induced by gTM0 , with corresponding Riemannian volume on

(R2n−d, gTHM0) denoted by dvTHM0
.

Let e−uΦ̂D
M̂0,2
p Φ̂ be the heat kernel of the operator Φ̂DM̂0,2

p Φ̂ on B̂0

and e−uΦ̂D
M̂0,2
p Φ̂(Z,Z ′) (Z,Z ′ ∈ B̂0) be its smooth kernel with respect to

dvTHM0
(Z ′). Concerning heat kernels on orbifolds, we refer the reader

to [14, Sect. 2.1]. Then we have for v = [g, Z] and v′ = [g′, Z ′] in M0,

ĥ(v)ĥ(v′)
(
PGe

−u
p
D

M0,2
p PG

)
(v, v′)

= e
−u

p
Φ̂D

M0,2
p Φ̂−1

(π(v), π(v′))(5.29)
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=
1

|G0|
∑

g∈Gy0

(g, 1) · e−u
p
Φ̂D

M̂0,2
p Φ̂(g−1Z,Z ′),

where |G0| is the cardinal of G0. Indeed, the first equality in (5.29) is
analogous to (4.119), and the second follows from a similar computation
as in [6, (5.19)] or [15, (5.4.17)].

Note that our trivialization of the restriction of L (resp. E) on

BTH
y0

U (0, ε) is not Gy0-invariant, except if Gy0 acts trivially on Ly0 (resp.

Ey0). More precisely, let M̂G,0 = R
2n−2d × {0} ⊂ B̂0 and for g ∈ Gy0 ,

let M̂g
G,0 be the fixed point-set of g in M̂G,0. Then the action of g on

L|
M̂g

G,0
is the multiplication by eiθg and θg is locally constant on M̂g

G,0.

Likewise, the action of g on E|
M̂g

G,0
is given by gE ∈ C∞(M̂g

G,0,End(E))

which is parallel with respect to ∇E.

Now, as we work on B̂0 and M̂0, we can apply the results of Sections

4.1–4.3 to the operator Φ̂DM̂0,2
p Φ̂. We will use the same notation as in

these sections, and add a subscript to indicate the base-point (e.g., κx,
L0,x, . . .). By Theorem 4.13 and (4.117), we obtain for g ∈ Gy0 and
u > 0 fixed

(5.30)
∣∣∣p−n+d/2e−

u
p
Φ̂D

M̂0,2
p Φ̂(g−1Z,Z)

− κ−1Z1,g
(Z⊥)e−uL0,Z1,g

(√
pg−1(Z2,g + Z⊥),

√
p(Z2,g + Z⊥)

)∣∣∣
C m′ (MG)

≤ Cp−1/2
(
1+
√
p|Z2,g|

)N(
1+
√
p|Z⊥|)−m exp

(−Cp inf
h∈Gy0

|h−1Z−Z|2).
On the other hand, note that there is ρ > 0 such that for g ∈ Gy0 ,
|g−1Z − Z|2 ≥ ρ|Z2,g|2, so

(5.31)
∣∣∣p−n+d/2e−

u
p
Φ̂D

M̂0,2
p Φ̂(g−1Z,Z)

− κ−1Z1,g
(Z⊥)e−uL0,Z1,g

(√
pg−1(Z2,g + Z⊥),

√
p(Z2,g + Z⊥)

)∣∣∣
C m′ (MG)

≤ Cp−1/2
(
1 +

√
p|Z⊥|)−m exp

(− C ′p|Z2,g|2
)
.

We can now prove Theorem 0.5. First, observe that Theorem 0.7 is
still true here because we work on M to prove it in Section 5.1. Thus,
we can use a similar approach to prove Theorem 0.5 as in Section 5.1.

Note that the estimate (5.9) still holds. Consider now a G-invariant
function ψ ∈ C∞(M) such that the induced function (again denoted
by ψ) on B is compactly supported in a small neighborhood (in B) of
x0 ∈MG.

