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PROOF OF THE RIEMANNIAN PENROSE
INEQUALITY WITH CHARGE FOR MULTIPLE BLACK
HOLES

MARcUS KHURI, GILBERT WEINSTEIN & SUMIO YAMADA

Abstract

We present a proof of the Riemannian Penrose inequality with
charge in the context of asymptotically flat initial data sets for
the Einstein—-Maxwell equations, having possibly multiple black
holes with no charged matter outside the horizon, and satisfying
the relevant dominant energy condition. The proof is based on a
generalization of Hubert Bray’s conformal flow of metrics adapted
to this setting.

1. Introduction

In a seminal paper [26] (see also [27]), in which he proposed the cele-
brated cosmic censorship conjecture, R. Penrose also proposed a related
inequality, now referred to as the Penrose Inequality. The inequality
is derived from cosmic censorship via a heuristic argument relying on
Hawking’s area theorem [14]. Consider an asymptotically flat Cauchy
surface in a spacetime satisfying the dominant energy condition, hav-
ing ADM mass m, and containing an event horizon of area A = 47p?,
which undergoes gravitational collapse and settles to a Kerr-Newman
solution. Since the ADM mass m«, of the final state is no greater than
m, the area radius p~o is no less than p, and the final state must satisfy
Moo = % Poo in order to avoid naked singularities, it must have been the
case that m > % p also at the beginning of the evolution. A counterex-
ample to the Penrose inequality would, therefore, suggest data which
leads under the Einstein evolution to naked singularities, and a proof of
the Penrose inequality may be viewed as evidence in support of cosmic
censorship.

The event horizon is indiscernible in the original slice without know-
ing the full evolution, however, one may, without disturbing this inequal-
ity, replace the event horizon by the outermost minimal area enclosure
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of the apparent horizon (the boundary of the region admitting trapped
surfaces). The inequality further simplifies in the time-symmetric case,
in which the outermost minimal area enclosure of the apparent horizon
coincides with the outermost minimal surface, and the dominant energy
condition reduces simply to nonnegative scalar curvature. This leads to
the Riemannian version of the inequality: the ADM mass m and the
area radius r of the outermost minimal surface in an asymptotically flat
3-manifold of nonnegative scalar curvature, satisfy

(1.1) m> 2,
2

with equality if and only if the manifold is isometric to the canonical

slice of the Schwarzschild spacetime. Note that this characterizes the

canonical slice of Schwarzschild as the unique minimizer of m among all

such 3-manifolds admitting an outermost horizon of area A = 4mp?.

This inequality was first proved in the special case where the hori-
zon is connected by Huisken and Ilmanen [15] using the inverse mean
curvature flow, an approach proposed by Jang and Wald [17], following
Geroch [10] who had shown that the Hawking mass is nondecreasing
under the flow. The inequality was proven in full generality by Bray
[1] using a conformal flow of the initial Riemannian metric, and the
positive mass theorem [28], [31].

We now turn to the charged case which is somewhat more subtle. It is
natural to conjecture as above that the Reissner—Nordstrom spacetime,
the charged analog of Schwarzschild, is the unique minimizer of m, given
p and ¢. Since Reissner—-Nordstrom satisfies m = %(/H— q*/p) where q is
the total charge, one is thus lead to conjecture that in any asymptotically
flat data satisfying an appropriate energy condition it holds

(1.2) m>;<p+qz>,

with equality if and only if the initial data is the canonical slice of
Reissner—Nordstrom. This follows from [15], and is based on Jang [16],
but only for a connected horizon, since the proof relies on inverse mean
curvature flow. In fact, (1.2) can fail if the horizon is not connected,
and a counterexample based on the Majumdar—Papapetrou spacetime
with two black holes was constructed in [30]. This counterexample
nonetheless does not suggest a counterexample to cosmic censorship.
This is because the right-hand side of (1.2) is not monotone increasing
in p. Indeed, already Jang observed that (1.2) is equivalent to two
inequalities:

(1.3) m—vm?2—qg><p<m++/m?—q¢.

Cosmic censorship suggests that the upper bound always holds, while
the counterexample in [30] violates the lower bound. It turns out, how-
ever, that the lower bound also holds, and, furthermore, is motivated by
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cosmic censorship in the case of a single black hole, or more generally
when p > |q| (see [7]).

In this paper, we prove the upper bound in (1.3) for multiple black
holes. By the positive mass theorem with charge, m > |¢| with equality
if and only if the data is Majumbdar—Papapetrou [12]; see [5], [19] for
the rigidity result. Hence if p < |g|, the upper bound in (1.3) follows
immediately

(1.4) p<lgl <m<m+ym?—q>

It thus only remains to prove the upper bound under the additional
hypothesis |g| < p. Under this hypothesis, it is the lower bound that
follows immediately

(1.5) m < gl +vm? —¢* < p+m?— ¢

In fact, the condition |g| < p is always valid for a single horizon, in light
of its stability [11], [20], however, for multiple horizons this inequality is
indeed a nontrivial restriction. In view of all the above, the upper bound
in (1.3) is equivalent to (1.2) under the additional hypothesis |g| < p.
The proof of this latter statement will be based on a generalization of
Bray’s conformal flow. It should also be noted that the right-hand side
of (1.2) is nondecreasing as a function of p (with fixed ¢), precisely when
lg| < p. Thus, (1.2) with the auxiliary area-charge inequality may also
be derived using the heuristic Penrose argument.

The inequalities discussed in the previous paragraphs are most easily
visualized in Figure 1. The white area is the positive mass theorem m >
0. The light shaded area is the Penrose inequality, and the other two
darker shaded areas are the charged Penrose inequality. The inequality
represented by the region to the left of the dashed vertical line p = |q|,
and above the solid horizontal line m = |g|, follows from the charged
positive mass theorem. Moreover, the dotted curve in this region is
the lower bound in (1.3), or a continuation of the equality curve from
(1.2); the black dot represents the counterexample in [30]. This paper
deals with the proof of the inequality represented by the darkest shaded
region, to the right of p = |¢| and above m = %(p + ¢?/p), which is
the upper bound in (1.3) with |¢| < p, or (1.2) with |g| < p. Lastly, it
should be noted that every configuration with one black hole component
lies to the right of the vertical dashed line p = |g|, or equivalently,
every configuration to the left of the vertical line has multiple black
hole components.

We end the introduction with a few definitions and the statement of
our main theorem and its corollaries. An initial data set (M, g, E, B)
consists of a 3-manifold M, a Riemannian metric g, and vector fields E
and B. It will be assumed that the data satisfy the Maxwell constraints
with no charges outside the horizon divy ¥ = divy B = 0, and that the
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Figure 1. Graphical representation of geometric inequalities.

charged dominant energy condition
(1.6) 16mppy = Ry — 2(|E|} + |B[7) > 0

is valid, where R, is the scalar curvature of g and ppys is the energy
density of the matter fields after contributions from the electromagnetic
field have been removed. It should be noted that typically the charged
dominant energy condition is given by the slightly stronger statement
wem > |JEMm|g, where 4 gy = E X B is minus one half the momentum
density of the electromagnetic field. It turns out, however, that for the
results of the current paper the hypothesis (1.6) is sufficient. Moreover,
in the case of equality for (1.2), it will be shown that F and B are linearly
dependent so that Jpj; = 0. Typically when Penrose-type inequalities
are saturated, the vanishing of the momentum density arises at least
in part due to the stronger version of the charged dominant energy
condition. Nevertheless, the same result holds here under the weaker
form of the energy condition (1.6).

We assume further that the data is strongly asymptotically flat,
meaning that there is a compact set K such that M \ K is the finite
union of disjoint ends, and in the coordinates given on each end the
fields decay according to

(L7) gy =0;+O02(|2[™), Bi=01(lz]7%), B;=0u(jz|7?),
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and R, is integrable. This guarantees that the ADM mass and the total
electric and magnetic charges

1 i
(1.8) "= 16 s (9ij. — 9jja)v" dA,
(1.9) -1 [ Eiaa = 1/ Biv'dA
. QE—47T S 7 ) Qb—4ﬂ_ S 7

are well defined, with squared total charge ¢ = ¢2 + qg. Here v is the
outer unit normal, and the limit is taken in a designated end. Without
loss of generality, we assume that the magnetic charge g, = 0, and so
from now on ¢ = g.. This can always be achieved by a fixed rotation
in (F, B) space. Conformally compactifying all but the designated end,
we can now restrict our attention to surfaces which bound compact
regions, and define Sy to enclose S7 to mean S; = 90Ky, So = 0K>s
and K7 C K5. An outermost horizon is a compact minimal surface not
enclosed in any other compact minimal surface. The following results
were first discussed in the announcement [21].

Theorem 1.1. Let (M, g, E, B) be a strongly asymptotically flat ini-
tial data set with outermost minimal surface boundary of area A = 4mp?,
satisfying the charged dominant energy condition and the Maxwell con-
straints without charged matter. If |q| < p, then (1.2) holds with equality
if and only if the data set arises as the canonical slice of the Reissner—
Nordstrom spacetime.

Corollary 1.2. Let (M, g, E, B) be a strongly asymptotically flat ini-
tial data set with outermost minimal surface boundary of area A = 4mp?,
satisfying the charged dominant energy condition and the Maxwell con-
straints without charged matter. Then the upper bound in (1.3) holds
with equality if and only if the data set arises as the canonical slice of
the Reissner—Nordstrom spacetime.

Corollary 1.3. Assume that the above hypotheses hold. If q and p
are fized with |q| < p, then the canonical Reissner—Nordstrém slice is the
unique minimizer of m. Moreover, if m and q are fized with m > |q|,
then the canonical Reissner—Nordstrom slice is the unique mazimizer
of p.

In the case when charged matter is present, and, in particular, is not
compactly supported, counterexamples exist [22]. The full version of
the inequality in the non-time-symmetric case remains an open prob-
lem. A reduction argument similar to that proposed by Bray and the
first author in [3], [4], has been given in [9] (see also [18]). However,
it only applies to the case of a single black hole, as it is based on a
coupling of the static Jang equation with inverse mean curvature flow.
Coupling the static Jang equation to Bray’s conformal flow is possible
and also leads to a reduction argument for the Penrose inequality; this
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was briefly discussed in [4]. It seems likely then that a coupling to
the charged conformal flow presented in this paper, should reduce the
general charged Penrose inequality to the time-symmetric case as well.
Whether the coupled system admits a solution with the appropriate
boundary and asymptotic behavior is then an important open question.

This paper is organized as follows. In the next two sections, a gener-
alized version of Bray’s conformal flow will be defined, and its existence
will be established. In Section 4, it will be shown that the flowing outer-
most minimal surfaces move out into the asymptotic end and eventually
exhaust the manifold. In Bray’s original flow this exhaustion always oc-
curs, however, for the charged conformal flow, the exhaustion can only
happen when |g| < p, and is one of the most interesting and surprising
differences between this flow and the original. Section 5 is dedicated
to monotonicity of the mass, which follows from a modified doubling
argument in analogy to the original flow. In Section 6 we solve a quasi-
linear elliptic equation, whose solution plays an important part in the
proof of monotonicity, and in Section 7 proofs of the main theorem will
be given. It should be pointed out that another difference between the
strategy here, and that of Bray for the uncharged inequality, is that our
proof reduces the case of multiple horizon components to the case of
one component, whereas Bray’s proof does not rely on knowledge of the
single component case. Lastly, two appendices are added which include
an auxiliary a priori estimate, and the model example for the new flow.

