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A YAMABE-TYPE PROBLEM ON SMOOTH METRIC
MEASURE SPACES

JEFFREY S. CASE

Abstract

We describe and partially solve a natural Yamabe-type prob-
lem on smooth metric measure spaces which interpolates between
the Yamabe problem and the problem of finding minimizers for
Perelman’s v-entropy. In Euclidean space, this problem reduces to
the characterization of the minimizers of the family of Gagliardo—
Nirenberg inequalities studied by Del Pino and Dolbeault. We
show that minimizers always exist on a compact manifold pro-
vided the weighted Yamabe constant is strictly less than its value
on Euclidean space. We also show that strict inequality holds for
a large class of smooth metric measure spaces, but we also give
an example which shows that minimizers of the weighted Yamabe
constant do not always exist.

1. Introduction

The Yamabe constant and Perelman’s v-entropy are two important
geometric invariants in Riemannian geometry which share many sim-
ilarities. Both constants are intimately related to sharp Sobolev-type
inequalities on Euclidean space, with the Yamabe constant recovering
the best constant for the Sobolev inequality and the v-entropy recov-
ering the best constant for the logarithmic Sobolev inequality. In the
curved setting, these constants are defined as the infima of Sobolev-type
quotients involving scalar curvature, and one can show that the infima
are achieved by positive smooth functions through a two-step process.
First, one shows that minimizing sequences cannot concentrate pro-
vided the Yamabe constant (resp. v-entropy) is strictly less than the
best constant for the Sobolev inequality (resp. logarithmic Sobolev in-
equality) on Euclidean space. Second one shows that strict inequality
always holds on a compact manifold, except in the case of the Yamabe
constant on the standard conformal sphere.

It turns out that there is a natural one-parameter family of geometric
invariants which interpolate between the Yamabe constant and the v-
entropy. These invariants, which we call weighted Yamabe constants,
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468 J. S. CASE

were introduced by the author [10] as curved analogues of the best
constants in the family of Gagliardo—Nirenberg inequalities studied by
Del Pino and Dolbeault [13]. The purpose of this article is to study to
what extent these invariants interpolate between the Yamabe constant
and the v-entropy, focusing on issues related to the problem of finding
minimizers of the weighted Yamabe quotients.

In order to explain our results, we first recall the aforementioned
result of Del Pino and Dolbeault [13].

Theorem 1.1 (Del Pino-Dolbeault). Fiz m € [0,00). Given any
2(m+n)
w € WH2(R™) N Lm+n=2 (R™) it holds that

(1.1)
2m
2(m+n) 2(m4n—1) \ n
Am,n </ wm+n2> S </ IVwP) </ w mtn—2 > ,
n Rn n

where the constant Ay, , is given by

(12) A, = Pt =27 <2(m+n— 1)>2’T <F(2m%)>",

2m+n—2

2m+n —2 2m+n —2 I'(m+n)

Moreover, equality holds in (1.1) if and only if there is a constant € > 0
and a point xo € R™ such that w is a constant multiple of the function

m+n—2
2e 2

g2 + |x — xo]?

(13) (o) =

There are four features of Theorem 1.1 which we wish to emphasize.
First, Theorem 1.1 recovers the sharp Sobolev inequality [3, 22] in the
case m = 0 and the sharp logarithmic Sobolev inequality in the case
m = oo. Second, the extremal functions (1.3) are all the same, except
for the dependence of the exponent on the parameter m. Third, the
functions we 5, concentrate at zp as ¢ — 0. Fourth, the family (1.1) of
Gagliardo—Nirenberg (GN) inequalities is, in a certain sense, the only
such family with geometrically significant extremal functions. This last
point requires further explanation.

Given constants 2 < p < ¢ < %, the sharp Sobolev inequality
and Hélder’s inequality yield a positive constant C), , such that the GN
inequality

(1.4) lwllg < Cp gl Vewll3 el

holds for all w € C§°(R™). At present, only in the case 2p = ¢+ 2, cor-

responding to the family (1.1), is the best constant C, , known (there

are other cases known in the range 1 < p < ¢ < 22 e.g. [7, 13]).

n—27
This leads one to wonder if there is some geometric property distin-
guishing this family. One such property was previously described by

the author [10]: The formalism of smooth metric measure spaces allows



A YAMABE-TYPE PROBLEM ON SMOOTH METRIC MEASURE SPACES 469

one to define conformal invariants which give a curved analogue of the
sharp constant C, , in (1.4) as the infimum of the total weighted scalar
curvature subject to certain volume constraints. In this framework, the
family (1.1) has the property that it is the only family of GN inequali-
ties (1.4) for which the extremal functions on Euclidean space are also
critical points of the constrained total weighted scalar curvature func-
tional through variations of the metric or the measure. This generalizes
the fact that extremal functions of the Sobolev inequality (resp. loga-
rithmic Sobolev inequality) give rise to conformally flat Einstein metrics
on R™ (resp. Gaussian measures on R").

To explain the results of this article requires some terminology. A
smooth metric measure space is a four-tuple (M",g, e ® dvol,m) of a
Riemannian manifold (M", g), a smooth measure e~? dvol determined
by a function ¢ € C*°(M) and the Riemannian volume element of g,
and a dimensional parameter m € [0, 0c]. The weighted scalar curvature
R of a smooth metric measure space is R}’ := R + 2A¢ — mtl 7|2,
where R and A are the scalar curvature and Laplacian associated to the
metric g, respectively. The weighted Yamabe quotient is the functional

2m
2(m+n—1) n
(ﬂva %Rm 2) <f’fu)’m+n 2 e¢>/m>
(15&) Q(w) = 2m+4n—2 )

2(m+n) T n
(Jp55%)

where all integrals are taken with respect to e~® dvol; in the limit m =
oo, this is

_ JIVwl* + R w? 2 w? w’e”?
(1.5b) Q(w) = fw2 exp <__ /M HwH2 10g HwH2 > .

The weighted Yamabe quotient is conformally invariant in the sense
that if

(m+4n)o

(M",g, e_‘g’ dvolg,m) = (M" em+n mtn=2 g emin—2¢ % dvol )

for some o € C(M), then Q(w) = Q(we/?). There are similar confor-
mally invariant functionals on smooth metric measure spaces generaliz-

ing (1.4) for2 < p < %T:{"% = ¢, and it is through these functionals that
one obtains the characterization described in the previous paragraph.
The weighted Yamabe constant of a compact smooth metric measure

space is
Alg, e~ dvol,m] := inf {Q(w): 0 < w € C®(M)}.
When m = 0, this is the Yamabe constant. When m = oo and A > 0,

this is equivalent to Perelman’s v-entropy [19]; see Section 3 for details.
Thus the weighted Yamabe constant interpolates between the Yamabe
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constant and Perelman’s v-entropy. In this paper we study the weighted
Yamabe problem, which asks about the existence of functions which min-
imize the weighted Yamabe quotient. We also consider the uniqueness
of these functions in a geometrically significant setting. Our results
illustrate the interpolatory nature of the weighted Yamabe constants,
though, as we describe below, there are some surprises.

Our approach to these problems is similar to approaches to the Yam-
abe Problem [2, 18, 20, 23, 25| and to Perelman’s v-entropy [19]. Much
of the analysis is based on the Euler-Lagrange equation

m-4+n — 2 m m+n & m+n+2
—R¢ w + Clmer"*? em = CoWw m4+n—2
4m+n—1)

for critical points of the functional Q. When m > 0, the equation (1.6)
has a subcritical nonlinearity. The main difficulty is instead that min-
imizing sequences for the weighted Yamabe constant need not be uni-
formly bounded in W12(M). We overcome this difficulty by introducing
a generalization of Perelman’s W-functional. Using this functional, we
obtain an Aubin-type criterion for the existence of minimizers of the
weighted Yamabe constant.

(1.6)  —Agw+

Theorem 1.2. Let (M™, g,e~? dvol,m) be a compact smooth metric
measure space. Then

(1.7) Alg, e™? dvol,m] < A[R™, dz?, dvol,m] = Ay, p.

Moreover, if the inequality (1.7) is strict, then there exists a positive
function w € C*(M) such that

Q(w) = Alg, e~? dvol, m].

Theorem 1.1 implies that the weighted Yamabe constant of Euclidean
space (R", dz? dvol,m) is App.

We can solve the weighted Yamabe problem when m € N U {0,000}
using the following necessary condition for equality to hold in (1.7).
Moreover, if Conjecture 1.5 below is true, then this is also a sufficient
condition.

Theorem 1.3. Let (M",g, e ? dvol,m) be a compact smooth metric
measure space such that m € NU{0,00}. If

Alg,e~? dvol,m] = A[R™, da?, dvol, m],

then m € {0,1} and (M™,g, e ? dvol,m) is conformally equivalent to
(S™, go, dvol, m) for go a metric of constant sectional curvature. In par-
ticular, there exists a positive function w € C*°(M) such that

Q(w) = A [g, e ?dvol,m| .
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One reason we have been unable to give satisfactory necessary con-
ditions for equality to hold in (1.7) for all m € [0, 00|, and in particular
solve the weighted Yamabe problem, is that minimizers of the weighted
Yamabe constant do not always exist. As a consequence, neither the
Aubin-Schoen argument [2, 17, 20] nor the Perelman argument [19]
characterizing equality in (1.7) for m = 0 or m = oo, respectively, can be
generalized to all m € [0, 0c0]. To prove Theorem 1.3, we instead use min-
imizers of the weighted Yamabe constant of (M", g, dvol, m) as test func-
tions to estimate the weighted Yamabe constant of (M™, g, dvol, m+1);
see Theorem 7.1 for details. In particular, this allows us to iterate the
Aubin—Schoen characterization to all integers m.

That minimizers of the weighted Yamabe constant do not always exist
is a consequence of the following surprising result.

Theorem 1.4. There does not exist a minimizer for the weighted
Yamabe constant of (S™, go, 1'/2 dvol).

