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AN ALGEBRAIC PROOF OF THE HYPERPLANE
PROPERTY OF THE GENUS ONE GW-INVARIANTS
OF QUINTICS

HuAarl-LiaANGg CHANG & JuN LI

Abstract

Li-Zinger’s hyperplane property for reduced genus one GW-
invariants of quintics states that the genus one GW-invariants of
the quintic threefold is the sum of its reduced genus one GW-
invariants and 1/12 times its genus zero GW-invariants. We apply
the theory of GW-invariants of stable maps with fields to give an
algebro-geometric proof of this hyperplane property.

1. Introduction

GW-invariants of a smooth projective variety X are “virtual enumer-
ations” of stable maps to X subject to geometric constraints. More
precisely, for d € Hy(X,Z), the moduli space M,(X,d) of genus g
stable morphisms to X of fundamental class (degree) d is a proper,
separated DM-stack, and carries a canonical virtual fundamental cycle
[My4(X,d)]"'". When X is a Calabi-Yau threefold, this class is a dimen-
sion zero cycle, and its degree is the degree d genus ¢ GW-invariant of
X:

Ny(d)x = deg [Hg(Xv d)]Vir'

Investigating GW-invariants of Calabi-Yau threefolds is one of the
main focuses in the subject of Mirror Symmetry. In case the Calabi-
Yau threefold X is a complete intersection in a projective space P, by
[Ko], its genus zero degree d GW-invariant is the integral of the top
Chern class

(11) deg [Wo(X, )] = / Crop(Eod)

(Mo (P,d)]

of a vector bundle Eq 4 on M(P, d). The identity (1.1) is called the “hy-
perplane property of the GW-invariants”. The techniques developed in
[Gi, LLY], etc., allow one to completely solve the genus zero invariants
of such X.
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Generalizing this to high genus requires a new approach, in part be-
cause the hyperplane property stated fails for positive genus invariants.
In [Zi2, LZ] Zinger and the second named author introduced the re-
duced ¢ = 1 GW-invariants Nl(d)bed of the quintic @ C P* using an
analogous “hyperplane property” and showed that they relate to the
ordinary GW-invariants Nj(d)g by a simple linear relation.

In this paper, we give an algebraic proof of this relation.

Theorem 1.1 ([LZ]). The reduced and the ordinary genus one GW-
invariants of a quintic Calabi-Yau Q C P* are related by

e 1
Ni(d)g = Ni(d)3® + ENo(d)Q'

In algebraic geometry, the reduced genus one GW-invariants of quin-
tics take the following form. For simplicity, in this paper we abbreviate
X = M(P*,d). Let

(fa,mx) : C — P x X =P x M (P4, d)

be the universal family of &’; let A},;; C X be the primary component
of X that is the closure of the open substack of all stable morphisms
with smooth domains. We pick a DM-stack &},;; and a proper birational
morphism ¢ : A, — Ay so that with (fé\?pri’ﬂéf’pri) : Cpri — P* X Xy
the pull back of (fy,7mx), the direct image sheaf
Ffpri*f}priow (5)

is locally free on Xpi. In [VZ], (see also [HL],) such ¢ is constructed by
a modular blowing-up. We state the working definition of the reduced
invariants of Q.

Definition 1.2 ([LZ]). We define the reduced g = 1 GW-invariants
of Q) to be

(1.2) Ny (d)d = /  up(my 5 Op(5)).

pri} P

To prove Theorem 1.1, we will separate [M1(Q,d)]"™" into its “pri-
mary” and “ghost” parts, and show that the “primary” part can be
evaluated using (1.2) while the “ghost” part contributes to -5 No(d)g.

The original proof of this theorem was via analysis, which achieves
the desired separation by perturbing the complex structure of @ to a
generic almost complex structure, worked out in details in [Zi3].

The proof presented in this paper uses “the GW-invariants of stable
maps with p-field” worked out by the authors in [CL1], generalizing the
Guffin-Sharpe-Witten’s (GSW) g = 0 invariants of complete intersection
Calabi-Yau threefolds, which we briefly outline now.



GENUS ONE GW-INVARIANTS OF QUINTICS 253

Given a positive integer d, we form the moduli M (P*, d)P of genus 1
degree d stable morphisms to P* with p-fields:

My(P, dP={[f,C.p] | [f,C] € M1(B",d), p € T(f*Opa(~5)@wc)}/ ~ .

It is a Deligne-Mumford stack with a perfect obstruction theory. The
polynomial w = x3+...+x2 (or any general quintic polynomial) induces
a cosection (homomorphism) of its obstruction sheaf

(13) o Obﬁl(ﬂ)‘l,d)p — Oﬁl(P‘l,d)P’
whose non-surjective locus (called the degeneracy locus) is
M(Q,d) C My(P,d)P, Q= (af+...+22=0)CP

which is proper. The cosection-localized virtual fundamental class con-
struction of Kiem-Li defines a localized virtual cycle

[Ml (]P)4, d)p]gir c AOMl(Q, d)

(For convention of cosection-localized virtual fundamental classes, see
discussion after (2.6).) The GW-invariant of M1 (P*, d)? is defined to be

Ni(d)ps = deg [M1 (P4, d)]3 € Q.

Theorem 1.3 ([CL1)). For d > 0, the GW-invariant of M(P*,d)P
coincides with the GW-invariant Ni(d)g of the quintic Q up to a sign:

Ni(d)h, = (=1)* - Ni(d)o.

By this theorem, to prove Theorem 1.1 it suffices to study the cycle
[M1(P* d)P]Y. Following the recipe in [VZ, HL], we form the modular
blow-up Y of M, (P4, d)P. It is a union of J~/pr-1, which is birational to the
primary component of M1(P%, d), with other smooth components JNJ,“
indexed by partitions u of d:

Y= v (U3):

uked

Geometrically, a general element of jpri is a stable morphism in
M/ (P*,d) having smooth domain; a general element of Y, (with u =
(dy,--- ,dy)) lies over a stable morphism [f,C] € M{(P*,d) whose do-
main C is a smooth elliptic curve together with ¢ P! attached to it, and
the morphism f is constant along the elliptic curve and has degree d;
along the i-th P! attached.

It is convenient to work with the obstruction theory relative to the
Artin stack D of pairs (C, L) of degree d line bundles L on connected
genus one nodal curves C. Using the universal family of M (P4, d)P,
we obtain a forgetful morphism M1(P* d)? — D. We then perform a
parallel modular blow-up of D to obtain D — D, which reconstructs
Y via the Cartesian product Y = M;(P*, d)? xp D. By working out
the relative perfect obstruction theory of Mj(P* d)? — D, we obtain
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the relative perfect obstruction theory of ) — D and its obstruction
complex E5 /B We form its intrinsic normal cone Cj, /D which is a

subcone of hl/hO(Ej,/ﬁ). (cf. [BF, LT]).
By picking a homogeneous quintic polynomial, say 3 + - - - + 22, we
construct a cosection (homomorphism) & : h'/ hO(Ejj /p) = O3 By a

cosection-localized version of [Cos, Thm 5.0.1], we prove

(1) deg (VT2 (P*, P} = deg 0 1o [C; ).

o 7,loc

(cf. Proposition 2.5.) Using the explicit local defining equation of Y
obtained in [Zil, HL], we conclude that as cycles

[C3/5) = [Cpui] + D [Cl,
ukd

where C,; is an irreducible cycle lies over )Nipri; and C, are cycles lying
over ),. Thus

(1.5) deg Og,loc[cj)/f)] = 05},100 [Cpi] + Z 0!&,106[0#]'
p-d

After working out a structure result of three cones in Section four,
in Section five, we show that 05}7100[Cpr-1] equals the reduced invariant
Ny (d)rQCd. In Section six and seven, we develop a method to attack the re-
mainder terms in (1.5); in Section eight, we show that 027106 [C,] =0 for
all partitions p # (d), where (d) is the partition of d into a single block.
Finally in Section nine, we prove that OE}JOC[C(d)] = (_112)5d No(d)g. To-
gether with (1.4), (1.5) and Theorem 1.3, these prove Theorem 1.1.

Earlier, the authors developed an algebro-geometric approach to prove
Theorem 1.1 using an auxiliary closed substack Z ¢ M1(P*,d) to cap-
ture the contribution %Nl(d)Q. This approach was far from satisfac-
tory, and its writing up was never finalized. The current approach
was developed after the authors introduced the GW-invariants of stable
maps with p-field. We expect that this approach can be generalized
to prove a conjecture of Zinger and the second named author on high
genus reduced GW-invariants of quintics and other complete intersec-
tion Calabi-Yau threefolds in the product of projective spaces.

Acknowledgement. The authors thank B. Fantechi, A. Kresch, Y-B.
Ruan, R. Vakil and A. Zinger for helpful discussions and explanations
of their results. The first named author also thanks A. Tanzini and G.
Bonelli for introduction to mirror symmetry.

2. Moduli of stable morphisms with fields

We begin with a brief introduction GW-invariant of stable maps with
p-fields. Let Q@ = (w = 0) C P* be the smooth Calabi-Yau manifold,
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where w = 2 +- -+ xg; let Kpa be the total space of the canonical line
bundle of P*. The polynomial w defines a map wps : Kps — C whose
critical locus is the Calabi-Yau manifold @ C P* (in the zero section of
Kpa). In physics literature, the pair (Kpa, wpa) is called a (non-linear)
Landau-Ginzburg Model. In [GS], Guffin-Sharpe constructed a path
integral for genus zero A-twisted theory of the Landau-Ginzburg space
(Kpa, wpa) and showed that it gives the genus zero GW invariants of Q.
In short, Guffin-Sharpe’s theory is built on the space of smooth maps
f : C — P* together with sections of the pullback bundles f*Kpa twisted
by we. In [CL1], this theory has been worked in more general setting
mathematically, and proved to give all genus GW-invariants of (). This
is the GW invariants of stable maps with p-fields v in Definition 2.1.

We start with the moduli of stable maps. Let M1 (P*, d) be the moduli
of genus one degree d stable maps to P4. In this paper, we abbreviate it
to X := M1(P*,d), with g = 1 and d implicitly understood. We denote
its universal family by

(fx,ﬂx) :CX — P4 x X.
We recall the definition of the moduli of stable morphisms with fields.

Definition 2.1. Let M{(P%, d)? be the groupoid that associates to
any scheme S the set M1(P*,d)P(S) of all S-families (fs,Cs,%s) where
[fs,Cs] € M1(P*,d)(S), and ¢ € T'(Cs, fEO0(=5) ® weg/s). An arrow
between two S-families (fs,Cs,¥s) and (fg,Cq, YY) consists of an arrow
n from (fs,Cs) to (fg,Cs) such that n*(¢y) = ¥s.

Proposition 2.2. The groupoid M(P*,d)? is represented by a sep-
arated Deligne-Mumford stack of finite type.

The proof is given in [CL1, (3,1)] and [CL1, Prop 2.2]. Note that the
forgetful map M (P* d)? — X is not proper: its fiber over [f,C] € X
is H(f*O(-5) ® w¢), which is non-trivial for some [f, C].

To study its obstruction theory, we form the moduli stack of curves
with line bundles. We let D be the groupoid that associates any scheme
the set D(S) of all pairs 7 = (C;,£L,) of which 7, : C; — S are flat
families of genus one connected nodal curves and £ are fiberwise degree
d line bundles on C;; an arrow from 7 to 7’ in D(S) consists of an S-
isomorphism ¢; : C; — C» and an isomorphism ¢2 : L7 — ¢7 L, (cf.
[CL1, Def 2.6]). In [CL1, (3,1)], this moduli space is constructed as
a direct image cone over D, which gives us the deformation theories of
X (= M1(P*,d)) and M1(P*,d)? relative to D.

We let 7 : C — D with £ on C be the universal curve and line bun-
dle of D. Then the invertible sheaf Ly := f30O(1) on Cx induces a
tautological morphism & — D so that the pull back of (C,£) is canoni-
cally isomorphic to (Cx, Lx). We introduce an auxiliary invertible sheaf
P=L9-5g we/p-
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We recall the definition of the direct image cone stack
(2.1) C(m(LP° @ P))

defined in [CL1, Def 2.1]. For any scheme S, an object in C(m, (L% @
P))(S) consists of data (Cr, L7, u, 1), where 7 € D(S) with 7, : C; — S
and £, on C, its associated families, u = (uy,--- ,u5) € ['(mL¥%) and
¢ € I'(mrP7). An arrow from (C;, L7, u,v) to (Cpr, Lyt 1)) (over the
same S) consists of an arrow 7 — 7’ in D(S) so that (u,1)) is equal to
the pullback of (u’,1’) under the given arrow 7 — 7’. By construction,
C(m, (L% @ P)) is a stack over D. (Indeed, it is linear over D in the
following sense: it admits a scalar multiplication by ¢ € C that sends
(Cry Lryu,tp) to (CryLryc-u,c-1); It admits an addition that sends
any pair ((Cr, L7, u, ), (Cr,L7,u/,¢")) (over the same (Cr, L.) in D) to
(CT7 LT) U+ ’LL/, ¢ + ¢/))

For simplicity, in this paper we abbreviate ) = Mi(P* d)?, with
g = 1 and d implicitly understood. Like before, we let

(fy,ﬂ'y) : Cy — IP’4><J/, ¢y S F(Cy,ipy) where iPy = fj’}O(—5)®wcy/y

be the universal family of . We denote £y = f3,0(1). After fixing a
homogeneous coordinates [z1,- - - ,z5] of P4, the morphism fy is given
by uy = (uy)i<i<s, uyi = fyzi. The data (Cy, Ly, uy,1y) induces a
morphism M1 (P4, d)P — C(m. (L% @ P)).

Lemma 2.3. The morphism M1{(P* d)? — C(m.(L% & P)) is an
open embedding.

Proof. This follows from [CL2, Prop 2.7 and (3.1)]. q.e.d.

Let p to be the composite
p: Y =DM(PdP -5 C(m (L5 @ P)) 25 D.

Using the obstruction theory of C(m, (L% @ P)) relative to D ([CL1,
Prop 3.1]), we obtain a perfect relative obstruction theory of J — D:

(22)  byp: (Byp)’ — LSpy  Eyjp = R*myu(L5° © Py).