2. The charged conformal flow

The goal here is to construct a flow (M, g, Fy, By) of asymptoti-
cally flat initial data for the Einstein—-Maxwell equations, starting from
the given initial data (M,g, E, B) at t = 0, and which preserves the
boundary area |0M|g,, total charge ¢;, Maxwell constraints, the charged
dominant energy condition, and exhibits a nonincreasing ADM mass
m(t). Moreover, this flow should reduce to Bray’s conformal flow when
|Ely = |Bly = 0, and should proceed by coordinate rescalings in the
standard initial data for Reissner—Nordstrom. This flow, defined below,
will be referred to as the charged conformal flow.

Consider the conformal flow of metrics defined by g; = utg, with
ug = 1. Given the metric g;, define OM; to be the outermost minimal
area enclosure of OM in (M, g;), and denote the region enclosed by dM;
and spatial infinity by M;. It will turn out that 0M; does not intersect
OM, and hence it is an outermost minimal surface. Also set E} = u; °E"
and B} = ut_GBi. Given g¢, Fy, By, and OM;, define v; to be the unique
solution of the Dirichlet problem

(21) Agtvt — (’Etlgt + ’Bt’?]t) VU = 0, on Mt,

(2.2) vy =0 on OM;, v ——1 as 7 — oo.
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By expanding the solution in spherical harmonics, it follows that
i
(2.3) vp=—1+ = —|—O< 2> as 1 — 00,
r

for some constant v, > 0. On M \ M; set v; = 0. The function v; will
act as the logarithmic velocity of the flow %ut = vpug. Thus given vy,
define u; = exp (fot vsd3>.

The existence and regularity of this flow is similar to that of the origi-
nal conformal flow, and will be discussed in the next section. Moreover,
it is clear that it reduces to Bray’s flow when the electromagnetic field
vanishes, and indeed is trivial in the Reissner—Nordstrom solution as is
shown in Appendix B. We now prove that it satisfies the other desired
properties.

Theorem 2.1. For all t > 0 it holds that q; = q, |0¢M|4, = |OM|,,
divy, By = divy, By = 0 and

(2.4) Ry, >2 (|Et|§t + |Bt]§t).

Proof. The same arguments used by Bray [1] apply to show that the
area remains constant throughout the flow (see Section 3 below). In
order to show that the charge remains constant, observe that |E;|?

9
u;S\E@, and hence

(2.5) 4y :/ gt(Ey,vp)dAg, :/ g(E,v)dA, = 4nq.
o0 SOO

Furthermore,

1
vdet g

_ W , i _ ,,—6 3 —
= detgal <\/@E>—ut divy £ =0,

and, similarly, for the magnetic field B.

It remains to show that the charged dominant energy condition re-
mains preserved throughout the flow. Let L, denote the conformal
Laplacian, then by a standard formula

(2.6)  divy, By = ) ( det gtE;')

1
(2.7) u; Ry, = —8Lgu; = —8 <Agut - 8Rgut> :
so that with help from the conformal covariance of L, it follows that

d d
a (U§R9t) dt [ut (ut Rgt )]

d 3d
= 3u? <dtUt> u) Ry, + u dt( 8Lguyt)

= 3vub Ry, — 8u? Ly(usvy)

(2.8)
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— 3 8
= 3vguy Ry, — 8uy Lg, vy
1
— 3 8
= Jvguy Ry, — 8uy <Agtvt — gRgtUt
— 8 8 2 2
= 4vtutht — 81}tut (‘Et‘gt + ‘Bt‘gt)‘

Then since %(u?!Etlgt) = %(u?!Btlgt) = 0, we have
(2.9)

d
@[U? (Rg, — 2|E4[7, — 2|By|2,)] = 4vpuff (R, — 2|E4|2, — 2|Byl7,)
so that
t
uf (Ry, — 2|Ey|2, — 2| By2) = eJo *+4 (Ry — 2| B2 — 2|BJ2)
(2.10) = u} (Ry — 2|E|2 — 2|B[2)

> 0. q.e.d.

Monotonicity of the mass is of course more difficult and relegated to
its own section, Section 5. Notice also that we do not prove that the
flow converges to the canonical Reissner—Nordstrom data, in analogy
with the fact that the original conformal flow converges to the canonical
Schwarzschild data. While we strongly believe that this result holds for
the charged conformal flow, it is not needed to prove the main theorem
and is hence left for future investigation.

3. Existence of the flow

In this section, we prove that the charged conformal flow exists, by
employing the same discretization procedure developed Bray. The pre-
sentation will closely follow that in [1]. For each € € (0,1) a family of
approximate solutions u§(x) will easily be constructed, and the solution
shall arise from the limit
(3.1) ug(x) = lim ug(x).

e—0
Given the metric gf = (uf)*g (with u§ = 1), define for t > 0
(3.2)

oM if t =0,
. the outermost minimal area enclosure
OM; =19 of OM¢__ in (M, ¢f) if ¢ = ke with k € Z.,
oM ft Ie otherwise,
where

(3.3) 1], = e H .

€

Let Mf denote the region enclosed between OM; and spatial infinity.
Moreover, given OMf we may define
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(3.4) u(z) = exp ( /0 t Ve (z) ds),

where vy is the solution of the Dirichlet problem
(3.5)
€ € 2 € 2 € c
Age,  VF — (|ELtJ€‘gEtJE + |BUJ€‘9ME) vf = 0  on Mf,
vg = 0  on My,
v — -1 as|z|— oo,

with vf(z) = 0 on M \ Mf and (Ef)) = (uf) SE7, (Bf)) = (u)~°B7.
Note that (3.4) directly implies that u§(z) — e~ as |z| — oc.

Now observe that M and hence v§(x) are fixed for t € [ke, (k+1)e).
Furthermore, for ¢ = ke with k € Z;, OM; does not touch M .
because OM;_, has negative mean curvature in (M, gs). This follows
from the fact that d,uflane = < 0, where v is the unit outer normal
pointing to spatial infinity. To see that this is, in fact, the case, first
observe that d,u_|ane_ = 0 since OM¢,_4), is minimal in (M, gfk—1)5)7
and 9,v;_.|ape < 0 from the Hopf lemma. Therefore, using uf =
uj_, exp (evfk_1)€> we find that
(3.6)

€
Oy uy

onre = uy_.0, exp (evfk_1)5($)> ‘8M§_€ = eu;0,v;_, onre < 0.
This inequality says that by pushing the surface M __ outwards, the
area can be reduced in (M,g;). Hence, OMf_, acts as a barrier in
(M, gf). As the outermost condition implies the outer-minimizing con-
dition, dMy is actually a strictly outer minimizing horizon of (M, gf),
and is smooth since gf is smooth outside OM{_,.

The same arguments presented in [1] yield the following facts. Not
only are the surfaces OM; smooth, but any limits of these surfaces are
smooth. Furthermore, from the definition of OM{, it is apparent that
for € > 0 the horizon OMf, encloses dMj, for all to > t; > 0. Also, the
horizon MY is the outermost minimal area enclosure of M in (M, g5)
when ¢t = ke with k € Z.

Lemma 3.1. The functions ui(z) are positive, bounded, locally Lip-
schitz functions (in x and t) with uniform Lipschitz constants indepen-
dent of e.

Proof. Positivity is obvious from the definition of u;. By the maxi-
mum principle, vf cannot achieve a nonnegative maximum. This then
implies that u§(z) < 1. That wu{(x) is Lipschitz in t follows from its
definition and the fact that —1 < v§(x) < 0. That uf(z) is Lipschitz
in z follows from the fact that v§(x) is Lipschitz in x (with Lipschitz
constant depending on t), which follows from Corollary 15 of [1]. g.e.d.
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Corollary 3.2. There exists a subsequence {€;} converging to zero
such that
(3.7) ur(z) = lim uy' ()
E¢—>0
exists, is locally Lipschitz in x and t, and the convergence 1is locally
uniform. Hence we may define

(3.8) gr = lim g = uj(2)g.

3

fort>0.

Define {iv (t)} to be the collections of limit surfaces of M, in the
limit as €; approaches 0. As discussed in [1], the limiting surfaces
{3,(t)} are all smooth.

Proposition 3.3. The surface iw (t2) encloses iyl (t1) for all ta >
t1 > 0 and for any v1 and ys.

Proof. The same arguments as in the proof of Theorem 5 in [1] apply
here, except for one technical point that needs to be addressed. Namely,
in [1], it is used that v§ is a harmonic function so that the maximum
principle applies. In our setting, this function should be replaced by
ugvy, since here v represents the logarithmic velocity %ug = viu;, while
in [1] v§ represents the velocity %ug = vy. Thus it remains to show that
ugvy satisfies an equation outside 0M;, to which the maximum principle
applies. To see this, note that (2.10) holds with €, and use a standard
property for the conformal Laplacian to obtain

€, € € € 1 € € 1 €_.€
(3.9) Ag(ugvy) = (Ut)E)AgEvt - gRgE (ut)SUt + gRg“tvt

€ € € € 1 € € 1
= vf (uf)° <|Et‘52]§ + ’Bt‘?;;) - gRgi(ut)%t + 3

3 1
= [4<u:>4 (12212 + 1811 ) + 1 (1B +1BI) | (usof).

€,,€
Ryujvy

Since the term in brackets on the right-hand side is nonnegative, it
follows that the resulting equation for ufvf admits a maximum principle.
q.e.d.

Define 0M; to be the outermost minimal area enclosure of the original
horizon OM in (M, g;). Apart from the proposition above, the rest of
the proof of existence of the flow is identical to the arguments in [1]. In
particular, we have the following result.

Theorem 3.4. The surface OMy, encloses OMy, for all ta > t; > 0,
and the areas remain constant |0My|g, = |0M|, for all t > 0. Further-
more, the set J of t(> 0) at which point the surface “jumps”, namely
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when

(3.10) lim OM, # lim OM;

s—t— s—tt

is countable, and for t ¢ J, iy(t) is single valued. Given the horizon
OM,, vy may be defined as in Section 2, and serves as the logarithmic
velocity of the flow %ut = Vply.

4. Exhaustion

The existence of the charged conformal flow, and its properties listed
in Sections 2 and 3, are independent of the area/charge inequality
|OM|, > 47q?, or equivalently p > |g| as expressed in the introduc-
tion. It is then noteworthy and perhaps surprising, that the property of
exhaustion, which states that the flowing surfaces 0M; eventually en-
close any bounded set, essentially holds! if and only if the area/charge
inequality is valid. In fact, this section is the only place in the paper
where the area/charge inequality plays a role. As in [1], the proof will
follow two basic steps. The first consists of showing that dM; cannot,
for all ¢ > 0, be enclosed by any fixed large coordinate sphere in the as-
ymptotic end, and the second entails showing that it is not possible for
OM; to be only partially contained, for all ¢ > 0, in a large coordinate
sphere. It turns out that the second step may be proved directly from
the same arguments in [1], and does not require the area/charge inequal-
ity. Thus, we will focus here on the first step in which the area/charge
inequality is needed.

Before proceeding, we show that the area/charge inequality is a nec-
essary condition for exhaustion. Note that if exhaustion occurs, then
eventually the surfaces 0M; become connected.

Lemma 4.1. If for some t > 0, OM; is connected, then |[OM|, >
drg?.

