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ON THE ALGEBRA OF PARALLEL ENDOMORPHISMS
OF A PSEUDO-RIEMANNIAN METRIC

CHARLES BOUBEL

Abstract

On a (pseudo-)Riemannian manifold (M, g), some fields of en-
domorphisms, i.e. sections of End(T' M), may be parallel for g.
They form an associative algebra e, which is also the commutant
of the holonomy group of g. As any associative algebra, ¢ is the
sum of its radical and of a semi-simple algebra s. This s may be
of eight different types; see [8]. Then, for any self adjoint nilpo-
tent element N of the commutant of such an s in End(T M), the
set of germs of metrics such that ¢ D s U {N} is non-empty. We
parametrize it. Generically, the holonomy algebra of those metrics
is the full commutant o(g)*“t¥} and then, apart from some “de-
generate” cases, ¢ = s @ (N), where (N) is the ideal spanned by
N. To prove it, we introduce an analogy with complex differential
calculus, the ring R[X]/(X™) replacing the field C. This treats the
case where the radical of ¢ is principal and consists of self adjoint
elements. We add a glimpse in the case where this radical is not
principal.

We build germs of pseudo-Riemannian metric admitting a paral-
lel nilpotent endomorphism N € I'(End(TM)), together with a semi-
simple associative algebra of parallel endomorphisms s Z N (possibly
s = RId).

Motivation. Let (M, g) be a (pseudo-)Riemannian manifold, H its
holonomy group, and m € M. The metric g is said to be Kéhler if it
admits an almost complex structure J which is parallel: DJ = 0 with
D the Levi-Civita connection of g. A natural question is to ask whether
other fields of endomorphisms, i.e. sections of End(7'M), may be paral-
lel for a Riemannian metric. The answer is nearly immediate. First, one
restricts the study to metrics that do not split into a non-trivial Rie-
mannian product, called here “indecomposable.” Otherwise, any parallel
endomorphism field is the direct sum of parallel such fields on each fac-
tor (considering as a unique factor the possible flat factor). Then brief
reasoning ensures that only three cases occur: g may be generic (i.e.
admit only the homotheties as parallel endomorphisms), be Kéhler, or
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be hyperkéhler (i.e. admit two (hence three) anticommuting parallel
complex structures). The brevity of this list is due to a simple fact:
the action of the holonomy group H of an indecomposable Riemannian
metric is irreducible, i.e. does not stabilize any proper subspace. In par-
ticular, this compels any parallel endomorphism field to be of the form
Ald 4+pJ with J some parallel, skew adjoint, almost complex structure.
Now, such irreducibility fails in general for an indecomposable pseudo-
Riemannian metric, so that a miscellany of other parallel endomorphism
fields may appear. This gives rise to the following question:

Which (algebra of) parallel endomorphism fields may a
pseudo-Riemannian metric admit?

Its first natural step, treated here, is local, i.e. concerns germs of metrics.

The interest of this question lies also in the following. When studying
the holonomy of indecomposable pseudo-Riemannian metrics, the irre-
ducible case may be exhaustively treated: the full list of possible groups,
together with the corresponding spaces of germs of metrics (and possibly
compact examples) may be provided. After a long story that we do not
recount here, this has been done, even for germs of arbitrary torsion free
affine connections; see e.g. the surveys [10, 19]. Yet, in the general case,
the representation of H may be non-semi-simple—see the survey [12] of
this field, and [11] for the Lorentzian case—and such an exhaustive an-
swer is out of reach, except perhaps in very low dimension; see e.g. the
already long list of possible groups in dimension four in [2, 13]. Thus,
intermediate questions are needed: not aiming at the full classification,
but still significant. Investigating the commutant End (7}, M) of H at
some point m of M, instead of H itself—that is to say, studying the
algebra of parallel endomorphisms—is such a question. It has been par-
tially treated, namely for an individual self adjoint endomorphism with
a minimal polynomial of degree 2, by G. Kruc¢kovi¢ and A. Solodovnikov
[15]. (I thank V. S. Matveev for this reference.) One may also notice
that determining all the parallel tensors, not only the endomorphisms,
would mean determining the algebraic closure of the holonomy group
H. So this work is a step toward this.

Finally, the metrics sharing the same Levi-Civita connection as a
given metric g are exactly the g(-,U -) with U self adjoint, invertible,
and parallel. So describing End(T}, M) enables one to describe those
metrics, which is also a useful work. The skew adjoint, invertible, and
parallel endomorphisms are similarly linked with the parallel symplectic
forms.

Now, as any associative algebra, after the Wedderburn—-Malcev theo-
rem:

End(T,, M) =s@n
with n := Rad(End(7}, M)f) a nilpotent ideal, its radical, and s =~
End (7}, M)™) /n a semi-simple subalgebra. See [8] for details.
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Once again, only the semi-simple part s allows an exhaustive treat-
ment. We provided it in [8]: s may be of eight different types, including
the generic, Kahler, and hyperkéhler types s ¥ R, s ~ C, and s ~ H,
plus five other ones appearing only for pseudo-Riemannian metrics; see
here Theorem 1.1. On the contrary, no list of possible forms for n may
presently be given. Recall that, purely algebraically, the classification
of nilpotent associative algebras is today out of reach. Even the case
of pairs of commuting nilpotent matrices is an active subject; we did
not find any explicit review of it, but e.g. [1] and its bibliography may
be consulted. Besides, our geometric context does not seem to simplify
significantly the algebraic nature of n. So we treat here a natural first
step, the case where End (T, M) contains:

e one of the eight semi-simple algebras s C End(7},,,M) listed in [8],
e and some given nilpotent endomorphism N not belonging to s.

It turns out that each such algebra is produced by a non-empty set of
metrics, which we parametrize. More precisely, we show the following.

Theorem Take s as one of the eight algebras listed in Theorem 1.10
of [8], reproduced here in section 1 and N as any self adjoint nilpotent
element of the commutant of s in End(T,,M). The set of germs of
metrics such that End(T;, M) contains s U {N}, i.e. such that the
elements of s U{N} extend as parallel endomorphism fields, admits a
parametrization (explicit, or obtained via Cartan-Kahler theory).

On this set, generically, equality H® = (O(g)**{V})% holds.

Apart from some exceptional cases, indicated in Corollary 4.5, that
behave differently for reasons of linear algebra, the algebra of paral-
lel endomorphisms of those metrics is s ® (N), where (N) is the ideal
spanned by N in the algebra (s U {N}).

This shows a last motivation: producing metrics g with a parallel field
of nilpotent endomorphisms N means producing commutants O(g)N as
holonomy groups. Examples of such metrics have been recently built by
A. Bolsinov and D. Tsonev [6]. Involving s additionally in the theorem
means that we do the same work with classical holonomy groups as

U(p,q), Sp(p, q) etc. instead of O(g) ~ O(p, q).

Remark. Non-null parallel endomorphisms yield simple and quite strong
consequences on the Ricci curvature. See Section 3 of [8].

Contents and structure of the article. It consists of five parts. Part
1 recalls the eight possible types for s given in [8], and standard facts
about nilpotent endomorphisms. Part 2 introduces an analogy between
manifolds with a complex structure and manifolds with a “nilpotent
structure,” i.e. an integrable field of nilpotent endomorphisms: an ana-
logue of complex differential calculus arises, N and R[X]/(X™) replac-
ing J and C = R[X]/(X? + 1). Counterparts of holomorphic functions,
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of their power series expansion, appear. See in particular Definition
2.1 and Theorem 2.9. Part 3 uses Part 2 to parametrize the set G of
germs of metrics ¢ admitting a parallel nilpotent endomorphism field
N. More exactly, we deal with the case where N is g-self adjoint. In-
deed, if some N € n is parallel, so are its self adjoint and skew adjoint
parts %(N + N*), so it is natural to study first the cases N* = £N.
The case N* = —N demands some more theory—introducing counter-
parts of 0, 0, of the Dolbeault lemma etc. We hope to publish it later.
Part 4 uses [8] and Part 3 to show the main result, Theorem 4.2. If ¢
is hyperkahler or of a similar type, this is done by solving an exterior
differential system exactly as is done by R. Bryant in [10], but in the
framework of “R[X]/(X™)-differential calculus” introduced in Part 2.
Corollary 4.5 gives the form of End(7,,M)¥ in each case. To show it
we need to compute the general matrix of the elements of all the al-
gebras involved here: commutants, bicommutants etc. They are also of
practical interest, so we gathered them in Lemma 4.19, based itself on
Notations 4.15-4.18. Part 5, a lot shorter, uses [8] and Part 2 to give
a glimpse, through a simple example, of the case where the holonomy
group is the commutant O(g){N N} of two algebraically independent
nilpotent endomorphisms.

General setting and some general notation. M is a simply con-
nected manifold of dimension d and g a Riemannian or pseudo-Riem-
annian metric on it, whose holonomy representation does not stabilize
any non-degenerate subspace i.e. does not split in an orthogonal sum
of subrepresentations. In particular, g is not a Riemannian product. We
set H C SOO(TmM,g|m) as the holonomy group of g at m and b as its
Lie algebra. As M is simply connected, dealing with H or b is indiffer-
ent. Let ¢ be the algebra End (7}, M)" of the parallel endomorphisms of
g—+to commute with h amounts to extending as a parallel field—and let
¢ = 5 + n be its Wedderburn—-Maléev decomposition. If A is an algebra
and B C A, we denote by (B), (B), and A® the algebra, respectively the
ideal, spanned by B, and the commutant of B in A. When lowercase let-
ters (z;,y; etc.) denote local coordinates, the corresponding uppercase
letters (X;,Y; etc.) denote the corresponding coordinate vector fields.
Viewing vector fields X as derivations, we denote Lie derivatives Lxu
also by X.u.

o . 0 —I,
The matrix diag(l,, —I;) € Mp44(R) is denoted by I, 4, (Ip 0 ) €
Ma,(R) by J,, and ( IO Ié’ > € Mg, (R) by L,. If V' is a vector space of
even dimension d, we recall that an L € End(V) is called paracomplex
if L? = Id with dimker(L — Id) = dimker(L + Id) = 4.
Finally, take A € I'(End(TM)), paracomplex or nilpotent. If it is
integrable, i.e. if its matrix is constant in well-chosen local coordinates,
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we call it a “paracomplex structure” or a “nilpotent structure” like a
complex structure, as opposed to an almost complex one.