In the same spirit, we obtain perfect relative obstruction theory of X —
D ([CL1, Prop 2.5 and 2.7)):

(2.3) ¢xyp: (Bxyp) — Lypy  Ex/p = R, L7,

where Ly = f30O(1). Following standard convention, we call the coho-
mology sheaf

Oby/p = Hl (Ey/p) = Rlﬂy*(L$5 D ipy)

the relative obstruction sheaf of ¢y /p.
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Since Y is non-proper, we use Kiem-Li’s cosection-localized virtual
class to construct its GW-invariants. In [CL1, (3,7)], the authors have
constructed a cosection of Oby /p (i.e. a homomorphism)

(24) o : Oby/p — Oy,

based on a choice of a quintic polynomial, say w = x‘;’ 4+ -+ xg It
was verified in the same paper that this cosection lifted to a cosection
g : Oby — Oy of the (absolute) obstruction sheaf Oby, where Oby is
defined by the exact sequence

p Q) — Obyp — Oby — 0.

It was also verified that the degeneracy locus D(o) of o, which is the
locus where o is not surjective, is the closed substack

(2.5) D(o) = M1(Q,d) c M, (P, d)P =Y.

Here Q = (w = 0) C P* is the quintic hypersurface (29 + -+ + 22 = 0)
of P and w = 2f + --- + 22 was used ([CL1, (3,7)]) to construct the
cosection o; M1(Q,d) is the moduli of stable morphisms to @, and
the embedding is via the tautological embedding M;(Q,d) C M1(P*,d)
composed with the embedding M1(P4,d) C Y = M (P*,d)P defined by
assigning ¢ = 0.

The cosection o induces a morphism of vector bundle stacks (see [BF,
Sec 2] for notation of h°/h!)

(2.6) o :h'/h0(Eyp) — Oy

that is surjective over Y = ) — D(o). (By abuse of notation, we use the
same o; also, we use Oy to denote the rank one trivial line bundle on

Y.) We let
(2.7) h'/h%(Byp)s =

(h'/h°(Eyp) xy D(0)) Uker{oly : b' /h°(Eyp)lu = Ou},
endowed with the reduced stack structure.

Applying [KL, Prop 4.3] on cosection-localized virtual fundamental
class, we know that the cycle of the intrinsic normal cone [Cy/p] €
Z*hl/hO(Ey/D) lies in
(2.8) [Cy,pl € Z.h' /B (By p)o
applying the localized Gysin map

Op toc * Axh' /10 (Eyp)oe — AvnD(0),

o,loc

where —n = rank Ey p, we obtain a localized virtual fundamental class

(2.9) [V := 0,,15c[Cy,p] € AgD(0) = AgM1(Q, d).
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We define its degree to be the GW-invariants of stable morphisms to P*
with fields:

Ni(d)pa = deg [V]iir.
This is well-defined since M1(Q,d) is proper.

Theorem 2.4. [CL1, Thm 5.7] Let Ni(d)q be the GW-invariants of

genus one degree d stable morphisms to @), then we have
Ni(d)b, = (—=1)*Ny(d)q.

We remark that this theorem holds for all genus g. For our purpose,
we state it in the case g = 1. We will also use a modular blow-up of X =
M (P*,d) to study Ni(d)p,. The version we use is that worked out by Hu
and the second named author [HL], following the original construction
of Vakil-Zinger’s modular blow-up of the primary component of X' [VZ].

In this paper, a weighted nodal curve is a connected nodal curve with
its irreducible components assigned non-negative integer weights; the
total weight of a weighted nodal curve is the sum of the weights of all
of its irreducible components. Let MY be the Artin stack of weighted
genus one nodal curves. By replacing £ (of the universal family (C, L)
of D) by its degrees along irreducible components of fibers of C — D,
we obtain a family of genus one weighted nodal curves over D, which
induces a morphism D — MY. Let

(2.10) X MY, Y M”

be the composites of X', ¥ — D with D — M™ (cf. [HL, Sec 2.1]).
Let MY — MY be the modular blow-up of MY described in [HL,
Sec 2.6]. We define the modular blow-ups of X', ) and D to be

(211) QE = XXMWMW, JNJ = yXMW.A;lW, and 15 = DXMWMW.

We denote Cy, = Cy Xy Y and let Iy Cy — P* be the composition
of Cj, — Cy with fy : NCy — P We call (fj,,ﬂ'j) : Cj) — P* x j/ th~e
tautological family of J. Note that if we let (f5,75) : Cp — P4 x X

be the similarly defined tautological family of X', and let £ = [f30(1)

and P = L?g(_g’) ® We /7 then we have a canonical isomorphism and
its induced projection

(2.12) p: Y=C(np,Pp) — X

By adding 1) = 0 to elements in X, we can realize X as the zero section
of this tautological projection. In this paper, whenever we say xXcy
we mean this embedding by the zero section.

Let ¢ : Y — Y be the projection. Since Y is derived from Y — D
by the base change D — D, the relative perfect obstruction theory of
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Y — D pulls back to a relative perfect obstruction theory of Y — D:
(2.13) (ﬁ)}/ﬁ : (Ej}/ﬁ)v — L})/{), Ej}/ﬁ = C*Ey/'D.
The relative obstruction sheaf is Oby; /D= ¢(*Oby p, and the cosection
o pullbacks to a cosection
(2.14) c=C"0: Obj,/f) — (95},
whose degeneracy locus D(d) is also proper, and fits into the Cartesian
product:
(2.15) D(5) = D(0) xy Y = M1(Q,d) X pw M.

We define h'/hO(E;; /p)s parallel to that defined after (2.6). Then by
(2.8), we have

[Cyp) € Z.h' /hO(E5 5)5-
We define [V} = 05}7100[05,/,5] € ApD(&) to be the cosection-localized
virtual fundamental class.

Proposition 2.5. We have the identity

deg [V]ioe = deg [V]ige = (—=1)*'Ni(d)q-

Proof. By [HL, Sec 2.6], the blow-up MY — MY is the result after
successively blowing up along smooth loci; therefore MY — MY, and
consequently (p : D = Dx pwM" — D, are proper and l.c.i. morphisms
between smooth stacks of identical pure dimensions.

From (2.15), the degeneracy locus D(¢)is M1(Q,d)” := M1(Q, d) X pqw
MY, which is contained in J and fits into the Cartesian diagram

My(Q.dy CY —2s M(Q,d) C Y

(2.16) | |

D T, D.
We apply [CLL, Sec 4.1] to the fiber square to obtain
(2.17) [Vl = Dk,

where L!D : AM1(Q,d) — A.M1(Q,d) is the Gysin map associated
to the square (2.16). We comment that although that the bases in
[CLL, Sec 4.1] are assumed to be DM stacks, the same proof works for
the case where the bases are Artin stacks of finite presentations. Thus
(2.17) holds.

By [CL1, Thm 5.7], we have V]V = (—1)%[M(Q, d)]"™r, thus

loc

(2.18) Dhoe = (=1)*"p[M1(Q, &)™
Using the Cartesian product (2.16), we obtain a perfect relative obstruc-
tion theory of M1(Q,d)” — D. Because the same proof in [BF, Prop
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7.2 (2)] applies to the case when the immersions of bases, like ¢p, are
l.c.i. morphisms, we can apply [BF, Prop 7.2 (2)] to conclude

[MA(Q, d) 1™ = 1p[M1(Q, d)™.
Thus [V = (—1)*[M1(Q, d) ™.

loc

On the other hand, applying [Cos, Thm 5.0.1] to (2.16) we obtain

vp([M1(Q,d) ") = [M1(Q,d)]"™ € Ao(D(0)),
where (7, is as in (2.16). Thus deg[M1(Q,d) """ = deg[M1(Q,d)]"",
and
deg [V]ine = deg(—1)*[M1(Q,d) ™
= (=1)* deg [M1(Q,d)]"™ = (~1)*'N1(d)q-
This proves the Proposition. q.e.d.

3. A structure result of the modular blow-ups

Following [HL, Sec 2.8|, we know that the modular blow-up X is
a union of smooth irreducible proper DM stacks: one of them is /'?pri,
birational to X C X under X — X (cf. (2.11)); the others are X,
indexed by partitions p of d, characterized by that its image in X is
the closure of the set of all stable morphisms [f, C] whose domains C'
are ¢ PVs attached to smooth elliptic curves and the morphisms f are
constant along the elliptic curves and have degrees d; along the i-th
attached P's.

We will show that the corresponding stack ) has similar structure.
Let p :  — X be the canonical projection, as in (2.12). We let
ya =) X 5 Xa, where oo = pri or u F d; we denote ngt = U“FdX cXx

and ygst = Uudeu (=Y X 5 ngt) Thus
(31) X - Xpri U ngt and 5} - j}pri U j}gst'

We collect the property of this decomposition as follows. We call
S — X a smooth chart if S is a scheme and & — X’ is smooth.

Proposition 3.1. For any closed & € X, we can find a smooth chart
S — X containing T, an embeddz’ng (All embeddings in this section
are locally closed embeddmgs) S — Z into a smooth scheme, and an
embedding T = S X 5 Y Z' =7 x A, such that

1) the projection T — S commutes with the projection py : Z' =
Z x Al — Z, and there is a smooth morphism Z — MY so that
the composite T — Z — MY is identical to the composite T —

Y= MY;
2) there are regular functions wy, ..., ws and z, € I'(Oz), p = d, such
that (wqy = --- = wy = 0) C Z is smooth, and all (z, =0) C Z

have at worst normal crossing singularities;
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3) denote T,=T X3 Vo, where o = pri, gst or put d; let t € INQ)
be the pull back of the standard coordinate function of Al via pu :
7' = A, and let z = [1,4-q 2, then as subschemes of 7', we have

T C (wl-z:---:w4'z:t'z:0);Tpri:Tﬂ(w1:---:w4:
2.t =0);T,=TnN (2, =0), and Ty, = TN (2 = 0) are open
subschemes of (w1 = --- =ws = 2-t=0), (2, =0), and (z =0)
respectively;

4) ddentify Z = Z'N(t = 0), then as subschemes of Z, S=1Tn(t=0),
and So = To N (t = 0), where o = pri or p & d; further for any
pkd, (2, =0) N Spri is a smooth divisor in Spyi.

We begin our proof of Proposition 3.1 by outlining the derivation of
the embedding and the defining equations of S — Z, following [HL)].

We let € X be the image of # under X — X. We pick a homoge-
neous coordinates [zg, - - - ,24] of P4 so that z € X,,, where X, is the
open substack of [f,C] € X so that (f*zy = 0) C C are divisors dis-
joint from the singularities of C'. Recall the composite X,, C X — D is
via sending [f, C] to (C, f*O(1)). We show that it factors through the
Artin stack K of pairs (C, D) of connected genus one nodal curves C
with effective divisors D C C' disjoint from the nodes of C'

Indeed, let (fx.,,Cx.,) be the restriction of the tautological family of
X to X,,. Then ( f}zo 20)71(0) C Cx., is a family of pairs of nodal curves
with effective divisors away from the singularities of the fibers, which
induces a morphism X,, — K. Next, let (Cx, Dx) be the universal family
over K; the line bundle O¢, (Dx) paired with Cx defines a morphism
K — D. Clearly, the composite X,, — K — D coincides with X, C
X — D. Lastly, we let L — MY be the composite L — D — MY; it is
a smooth morphism.

We pick a smooth affine chart M — MWY. Let (Cps, w) be the tauto-
logical family over M. We let Pice,, /s be the relative Picard scheme,
and let Pice,, /s w be its open substack of line bundles over fibers of
Cy — M of degrees w along irreducible components of the fibers of
Cym — M. Because Pice,, /1w 1s representable, it is represented by
a scheme, say U, which is smooth over M because Cj; — M is a flat
family of proper nodal curves. Using the tautological line bundle on
U X Cyr, we obtain a morphism U — D making the rightmost square
below commutative:

S=X,,xpU —— K=K xpU U M
G2 | | |
Xz —_— K D MY,

Because K — D,X — D are representable and U — D is smooth,
K xp U and X,, xp U are smooth charts of K and &, respectively.
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We denote K := K xp U and S := &, xx K. Using the smoothness of
U—Dxpyw M and K — MV, we know K — M is also smooth.

We next plck charts of XZO = XZO X x X etc.. We pick an affine open
subscheme M C M X ppw MY; let U = M X (Mx pqw sty (U XD D). We

next denote K = K x pw MY plck a connected affine open subscheme
KcU Xp IC and and form S X g K. They are smooth charts
of M¥, D, K and X, respectively, such that M, K are affine, and (the
induced) K — M is smooth. For our goal, we require that S — X is a
chart of z.

Let (fs,Cg) be the pullback of (fx,Cx) to S. We give a canonical
presentation of fg using [z, , z4]. We let Dg = (f&z0)71(0), a family
of divisors in Cg, and fix f§O(1) = O¢g(Ds) so that f&zg is the constant
section 1 via the tautological inclusion O¢cy C Oc¢g(Dg). Then ug; =
[z are sections of fEO(1),

(3.3) fs =Tluso, - usa] : Cs — P ug, = féz;
and a closed s € S associates to the data (Ds C Cs, (us1, - ,Usa)),
where u,; = uglc, -

We let D C Ck be the tautological family over K. By the univer-
sality of the tautological families over X and K, we have the induced
isomorphism and identity

Cs =Ckg xg S and Dg= Dk x¢, Cs,

where the second identity holds under the first isomorphism. Let pj :
Cr — K with Dz C Cf be the pull back of D C Cx — K.

For a partition p, we let M, C M™ be the closed substack defined
to be the closure of the locally closed substack of all (C,w) € MW so
that C are ¢ P!’s attached to smooth elliptic curves, and w take value
0 on the elliptic curves and take value j1,--- , g on the £ P’s. We let
./\/l be the proper transforms of M, under the blowing up morphism
./\/lW—>./\/lVV We let KM—KXMW.M )

Proposition 3.2. By shrinking K if necessary, we can find a £ €
I['(O%) so that

(34) R*pi,05(Dg) Zqi [07 ~5 0] @ [020 — 0],

and (§ = 0) is a normal crossing divisor in K of the form (¢ = 0) =
Up-aE . Further, we can make & the pullback of a & € T'(0 ;).