Proof. Since the areas and charges are preserved throughout the flow,
it suffices to prove the conclusion at time t. Observe that by the second
variation of area formula

(41) 0< /8 [=ou = (1T [+ Ricy, (v, )02 + 4] dA,

for any i € C°°(0M,), where II; is the second fundamental form and
Ricg, (v, v) is the Ricci curvature in the normal direction. Since 0M; is
a minimal surface, the Gauss equations yield

Tt is proven that the strict area/charge inequality is sufficient for exhaustion, and
that the nonstrict area/charge inequality is necessary for exhaustion.
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. 1 1 1
(4.2) |11 2 + Ricg, (v, v) = |11 |* + iRgt — K+ §HE — 5\ 11, |2
1 1
— 5; I |2 + iRgt - Ky,

where K; is Gaussian curvature. It follows that

1 1
(4.3) 0< /aM (yw\? — 5| I1; %42 — §Rgt¢2 + Kt¢2> dA;.

Choose ¥ = 1, and note that since OM; has spherical topology, the
Gauss-Bonnet theorem and (2.4) imply that

1
(4.4) 47r2/ = (| [* + Ry,) dA,
oM, 2
> [ (B, + 1B dA

OM;

2 / (|Et . I/‘2 =+ |Bt . I/‘Q) dAt
OM;y

2 2
2 |8Mt !;1 [< Et . I/dAt> + </ Bt . VdAt>
BMt aMt

_ (4m)%q}

laMtlgt ’
where we have used Jensen’s inequality and the fact that the Maxwell
fields are divergence free (Theorem 2.1). q.e.d.

We will now show that the strict area/charge inequality is also a
sufficient condition for exhaustion. This will require some preparation.
In [1], it was assumed without loss of generality that the initial data
possessed harmonic asymptotics. Similarly, for the results of this sec-
tion, we may assume that the initial data (M, g, E, B) possess the so
called charged harmonic asymptotics, developed by Corvino in [6]. This
means that in the asymptotic end g = Ujd (where d is the Euclidean
metric) for some function Uy satisfying Ry = —8UJ5A5U0 = 2\E|3, with
E' =Uy 6Eg and E5 = —q¢.Vr~!. Observe that the magnetic field is
excluded here, since when the asymptotics are imposed B has the same
form as E with ¢. replaced by ¢q,. However, as mentioned in the intro-
duction, nothing is lost by assuming ¢, = 0 (¢¢ = ¢), so that B = 0
in the end with such asymptotics. It should also be noted that the
asymptotics used here for the electric field differ slightly from those in
[6], where E = U, %V for some function y = —gr— + O(r~2) which is
harmonic in the end; the choice of x ensures that E is divergence free
on M. Thus, in our version of the asymptotics, E is no longer diver-
gence free everywhere, a property which is of no use for the results in
the current section.
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Write Uy = u;Uy and V; = viuUy. Then in the asymptotic end

1
LUy = UP Ly, 1 = —=UPR,,,
8
(4.5) 5 5 2 1
LsVy = U/ Lg,ve = Uy (’Et’gtvt - 8Rgtvt> .

According to the charged harmonic asymptotics and (2.10) we have that
Ry, = 2|Et|3t = 2U; | Es|2, therefore,

1 _ 3.
(46) AU =—IB iU AgVe= JUTEslFVi

Let S,(;) be a large coordinate sphere in the asymptotic end, and define
V; to be the unique solution of the boundary value problem
(4.7)

AsV, = Zf]t_ﬂE(;]?;f/t, V,=0 on Srt)» Vi —» —e !t as x| — oo,

where ﬁt is the function U; in the conformal flow of the Reissner—
Nordstrém initial data (see Appendix B). Note that V; is the velocity
function V; in the conformal flow of the Reissner—Nordstrom initial data,
and, in particular,

(4.8) v, = S —
Vet B eniiog

|z

for some constant m. We choose m so that the boundary condition of
(4.7) is satisfied, namely

(4.9) m = \/4e~4r(t)? + ¢2.
It follows that
1/2
(4.10) b, = (2 VAW HE O
] |z

For reasons that will become clear in the proof of Proposition 4.4
below, we would like to compare the solution of the conformal flow Uy, or
more precisely a radial approximation Ut, with the model solution from
the Reissner—Nordstrém example U;. The desired radial approximation
is given as the unique (radial) solution of

) 1 -
AsUp = _Z|E5|§Ut 5,

1/4
(4.11) (1 / a4
Ut 47Tr(t)2 Sr(t) Utd ’ o Sr(t)’

U —et as |z| = oo
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The corresponding radial velocity function Vi = %Ut is the unique so-
lution of the boundary value problem

3. .
AsVi = JU B 5Vi,
N d
(4.12) Vi = ZI0r@)] on Sy,
Vi —» —et as x| = oo
It turns out that Uy has a relatively simple explicit form.

Lemma 4.2. Letr(t) = e\/Ape* with Ay = |0M|,. Ife is sufficiently
small, then there exists a constant o > —%q2, depending on Ut|sr(t), such
that

i i)

4.13 UMz) =e 4 —
( ) t (LE) € + |I’| + |l‘|2
. e /8 (a+3¢%) (a0 — ¢?) . (o — g2)2
6|3 36|zt

Proof. Consider the equation satisfied by U}
A 3~ A
(4.14) AsU = =[Bs§ + U VU5

Since the equation and all coefficients are analytic in their arguments,
we may assume that the solution is given by an expansion

~ c c ¢
(4.15) O = et L B O

x| |
We then proceed to calculate each term in (4.14). For instance,

202 663 1264 2065 3006

R

4.16 AUl = —= + —=
(416) U= ot T Tl Tl T TP
so that
A A 2e ey 20109 + 6e ey 20% + 6cic3 + 12¢ ¢,
(4.17) UAUL =
R PR |z |5 |0
8cocs + 12¢1¢4 + 206*4’505
|z |7
n 2c9c4 + 6c§ + 12¢9¢4 + 20¢1c5 + 30e*eg n
|8
Next observe that
C1 202 363 404 565

4.18 oUt—_ L =2 2% 2t 9%
(4.18) U= T TP Rl eP P
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which yields

(419)  |VUP =[0.U

C% 4cqiceo 4c% + 6¢cic3  8ciecq + 12¢0c3

R [0 |z
90% + 16cocy + 10cq c5
Finally,
—4t, 2 2 2 2 2
490 hp 2o €4 ad | ed | & | ad
(4200 OB = i o Tl T el

By combining these expansions and using equation (4.14), we find
the following relations

3
2¢ ey = —e Mg + Zc%,
66_4t63 + 2¢c109 = —61q2 + 3¢y,

(4.21) 9

12¢ ey + 6crc3 + 263 = —q%co + 3¢5 + 56163,
206_4tc5 + 12cicy + 6coc3 + 2c9c3 = —q203 + 6c1cq4 + 9cocs.
From this we can solve for the constants c¢;:

34t2 12

02:§e Cl_§q7
_ 1 8t 3 1 4t 2
(4.22) AT R
3 1 1
cq = 47864tq4_ 37268150%(]2—}—%812150%,

¢ =0, 1i>5.

Although the higher order terms for ¢ > 5 have not been computed here,
one may deduce that they all vanish by simply checking that (4.15), with
these coefficients, solves (4.14). The constant ¢; may be chosen in order
to realize the correct boundary condition.

Let us now obtain the form (4.13). The first task is to show that
¢1 > 0. To see this, first recall the result of Bray and Iga [2], which
states that

cA

0 .
(4.23) Ul > 2F outside of 5, (),

for some positive constant c. Since the average value of U} agrees with
that of U} on Sr(t), we find that

(4.24) Ul >ce 2e7 > e on Srt)s
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if € is small enough. Moreover, (7{1 — e~ 4 as |z| — oo. From equation
(4.14), it is clear that U cannot obtain an interior minimum, thus

(4.25) Ut > e outside of Sr(t)-

It follows that ¢; > 0. Now solve for ¢; in terms of ¢o to produce

8
g - C2 + q (c2 — q
(4.26) \/ \/
4=

1 4t
36°

The desired result is obtained by setting o = ¢ and noting that o« >
—3q¢? by (4.22). q.e.d.

(02—q

Notice that the Rei§sner—N0rdstr6m conformal factors have a similar
expansion to that of U;, namely

2
(4 27) U4 _ 6_2t + 46_4t7’(t)2 —+ q2 + 672t7a(t)2
' ! || ||

2e 2\ [Ae=Hr(t)2 + 2 6e Yr(t)? + ¢?
v (P 6 'r(t)? +g

=e
|z |22
2e 2 (1)2\/de Hr(t)2 + ¢2 e Hr(t)*
+ +
|2[3 |z

This is not too surprising, since Uy satisfies the same equation (4.14) as
U}, and has the same asymptotic behavior as |z| — co. Observe also

that
d 6727& <1 _ T(t);)
(4.28) V, = %ﬁt = - 2 1/2
<e—2t - e O e2tr(t|);>
satisfies
(4.29)

3. - - -
AsVe = ZUt_4’E5’§‘/t7 Vi=0 on S, Vi— —e ' as |z| = oo

The next lemma gives the foundational estimate on which the exhaus-
tion proof is based. It is also the primary place where the area/charge
inequality is required.

Lemma 4.3. Let r(t) = e\/Ape® with Ay = [0M|,. If Ay > 4mq?
and € is sufficiently small, then

(4.30) Ui(z) > Uy(x)  for |z| > r(t).
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Proof. Note that by setting a = ¢ + 6e~%r(t)2, U, becomes U;. In
fact, by directly comparing the coefficients in the expressions for these
two functions, it is apparent that the desired result follows if
(4.31)
a—q*>6e7Mr(t)? = 6249 and  (a — ¢?)? > 36e 5 (1)t = 36142,

Observe that since [S,.y|g, > [0Mi|g, = |0M ]|y, we have

4.32 — < — dA
(4.32) A7 ~4r Ser Updds
1 N
= UldAs
47 Sr(t)

8 1
=c?Ag + v/ Ag 3 <a + 2q2) +a
1 8 1 (a—q*)?
— ) _ a2 A S
T\ 3 <O‘+ 21 >(O‘ )t 5624,

Suppose that both inequalities in (4.31) are violated, then

A 8 (3
(4.33) 4—7‘; <2e2Ag + 5\/A0\/3 (2q2 + 652A0> + ¢

8A 3
+6e2A) + 8\/30 <2q2 + 652A0>.

However, this is impossible for small ¢, since Ag > 4m¢® independent of
e. Therefore, at least one of the inequalities in (4.31) must be satisfied.
If the first inequality is satisfied, then so is the second. So assume now
that the second inequality is satisfied but not the first. The only way
that this can happen is if @ — ¢> < —6e2A4,. We claim, however, that
a > ¢? as a result of the positive mass theorem with charge [12], and
hence (4.31) holds.

To verify the claim, consider the initial data (R3\ {0}, Ujd, U; S E;),
which satisfies the charged dominant energy condition, the Maxwell

constraint, and has mass m = %\/% (a + %qz). Note that although U,

was initially defined in (4.11) only on R3\ B,.(4), the explicit expression
for U; in Lemma 4.2 is valid on R?\ {0}. If a = ¢? then we are done,
so assume that o # ¢?. Then according to the expansion of Ut, this
initial data set has an asymptotically flat end corresponding to {0},
and, therefore, a minimal surface exists which separates the two ends.
We may now apply the positive mass theorem with charge to conclude
that m > |q|, and the claim follows. q.e.d.
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We have now finished the preparation, and are ready to establish the
first step in the proof of exhaustion.