The proof of Theorem 1.4 is based on an estimate relating the weighted
Yamabe constant of (M",g, e ? dvol,m) to the Yamabe constant of
(M™ x R*™, g @ e~ 2%/"dy?) when 2m € N. This relationship is the
curved generalization of an observation of Bakry (cf. [4, 6]) used to give
an alternative proof of Theorem 1.1.

We expect that the weighted Yamabe problem is always solvable for
m € {0} U[l,00), but not for m € (0,1). Assuming Conjecture 1.5
below holds, we show that positive smooth minimizers of the weighted
Yamabe constant of (S™, gg, dvol, m) do not exist for any m € (0,1). On
the other hand, we show that for m > 1, the weighted Yamabe constant
of (S™, go,dvol,m) is strictly less than A, ;.

Critical points of the weighted Yamabe quotient for m = 0 and g Ein-
stein (resp. m = oco and g a shrinking gradient Ricci soliton) have been
characterized by Obata [18] (resp. Perelman [19]). Such metrics are
critical points for Q through variations of the metric and the measure.
We conjecture that the corresponding result holds for all m.

Conjecture 1.5. Let (M", g,e~? dvol, m) be a compact smooth met-
ric measure space and suppose that there exists a constant A € R such
that

R$ o om+n-—2
2(m+n—1)g_ 2(m+n—1) 7
where Ricy is the Bakry-Emery Ricci tensor. If w € C®(M) is a
positive critical point of the map w — Q(w), then either

(1.8) Ricg' —

1) w is constant, or
2) m € {0,1},

2(m+n)

(M", g, e¢ dvolg, m) = <M", w2 g, wmtn—2e=? dvolg, m>
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satisfies (1.8) for some constant A > 0, and both (M",g) and
(M™, g) are homothetic to the standard n-sphere.

Unfortunately, the obvious modification of the proofs of Conjecture 1.5
in the cases m = 0 [18] and m = oo [19] does not seem to work for gen-
eral m. The difficulty comes from the uncertainty of the signs of certain
lower order terms which appear. Nevertheless, the Obata—Perelman
argument does prove Conjecture 1.5 under one of the following two ad-
ditional assumptions:

1) (w, ) is a critical point of the map (&,v) +— Q[g, e~¥ dvol, m](&);
or

2) (M™, g, e~ dvol, m) is isometric to Euclidean space and the func-
tion

(1.9) w(x) = | (ﬁ)

can be extended to a positive function in C?(R™).

For precise statements, see Proposition 9.6 and Proposition 9.7, respec-
tively. In particular, the second assumption nearly yields an alternative
proof of the characterization of the extremal functions (1.3) in Theo-
rem 1.1. Since Conjecture 1.5 is more interesting as a statement about
curved smooth metric measure spaces, we do not here try to remove the
assumption (1.9).

This article is organized as follows.

In Section 2 we give a more detailed introduction to smooth metric
measure spaces and the ways in which they will be studied in this article.

In Section 3 we discuss basic properties of the weighted Yamabe quo-
tient and introduce our generalization of Perelman’s W-functional [19].

In Section 4 we compute the first variations of the weighted Yamabe
quotient and our W-functional. This clarifies the role of the assump-
tion (1.8) in Conjecture 1.5.

In Section 5 we give a geometric description of Theorem 1.1 as the
solution of the weighted Yamabe problem on Euclidean space. We also
establish estimates necessary to study concentration for minimizing se-
quences of the weighted Yamabe constant of arbitrary compact smooth
metric measure spaces.

In Section 6 we study the analytic aspects of the weighted Yamabe
problem, culminating in the proof of Theorem 1.2.

In Section 7 we establish the relationship between the weighted Yam-
abe constants of (M",g,dvol,m) and (M",g,dvol,m + 1), and then
prove Theorem 1.3.

In Section 8 we establish the relationship between the weighted Yam-
abe constant of (M™, g,e~? dvol,m) and the Yamabe constant of (M x
R?", g @ e2#/™dz?), and then prove Theorem 1.4.
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In Section 9 we present our uniqueness results. We also discuss the
weighted Yamabe constants of (S, gg, dvol,m) for all m € [0, oo].

2. Smooth metric measure spaces

We collect in this section some basic definitions and facts for smooth
metric measure spaces as will be needed in this article (cf. [8]).

Definition 2.1. A smooth metric measure space (M", g, e~? dvol, m)
is a four-tuple of a Riemannian manifold (M",g), a smooth measure
e~? dvol determined by ¢ € C°°(M) and the Riemannian volume ele-
ment dvol of g, and a dimensional parameter m € [0,00]. In the case
m = 0, we require ¢ = 0.

We frequently denote a smooth metric measure spaces by the triple
(M™, g,v™ dvol), where the measure is v" dvol and the dimensional pa-
rameter is encoded as the exponent of v. In accordance with this con-
vention, v and ¢ will denote throughout this article functions which are
related by v = e~?; when m = oo, this is to be interpreted as the
formal definition of the symbol v>°.

Definition 2.2. The weighted divergence d4 of a smooth metric mea-
sure space (M™, g,v™ dvol) is the operator defined on tensor fields 7" by

(0T)(X,Y,...) =) VgT(E,X,Y,...) - T(V$, X,Y,...)
i=1
for all p € M and all vector fields X,Y in a neighborhood of p, where
{E;} is a parallel orthonormal frame in a neighborhood of p and we use
the metric g to change the type of T' if necessary.

Definition 2.3. Let (M™,g,v™ dvol) be a smooth metric measure
space. The weighted Laplacian Ay: C*°(M) — C°°(M) is the operator

Ay =0yd=A—Vo.

Definition 2.4. Let (M™,g,v™ dvol) be a smooth metric measure
space. The Bakry-Emery Ricci curvature Ricy' and the weighted scalar
curvature R are the tensors

1
Ric})' := Ric +V?¢ — —dp ® do
1
RT = R+20¢ — T2 g
m
Definition 2.5. Smooth metric measure spaces (M", g, e ® dvolg, m)

and (M™, g,e® dvolg, m) are pointwise conformally equivalent if there
is a function o € C*°(M) such that
(2.1)
I 2 m-+n
<M",§],e_¢ dvolg,m) = (M",em+"*2ag,em+"f2°—e_(Zj dvolg,m) )
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(M", g,e~? dvol,m) and (M", g, e=9 dvol,m) are conformally equivalent
if there is a diffeomorphism F: M — M such that (M“, G,e? dvoly, m)
is pointwise conformally equivalent to (M n F*g, F*(e™? dvoly), m)

Definition 2.6. A geometric invariant T’ [g, e~? dvol, m] of a smooth

metric measure space (M™, g, e~? dvol, m) is conformally invariant if for
all 0 € C*(M),

2 m+n
T [6 m+n720'g7 emin-3 Ue—¢ dVOlg, m] =T [g, €_¢ dVOlg, m] .

Definition 2.7. An operator T'[g,e~? dvol,m|: C®(M) — C>(M)
on a smooth metric measure space (M",g, e ® dvol,m) is conformally
covariant of bidegree (a,b) if for all o € C*>°(M),

2 o m+n o _¢
T |emtn=2"g, em+n-2"e"?dvoly, m

_ (m+n)b _ (m+n)a
=¢ mtn2%0T {g,e ¢dvolg,m] oemtn—27

where the right hand side denotes a pre- and post-composition of 7" with
two multiplication operators.

The simplest nontrivial example of a conformally covariant operator,
and the one which we study in this article, is the weighted conformal
Laplacian.

Definition 2.8. Let (M™,g,v™ dvol) be a smooth metric measure
space. The weighted conformal Laplacian Lj': C*(M) — C*(M) is
the operator

m+n—2 _.

L= —-A — R
¢ ¢+4(m—|—n—1) ¢

Proposition 2.9 ([11, Lemma 3.4]). The weighted conformal Lapla-

m4n—2 m+4n+2
2(m4n)’ 2(m+n) ) *

cian is a conformally covariant operator of bidegree

3. The weighted Yamabe constant

In this section we define the weighted Yamabe quotient, the W-
functional, and their associated energies and describe some of their basic
properties.

3.1. The weighted Yamabe quotient.

Definition 3.1. Let (M", g,v" dvol) be a compact smooth metric
measure space. The weighted Yamabe quotient Q: C*°(M) — R is de-
fined by
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2(m+n—1) 1
(Lg"ij) f‘w‘ m+n—2

(31&) Q[Q’ Um dVOI] (w) = 2m4+n—2
2(m+n) n
<f‘w‘ m+n2>
when m < oo and by
(L;Ow,w) 2 w? w?e=?
(3.1b) Q[g,e % dvol](w) = —2—— exp <——/ log >
lwl3 na wl ™ llwli3

when m = oo.

The weighted Yamabe constant Alg,v™ dvol] € R of (M™, g,v™ dvol)
is

Alg,v"™ dvol] = inf { Q[g,v™ dvol](w): 0 # w € Wh?(M,v™ dvol) } .

As usual in this article, all integrals are computed using the measure
v™dvol. Here W12(M,v™ dvol) denotes the closure of C°°(M) with
respect to the norm

”w”Wl’z(M,vm dvol) *= /M (‘va —l—w2) .

Since M is compact and v is positive, this norm is equivalent to the usual
Wh2norm. Since C®°(M) is dense in W12(M) and Q(|w|) < Q(w), we
may equivalently define the weighted Yamabe constant by minimizing
over the space of positive smooth functions on M, as we shall often do
without further comment.

The weighted Yamabe quotient is continuous in m € [0, o).

Proposition 3.2. Let (M"™,g) be a compact Riemannian manifold
and fix ¢ € C°(M) and m € [0,00]. Given any w € C*>°(M), it holds
that

klim Qlg, e ? dvol, k](w) = Qlg, e~ ? dvol, m](w).

Proof. This is clear in the case m < oo, while in the case m = oo it
follows easily from the expansion

[w| e’ et 1 2

w| mtn—2 e m w _ — —
o =1 ([ s e ) + O
[lw|mtn-2e=9 m \Ju (w3

for m large (cf. [13]). q.e.d.