Proof. The proposition is essentially proved in [HL], where an ex-
plicit perfect two-term complex quasi-isomorphic to R*pz Oz (Dy) is
derived. We follow the notation of the proof of [HL, Theorem 2.11].
On [HL, page 671], it is shown that R*p; Oz (D) is quasi-isomorphic
to O @ [O?{d — O] with the arrow O?{d — O given by ®8*p; (cf.
[HL, (5.23)]), and the structure of 8*y; is given by [HL, page 962 line
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18]. Using the divisibility property of 5*p; shown on [HL, page 962], we
obtain the quasi-isomorphism (3.4) and the property (1) and (2) stated.
We prove that £ can be the pullback of a { € T'(O,;). Indeed, by the
construction of MY — MY, the union of /\;l“ of all = (1, , pe)
with ¢ > 2 form the exceptional divisor of the blowing up M¥ — MY;
also for = (d), M,, is a smooth divisor of M™. Further the union
Uude u is a reduced divisor in MY with at worst normal crossmg sin-
gularities (cf. [HL, Section 2.6]). Therefore, letting M, = M x K M,,
then Um_dM is a reduced divisor in M, and its preimage in K is £ = 0.
Since M is affine, we can find a section ¢’ € T'(O ;) so that & = 0 is
Uu'—dMu' Therefore, by a change of trivializations of Oz in (3.4), we
can make £ the pullback of £’. This proves the Proposition. q.e.d.

We construct the desired embedding S — Z. Let (ug o+ ugy) be
the pull back of (ug1,---,ugs4). We quote the result showing that the
defining equation of S is dictated by the derived object

(3.5) R*p, 0x(Dg)® =, [0 ~5 048 @ 024 — 0].

We let Z = A x A% x K be the total space of 0694 & O@4d, where
the copy O?{A‘ stands for the four O;’s in the 0-th place in the factor
Oz — Ok]@A‘, etc.. We let wq, -+ ,wy be the standard coordinates of
A, viewed also as regular functions on Z via pull back. Let p: Z — K
be the projection.

Proposition 3.3 ([HL, Theorem 2.19]). The data (ug,,--- ,ug,)
defines a lifting S — Z (of S — f() that factors through an open em-
bedding

F:8— (w -5 = =w -p(€)=0)C Z.

We remark that the p*(£) is the product & ---&; in [HL, Theorem
2.19]. By Proposition 3.2, (p*(§) = 0) C Z is a normal crossing sin-
gularity. Our construction implies each w; has smooth vanishing locus
and F(S) has (at worst) normal crossing singularities (also cf. [HL,
Theorem 2.19)).

Welet T =Y xS, and let T :jxig. Thus T — Y and T — Y are
smooth charts. We now derive the embedding Y — Z'. Like Proposition
3.3, the structure of T" can be given by the structure of a perfect two
term complex quasi-isomorphic to

R*pg, (0 (D)™ @ 03 (=5Dg) @ we_ ).
Lemma 3.4. We have a quasi-isomorphism
° A~ x§
(36) Rz, 0x(-5Dg) ®we g Zqi [0 — Ol @ [0 — O,
where the £ is that in Proposition 3.2.
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Proof. Let (Cx, Dx) be the universal family over K. Since (Cx, 5Dk )
is also a family of pairs of divisors in genus one nodal curves, it induces
a morphism p : K — K so that p*(Cx, Dx) = (Cx,5Dx). Clearly, p is a
closed embedding of stacks.

Let K be the smooth chart of K as in the statement of the lemma.
Without loss of generality, we can find a smooth chart K’ — K so that
p: K — Klifts to ¢ : K — K’. We then pick an affine smooth chart
K' of K' x pqw MY, possibly after shrinking the chart K if necessary, so
that the ¢ : K — K lifts to a morphism ¢ : K — K’ by the following
fiber diagram:

K —25 K

(3.7) l l

K —%, K

Without loss of generality, we can assume that ¢ is a locally closed
immersion, thus ¢ is a locally closed immersion. Let (Ciry D) be the
pull back of the tautological family over K. We have the following
isomorphism and identity

(3.8) Of(%C’R, XK-,f( and 5DK:D[{’ XCr CK"
(The last identity holds under the given isomorphism.) Let pz, : C, —

K’ be the projection. Then by Proposition 3.2, we can find a section
¢ € H%(O4,) such that

-~ x¢!
R 0p/(Dig) Zqi [0 = 0] @ 0837 — 0],

and (¢ = 0) satisfies the properties stated in Proposition 3.2.
Therefore, because of (3.8), we have

Rpg. Ok (5D ) Zq.i 0" R O (D)
(Y
>~ [0z — 0zl @ [0 — 0],

Finally, using the description of the vanishing locus (§ = 0) in Theorem
3.2, we see that (£ = 0) and (¢*(¢') = 0) are identical as sets. Since
both are reduced divisors, we conclude that (£ = 0) = (¢*(¢') = 0).
Thus ¢*(¢')/€ is nowhere vanishing. In particular, by an appropriate
isomorphism Oz = O, we can make ¢*(¢') = &.

Finally, by Serre duality R*pz 0z(—5Dg) ® Wo, sk 19 dual to
R*p;, 0z (5D )[—1]. This proves the Lemma. q.e.d.

We let Z/ = A% x Al x AY x K, where the factors A%, A% and K
are as in Z, and the factor Al corresponds to the (0-th place) factor
O in [0z — Of] in the quasi-isomorphism (3.6). As before, we let
(w1, -+ ,wy4) be the standard coordinate variables of A%; we let t be the
standard coordinate variable of Al in Z’' = A% x Al x A% x K. (As before,
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we view w; and t as functions on Z’.) Let §: Z' — K be the projection
and ¢ : Z — Z' be the embedding via setting ¢ = 0.

Lemma 3.5. The morphism T — K lifts to an open embedding F'
making the following square commutative:

yal

T —— (W@ = =w-7E)=t-70=0)CZ
(39) TO—section th(]
= F —x —x
S — (wy-p*(€) =+ =wy-p*(§) =0) C Z.
Proof. The proof is a repetition of [HL, Theorem 2.17], and will be
omitted. q.e.d.

Proof of Proposition 3.1. Let z = ¢*(§); then (3.9) gives us the defining
equation of T C Z' and § = TN (t = 0). Recall that Spri, which is
a chart of the primary part of M;(P",d) (cf. [HL, Theorem 2.9]), is
smooth and irreducible (cf. [HL, Section 2.8]). Since general elements
in Sprl correspond to stable maps with smooth domains, z restricted
to Sprl is non-trivial. Thus since S under the embedding F is open

in (wiz = ---wyz = 0) C Z, we have F(Syy;) is contained and dense
in (wg = -+ =wy =0) C Z. Because (w; = -+ = wg = 0) is
smooth, we conclude that F(Spi) C (w; = --- = wy = 0) is an open
subscheme. Consequently, using Tprl =T xz Spn, and that F’ (T)
(wiz =+ =wyz =tz = 0) C Z' is an open Subscheme we conclude
that F'(T,i) C (wy = --- = wyg =tz = 0) C Z' is an open subscheme.

From [HL], we know that X is reduced; its primary component /'?pri
is smooth of dimension 5d, and the remainder components, indexed by
partitions p = d, are of pure dimensions 5d + 3 (cf. [HL, Theorem 2.9]).
Since F(Spy) is open in (w3 = --- = wy = 0) C Z, and since K is
smooth and connected, we know that F(Sg) is open in (z = 0) C Z
and F'(Ty) is open in (2 = 0) C Z’. Further, after writing & = [Lraée

so that (§, = 0) = IN(N in the notation of Proposition 3.2, and letting
2z, = q*(€,) we have that F(S,,) is open in (z, = 0) C Z and F'(T},) is
open in (z, =0) C Z'.

Finally, (2) of the Proposition follows from that ({ = 0) is a normal
crossing divisor (Proposition 3.2), and the identity describing Tpri,Tu,
Tyst of the Proposition follows from the description of F'(Tpy), F'(T},),
F'(Tys) above and [HL, Thm. 2.9]. This proves the Proposition. q.e.d.

4. The decomposition of cones

We keep the notation introduced in the previous section, like the U, K
and S defined in (3.2). We have a commutative diagram of tautological
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morphisms:
T o1 K P2 [7 B3 e
(&1 I
T ®1 K P2 U ¥3 M,

constructgd in paragrz}phs bef~ore and folloyving (3.2), and such that the
induced T' — T' xx K and K — K xy U are open embeddings, and
U=U x M M.

Lemma 4.1. The sheaves R'm é\?gsc*L Tt and R'm /fgst*ﬂ? R OTC locally

free over Xgs. The sheaf W??gst*ip??gst is an invertible sheaf over Xy .

Proof. We pick a smooth chart S of X as in Proposition 3.1. By (3)
of the same Proposition, Sg is an open subscheme in (2 = 0) C Z. By
definition, z = p*(&); thus applying Lemma 3.4 we conclude that

. ~ ®(5d+1) x0
(R W)E*L)E) ’Sgst :q'i' [Oggst —> Oggst]
and
°_ N o~ _ X0 ~®D(5d+1)
(R WX*{PX)‘Sgst = [(‘)Sgst —>O5,gst ].
The Lemma follows. g.e.d.

Let p : Y — X be the base change of the forgetful morphism Y — X
(cf. (2.12)).

Proposition 4.2. We have the following structure results of j/pri and
ygst-' ~
(1). Vgst is canonically isomorphic to the (total space of the) line bundle
wéﬁgsc*ﬂ)«fgsc ; ]J|)~,§St : Vest — Xgst 15 identical to the line bundle projection
ﬁigst*ﬂ)-;\?gst — ngt . B L B 5
(2). Under the zero section embedding X — Y, Vpri = Xpri U (Vgst X 5
Xori)-

Proof. For the first statement, by the definition of direct image cones
([CL1, Def 2.1]) we conclude

(42) j}gst = 37 X/"E' ‘/fgSt = C((ﬂ—fgst)*ipjgst).

Since Riﬂ-)egst*ip-)egst are locally free for i = 0,1, we see that (4.2) is the
total space of the line bundle of 7 )ggst*‘P B Finally, that p’j}gst : j/gst —

/f’gst coincides with the projection of 7 ngt*? Bt to /'?gst follows from the
definition of p.
The second statement follows from Proposition 3.1. q.e.d.
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We remark that indeed all X, are smooth, which was proved in [HL]
without being explicitly stated. For us, the property of having at worst
normal crossing singularities is sufficient.

Lemma 4.3. The intrinsic normal cone Cy, 5 C hl/hO(Ej,/ﬁ) em-

bedded via the obstruction theory qﬁj,/ﬁ of ¥ — D has the following
properties:

1) over Y — Vs, it is the zero section of hl/hO(Ej;/ﬁ)b”;_j;gst ;

2) over Y—Ypi,it is a rank two subbundle stack of h! /h° (Ejj/@)b}_j,pri.

Proof. We first prove that the tautological morphism p : Yy - D
is smooth along Yy — JNJgst. We pick a smooth chart T >y together
with its locally closed embedding T — Z' = A* x Al x A% x K as
in (3.9) and Proposition 3.1. Using the defining equation of T C Z’
in (3.9) we know z is nowhere vanishing away from j}gst Because w;
are coordinate variables of the factors of A* in Z’, we conclude that
901|T—Tgst T — Tgst — K is smooth (cf. (4.1)).

We next claim that ¢ is smooth along o1 (T — Ty ). Let £ € o1 (T —
Tyst) whose image in K is D C C, by the definition of Vg we know
that D intersects the minimal (arithmetic) genus one subcurve of C.
Because g(C) = 1, we conclude that H'(O¢(D)) = 0. Using the exact
sequence 0 — O¢c — O¢(D) — Op(D) — 0 and its induced long
exact sequence of cohomology groups, we conclude that H%(Op (D)) —
H'(O¢) is surjective. This implies that any first order deformation of
the pair (C,0¢(D)) can be lifted to a first order deformation of (C, D),
proving that @9 is smooth near £.

Since @9 is the base change of @9, ¢ is smooth near (pl(T T
Therefore, @01 is smooth along T —Tgst, and consequently p : Y —
is smooth along ) — Vgt This proves (1).

To prove (2), we first prove a sublemma.

0):
D

Sublemma 4.4. The image p(j)gst) C D is a locally closed, codimen-
sion two l.c.i. substack, and p|3~,gst  Vost = P(Vast) s smooth.

Proof. Let T — Y be the smooth chart as before, and let @ := @3 o
Goopr T — M (cf. (4. )) By our constructions and Proposition 3.1,
3.2, the morphism (b]T Tost, — M factors through the following fiber
diagrams

Tyt — (z=0) —— (£=0) —— (¢ =0)
| | |
i

7! q 3002 M
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where z = §*¢,& = (d3 0 pg)* ¢, €' € I'(O,;), and the two arrows in the
lower row are smooth. Since T, sst — (2 = 0) is an open embedding,
by Proposition 3.1 (2) we conclude that ‘15|Tg s Tyt — P(Tse) C M is
smooth and @(T, sst) C M is a locally closed divisor with at worst normal

crossing singularities. For simplicity, we denote A = @( gst) C M. We
claim that we can find a section

of ¢h = <,03| 51 : 31 (A) — A so that <,5|Tgst factors through 953|5(A)

C(A) — A. Because @Y is smooth of relative dimension one, and A ¢ M
is a locally closed divisor with at worst normal crossing singularities,
the claim implies that By o $1(Tyt) = C(A) C U is a locally closed
codimension two l.c.i. substack(scheme), and that @9 o <,51|7~1gst : Tgst —

C(A) is smooth, thus proving the Sublemma. .
We now prove the claim. Let My C M be the image stack of Ty —
M. Let Uy = U xp Mp C U. We claim that we can find a section

Car s My — Uy

of the tautological projection Uy = PichA /My My. Indeed, given
any point £ € My represented by a weighted curve (C,w), by the de-
composition result Proposition 8.2, C'is a union of a nodal elliptic curve
(arithmetic genus one) E with a collection of P! so that w takes value
zero on every component of F and takes non-negative integer value on
every P! C C'not in E. We let L be a line bundle on C so that L|g = O,
and for every P! & R C C we have deg L|r equals the value of w on [R].
Such L is unique. We define (3/(§) € Ua to be the unique element lies
over (C,L) € D and (C,w) € My. Using that U = Pice,,pr — M is
representable, that My is reduced, and the decomposition Proposition
8.2, we conclude that this point-wise deﬁmtlon of (yr defines a mor-
phlsm Cum as desired. Then because @ : @5 (A) — A is a base change
of Uxn — My, (s lifts to the desired section Q:

Finally, usmg the defining equation of Estv we see that ¢ (Tgst)
(§ =0)C K. By Proposition 3.2 the image of general points of (f =0)
in K are represented by [D C C] € K with D does not intersect elliptic
curve ¥ C C. Since this property is preserved after taking closure, we
have @2 0 @1 (Tgst) C C(A). Thus 4,5]7;“ factors through @3[5(/\). This
proves the Sublemma. q.e.d.