Proposition 4.4. Let r(t) = e\/Ape* with Ay = [0M|,. If Ay >
4mq? and € is sufficiently small, then OM; cannot be entirely enclosed
by the coordinate sphere Sy for all t.

Proof. The proof is by contradiction. Thus assume that M, is en-
tirely enclosed by S, for all ¢ > . Tt will then be shown that if # is
sufficiently large, then dM; is not the outermost minimal area enclosure
of M with respect to the metric g¢, yielding a contradiction.

Consider the equation satisfied by the difference W; = f/} - Vt

3. 3
(4.34) AWy = SO Bs[3Wi + S (07" = U7 Vil Bs 3.
Moreover, W; — 0 as |z| — oo, and
N d - -
(4.35) Vi(r(t)) = —[Ui(r(1))] < 0= Vi(r(2)),

dt

so that Wy > 0 on S,q. In (4.35) we used the formula (4.13) to show
that %[fft(r(t))] < 0. Since U;* —U;7* > 0 by Lemma 4.3, we may
apply the maximum principle to conclude that W; > 0 outside S,.).

The remaining arguments proceed similar to those in the proof of
Theorem 12 in [1]. From the above, we have that V; < V; outside of
Sr(t)? This allows an estimate of U; from above, since V; = %Ut. In
this direction, first notice that

—ot r(t)?
e (1 ~ Tal? )

1/2
<6_2t N \de 4tr(t)24q2 + 62tr(t)2> /

|| |=[*

< e (1- 1)

B (e—Zt + w + €2tT

t
x |z

Now choose a constant ¢ > 0 such that Uy(z) < e f+4 ITC\ for all z outside
of S,(). Then for all z outside of S, (),

(4.36) Vi=—

)2
2

)1/2

(4.37)  Oi(z) = Oi(z) + /t s

t
. - 1 _
< Ug(z) —i—/ Vids < e '+ = [C—l—é\/Ao(et - et)} :
7

Tt may also be possible to prove this inequality directly from the explicit formulas
for V; and V4, with help from the area/charge inequality.
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It follows that
(4.38)

1Sty lgr = / UtdAs = / UltdAs
Sr(t) Sr(t)

<dmr(t)2U(r(t)) < 4meAp[2 + O(e e )4

Therefore, for e sufficiently small and ¢ > # sufficiently large [S, g, <
Ap. q.e.d.

We are now ready to state the main result of this section.

Theorem 4.5. If |0M|, > 4mq?, then the collection of subdomains
{M,;} ezhausts the manifold M. In particular, the flowing surfaces OM,
eventually become connected (topological 2-spheres) for all sufficiently
large times.

Given Proposition 4.4, the proof of this statement is identical to that
which appears in Section 10 of [1], after noting that U; is superharmonic
by (4.6).

5. Monotonicity of the mass

Monotonicity of the mass is proven with a doubling argument similar

to that in [1]. However, here, the doubling procedure is based on the
proof of uniqueness for the Reissner—Nordstrom black hole given by
Masood-ul-Alam [23]. Let (M, U M;", g) be the doubled manifold
with Mti representing two copies of M; glued along their boundaries
and g = (wi)%gs, where
(5.1) wi = % (1+7;)2 — ¢2.
The function 7; (which approximates v;) and ¢, imitate the roles played
in the static case by the norm of the Killing field and the electromagnetic
potential, respectively. Ultimately though, these functions are chosen
to impart positivity to the scalar curvature of gfc. In [23], conformal
factors having the same structure as (5.1), and built with the afore-
mentioned pieces of static data, were used in the doubling argument.
Moreover, in this setting of the black hole uniqueness result, the static
electrovacuum equations imply nonnegativity of the scalar curvature for
the doubled manifold with the aid of a computation similar to that of
Lemma 5.3 below.

In order to define v, let 79 be sufficiently small, and set 7(z) =
distg, (x,0M;). Denote surfaces of constant distance to the boundary
and the domain consisting of points whose distance to the boundary
is larger than 7, by S; and M(7), respectively. Then v, is the unique
solution of the boundary value problem

(52) Agtﬁt — fivy =0 on M, =0 on 0Mt,
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5 1
(53) vy = —1+E+O <2) as 1 — 0o,
r T
where
A2n(T) <37
5.4 = 4 .
(5-4) fi { |2, + | B2, on M (279)

Here X is a small parameter to be determined, 7 is a cut-off function
such that n(r) = 1 — 275 (1 — 79) for 370 <1 < 279, n(r) = 0 for
T < 370, [/(7)] < ey !, and ()| < ery . On the transition region
%7‘0 < T < 279, [t is defined so that

5 1
63 f< ¥ (§n) +IBE + IBE = 5+ 1B+ B,
and so as to make a smooth positive function on M (7).

The function ¢, is also defined piecewise. Namely it will be shown in
the next section that if A\, 7p > 0 and 7y is sufficiently small, then there
is a positive solution of the following Dirichlet problem

Vv -V A Voi|?
(5.6) Ay, b — t,igbt = |fi — | ?;’ on M(7y),
(bt (%
(5.7) s =M1y on Sp, ¢r—0 as 71— oo,

where A is a positive constants to be specified. On the interior region
define

(5.8) ¢ = )\7'61 + 37-¢t’5¢0 (tr—70)n(t) when 0 <7 <79,

where there is a slight abuse of notation in that 0;¢y| Sy, 18 defined for
all 0 < 7 < 7y by the fact that it is constant along the geodesic flow.
Observe that ¢; is C1'! across Sy, and thus ¢; is CLH(My).

The constructions above cut-off contributions from the electromag-
netic energy density near the horizon. The purpose of this modification
is to avoid possible singular behavior in the pseudo-potential ¢, at the
horizon. Heuristically, this does not affect the main arguments used to
establish monotonicity of the mass, since the first variation (5.25) of the
mass depends on the monopoles 7; and 7,, which are arbitrarily close
(Theorem 5.2) as a result of the cut-off taking place on a sufficiently
small region. Notice also that if |E|, = |B|; = 0 and A = 0 then f; =0,
which implies that ¢; = 0 and 7; = v;. It follows that in the absence
of the electromagnetic field, the conformal factors (5.1) reduce, modulo
the choice of A, to the same expressions used in [1]. Let us now establish
positivity of the conformal factors.

Lemma 5.1. If A\, 79 are appropriately small, and A > 1, then (1 £
T4)2 — 2 > 0 on M.
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Proof. Observe that (1+7;)% — ¢? = (1 £, + ¢;)(1 £ v, — ¢). Thus
since vy < 0 and ¢; > 0, it is enough to show that 1+ v, — ¢; > 0. First
we show this on M (27). Equations (5.2) and (5.6) imply that

Vo - V(140 — ¢y)

(5.9) Ag, (1 +0 — ) +

Ut
[V |* A Ve |2
= (‘Et‘?h + ‘Bt‘fh — : > Uy — E f _ v:
A 2
=" <¢t ) Jo = Wf' + (B2 + B2, — f)oe
A sz
S <¢t > ft Ut .

Also
(510) (]. + v — ¢t)|52_r0 >0, (]. + v — gbt) —0 as r — oo,

if A, 79 are small enough. Clearly the right-hand side of (5.9) is nonpos-
itive if A > 1. This is due to the fact that ¢; < A7 and [7;] < 1 by the
maximum principle. Thus, by the minimum principle 1 + 7y — ¢y > 0
on M (27).

Let us now consider the remaining region. Again use the fact that
¢ < A7 on the region between Sy, and Sa,,. Moreover, in Appendix A
it is shown that ¢; < ¢(79)A for 7 < 7. Hence, since |v;| < cm9 on My \
M(279) (by the mean value theorem), if A, 7y are chosen appropriately
(small), then 14+ v, — ¢y > 0 for 7 < 279. q.e.d.

In order to justify the use of v; in place of vy, in connection with
monotonicity of the mass, it must be established that the monopoles of
these two functions at spatial infinity remain arbitrarily close.

Theorem 5.2. If an upper bound for X is fized, then |y —7,| < 673/4

where ¢ is independent of X and 7.

Proof. We have

(511) Agt (Ut - ) ft('l)t — Ut) (’Et’gt + ’Bt’gt f )’Ut on Mt,
1
(5.12) (vs—Tp)loas, =0,  (vp—7y) = 11— . W=t g <T2> as T — 00.
Thus
(513) *4.77'(’}/,5 — Wt) = / Agt (Ut — Et) + aT(Ut — @t)
M OM;

=AAM%—M+UE@+@@—ﬁM]

+ 87— (’Ut — Et) s
oMy
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and hence

(5.14) e =7l < C (Jor = el oronany+ | Fi(ve =) Nlpa(any))
+ C [ B, + B2, — fi ) -

In order to estimate |v; — U¢|c1(anr,), use that

(5.15) vt = Oeleromy) < v = Velerny < C |l ve =t lwzean),

for p > 3. By the LP estimates for (5.11)
(5.16)

I ve =0 lwzwan) < CUNEZ, + 1Bz, — fe o) + | ve =t lLe(any))-
We choose p large enough and even, and estimate || vy — Ut || zp(ar,)- To

D
3

do this, multiply the equation (5.11) by (v; — 7¢)3 ! and integrate by

parts. It follows that
(5.17)

6\ » _ e
/ (g B 1) () |V (v — @)2 2+ felve — 53 = —/ (vg — )5 Lhy,
Mt p Mt

where hy = v(| Ey gt +|By fh — f+). Since (vy —@t)% = 0 on OM; and van-
ishes sufficiently fast as r — oo, we may apply the Gagliardo—Nirenberg—
Sobolev inequality to obtain

618) [ = ()
<C (/M IV (v, —vt)§|2>3
<c(f )
o ([, (=) (], )

where p~' +g7 ! = 1. We want q(§ —1) = p, which implies g = % and
D= %. Thus
(5.19)

o =T lnany < ClA gy ) < OB +1Btlo = Fil oy

wis

Qllw
o

IN

It follows that

(5.20)
| ve — Ty HW?m(Mt)

<C <|| Bl + B, — fo ||L2ggf;3 o) + [ 1B, + B, — fo HLP(Mt)) :
t
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Notice also that if B(r) denotes the domain contained within the
coordinate sphere S, in the asymptotic end, then for rg sufficiently large
(5.21)

| fe(ve —o0) Iy < C (/ [vy — Ty +/ oy _Ut> ,
B(ro) M\B(ro)

since f; < cr~* on M; \ B(rg). Thus
(5.22)

1
| fe(vr = 1) |1 (ar,y SC Vol(B(ro)) 4 || vt — Dt || Le(B(ro))

+ C |l v N aunBeopl v¢ = Bt | Le(M\B(ro))»

so that
(5.23) | fe(vr —o8) lpvary < C Nl vt — 0t |loe(any) -
Therefore,
(5.24)

Ve — el

2 2 2 2

<C <” ’Et’gt + ’Bt’gt — [ ”L?%(Mt) + || |E g T | By o ft HLP(MQ) )
for p > 3.

Recall the definition of f; in (5.4). We see that |E; gt +| Bt fh —fi=0
except on a set of small measure depending on 7y. In particular, by
choosing p = 4 we obtain the desired result. q.e.d.