Acknowledgments. I thank W. Bertram and V. S. Matveev for the
references they indicated to me; L. Bérard Bergery and S. Gallot for two
useful remarks; M. Audin, P. Mounoud, and P. Py for their comments
on the writing of certain parts of the manuscript, and the referee for
pointing out a mistake in what is now Corollary 4.5, and for his careful
reading.

1. Preliminaries: the algebra s; standard facts about
nilpotent endomorphisms.

See Theorem 1.10 of [8] for the proof and details on each case.

Theorem 1.1. The semi-simple part s of End(T;, M) is of one of
the following types, where J, J, and L denote respectively self adjoint
complex structures and skew adjoint complex and paracomplex struc-
tures.

(1) Generic, s = vect(Id) ~ R.

(1%) “Complex Riemannian”, s = vect(Id,J) ~ C. Here 2|d, d > 4
and sign(g) = (£, 2).

(2)(Pseudo-)Kahler, s = vect(Id, J) ~ C. Here 2|d.

(2°) Parakihler, s = vect(Id, L) ~ R & R. Here 2|d, sign(g) = (4, 9).

(2%) “Complex Kihler”, s = vect(Id,J, L, J) ~ C®C. Here 4|d and
sign(g) = (4, 9)-
(3) (Pseudo-)hyperkahler, s = vect(Id, J1, Ja, J3) ~ H. Here 4|d.
(3’) “Para-hyperkéhler”, s = vect(Id, J, L1, Ly) ~ My(R). Here 4|d
and sign(g) = (4, 9).
(3%) “Complex hyperkihler”, s = vect(Id,.J, J, L1, Lo, .J.J, J L1, J Lo)
My (C). Here 8|d and sign(g) = (%, 2).

Each type is produced by a non-empty set of germs of metrics. On a
dense open subset of them, for the C? topology, the holonomy group of

the metric is the commutant SO°(g)°* of s in SO°(g).

Remark 1.2. If G is a subgroup of GL4(K), let V be its standard
representation in K¢, V* : g — (A — Aog~!) be the contragredient one,
and, if K = C, V" its complex conjugate. The possible signatures of g
and the generic holonomy group and representation are the following.

(1) a® @ (27) CRINC) (3’) (39
(p,a)  (pp) (2p.29) (p,p)  (2p,2p) (4p.4q) (2p.2p) (4p,4p)
50%(p,a) SO(p,C) U(p.q) GL (p.R) GL(p,C) Sp(p, q) Sp(2p, R) Sp(2p,C)

\% \% \% VeVs VaVv A% VaeV: Vaev

~
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F*0 = Fn* =ImN" = {0}
[ N
ker N0 Fr—1ll = [m N7-!

n
Fn72.,1 C Fn72,2 = Im Nn72
N N
Fn—S,l C Fn—3,2 C Fn—3,3 =Im Nn—3
n n
N N
oY - F02 . c F9» =ImN°
| | | |
ker N ker N2 ker N*  =R¢

Table 1. The F** = Im N®Nker N?, defined for (a,b) €
N2. Those for a ¢ [n — b,n], seemingly absent, are equal
to some F¢Y present here.

Then we sum up standard facts, in a presentation of our own. This
makes the article self-contained and enables us to introduce some coher-
ent notation used all along. Let N be in End(R?), nilpotent of index n.

We set % = Im N Nker N, for a € [1,n — 1] and b € [1,n — a].
Though we do not use the F®® explicitly here, we had them in mind
throughout. They are ordered by inclusion as shown in Table 1.

Notation 1.3. (i) The invariant factors of N are:

(X, X, X2 X2 X LX) = (X))

dq times do times d, times

n
a=1’

for some n-tuple (d,)7_;. We call (d,), the characteristic dimensions of
N; see (ii) for a justification. We set Dy := > ;_, dj, and Dy := 0.

(ii) We denote by 7 the projection R* — R%/Im N. Then for each a €
[1,n], dy = dim(n(ker N)/7(ker N 1)). For any (a,b), F®?/(F®b~1 +
F‘”’l’b) is canonically isomorphic, through N, to
7(ker N®=2) /7 (ker Nb—~1),

Remark/Definition 1.4. Let R[v] be the real algebra generated by
v satisfying the unique relation v™ = 0, i.e. R[v| = R[X]/(X™) ~ R[N].
Setting vV := N (V) for V € R? turns R? into an R[v]-module. As such,
Re ~ [T'_, (v"*R[v])%, i.e. dy factors on which v acts trivially, da fac-
tors on which v is 2-step nilpotent etc. Notice that this isomorphism is
not canonical, even up to an automorphism of each of the factors. We set
D :=D, =>"_ d, We define a D-tuple of vectors 3 = (X;)2, to be

an adapted spanning family of R? as an R[v]-module if each (XZ)Z]:):"l+ J: Dy
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pushed on the quotient, is a basis of 7(ker N%*1) /7 (ker N); see Nota-
tion 1.3. In other terms, 3 spans R? as an R[v]-module and the only rela-
tion the X satisfy is v*X; = 0 for D,y < i < Dg; or: each (X, )ZD:‘llJer1

spans the factor (v °R[v])% as an R[v]-module. It is a basis if and only
if the R[v]-module R? admits bases, i.e. it is free, i.e. dy, = 0 for a < n.
We denote by n(i) the nilpotence index of N on each submodule (X;);

so n(i) = a for Dy—1 < i < D,. We denote by (X;, (Yi,a)Z(:ii_l)fll the
basis (X, (N“XZ-)Z(:Z}‘I)?:l of R? as an R-vector space.

Now let g be a symmetric bilinear form on R? such that g(N -, -) =
g( “ N - )

Remark/Definition 1.5. For each a € [1,7n], the symmetric bilin-
ear form g(-,N®!.) is well defined on the quotient =(ker N%)/
m(ker No~1) ~ R%. Indeed, if X € ker N and Y € ImN,so Y = NZ,
then g(X, N*7 1Y) = g(X,N?Z) = g(N*X, Z) = 0.

We denote by (rg, sq) its signature; rq + s, < d,. It is standard that
the couple (NN, g) is characterized up to conjugation by this family of
dimensions and signatures, called here its characteristic signatures. See
e.g. the elementary exposition [16]. The form g is non-degenerate if and
only if each g(-, N~ !.) is and then, [-] being the floor function:

n
sign(g) = Z%d—i—Zm,Z%d—i—Zsa
a odd a=1 a odd
Assuming, by Proposition 1.6, the “R[v]-module” viewpoint, Propo-
sitions 1.7 and 1.8 follow.

Proposition/Definition 1.6. Set E = (R%, N) ~ [, (V" *R[v])%
On E, the R[v]-bilinear forms h are in bijection with the real forms g
satisfying g(N -, -) = g(-, N -), through:

n

B = Zyal Nna )

We call such an h the R[v]-bilinear form associated with g, and g the
real form associated with h. Be careful to note that g is not the real part
of h, but the coefficient of the highest power v of v in h.

Proposition/Definition 1.7. Let h be an R[v]-bilinear form on R?
as in Definition 1.6. If § = (X, )D 1 is an adapted spanning family (see
Def. 1.4) of R, Matg(h) = 32", o V*Hy € Mp(R[v]) where:

e H, = ( 8 E([)“ ), the upper left null square block, of size Dy, _1_,,
corresponding to SpanR[V]{Xi; Nn—l-ex, = 0},
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o the upper left square block Hg of H® of size dy_q, correspond-
ing to SpanR[l,}{Xi;N"_l_“Xi # N %X, = 0}, is of signature
(Fn—as Sn—a) introduced in Definition 1.5, and hence of rank ry_q+
Sn—a-

We call the (rq,54)2_; the signatures of h. So if S@&Im N = RY, (r,, s,)
is the signature of the (well defined) form hy,_, on the quotient (S N
ker N%)/(S Nker No~1).

Proof. For the first point: v*h(X, -) = 0 as soon as X € ker N
q.e.d.

Proposition 1.8. In Proposition 1.7, choosing an adequate B, we
may take, for all a, H* null except HY = 14, r, s, = diag(ly,, —1Is,,
0dy—rg—sq) € Mg, (R[v]). So with such a [:

Matg(h) = diag (V”_“Idmm,sa)n
Vn_lIdl,Tl,Sl
= € Mp(R[v]).

0
v Idnﬂ"nysn

a=1

Each block v""%I,, .. 5. corresponds to the factor (V" *R[v])%, i.e. to:
spang(, { (Xi)p,_, <i<p, } = spang),{X;; N*7'X; # NX; =0} C R,

The R[v]-conjugation class of h is given by the signatures of h, and h is
non-degenerate if and only if rq + sq = dg for each a.

Finally, take N as a nilpotent structure on M.

Notation 1.9. The distributions Im N and ker N* are integrable;
we denote their respective integral foliations by Z¢ and K and set 7 :=
Z'. From now on, U is an open neighbourhood of m on which
those foliations are trivial. We still denote by 7 the projection U —
Uj/T.

Saying that N is integrable is saying that there is a coordinate system

(i, (yi,a)Zg_l)ZD:l of U such that at each point, the basis

. b P D) n(i)—1 D
(Xi, (Yi,a)azl )i:l = ox;’ <8yi,a> i=1

a=1

is of the type given in Remark 1.4.

2. Introducing a special class of functions

We introduce here some material which is a bit more general than our
strict subject. Just afterwards, back to our germs of pseudo-Riemannian
metrics with a parallel field of nilpotent endomorphisms, it will greatly
simplify the statements and the proofs and above all make them natural.
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We still denote R[X]/(X™) by R[v]. We now mimic the definition of
a holomorphic function f from a manifold M with a complex structure
J, to C = R[i]. The latter is such that dfoJ =idf. Here M is endowed
with a “nilpotent structure”: an integrable field of endomorphisms such
that N"~1 £ N™ = 0. This leads to the following definition.

Definition 2.1. If f : (M,N) — R[v] is differentiable, we call it
here nilomorphic (for the nilpotent structure N) if df o N = vdf.

Notation 2.2. If  is a function or more generally a tensor with
values in R[v], we denote by 1, € R its coefficient of degree a in its
expansion in powers of v, so that: n = z;:é Na V%

Example 2.3. The simplest example of such functions are “nilomor-
phic coordinates”, built once again similarly as complex coordinates
zj = xj +iy; on a complex manifold. Take the N-integral coordinates
(@i, (Yi,a)a)i introduced on U in Notation 1.9 and set:

Zi =T+ vyl + V2Z/i,2 +...+ Vn(i)_lyi,n(i)—l € R[]

Then each v~ z; is nilomorphic. Indeed, take X; to be any coordinate
vector transverse to Im N and a € N. Then (N°X;).(v" "0 z;) = 0 if
i # jand (N°X;).(v" (0 z) = =00 (it is immediate if N*X; # 0;
besides, N*X; = 0 if and only if a > n(i) so that both sides of the
equality vanish simultaneously). In particular, (N®X;).z; = v*(X;.2).