It is easily checked that the weighted Yamabe quotient is invariant
under separate constant rescalings of the metric, the measure, and the
function w. Moreover, it is conformally covariant.
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Proposition 3.3. Let (M™, g,v™ dvol) be a compact smooth metric
measure space. For any o,w € C*°(M) it holds that

Q [emﬁz%gg, erin=27ym dvolg] (w) = Qlg,v™ dvoly] (e%(’w) .

In particular,

2 m+n
A [e m+n—27 g emi+n—2y™m dvolg] = Alg,v™ dvol].

Proof. 1t is clear that the integrals

2(m+n—1) m—1 2(m+n) m
|w| mtn=2" 9™ " dvol and |w|mF+n=2 9™ dvol
M M

are invariant under the conformal transformation

m+n

2
(3.2) (g,v™ dvol, w) (em+n*2°—g, emt+n=279™ dvolg, e_%0w> )

That (Lj'w,w) is invariant under (3.2) follows from Proposition 2.9.
q.e.d.

2(m+n) . N
Note that [wm+7=2 measures the weighted volume [ e ? dvol; of

(M™, §,6™ dvoly) = ( M", wisi=z g, wnin-2y™
, 0,0 dvolg) == | M"™, wmin=2 g, wm+n=29" dvoly | .

In order to remove the trivial source of noncompactness in the weighted
Yamabe problem, we typically make the following normalization for w.

Definition 3.4. Let (M™,g,v™ dvol) be a smooth metric measure

space. We say that a positive function w € C*° (M) is volume-normalized
if

2(m+n)
(3.3) / wmtn=29™ dvol = 1.
M

We conclude this subsection with two useful observations. First, the
sign of the weighted Yamabe constant is the same as the sign of the
weighted conformal Laplacian.

Proposition 3.5. Let (M™, g,v™ dvol) be a compact smooth metric
measure space and denote

(Lg'w, w)

A(LY) = inf {HH2: 0#weWh(M,v™ dvol)} .
wily

Then exactly one of the three following statements is true:
1) Ai(Lg) and Alg,v™ dvol] are both positive.

2) M(LF) and Alg,v™ dvol] are both zero.
3) M(Ly) and Alg,v™ dvol] are both negative.
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Proof. Denote Ay = A1(Ly) and A = Afg,v™ dvol]. It is clear that
A1 < 0if and only if A < 0. A standard argument in elliptic PDE shows
that there is a positive function w € C*°(M) such that Lf'w = Aw.
Hence, if Ay = 0, then A = 0. If instead A > 0, then Proposi-
tion 2.9 implies that § := wﬁg and 0 = wﬁv are such that
(M™, g,0™ dvol) has strictly positive weighted scalar curvature. The
Sobolev inequality (cf. [15]) for (M™, g) then yields a uniform bound

Qlg, o™ dvol](w) > C > 0
for all w € C°°(M). Proposition 3.3 thus implies that A > 0. q.e.d.
Second, the sign of the weighted Yamabe constant is monotone in m.

Proposition 3.6. Let (M™, g,v™ dvol) be a compact smooth met-
ric measure space with negative (resp. monpositive) weighted Yamabe
constant. Then the weighted Yamabe constant of (M™,g,v"™+* dvol) is
negative (resp. nonpositive) for any k > 0.

Remark 3.7. As a corollary, we have that if the weighted Yam-
abe constant is positive (resp. nonnegative), then so too is the Yamabe
constant of the underlying Riemannian manifold. Hence the weighted
Yamabe constant has topological implications (cf. [14]).

Proof. 1t suffices to show that if the first eigenvalue of the weighted
conformal Laplacian L7 of (M™, g, 1™ dvol) is negative (resp. nonposi-
tive), then so too is the first eigenvalue of the weighted conformal Lapla-
cian Lg”k of (M",g,1™** dvol). Indeed, Proposition 3.3 implies that

Alg,v™* dvol,] = Afv2g, 1™ dvol, 2],
Alg,v™ dvoly] = Afv~2g, 1™ dvol,-z2,),

while Proposition 3.5 allows us to consider instead the first eigenvalue
of the weighted conformal Laplacian. A straightforward computation
shows that

(m+k+n—1)(m+n-—2)
(m+k+n—-2)(m+n-—1)
for all w € W12(M), with both sides computed with respect to the
respective smooth metric measure space. Let w € C°(M) satisfy
Lyw = A (L{)w. Inserting this function into (3.4) yields then con-
clusion. q.e.d.

(3.4)

(Lg”kw,w) < ( gbw,w)

3.2. The W-functional. One difficulty which arises when trying to
minimize the weighted Yamabe quotient directly is that minimizing se-
quences are not a priori bounded in W2(M,v™ dvol). More precisely,
there is no reason that a minimizing sequence {w; } of volume-normalized
functions must also have (Lgbw,-, w;) uniformly bounded above. Indeed,
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the explicit minimizers (1.3) in Theorem 1.1 exhibit this behavior as
e — 0.

To overcome this difficulty, we recast the weighted Yamabe problem
as an optimization problem in w and an additional scale parameter
which reflects the energy (Lg"bw,w). This is done through the intro-
duction of the following generalization of Perelman’s W-functional [19],
and parallels the approach of Del Pino and Dolbeault [13] to proving
the existence of extremal functions for (1.1).

Definition 3.8. Let (M",g,v" dvol) be a compact smooth metric
measure space. The W-functional W: C*°(M) x RT — R is defined by

(3.5a) W (w,7) = Tmin (Lgbw,w)

_ n 2(m+n—1) 2(m+n)
+m 7T AmAn) qy min—2 =t — qymn—2
M

when m < oo and by

(3.5b) W (w,7) =7 (LFw,w) —/ w? log (T%w26_¢)
M
when m = oo.

When m = oo, the W-functional is, up to dimensional constants,
Perelman’s W-functional; see below for details. The W-functional al-
lows us to better understand the issue of concentration of minimizing
sequences of the weighted Yamabe quotient when the weighted Yamabe
constant is positive.

Similar to Proposition 3.2, the W-functional is continuous for m €
[0, 0]

Lemma 3.9. Let (M",g) be a compact Riemannian manifold and fix
¢ € C®(M) and m € [0,00]. Given any w € C*°(M), it holds that

klim W lg,e ? dvol, k} (w) =W [g, e~ dvol,m| (w).
—m

The proof is a simple calculus exercise, and will be omitted.

One way to regard the scale parameter 7 is as a mechanism to break
the freedom to rescale the measure v dvol in the weighted Yamabe
quotient. From this standpoint, the following symmetries of the W-
functional are expected.

Proposition 3.10. Let (M™, g,v™ dvol) be a compact smooth metric
measure space. The W-functional is conformally invariant in its first
component:

(3.6) W |e27g, ™™o ym dvol | (w, 7) = W [g, v™ dvol] <em+§72’°’w,7)
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for all o,w € C®(M) and T > 0. It is scale invariant in its second
component:

n(m+n—2)
(3.7)  Wleg,v™ dvol] (w,7) =W [g,v™ dvol] <c Am+n) q, c_17'>

for allw € C*°(M) and ¢, 7 > 0.

Proof. (3.6) follows as in Proposition 3.3. (3.7) follows by direct
computation. q.e.d.

We define the energy of a smooth metric measure space by extremiz-
ing the W-functional in the natural way.

Definition 3.11. Let (M", g, v dvol) be a compact smooth metric
measure space. Given 7 > 0, the T-energy v[g, v dvol|(7) € R is defined
by

m X 1.9 2(m+n)
vig,v™ dvol](7) = inf s W(w,7): w € W7, [ wmin—2 =15%.
M
The energy v[g,v™ dvol] € RU {—oc} is defined by
v]g,v"™ dvol] = iggy[g, o™ dvol] (7).
Proposition 3.10 implies that if one defines
_ n(m+n—2)
Wig,v™ dvol|(w, 7) := W]g,v™ dvol] (7’ A(m-+n) w,7'> ,

then W [cg, v™ dvol] (w,7) = W[g,v™ dvol](w,c™17); i.e. W has the
same symmetries as Perelman’s W-functional. Indeed, in the case m =
00, the functional W agrees with Perelman’s W-functional up to the
addition of a constant multiple of the volume [ w?r~/2 dvol.

Proposition 3.10 also implies that the (7-)energy is conformally in-
variant in w (and scale-invariant in 7).

Proposition 3.12. Let (M™, g,v™ dvol) be a compact smooth metric
measure space. Then

v [ce%g, elmFnlo,m dvolg} (cT) = v[g,v™ dvol] (1),
v [ce%g, elmAmaym dvolg] =v[g,v™ dvol]
for all 0 € C*(M) and for all ¢ > 0.

A key fact about the energy is that it is equivalent to the weighted
Yamabe constant when the latter is positive. Indeed, we have the fol-
lowing explicit relationship between the two constants.

Proposition 3.13. Let (M"™, g,v™ dvol) be a compact smooth metric
measure space and denote by A and v the weighted Yamabe constant and
the enerqgy, respectively.
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1) A <0 if and only if v = —o0;
2) A=0if and only if v = —m; and
3) A >0 if and only if v > —m. Moreover, in this case we have

2m +n (2N 7
(3.8) v=— <7> —m,

and w is a volume-normalized minimizer of A if and only if (w, T)
18 a volume-normalized minimizer of v for

2(m+n)
2(m+n—1) 2m+n
nfw m+n—2 'U_l
T =
2(Lgiw, w)

Proof. If A <0, then there is a w € C°°(M) such that L' (w,w) <0
and |lw||2« = 1. It is then clear that W(w, ) — —o0 as 7 — 0.

Suppose A > 0. A straightforward calculus exercise shows that if
A, B >0, then

om _n
2 2ABw | Ptn
(3.9)  inf {Az?™ 4 mBy "} = Z0 N ( )
>0

2 n

for all x > 0, with equality if and only if

1
nB\ 2mtn
3.10 = — .
(3.10) = (53)
It then follows immediately from the definitions of A and v that (3.8)
holds. q.e.d.