As in Bray’s doubling argument [1], we have that the time derivative
of the mass of g; is given by

(5.25) my = —2(my — e *yy) = =20y + 2¢ (v — ),

where m; = m; — e 25, is the mass of the doubled manifold. Note that
¢¢ can be ignored in this computation, since ¢; = O(r=!) as r — oc.
Moreover, since 0,¢; = 0 at dMy, the mean curvatures across the glued
boundaries agree. Therefore, as ¢; € CL1(M;) and 5, € C®(M;), we
may apply the positive mass theorem with corners [25], [29] to conclude
that m; > 0, provided the scalar curvature of the doubled manifold is
nonnegative. Thus, it remains to show that the scalar curvature is
nonnegative.

Lemma 5.3. The scalar curvature of the doubled manifold is given
by

(5.26)
2

| Y R
Ry = 5 (W) 2(wi)™® o VT — 5(”% + = )V

+ (i) (Ry, — 21 Belg, — 2IBelg,) +2(wi) (| Bely, + 1Belg, — o)
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2
4 %(wti)—G((l +7;)? — ¢f F 40, (1 £7)) (ft - Wf;’ )
t
n %(w})76¢t <Agt¢t _ W:}V(bt) .
t

Proof. A standard formula yields

- _ 1 _
(5.27) R, = —8(w; )™ <Agtwt — gRgtwt ) .

Next, observe that
(5.28) Vw;, = 1A —w) VU + ¢V
2 (1 -5)? - ¢7

)

SO
L —T)AGT + 4D, | L [VT — [Veu|?
2 (1—1,)2 - 7 2 (1-5)? - ¢f
L1 = 1) VU + ¢ V|
2 (L—m)?—e7)3%

(5.29)  Agw; =

It follows that

(5.30)

1 2

R, 25(@)72(7«0{)78
+ (wy) " (R, — 2| B, — 2|By7,)

+ 20w, ) H|Eg, + |Belg, — fo) + 2(w; )7L = 00)(Ag, 0 — frv)

1
¢ VUi — 5@? +¢7 — 1)V,

1, _ _ _ V|2
+ 3w - o+ am1 - o) (1 - 50
t
Lo Vi, -V
+ §(wt ) O <Agt¢t - (bt) :
Ut
Since v, satisfies (5.2), we obtain the desired result for R A similar
calculation yields the formula for R ot q.e.d.

We are now ready to establish monotonicity of the mass.
Theorem 5.4. The mass my is nonincreasing.

Proof. First, we note that there exist small perturbations g: — g5,
LBy — I, By — B§ for which a strict charged dominant energy condition
holds on M;, and, in particular,

(5:31) Ry —2(IB[% +1Bl%) = Cf on M\ M(n),

for some constant C§ > 0. Here ¢ is the perturbation parameter, and
C; — 0 as ¢ — 0. Moreover, this perturbation may be constructed
to preserve the property of minimality for the boundary, as well as the
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divergence free property of the Maxwell fields. After the perturbation,
although dM; is minimal it may not be outermost, however, for the
present purpose the outermost condition is not necessary. That is, the
doubling argument only requires that the boundary be minimal, not
outermost. Let us now construct the desired deformation. Fix a smooth
positive function ¢ which vanishes sufficiently fast at spatial infinity, and
solve the semi-linear boundary value problem

1 1 _
(5.32) Agzte = gRozte + 2 (Rg +€0) z2=0 on DM,

(5.33) Orzte =0 on OM,, ze =1 as r— oo.

It is easily seen that a smooth positive solution exists for small ¢, and
is pointwise close to 1, by the implicit function theorem. Furthermore,
equation (5.32) implies that the conformal metric g; = Z;{Egt has scalar
curvature Ry = (Ry, +€0) 2, aS , and the Neumann boundary condition
guarantees that the boundary is still a minimal surface with respect to
the new metric. Now define (Ef)’ = z{EGEf and (Bf)! = z;EGB;f, so that
the perturbed Maxwell fields remain divergence free. Lastly, a strict
charged dominant energy condition holds

(5.34)

_ _ 9
Ry = (Ry, +20) 8 2 2:F (B2, +|Bil3) + 50> 2 (|B7 % + 1B 1% ).

The constant Cf may then be taken to be minpz,\ nr(7y) 50-

We will now apply the doubling argument to (M, g;, E5, Bf). Note
that since A, 79 > 0 are small enough, Theorem 6.9 guarantees existence
of the conformal factors (5.1). According to (5.25)

(5.35) my = —=2m + 2% (y —7,) + 60;,

where 07 — 0 as ¢ — 0. Since |y, — 7,| and 6] may be made arbitrarily
small, it will follow that m} < 0 if the mass of the doubled manifold is
nonnegative m; > 0. In light of the discussion preceding Lemma 5.3,
it suffices to show that the scalar curvature of the doubled manifold is
nonnegative. This will be accomplished in two cases associated with

different regions. For convenience, in what follows, the superscript e
will be omitted from most of the notation.

Case 1. 7 > 9.

In this region, with the help of (5.34), we find that

(5.36)
2
R > %(wf)*((l +7)? — 62 T 4T,(1 £7,)) <ft _ |V;gt| >
t
2
+ %(w?[)—ﬁ fo— YO |y Egm (B2 + B2, — ).
Ut
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The first line on the right-hand side is clearly nonnegative if A > 12,
since |v¢| < 1. Moreover, the second line is nonnegative for 7 > 27
in light of (5.4), and is nonnegative for 79 < 7 < 279 by (5.5) if A is
sufficiently small, depending on ¢.

Case 2. 0 < 7 < 719.

In this region (5.31) holds, and [v;|, ¢y, fr ~ O, wti ~ 1. Therefore,
(5.26) implies
(5.37)

1 - [Vr|? Vo - Vo
Ryp 2 5(wi) " |OF = 4f =2t 6e ( Bgde = — == ) |.
According to (5.8) we may write
(5.38) by = A1y + B(T, 7) (T — 1o)n() when 0<7 <710,

where T are coordinates on S; and B(Z,7) = 0;¢(T, 7). Then
(5.39)

0,6 <1B], 10264 <erg 1Bl Vil <crolVBl,  [Vogr] <enol V28,

where V represents the induced connection on S,. Estimates for 3 are
established in Appendix A (Theorem A.1), namely

(5.40) 18] + V8| + [V°8] < (70, ).

Here, unlike in the appendix, the constant ¢(79,e) depends on ¢ since
¢ depends on the perturbed initial data. It follows that

(5.41)

o1 |Dg, 0t — W = ¢y |Agy + 02y + HOr by — Vvtvth%
< con (7571181 + (V8] + [V75)))
< ¢(10,€) N>
Similarly,
(5.42) B
’i?ﬁSCC@@ﬂEW@P>gc@#WP+wm%sdm@»z

Therefore, by choosing A sufficiently small, dependent on € and 7y, we
find that the scalar curvature is nonnegative. q.e.d.

6. Existence of the conformal factor

In this section, we will show that a positive solution of the Dirichlet
problem (5.6), (5.7) exists, by constructing solutions to an auxiliary
problem on a finite domain and then taking a limit as the finite domains
exhaust M (7).



CHARGED PENROSE INEQUALITY FOR MULTIPLE HORIZONS 477

Let M (79, 70) denote the complement in M, of the region of distance
less than 79 from 0M; and the region outside Sy, in the asymptotically
flat end. Define

A21(7) T < %7'0
(6.1) ftoro = ’ljt St + ’Bt gt on M<27—0’ %TO)
%X(r) %7‘0 <r

which agrees with f; on M (0, %ro). Here § > 0 is a small parameter
to be determined and x is a smooth cut-off function with y = 1 on
%7“0 <r<rg+1, x=0onr > 2r, |Vx| < cro_l, and |V?y| < C?“O—Z.
On the transition region %7"0 <r< %ro, ft.ro 1s chosen so as to make
a smooth positive function. Next, solve (5.2), (5.3) with f; replaced
by ft,'f‘o

(62) Agt@tfo — ft,roﬁt,ro =0 on My, Ut ry = 0 on OM;,
v 1
(6.3) Uy = —1+ Tero +0 <2> as 1 — 00.
r r

The first main task is to establish existence of a positive solution to the
auxiliary Dirichlet problem

(6.4)
VUi -V A \Y%
Agtqst’ro _ 'Ut,’l“g ¢t,7‘0 _ ft,ro ’ i);’/‘o|gt on M('T[), T‘O),
Ut,ro ¢t7T0 Ut,TO
)
(6.5) or = )\Té on S, ¢r=-— on Sy,.
47’0

A priori estimates will be shown to hold independent of rg, so that
the desired solution of (5.6), (5.7) will arise as the limit ¢;,, — ¢; as
ro — OQ.

The following version of the Leray—Schauder fixed point theorem will
be applied to (6.4), (6.5). In what follows, we will temporarily drop all
references to the subindices ¢t and rqy associated with functions, as well
as the subscript g¢ associated with operators and norms.

Theorem 6.1. Suppose that B is a Banach space with norm || - ||,
C C B is a closed convex subset, ¢q is a point of C, T: C x [0,1] — C is
continuous and compact with T(¢$,0) = ¢g, for all $ € C, and suppose
that there is a fized constant I' > 0 such that

(6.6) l¢ll<T
is satisfied whenever ¢ € C satisfies T(¢p,s) = ¢ for some s € [0,1].
Then there exists ¢ € C such that T(p,1) = ¢.

Note that this version of the theorem is slightly more general than
that given in [13] (Theorem 11.6). The only difference is that 7' is
defined on C instead of B. This generalization is easily obtained using
Dugundji’s extension theorem [8] (Theorem 7.2).
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In order to set up the fixed point theorem, fix a positive function
0 € C®(M) with o ~ 773 as r — o0, and consider the regularized
equation

(6.7)

Vo -V Ao V|2
e T e = E TR e}
(6.8) ¢=Ag on Sy, ¢:—6L on Sy,

41"0

In equation (6.7), there are actually two regularizations at play. One
is the e-regularization which avoids problems when ¢ vanishes, and the
other is a capillarity regularization associated with the extra term (1 —
5)o, which aids in establishing C! estimates when s is sufficiently far
away from the important value 1. Later we will let ¢ — 0 in order to
obtain a solution of (6.4).

Let C be the cone of nonnegative C%(M (79, 70)) functions; note that
since M (79,70) is closed, this is the space of functions which are C? up
to the boundary. It is clear that C is closed and convex. Define the map
T:Cx[0,1] = C by T(¢,s) =1, where 1) solves

(6.9)
VT Vi sA V| B
AQ/}_ T _<<S¢+€)2 f_ 72 +(1_3)Q)1/}—0
on  M(79,70),
(6.10) =My on S, Y= % on Sy.
0

Then given ¢ € C there exists a unique solution ¢ € C%%(M (79, 70)) by
elliptic theory, for any 0 < a < 1. Moreover, 1) > 0 by the maximum
principle, so ¢ € C. The Schauder estimates imply that

(6.11) [Vl c2.0(0(rom0)) < CUBlcra(n(ro,m0)) €)s

and that 7T is continuous. Since C*% < (C? is compact, we also find
that T' is compact.

Next observe that if s = 0 then ¢ does not depend on ¢. Thus, in
order to apply the Leray—Schauder fixed point theorem, it remains only
to prove the a priori estimate

(6.12) |6lc2e (a1 (r0,m0)) < €

for a fixed point T'(¢,s) = ¢, where C' is independent of s. Note that
a fixed point satisfies the boundary value problem (6.7), (6.8). The
estimate (6.12) will be established in several steps. First, maximum
principle techniques produce C° bounds and also reduce C' bounds
to boundary gradient estimates, which are then obtained with a local
barrier argument. A positive subsolution is then constructed, which
allows a boot-strap procedure to yield higher order bounds.
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Proposition 6.2. For any s and €, Supy;(z, ) ¢ < max {7y, 4i0}

Proof. This follows directly from the maximum principle applied to
(6.7), (6.8). q.e.d.