Definition/Notation 2.4. We now call the z; of Example 2.3 them-
selves “nilomorphic coordinates” even if only the v ™% z; are nilomor-
phic functions. The reason appears in Remark 2.17. We also introduce
a notation that will much alleviate the use of nilomorphic coordinates:

n(i)—1
(vy;) == Z V"Yiq, 50 that 2; = z; + (vy;), and (vy) == ((vyi)24).
a=1

Remark 2.5. Definition 2.1 may be stated for functions with value
in any R[v]-module.

Remark 2.6. A system of holomorphic coordinates provides an iso-
morphism between a neighbourhood of any point m of (M, J) onto a
neighbourhood of the origin in CX. So do the nilomorphic (v~ z);,
from a neighbourhood of any point m of (M, N) onto a neighbourhood
of the origin in some R[v]-module M. There is a small difference: M is
not free, i.e. M % (R[¥]))X in general, but M ~ [], (V' R[])) @, See
the previous section. This is linked to the v ") factoring the coordi-
nates z;.

Reminder 2.7. A tensor 6 on a foliated manifold (M, F) is said to
be basic for F, or F-basic, if it is everywhere, locally, the pull back by
p: M — M/F of some tensor 6 of M/F.



86 C. BOUBEL

We will need also the following auxiliary definition.

Definition 2.8. Let M be an R[v]-module. A function f : (U/T) — M
is said to be adapted (to N) if for each a € [0,n — 1], vf is 7(K%)-
basic, i.e. constant along the leaves of w(K®). If Ml = R[v], this means
that each coefficient f, is m(K"~17%)-basic.

Similarly, a (multi)linear form 7 defined on U/Z with values in M
is called adapted if each v®7) is K*-basic. If M = R[v], this means that
each coefficient g is K"~ 1~%-basic.

Here is the main property of nilomorphic functions we will use. The
proof is simple, but this is a key statement so we called it a theorem.

Theorem 2.9. Let M be an R[v]-module and f € C"~1(U,M). Then
f s nilomorphic for N if and only if, in any nilomorphic coordinates
system (z)2, = (z; + (vy:))2.,, it reads:

_Z 1 ala\f o
al 83;0‘ ’

where f is some adapted function (see Def. 2.8) of the coordinates
(z;)2, and where, classically:

D D
o is a multi-index ()2, ol == Zai, al = Hai! ,

oelf (ol aen Y . T
0z <axal‘”ax% fo and (vy)*:= ] Jp)
1 D

i=1

Remark 2.10. Theorem 2.9 is very similar to the fact that a function
(M, J) — C is holomorphic if and only if it is equal to a power series in
the neighbourhood U of any point. In the complex case, we may consider
that the coordinates x; and y; parametrize the integral leaves of Im J
(complicated manner to mean the whole i), and that a single point m
is a manifold transverse to this leaf. Then f is holomorphic if and only
if it reads, in any holomorphic coordinates system:

1 (ollf N
sza(v) z

In the formula of Theorem 2.9 appear:

e instead of the 2%, the (vy)®, which are the powers of the coordi-
nates parametrizing the integral leaves Z of Im N (those are not
the whole U),

e instead of the value and derivatives of f at the single point m (a
“transversal” to U), the values and derivatives of f, which is f
along the level T := {(vy) = 0} = {Vi, (vy;) = 0}, a transversal
to the leaves of 7.
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So in the complex case, you choose the value and derivatives of a
holomorphic function at some point (ensuring a convergence condition);
the rest of the function is given by a power series. In the “nilomorphic”
case, you choose the value of f along some transversal 7 to Z (ensuring
the “adaptation” condition in Definition 2.8); the rest of the function
is given by a power series. As v™ = 0, this series in powers of (ry) is
even a polynomial, of degree n — 1. So f is polynomial along the leaves
of Z—thus this notion makes sense, in any N-nilomorphic coordinates
system; see Example 2.19 for an explanatory point of view. Transversely
to those leaves, however, f may be only of class C" 1.

Remark 2.11. One point of interest on the development formula
of Theorem 2.9 is that it holds even if the invariant factors of IV have
different degrees, i.e. the R[v]-module (T'M, N) is not free. This will
enable us to build metrics making N parallel in such cases, e.g. as in
Example 3.11.

Proof of Theorem 2.9. (i) The “if” part. Take f of the form given
in the proposition, X; any coordinate vector transverse to Im N, and
a € N*. Let us check that (N°X;).f = v*(X;.f). f a = ()2, a £ 1;

stands for (aq,...,a;—1,; £ 1, 41,...,ap).
1 ool o ololf | glal1f
aXi. _—— @ = a « = a—i C\{‘
v (oz! oz~ (vy) v Oz; 0z vy) Vool Droth (vy)

As f is adapted (Def. 2.8), ™ f is constant along the leaves of K™,
So, as X; € ker N9 and setting o := a — 1;:

o (100, ol
(N*X;). <JW(V‘U) > = X{a<n()) 57 gpa ¥ (VY

a 1 8|al‘+1f o
= X{a<n(i)}V aw(’/y)

)a—li

al oz

which concludes:

As (N*X5). ( L 8‘a‘f(1/y)°‘> =0 if a; = 0, we get the following equality,

a a 1 a\a’|+1f' o a
(N“X3).f = X{a<n(i)}V me(uy) =v'X;.f.

(ii) The “only if” part. If f is nilomorphic, then its restriction f
to the level T = {Vi, (vy;) = 0}, as a function of the x;, is adapted:
if N°X =0, X.(v*f) = (N®X).f = 0. Therefore, denoting by f’ the
restriction of f to T, viewed as a function of the z;, the function 1
defined as f':=3Y, 2 el f (vy)® is nilomorphic by (i).

a ol 0z

Claim. A nilomorphic function g : 4 — M null on 7T is null.
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Applying the claim to g = f — f’ gives f = f/, so that f is of the
wanted form. Now we have to prove the claim. For any ¢ and a > 0, as g
is nilomorphic, (N?X;).g = v*(X;.g). In the quotient M/vM, this reads
(N%X;).[9lm/m = 0 80 [glv/m = 0. This gives rise to an induction:
Xi.g € vM so in M/v*M, (N*X;).[glv/p2m = 0, hence [g]y 2 = 0. By
induction we get [gly/,ens = 0 for all b and finally g = 0. q.e.d.

The tangent spaces (T,,M,N) are Rlv]-modules, through v.X :=
N X. Seeing the action of N as that of a scalar leads naturally to in-
troduce the “nilomorphic” version of the tensors: same theory, R[v]-
linearity replacing R-linearity. Let us take local nilomorphic coordinates
zi = z; + (vy;) and, after Notation 1.9, X; := 8%1-’ Yig = ﬁfa. Then
(X;)P | is an adapted spanning family of each T, M; see Definition 1.4.

Remark 2.12. The adapted function f in Theorem 2.9 depends in
general on the choice of the transversal 7 = {(vy) = 0}. We do not
study this dependence here. The interested reader may look at the link
with the expansion of functions in jet bundles given in Example 2.19 to
understand one meaning of it. Yet notice that fj is canonical, i.e. it does
not depend on the choice of 7. More generally, the value of f, along
each leaf of w(K"~?) does not depend on it either, up to an additive
constant.

Definition/Proposition 2.13. A vector field V on (M, N) is called
nilomorphic if Ly N = 0. Fquivalently: in nilomorphic coordinates z; =
(@i + (vyi))i, V =Y, viX; with nilomorphic functions v;.

Proof. Any vector field reads V' := ), v; X; with v; : M — R[v]. Now
Ly N = 0 if and only if, for any a and j, [V, Nt X;] = N[V, N°X;].
The (N?X;)a; commute, so [V,N"1X,] = — >_i(Lye+rix;vi)X; and
N[V,NX;] = =3 ;(Lnax,vi) NX; = 3, (Lyax;vi)v.X;. Hence Ly N =
0 Vi, g, a, ENa+1XJ.'Ui = vLyax,v;, the result. q.e.d.

Definition /Proposition 2.14. Let n be some (multi)linear form on
(M, N), with values in R[v]. We say here that 1 is nilomorphic if:

(i) at each point m, it is R[v]-(multi)linear, i.e., if (V;)F_, € T,,M:
V(a)ky € N (N Wy, Lo N V) = v2i (Vi ., Vi),

(ii) Lyvn = vLyn for all nilomorphic vector field V.

If (i) is verified, then (ii) means that in nilomorphic coordinates z; =

xi+(vyi), the coefficients n(X;,, ..., X;,) of n are nilomorphic functions
(left to the reader).

Remark 2.15. Point (i) above implies that vn(Vi,..., Vi) =0, i.e.
v %n(Vi,...,Vk), as soon as some V; is in ker N*. So in particular,
setting n = En_é v®n, with real n,, at each point m, each 7, is the pull

a=

back of a (multi)linear application (7}, M/ker N*~1=¢)k — R[v].
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Applying Theorem 2.9 to the coefficients of any nilomorphic (multi)-
linear form n gives:

Proposition 2.16. Let n be an R[v]-(multi)linear form on U. Then
n 1s nilomorphic for N if and only if, introducing (zi)i’il as in Def. 2.4,
it reads:

1 ol o
Z Z 83:10‘ E(vy)* dz, @ ... © dz,

(7417 72k) @

where the 1y, ;. are adapted functions of (xi)f;l with value in
Vn—minék:1 n(zl)R[V] )

Remark 2.17. So, in the coordinates, the “elementary” nilomorphic
multilinear forms are the v~ ™(()n(k) Az @ ... @ dz,. If k> 1,
the z; are needed to write them, not only the v 2.+ thus we chose
in Def. 2.4 to define the former as the “nilomorphic coordinates”. Using
them:

lol 43 o .
Z Z 10 g;l(; i (Vy)a (Vn—mm(n(zl),...,n(lk)) dz, ®...® dzzk)
(815-8k)

i, valued in R[v]/(v™ni- (@) must be such that
i1,...ij, 15 adapted. So the expression of Prop. 2.16 is simpler.

but here each 7;, ...

pyn—ming n (i)

The following result, which is now immediate, characterizes the nilo-
morphic forms in terms of real ones.