4. Variational formulae for the weighted energy functionals

This section is devoted to computing the first variation of the weighted
Yamabe quotient and the W-functional. We use these formulae in two
ways. First, they identify the Euler-Lagrange equations for these func-
tionals. Second, the first variation of the W-functional for variations
of the metric and the measure yields a divergence structure for the
weighted scalar curvature. This is the main ingredient in our approach
to proving Conjecture 1.5.

We first identify the Euler—Lagrange equation for the weighted Yam-
abe quotient.

Proposition 4.1. Let (M", g,v™ dvol) be a compact smooth met-
ric measure space and suppose that 0 < w € WY2(M) is a volume-
normalized minimizer of the weighted Yamabe constant A. Then w is a
weak solution of

m m-+n 1 m-+4+n+2
(4.1) Lgw + ciwmin—2v™" = cpwmin=2,
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where
2m(m +n — 1)A / 2(m4n—1) . _2mn+n
Cl p— w m+n—2 v ,
n(m+n — 2) M
2m
2 — 2 A 2(m+n—1) “Tn
62:( m+n—2)(m+n) / | .
n(m+n —2) M

Proof. Since the weighted conformal Laplacian is self-adjoint, it fol-
lows that, as a critical point of the weighted Yamabe functional, w
satisfies

2m(m+n—1) (Lfw,w) min_ 4

ot 5 w m+n—2 'U_
m-rmn—
n(m + n— 2) fw m+n—2 'U_l

ng +

~ (2m+n—2)(m+n) (Ljw, w) o,
N n(m+n —2) i w% )

Using the assumptions on w yields (4.1). q.e.d.

We next identify the Euler-Lagrange equation for the W-functional.

Lemma 4.2. Let (M™,g,v™ dvol) be a compact smooth metric mea-
sure space, fiv 7 > 0, and suppose that w € WY2(M) is a nonnegative
critical point of the map & — W(E,T) acting on the space of volume-
normalized elements of W12(M,v™ dvol). Then w is a weak solution

of

(4.2)  gmen Lw +

__n _ _mtn_ 1 m+n+2
7 20mtn)pmin—29~ " = ciw m+n—2

m(m+n—1)
m+n—2

for some constant c1. If additionally (w,T) is a minimizer of the energy,
then
2m+n—2)(m+n)

(4.3) = (@m +n)(m+n—2) v]g,v™ dvol].

Proof. (4.2) follows immediately from the definition of W. If (w, )
is a critical point of the map (w,7) — W(w, 7), then

2m+n n 2(m+n—1)
T 2(m+n) ( glw,’u)) = —/ w mtn—2 ,U—l.
2 /M

Using this identity and integrating (4.2) against wv™ dvol yields the
result. q.e.d.

In order to work towards the weighted Obata theorem, we require the
first variation of the W-functional through changes in the metric and
the measure. In order to perform this computation, it is convenient to
introduce the total weighted scalar curvature functional.
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Definition 4.3. Let M™ be a compact manifold, fix m € [0, 0]
and p € R, and denote by Met(M) and 9t the spaces of smooth
Riemannian metrics and smooth measures, respectively, on M. The
total weighted scalar curvature functional

Wiu|: Met(M) x M — R

is the functional
(@) Wl (g dvol) = [ (R +ma - 1),
M

where R is the weighted scalar curvature of (M™, g,v™ dvol) and in-
tegration is performed with respect to v™ dvol.

It is straightforward to check that when g > 0, the total weighted
scalar curvature functional is effectively the W-functional. Indeed,

Wig,v™ dvol](1,7)
_ Tm/ MANT2 p S ]
so that the claimed equivalence follows readily from Proposition 3.10.
Computations carried out in [8] yield the first variation of the total

weighted scalar curvature functional . It is convenient to write this in
two equivalent ways.

Proposition 4.4. Let M™ be a compact Riemannian manifold, fix
m € [0,00] and p € R, and let g(s) and ¢(s) be a smooth one parameter
family of metrics and functions, respectively, with fe_d’(s) dvoly,) con-
stant. Set g = g(0),h = ¢'(0),¢ = ¢(0), and » = ¢'(0). Then the first
variation

d

W= | Wl (gte).em) dvoly.m)

of the total weighted scalar curvature functional is

m

6W——/ Rien—— 6 oy 2y
Y ¢ 2(m+n—1)g’ m"?

-2 ~ -1 1
_m+n/ m(m =Ly Lag),
m+n—1Jy m 2
or equivalently,

R m,uv_l 2
W /M< T T 2 mr ) +m¢g>

m+n—2 ~ 1
S - m(yp— —trh

pm ._ pm_ mmtn—Lu 1 L :
where R¢> = Ry'+— = and all geometric invariants are com-

puted using (M™, g,v™ dvol).

(4.5)

(4.6)
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Proof. In [8, Proposition 4.19] it is shown that
d . 1 2
5=
The result then follows from the trivial computation of the first variation
of [ v~! and straightforward algebraic manipulations. q.e.d.

There are a few comments to make about Proposition 4.4. First,
using the correspondence between the total weighted scalar curvature
functional and the W-functional, it recovers Lemma 4.2 when restricted
to conformal variations of smooth metric measure spaces. This is be-
cause the metric v™2g is always fixed for such a variation, and hence
h + %¢g = 0. Second, (M™,g,v"™ dvol) is a critical point of the total
weighted scalar curvature functional if and only if there are constants A
and p such that

R™ _
m ® (m+n—2)A
47 Ric] — =
(47) T 9mrn-17" 2m+n-1)"
m -1

. muv
4. Ricl) ——"—g = .
(48) B 2(m+n)g

Third, Proposition 4.4 yields the following Bianchi-type formula. In-
deed, this result establishes that (4.7) implies (4.8) and vice versa; see
Section 9 for details.

Proposition 4.5. Let (M™,g,v™ dvol) be a smooth metric measure
space, fix p € R, and denote

m
4.9 EJ :=Ric] ——
(4.9a) & 1C4 m nQ,
-1
— muw
4.9b E? :=FE'— —q.
(4.9b) ¢ ¢ 2m+ n)g

It holds that

(4.10)
— 1 — m+n—2 m(m +n —1)pv=?

50 (F2) = L (B3 ) g+ 024 |
o\ "o m o\ o+ 2(m +n) o T m+n—2

Proof. Let X be a compactly-supported vector field on M and let
{fs: M — M}, s € (—¢,¢) be the one-parameter family of diffeomor-
phisms such that fy = Id and %lszofs = X. Set g(s) = frg and
v(s) = fXv. Since the total weighted scalar curvature functional is a
geometric invariant, 6)V = 0. Then (4.6) yields

— 2
/ <E$,Lxg+ —X¢g>
M m

:m—l—n—Q/ gL+m(m+n—1)m)—1 5%
m+n Sy m+n—2
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The conclusion follows by integration by parts. q.e.d.

5. Euclidean space as the model space

As described in the introduction, Del Pino and Dolbeault [13] have
already solved the weighted Yamabe problem on Euclidean space by giv-
ing a complete classification of the positive critical points of the weighted
Yamabe quotient on (R”, dz?, 1™ dvol). In this section, we discuss their
result in terms of the W-functional. In particular, this allows us to
clearly identify the relationship between the parameter 7 and concen-
tration for minimizers, and motivates Proposition 5.1, which gives an
important estimate needed in Section 6.

Fix n > 3 and m € [0,00]. Given any zp € R"” and 7 > 0, define the
function wy, » € C*°(R™) by

m+n—2
_ n(m+n—2) (m+n_ 1)‘1. _ .1'0‘2 - 2
(5.1)  wegr(z) =7 <1 + (m+n—2)%r
A straightforward computation shows that
2(m+n) 2(m+n)

(5.2) / war 2 1™ dvol = / wg "1™ dvol = V
and

_m_ m(m+n—1) ___n  _min
(53) — T m+n waOﬂ_ =+ mT 2(m+n) wSEOT‘I’ 2

_min)min-1) mews
m-4+n—2

Lemma 4.2 together with (5.2) and (5.3) imply that w,, - is a critical

2(m+n)
point of the map w — W(w, 7) subject to the constraint fwm+n72 =

V. Indeed, Del Pino and Dolbeault showed that the only nonnegative
critical points in W12(R™) subject to this constraint are the functions
Wy, 7; see [13, Theorem 4].

For our purposes, the most interesting aspect of the solutions (5.2) is
the way in which they concentrate. It is straightforward to check that

_ n(m+n—2)
(5.4) sup u)xO,T(x) = wa’T(xO) — 7 A4(m+n)
SCER"

and also that, for any y # xo,
(5.5) lim Wy +(y) = 0.