Now the proof of ( ) of Lemma 4.3 follows from that Y — jpn is open
in y p(y ypn) CDisa locally closed, codimension two l.c.i. substack
of D, and p]y Ior :Y— ypn — p(y ypn) is smooth. q.e.d.
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We will see that to each o = pri or p F d, the cone Cj, /D contains
a unique integral component that dominates Y,. For J~/pr-1, it is the
closure of the zero section of hl/hO(Ej,/ﬁ)]j_J;gst (in ht/K0 (Eﬁ/ﬁ)’ﬁpri);
we denote it by Cp. For p b d, it is the closure of the rank two
subbundle stack in h'/ hO(Ej, /15)|5,u given in Lemma 4.3; we denote this

subcone by Cj,.
There are possibly other irreducible components of Cj, /D lying over

Vori N Vest; we group them (not necessarily unique) into C” such
p g ped
that CZ lies over JNJpri X5 5/”. We write C,, = CL U CZ. Therefore

(4.3) [Cyp] = [Cpni +Z J € Z:h! /RO 9B)-
uked

Consequently, (denoting [Cgst] = >_ 4 4[Cpl,)

(44) [J}]Yolg = Ocr loc[Cpri] + Oi},loc[cgsd = Oi},loc[cpri] + Z O!Er,loc[C ]
pHd

Let Ny (d)bed be the reduced genus one GW-invariants of the quintic
@ introduced in [LZ] and stated in (1.2). We state the key Propositions
whose proofs will occupy the remainder of this paper.

Proposition 4.5. We have deg 0} JoelCpri] = (= 1)%4N, (d)md

Let (d) be the partition of d into a single part; i.e., the non-partition
of d.

Proposition 4.6. For ju - d and i # (d), we have deg 0% . .[C,] = 0.

loc[

Proposition 4.7. We have deg 0} 1clCl = (_112)5d No(d)g.

These three Propositions, the identity (4.4) and Proposition 2.5 com-
bined give an algebraic proof of the hyperplane property of genus one
GW-invariants of quintics proved originally via analytic method in [LZ,
VZ, Zi1).

5. Contribution from the primary component

We begin with more notations. From now on, we view Xpm as a

closed substack of ypn via the zero section embedding X — Y and
(2) of Proposition 4.2. We denote Gy, := 7|3 Oby/’D’X — 03

pri pr1

Using Oby; /D] .= H YE ) /D\ Xpri)’ and the definition (2.7), we define
the substack

1,10 1/70
W /W (Ey pl 2, o0 © 0 /R (B pl e )-
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Note that D(Gpri) = /'?pri N D(&). Since [Cpy) is supported on /f’pri C
ypr17
(o] € Zu (R /W0 (Egy5) 5, . Bort) = Zu(h /OBy 5l Do)

ri

We then apply the localized Gysin map
(5.1) 05 loc A*(hl/hO(E)}/ﬁh?pri)&pri) — Ay D(Gpi)

to it to obtain Oi}pri,loc[cpri] € AgD(6pri). By [KL, Lemma 2.5], its im-
age under AgD(Gpi) —> Ao(D(6)) induced by the inclusion is
05 10 ([Cpri]). This implies

a,loc

deg 0%

Opri ,loc[

Cpri] = deg 05 10c[Coril-

7,loc

Let (fy,my) : Cp — P* x Y with Y5 € I'(Cy, Py) be the tautological
family of ¥, where L5, = f;(f)(l) and Py = fj*}O(—5) ® wey /3 Recall
from (2.13) that the deformation complex of the relative obstruction

\) N ° 5
theory of ¥ — D is Ey, 5 = R 715,*(6$ ® Py). Let

Hy = '/ (B3, L50)] 5,,) and Ha = h'/h%((R*m3,P3)l 5, )-

By the base change property of the k' /h%-construction (The base change
property is as follows. Let ¢ : V' — U be a morphism of DM stacks; let
G* € D*(U) be quasi-isomorphic to [G® — G'], where G? are vector bun-
dles over U. The h'/h® construction ([BF, p 57]) defines h'/h?(G®) =
[G'/GO] , a quotient stack is smooth over U. Since ¢*G® =, ; [p*G? —
©*G1], we have canonical isomorphism h'/h%(p*G®) = [p*G'/p*GY] =
[G1/G°] xy V.), we have

(5.2) W/ (Eyp)lg,, = Hi x5 Ha.

We need the notion of the closure of the zero section of a vector bundle
stack. For M an integral DM stack and G* = [a : G® — G'] a two-term
complex of locally free sheaves placed at [0, 1], the zero section Og of
H = [G°/G"] is the substack Og : [G°/G°] — [G'/G"], where G¥ — G°
is the identity map; we define its closure to be

(5.3) On := [cl(a(G?))/G°] C H,

where (G?) is the image of a : G° — G' and cl(a(G")) is the closure
of (G in G'. For G* € DY(M) locally represented by two-term
complexes of locally free sheaves placed at [0,1], we can cover M by
open substacks U; such that G*|y, =,.. [G? — Gzl] as stated and define
O |y, and Og |y, in H|y, = h°/h'(G*|y,) as before. A direct check shows
that {Om|v, } and {Om|y, } patch together to substacks Oy and O C H.
Since M is integral, Oy is integral.
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Wia apply this construction to (R.W)}*L%5)| P arid (R*mp,Pp)l & €

Db(X,yi) to obtain Op, C Hy and Og, C Ha. As X, is integral, both
Om, and Opy, are integral.

Lemma 5.1. Under the tautological inclusion Hy X Hy, —
hl/hO(Ej,/ﬁ), we have

[Cpri] = [Hl X')E‘pri (_)Hz] € Z*hl/hO(Ej)/ﬁ).

Proof. For convenience, we abbreviate X[())ri = X — Xy and ygri =

Y- JNJgst; by (2) of Proposition 4.2, we know QESH = Yori» and combined
with (1) of Proposition 4.2, we know that the closure of Y°. in ) is

pri
KXpri-
Because Rlﬂ')}*[/$5| yo, = lej*i]?)ﬂ Vo = 0, we have
Hl’:)};?ri = 0H1 b}gri and H2’5)Sri = OH2 b}gri = (7)1_12 b}gri.
Thus by (1) of Lemma 4.3,

N 1 0
Cpiilye =0Hyx; Holyo = (Hi X5 Omy)lye Ch /R (Ey 5)ly0 -
pri pri pri P pri /

pri

Since Op, is integral and Hj is a bundle-stack over fpri which is
smooth over X4, the stack Hy x B O, is integral and thus is identical

to the closure of (H;j x P ()Hz)lj,gri in h/h0( Ey,p). Because Cpy s
the closure of Cpyilj. in hl/hO(Ej,/ﬁ), the Lemma follows. q.e.d.
pri

Let Oi}pri’loc be the localized Gysin map in (5.1); let O!H2  AHy —
A, Xy be the Gysin map by intersecting with the zero section of Ho.

Corollary 5.2. Let ¢ : D(Gpri) — /'?pri be the inclusion. Then
(5.4) deg 0 | 1oe([Cpul) = deg Oy, (1Orz ).

Proof. Let

J: hl/hO(Ejj/ﬁ)(} Xj} ')Epri — hl/hO(Ejj/ﬁ) ><3~) /fpri =H; X?Epri H»,

be induced by the inclusion h!/h° (Ey /ple C ht/ hO(Ej, /p) and the iden-

tity (5.2). By [KL, Prop 1.3], we have ¢, o ngmloc = O!HIX

By Lemma 5.1, we have

[¢]
- H T+
Xpri 2

L*Oépri,loc([cpri]) = 0'1‘11 X/?priHQ ([Hl X.)E‘pri (_)HQ])

Because O!Hlx)é 1, [H1 X P Om,] = O!H2 [Og1,], we obtain
pri

L*O!&pri,loc([cpri]) = 0!1-12 ([GHQ])
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Finally, because /f’pri is proper, the homomorphism ¢, preserves the de-
grees, which implies (5.4). This proves the Corollary. q.e.d.

We prove a useful result. In the following, for a locally free sheaf &
we will use the same symbol to denote its associated vector bundle.

Lemma 5.3. Let R = [Rg — Rq] be a complex of locally free sheaves
of amplitude [0,1] on an integral Deligne-Mumford stack M, and let
B = ht/hO(RV[-1]) = [RY/RY]. Suppose H'(R) is a torsion sheaf on
M and the image sheaf of Rg — Ry is locally free, then H(R) is locally
free and

05[0B] = e(H°(R)Y) € A, M.

Proof. Let X; = H'(R), which fit into the exact sequence
(5.5) 0— Ko Ry LR 5%, — 0,
which breaks up a short exact sequence of sheaves

0— Ko — Ry — Im(8) — 0.

Because Im () is locally free by assumption, we see that Ky is locally
free and " : Ry — K is surjective.

We next consider the dual ¥ : RY — RY, and let Z = cl(BY(RY)) (cf.
(5.3)). By (5.3), we have O = [Z/RY] C [RY/RY] = B. Let U C M be
the largest open substack so that K| = 0. Then Y|y : RY|v — Ry|v
is a sub-bundle homomorphism, and then Z x U = 8Y(RY ). Since M
is integral and H'(R) is torsion, Z is identical to the closure of Z x y; U
in RY.

We denote by b : Ry — [Ry/R{] the quotient morphism, then
b~1(0g) = Z, and

0p([0B]) = Oy ([Z]) € AM.

Thus to prove the lemma we only need to show that Olmg (12]) = e(Xy).

Because K1|y = 0, we have the exact sequence of locally free sheaves
0— :R\{’U B—)fRE]/’U a—\/)JCB/‘U — 0.

Hence Z = cl(8Y(RY|v)) = cl(ker(a¥)|y) in Ry. Since a¥ : Ry — K is

a surjection of vector bundles, ker oV is integral in Ry, thus Z = ker oY

and OERX([Z]) = e(Xy). This proves the Lemma. q.e.d.

Let (f‘)epri77T-)€pri) = (fy, 7T3})|)2pri, and let R = R.W‘}E'pri*f;priow)4(5)' By

Serre duality, RY = (R'WJ;*‘PJ;)[lH);p .- Since [T Opa(5) is locally free
Ti pri

on C??pri’ it is known that R.W??pri*f}’pri Opa(5) =Zqi. [Ro — Ry for Ry

locally free sheaves on Xy (cf. [Beh, Prop 5]). On the other hand, by
[HL, Thm 2.11] (or Prop. 3.1), T, '*f;? Op4(5) is locally free of rank
ri pri

5d, and Rlﬂ')gp ,*f;% O(5) is torsion. The image of Ry — Ry is locally
ri pri
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free by taking dual of Lemma 3.4. Applying Corollary 5.2 and Lemma
5.3, we obtain

deg OO’ loc[cpri] = c5d(( rl*f rlolP"l(E))) ) =

p

( 1)5d65d(7r)( n*f x, lO]P>4(5))

Proof of Proposition 4.5. Note that the right hand side of the previous
identities is the reduced genus one GW-invariants introduced in [LZ]
and stated in (1.2). This identity proves Proposition 4.5. q.e.d.

T

6. Reducing cosection-localized Gysin map

In the previous section, using that /f’pri is proper we have reduced the

contribution from the primary component 0}7 . 1oc | Cpril to an expression
pris

using ordinary Gysin maps (cf. Corollary 5.2 and (5.4)). In this section,
we achieve the same goal for OJ loc[CSSt] by working with a compacti-

fication of ygst and the extension of Cgy to the compactification. The
structure of this extension is made simple by studying the homogeneity
of the cone Cg; along the fibers of ygst — ngt

We abbreviate
(6.1) Vi=Rlrg LY, Va=Rlrg Pg . and V=Viol,

gst*

and abbreviate L = w3 2, t*i]’ Ft” By Lemma 4.1, they are vector bundles
(locally free sheaves) on ngt By Proposition 4.2, ygst is the total space
of the line bundle L. Let 7 : Vgt = Tot(L) — Xy be the tautological
projection, which is identical to the restriction p]ygst ygst — ngm
mentioned in (1) of Proposition 4.2.

We let f);gst,ngst,Cjzgst,L);gst and (‘P)?gsc be objects over JNJgst defined
similarly as that over Xy, and define

(6.2) Vi, = lejgst*L$5t Vy = Rlﬂﬁgsc*ﬂ)ﬁgﬁ’ and V=V, Vs.

Lemma 6.1. We have canonical isomorphisms v*V; = V; fori=1,2.

Proof. Since we have a canonical isomorphism Cj, L =C By X Bt Vst
letting 7 : ijgst —Cy - be the induced projection, we have ¥*£ 3
ngst’ and the same for P Vst Applying the base change formula (usmg
Rmy st*(-) = () we obtain the canonical isomorphisms

1 @5 1 D5 ~ 1 @5
‘/1 R SC*Lygst o R t*fy Lngt v R FXgSt*Lngt =7 V

The same reason gives a canonical Vs 2 v* V5. q.e.d.
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For the & given in (2.14), we form

(63) &gst = 5"5)g N V — Oj}gst

It has the following reconstruction result. We recall the construction
of o in (1.3) given by [CL2, (3.8)]: let # € Xy and fix a homoge-
neous coordinates [z;] of P4; for any y € v~ 1(z) C ygst associated with

([f,Cl, ), we let u; = f*a:,eHO(f* (1)) and v € H(f*O(-5) @ we).
We have

Vily = H(ff0(1)®) and Val, = H'(f*0(-5) @ we),
and 7(y) : Vi, @ Val, — C is

6.4) &0, 0 —5¢Zuv,+¢2uz, () € Vily, ¢ € Valy.