Definition/Proposition 2.18. Let § € T'(QFT*M) be a real k-
linear form on (M, N). We call it pre-nilomorphic if:

(i) for any (V; )J 1, the 0((V); LNV, (V; )] i11) are equal to each
other, for all i,

(ii) LyyvO = LyO(N -, -, ..., -) for any nilomorphic vector field V.

Then the following Rlv]|-valued k-linear form is nilomorphic:

n—1

0= S v (NI ),
a=0

We call it the nilomorphic form associated with 0. In this sense, any
nilomorphic k-linear form © = z;:é O.v%, with real ©4, is associated
with its coefficient ©,_1—which is, necessarily, pre-nilomorphic.

The example and comments below are unnecessary for the following.
They are given as they are natural, and give another point of view on
nilomorphic functions—making a link with another work [3, 4].
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Example 2.19. Natural manifolds with a nilpotent structure are the
jet bundles J”W over some differentiable manifold W. The fibre at some
point m € Wis {f :;]—e,e[= W ;e > 0and f(0) = m}/~, where f ~ g
if in some neighbourhood of 0, then in all of them, || f(t) — g(¢)| = o(t")
when ¢ — 0. So JW = W and J'W = TW. With each local chart
¢ = (z;)%, : O — R? on some open set O of W is functorially associated
a natural chart @ = ((;4)"_), : J"O — R?, defined by:

2] = (@ia)a=o)iza = @a)azo if f(t) = To+1T1+...+"Tn+o(t").

A change of chart 6 on W induces a change of chart 0: let the successive
differentials of 8, up to order n, act on the z,. The projections

W TWeTPWe o TWe ...

endow each J"W with a flag of foliations X' C ... C K": in any chart of
the type ¢, K® is given by the levels of (Tp);—. Now R[X]/(X"!) acts
naturally on T'J"W, through the endomorphism N defined as follows.
If the path (f 4 sg)scr represents, in some chart and at s = 0, some
tangent vector v to J™WW at the point [f], N(v) := (f + sg9)ser with
g(t) = tg(t). This definition is consistent; all this is classical. At v =
(Pa)a=o € Tis)J"W, in some chart of the type ¢, N reads:

N ((@a)izo) = (0, (@a)i=))

In this chart, Mat(/N) is constant, block-Jordan, so NN is integrable; its
invariant factors are the d-tuple (X"*1 ... X"*1). So (J®W,N) is a
manifold with a nilpotent structure. Each K® is the integral foliation
of ker N® = Im N"t!'=¢  Moreover, the submanifold 7y of the jets of
constant functions is a privileged transversal to Z = K™. Conwversely,
any manifold M with a nilpotent structure N with invariant factors of
the same degree n + 1, and endowed with some fixed transversal T to
T, is locally modelled on the n' jet bundle of the (local) quotient M /T.
Explicitly, any nilomorphic coordinate system of M is exactly given by
some transversal 7 to Z and some chart ¢ of M/Z. If T is fixed on
M, the correspondence V¥, given on the left in nilomorphic coordinates
induced by some chart ¢ of M/Z, and on the right in the chart ¢:

(M, N) — J"(M/T)
Uy + (vyi)) 2y = (o + 20 Vi), [(fﬂi + 3 ia)i

is independent of the choice of ¢p—Dbecause of Theorem 2.9. This way,
(M, Diff (M, N, T)) identifies with J"(M/Z) with the standard action
of Diff (M /Z) on it. In this sense, a manifold with a nilpotent structure
with invariant factors (X"*1,..., X"*1) is, locally, a jet bundle of order
n where you “forgot” what the submanifold of constant jets is.
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Introducing functions @ : J*W — R[v] = R[X]/(X"T1) ~ JioR s
therefore natural; they are (N, v)-nilomorphic if and only if they repre-
sent, modulo some constant, the n-jet of functions v : W — R. That is

to say, @ is nilomorphic if and only if there is some u and some fjy in
C>°(M,R) such that, for all [f] € J"W:

u([f]) = [wo f]+ [fo], where [-] stands for “n-jet of”.

This condition is independent of the choice of a privileged transversal
T, which amounts to a change of [fy]. So through ¥, it works on any
(M, N) with the invariant factors of N all of the same degree.

Note: the case n = 1 is elementary. The fibre of J'W = TW 5 W is
a vector space, so for any (m,v) € TW, Tim,) TV identifies with T, V.
So N(V) := dmjm.) (V) may be viewed as an element of T(,, ,TW.
By construction, this N € End(TJ'W) is 2-step nilpotent. We let the
reader check it is the same as the IV built above.

Slight adaptation for the case where N has any invariant factors. Let
K be the integral flag 7(K') C ... C 7(K") C ©(M) of the (ker N°)
on the local quotient 7(M) = M/Z. We define a space J¥(M/T) of
“Ie-jets” of functions from R to w(M) by: f ~ g if, for each a, f and g
have the same jet in J*(m(M)/7(K®)). In coordinates adapted to K, a

o~

KC-jet [f] is the data of the coordinates of f up to the order a, as soon as
they are transverse to K. To define W as above we use, on the left side,
coordinates adapted to K and factor those spanning each Kot < K@
by "%, i.e. we use the v "z introduced in Example 2.3. Then a
function u : M — R[] is nilomorphic if and only if it is, locally, the

~

K-jet of some function u : w(M) — R, plus some other fixed KC-jet [fo].

Remark 2.20. To build a differential calculus he calls “simplicial”
on general topological spaces (see e.g. [3]), W. Bertram studied those
jet bundles (I thank him for the references). With A. Souvay [4], he used
truncated polynomial rings K[X]/(X™) with K any topological ring. The
obtained formulas are equivalent, in the case where the R[v]-module is
free (i.e. all the Jordan blocks of N have the same size), to some of this
section, notably to Theorem 2.9. It is not immediately explicit in the
statements of [4], but observe the “radial expansion” in Th. 2.8 and its
consequences, e.g. the expansion of a K[X]/(X™)-valued function in the
uniqueness part of the proof of Th. 3.6, or that given in the proof of Th.
2.11. Besides, as non-free K[X]/(X")-modules are direct sums of free
ones, Theorem 4.5 of [4] generalizes the principle of these expansions.

Remark 2.21. Theorem 2.9 has a noticeable consequence: the fact
for a function M — R, to be polynomial along the leaves of Z in the
form that appears in its statement, makes sense, regardless of the chosen
N-integral local coordinates. So, as the datum of a complex structure on
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a manifold M induces a real analytic structure on it, that of a nilpotent
structure induces some “polynomial structure” along the leaves of Z. If
N? = 0, this structure is of degree one, i.e. it is a flat affine structure.
Let us see it directly, without Theorem 2.9. Take any U = NV € T}, L.
There is a unique way, modulo ker N, to extend V in a basic vector
field along this leaf 7, of Z. This induces a canonical way to extend U
along Z,, i.e. Z,, is endowed with a flat affine structure, preserved by
Diff(M, N). This amounts to a flat affine connection V on TZ = J'Z.
In the case where all the Jordan blocks of N have the same size n,
using the point of view developed in Example 2.19, we see that the
Diff (M, N)-invariant structure on the leaves of Z, which provides their
“polynomial structure,” is a flat connection V on its bundle J*~1Z.

3. The germs of metrics making parallel some self adjoint
nilpotent endomorphism

Here follows the link between what precedes and our subject:

Proposition 3.1. Let (M, g) be a pseudo-Riemannian manifold ad-
mitting a parallel field N € I'(End(T'M)) of self adjoint endomorphisms,
nilpotent of index n. Then N is integrable and g is pre-nilomorphic for
N, in the sense of Definition 2.18. After Definition 1.6, g is the real met-
ric associated with the nilomorphic metric h := ZZ;& vag(-, Nr—1-a.),

Conversely, suppose that h = ZZ;& v®h,, with h, real, is some non-
degenerate symmetric Rv]-bilinear nilomorphic form on a manifold M
with a nilpotent structure N. Set g := hyp—1. Then (M,g) is pseudo-
Riemannian, N is self adjoint and parallel on it—and, according to
Definition 1.6, h is the nilomorphic metric associated with g.

We need the following lemma, to our knowledge (through [6]) first
proven by [20], then independently by [17]; [21] is a short recent proof.

Lemma 3.2. A field of nilpotent endomorphisms N on R¢ with con-
stant invariant factors is integrable if and only if its Nijenhuis tensor
N vanishes and the distributions ker N* are involutive for all k.

Proof of the proposition. D is torsion free and DN = 0, so Ny = 0, and
the distributions ker N are involutive: by Lemma 3.2, N is integrable.
Hence g satisfies Definition 2.18. Indeed, (i) is the fact that N is self
adjoint. For (ii) take V any nilomorphic vector field and check that
(Lnvg)(A, B) = (Lvg")(A, B), where g* := g(-, N -), for any A, B.
By Prop. 2.13 we may suppose, without loss of generality, that the field
V, and some fields extending A and B, are coordinate vector fields of
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some integral coordinate system for N, so that V', A, B, NV, NA, and
NB commute. Then we must check: (NV).(g(A, B)) = V.(9(A, NB)).

(NV).(g(4, B))
=g(DnvA,B) + g(A, Dyv B)
=9(Da(NV), B) + g(A, Dp(NV)) as [V, NA] = [V,NB] =0,
=g(NDAV,B)+ g(A,NDpV) as DN =0,
—g(DaV,NB) + g(A,NDgV) as N* = N,
=g(DvA,NB) + g(A,NDyB) as[V,A] =[V,B] =0,
( +g(A,Dy(NB)) as DN =0,

For the converse part, first ¢ is non-degenerate: if g(V, -) = 0 then for
any a, ha(V, -) = hp_1(V,N"17%.) =0 s0o V = 0. Then N* = N is
immediate. To ensure DN = 0, it is sufficient to prove that, for any
N-integral coordinate vector fields X;, X;, X} and any a, b, ¢ in N,
9(Dnax; N X, N°Xy) = g(N*Dyax, Xj, N°X},).

29(Dyax, N’ X;, N°X})
= (N°X;).(g(N*X;, N° X)) + (N°X;).(g(N“X;, N°Xy))
— (N°X).(9(NX;, N° X))
_ Xi.(g(Xj,N“erJrch)) n Xj.(g(Xi,N“erJrch))
B Xk.(g(Xi,N“erJ’CXj))
as h is nilomorphic, so g is pre-nilomorphic (see Definition 2.18),

= 29(Dx, X, N*TTXy),

which gives in particular the wanted equality. q.e.d.