7—0

These observations tell us two things. First, concentration occurs for
the solutions to the weighted Yamabe problem on Euclidean space as
7 — 07. Second, when m > 0, the critical points of the volume-
constrained functional w — W(w,7) with 7 fixed do not concentrate.
These phenomena persist in the curved case.
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Proposition 5.1. Let (M™, g,v™ dvol) be a compact smooth metric
measure space with m > 0, fix 19, and suppose that w € C*°(M) is a
positive function such that

2(m+n)
W(w 7—) - V[g,'U dVOl and / wmtn—2 —

for some 0 < 7 < 19. Then there exist constants C1,Cy > 0 depending
only on (M™, g,v"™ dvol) and 1y such that
n(m+n—2)
(5.6) Ci < sup 7 4mtn) w(x) < Cy.
reM
Proof. We denote throughout this proof by C,Ci,Cy > 0 constants
depending only on (M",g,v™ dvol) and 79 whose values may change
from line to line.
To begin, Holder’s inequality and the normalization of w imply that
(5.7) ratn (LTw,w) > —C.
By Lemma 4.2 there exists a constant ¢ € R such that
— 1 _m+4n m+n+2
(58) Tm+7l L¢ w + MT 2(m+n) wmtn—-29 -1 = cw m+n72’
m+n— 2
while the fact that w realizes v[g, v dvol|(7) implies that

m N 2(m+n—1) _1
(5.9) Tmin (Lgbw,w) + mr  2mtn) w mtn=2 v~ =v(1T) +m.
M
As a consequence, we have that
m _ m 2(m+n—1) 1
c—vVv—m=-———_7 2mn) w min=2 9y " >0,
m4+n— 2 1 m
v+m — c= T7”+"( g"w,w).

m+n-—1 m+n—1
In particular, it follows from (5.7) that C; < e¢ < Cy. Furthermore,
(5.7), (5.9), and the assumption m > 0 together imply that the lower
bound in (5.6) holds.
The upper bound for w is a consequence of the above estimates and
the fact that the nonlinearity in (5.8) is subcritical when m > 0. More
precisely, Proposition 3.10 implies that the rescaling

o 1 n(m+n—2)
(g,w):= (71 g, 7 ) w
is such that w satisfies

- mim + n — 1 __m+n _ _m+n+2 ~ 2(m+n)
Lglw + Qw m+n—2q 1 = c m+n—2 and wmtn—2 =1

with respect to (M",g,v™ dvols). Since 7 < 79, it follows that

sup | R (x )‘ < 7o sup | R},
reM zeM
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and hence W satisfies
m+n-+2

(5.10) — Ay < cmin—2 — Ci.
On the other hand, standard Sobolev inequalities (cf. [15]) imply that

n—2
(5.11) </ I dvol§> ' gcl/ |@f|§dvolg+c2/ £2 dvol;
M M M

for all f € C°°(M). Since m > 0, the nonlinearity of (5.10) is subcriti-
cal, and in particular it follows readily from (5.11) and Moser iteration
that supw < C, which is equivalent to the upper bound in (5.6). q.e.d.

6. The existence of minimizers

We are able to establish the existence of minimizers of the weighted
Yamabe quotient. Like the proof of the corresponding result for the
Yamabe Problem (cf. [2, 23]), it is convenient to separate the proof of
Theorem 1.2 into two cases. First, in Proposition 6.1, we show by a
direct compactness argument that if the weighted Yamabe constant is
negative, then there exists a smooth, positive minimizer. Second, in
Proposition 6.3, we show that as 7 — 0, the 7-energy of a smooth met-
ric measure space with nonnegative weighted Yamabe constant tends to
the weighted Yamabe constant of Euclidean space. The proof of Propo-
sition 6.3 presented here uses a direct blow-up argument. These two
results together yield Theorem 1.2.

Proposition 6.1. Let (M™, g,v™ dvol) be a compact smooth met-
ric measure space with m > 0 and negative weighted Yamabe constant.
Then there exists a positive function w € C*°(M) such that

Q(w) = Alg,v"™ dvol].

Proof. Let {wy} C C°°(M) be a volume-normalized minimizing se-
quence of the weighted Yamabe constant. Since the weighted Yamabe
constant is negative,

0> (L wy, wy) > || Vw3 — Cllw]3

for k sufficiently large and C' a positive constant depending only on
(M™, g,v™ dvol). Since each wy, is volume-normalized, Holder’s inequal-
ity and the above display imply that {wy} is uniformly bounded in
W1L2(M). Hence there is a uniform constant C' > 0 such that

2(m+n—1)
(6.1) / w, " v > O
M
2(m+n)

Since m > 0, the embedding W2(M) C Lm+n=2 is compact, and hence

there is a w € W12(M) such that wy converges weakly in W12 to
2(m+n)
w and strongly in Lm+2—2 to w. By construction, w minimizes the
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weighted Yamabe constant, and also satisfies the lower bound (6.1). It
then follows from Proposition 4.1 that w is a weak solution to

m 1 m-+n m+n-+2
Liw+ cro™ wmin=2 = cowmin=2

s e : m+n m+n+2 n+2
for explicit constants cq,co. Since 1 < s < mdnea 5 when

m > 0, the usual elliptic regularity argument for subcritical equations
allows us to conclude that w is in fact smooth and positive, as desired.
q.e.d.

To study the case when the weighted Yamabe constant is nonnegative
requires us to study minimizers of the VW-functional.

Lemma 6.2. Let (M™, g,v"™ dvol) be a compact smooth metric mea-
sure space with m > 0 and fic = > 0. Then there exists a positive
function w € C*°(M) such that

2(m+n)

Wlg,v™ dvol|(w,7) = v(1) and / wmin—2 = 1
M

Proof. By Holder’s inequality, there is a constant C' such that
Wlg, v™ dvol|(w, 1) > Ttn | Vwl|[3 — C

for all volume-normalized w € W12(M,v™ dvol). In particular, v(r) >
—o00 and any volume-normalized minimizing sequence {wy} of v(7) is
uniformly bounded in W12(M,v™ dvol). Since m > 0, the embedding

2(m+n) X X .
W12 c Lm+n-2 is compact. Hence, taking a subsequence if necessary,
we see that wj, converges to a volume-normalized w € W12(M) such

that

Wig,v™ dvol|(w, ) = v(7).

By Lemma 4.2, w is a weak solution to the subcritical elliptic PDE (4.2),
and hence w is smooth and positive. q.e.d.

Proposition 6.3. Let (M™, g,v™ dvol) be a compact smooth metric
measure space with m > 0. Then

lin}) v]g,v™ dvol](t) = v[R", dz?, 1™ dvol].
T—

Proof. We first show that liminf, ,qv(7) > A[R™, dz?, 1™ dvol]. To
that end, let {7;} be a decreasing sequence of positive numbers tending

to zero such that v(7;) converges. By Lemma 6.2, there are positive
2(m+n)

functions w; € C*°(M) such that W(w;, ;) = v(;) and [w/"*"? = 1.
It follows from Lemma 4.2 that there are constants ¢; such that

m m(m + n — 1 _% L’Z -~ m+nt2
(62) Tiern Lg’bwl + ( )TZ' (m+n) wiern 2'1) 1 — ciwim+n 2 .
m-4+n—2
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The proof of Proposition 5.1 shows that the constants ¢; are uniformly
bounded above and below. Using the choice of w; and (6.2) together
with the formula for the derivative of the map 7 +— W(w, ) yields

2 -2 27
m+l/(’7'i)— ( m+n)(m+n ) ) T dw(w%t)‘t:n‘

(Zm—l—n—2)(m—|—n)cZ T 2mtn—2dt
In particular, we have that

. 2m+n)m+n-2)
(6:3) ilg&u(n-)—i—m— (2m+n—2)(m+n)ci =0

n(m+n—2)
~ —1 ~ 4(m+n)
Next, set g; = 7, ‘g and w; = 7, ="

becomes

wj, in terms of which (6.2)

_ m+n m+n+2
m(m + n 1) ~mt+n—2_ —1 ~m+n—2,

(6.4) L7i; + B T =

1 Y

observe also that the normalization of w; persists,

2(m+n)

~m+n—2 1M I
/ w; v dvolg, = 1.
M

By Proposition 5.1 there are constants C', Co > 0 independent of 4 such
that C7 < supw; < Cy. Let z; € M be such that w;(x;) = supw;. By
taking a subsequence if necessary, we may suppose that the points x;
to zp and that sup w; and ¢; converge as i — co. Since v(xg) is positive
and finite, we may assume without loss of generality that v(xg) = 1;
this is a straightforward consequence of (3.6).

Now, given any fixed normal coordinate chart U of zq, it follows
that C1; < supyw; < Ca. Indeed, it follows from (6.4) and elliptic
regularity theory that the C%®-norms of ;| are uniformly bounded.
We may thus extract a subsequence such that ;| converges in C*

to a nonnegative function w € C*°(R"™) which satisfies w(0) > 0 and
2(m+n)
Jwmin=2 <1 and

'lI) m4n—2 — cw m—+n—2
m+n—2

NG+ m(m +n — 1) m+n m4n+2
for ¢ = lim;_,o, ¢;. It follows from Theorem 1.1 that

(2m +n)(m+n — 2)
(2m +n —2)(m +n)

¢>m+ v[R", dz?, dvol],

and hence (6.3) implies that liminf, o v(7) > A[R", dz?, 1™ dvol].

Let us now show that limsup,_,,v(7) < A[R", dz?, 1" dvol]. Fix a
point p € M and let {z;} be normal coordinates in some fixed neigh-
borhood U of p = (0,...,0). Let ¢ > 0 be such that B(p,2¢) C U.
Let n: M — [0,1] be a cutoff function such that n» = 1 on B(p,¢)
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and suppn C B(p,2¢). For each 0 < 7 < 1, define f;: M — R by

~ _ m+4n—2
fr(z, ..., xn) = nwor(x1,...,2,), and set fr =V, 2min) £ for

2(m+n)
V _ m+n—2
T — T .
M

By the choice of f., the constants V; are uniformly bounded away from
zero. With V as in (5.2), we have that

m+n—2

Vomen (v[R", da?, 1™ dvol] + m)

m 9 1 n 2(m+n—1)
m B oa =
= Tmtn / |Vwo - + mV ™ mbn g 2min) /R wo;”" .
n n

Computing as in [17, Lemma 3.4], it is easy to see that
Wlg,v™ dvol](fr,7) < v[R™,dz?, 1™ dvol] (1 + Ci¢) <1 + 027%> ,

where the constant C; > 0 depends only on (M™,g,v™ dvol) and the
constant Co > 0 depends only on (M", g,v™ dvol) and e. Taking 7 — 0
and then ¢ — 0 yields the desired result. q.e.d.

We can now prove Theorem 1.2.

Proof of Theorem 1.2. In the case m = 0, Theorem 1.2 is already con-
tained in Aubin’s work [2] on the Yamabe Problem. If m > 0, then
Proposition 3.13 and Proposition 6.3 that (1.7) holds.