Similarly to (4.26), we denote by dvTHU the Riemannian volume of

(TH
y0U, g

TH
y0

U ). Then, as in (5.10), (5.31) and dominated convergence
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imply that

(5.32) p−n+d

∫
U
ψ(v)Trq

[(
PGe

−u
p
D

M0,2
p PG

)
(v, v)

]
dvM (v) =

1

|Gy0/G
0||G0|

∑
g∈Gy0

p−rk(Ny0,g)/2

(2π)n−d
×

∫
A(p,ε)

ψ
(
Z1,g +

Z2,g√
p

)
Lim(g, Z)dvTHU (Z) + o(1),

where A(p, ε) = {Z ∈ B̂0 : |Z1,g| ≤ ε, |Z2,g| ≤ ε
√
p, |Z⊥| ≤ ε

√
p} and

Lim(g, Z) is the limiting term given by

(5.33) Lim(g, Z) =

Trq

[
(g, 1) ·

det(ṘLG

Z1,g
)e2uωd(Z1,g)

det
(
1− exp(−2uṘLG

Z1,g
)
)

× e
−uL⊥

Z1,g
(
g−1(Z2,g + Z⊥), Z2,g + Z⊥

)⊗ IdE

]
.

In particular, in (5.32), every term involving a g such that rk(Ny0,g) > 0,
i.e., g /∈ G0, disappears when we look at the leading term in p.

Thus, we now consider g ∈ G0. The action of g on M and Λ0,•(T ∗M)
is trivial, so we have

(5.34) Trq

[
(g, 1) · det(ṘLG

Z0 )e
2uωd(Z

0)

det
(
1− exp(−2uṘLG

Z0 )
)

× e−uL⊥

Z0 (g−1Z⊥, Z⊥)⊗ IdE

]

= eipθg
det(ṘLG

Z0 )TrΛ0,q [e2uωd(Z
0)]

det
(
1− exp(−2uṘLG

Z0 )
) e−uL⊥

Z0 (Z⊥, Z⊥)⊗ gE(Z
0).

Using (5.32), (5.33) and (5.34), we get as in (5.13)–(5.21):

lim sup
p→+∞

p−n+d

∫
U
ψ(v)Trq

[(
PGe

−u
p
D2

pPG

)
(v, v)

]
dvM (v)

≤ 1

(2π)n−d
1

|G0|
∑
g∈G0

d∏
i=1

√
1

f(ua⊥i )(1− e−4ua⊥i )
×

∫
MG

ψ(x)
det(ṘLG

x )
∑q

j=0(−1)q−j TrΛ0,j [e2uωG,d(x)]

det
(
1− exp(−2uṘLG

x )
)

× eipθg TrE[gE(x)]dvMG
(x)
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≤ (−1)q−r
∫
MG(≤q−r)

det
(ṘLG

x

2π

)ψ(x)
|G0|

( ∑
g∈G0

eipθg TrE [gE(x)]
)
dvMG

(x)

(5.35)

= (−1)q−r dim(Lp ⊗ E)G
0

∫
MG(≤q−r)

ψ(x) det
(ṘLG

x

2π

)
dvMG

(x).

Finally, we take some functions ψk as ψ above and such that
∑

k ψk =
1 in a neighborhood of MG in B and we apply (5.35) for those ψk. We
get Theorem 0.5 by taking the sum over k of the obtained estimates and
using Theorem 0.7 and (5.9).

5.3. The other isotypic components of the cohomology. In this
subsection, we show how to use Theorem 0.5 to get estimates on the
other isotypic components of the cohomology H•(M,Lp ⊗ E).

Let Vγ be the finite dimensional irreducible representation of G with
highest weight γ.

For a representation F of G, we denote by Fγ its isotopic component
associated with γ. Then we have

(5.36)

H•(M,Lp ⊗ E)γ = Vγ ⊗HomG(Vγ ,H•(M,Lp ⊗ E))

= Vγ ⊗
(
H•(M,Lp ⊗ E)⊗ V∗γ

)G
= Vγ ⊗H•(M,Lp ⊗ E ⊗ V∗γ)G,

where V∗γ is viewed as a trivial bundle over M .
By Theorem 0.5 applied replacing E by E ⊗ V∗γ and (5.36) we have

as p→ +∞,

(5.37)

q∑
j=0

(−1)q−j dimHj(M,Lp ⊗ E)γ

≤ dimVγ dim(Lp⊗E⊗V∗γ)G
0 pn−d

(n− d)!

∫
MG(≤q−r)

(−1)q−rωn−d
G +o(pn−d),

with equality for q = n.
In particular, we get the weak inequalities

(5.38) dimHq(M,Lp ⊗ E)γ

≤ dimVγ dim(Lp⊗E⊗V∗γ)G
0 pn−d

(n− d)!

∫
MG(q−r)

(−1)q−rωn−d
G +o(pn−d).
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