We are done: combining Propositions 3.1 and 2.16 provides exactly
Theorem 3.3. In the statement, if needed, see Definitions 2.14, 1.6, 2.4,
2.8, and 1.8 for “nilomorphic”, “associated with”, “nilomorphic coordi-
nates”, “adapted function,” and “characteristic signatures.”

Theorem 3.3. A nilpotent structure N of nilpotence index n on M
1s self adjoint and parallel for a pseudo-Riemannian metric g if and only
if g is the real metric associated with a metric h nilomorphic for N.
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In nilomorphic local coordinates (z;)2, = ((z; + (Vyi)))f)zl, h is an
R[v]-valued, R[v]-bilinear metric of the form:

h = Z hijdz; @ dz;, with nilomorphic functions h; ; = hj;
i,j=1 applying in v™~ maz(n(i),n(7)) R R[]
and (hw)zl,)g:l non-degenerate,

with o @ multi-index (o)., and h; j = h;; adapted functions of the (z;);
giving the properties of (h; j)l =1 above. The characteristic signatures
(rassa)—y of (N,g) are those of h.

In the theorem, recall that b = "7} o veg(+, N"172. ) as stated in
Proposition 3.1; in particular, g is the coeﬂiment of v~ 1. See also the
important Remark 3.8, and a matricial formulation in Remark 3.12.

Remark 3.4. Set h = Z” 1hw dz; ® dz;. Then h = z;:é ho®
where each h,, is the value of g(-, N~ 1=%.) along the transversal { (vy) =
0} to Z. This gives more explicitly the link between g and h.

Using Notation 3.5, Corollary 3.6 translates Theorem 3.3 into purely
real terms.

Notation 3.5. (i) If ((ai,a)zg_l)igl is a multi-index designed so
that y* := Hylo‘;a, then ¢ and Lx« denote:

|| H%a
— QXi,a Za Qi,a — 8 .—
_HII}‘Z _H‘/E’L and EXa —%—HW
7 ia 7
(ii) Using point (i), if (x;, (yi,a)Z(:q_l)f)zl are N-integral coordinates,
if n is a (multi)linear form on U /Z (hence, depending only on the coor-
dinates x;), and if b € [0,n — 1], we set:

1 (67
ﬁ(b) = Z ol (Lxen)y

« such that

Zi,a aQi,a = b

Corollary 3.6. In the framework of Theorem 3.3, « being a multi-

index ((ai,a)ZQ‘l)i’;l, g is a metric defined by (on the right side, we
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make use of Notation 3.5 (ii)):
1

olel
g(XivNch) = Z %%(Bb_c(XivXj))ya

3
|

o
Il

c « such that
> ia0iq =n—1-=b

i
L

(éb—c)(n—l—b)

9

o
Il
o

where each B®, for a € [0,n—1], is a 7(K"~1=?)-basic symmetric bilin-
ear form on w(U), non-degenerate along w(K"~)/x(K"1~%), and B*
denotes 7 B*. The characteristic signatures (rq,Sq)n_q of the couple
(N, g) are the signatures of the B"~% restricted to m(ker N*~1=9),

Proof. By definition, the form h of Theorem 3.3 is equal to
ZZ;OI veg(-,N"172.). So g(X;, N°X;) is the coefficient of v"~17¢ in
h. Defining the B by h = EZ;S V“E“, we let the reader expand h as
given in Theorem 3.3 in powers of v, proving the corollary. q.e.d.

Remark 3.7. B%is the matrix of g(-, N*~17%.) = h, on the transver-
sal {(vy) =0} to Z.

Important Remark 3.8. By Lemma 3.2, any parallel field of en-
domorphisms is integrable, so Theorem 3.3 and Corollary 3.6 give a
parametrization of the set of pseudo-Riemannian metrics on U, with a
holonomy representation preserving some fixed (arbitrary) self adjoint
nilpotent endomorphism N. The parameters are the (B“)Z;é, up to an
action of O (R4 N RrkN) Indeed, the B® are chosen freely, and char-
acterize g once the level {(vy) = 0}, i.e. some section of 7 : M — M/Z,
is chosen. As dimZ = rk N, C®° (RN R™&N) acts simply transitively
on those sections. We give here only an idea of this action, in Remark
3.15. Some part of the B® is invariant under it; see Remark 3.9.

Remark 3.9. The adapted bilinear form & in Theorem 3.3 depends
on the chosen transversal T = {(ry) = 0}; see a similar remark for
nilomorphic functions in Remark 2.12. Yet the restriction of each h, =
g(-, N"~17¢.) o the leaves of K" ~%—encoded below by the matrix H?
in Remark 3.12 and by the matrix B§ in Example 3.11 —is canonical,
i.e. does not depend on the choice of 7. Indeed for each a, g(-, N®-)
does not pass on the quotient 7(U//K?), but its restriction to the leaves
of m(K%*1) does; see Remark 1.5. This invariant shall be noticed.

Therefore, it is natural to choose coordinates (:E“’I’L(Z) =a+ 1) =

(mz)fff j p, satisfying some property with respect to it, if they exist: for
example, if h,_1_q = g(-,N?®-) is flat along each leaf of (K1), it is

natural to choose coordinates such that its matrix By ™' is I, ,, s..s-
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In particular, if d,11 = 1 we can take Bg_l_“ = +1, after the corre-
sponding characteristic signature.

As the hg, except for their restriction to ker N"~¢, depend on 7, may
T be chosen such that they satisfy some specific property? The answer
is given in Remarks 3.13 and 3.15.

The complicated expression of Corollary 3.6 is simpler in some cases.
We present two of them. Case (A): all invariant factors of N have the
same degree, i.e. Im NP = ker NP for p < n, i.e. N is conjugated to:

0 I
'd" with n null blocks on the diagonal,
. dy being the n*" characteristic

0 Ia, dimension of NV, the other ones being null.

0

In other terms, the R[v]-module E = (R%, N) is free: E ~ R[v]%". Case
(B): the nilpotence index of N is small; namely we took N3 = 0.

Example 3.10. (A) After Corollary 3.6, a metric g makes N self
adjoint and parallel if and only if, in N-integral coordinates giving N
the block form displayed just above, its matrix reads:

o .- 0 el
Mat(g) = A

o .- . :

GO Gl Gn—l

with the following G®. For each a, we denote also by B® the matrix of
the form B“ introduced in Corollary 3.6. Using Notation 3.5 (ii):

n—1-—a
G* = Z (Ba—b)(b).
b=0

The B* are symmetric matrices, which are a function of the coordinates
x;, with B° non-degenerate. For each a, B® represents g(-, N"~17¢.)
along {(vy) = 0}. The couple (IV, g) has only one characteristic Signa—
ture, namely (7, s,) = sign(B°). So G'=BY G'=B'+Y, ( )yl 1
etc.; as an example, let us expand G°:

3= p3+ g2V, p1® , po®

=0 3 (G oty X g Y + (G

8330 8230
T Z<8m 01,01, )yivlyﬂ"lykvl + Z(W)yi,zyj,l
3

+ Z(%—ij)yzs
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If n = 2, Mat(g) is an affine function of the y; ;:

0 BO

To be totally explicit, on R* with coordinates (z,2’,y,y’), this means:

0 BO(x,2")
Mat(g) =
50 = (g e+ By + 22y )

with B® and B! symmetric 2-2 matrices, B everywhere nondegenerate.

Example 3.11. (B) Recall that, after Notation 1.3:
dy = dim(7(ker N)), dy = dim(n(ker N?)/7(ker N))
and dz = dim(m(ker N3)/m(ker N?)) = dim(7(TM) /7 (ker N?)).

Order the coordinates as: ((y;, 2)?1§fli§jip (i, 1)f15flﬂrd3, (:Ei)f;fdﬁd?’).
00 I; 00 0
00 0 0 I 0
Then, if N% = 0 £ N2, Mat(N) = 8 8 8 8 8 183 ,
00 0 0 O 0
00 0 0 O 0

with columns and lines of respective sizes d3, do, ds3, di, ds, d3. Columns
1, 2-3, 4-6 correspond respectively to the y; 2, yi 1, ;. Then a metric g
makes N self adjoint and parallel if and only if its matrix reads:

00 0 0 0 G°
0.0 0 0 (4 >
Mat(g) = 8 8 CE)O 0 <
(o) @)
with, using again Notation 3.5, (ii) , G° = B?, and:
1 1 0 0 2 2 000 RO
oeon(d o (3u) (34 )

where the B® are symmetric matrices: B® depending on the (2;)i>d, +dy»
B! on the (x;);>q,, and B? on all the (x )d1+d2+d3 We recall that:

oB® 823“ Z?B“
1 2)
B = Z(a—xi)yi,h B 2, 895 o, )y, 1y],1+z )Yi2-
(3
Ensuring the non-degeneracy of g is ensuring the non-degeneracy con-
dition stated in Corollary 3.6, i.e. here, B? is non-degenerate and:
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. B * : 1 2
Blz(]io :)andez(* ‘. with Bj and Bj
* k%

*  *

non-degenerate.

The characteristic signatures of (N, g), ¢f. Remark 1.5, are:
(sign(Bg), sign(B}),sign(Bg)) = ((r1,51), (12, 52), (r3, 53)),
so: sign(g) = (de +ds +r1 +r3,da + ds + s1 + S3).

By B >

If N2 = 0, relabelling the G® and B we find, setting B" :( gl pin

I,
0 and
0

0

0

0
0 0 GO B’
GO BO tBll BY 1 Bo(l)

with BY and B} non—degenerate, B depending on the (z;);>q, and B!

on all the (xi)?;{dz. We recall that B = > (aB )yl 1. Incased; =0
we re-find the end of Example A above.

0
Mat(N) = ( 0
0

Remark 3.12. For any nilpotence index n, ordering the coordinates
as ((Yin—1)is---» (Yi1)i, (:)i), one may build similarly Mat(g). The prin-
ciple is the same as when N3 = 0 and no new phenomenon appears, but
the matrix becomes rapidly very cumbersome. So it seems that the use
of real coordinates, forms, and matrices, if it may be avoided, should
be, and replaced by the use of R[v]-linear ones like in Theorem 3.3, just
as complex expressions replace real ones in complex geometry.