We define
§1(z)((vi) ® @) = 5¢Zu§1@i, and

:QSZ’LLZS, (’Ui)evﬂzm ¢€V2|x-

Since /f’gst is reduced, this pointwise definition of &;(x) for x € /f’gst
defines homomorphisms

(65) 61 : V1 ® L — O/"Egsc’ and 62 2 — O-)Egst

Also & is surjective because &1 (z) is the Serre pairing V3|, ® L|, — C,
which is nondegenerate (cf. [CL1, Prop 3.4]).

_ Lemma 6.2. Let & and & be as defined; let €1 =€) ®e) :
Vi= Vi = 0y ot be defined by the tautological (identity) section

€c r(ygst, L) pazred with v*(&1), and let 52 = 7*(&) : Vy 1= Vo —
O~gst. Then

(66) 5-gst = (51752) : ‘7 = ‘71 ©® ‘72 — O)}gst
Proof. This follows from the construction of & and & and the defi-
nition of & in (6.4). q.e.d.

The cosection G, defines a cosection-localized Gysin map. Since &; is
surjective, 51 is surjective away from the zero section Oj,gst = ~gst C JNJgst;
thus the non-surjective locus D(Ggs;) of Ggst is contained in the zero
section Oﬁgsc C jgst. We let U = jgst — D(Ggst), and form

(6.7) ‘75gst = ‘7|D(&gst) U ker{c}gst |U : ‘7|U — OU} C V.

(This is consistent with the convention (2.7).) The cosection G4 defines
a localized Gysin map (cf. [KL, Coro 2.9])

(6.8) 05 P A5, — AuD(Ggst),

Ggst,loc Ogst
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which is useful because of the following Proposition, to be proved in the
next section.

Proposition 6.3. There is a cycle [Cyst] € Z.V (6gst) such that
Cyst] € AD(E).

! !

O.&,loc[CgSt] =0

Ogst 7loc[

We~remark that [Cggt] is a cycle in the bundle—stzick ht/ l}O(Ej, /ID)‘j}gst
over Vyst while [Cyst] is a cycle in the vector bundle V' over Vys;. Working
with cycles in V' will free us from those technicalities due to working
with ht/hO(-).

As indicated in the beginning of this section, we will form a com-

pactification of JNJgst and reduce Ol&gsh10C to a classical Gysin map. We
let

(6.9) v 5’;@? =P(L® O)Egst) — ‘)Egst
be the obvious compactification of JNJgst. (Here the superscript “cpt”
stands for compactiﬁcation ) We let Do = P(L & 0), called the

infinite-divisor of V<P St, thus ygst = J)gg’tt Doo. We still view Xy as

a substack of prt via Xy = P(0@ O ??gst) C ycftt, consistent with the

0-section embedding ngt - jgst.
We extend V; and V5 to ygftt via

(6.10) VP = 3* Vi (Do) and V3P = 5*V5.
We let 52 F*&9, which is the extension of 52 Because of the expression
(6.5), & extends to a homomorphism & : =3Vi(—Ds) — Oyept.
gst
Let
(6.11) £=(61,&): VP =VP QU O
gs

Because 51 has the form stated in Lemma 6.2, and & is surjective, &
is surjective along D,. Consequently, the non-surjective locus of € and
Ggst are identical; namely D(€) = D(Ggst) C Xigst-

Lemma 6.4. Let v : Z*f/{; o = Ly VPt pe the linear map that sends
any closed integral (cycle) [C] € Z. V(,.gst to the cycle of its closure in
Vert: 0] = [C] € Z.VP. Let 7 : D(Ggs) — Xest be the inclusion.
Then we have

 Z.Vs —>AX

Ol = TxO Oagst loc - Ogst

7* o Ocht

Proof. We let ‘75—Cp be defined similar to (2.7). Let

0 1oc * Z*f/gpt — A, D(€) = A, D(Ggt)
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be the localized Gysin map associated to . Let 7’ : f/gpt — V and

™ D(&) — prt be the inclusions. By [KL, Prop 1.3], we have the
commutative square

05 loc

2.V =75 AD(E)

|
7 f/cpt Oyt A yCPt
*

On the other hand, since ¢ is an extension of Ogst, the homomorphism ¢ :

Iy Vggst s Z.V°Pt factors through L, Z, Vogst 7, cht(g) Composing,
we obtain
o 0{ loc © L{ ()!‘~/cpt o7l o L, = 0cht l.

Since € is an extension of Gt and D(€) = D(53}g ), tracing through the
construction of the localized Gysin maps in [KL, Sec 2] we conclude
0%, o =0} Composed with 7, : A, prt — A, Xy, we obtain

Ogst,loc”

!
€,loc
. Z, Vs —>AX

_ ! _ 7
s O Of/'cpt ol = ’Y* 0Ty © OEIOC o LI = Tx© Oo'gst loc - Fgst

This proves the Lemma. q.e.d.

Corollary 6.5. Let C' C ‘N/é be any closed integral substack; let C' C
VPt be its closure, and let C, = C N (0 ® VyPY). We let Nébé be the

normal cone to Cy, in C, which is a closed substack in VCPt. Then we
have

(6.12) 0;

Ogst 7loc[

C] = 050 [C] = 05, [N, C.

ept|

To make use of this Corollary, we need to know more about the
intersection Cp. It turns out that C} has a simple answer in case C is
homogeneous which we define now. Since JNJgst is the total space of the
line bundle L and V; = v*V;, we define the dilation morphism m; and
the homomorphism ®; ¢(¢) to be

‘71' D, 0(t) VZ

(6.13) | [

where my sends = € L[, (over ' € Xgst) to tx € L|y C W; ®;0(t) keeps
the above square commutative and leaves v*e invariant for any e € V;.
The collection {mt}te@« defines a C* action on ygst, making the pro-
jection ~ : ygst — ngt a C*-equivariant morphism with C* actlng triv-
ially on ngt The fixed locus (ygst) C* is the 0-section ngt C ygst For
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k € Z, we define
(6.14) D p(t) =tF - ®io(t) : Vi — Vi

Definition 6.6. A closed integral substack C' C V is homogeneous of
weight (K1, ko) if it is invariant under (®q 4, (t), o i, (t)) for all t € C*.
We say a cycle a € Z,V is homogeneous of weight (K1, ko) if each of its
integral components is homogeneous of weight (k1, ko).

First we state the following Proposition, which we will prove in the
next section.

Proposition 6.7. The cycle [Cust] € Z.V mentioned in Proposition
6.3 can be made to be homogeneous of weight (0,1).

We let C' C V be an integral component of Clst, and let C C VePt be
its closure. We intend to find the structure of C' N (0 @ V5P"). We let
¢ : VsP' — Vi be the projection induced by the isomorphism VyP' =

*Vy (cf. (6.10)).

Lemma 6.8. Let C C V be an integral component of Cyst and let
C C VP be its closure. Then there is a closed substack B C Vy such
that

_ oot .
CNO@ V) e g, =0 (Blgen 4,

Proof. To prove the Lemma, we only need to show that zégst can be

covered by étale charts M — /f’gst so that for each such chart we can
find a closed By C Va|ar such that

—1 el  rcpt
¢2 (BM)’J}é:stt_‘)egst = ((C ﬂ (0 @ 2p )) X/?gst M)’j};g)tt_-)egst'

Let M = SpecA — )Egst be an affine étale chart; we abbreviate
U, = VZ.Cpt X M and U = VP x Fo M:; they are vector bundles over

W= Vgt x g, M. We denote W = Vgt x 5 M and Ll = Lx 3 M,
etc..

Possibly after shrinking M if necessary, we can find trivializations
Ly = Op and Vip = O%”i. Using such trivializations, we have in-
duced isomorphisms
(6.15)

W=MxP!, U= (MxP)xA", and U= (MxP)xA™ xA™,
We denote Oy = M x0 C W, and continue to denote Do, = M x{o0} =
W —-W.

We let t (resp. = (z;); resp. y = (y;)) be the standard coordinate
variable(s) of Al = P! — {oo} (resp. of A™; resp. of A™). Let Cy =
C x po M; because it is homogeneous of weight (0,1), the ideal of
Cumlw—ow C Ulw—o, is generated by elements

{f(:Elv"' 7$n17t_1y17"' 7t_1yn2) | f €JC A[$7y]}7
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where J is an ideal in the polynomial ring Alx,y] = Alz1, - ,Zn,,
Y1, 7yn2]' —
We now pick a new trivialization of U; over W—0yp,. Welet €1, --- , €,

be the basis of U; that is the pullback of the standard basis of Vi |y &
Oi\'}”l. As t~! extends to a regular function near D, and with order one
vanishing along Do, the collection {e; = ¢~1- € }1<i<n, forms a basis of
U1|W—0W'

We let
(6.16) Uly_o,, = M x (P —0) x A™ x A™

be the isomorphism induced by the given trivializations of L|y; and

Va|ar, and the new trivialization of Uy using the basis e;. We let 2/ = ()

be the standard coordinate variables of A™ in (6.16) (under the basis
e;). Then z; and z} are related by x; = t‘lxg. Thus in the coordinates
(@},y;), Carlw—oy is defined by the ideal generated by

(617) {f(t_1$/17 T 7t_1$;L17t_1y17 o 7t_1yn2) | f €JC A[$7y]}

Since C' C V is a cone, J is a homogeneous ideal; thus the same ideal
is also generated by

(6.18) (@2 yn o yng) | f € C Ay}

Therefore, denoting Cps = C X Byt M, Cy N Uw-ow C Ulw-ow
is defined by the ideal generated by (6.18). Thus C N Ulw_o,, =
qﬁ_l(B/)\W_OW fora B' C M x A™ x A" and ¢ : Ulyy_g, — M x A™ x
A" the tautological projection. Intersecting with U2|W—0W proves the
Lemma. q.e.d.

7. The cycle Cg

We first construct the desired cycle Cyg, which proves Propositions
6.3. As Ey /ﬁ‘j}gst has locally free H? and H'!, we have a canonical
smooth quotient morphism

which fiberwise is the morphism [H 1(E5) /ﬁ]y)/HO(Ej,/ﬁ\y)] —

H! (NEjj /ply) obtained by taking coarse moduli. The desired cycle [Cyt] €
Z.(V) will be constructed as “the coarse moduli” of [Cgyt] € Zi(h'/
W(ES 5)l3,..)

As mentioned before, we can find a complex of locally free sheaves
[FO — F1 of 0y,,,-modules so that [FO — F1 =, R'WJ;*(L%E’ ®

P3) |)~,gst . We introduce

Vi = b (R, 825, ), Vo= WRO(Bomy, )5, ),
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V = Vl ngst \7-2.

By the base change property of the h!/h%-construction, canonically
[F1/F'] 2V = hl{hO(Ej}/ﬁ)’j}gst. And by the construction of Cgg,
we have [Cggt] € Z, V.

We now construct [Cggt] € Z,V. Let
(7.2) B:F'—V and g :F'—V= lely*(ﬁ%:’ ® i]’3~,)|)~,gst
be the tautological projections. By their definitions, both are flat. Be-
cause Rlﬂj,*(L%S @ “]3)~,)|)~,gst is locally free, for o : FO — F! the arrow
in [FO — F!], a(F°) c F! is a vector subbundle. Let [Cp] = £*[Cygst]
be the flat pullback. Then [CF] is invariant under the a(F°)-action on
F! (via the subbundle structure a(F’ 0) ¢ F'). Since a(F?) acts freely
on F! and such that V = F'/a(F°), we define

(7.3) [Cost] := [CF]/a(F°) € Z(F'/a(F°)) = Z,V.

Proof of Proposition 6.3. We will show that [Cgs] € Z*f/g and
05 e [Cast] = 0% [Cyst]. First, because the cosection &:h!/h0 (Ejj/,g) —

a,loc

|

1ol
&,loc L
O;f)gst is induced by the cosection ¢ : V = h! (Ey /ﬁ) — Ofigsw for g and

A" in (7.2), we have & o 8 = £ o 3. Therefore,
D(50B)=D(o ') = D().

Here the second equality holds because /3’ is surjective.
Since [Cgst] € Z*hl/hO(EJ;/ﬁ)(; and [Cp] = *[Cgst), we have [CF] €
Z.F3, 5 and

0&,100 [CgSt] = 0&06,100 [CF] € A*D(5 © 6)7

which is equal to 0!éo 5 [Cr] because 6 o 8 = £ o /. Finally, since

JJoc _
[CF] = B"*[Cqst] by (7.3), we have [Cyst] € Z, Vg, and

0 Cp] =05 [Cys] € AD(E).

! !
foﬁ’,loc[ é,loc[

This proves the Proposition. q.e.d.

We next show that the cycle Cg constructed is homogeneous of
weight (0,1).

Proof of Proposition 6.7. As the obstruction theory of Y — D is the
pullback of that of J — D, and the later is via the open D-embedding

(cf. (2.1))
(7.4) 7:Y =M(Pd)P =6 := C(m.(LP° & P)),

we will prove a corresponding result for &.
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Let 7 : Cg — 6, Ls and Pg be the pullback of (7 : C — D, L, P).
The construction of & provides us a universal section

(7.5) (ue1, - uss ve) € D(Ce, L ® Ps) = I(8, e (LS @ Pe)).

Namely, over each closed z = (C,,u,;,v.) € &, we have ug |, = u.;
and wG’z = wz
We define
a L eP — LBgP, teC,

so that it is id es when restricted to the summand £%°, and is t - idp
when restricted to the summand P; they define a C*-action on L% @ P,
where C* acts trivially on D.

Following the construction of &, the automorphism a; induces a
D-automorphism a; : & — &; it sends (C;, L., u.4,v,) € S(C) to
(Csy Loyuzishs)t = (CoyLzyuziyt - 1,). The collection {a; | ¢ € C*}
defines a C*-action on &; making & — D a C*-equivariant projection.