Proposition 6.3. If A > 8 then there exists a constant C' indepen-
dent of s, €, and ro such that

(6.13) sup [Vo| <C(+|flcr) + sup [V
M (710,70) OM (1o,70)

Proof. We will apply a maximum principle argument to the equation
satisfied by |V¢|. Observe that

(6.14) AlV¢| = VI <¢iv”¢>

Vol |
_ V% n ¢'ViViVip  ¢'(Vij9)d' Vi
Vol Vo Vol?
_ VPSR | #'0iA¢ | Ryd'd! VIV
Vol Vol Vol Vol

where R;; denotes components of the Ricci tensor. Suppose that a global
interior maximum exists for |[V¢|. Then at this point we may assume
that

(6.15)

Vel C?(1+ ’
lvf\ S U2’f‘01) > of,

for some constant C' > 0, otherwise the desired result holds immediately.
Thus by (6.7) and (6.14), and setting h(¢) = sAp(s¢ + £)~2, it follows
that

(6.16)
V2|2 1 [(¢VoVle  ¢'VpVie (V- V)2
AV =T34 ﬂw\( A )
2
w1l (gh - 1)
h (¢'0;Vo|? (V- W) )
|v¢| < 72 —2 73 ‘V¢| ng-Vf)
Ryd'e! |VIVeI® , | ¢'0i(ed)
Vo T vel T g
At the maximum
(6.17) 0=0;|Vo|? =26;VIp, AV <O0.
Hence
(6.18)
IV2¢|2 oo s 2RVl o /
0= V| + Vol - B [Vo|* + (1= s)o— B[ = c(x)) [V

— WV [ = (1 =5)|Vele,
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for some positive function ¢(x) independent of s, £, and r¢, and falling-
off at least on the order of r—3 in the asymptotic end.
Let {e1,eq,e3 = %} be an orthonormal basis of tangent vectors at

the maximum point, then with the help of (6.17)

(6.19)
2
242 — 20(er e]? > L 20(e )| = L (AG)?
V2 = D [VPolen )] 2 5 | 30 Volene)| =5(89)%.
1,j=1,2 i=1,2
Moreover, using (6.7) and (6.15) produces
(6.20)
h? 2h|VD 2(1 — s)o9| VO 2h f|VD
(@0 2 5 voft- 2 wgp 2= el gy 2 g

Combining this with (6.18) then yields
(6.21)
h? ! 3h|Vo
0> (2t B iwop - 2 wap + (1 s)o— W1 — e(w) Vo
8t v 7|
)ed|Vo| — hf|VYl

ol ol

VS|~ (1 )|[Valp— L7

Let us now calculate
(6.22)
sA(—s¢p +¢) s2A2¢?
(s¢+e)  8(sp+e)t
A [(A—8s)(sp + )% +e(165 — 2A) (56 + €) + Ae?

8 (sp+e)t
By Young’s inequality

1
h/ 7h2:
+8

(85 — A)*(s¢ +¢)*

(6.23) £(165 — 2A)(s¢ +¢) < Ae® + A ;
and hence
1 s(A — 8s)
.24 IR >
(6:24) L P

Then since |7| < 1,

h? N - s(A —8s)

We are now in a position to obtain a contradiction to the assumption
(6.15), if C' is chosen sufficiently large and independent of s, &, and ry.
If s < 1, then apply (6.15) and (6.25) to dominate all terms in (6.18)
involving h. That is,
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(6.26)
4 3h| V71| hf|IVT|
L) vel — Vol|? — |W|fIVo| — h|Vf] —
(s + 22 ) 190 = 25 w2 1 s191 — i - 225
if C is large enough. Similarly, if s > 3, then (6.15) and (6.25) may
be used to dominate all terms in (6.18) whether or not they involve h.

Furthermore, for s < 1, (1—s)0|V¢| may be used to dominate all terms
not involving h. That is,

> 0,

(627)  ((1—s)o—c(x)) V4] — (1 — 8)|Volé - “fﬁW' >0,
if C' is large enough. Notice that inequalities (6.26) and (6.27) are not
consistent with (6.18). We conclude that there must exist a finite C,
independent of s, e, and 7o, such that |V¢| < C(1 + |f|c1) at a global
interior max, if this point exists. If the global maximum is not attained
on the interior, then it must be obtained on the boundary, and the

desired result (6.13) follows. q.e.d.

We will now establish boundary gradient estimates by constructing
appropriate local barriers.

Lemma 6.4. If A\1) > %, and 19 > 0 is sufficiently small, then
there exists a constant C' independent of s, €, \, and 1y such that

(6.28) Véls,, < Chm.

Proof. Since ¢ is constant on S, it suffices to estimate the normal de-
rivative. As )\7'3‘ > &, an upper barrier is trivial to construct. Namely,
by the maximum principle ¢ < A7y globally. Hence we have

(6.29) 0r0ls,, <0.

A lower barrier will now be constructed as the solution to an Eikonal
equation near the boundary

(6.30) |Vé|2:f52 on  D(r9,71), Q:)\Té on Sn,

where 7 = 79 + 705 /2 and D(71g, 1) denotes the domain enclosed by Sy,
and S;,. Note that the surface S;, is noncharacteristic for this initial
value problem, since it is possible to solve for 9:¢[s, . We claim that
there is a solution with ¢ < 0 on S;,. This will follow from an implicit
function theorem argum%nt. First construct an approximate solution
¢o. Expand

(6.31) T =7g+71(r — 70) + O(|7 — 70]?),

and observe that since 0-7|gp < 0 we have 0,7 S, =01 <0, and also
—cr9 < Tp < —c 1. Then plugging (6.31) into equation (6.30), and
using f = \2[1 — 275! (7 — 7)) on D(m,71), yields
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(6.32)

A B M7 — 1|V H
oo = )\Té+)\U0(T—T0)+§ (Ul — T 1UO) (T_TO)2+' 40 <’7_Nol>’

0
with
)\2|’7' — T0’N

2 2

(6.33) Vo|” = fv° + O (TéV—Q ;

for any large N, depending on how many terms are given in ¢g. Below,
N > 3 is sufficient.
Consider now the linearized equation

(6.34) Lp:=V¢o-Vo=1v on D(m,71), ¢=0 on Sp.
Since 8T¢0|STO = A7y # 0, the method of characteristics shows that we

can always solve this initial value problem. Moreover, L : Cl = 0 is
an isomorphism if C! consists of all C'! functions vanishing on S;,. We
may now apply the implicit function theorem to obtain a local smooth

solution ¢ of (6.30) for |rg — 71| = Tg /2 sufficiently small.

To show that ¢[s, < 0, choose 1 sufficiently small so that ¢ols, < 0.
This is satisfied if
(6.35) AT < Aol lm1 — 70| ~ A%,
It follows that

N
(6.36) ¢:¢0+(¢—¢0):¢0+0<w><0 on Sr,

if 79 is sufficiently small.

Continuing with the proof of the boundary gradient estimate, we will
use ¢ as a lower barrier. To see that ¢ is a subsolution of (6.7) on
D(79,711), calculate

(6.37) Ap =029+ HO ¢+ Ag, ¢

A o N-2
= 02¢0 + HOr o + Ag, ¢ + O (M>

N—2
To

= A1 — 75 'Wo) + O <M_T°|> ,
70
and
(6.38)
Vv-V¢ 0;00-¢ Vuv-V¢
I R

_ 077?7% n Vo ;ﬁcbo L0 <>\|Tl - To’N_1>

v v Tév_l
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1 Al —
= (3+0m) 0w+ 00l = nl) + 0 (A=)
0
Avow(MUOHMﬁ—Ta\),
70

where we have used 7 = 97+O(72) with v < 0; V represents the induced
connection on S;. On the other side of (6.7), equation (6.30) eliminates
one term and the other satisfies

(6.39) (1—-s)op < c)\Tg’.
Now observe that
(6.40)
o1 = 0:0ls,, = OTlon + O(m0), Do = Dls,, = 0-0lomr7o + O(75),

which implies
1 1 T T — T
(6.41) 71 — < + > To = ——0:|gns + O(70) > 2¢+ O <|10|> 7
T T T o
for some constant ¢ > 0. Hence, if 7 is sufficiently small

(6.42)
i 11 Al —
Aé—u /\[v1—<+>vo]+0<)\vo+|ﬁ7—o)
v T0 T T0
> 2eA + O(AT/%) > 0.

Note that this positive lower bound is a result of the choice f = A\?[1 —
275 (1 — 70)] on D(79,71), and is the reason for defining f in this way.
In light of (6.30) and (6.39), we find that ¢ is a subsolution of (6.7) in
the following sense B

\V4 2
;v

v

Vo -V sA¢
(6.43) Ap — - > (50 1 2)2

+ (1 — 5)09.

It is important that the coefficient =" involves ¢ instead of ¢, for the

(s <z>+ )
comparison argument below. This motivates using the Eikonal equation
(6.30) to construct the subsolution.

Having shown that ¢ is a subsolution, we now compare it with ¢.

Note that

(6.44)
v - _ s 2 2
s Y Viqﬁ ¢)<(S¢A+¢€ <’f Vo ‘ rw\)
+(1—s)g(¢—@,
and

(6.45) (60— Dls, =0, (6-9s, >0,
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At an interior minimum of ¢ — ¢, [V¢| = |[V¢| and A(¢ —¢) > 0, which
yields a contradiction. We conclude that ¢ — ¢ > 0 on D(7,71), and
hence 8Tq5\5m > 0-¢| S, Since

(6.46)
A _ N-1 A _
8, = B, + O ('TINTOI‘) = \To + O (‘“TO’) > A,
- 70 70
the desired result follows. q.e.d.

Using similar methods a boundary gradient estimate may be estab-
lished at Sy, .

Lemma 6.5. If rq is sufficiently large, then
2
6.47 \v —.
(6.47) Vols,, < —

Proof. Let ry = %ro. An upper barrier may be constructed in the
form

(6.48) 6= 41 +a(rg—r) for relry,r.
70

A basic calculation shows that
(6.49) Apg———C=_-240

Hence, if a > 0 and r( is large enough, ¢ is a supersolution

sAo
(50 +¢)?

(6.50)  A¢—

<0< ————

+ (1 —5)09-

Moreover, if a = 2r; ! then

)
(6.51) dls,, = +1> M= sup ¢.
0

4T M (10,r0)
A comparison argument then implies that ¢ > ¢ for r1 < r < 7.
Therefore,
2
(6.52) 8r¢|57~0 > —%.

As in the proof of Lemma 6.4, a lower barrier will be constructed as
a solution to the Eikonal equation

J

(6.53) |Vé|2:f§2 on B(ry,rg), =
70

\ %

on Sy,

where B(ry,79) is the region between S,, and S,,. Note that S,, is
noncharacteristic for this initial value problem, since it is possible to
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solve for 0,¢| S,,- In order to apply the implicit function theorem, an
approximate solution may be found in the form

0 o

(654) ¢)0 = 47700 - %(TQ - 7").