The matrix of h given in Theorem 3.3 reads as follows. Take ()2,
nilomorphic coordinates of U, ordered by increasing values of n(i). So,
(2:)Pe = (2;;n(i) < a) parametrize the leaves of K% Using Prop. 1.7,

Mat(h) = Z 5 (%H) (vy)®

0

0 Ao ) € v*Mp(R) satisfy-

with H a sum of symmetric matrices 1/“(
ing, for each a € [0,n — 1]:

(i) (Adaptation condition; see Def. 2.8) The block H®, corresponding
to the coordinates (z;;n(i) = n — a), depends only on the (z;;n(i) >

n—a).
(ii) (Non-degeneracy condition; see Def. 1.7) Cutting the ( z27 (1) >
n—a) into ((2;;n(i) = n—a), (z;;n(i) > n—a)), H splits into ( )

with Hg non-degenerate.
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Finally, notice that H® = v%B®, with B® = Mat(g(-,N""172.))
along {(vy) = 0}, as appearing in Corollary 3.6.

Remark 3.13. Another choice of “preferred” coordinates (ml)&gi 4
= (a:i; n(i) = a+1) for some a could be to try to get B¢ = ( %0 B(‘)”’ ),

that is to say, to choose them so that the {a%i;n(i) > a4+ 1} is B%-

orthogonal to K™ N {(vy) = 0}. It is impossible, as the orthogonal
distribution to £"~* N {(vy) = 0} is not integrable in general, even by
seeking an “adequate” transversal T = {(vy) = 0} to Z. See Remark
3.15 for a proof. Notice here that on the contrary, this is possible for
alternate nilomorphic bilinear forms, for which we can even achieve B¢ =

( %8 8 >; see Lemma 4.12 and Rem. 4.13.

It works, however, in one case. If 21221 dp—gtre = 1 for some b >
¢+ 1 (all dy—g4e null except one), the B*orthogonal to K"~*NT is 1-
dimensional inside of the leaves of K"~%** N T, so it may be integrated,
within these leaves. This puts a null line under Bff and a null column
on its right. Moreover, [7] provides a transversal 7 such that the unique
coordinate vector 8%- transverse to K"~% in K%t* N T has a constant
B9square, e.g. is isotropic. This puts a constant coefficient B* below
B§ on the right of it. See Example 3.14. If moreover d,,—, = 1, you must
choose between achieving all this and achieving B§ = £1 as in Remark
3.9.

Example 3.14. With Remarks 3.12 and 3.13, we treat the Lorentzian
case. The indecomposable germs of Lorentzian metric making a non-
trivial self adjoint endomorphism N parallel are those with holonomy
algebra included in:

(

0
—'L );Aeﬁo(n—2), LeR"2% .
0

oo o
=

1 0 0 0 0 1

in a basis where g={ 0 I,_o 0 |.Then N=| 0 0 0 | is par-
0 0 1 0 0 O

allel. Writing ¢ on the form given at the end of 3.11 and setting B = 1

by Remark 3.9 and BY = 0 by Remark 3.13, we get:
0 0 1
Mat(g) =1 0 By 0 |,
1 0 "

with B} and b!" independent of the first coordinate. Again by 3.13, one
can get b constant (zero or not), getting a classical form for g.



100 C. BOUBEL

Remark 3.15. The adapted bilinear form A appearing in Theorem
3.3 depends on the choice of 7 = {(vy) = 0}. Let us illustrate here
how this dependence works through the case N2 = 0. In N-adapted
coordinates:

0 0 I
()21, ()i, (@2)24,41), we get: Mat(N) = ( 0 00 )

0 0 O
and Mat(g) is as given at the end of Example 3.11. Then B is the
matrix of hg = g(-, N -), which is well defined on M /K, so it does not
depend on 7; B! is the matrix of h; = girr- 1t depends on T, which
is the image of a section o of 7 : M — M/Z. Changing 7 amounts to
adding to o a vector field U defined along 7 and tangent to Z. Indeed,
7 is endowed with a flat affine connection V (see Remark 2.21), so it
identifies with its tangent space. In turn, this field U is equal to NV
with V' a Section of m1(TM)/m(ker N) defined on (M) = M/T. If
Zfi 441 Vige am represents V', so that U = ZZ 1 Vig- a , it follows from the
expression of Mat(g) that B! becomes B} given by

o 0 o 0
18 9y_ pl 0
By om) = B (8$j7a$k)+V(B (8@"8%))

ovi o ov; o, O
Z(‘)%B W, (%ck) aka (ax] V)
i.e. B%/ = B' + £y B°. The Lie derivative £y B? is well defined, even if
V is defined modulo ker N, as ker N = ker B?. So h; is defined, through
the choice of T, up to the addition of an infinitesimal deformation of
ho =g(-,N -) by a diffeomorphism.

So, the orbit { Bi,,V € I'(T'w(M))} of the matrix B* when T varies
does not contain in general a matrix such that BY = 0 and/or B = 0,
with the notation of Example 3.11. Getting BY = 0 is impossible in
general if dim(lC N T) is greater than 1. Indeed for all i > d; the 1-
form (LyB°)(X;, -) is closed along the leaves of K NT. So d(vx,B') is
canonical, independent of 7. This proves the impossibility announced in
Remark 3.13. Getting B = 0 is also impossible in general: see below.

To simplify, we suppose now that di = 0, i.e. ker N = Im N; now
ho is a non-degenerate metric on 7(M) = M/Z. After the infinitesimal
part of Ebin’s slice theorem (see e.g. [5] 4.2-5 for a short explanation):

Sym?T* M = {Lyho; V € T(Tw(M))} @ ker dp,
with dp, the divergence operator with respect to hg. (I thank S. Gallot,
who led me to think of this.) So there is a local privileged choice of T,
making h; divergence free; this divergence free h; is canonical; besides, it
% functions of D variables. The choice of T, depending
on D functions of D variables, acts “with a slice” on the value of hq,

is given by
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and each orbit of this action consists of forms depending also on D
functions of D variables. Finally, up to diffeomorphism, g depends on
D(D — 1) functions of D variables: 2@ for the couple (B°, B),
minus the choice of 7 and of a chart of M/Z, i.e. twice D functions of
D variables.

Important Remark 3.16. [The resulting algebra End (7T M)%—
Indecomposability of the obtained metrics] The form of the re-
sulting algebra End(T'M)" for metrics built in Theorem 3.3 is given by
Corollary 4.5 in the next section. This corollary also discusses, together
with Remark 4.6, whether the metrics of Theorem 3.3 are decomposable.

Remark 3.17. In the next section, Corollary 4.5 shows that in cases
(1)-(1%), the holonomy group of a metric making N parallel acts triv-
ially on Im N™2 which is non-zero as soon as (n —)n1 > ng. So one may
take N- adapted coordinates such that the (Y7 ,)ni= (Ne 821);:;
span Im N"2 and are parallel. Here is a direct way to see it:

e Take N-adapted coordinates such that N™~ 1 # 0; the met-
ric gn_1 := g(-, N""1.) is well-defined on M/IC” ! which is 1-
dimensional, so you may modify the coordinate x; so that 9(6_21
N”_lagl) +1, d.e. BY = +1. If n — ny = 1 we are done.

e Ifn—ny > 1, then 7(M/K"2) = 7(M/K""1) is also 1-dimensional
so the matrix B! is also a scalar. Modifying the level T = {(vy) =
0} as in Rem. 3.15 to get B{, = B! + Ly BY with V a vector field
on M /K" 1, enables us to modify arbitrarily B'. An adequate V
gives Bi, = 0. The new level {(vy) = 0} is obtained by addition
of the field N"~1V, i.e., setting V = v. ﬁ(ax ) by replacing the
coordinate y1 ,—1 by y1.n—1 — v.

ang‘

e We then similarly modify the coordinates yi ,,—q, for a € [1,n —
ny — 1], by induction on a: at each step, we choose V = v. w(a%l)

such that B® 4+ £y B° = 0 and replace Yi,n—a DY Y1,n—a —v. We
let the reader check that this makes the scalars BY, ..., B" 21
null.

Because of the form of the metric given by Corollary 3.6, no coefficient

of the metric g depends on the coordinates (y,)?=} g At m, we may take

the (N“ £1 )0 | such that, on the subspace they span, Mat(N) = N,
and Mat(g) = j:Kn; see Notation 4.17 (a). The =+ sign is given by the
signature of the metric g,_1 introduced just above in this remark.

Example 3.18. We end with an example of a pseudo-Riemannian
metric where a parallel N naturally arises. (I thank L. Bérard Bergery
for having told me that this example works with non-locally symmetric
metrics.) Example 2.19 showed that jet bundles carry naturally a nilpo-
tent structure; in particular, tangent bundles carry a 2-step nilpotent
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structure N; see the Note at its end. Now if g is a (pseudo-)Riemannian
metric on M of dimension d, T'M carries a natural metric g, of signa-
ture (d,d), making N self adjoint and parallel. In TT M, we call the
tangent space V to the fibre “vertical”, and H its “horizontal” comple-
ment given by the Levi-Civita connection D of g. If X € T{,, /)T M,
as the fibre of T'M is a vector space, X is naturally identified with a
vector of T, M that we denote by X’. We set 7 : TM — M. We define
g by:
V and H are g-totally isotropic and, if (X,Y) € V x H,
/g\(X7Y) = Q(X,, dW(Y))

Notice that N is g-self-adjoint. Moreover, DN = 0, with D the Levi-
Civita connection of g.