Suppose now that strict inequality holds in (1.7). If the weighted
Yamabe constant is negative, then the result follows from Proposi-
tion 6.1. If the weighted Yamabe constant is zero, then Proposition 3.5
and its proof yields the result. If the weighted Yamabe constant is
positive, then Proposition 3.5 and the proof of Proposition 3.13 imply
that v(7) — oo as 7 — oo. Hence Proposition 6.3 implies that there
is a 7 € (0,00) such that v(7) = v. The result is then an immediate
consequence of Proposition 3.13 and Lemma 6.2. q.e.d.

7. Towards characterizing equality in (1.7)

We now turn our attention to Theorem 1.3. The key observation
is the following relation between the weighted Yamabe constants of
(M"™, g,v™ dvol) and (M™, g,v™*! dvol).

Theorem 7.1. Let (M™, g,v™ dvol) be a compact smooth metric mea-
sure space with nonnegative weighted Yamabe constant, and suppose that
there exists a smooth, positive minimizer w of the weighted Yamabe con-
stant. Then

A[R™, dz?, 1™+ dvol]

1 Alg, o™ dvol] <
(7.1) lg, 0™ dvol] < A[R™, da2, 1™ dvol]

Alg,v™ dvol].
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Moreover, if equality holds in (7.1), then 0 = wAFEy satisfies
(7.2) — A = CA[g,v™ dvol] (@mH - f)m/ ™t dvolg> ,
M
(7.3)

nzéizm++nnz(g;<;n+_n;) - </M o7 dvoly > </M o7 dvoly > ’

4
for g = wmtn—2g and

R e RET)

2m
n

The basic idea of the proof is that, by weight considerations (cf.
Theorem 1.1), if w is a minimizer of the weighted Yamabe constant of

m+n—1

(M™, g,v™ dvol), then wm+»=2 is a natural test function for estimating
the weighted Yamabe constant of (M™, g, v+ dvol). The key step in
realizing this idea is the following computation.

Proposition 7.2. Let (M"™,g) be a compact Riemannian manifold
and fix m € [0,00] and a positive function v € C*(M). Given any
w € C®(M), it holds that
(7.4)

(zpiwisst, piss) - _(mtn=1°
¢ ’ (m+n)(m+n—2)

where the left and the right hand side are defined relative to the smooth
metric measure spaces (M™, g,v™ ! dvol) and (M™, g,v™ dvol), respec-
tively.

m m4n
( ¢w7wm+n72 'U> ,

Proof. First note that both sides of (7.4) are conformally invariant
in the sense of smooth metric measure spaces, so that, as in the proof
of Proposition 3.6, we may assume v = 1. The result then follows
immediately from the identity

m+n—1
Vw m+n—2

Vw’ Vw m—+n—2

(m+n)(m+n-—2)

and the definition of the weighted conformal Laplacian. q.e.d.

2 (m4n-—1)? < m4n >

Proof of Theorem 7.1. By Proposition 7.2, for any positive function w €
C*°(M) which is volume-normalized with respect to (M™, g,v™ dvol),
it holds that
(7.5)

m+n
(m+n—1)2 (L?w, wmFn=2 v)

2m+4n

m + n)(m + n— 2) < 2(m+n+1) n

m+4+n—1

Qlg, v™+ dvol] (w m+n,2) -

w m+n—2 v
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where all quantities on the right hand side are defined in terms of
(M™, g,v™ dvol). Proposition 4.1 implies that if w is a minimizer of
A = Afg, v dvol], then

(7.6)
_2m+n

(Bpuwstitng) = 2R R ([ )
’ n(m+n—2) M

2(m+n+1)

n (2m +n —2)(m +n)A Jw =2y
n(m +n— 2) < 2(m+n—1) 1) % '

fw m—+4n—2 v

Combining (7.5) and (7.6) yields

metl z+z:; B (m +n — 1)2A
(7.7) Qlg,v dvol] <w + > =l + n)(m 1= 22 d(x)
for

_2m+n

<I>(:E):(2m+n—2)(m—|—n)x_2%—2m(m—|—n—1)x n,

(/ 2(m+n—1) 1) </ 2(m+n+1) >
T = w mtn—2 'U_ w mtn—-2 g .
M M

Holder’s inequality and the volume-normalization of w imply that > 1.
On the other hand, a straightforward calculus exercise reveals that

2

(2m+n —2)(m+n)n ((2m+n—2)(m—|—n)>n
2m+n 2m+n)(m+n—1)

(7.8)  ®(x) <

with equality if and only if

~ m(2m+n)(m+n—1)
(7.9) = 2m+n—2)(m+n)

It follows from (1.2) and (7.7) that

A[R", da2, 1™+ dvol]
A[R™, dz?, 1™ dvol]

Alg, vt dvol] < Alg,v™ dvol],

establishing (7.1).

Suppose now that equality holds in (7.1). Then wmAn=2 is a minimizer
of Alg,v™ ! dvol]. In particular, equality holds in (7.8), and hence (7.9)
holds. Furthermore, conformal invariance implies that the constant
function 1 is a volume-normalized minimizer for the weighted Yamabe
constants of both (M™,§, 9™ dvol) and (M",g,o™* ! dvol). Since the
integrals appearing in the definition of x are conformally invariant, it
follows that (7.3) holds. On the other hand, Proposition 4.1 applied to
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the minimizer 1 yields

m-+n—2 7 (2m+n—2)(m+n)A, </ {)m_ldvolg>
M

_2m

dm+n—1)"9¢ n(m+n — 2)
_ 2m+4n
_2m(m+n—1)Ay, / 1 dvol, Tn -
n(m+n —2) M
2m
m+n—1]?n§: @Cm+n)(m+n+1)Ap4 / 57 quol, ) "
4(m+n) ¢ n(m+n—1) M g
2m+n
2 1 A n
o (m + )(m + n) +1 / ®m+1 dVOlg 'lA)_l
n(m+n—1) M

for A, == Afg,v™ dvol] and A, 11 := Alg,v™ ! dvol]. The identity (7.2)
then follows from the general identity

Bmtl _ pm com—1 A gm+1
Rd) — Rd) - m + 11) AU 9
the relationship (7.1), and the identity (7.3). q.e.d.

Using Theorem 7.1, we can now prove Theorem 1.3.

Proof of Theorem 1.3. By the resolution of the Yamabe Problem [2, 20,
23| and Perelman’s work on the v-entropy [19], we need only consider
the case m € N.

Consider first the case m = 1. By the resolution of the Yamabe
Problem, we know that there exists a smooth positive minimizer of
Alg]. If A[g] <0, then Proposition 3.6 implies that A[g, v! dvol] < 0. If
instead A[g] > 0, then Theorem 7.1 implies that

(7.10) Alg,v' dvol] < A[R", dz? 1! dvol]

with equality if and only if A[g] = A[R", dz?] and equality holds in (7.1)
with m = 0. In particular, either A[g,v! dvol] < A[R",dz?, 1! dvol] or a

n—1
positive minimizer w € C*°(M) of Alg] yields a positive minimizer wn-2
of Alg,v! dvol]. Furthermore, if equality holds in (7.10), then, by The-
orem 7.1, (M™, g,v! dvol) is conformally equivalent to (S™, go,vd dvol)

for vg € C°°(M) a positive function such that

(7.11) —Avg=n <v0 — ][ Vg dvol) .

Hence v, 24y is Einstein, yielding the desired result.

Consider next the case m = 2. From the previous paragraph, we
know that a positive volume-normalized minimizer w € C*(M) of
Alg,v! dvol] exists. If Alg,v'dvol] < 0, then Proposition 3.6 implies
that A[g,v? dvol] < 0. If instead A[g,v! dvol] > 0, then Theorem 7.1
implies that

(7.12) Alg,v? dvol] < A[R™, dz? 12 dvol].
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If equality holds, then the previous paragraph shows that (M™, g, v dvol)
is conformally equivalent to (S™, gg, 1" dvol). Taking w = 1 as the min-
imizer of Algg, 1" dvol] in (7.3) then yields a contradiction. Hence the
inequality (7.12) is strict.

Finally, we may apply Proposition 3.6 and Theorem 7.1 inductively
as above to deduce that for all 3 < m € N,
(7.13) ,

n m

Alg, o™ dvol] < A[R", dz=, 1™ dvol]

2 W o m
A[R™, dz?,12 dvol] Alg, v dvol] < A[R", dz”, 1™ dvol].

q.e.d.

8. Another interpretation of the weighted Yamabe constant

There are, to the best of the author’s knowledge, now three different
proofs of Theorem 1.1. The first proof is the original proof by Del Pino
and Dolbeault [13], and takes the PDE approach. The second proof
is due to Cordero-Erausquin, Nazaret and Villani [12], and takes an
optimal transport approach to the problem. The third proof is due to
Bakry (cf. [4, 6]), and is based upon the observation that if w € C*°(R")
is a minimizer (1.3) of the GN inequality (1.1), then there is a constant
7 such that

_ 2m4n-—2

f@y) = (w = @)+ yPjr) T e cx@E

is a minimizer for the sharp Sobolev inequality.

In this section we give the curved analogue of Bakry’s observation by
directly relating the weighted Yamabe constant of (M™, g,v™ dvol) to
the Yamabe constant of (M" x R?™ g @ v2dy?) for 2m € N U {0}; see
Theorem 8.3 below.

The main part of the computation is contained in the next two lem-
mas.

Lemma 8.1. Fix k,l > 0, 2m € N, and constants a,7 > 0. Then

(8.1) / |y |2 )= 7T(m + DT(m + k — )7

where T'(x) is Euler’s gamma function.

Proof. Both formulae follow immediately by writing the integrals in
spherical coordinates and using the facts (see, for example, [1])

om—1y _ 21" o ged ~ D()l'(B)
Vol(S ) = e and /0 7(1+t)a+6dt_ 7“&_’_@.
q.e.d.