Using the fact that f = i—i, a direct calculation produces
0

52
(6.55) IVgo|*> — fo° =0 <4> .
7o
The implicit function theorem now yields a solution
4]
(6.56) ¢=¢o+ O <2> .
o
Moreover,
o 1)
(657) 9’3” ——4TO+O< 0) <0

if rg is large enough.
In order to show that ¢ is a subsolution on B(r1,79), observe that

(6.58) Ag =02¢ + %a@ju O(r ' V2| +r7%|Vg|) = 2—5 +0 (f )
0
and

(6.59) VoVe g (!WI) 0 <54> .

2
v r L)

On the other side of equation (6.7), one term is eliminated with the aid
of (6.53) and the other satisfies

)
(6.60) (1= s)elol =0 (%),
To
since o < er~3. It follows that
(6.61)
Vv -V 20 1)
s T2 o (9)
) rro o
20 )
> 3 + O <4>
To To

0 A
> O (4) - i ¢
o (s +¢)?
A comparison argument now shows that ¢ > ¢ on B(r1, o), which yields

o
62 . < —,
(6.62) 06lsry < 5,3

|V¢>I2

f- + (1 — 5)o9.

if rg is sufficiently large. q.e.d.
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By combining Proposition 6.3, Lemma 6.4, and Lemma 6.5 we obtain

global C'! bounds.

Corollary 6.6. If 1o > 0 is sufficiently small, rq is sufficiently large,
and A > 8 then there exists a constant C independent of s, €, and rg
such that

(6.63) sup |[Vo| < C(1+ [f[er).
M(To,’r‘())

We are now in position to establish a basic existence results.

Theorem 6.7. If \,7q > 0, 79 is sufficiently small, ro is suffi-
ciently large, and A > 8 then there exists a positive solution ¢,. €
C?*%(M(19,70)), for any a € [0,1), of (6.7), (6.8) with s = 1.

Proof. In order to apply the Leray—Schauder theorem, it suffices to
establish a C*“ estimate. Observe that with the aid of Proposition 6.2
and Corollary 6.6, and the fact that s¢p + & > ¢ > 0, we have A¢ —
@ € L™ and the corresponding bound is independent of s. This
implies that ¢ € W?2P for any p, and hence ¢ € C1* for any o < 1,
again independent of s. Thus A¢ — @ € 0% which implies that

¢ € C*“. That is,

(6.64) [Pl (n(roro)) < O

where C' is independent of s. This guarantees the existence of a positive
solution ¢, . € C%*(M(19,70)) of (6.7), (6.8) with s = 1, which satisfies
(6.64). q.e.d.

In order to proceed further towards the goal of establishing C* es-
timates independent of e, a uniform positive lower bound for ¢, . is
needed. To this end let us rewrite (6.7), with s = 1, as an equation for
¢ = (¢hryc +€)3. Observe that

(6.65) AC = 3(drg.c +)° Adpgc +6(6 + )|V o,

and

(6.66) W%W = 3(W'j¢m’5)(¢m,e +e)2.

It follows that

(6.67) AC— W%VC = 3A[(br,c+e)—e] | f — v % +6]Vebry e |2C5.
Hence

(6.68) AC — W%W _BCE = —3eA ‘f - W’ <0

where

(6.69) d = 3A ‘f + 6|V, |
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and

5 3
670 s, =Om e ds, = (5 +e)
To
According to the C° and C! estimates ® < ®(, where ® is a function
independent of €, ro, and ¢, .
Suppose that there exists a solution of the Dirichlet problem

Vv -V
(671) Ag — Y g - (I)OQ% =0 on M(TO’TO)y

3
(6.72) =01 on S, (= <5> on Sy,.
= 4rg

By the maximum principle the solution is positive. Moreover, it is
independent of ¢, and ¢, ¢, and ¢ > (. To see this, use a comparison
argument. Observe that

Vv -V( — 1 1
(6.73) Ac-¢)— VY geh gyt

(6.74) (€= Qlsyy >0, (€=Qls,y >0
Suppose that ¢ —¢ < 0 somewhere, and let o be the point at which the

global minimum is achieved. Then C%(xo) < g% (z0), [V(C=¢)(x0)| = 0,
and A(¢ — ¢)(xg) > 0, so that

(6.75) 0< A(C - O)(ag) - L9 )

v
1 1
< O3 (20) — PoC3(w0)
< (5(® — @) (20) < 0.
This contradiction implies that ¢ > ¢ on all of M (79, 70), and yields the
desired uniform positive lower bound. Hence (¢, - + €)% > ¢ or rather
Droe > g% —e. Since ¢ > 0 is independent of €, we find that ¢, . > %Q%
for all sufficiently small €.
Proposition 6.8. If \,79 > 0 then there exists a smooth positive
1
function ¢ independent of €, and ¢p, e, such that ¢p,e > (3 — € on
M (79, 7r0). In particular, ¢r, - > %£§ for all sufficiently small .

Proof. It only remains to establish the existence of . Write the
equation as

(6.76) div (Yf) - ‘I’Ogé =0,

and consider the functional

1|VC? | 3®g .4
(6.77) I[C] :/ = Tt 7563
M (79,r0) 2 ‘,U’ 4 |U‘
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We will minimize it over all H'(M (7g,70))-functions with the fixed
boundary values as in (6.72). To show that this functional is bounded
from below, apply Holder’s inequality and use Vol(M (79,79)) < oo to
find
(6.75) [ B <alclis e

M(To,?"o) "U’

where o is a small parameter. Moreover, by Poincaré’s inequality

2 _ . 4342
(6.79) /M(WO) V(PP = /M(WO)IV(C (A19)?)]

> / ¢ — (3P
M (10,70

= [ @ -2+ )
M(10,70)

> / 2051C2 — C3.
M(10,70)

It follows that if o is sufficiently small then
(6.80) 1) > et 1 ¢ I —es,

and hence I[(] is bounded from below.
By direct methods in the calculus of variations, there is a minimizing
sequence that has a weakly convergent (in H') subsequence ¢; — (.

Then since H! < L? is compact, ¢; — ¢ strongly in L?. In particula;,
G — ¢ in L%, so that

4
(6.81) / G / cs.
M (70,r0) M (to,r0)

Since the H' norm is weakly lower semicontinuous, it follows that ¢
realizes the infimum, and is hence a weak solution.

Now use elliptic regularity. Since ¢ 5 € L5, by (6.71) we have A¢ —
% € LS, which implies that [QS W26 < 03, This in turn implies
Q% € 09 so that ¢ € W2P for any p > 1, and hence ¢ € Che for any

a < 1. Since ¢ > 0 it follows that g% € 0% and hence ¢ € c>e,
Boot-strapping then produces ¢ € C°. q.e.d.

ol

Having established a uniform lower bound, we may let ¢ — 0 and
rg — 00 to obtain the main existence result.

Theorem 6.9. If \, 9 > 0, 7g is sufficiently small, and A > 8, then
there exists a positive solution ¢; € C>*(M(1p)), for any a € [0,1), of
(5.6), (5.7).
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Proof. In light of the uniform lower bound in Proposition 6.8, the
same arguments appearing in the proof of Theorem 6.7 yield a C%
estimate (6.64), with C' independent of . Thus, after possibly passing
to a subsequence ¢, . — ¢, as € — 0, yielding a positive solution of
(6.4), (6.5) which also satisfies (6.64).

We will now let rg — oo. In order to control the decay at spatial
infinity, we construct a global upper barrier by solving

thﬂ’o : Qst,?”o

Aat,ro — = =0 on M(m),
(6.82) t )
- — C
¢t,7‘0 |STO = 17 ¢t,7"0 = t,;jno + O <,,,,2> as T % 007

where ¢, is a positive constant. Since vy ,, smoothly converges to v;
as rop — 00, it holds that ¢, — ¢; > 0 and atm — ¢, the solution of
(6.82) with vy, replaced by v;. Thus if § is chosen sufficiently small
(independent of rg), then ¢, | Sry > Ptiols,,- A standard comparison
argument now applies to yield ¢, > ¢, on M (79,70).

Let ¢ o denote the lower bound which arises from the construction
in Proposition 6.8. Since ®q and sup ¢ try AT€ controlled independent of
70, higher order a priori estimates for ¢ 1y AT€ also independent of 7,
so that gt,ro — ¢, on compact subsets as rg — oo, where gt > ( satisfies

1
equation (6.71) with Ty, replaced by ;. Therefore, since (2, < b1,
the function ¢;,, is uniformly bounded below by a positive constant
on any compact subset, independent of ry. As the CY and C' bounds
of Proposition 6.2 and Corollary 6.6 are also independent of rg, C*
estimates on compact subsets may be established analogously to (6.64)
and independently of rg. This implies that, after possibly passing to a
subsequence, ¢t ., — ¢¢ as ro — 00, where ¢ satisfies (5.6). Moreover,
1

since ¢} < ¢y < @,, (5.7) is also valid and ¢; is strictly positive. q.e.d.

Remark 6.10. It is unlikely that higher order regularity better than
C?® is possible, due to the presence of an absolute value on the right-
hand side of (5.6).

7. Proof of the main theorem

The purpose of this section is to prove Theorem 1.1. First observe
that if p = |q|, or equivalently |OM |, = 4mq?, then the Penrose inequal-
ity with charge (1.2) is equivalent to the positive mass theorem with
charge m > |q|, which has already been established in [12]. The case of
equality for this theorem, asserts that the initial data must be isomet-
ric to the canonical slice of the Majumdar—Papapetrou spacetime [5].
However, such initial data does not possess a minimal surface boundary,
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and hence does not fall under the hypotheses of Theorem 1.1. Hence,
when the area/charge inequality is saturated we must have m > |q|.
Now assume that [OM |, > 47q?, so that, in particular, Theorem 4.5
applies. Note that the results of Section 4 require a perturbation of the
initial data to achieve charged harmonic asymptotics, thus we assume
here that such a perturbation has been made. Theorems 2.1 and 5.4
imply that the areas |0M;|,, and charges ¢; remain constant throughout
the flow, while the mass m(t) is nonincreasing. Moreover, Theorem 4.5
guarantees that for some finite time ¢ the minimal boundary dMj is
connected. Consider now the initial data set (Mg, g, By, By). It satisfies
all the hypotheses of the Penrose inequality with charge for a single
black hole, namely the boundary is an outermost minimal surface, the
charged dominant energy condition is valid, and the Maxwell constraints
holds without charged matter. As the inequality has been proven for a
single black hole [15], [16], it follows that
(7.1)

/ |a ‘gt / |8 0|90
m( \/ ]8M |gt V |8M0|goq0

Since this holds for an arbitrarily small perturbation of the data, (1.2)
holds for the original initial data. Notice that we avoid the convergence
issue concerning the flow, by employing the inverse mean curvature flow
once the minimal surface becomes connected. Whether the charged
conformal flow converges to the canonical Reissner—Nordstrom data is
an interesting question, which we strongly believe has an affirmative
answer. Ultimately though, it is not necessary for the current result,
and so it will be left for future investigation.

It remains to establish the rigidity statement, whose proof is outlined
as follows. First, it will be shown that saturation of the Penrose in-
equality with charge forces the mass to be constant along the charged
conformal flow. From the first derivative formula, this implies that the
mass of the doubled manifold is arbitrarily small, and hence the doubled
manifold must have trivial topology. In this case the original initial data
has only a single boundary component, and previous results [9] then ap-
ply to yield the desired conclusion. We now provide a detailed account.