Proof.AWe must show that, if X,Y,Z are vector fields tangent to
TM,g(DxNY,Z) =g(DxY,NZ). Let us show it at an arbitrary point
m € TM. Around m, we build a frame field 8 on T M as follows. We
take normal coordinate vector fields (U;)%_, at 7(m) on M. We lift them
horizontally on T M, getting a frame field S of H. Besides, we denote
by By the frame field of V such that 3§, = (U,-)le. In other words,
Bv = N.fu. We set 5 := (Bv,Pu). In the following, X, Y, Z denote
vectors of 5. Notice that, by construction, Sy is constant along each fibre
of TM,so [X,)Y]=0if X|Y € By; besides, [X,Y] € Vif X|Y € fq,
as they are lifts of commuting fields on M. Finally, by definition of H, if
XeHandY €V, [X,Y] € Vand [X,Y] = Dyr(x)Y'. As the (U;)L,
are normal coordinate vectors at w(m), for all (i,7,k), U;.(9(Uj,Uy)) is
null at m(m); combined with the definition of g, this gives that for any
XY, Z in g, X.g(Y,Z) is also null at m. Then, if X,Y,Z € :

25(DxNY, Z) = X.g(NY, Z) + NY.G(NY, Z) — ZG(X, NY)
—9(X, [NY, Z]) = g(NY, [X, Z]) + §(Z, [ X, NY])
= _g(X’ [NY’ Z]) _/g\(NK [Xv Z]) +§(Zv [Xv NY])

(at m)
If Y € By, NY = 0 so this vanishes. If Z € Sy (or if X € By, left to
the reader), then:

o a5 NY € iy, [NY, Z] = 0 50 §(X, [NY, Z]) =0,

e [X,Z] € Vso g(NY,[X, Z]) € g(V,V) = {0},

e as NY € fy,[X,NY] € Vso g(Z,[X,NY]) € g(V,V) = {0}
So(XepyvorYepfyorZepPy) = g‘m(l/jXNY,Z) =0.If XY, Z €
Bu, at m, §(BXNY, Z) is equal to:

3 (9(dm(X), D gr(z) dm(Y)) = 0+ g(dw(Z), D gr(x) dm(Y))) =0
as the (U;); are normal at m. Now similarly, at m, 2§(BXY, NZ) =
—9(X,[Y,NZ]) — g(Y,[X,NZ]) + g(NZ,[X,Y]), which also vanishes.
So at any m, DxNY = NDxY, i.e. DN =0, q.e.d.
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We could build a similar g on any jet bundle J® M, making the N of
Ex. 2.19 parallel.

4. Metrics such that End(TM)Y has an arbitrary semi-simple
part and a non-trivial radical

In [8] Section 2 we built metrics such that the semi-simple part s of
End(T M) is in each of the eight possibilities listed by Theorem 1.1.
Here we built in section 3 metrics admitting an arbitrary self adjoint
nilpotent structure as a parallel endomorphism; in particular, this makes
in general the radical n of End(TM)Y non-trivial. Mixing here both
arguments, we build metrics with s arbitrary in the list of Theorem
1.1, and whose holonomy commutes moreover with some arbitrary self
adjoint nilpotent endomorphism N. We considered only the case where
N is in the commutant of s. It is natural: it means that N is a complex
endomorphism if s = (J) induces a complex structure etc.; see Remark
4.4. Besides, by Proposition 1.8 of [8] and as we suppose N self adjoint,
the non-commuting case is strongly constrained.

This builds metrics whose holonomy group is the commutant of IV in
each of the holonomy groups given in Remark 1.2.

The principle is roughly the following. We repeat the constructions
of [8] Section 2, on a manifold M with a nilpotent structure N, replac-
ing everywhere real differentiable or complex holomorphic functions by
nilomorphic R[v]-valued or nilomorphic+holomorphic C[v]-valued ones.
This gives Theorem 4.2. To state it, if J (or L) and N are commuting
(para)complex and nilpotent structures, we need integral coordinates
for both J (or L) and N. They exist; this is Lemma 4.1, proven on
p- 107.

Lemma 4.1. (Small enhancement of Lemma 3.2) Suppose that R??
is endowed with a (para)complex structure J (or L) and a nilpotent
structure N commuting with it. Coordinates are called here adapted to
J (or L) if they make Mat(J) (or Mat(L)) constant Jy- (or Li-) block
diagonal. Then there is a coordinate system simultaneously adapted to
J (or L) and integral for N if and only if Ny = 0 and the ker N* are
involutive for all k. This holds also with complex coordinates if all those
endomorphisms are C-linear on C2.

Theorem 4.2. (Corollary and generalization of Theorem 3.3)
Let Hg be the generic holonomy group corresponding to an algebra s in
any of the eight cases of Theorem 1.1, and N any self adjoint nilpotent
endomorphism in the commutant of s, i.e. the bicommutant of Hs. We
denote by QHSN the set of germs of metrics whose holonomy group H
is included in the commutant HY of N in Hs. If g € QHSN, then N ex-

tends as a parallel endomorphism, in particular as a nilpotent structure.
Besides, End(TM)Y D (s U {N}).
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(a) For s in each case of Theorem 1.1, g € Gyx if and only if:

g

g

ow;? %j

e In case (2°), and in N-adapted coordinates such that La%

9 _0 ):
Oi? Ozj+1 O0x;0xj 41

o In case (1©), g is the real metic associated with the real part of a

non-degenerate, C[v]-valued, C[v]-bilinear metric h, which is both
holomorphic and nilomorphic on (M, J,N).

e In case (2), and in N-adapted coordinates (z;, (yw)zg_l)il such
that Ja%i = am?ﬂ for any odd i, given by Lemma 4.1, g is the

real metric associated with a non-degenerate nilomorphic metric h
given by:
9 9 0*u . . . .
> = 050 with u an Rlv]|-valued nilomorphic function,
w; O, 9 a9 .9 1,07pd
and Bugens < Bz 10mg © TH'R

for all odd j,

|| 2 5
— Z 8_ <8878u_> (vy)® with 4 some R[v]-valued
wigw; adapted function of
the coordinates (x;);.

_ _0

i Oz
for any odd i, given by Lemma 4.1, g is the real metric associated
with a non-degenerate nilomorphic metric h given by:

0%u

fori, j odd, with u some R[v]|-valued
nilomorphic function,

| 24
= Z 0 <8 %u > (vy)® with @ some R[v]|-valued
Ti0Tj+1 adapted function of
the coordinates (x;);.

e In case (2(C), and in complex N -adapted coordinates such that

Ja%i = #ﬁl, or La%i = #ﬁl, for i odd, g is the real part of the

complex metric associated with a non-degenerate complex nilomor-
phic metric h given by the complexifications, which are equivalent,
of any of the two formulas given in the previous cases. The poten-
tial u is then a Clv]-valued holomorphic and nilomorphic function.

e In cases (3), (3°) and (3%), and in the real analytic category, it

is the solution of the exterior differential system given in [8] Sec-
tion 2, formulated in nilomorphic coordinates and with R[v]- or
C[v]-valued nilomorphic functions instead of real or complex ones.
In particular, in cases (3) and (3°), the elements of Gy, consid-
ered up to diffeomorphism, are parametrized by b% real analytic
functions of 5 + 1 variables, where b := min{a € [1,n];d, # 0},
with D the number of invariant factors of N and d, the number
of repetitions of X® among them. In case (3%), they are by b%
holomorphic functions of % + 1 complex variables.
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(b) In a dense open subset for the C? topology in Gun (inside of the

real analytic category in cases (3)—~(3’)—(3%)), the holonomy group H
of the metric is exactly HY . So those commutants are holonomy groups.

Remark 4.3. For the meaning of D and the d,, see also Notation
1.3.

Remark 4.4. When does a nilpotent endomorphism N commute
with s7 Exactly when Id +N does. Now by definition, the automor-
phisms commuting with s are those preserving the G-structure defined
by the commutant of s. In cases (1) and (2), they are exactly the .J- or
J-complex automorphisms, and in case (2’), the paracomplex ones, i.e.

U 0 .
{( 0 v )Wlth U, VGGLd/2(R)}. In case (3), they are the (J1, J2, J3)-
quaternionic automorphisms. In case (3’), if Mat(L) = I;/94/2 and
U 0 .
Mat(J) = Jq/2, they are {( 0 —JUJ ) with U € GLd/Q(R)}. Cases

(2%) and (3%) are the complexification of cases (2)—(2’) and (3)—(3’).

Now, in the different cases of Theorem 4.2, Corollary 4.5 gives the
form of ¢ := End(T'M)", and notably that of its radical n, asked for in
the introduction. (Here I thank the referee for his noticing a mistake in

my first version.) The commutant ¢ := End (7' M)(HEN ) of HY contains

s and the bicommutant N := End(T./\/l)(End(TM)N) of N (classically
equal to R[N]). In fact ¢ = (s U{N}), except a bit surprisingly in some
sub-cases of (1) and (1%). This could be expected: look at the lowest
possible dimension in the case N = 0. For K € {R,C}, 0(g)° = 01(K) =
{0} is trivial in cases (1)—(1%), so Endg(TM) = ¢ 2 o(g); whereas in
the other cases 0(g)° # {0}, e.g. in case (2), End(TM) 2 ¢ =uy = (J).

Corollary 4.5 gives the details. It follows from a sequence of results
in linear algebra, gathered at the end of this section, after Remark 4.14.
To know the general form of the matrices at stake in it, or related
to algebras involved in this article—commutants etc.—mnotably in the
delicate cases (1) and (1C), see Lemma 4.19. Replace in it the real
coefficients by complex ones to get cases (1¢)—(2¢)—(3%).

Corollary 4.5. Suppose that H is the holonomy group of a metric g
and that H C HYN (see Theorem 4.2). Then immediately, End(TM)H >

End(TM)E | with equality if H = HYN (which holds generically). Now:

(a) If s is not in case (1) or (1%) of Theorem 1.1, i.e. s # R.1d and
s # (J) with J a self adjoint complex structure, then:

End(TM) = (s U{N}) = s @ (N),
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so if H=HY, (M,g) is indecomposable. The sum 5@ (N) is the de-
composition of (s U{N}) into a semi-simple part and its radical; (N) is
the radical spanned by N in End(TM)H?" .

(b) If 5 is in case (1) or (1%) of Theorem 1.1, set n = ny > ng >
... = np the sizes of the Jordan blocks of N—uviewed as a J-complex
endomorphism in case (1%). By convention, we set n; =0 fori > D.

(b1) If ny > 2ng, locally, (M, g) = (M’ ¢') x (R™7?"2, ggu) is de-
composable. The sizes of the Jordan blocks of N' := Nipape are (2nz,
n2,...,np). So the situation on (M’,g') is described by (b2).

(b2) FElse, set K := R or K := R[J] ~ C, so that K ~ 5. Set
7 TM — TM/ker N2, 7" : TM — TM/ker N*3, and g,, =
g(+,N"s ) [orits complezification in case K = C], defined on ©" (T M).
Then:

End(T./\/l)Hf{V = (K[N] + (N"?), 7" Endg (T'M/ ker N"?))
B(N"),1" 0% (gng )™

where p*A:={po fou, f € A}. So (M,g) is indecomposable if
H = HY. A semi-simple part of End(TM)H: is s = K.1d C K[N] and
its radical is (NK[N] 4+ (N"2),7"* Endg (T'M/ ker N™2)) @ (N"3) 7" ox
(gng)N-

If ny = ng and ng = 0, ©# = 0 and 7" = 1Id, so End(T./\/l)Hf{V =
K[N] @ ox(9)V. In this case, ox(g)N contains J or L, a skew adjoint
(para)complex structure commuting with N, so semi-simple part s of
End(TM)H: isnot s ~ KId, buts' = K.J ors' = K.L, End(TM)H =
s’ @ (N) and we are respectively in case (2) or (2’) of Theorem 1.1 if
K =R, and in case (2°) if K = C.