Because Cg = C xp &, and because & — D is C*-equivariant, the
trivial C*-action on C and the C*-action a; on & lifts to a C*-action on
Cs — &. We denote this action by ¢g(t) : Cs — Cg. Then since Lg
and Pg are pullbacks of £ and P on C, L and Pg admit the obvious
C*-linearizations

(7.6) o1(t) : L — Ls, @2(t) : Ps — Ps

lifting the C*-action g on Cg so that their C*-invariant sections are
pullback sections of £ and P, respectively.
We define another pair of C*-linearizations:

(7.7) P1(t) = ¢1(t) : Lo — Le, @2(t) =t-@2(t) : Ps = Ps

lifting the C*-action ¢g on Cg. By this construction, the universal
section (7.5) is C*-invariant under the linearization (@1, @2):

(7.8) (@1(1)(us,i), P2(t) (We)) = (us,i © po(t), e © po(t)).

Let ¢g/p : Lg D (Eg/p)” be the perfect relative obstruction the-
ory constructed in [CL1, Prop 2.5] using (ug;,¢s). Tracing through
the construction of the obstruction theory ¢g,p in [CL1, Prop 2.5],
using that the universal section (ue;,s) is invariant under the C*-
linearization (¢1,$2), we conclude that the obstruction theory ¢g/p is
C*-equivariant under (@1, @2).

We now show that this invariance of ¢g,p implies the C*-invariance
of oy /B We consider the composite

7Yy —Y-L56

of the tautological Y — Y with the open embedding j in (7.4). Since
the obstruction theory of ) — D is the pullback of that of & — D, we
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have canonical isomorphism
(79) j*EG/fD — Ejj/ﬁ

Since j is a D-morphism and Y is constructed from Y — D via a base
change D — D. the C*-action on & lifts to a C*-action on ) making
j C*-equivariant. Using (7.9), we endow E5, D the C*-linearlization in-
duced by (¢1, p2). This way, since ¢g /D is C*-equivariant (via (@1, @2)),

the obstruction theory ¢y /D (E); /D) — ij /5 is C*-equivariant.

Finally, a direct check shows that the introduced C*-action on y
restricting to Vg is the C*-action m; constructed in (6.13); also, by
[CL1, Prop 2.5], Eg)p = R'WG*(Lg‘E’ @ Pg), and the introduced C*-
linearization on E5 /P & J'Eg/p restricting to JNJgSt is the linearization
(10, P2,1) of Vi @ V3, in the notation of (6.14).

Since ¢j; /B is C*-equivariant, the intrinsic normal cone CJ; b C
ht/ hl(Ej, /ﬁ) is C*-equivariant; therefore Cgg is C*-equivariant under
the C*-action (®19, P2,1), which is equivalent to say that Cyg is homo-
geneous of weight (0,1). q.e.d.

To prove that only one component of Ve has non-trivial contribution
to the GW-invariant Ni(d), we need a finer result on the intersection
Cost N (0@ ‘72) Its statement and proof will occupy the remainder of
this section.

We introduce more notation. Let A = /'?pri N fgst, and recall

:JNJX)EA~:5/gStX)EtA)E

is a line bundle over A ;. We continue to denote by ~ : ygst — ngt the
projection, and denote OV = ygst the zero section of V2

Proposition 7.1. There is a sub-line bundle F' C ‘/QIAX so that for
F=vy"F CValay,
Cost N (08 V3) COp UF =Yy UF.

Here by abuse of notation we use v*F to denote the pullback of F
via ’y]Ay : Ay — Ap. Thus y*F' is a line bundle over Aj;.

The proposition will be proved via a sequence of Lemmas. First, fol-
lowing the argument in [CL1, Sec 5.2], the relative obstruction theories
of the triple (Y, X, D) fit into a compatible diagram of distinguished
triangles:

* 1
P (Egp) — (Byp)’ —— (Byp)’ ——
(7.10) |75 [#9/0 |#91
p*L% . — L% —— L +

X/D Y/D /X
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Here Ejj/{) is given by (2.13); E)?/ﬁ = R.ﬂ'/{,*[/%s and Ejj/)g = R*7my, Py
X ®(=5 ~ s

(As usual, £y = fj(f)(l), Py = ij( ) ® Wey /3 and p : Y — X is the

projection.) Taking the cohomologies of the duals of the top row re-

stricting to Vs, we obtain the exact sequences of sheaves on YVgg:

Hl(Ej/)E’ygst) HI(E:)}/'ﬁ’j)gst) Hl(p EX/D’ygst)

@ | |
¥ B B2 -
s V=VieVh 2
Here the vertical identities are given by the explicit form of the com-
plexes Ej; /D etes; B1 (resp. (2) is the tautological inclusion (resp. pro-
jection), and that the diagram commutes follows from the proof of [CL1,
Prop 2.5 and 3.1].

Let M = hl/ho((L}}/)e) ); because ¢g;, 5 is a relative perfect ob-

struction theory of Y/X, 9 is a closed subcone-stack of h'/ hO(Ej, /%)
Similar to the perfect resolution of deformation complexes given in
[LT, Beh], we can find a complex of locally free sheaves of Oy-modules

[ : FY — F1] so that [FO — F'] 2, Ey, 3. Thus using the flat
B:F! - hl/hO(Ejj/A?), we obtain the pullback 5*(M) C F!. Restrict-
ing to Vest, and using that h!([FO — F1]|)~,gst) is locally free, we obtain

a closed subcone
(7.12) N = (B*(N) x5 Vest) [ FO] ) C Vo

Here we used that 3* () is invariant under the (free) group action a(F?)
on F1.
We quote a useful result. For any closed y € ygst, letting T y / Py

H'((L%,5)")|y), then the paragraph before [BF, Lemma 4.6] gives

V/x
(7.13) 1710 v 1710 v
my —m‘y =h /h (( ;)}/X) )’y [ y/)(y/ y/X ] =h /h (( ;)}/X) ‘y)a
where T2 acts on T2 trivially. Consequently, N, = C

/Xy Y/ Xy
Va|,, where the inclusion is induced by H'(

T3/
y/X)

Lemma 7.2. Viewing N as a substack of V.= Vi & Vs via B in
(7.11), then

(7.14) Supp(Cgst) N (0 ® V) C N
Proof. Tt suffices to show that for any closed y € JNJgst, we have

(Supp(Cyst) N (0@ V2)) |, C Ny
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Dualizing (7.10), restricting it to y and taking its cohomology groups,
we obtain the following commutative diagram

(7.15)
HY(LY, 0)V]y) —— HY((L3,5)"],) —— H'(*(L%5)"],)
n, 2 @ewn), 24w,

where the vertical arrows are H' of ¢§/é\?|y, §/®|y and p*¢}/ﬁ|y, re-
spectively, and the bottom line follows from (7.11). Since ¢y, /b ete., are

perfect obstruction theories, the vertical arrows in (7.15) are injective.

We now prove (7.14). First, the inclusion Cgs C hl/ho((L;)/ﬁ)v)
induces an inclusion of their respective fibers over y

Costly C W' /(LG 5) )y = 1 /B ((LS5)" 1),

where the equality follows from (7.13). Tracing through the construction

of Cyet (from Chggt), we have Cygt|y C Hl((L:})m)Vb). Hence

(SUPP(Cgst)m(O@%))‘y = SUPP(Cgst)‘ym(O@%’y) C Im (Qy)mker(52’y)~

Because in (7.15) all vertical arrows are injective and the squares are
commutative, Im (g,) N ker(Bz],) € 0® N, C 0@ Va|,. This proves
(7.14). q.e.d.

Proof of Proposition 7.1. We only need to show that there is a sub-line
bundle F' C V3| Ay SO that AV C V5 is the union of the zero section

Oy, C Vs with the total space Tot(y*F) C 7 (Valay) = %’Ay'

LetNL : 7~'~—> 5} b~e a smooth chart of j/ over a smooth chart & — X
with 7 = Y x4 § and the embedding data }) — Z’, etc., given in
Proposition 3.1. Then by base change,

(7.16) CRYRO(LS, 5) )7, = B RO(LS ), -

Following the notation of Proposition 3.1, Zg =8x,7 =8 xA, and
T — Z' factor through a closed S-embedding 7 — Z é, defined by the
vanishing of tz. Let I = (¢z) be the ideal of 7 in Zé. By definition,
(7.17) L =11 N Q1 sl7)

where 6(-) = dg(-) is the relative differential that annihilates elements
in Og. We denote S°(-) the symmetric product, and denote

N :=SpecSy_ ((I/I?) ®o, O7,,)-

st
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Following [BF, p 67, since h'/h%((L%. 5)Y) = hl/hO((L;Z/gl)V), we

have
(T18) B /H((L3 ) g, = [(SpeeSh (1/1%)/(Ty, slo)I7,
= [N/(Tzé/gh“—gst)]-

Here the T’ é/glﬁst—action on N is induced by the arrow ¢ in (7.17).

We claim that the T, /S‘i’g -action on N is trivial. Indeed, since
8 st
I=(z2t) C OZ; = Oglt], using Tgst = (2 = 0) N Zg and z € I'(Og), we
obtain 5\7—% (2t) = dg(zt)]%st =z- dt\i—gst = 0. This proves the claim.
We show that

(7.19) N 2N x5 Tast-

First, because 7 is affine and (in the notation of (7.12)) H'([F* —
F1| j}gst) is locally free, we have

ali_gst

— Fl‘i’gst]
N 0
= ker(alz, ) % Ul /(a(Fl )]
Thus the inclusion ‘ﬁ|7~-gst C hl/hO(E);/)2|7-gst) is given by

Wli—gst/Ho(Ey/;éH-gst)] C [Hl(Ey/;eli-gst)/HO(Ey/;e|7~—gst)]7

where the quotients are via trivial actions. Combined with (7.16) and
(7.18), we conclude

N/ Tz 57 ) = Wl H B el )

0 a 1 0|
FO % FY| = [Py,

As both sides are quotients by trivial action of bundles over 7~’gst, we
conclude (7.19).

We now determine N. Define f : Oz — I/I? ®0 (97~-gst to be the
homomorphism via f(1) = 2zt ® 1; because I = (zt), f is surjective;
because z =0 € O7-gst, f(z) =2*t®1 = 2t® 2z = 0, and because w;z = 0
in Og, f(w;) = wizt ® 1 = 0. Further, usin~g that Spri = (wy = wy =
w3 = wyq = 0) C Z is smooth and (z = 0) N Sy is a divisor in Spyi ((2)
of Proposition 3.1), A direct check shows that ker f = (zywy, -+ ,wy).
Hence I/1? ®o (‘)7~-gst = 05, , where Ta =T xy Ay. Therefore,

— ° 2 5 ~ ° ~
N = Spec SO7__gst (1/1 ®0. OTgst) = Spec Soi’gst(oTA)

as 7~‘St scheme) is the union of 7~‘St with a line bundle Fs over 72 SO
g g T
that Tgst N Fi7 is the zero section 0 Fe C F;5.
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Since 7 — Yis an arbitrary smooth chart, the above argument proves
that there is a line bundle F' on Ay so that as stacks over Vg, N is
the union of ygst and (the total space of) F so that ygst NF= 07 C F.

Finally, we show that we can make F a subline bundle of Vg\ Ay

so that N' C Vj is Oy, U Tot(F), and further that there is a subline
bundle F' C V2|A)2 SO that F= v*F C V2|A3_}. First, since N C V5 is a

subcone, F = N X Tyt Aj, - ‘72] Ay is also a subcone. Therefore, because
/}/’ X Tt Aj, is the total space of a line bundle oYer Ajj, N X Tt Aj, C
V| A is the total space of a subline bundle of V5| Ay Without loss of
generality, we can assume that F is a subline bundle of ‘72| Ay SO that
./\/—0 UTOt( )CV2

We now prove the further part. To this end, we use the C*-action
on ygst introduced in the proof of Lemma 6.7. By Lemma 6.7, ygst —
ngt — ngt isa C* quotlent morphlsm By its construction, the relative
obstruction theory of Y — X is C*-equivariant. Thus F ’y B C

2\ st — st is C*-equivariant, where the C*-action on Vg\ st — st is via
the linearization ®, 1.

As @4 differs from @, by a scalar multiplication, and because FC
‘72\ A is a subline bundle, F ] Ay C ‘72\ Ay is also invariant under the
linearization ®5. Since ®j ¢ is induced from the pullback Vo = ¥*Va,
by descent theory, F | Ay-ay C ‘72| Ay—Ay descends to a subline bundle
F C Vala,. (As usual, we view Apy C Ay via the zero section of
W = Tot(L).) Thus 13'|A3.}_A)2 = 7*1*?|A).}_A22 C~T~/2|A3.}_A2. Since
Ajj — A is dense in Aj,, we conclude F' = y*F C V2|A3_}. This proves
the Proposition. q.e.d.

8. Contributions from the ghost components 1

We now apply Corollary 6.5 to individual components yM C ygst
and X C ngt Accordingly, we will use the subscript i to denote the

corresponding objects restricting to X, Y, or V' = yggﬁ x & &,. For
. I VA cpt cpt o B _
instance, V; ,, = VZ\XM, Vw = \ycpt Ag, =ApN X, and Ay =

Aj}gst X et 5/,“ etc. Thus y,ipt is a P! bundles over /'?M. Restricting

5 52;55 — zégst defined in (6.9) to JNJflpt, we obtain the projection

(81) ’7“ - '7| 5ept . j}Cpt — A?u

Following (4.4), the cycle [Cgst] € ZN*TN/ has a decomposition [Cyst] =
> ou-d s Cp), where v, : V= V is the inclusion and [C)] =
Yok uklCuk) € Zs V,, such that C, i are integral (cf. before (4.3)).
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Let_@mk be tEe closure OfNCu,k in Vipt, and 1et_€u =3 nu,k[émk]- We
letgu,k7b :EMk N0Oo Vﬁt), and let Néy.,k,bc'u”k be the normal cone
to Cpkp in Cf . We form

u—znu, Chkp Cur]-

By Corollary 6.5, we have

Ogst] deg Ovcpt gst Z deg 0 cpt
ukd

(82) deg Oagst loc[
We now investigate the individual terms 0'- ot (Ry). Following the

notations in Proposition 7.1, we let F, = F|A- C V27“|A- = V2|A %
let
_ 5 . .__ ycpt - - -
5“ = 7|A]~}Zpt . Aj)zpt = yﬁp XX[J. AX[J. — AX

be the tautological projection (a P!-bundle), then &} F), C VCpt\A oot is

induced by F), C V2,H|A2 . We use Fu to denote the total space of 5 P
_ 122
thus F), is a subline bundle of Vg,u’ Ag s and let
"

(8.3) Zy = Oggn U,

be a closed substack of V;I;t. By viewing f/ﬁit X vt V;};t as a bundle
over VQCE’; and applying Proposition 7.1, C,,x all lie over Z,. Thus
R, € Z, (ch X CptZ)

We claim that dim Y{** = 5d + 4, dim C,, = 5d + 6, rank V/?' = 5
and rank VCpt = bd + 1. Indeed, by Proposition 3.1, we know that all
X have equal pure dimensions. Thus

dim X, = dim X, = dim X4 = dim Mo 1(P*,d) + dim M1,; = 5d + 3.