Here it is not necessary to perturb the initial data to achieve charged
harmonic asymptotics. Suppose that equality holds in (1.2). We con-
clude that the mass remains constant throughout the flow m/(t) = 0.
To see this, suppose not, then

n [0Molg, T 2
7.2 t +

for some ¢. A contradiction is obtained by applying the results of the
previous paragraph to the initial data set (Mg, gy, Ef, By). Equation
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(5.35) now implies that
1
(7.3) e 2y —7,) + §0§ =m°(t) forall ¢>0,

where m?(t) is the mass of the doubled manifold (M;” U M, , (g5)* U
(g5)7) and g5 is defined in the proof of Theorem 5.4.

We claim that the doubled manifold must be diffeomorphic to R?. To
see this, suppose that it is not true. Then 0M; must have two or more
components. According to the result of Meeks—Simon-Yau [24], there
is then an outermost minimal surface S;(g, 7p) in the doubled manifold
which encloses the nontrivial topology. Since the scalar curvature of the
doubled manifold is nonnegative, the Penrose inequality and (7.3) then
yield

1 1St (e, 70) | (g5)+ Ugs) -

A) e (v —7,) + 205 > S forall ¢ 0.
(74) e " (n ’Yt)+29_\/ T6m orall ¢t>0
For each fixed ¢, Theorem 5.2 shows that |y — 7, — 0 as 7o — 0, and
from the proof of Theorem 5.4 we have 0; — 0 as € — 0. On the other
hand, ¢; — 0 and Ty — v; both in C° as 79 — 0 and € — 0 (note that
higher order convergence of ¢; is not generally possible), so that the

conformal factors defining the doubled metric converge as wfE — %

in C°. Let §ti = (1%—”)4%. It follows that

1
(7.5) [Se(e:70)l(g5)+uie) - = 51Se(e: T0)lg5 g

for 79, e sufficiently small. There is, however, a positive lower bound
for the area of any surface enclosing the nontrivial topology in (M," U
M., g} Ug; ). Hence there is a positive lower bound independent of
7o and ¢ for the right-hand side of (7.5). This leads to a contradic-
tion with (7.4) for sufficiently small 79 and €. Therefore, the doubled
manifold must have trivial topology, or equivalently 0 M; consists of one
component for all ¢ > 0.

Rigidity for the Penrose inequality with charge in the case of one
black hole was established in [9]. This result relies on monotonicity of
the so called charged Hawking mass

5| 4rq® 1 2

(7.6) Mcg(S) = 167 (1 + 5| Tom SH dA> ,

under inverse mean curvature flow. In [9] only the electric field was
present, and ¢ in (7.6) represented the total electric charge. However,
the same proof applies when both the electric and magnetic fields are
present, if ¢ = ¢ +¢7. It follows that (M, g) is isometric to the canon-
ical slice of the Reissner-Nordstrém spacetime, and F = —¢q.Vr 1,
B = —¢,Vr~! in the usual anisotropic coordinates. This concludes the
proof.
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Appendix A. Estimates at S,

In this section, we will establish the estimates for ¢, at S;, appearing
in (5.40). For simplicity, the subindex ¢ will be suppressed. Note that by
the Hopf lemma 67¢|5T0 < 0, so the level sets of ¢ foliate a neighborhood
of S;,. Consider the domain

(A1) Q,={z e M|ory < ¢ <A},

where o is sufficiently small to guarantee that €, C D(Tg, 47'0), the
domain enclosed by S;, and S . Then f = X[l — 275 (1 — 70)]
on ;. We may then apply the method of proof for Proposition 6.3
to obtain a C! estimate on Q,. The key inequality which leads to
the desired estimate is the analogue of (6.18). Namely using (6.25),
c 19 < |9] < erp, and s = 1, € = 0 we find that at a global maximum
for Vg,
(A.2)
c1(A-8) 3 cA 2 Af cAf
S vef - Sl —e (G + 1) Ivel - Svr - 5L
for some constant ¢ > 0 independent of A, 79, and o. It is clear that if
V| > coArp for ¢y sufficiently large, then a contradiction is obtained
from (A.2). We conclude that at a global interior maximum, there exists
a finite constant ¢ such that |[V¢| < cArp. It follows that

(A.3) sup |[Vo| < eArp + sup [V|.
Qo %

0>

The boundary of €2, consists of two types of components. One is Sy,
where a gradient estimate has already been established in Lemma 6.4.
The other type of component is also a level set of ¢, and possesses
a neighborhood in which f has the desired expression, so Lemma 6.4
applies here as well to yield |Vo|aqa, < cAr. Together with (A.3), this
implies that

(A.4) sup |Vo| < cArp.
Qg

We now claim that Sz, C Q, for some 7o > 7y independent of X\. To
see this, let T be coordinates on S;, and observe that (A.4) implies

(A.5) ¢(§7 T) - ¢(T7 TO) - /T 6T¢(Ta §)d§ > _C)\TO(T - TO)a

so that
(A.6) o(z, 1) > )\Té — cA1o(T — 7T0).

Thus, if 79 = 79 + 7'0 then

1
(A7) Pls-, > iATg} > oAy,
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assuming that o < 1/2. This verifies the claim. It follows that Vol(2,) >
Coy > 0 where (Y is independent of A. Therefore, the constants appear-
ing in the LP and Schauder estimates, as well as the Sobolev embeddings,
are independent of .

By the LP estimates and the equation (5.6) satisfied by ¢,

(A8) | ¢ lwer)<cA (| 67 F o) + | 67V o (e,))
+c(Il ¢l + 11 @ llw2eaa,)) »

where the constant ¢ depends on 7y but not on A\. With the aid of (A.4),
J)\Té <o < /\761, and f < A2, this implies that
(A.9)

| & llw2r@,)< c(m0)As which yields [Plcta,) < c(T0)A

By the Schauder estimates

(A.10) Bl c2a(a,) <eA (107" fleoa,) + 167 VO coe(q,))

+c(|¢leo,) + 19le2aon,))
SC(T(]))\.

Due to the absolute value on the right-hand side of (5.6), C?“-estimates
are generally the highest order estimates possible. However, since one-
sided derivatives of the absolute value of a smooth function are Lipschitz,
taking the one-sided derivative 0, at S;, yields an equation for 0-¢
whose right-hand side is Lipschitz near S,,. Then C%®-estimates follow
for 0r¢. We have thus proven the following theorem.

Theorem A.1. If 1y is sufficiently small and A > 8, then the solution
of (5.6), (5.7) constructed in Theorem 6.9 satisfies

(A.11) V20l + V205, + [Vuls,, + ¢ils,, < (o)A,

where ¢(19) is independent of \.

Appendix B. The Reissner—Nordstréom Flow

In this section, we construct the charged conformal flow in the canon-
ical slice of the Reissner—Nordstrom spacetime. Consider the exte-
rior Reissner—Nordstrom metric with mass m and squared total charge
P =q+ qg, in non-isotropic coordinates,

2m  ¢*\ o 2m  ¢? ! 9 9. 9
r r

T T

T>m+\/m? — g2,
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where do? is the round metric on the 2-sphere. The electric and mag-
netic fields are given by

).

2m 2\ !
Ei:—<1—+(]2) ai(
T T

2m 2\ !
Bi:—<1—+q2> 81‘(
T T

Change coordinates by

SR

(B.2)

S

2 2
_ m- —q
(B.3) T=r+m .
to obtain the expression of the metric in isotropic coordinates
(B.4)

2_ 2 2
1 m’=q - 2 _ 2\ 2 2_ 2
B e dt2+<1+m+qu) PRt
1+m+m—q r 4r 2

r 472
with corresponding electric and magnetic fields
m  m?— > -1 q
B.5 E=— (1403 T) (—)
(B.5) ! ( + ot s ) i)
(B6) e (1am ‘13.(%)
’ L r 4r2 ‘N /)’

where § is the Euclidean metric.
We may write the Reissner—Nordstrom spacetime metric as V2 +
g. In isotropic coordinates g = U*§, where

m  m?—q?
B.7 U(z) = \/ 14—+ ————.
(B.7) (@) =1+ 2+
The electric field may now be expressed as
(B.8) B = -V 1y (qe> in non-isotropic coordinates,
p
(B.9) E; = —U20; (%) in isotropic coordinates.
r

Notice that this makes sense from previous formulas, since (in isotropic
coordinates) we know that E* = U~SE} is divergence free whenever
FEs is divergence free with respect to d; this is of course the case, as
Es = ¢.Vr~!. We can also check that the electric fields agree in the
two different coordinates:

(B.10)

— 1 ge 1 gedr 1 ge mQ—qQ
Brdi = ——di = ———dr=—= (1- ——*)d
r Vv T2 r vV T2 dr r Vv 7”2 47"2 r

2 9
L % (1—m q)dr——U_gé?T(qe)dr—Erdr.

4r2 r

Similar considerations hold for the magnetic field.
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The conformal flow g; = ufg is given by rescaling coordinates by
x — e 2z, thus

2t 2 2
—2t . m  e*(m?—g¢?)
\/e + P + 472

(B.11) u(z) = —
m2—
L+ % + 4r2q

In order to calculate the flow velocity v, observe that

(B12) Ve = —tlogut =

d ot m orm2—gq> "
€ + r te 4r2

/2 _q2
As usual v; = 0 on the minimal surface M, = {r = Y~} and
v — —1 asr — oo. Set Uy = uU, then g; = Ut45. In order to calculate
the equation satisfied by v, recall the identities

(B.13) Lgve =U; °Ls(Uwt), Ry, = —8U; °LsUs = —8U; °AsUs.
It follows that
1

(B14) Agv = o Ry + U7° As(Upvy)

= —U; 0 AsUp + U2 (U Asvg + 2VU; - Vo, 4+ v AsUy)

= U{4(A51}t +2Vlog U - V).
A computation shows that

2

(B.15) Asv; =0%v; + ~0pvy

m?—q? 2t m(m?—q?)
rd te 215

2
2
—2t 4 m 2t m2—q
(6 + r te 472 )
—otm | m*—¢? atm(m?—¢*)\ ((m o2t m’—q?

T T

2 2 3 ’
—2t m 2tm~—q
(e I s )

and
—2tm —q 2t m(m?®—g°)

e + = + et =0

(B.16) Ovy = ——12 —
(e—Qt + m + e2t m4T_2q )
4 e2tmi=q®

(B.17) o logUy = —— = xt

2 (e‘Qt + 4 et )
Therefore,

2,.—4

(BlS) Agtvt = ar Vt.

( 7215_1_ +€2tm 2>4
472
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However, since E} = Utf6E§ we have

2,.—4
qer

2 2 4’
<€—2t+%+62tm4*q )

(B.19) | Bl = U | Bsls =

r2

with an identical formula for the squared norm of the magnetic field
when ¢, is replaced by ¢,. It is also true that R, = 2 (\Et\gt + \Bt‘zt),
which may be verified from the identity

(B.20) Ry, = —8U; °LsU; = —8U; > AsUy.

Thus, the equation satisfied by the velocity function is

(le) Agtvt — (‘Et‘f]t + ‘Bt‘?]t) UVt = 0 or Agtvt — %Rgtvt =0.
We remark that this equation for v, is precisely the one satisfied by
the warping factor of the Reissner—Nordstrom spacetime. In fact, the
Reissner—Nordstrom spacetime metric may be written as —thde +ug.
This structure is also valid for the Schwarzschild spacetime if u; and v,
arise from Bray’s original conformal flow. Given an arbitrary metric g,
this shows how to associate a static spacetime with (M, g), namely use
the conformal factor and velocity functions from the conformal flow, to

generate a static spacetime as above.
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