Lemma 8.2. Let (M™,g,1™ dvol) be a compact smooth metric mea-
sure space with nonnegative weighted conformal Laplacian and 2m €
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N U {0}, and let w € C*°(M) be a positive function. Given any T > 0,
define f € C®(M x R*™) by

(8:2) ) = (w72 @) + ul*/7)

Denote by L the conformal Laplacian of (M™ x R*™, g @ dy?) and by
Ly the weighted conformal Laplacian of (M™, g, 1™ dvol). It holds that

_ 2m4n—2

o2m +n — 2 Qw)m’ln

(8.3) Qf)=C (m
for

7T (m + n) T 29m +n—2 T
L'(2m +n) 2(m+n—1) ’
Moreover, equality holds in (8.3) if and only if

C= (2m+n)(2m+n—2)<

2(m+n—1)
nffu) m+n—2

(me, w)

(8.4) T =

Proof. In what follows, all integrals are computed with respect to the
Riemannian measure on the specified (product) manifold.
First, as an immediate consequence of (8.1)

(8.5) / 3 == F(m+”)/ W
MnxR2m F(Qm + n) M

and

s (Cm+n—-1)2m+n—2)7"7"(m +n) 9
/MnXRZm Ri= (m+n—1)(m+n—-2)I'2m+n) /MRw '

Next, direct computation shows that

(s 194F
2m+n—2

= (v yr)
Using (8.1) again, we see that

/ VP = 2m +n — 2\ 2 77 (m 4 n) /\V
M7 xR2M S \m+n-2 I'(2m +n)

(2m +n— 2)2 mom— 1F(m +n / 2(mJ:rn721)
w mn—2 |
(m+n—1I'2m+n) M

Combining these equations yields

2m+n

<‘Vw e

+4]y\ /T ) .

m(2m+n—2)

2m +n — 2)2 7™ 2min T'(m 4+ n)

m+mn—2 r'2m+n) Ww, )

(8.6) (Lf.f) = (
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for

—~ om —2)2 _ . 2(m+n—1)
W(w, ) := 12mtn (Lw,w) + MT 2m+”/ w omin=2
m-+n—1 M

Since (Lj'w,w) >0, (3.9) and (3.10) imply that
Wiw, 7)

e 2m
o () (35 )
2 n m+n—1 Jy

with equality if and only if

2(m+n—1)
nfw m—+n—2

T 2(Lgw, w)

Combining (8.5), (8.6), and the above lower bound for W(wﬂ') yields
the result. q.e.d.

We now state and prove the main result of this section.

Theorem 8.3. Let (M™, g,v™ dvol) be a compact smooth metric mea-

sure space with nonnegative weighted Yamabe constant Alg,v"™ dvol] and
2m € NU{0}. Set

A, = inf {o[M™ x R?™ v 29 @& dy?, dvol, 0](f)} -

where the infimum is taken over all f of the form (8.2). Then

2m—+n

(87) Alg, v dvol] >< A, > "

A[R™, dz?, 1™ dvol] = \ A[R™27 dz?]

In particular,

2m—+n

Alg,v™ dvol] - AM™ x R?™ g @ v?dy?]\ »
A[R™, dz?, 1™ dvol] — A[R7+2m dx2]

(8.8)

Moreover, if w is a minimizer of Alg,v" dvol] and equality holds
in (8.7), then the function f defined by (8.2) for T given by (8.4) is
a manimizer of A,,.

Proof. Since both the weighted Yamabe constant and the metric v=2g
are conformal invariants of (M", g,v™ dvol), it suffices to consider the
case v = 1. Let w € C*°(M), define 7 by (8.4), and define f € C*°(M x
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R?™) by (8.2). It follows from Lemma 8.2 that

2m+n
_ (/) "
Qw) =C <(2m +tn)2m+n—2)
~ 2m+n
A n
> P
2¢ <(2m +n)(2m +n— 2))
for
O n(m+n—2)2 ([ T(2m +n) " 2(m+n—1) =
 2m+n—2 \ 7T (m+n) 2m+n —2 '
The result then follows from the formula (1.2). q.e.d.

As a corollary, we prove Theorem 1.4.

Proof of Theorem 1.4. Schoen proved [21] that the Yamabe constant of
S™ x R is equal to the Yamabe constant of S"*!, and the minimizers
are precisely the constant multiples of the function (cosh t)_%1 for ¢
a choice of affine parameter of R. Theorem 1.2 and Theorem 8.3 thus
imply that

A[go, 112 dvol] = A[R™, d2?, 1'% dvol].

By Theorem 8.3, if there exists a positive minimizer w € C°°(S™) of the
weighted Yamabe constant of (S™, go, 11/2 dvol), then the function

n—1

i) = (o500 )

for 7 as in (8.4) is a minimizer of the Yamabe constant of S™ x R,
contradicting Schoen’s result. q.e.d.

9. On the uniqueness of minimizers

We conclude this article with a discussion of Conjecture 1.5, both by
giving an approach to proving it and explaining how, if true, it implies
that minimizers of the weighted Yamabe constant of (S™, go, 1™ dvol)
do not exist for any m € (0, 1).

As stated in the introduction, Conjecture 1.5 is a generalization of
results of Obata [18] and Perelman [19]. Since their proofs are based
on the same idea (cf. [11]), we expect this idea to also establish Con-
jecture 1.5 for the total weighted scalar curvature functional (4.4)

To begin, observe that the assumption (1.8) is equivalent to the as-
sumption that (M™, g,v™ dvol) is a critical point of the total weighted
scalar curvature functional; i.e. (4.9b) vanishes for suitable choice of .
This is a consequence of the following analogue of a result of D.-S. Kim
and Y. H. Kim [16].
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Lemma 9.1. Let (M™, g,v™ dvol) be a connected smooth metric mea-
sure space such that m > 0 and

Ry m-4+n—2
9.1 Ric — 0 = A
(9-1) e Z(m—l—n—l)g 2(m+n—1) g
for some constant A € R. Then there is a constant u € R such that
—1
(9.2) Ry + Muv* = (m+n)A.

m+n—2
In particular, the tensor E;’? defined by (4.9b) vanishes.
Conversely, suppose that there is a constant 1 € R such that Eg/% =0.
Then there is a constant A € R such that (9.2), and hence (9.1), holds.
Proof. 1t follows from Proposition 4.5 (see also [9, (5.3a) and (5.6)])
that
m+n—2
2 o Ya(vR™
smin—n’ R
RY 1 R}
=6 (RicP ——2 g} — —tr (Ric? ——2——g | do.
o (et ~sy7) ~ s (R )
Hence if (9.1) holds, then there is a constant p such that (9.2) holds.

Combining (9.1) and (9.2) then yields EJ* = 27%52)9.

Conversely, if EJ' = % g for some constant p, then (4.10) implies
that there exists a constant A such that (9.2), and hence (9.1), holds.

q.e.d.

One of the main ingredients in Obata’s proof of his theorem [18] is the
observation that if (M™,g) is conformally Einstein, then there exists a
positive function u € C°°(M) such that the tracefree part of the Hessian
of w is proportional to the tracefree part of the Ricci curvature of g. The
weighted analogue is as follows.

Proposition 9.2. Let (M"™, g,v™ dvol) be a compact smooth metric
measure space with m > 0, fiz a constant p € R, and let Egl,Eg)” be

as in (4.9). Suppose additionally that there exists a positive function
u € C°(M) such that the smooth metric measure space

(9.3) (M™, §,9™ dvoly) == (M",u"2g,u”"™ "v" dvol)
satisfies
na—1
—_ mv R
9.4 ET —
(94) ¢ 2(m+n)

for some constant fi € R. Then the vector field X = —(m +n — 2)Vu
s such that

1 1 1

~

pu i
20 7




498 J. S. CASE

Remark 9.3. In the case m = 0, the correct conclusion is that (9.5)
holds after taking the projection onto the tracefree part of both sides of
the equality.

Proof. Using the formulae in [8, Proposition 4.4], we compute that
— _ 1
(9.6) Ef =Ef 4+ (m+n—2)u ! <V2u - WA¢U9> .

Since m > 0, we compute that
9 1
Viu+ —(Vu, Vo) g
m

1 1 1
=Vu———A —tr [ ViZu - ——A .
" m+n ¢u9+m r< " m+n d)ug)g

The result then follows from (9.4) and (9.6). q.e.d.

Corollary 9.4. Let (M™,g,v"™ dvol) be a smooth metric measure
space, suppose that there are constants \,u € R such that (9.2) holds,

and let EG* be as in (4.9). Suppose additionally that there exists a
positive function w € C*(M) such that (9.3) satisfies (9.4) for some
constant L € R. Then

(9.7) b (Ef(X)) =u UE\f(z +% (trffﬂ + “u2;“trEgL.

for X = ——m+2"_2Vu.

Proof. Proposition 4.5 and the assumption (9.2) together imply that
— 1 S
0B = — (tr E;”) do.
In particular, it follows that
— — 1 1
O (E;”(X)) = <E§I‘, o Lxg+ md¢(X)g>

for all vector fields X on M. Taking X = —(m+n—2)Vu and applying
Proposition 9.2 thus yields the desired result. q.e.d.

The difficulty in applying Corollary 9.4 to verify Conjecture 1.5 is
that there does not seem to be any a priori reason why (the integral
of) the last summand of (9.7) should be nonnegative. We overcome
this in two special cases below. However, we first need the following
characterizations of smooth metric measure spaces admitting at least
two solutions to (9.1) in a given conformal class.

Proposition 9.5. Let (M",g,v™ dvoly) and (M™, §,0™ dvoly) be two
pointwise conformally equivalent smooth metric measure spaces satisfy-
ing (9.1) for constants )\,;\ € R, respectively. Write § = v 2g and
suppose that u is nonconstant.
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1) If M is compact, then m =1 and (M™, g,v™ dvol) is conformally
equivalent to (S™, g, 1™ dvol).

2) If instead (M™,g) is complete, A = 0, and A > 0, then (M",g)
is isometric to (R™, dz?) and u(z) = Z(TCH_DL'E — x| + % for
zo € R™ and ¢ > 0.