As Y, is a line bundle over X,, we obtain dim Y;** = dim Y, = 5d + 4.
For dim (), ;, we only need to verify dimC),; = dim j}u + 2, but this
follows from (2) of Lemma 4.3. The remainder two identities follow from
Riamenn-Roch theorem.

We denote by |C, | the support of C,,, which is the union UC), j .
Since R, is the union of normal cones, by their constructions, the sup-
port of R, is contained inside f/ﬁl;t X gyept |C\..5]. Therefore, we have

!

(8.4) O'Vlc;;c (RM) S A5d+1‘6,u,b"

We write O~cPt (Ry) = Pyy+ P2, where P, 1 € A, (Ovcpt) and P, o €
_ Vi
A (F,).
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Lemma 8.1. We have the following vanishings. (1). deg 0!‘7Cpt(PMg) =
2,1
0 for any u; (2). deg O!VCpt(PM’l) =0 when p # (d).
2,1

Proof. We prove the first case. Let n,, : FM — F}, be the projection; it
is proper since Aj}opt — A 2 is proper. Then by the projection formula,
i

dog 0y (Pu2) = deg 03, (s (Pu)

Since 1ux(Pu2) € Asg+1F, and dim Fj, = dim A??M + 1 = (dim /'?pri —
1) + 1 = 5d, we have 1,,(P,2) = 0. This proves the first vanishing.
We now prove the second vanishing. To do this, we will construct a
proper DM stack Bm a vector bundle UNCM on Bm a proper morphism p,, :
/f’u = /f’u — Bu and an isomorphism pflka = V5, such that dim B(d) =
5d 4 1, and dim B, < 5d for p # (d). Once (B,,,%,) is constructed,
we let A\, : ‘72671;1: = %,V — ka be the projection induced by the
isomorphism in (8.7). Then, for u # (d), because P, € Z*(OV;;:),
)‘N(OV;‘;“) C Bm and A5d+1l’;’u = 0 for dimension reason, applying the

projection formula, we obtain

deg o;;zt (Py1) = deg og% (Aux(Pu1)) = 0.

Constructing l’;’“ and K x with the required properties will occupy the
remainder of this section. q.e.d.

We first state a decomposition result, which follows from the construc-
tion in [HL]. Let p = (di,--- ,dy) be the partition of d as before and
let (f PREEE C )Eu) be the tautological family of X),. By the construction

of /f’gst, the map associated to a closed point in /'?M is by attaching to
an (-pointed stable elliptic curve ¢ one-pointed [u;, C;, p;] € M1 (P, d;)
such that u;(p;) = u;j(p;) for all ¢, j. We state this in the family version.

Proposition 8.2. The tautological family C/{,u — QEH admits an -
section ¥, C C)EM (i.e. ¥, is a codimension one closed substack, and a
proper £-étale cover of /'?M) that lies in the locus of nodal points of the
fibers of C);H/XM, and splits C/?H into two families of curves: C.)E'H,pr and
Cs.u (C C&), such that

1) the pair (c)gmpr,zu) is a family of (unordered) (-pointed stable

genus one curves; the morphism f/?u is constant along fibers of
C/"E',“pr — XM;
2) the pair (C P ¥,.) is a family of (unordered) {-pointed nodal ra-

tional curves over /'?M such that each closed fiber of C)?M,tl — /'?M
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has £ connected components and each such connected component
contains one marked point.

Here the subscript “pr” stands for the “principal part” and the sub-
script “t]” stands for the “tail”. We comment that the total space C Tl
may have less than ¢ connected components.

Proof. The proof follows from the modular construction of 22“ in
[HL]. q.e.d.

We now assume ¢ > 2. Using this decomposition, we can relate /f’u to
a stack that parameterizes the tails of [u,C] € /f’u. We take the moduli
of genus zero stable morphisms MOJ(]PA, d;), considered as a stack over
P* via the evaluation morphism ev; : Mo 1(P4,d;) — P* (of the marked
points); we form

B, = Mo (P dy) xpa - xps Mo 1(P*, dyp).
We let S, be the subgroup of permutations « € Sy that leave the ¢-tuple
(d1,--- ,dg) invariant (i.e. d; = dg for all 1 < i < f). Each a € S,
acts as an automorphism of B, by permuting the i-th and the a(i)-th
factors of B,. This gives an S,-action on B,. We define the stacky
quotient ~

Bu = [Bu/ Su]-

Since M 1(P*,d;) are proper DM-stacks and have dimensions 5d; + 2,
B is a proper DM-stack and
(8.5) dim B, = (5d + 21) — (4 — 4) = 5d — 2 + 4.

We denote the universal family of Mo,l(]P"l,di) by (fi,m) : C; —
P* x MOJ(IP’A‘,di) with s; : MOJ(IP’A‘,CZZ-) — C; the section of marked
points. We introduce
(8.6) Ki = min 7 O(5).

Because R'm;, f7O(5) = 0, by Riemann-Roch X; is a rank 5d; + 1 locally
free sheaf on Movl(]P"l, d;).

By its construction, X; comes with an evaluation homomorphism
e : Ky = evi0(5). Welet v; : B, — M 1(P*,d;) be the i-th projection.
Since B,, is constructed as the fiber-product using the evaluations ev;,

the collection {ev;}_; descends to a single evaluation morphism ev :
B, — P*. We form a sheaf X, on B, fitting into the exact sequence

0 — K — 0K 5 ev* (0(5)8/0(5)) — 0,

where O(5) C O(5)®* is the image subsheaf of the diagonal homomor-
phism O(5) — O(5)%%; B is the composite of

(vier,vyea, -+ v ep) @levffKi — @gzlvfevz-kO@) =ev*O(5)®

with the quotient ev*O(5)%¢ — ev* (0(5)%¢/0(5)).

¢
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Since each e; : K; — ev;O(5) is surjective, 3 is surjective and thus X,
is locally free. Further, because (3 is equivariant under Sy, its kernel X,
is also S, equivariant. Therefore, X;, descends to a locally free sheaf
5{# on l’;’“. As rank K; = 5d; + 1, rankj(“ =5d + 1.

We define the desired morphism

(8.7) pu: X, — B,

Given any closed = € )E“, we let [fz,C.] with ¥, C C, be the restriction
of f/,\?u and X, to C, = C/{,u X5, T By Proposition 8.2, ¥, divides C,
into one genus one curve and ¢ one-pointed genus zero curves, and the
restriction of f, to these ¢ genus zero curves form ¢ one-pointed genus
zero stable maps to P*, of degrees di,--- ,dy, respectively. We label
these (-stable maps as [u;, C;, p;] so that [u;] € Mo 1(P*,d;). We define
pu(z) to be the equivalence class in B, of ([u1],--- ,[ug]) € B,. Tt is
routine to check that this pointwise definition defines a morphism p,, as
stated. ~
We verify that p:‘ﬂ{x = Vs . First, by Serre duality,

Vo, = Rlﬂé{,u*i]’/f# o (w;\?#*fjeu(‘)@))v.

Let f)?u,tl and T2, 4l be the restrictions of f/{,u and Ty, to C/{,wtl. We
obtain the restriction homomorphism

(8.8) T, f3,005) — (mg, 0S5, 1OO)-

Since fibers of C Bopr 22“ are connected, and f z, restricting to them

are constants, (8.8) is injective and its cokernel is the difference of the
evaluations along ¥, C Cy . On the other hand, denoting (Df_viKs)/

S,, the quotient of @levf XK; over B, by S,,, (which is its descent to Bw)
then via p,, we have a canonical isomorphism

P75 /S0) = (mg, 0)- 15 ,00)

~

A direct inspection shows that under this isomorphism, p;X, =
Wiu*f}#(f)(@. This proves p;, Ky = Va .
In case p = (d), we let B(q = Mo(P*,d), and all others are the same.

Completing the proof of Lemma 8.1. The pair (l’;’“, X,) satisfies the re-
quirements stated in the proof of Lemma 8.1, except the dimensions
part. By (8.5), for £ > 2, we have dimB, < 5d; for p = (d), we

have dim B(g) = dim Mo(P*,d) = 5d + 1, which are as required. This
completes the proof of Lemma 8.1. q.e.d.
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9. Contribution from the ghost components I1

In this section, we evaluate the remainder term deg O%Qc;();)(P(d)J)-
First by (8.4), Pig),1 € Asq+1(0pept); using the morphism and the pro-
’ (d)

jection (of P! bundle)

play : Xy — By = Mo(P*,d) and 7y = 7|5;(c§)t Vi — Xy

constructed in (8.7) and (8.1) for p = (d), we obtain

(9.1) (P(a) © V@)« (Pay,1) = clBa)]
for a ¢ € Q. Here we used that both p) and 7 are proper and
l’;’(d) = Mo (P*,d) is irreducible of dimension 5d + 1.

By (8.7) and (6.10), we have (p(q) o ﬁ(d))*j{(d) = ﬁz‘d)Vg,(d) = V;I(Jctl).
Applying the projection formula, we obtain

! ! _
(9.2) deg 0\7;?;) (Pay1) = degOg [(0eay © V(a))*(Pay1)]

= c-deg C5d+1(g~<(d))[l§(d)]’

where the second equality follows from (9.1). Using l’;’(d) = My(P4,d),
(8.6) and the genus zero hyperplane property in [Ko], we obtain

deg 0!‘7;1();) (Pay) = ¢+ (=1)°™*' Ny(d)q-

Therefore, all we need is to determine c.

Our approach is to work with an open substack of j(d) over which
the cone Cg) C V\j(d), etc., can be described explicitly. We let M, C
M (P*,d) be the open substack consisting of stable maps [f,C] such
that the domains C' = E U P! are unions of smooth elliptic curves E
with P!, and the restrictions f|g = const. and f|p: : P! — P* are regular
embeddings. By [HL, Sec 2.8], M, does not meet the blowing-up loci
of X - X = M1(P* d). Thus, both projections

X xx My — M, and Wo:=Y xx Mo — Y xx Mo C V)
are isomorphisms. Further, because M, C X is open and dense, W, C

y(d) is open and dense.

Since the relative obstruction theories of 37 and X are pull backs from
that of Y and X, to work with W, and M,, we might as well view them
as substacks of J and X', which we will do from now on. Therefore, as
W, C Y is open, restricting the obstruction theory ¢y /p to Ws gives a
perfect relative obstruction theory ¢y plw, : (Ey;p)"lw, — Ly, D

Lemma 9.1. Restricting to W,, we have

Craylw, = H' (Lyy, ;p)") — H' (Eyplw.) = Vlw.,.
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Further, Hl((L;,VO/D)V) is a rank two locally free sheaf of Oy, -modules,
and the arrow above is injective with locally free cokernel.

Proof. Let g, : Wo — D be the projection induced by )V — D; let
Do = qo(Wy) be its image stack. By the description of W, and Sub-
lemma 4.4, D,CD is a smooth codimension two locally closed substack.
By [I1, Chap. III Prop. 3.2.4], Hl(L,\éO/D) is isomorphic to the normal

sheaf to D, in D, which is a rank two locally free sheaf on D, since D
is smooth.

On the other hand, since W, — D, is smooth, [Il, Chap. III Prop.
3.1.2] implies that Hi((L;VO/DO)V) = 0 for i > 1. Taking H! of the
distinguished triangle

L] [ ) * ) 1
(LWO/DO)V — (LWO/D)V — QO(LDO/D)V +—>7

we obtain canonical an isomorphism of two rank two locally free sheaves
on Wy:
G H' (L, )p)") = H ((Lyy, jp)")-

Next, for any closed point y € Y, since ¢yp is a perfect obstruction

theory,
H1(¢§J/D|y) : Hl((L;Vo/D)v|y) _— Hl(Ey/D|y)

is injective. Combined with that W, is smooth, it shows that the arrow
in the statement of Lemma 9.1 is injective with locally free cokernel.

Finally, we show that Cg)lw, = Hl((LI'/VO/,D)V) C Vlw,. Because
Wo — D, is smooth and D, C D is smooth and of codimension two, we
conclude that Ly, 5 is perfect of amplitude [0,1], and H*((Ly, /D)V)
are locally free. We pick an affine smooth chart U — W,; using the
argument similar to those after (7.19), we conclude that

[ ] = [ ] 0 [ ]
(LWO/D)V|U E— [HO((LWO/D)V|U) — Hl(LWO/D)V|U]
l%v,/p\u J/H.(¢S/;/D‘U)
Eyple  ——  [H(Byplv) = H'(By,plv)]
is commutative and such that
(Cy/plwo)lv =W /B (Lyy, jp)" |v)

= [H' (Ly,/p)" [0)/H (Liy, )" |v)]
is a substack of [H'(Ey,plu)/H°(Eyplv)]. By an argument analo-
gous to the constructions (7.12) and (7.19), we conclude that Cq)|w, =
Hl((LI./VO/D)V)' This proves the Lemma. q.e.d.

Let v, : Wo — M, be the projection induced by Y — X. We denote
by M the Artin stack of genus one nodal curves; (which is consistent
with that MY is the stack of weighted genus one nodal curves). Since
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MW — M is étale, the obstruction theory of X — M is the same as
that of X — MW. B

We determine the subsheaf Hl((LI'/VO/,D)V) C Vlw, by studying the
following diagrams:

(9.3)
(L)) s 2 HI(LS o))~ 7 (B 00)”)
JHI(%D) lHl(%D) lHl(qsx(/M)

Polwo, B0, 4
HY(Eyplw,) —> vH'(Bx/plu,) — YH (Ex/mla,)-
Here, 52 is defined in (7.11) and f; is the tautological projection induced
by the comparison of the obstruction theories of X — D and X — M:

(9-4) Bo: H' (Explym,) — H' (Ex/mlns)-

We comment that the left square is commutative because it is induced
by the obstruction theories (relative to D) of J) C C(m, (L% @ P)) and
of X C C(m(£%?)), which are compatible under C(m, (£ & P)) —
C(7+(£P?)) induced by the projection pr : L& @& P — L. The com-
mutativity of the right square follows from [CL1, Lemm 2.8].

We let (far,, mar,) : Ca, — P4 x M, be the universal family of M, C
X.

Lemma 9.2. All sheaves in the diagram (9.3) are locally free sheaves
of Ow,-modules; all vertical arrows are injective with locally free cok-
ernels; the arrow oy is an isomorphism; the arrow o is surjective
and has rank one kernel; the arrow 52|Wo is the obvious projection
Viw, = (Vi & Va)|lw, — Vilw,; the arrow B, is the projection

Bo : HY(Explm,) = R'mases fir, O(1)
— H' (Exjmlns,) = R fig, Toa
induced by the tautological projection O(1)®5 — Tps in the Euler se-

quence of PA. Finally, the cokernels of the middle and the third vertical
arrows are isomorphic.

Proof. We let M, C M be the image stack of M, — M. By the
description of M,, M, is a locally closed smooth divisor in M. Thus
the normal sheaf Ny, is invertible and the canonical

(9.5) Np, /o — Nato/m @0, 0D,

is surjective.

Following the proof of Lemma 9.1, Hl((L;V[O/,D)V) and Hl((L;WO/M)V)
are canonically isomorphic to the pullbacks of the normal sheaves Np_ /D
and Ny, /M, respectively, and the arrow «; and ag are induced by
the identity map of Np, /p and (9.5), respectively. This proves the

statements about the sheaves and arrows in the top horizontal line.



GENUS ONE GW-INVARIANTS OF QUINTICS 293

Parallel to the proof Lemma 9.1, we obtain that the vertical arrows
are injective with locally free cokernels.

By definition of V;, the first two sheaves in the lower horizontal line
are V], and v*Vila, = Vilw,, and the arrow (|, is the obvious
projection as stated. The statement about v¥5, and [, follows from
[CL1, Lemm 2.8].

A direct calculation shows that Rz, f1, O(1)%5 and R oz, f1;. Tpa
have rank five and four, respectively, and v}, is surjective, therefore
ker(vZ5,) is an invertible sheaf, and is isomorphic to ker(as), using that
the middle and the third vertical arrows are injective with locally free
cokernel. Consequently, the cokernels of the middle and the third ver-
tical arrows are isomorphic. These complete the proof of the Lemma.

q.e.d.

We now determine the image sheaf of the third vertical arrow in
(9.3). Let & = [f,C] € M, be a closed point. By the description of
M,, C = E U R such that E (resp. R) is a smooth genus one curve
(resp. R =2 P'); p = EN R is the node of C, and f|g = const. and
flr : R — P*is a regular embedding. Let £ € M be the image of ¢
under the tautological M, — M. From the definition of M,, we know
that the image stack M, := Im (M, — M) is a locally closed smooth
Cartier divisor of M. Therefore, Hl((L;v[O/M)Vk) = Npo/m, ¢ Is one
dimensional and is spanned by the image of any v € Tr1,¢ —Tp,,¢ under
the quotient map - -

Tam e = HO((L3) " 1e) — H' ((Lhs, a0 le)-
Applying the deformation theory of X'/ M, the image of
HY (03 a0)le : (LY ) )le — H (Bx/am)le

is the linear span of the image of any v € Th¢ — T, ¢ under the
composite - -

(9.6)  obps s HY((L3)"lg) — H'((Lig,/a0)"e) — H' (Exespale)

induced by the obstruction theory ¢x /- (Tt is the obstruction assign-
ment map.) Note that because f|g is constant, we have

HY (Exjpmle) = H' (f*Tpa) = H (Op)&c(f*Tpa)lp = H (Op)@cTpa f(p)-
Lemma 9.3. Let £ = [f,C], where C = EUR and p = ENR be
as before; let v € T e — T, e The linear span of the image of v in
HY(Ex/mle) is . .
HI(OE) K u*(TR,p) C Hl(OE) Kc T]p4,f(p).
Proof. Let H = f(R) C P*. Since f|p is a regular embedding, H C P*

is a smooth rational curve. Welet f': C' — H be the factorization of f :
C — P Thus & = [f/,C] € My(H,d'), where d' = f![R] € Ho(H,Z)
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is a generator. We let M1(H,d') — M be the tautological projection;
thus ¢ € M is also the image of ¢’. By the description of M1(H,d') in
[Zi1] or [HL], there is no first order deformation of [f’,C] in M1(H,d')
whose image in TeM is v, Let H! (Exp, 0y mler) = HY(C,u'*Tps)
be the obstruction space of the standard relative obstruction theory of
M1 (H,d')/M. Then the image of v under the obstruction assignment

oby + HO((L%,)"Y )Ne) — H'(E Wy mler) = H'(Og) ®c Ty, ()

is non-zero. Since dim H'(Og) = dimTy p(,) = 1, oby(v) spans
HY(Op) ®c Ty, p(p)-

Then, because the obstruction theories of moduli spaces of stable
morphisms to schemes are compatible via morphisms between schemes,
we conclude that the linear span of the image obps(v) C H' (Ex/amle) is
identical to the image of the linear span of oby(f’) under the canonical

HI(EMl(Hd’ /M’f’) — H' (& M1 (P4,d) /M‘E) HI(EX/M‘E)'

Adding Ty, p/(p) = f+(Trp) as subspaces in Tps ; f(p)» We prove the Lemma.
q.e.d.

We consider the middle vertical arrow H* (L3, /,D) ) = HYEy /o)

= Vi|nm, in (9.3). By Lemma 9.2, Hl((L;V[ /D) ) is a rank two locally
free sheaf on M,, and the arrow is injective with locally free cokernel.
Let S, C Vi|pz, be this image sub- Vector bundle.

We continue to denote by 7 : y ' — Xt the projection (cf. (6.9)).

We let W, = ygg} X 2, MO and 7, : Wo — M, the projection. Recall

that V" = 3*V1 (=D ) Thus S, C V1|, provides a subbundle
(97) S0 =758:(=Doc) € Vi,
We let
o : ViPlw, — VP, = (W™ @ ™)y,
be the inclusion; let j, : W, — prt be the open embedding, thus flat.
Recall R(g) = Ng( ", C’(d) (cf. before (8.2), see also (8.4)).

Lemma 9.4. As cycles, we have
(9-8) J5[Ri@) = 110x[S6] € Zu(V |y ).

Proof. Lemma 9.1 shows that C’(d) xw Ws is a rank two subbundle
of ‘7|W By Proposition 7.1 and Lemma 6.8, we have 6( db C f/;pt,
C'( dp N V2 ‘W = 05 peet X Jen W, and C(d) X Jeve W, is a rank two

subbundle of VCpt|fo. Further, they fit into the commutatlve diagram
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(the left one is a Cartesian product)

\
R

Ovopc X)};;t Wo E— C(d) X)};;t Wo B ?O
I< I< Is
cht|7 Bl‘WO cht|7 (cht ® ‘N/(;pt)|7 B2‘Wo cht|7
2 Wo 1 2 W 1 Weoo

where Bl’Wo and BQ\WO are the obvious inclusion and projection. This
implies that

R(d) Xj}cpt Wo = (Nc(d) C(d)) cpt W = TIO(EO) C cht’WO.

gst

Since jo : Wo — ygst is an open embedding,

35 [Ra)) = [Rig) X gere Wo] = [10(80)] = nex[So] € Zu(V' g7,
This proves the Lemma. q.e.d.

We pick a degree d regular embedding / : P! — P?, viewed as a closed
point in By = Mo(P*,d). We form

My ={[f,Cl € Mo | flr = h} C M.

Using the convention 1ntr0duced in the proof of Lemma 8.1, we have
that y U F(d) C V o.(d ), where yf};t is the zero section of qu(’ctl). We

form Wh = W X1, My, and the inclusions
In: Wy — ycgtUF(d) and Jp : prt|W — ‘71Cpt X ~cpt (jjfé)tUF(d)),

where the last term is viewed as a vector bundle over y U F(d) Since

(W) ﬂF = Q) both ji and Jj, are proper, regular embeddmgs thus
the Gysin map ]h and Jh are well-defined.

Lemma 9.5. The constant c in (9.1) is ¢ = dege(j; V™™ /45:So).

Proof. Let ¢y, : Wj, — [h] be the projection to the point, and let b(a)
be the projection that fits into the Cartesian product

Wh ]—h> Z(d) prt U F( d)

(Here ¢(g) is the composite of Z) — y(d) mentioned after (8.3), the
morphism g : JNJE?;; — /f(d), and the p(g) : /'%(d) — l’;’(d) constructed in

(8.7).)
Since jn (W) N F gy =0, ]h(P(d) ) = 0. Thus

Ji(Pay1) = Jh((P(d),l) (Pay2)) = j;!LO!Vlc% [R(a))-
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Since Gysin maps commute, we obtain

| PN A !
Jn(Pay1) = ]hof/lc,r();) [B(a)] = 0 jrert [T Ria)]

! = k1rCpt | v
= 0% v [Solyp, ) = e(GR V™" /7750)-
On the other hand, since the Gysin maps commute with proper push-
forwards,

bns (e(GEVEP' 15356)) = bms (3 (Pray,1))
= 1, (b« (Pray1)) = u,(c[Bay]) = c.

This proves the Lemma. q.e.d.

Finally, we evaluate c. Let & — Ml,l with s : MLI — & be the
universal family of (the moduli of pointed elliptic curves) M; ;. We
form B = MLI x P! and construct a family of stable morphisms in
My, as follows. First, for any (a,b) € B = M1 x P!, with (E,,s,)
the pointed elliptic curve associated to a € Ml,l, we identify s, € F,
with b € P! to obtain a genus one (connected) curve E(4,p) that has two
irreducible components E, and P!. We then define fap) @ E@p — P4
so that fi,p)|pr = b : P! — P*, and f(ap) Testricting to E, is constant.
Clearly, this construction can be carried out in family version, thus
resulting a family of stable morphisms

(WB,fB) :CB—>B><]P>4.

Thus it induces a morphism B — X that factors through M, C X
and induces an isomorphism B =2 M. In the following, we will not
distinguish B from Mp; in particular, (Cp, fp) is the tautological family
on B M, C X.

Let g1 and g2 be the first and the second projections from B to My
and P! respectively; let Hp = TB«Wey /B = (RITFB*OCB)V to be the
Hodge bundle over B. Using the family (Cp, fg), and because of (9.3),
Lemma 9.2 and Lemma 9.3, we have

(V1/So) |y, = Hi Qo @3 (W Tpa /Tpr) = Hs Qo ¢ Ngypa,

where R = h(P!) C P4, and Ny /p4 1s the normal bundle to R in P4, Also,
for the line bundle L on M defined before (6.1) that gives W = Tot(L),
we have

(99) Lp:= Llm, = mB«(f50(=5) @ we, /) = Hp ®op ¢ah"O0(=5).
Thus, Wj, = Pg(Lg @ Op), and for j, : W, — Zay D j/a%t, we have
Dp :=P(Lp ®0) = j,:l(Doo). Denote 7;, : W, — M, to be the P-

bundle projection. Following the construction of f/fpt and S,, we have

(9.10) VP ) Se = 35(q5 Ngype ® Hp)(—Dp).
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Let ¢ = 24-c1(H) € A'My; and € = L(c(Tpr) — 1) € A'P!, where
H is the Hodge bundle on M7 ;. We calculate ¢(h*Tps) = 1+ 5d€, and
¢(Ngsp1) =1+ (5d — 2)§. Let =% ¢3¢ and ¢ = 75 qi¢ € A'W), to be
the pullbacks of ¢ and ¢ via W}, to P! and to M 1, respectively. We
calculate

* ok c — % % 1 -
(O11)  e(FasNrjp) = 1+ (5~ 2)6 and c(719¢) =1~
Let ' € jilfWh be the Poincare dual of the fiber class of 7y : W, —
M,,. Using € = F and &2 = (% =0, (9.11) gives

od — 2

.
ChHﬁwa®quD=1+<®d—m§—§Q—n_ﬁ_.p

Hence the euler class
9.12) e(GiV™ /jiS.)

— =Dy + <<5d i gc) (Dl — (5d— 212 F - [-Dy).

(Here we view [Dp] € A'W), as the Poincare dual of the cycle Dp in
Wh.)

Let 7 : D — B = M, be the projection (isomorphism). We compute
each term in the above formula. First, direct calculations using (9.9)
give

1 Xk * %
Cl(NDB/Wh) = — T q1¢ + 5d77¢58,

24
¢-[Dp)?* = ;—4 and (- [Dp]?* = 5d.
Thus the middle term in (9.12) is 75 — %d. The ¢; (NDB/Wh) just cal-
culated implies [Dp] - 7*¢3¢ = 5 and [Dp] - 7*¢{¢ = 5d. Using
[Dp]? = e1(Np,, 77, ) we obtain —[Dp]* = —[Dp|*[Dp] = 59+39 = 34.
Using [F]-[Dp] = 1 we conclude that (9.12) is equal to —{5. By Lemma
9.5, c = —15.

Proof of Proposition 4.7. By (8.2), Lemma 8.1 and (9.2) we conclude

deg 0} 1,.[C(a)] = deg 0!‘;cpt (Pay,1)

2,(d)

=c-deg 65d+1(5~<(d))[5’(d)] =

This completes the algebro-geometric proof of the hyperplane property
of the reduced genus one GW-invariants of the quintics. q.e.d.
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