Proof. For convenience, denote by Pgb the tensor
Ay
2m+n—1)7"

From [8, Proposition 4.4] we compute that

Py = Ricy' —

— 1
Pl =P+ (m+n— 2)u ! <V2u - 2u_1|Vu|2> g.

Since (M™, g,v™ dvoly) and (M", g, 0™ dvol) both satisfy (9.1), it fol-
lows that
1 R
192,  + -2 2 _ -2
(9.8) u Vo 5 U |Vul“g St —1) </\u /\) g.
Suppose that v is nonconstant. Since V?u is a multiple of the metric,
we find that the set U = {p € M: |Vul(p) # 0} splits isometrically as
a warped product (I x Ll dt? @ 1/12(t)h) for I an open interval and
(3, h) some level set of u in U. Moreover, u = u(t) and ¢ = ku/(t) for
some constant k& > 0 (cf. [5]). Inserting this into (9.8) yields
_ 1 _ 2 1 <
1, n 2 (1 2
- = =— —(Au"“"— )\) .
T = Su? () TCpR— ( u
This can be integrated, yielding a constant ¢ € R such that
N2 _ 1 2 A
(9.9) (u)" = e ()\u 2cu—|—)\>.
First, suppose that M is compact and u is nonconstant. It follows

from (9.9) that A,A > 0 and ¢ > A\. Hence, after adding a constant
to t if necessary,

() 2 — A\ A ; +£
= A o8 Vm+n—1 A

It thus follows from the splitting of U that (M",g) is isometric to
(S™,g0). A straightforward computation shows that (S, go, v dvol)
satisfies (9.1) with A > 0 and v > 0 if and only if either m =0 or m =1
and v(p) = a + beos (d(p, q)) for ¢ € S™ and a > b > 0. Hence v2gy is
again an Einstein metric on S, as desired.

Second, suppose that (M",g) is complete, u is nonconstant, A = 0,
and A > 0. Since A = 0 and u is nonconstant, (9.9) implies that ¢ > 0

and, after adding a constant to ¢ if necessary, u(t) = ch_l)tz + %

It thus follows from the splitting of U and the completeness of g that
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(M™, g) is isometric to (R™, g) and that u is radially symmetric about
some point xy € R", as desired. q.e.d.

We now state and prove two special cases of Conjecture 1.5.

Proposition 9.6. Let (M™, g,v™ dvol) be a compact smooth metric
measure space such that (9.2) holds for constants A, p € R and such that
(1,v) is a critical point of the map (§,v) — Qlg,v™ dvol|(§). Suppose
additionally that there exists a positive function v € C°°(M) such that

(Mn7 gv o dVOlg) = (Mn, U_zg, T TR dVOlg)

satisfies (9.1) for some constant A € R. Then (M™,g,v™ dvol) sat-
isfies (9.1). Moreover, if u is monconstant, then (M"™, g,v™ dvol) is
conformally equivalent to (S™, go, 1™ dvol) and m € {0, 1}.

Proof. Proposition 4.4 and the assumption that (1,v) is a critical
point of the map (§,v) — Qlg, v dvol|(§) imply that B is tracefree.

Integrating (9.7) shows that Ef vanishes identically. The result follows
from Lemma 9.1 and Proposition 9.5. q.e.d.

Proposition 9.7. Fiz m € [0,00] and consider (R",dz? 1™ dvol) as
a smooth metric measure space. Let w € C*°(M) be a positive critical
point of the weighted Yamabe quotient, and suppose additionally that the

function
w(x) = |z|>7" " w <|::|2>

admits an extension to a positive element of C*(R™). Then there erist
constants a,b > 0 and a point xog € R™ such that

_ m+4n—2

w(z) = (a+blz —zo*)

Proof. By Proposition 4.4, the smooth metric measure space
(9.10)

2(m+n)
(S"\ {p},g,v™ dvoly) := <R", w2 dz?, wmin2 1™ dvoldxz>

is such that (9.2) holds for constants p, A € R, and moreover that the
tensor Ej' defined in terms of p by (4.9) satisfies

(9.11) / tr (E7) = 0.
S\ () (%)
Since i = 0 and v = u, Corollary 9.4 and (9.11) imply that

(9.12) /Sn\{p} 5o (E\f(X)) _ /Sn\{p} UE\Z;F +% <tr @7) 2} u

We claim that the left hand side vanishes. Indeed, suppose that the
metric g and the function v defined by (9.10) can be extended to a
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C? metric and function, respectively, on S™; note that v(p) = 0. In
particular, |E}'| < Cv~2 for some constant C' > 0. Since

/ P (Ei”/(X)) :/ Ef(Vv,Vv)]Vv[‘lvm dvol
{v>e}

v=1(e)

for any regular value € > 0 of v, taking ¢ — 0 yields the claim.
Finally, let us verify that the metric ¢ and the function v defined
by (9.10) admit C? extensions to S™. To that end, observe that u :=

2
w™ m+n=2 has the property that a(z) := |$|2u(#) can be extended to a
positive C? function on R™ if and only if @ can be extended to a positive

C? function on R”. Fix p € S™ and denote by 7(-) = d(p, -) the distance
from p in S™. Stereographic projection from p yields the isometry

(5™ \ {p}, 90, (1 — cosr)™ dvoly,) = (R™, u0_2da;2, ug "1™ dvoly,e ) -
for ug(z) = %x‘z Using this observation, we see that ¢ admits a C?
extension to S™ if and only if % admits a C? extension to R™ (cf. [24]),

and likewise v admits a C? extension to S™ if and only if & admits a C?
extension to S™. q.e.d.

We conclude with the following consequence of Conjecture 1.5 for the
weighted Yamabe problem.

Proposition 9.8. Suppose that Conjecture 1.5 is true. Then given
any m € (0,1), there does not exist a positive smooth minimizer of the
weighted Yamabe quotient of (S™, go, 1™ dvol).

Proof. Suppose to the contrary that a positive smooth minimizer w
exists. If Conjecture 1.5 holds, then w is constant. Thus

e Bim 2 <r<%>>

S

A= A[S", go, 1" dvol] = Q(1) =

In particular,

A
A

)

. (a-D@m+n-2) <2m+n—2>% T'(m+n)T(2)
C(mAn—-1)(m+n—-2) \2(m+n—1) L2 (n)

(9.13)

S

It follows from Lemma 9.9 below that the right hand side is strictly
greater than one when m € (0, 1), contradicting Theorem 1.2. q.e.d.
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Lemma 9.9. Define F': [0,00] x (2,00) — R by
F(m,n)

(n—1)(2m +n—2) < 9m 4+ n — 2 > <F(m+n)F(%)>"'

(m+n—1)(m+n—-2) \2(m+n-—1)

Then
1) F(0,n) =1= F(1,n) for all n;
2) F(m,n) > 1 for allm € (0,1) and all n; and
3) F(m,n) <1 for allm > 1 and all n.

Proof. 1t is clear by direct computation that F(0,n) = F(1,n) =1
for all n. We next show that the conclusion follows for all n sufficiently
large. To that end, recall Stirling’s approximation

1 x 1
14 logD(z) = zlogz — & — = log — + —— -3
(9.14) ogl'(z) =zlogx —x 5 log 5 + 192 +O(x™7)

for x large (cf. [1]). Fix m € [0,00). Then (9.14) implies that

log LU+ 0I(E) o 2Amtn—1) oy (mAn- 1)
ETEmE ;) " 2man—2 2 B nlmtn—2)

11 m+n—1+ m—1
——lo
2 % om+n—2" 4m+n-1)2m+n—2)

+0(n7?),

while the Maclaurin expansion of log(1 + ) implies that

(n-1@2m+n-2) m(m — 1) -
log(m+n—1)(m+n—2)_ (m+n_1)(m+n_2)—|—0( 4).

Combining these two expansions yields

m(m — 1)
2n3
thus establishing the claim for n sufficiently large.

Now set H(m,n) = F(m,n)*2. Clearly H(m,n) is greater than
(resp. less than) one if and only if F'(m,n) is greater than (resp. less
than) one. A straightforward computation shows that
(9.15)

1OgJT-I(m,n+2) n <(n+1)(2m+n)(m+n—1)(m+n—2)>

H(m,n) - EIOg (m+n+1)(m+n)(n—1)2m+n—2)

log F(m,n) = — +0(n™),

+mlog<( 2m+n)(m+n—1) )

m+n+1)2m +n — 2)
Using the estimate log(1 + z) < z for all z > 0, we see that
H(m,n+2) - m(m —1)(2m +n)

log H(m,n) ~— (m+n)(m+n+1)(n—1)2m+n—2)
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In particular, if m € (0,1) we have that H(m,n) > H(m,n + 2). Iter-
ating this shows that H(m,n) > H(m,n + 2k) for k sufficiently large,
so that the previous paragraph yields H(m,n) > 1 for all m € (0,1),
n > 2.

Using instead the estimate log(x) > mT_l for all x > 0, we compute
from (9.15) that

H(m,n+2) - m(m —1)(=2m +n+4)

H(m,n) — 2m+n)im+n—1)(n+1)(m+n—2)
In particular, if m € (1,2] we have that H(m,n) < H(m,n + 2).
Iterating this and using the conclusion of the first paragraph yields

H(m,n) <1 for all m € (1,2], n > 2.
Finally, we compute that

Hm+1n) [(Cm+n)(m+n—2)\2 (@m+n)(m+n—1)\"
H(m,n) <(2m +n—2)(m —i—n)) <(2m +n—2)(m —i—n))
Taking the logarithm of both sides and using again the estimate log(1+
x) < zyields H(m+1,n) < H(m,n) for all m > 0, n > 2. In particular,
H(m,n) > H(xz(m),n) for all m > 1, where z(m) is the unique element
of (1,2] such that m — z(m) € Z. The result then follows from the
previous paragraph. q.e.d.

log

Remark 9.10. As a consequence of Lemma 9.9, we have that
A[S™, go, 1™ dvol] < A[R", dz?, 1™ dvol]

for all m > 1. It is for this reason that we expect the weighted Yamabe
problem to be solvable for all m > 1.
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