Moreover, the signature of the flat metric gpq: appearing in the first

. . " 1" " 1" . .
point zs(%, %) or <%, %) with d”’ := nq1 — 2n9, according to the

cases given in Proposition 4.21.

Proof. Apply Proposition 4.21, complexified for cases (1¢)-(2%)-
(3%). For the last, exceptional case, see the second point of Remark
4.9. g.e.d.

Important Remark 4.6. Corollary 4.5 shows that in Theorem 4.2,
generic metrics are indecomposable, except in cases (1)—(1%) when nq >
277,2.

Remark 4.7. In Corollary 4.5 (b2), the situation is like in (a), i.e.
End(TM)H: = K[N] = KId&®(N) if and only if 7/ = 7" = 0, i.e.
ny = no = ng, i.e. N has at least three Jordan blocks of maximal size.

Remark 4.8. The cases where TM/ker N™2 # {0}, i.e. (n =)n; >
no (considering, in case (1), the complex Jordan blocks) are exactly
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those where the commutation with N (or with {N,J} in case (1°))
forces the holonomy group to act trivially on a non-null subspace, namely
Im N™2,

Remark 4.9. Some very elementary cases turn out to be “excep-
tional” in the classification of Corollary 4.5.

e If N consists of only one Jordan block, so of order n = d > 0,
then immediately h C o(g)Y = {0}; do the calculation or use
Lemma 4.19 (b) and (c). So the metric is flat and End(TM)" =
End(TM). This is case (1) with ny = 0, so 2ny > ng, and
Endg (T'’M/ ker N*?) = End(T'M).

e If N consists of exactly two Jordan blocks, of the same size n =
%l > 0, then a skew adjoint complex structure J, if sign(g,—1) €
{(2,0),(0,2)}, or paracomplex structure L, if sign(g,—1) = (1,1),
commuting with N, is also parallel, and we are in case (2) or (2').
Then N, as a (para)complex endomorphism, has one single Jordan
block and End(TM)" = sR[N] with s = (J) or 5 = (L). Apply
case (1) of Corollary 4.5 with ny = ny > 0 and ng = 0; then
gns = g and End(TM)" = R[N] @ o(g9)".

e This does not go on: if N consists of & > 3 Jordan blocks of the
same size n = ¢ > 0, End(TM)" = K[N] is the bicommutant of
N.

e All this appears in the case N = 0. For g generic, End(TM)" =
End(TM)°9. 1f d > 2, o(g) is abelian and End(TM)" is the
(Euclidian or Lorentzian) conformal group. If d > 2, the com-
mutant of o(g) is trivial, End(7M)" = R.Id. You may see this
difference appear in case (1), (n1,n2,n3) = (1,1,0) if d = 2 and
(nl,ng,ng) = (1, 1, 1) if d > 2.

Proof of Lemma 4.1. We do it in the real case. The “only if” is imme-
diate. The converse is immediate in the case of J: repeat the proof of
[21] with the field C replacing R: (R2?, J) ~ C¢, so work with complex
coordinates. For the case of L, or of J for an alternative proof, we have
to check that the proof works with L-adapted coordinates at each step
(on p. 610 of [21]). The author builds the coordinates by induction on
the nilpotence index n of N. For n = 1 the result is empty and hence
true. If it holds for index n — 1 and if N"™! # N™ = 0, as ker N is

L-invariant we may find coordinates ((z;);, (y;);) that are:
JPN o _ _0 0 _ _0 :
e [-adapted i.e.: La—xi = FoT and La—yi = e for any odd i,
e such that the (y;); parametrize the leaves of K.

Then the induction assumption applies on R??/IC, providing coordinates
(z;); of the wished type on R2?/K. As the fields (N %) commute with
i/

each other, [21] extends these coordinates to the whole R??, obtaining
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N-adapted coordinates ((x;)i, (7;)i). Here, we need moreover to check
that they are also L-adapted, i.e. (i) L <6%¢) = %_H and (ii) L ((%_) =
%ﬂ for ¢ odd. We follow [21]: the % are equal to some N (%) if
they are in Im N; else they are equal to 8%1“ As LN = NL, this gives

(i). The % are equal to some N (a%k) if they are in Im IV; else they
are chosen freely. As LN = NL, this gives (ii). q.e.d.

Remark 4.10. (This will be used in Part 5.) The key properties used

in the proof are that J, or L, has a constant matrix in the basis (%) .

and that it commutes with N. So the same proof, and result, hold for
any integrable field of endomorphism playing the role of J or L.

To show the theorem we need the following remarks.

Remark 4.11. (natural matricial form for an R[v]-bilinear
alternate 2-form) Using Notation 1.3 and Definition 1.4, we adapt
Definitions 1.5, 1.6, and 1.7 for w, an R[v|-bilinear alternate 2-form on
E = (R%,N).

n—1
W= Z v*w, with w,_1 such that wn—l( .7]\[.) — wn—l(N‘, )
a=0 and for any a, wg = wy_1(-, N*7179.).

For a € [1,n] we denote by r, € 2N the rank of w, 4 1= wy_1(-, N* 1)
defined on ker N%/ker N®~1. Tt is standard that the couple (N,w, 1)
on R? is characterized up to conjugation by the (ra)n_;, called here the
ranks of w. See e.g. [16] as in Definition 1.5.

If B = (X;)2, is an adapted spanning family (see Def. 1.4) of E,
Matg(w) = S2"—3 v*Q, € Mp(R[v]) where:

(1) Q. = ( 8 (;)a ), the upper left null square block, of size D,,_1_q,

corresponding to spanRM{X,-; Nr—l-ex, — 0},

(ii) the upper left block Q¢ of Q% of size d,,_,, corresponding to
spanR[V}{Xi;N“_l_“Xi # N'7%X, = O}, is of rank r,_,. So if S @
Im N = E, r, is the rank of the (well defined) from w,,_, on the quotient
(S Nker N%)/(S Nker No~1).

For r < ¢ and r even, we denote by Js, /o the matrix diag(.J,/2,0) €
M;(R[v]). There are adapted spanning families 8 = (X;)2, of E such
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that €, is null except Q& = Jdo,ra» for all a, i.e.:
Matg(w) = diag (l/n_aJmea/g)
Vn_lel,Tl/Z
= € Mp(R[v]).
VOJdny7"7L/2

Each block v"~%Jy, ., /2 corresponds to the factor (VR[] =
span((X;)p,_,<i<p,) of E. The form w is non-degenerate if and only if
each wy is, i.e. r, = d, for all a.

n
a=1

Lemma 4.12. The Poincaré and Darboux lemmas admit o natural
“nilomorphic” version. For example, if B is some ball in (R?, N) with
N mnilpotent, in constant Jordan form:

(a) If X e A]]f%[u](B) with p > 0 is a closed nilomorphic k-form on B,
then there is a nilomorphic a € A%ﬁ (B) such that A = da.

(b) If w € AE@M(B) is closed and has constant ranks, there exist
nilomorphic coordinates on B in which Mat(w) has the (constant) form

given at the end of Remark 4.11.

Proof. (a) Classically, if A is a closed real form and X a vector field
on B whose flow (gpt)te[07+oo[ is a retraction of B on a point, then

« ::/ LX (gpt*)\) dt
0

fits. In our case, use the retraction (e~*Id B)te[0,4o00[ generated by X =
—Idga; ¢! and X being nilomorphic, so is the obtained integral form c.

(b) As w is closed and has constant ranks, its kernel integrates in
some foliation F and N acts on the quotient B/F. So we may suppose
that w is non-degenerate. Then we use Moser’s path method. We set wg
as the constant non-degenerate 2-from on R?, given in Remark 4.11. To
simplify, we suppose that w; := wg + t(w — wp) never degenerates. Else,
iterate the method along an adequate piecewise affine path from wqg to
w. We want to build a nilomorphic homotopy (gpt)te[o,l] such that:

Piwe = wo. (%)

Once this is done, pjw = wp and ¢]N = N as we want. Let X; be the
field such that X;(¢!(p)) = 3! (p); then () amounts to:

d
o <£tht + a%) =0

i.e., as dwy = 0, d(ex,wt) + w = 0. By (a), there is a nilomorphic
l-form A on B with w = d\. Then it is sufficient to find X; with
tx,wt + A = 0. As wy is non-degenerate, this indeed defines X;; as wy
and A are nilomorphic, so is X;. q.e.d.
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Remark 4.13. An infinitesimal deformation of nilomorphic Darboux
coordinates for a non-degenerate w is a nilomorphic field X such that
0 = Lxw = d(txw). So classically, X is the symplectic gradient of some
(nilomorphic) potential f. By Prop. 2.16, f is given by its “adapted”
restriction f = Y, fov® to T = {(vy) = 0}, i.e. by one real function
(fn—1) of D— Dy = D variables, one (f,,—2) of D — Dy variables etc., and
one (fo) of D — D,,_; variables. Set b := min{a € [1,n];d, # 0}. Then
0=Dg=...=Dy_1.50 fr,_1 up to f,,_p depend, each, on D — Dy = D
variables—strictly more variables than any other f.. So the Darboux
coordinates depend on b functions of D variables.

In passing, we add the following. After Rem. 1.5, on each leaf of the
(quotient) foliation 7 (K1) /7 (%), the (real) symplectic form w( -, N%-)
is well defined. Choosing nilomorphic Darboux coordinates means in
particular choosing Darboux coordinates for them, but also choosing a
transversal T = {(vy) = 0} to Z such that for all a:

e the orthogonal distribution to 7 NK® with respect to w(-, N¢~1.)
is integrable,
e its intersection with 7 is totally isotropic.

In fact, it amounts exactly to both these choices.

Proof of Theorem 4.2. The fact that IV extends as a nilpotent structure
was given by Lemma 3.2 in §3. To prove (a) and (b), we begin with
cases (3) and (3’)——case (3%) is only their complexification.

Part (a) We follow the line of [8] Section 2. The triple (J,U, N) is
given and we look for a quadruple (g, J, U, N). This is equivalent to a
quadruple (J, N, wp,w) where:

n—1
o= Y wo(+, N" 1o e
a=0

is the (J)-complex nilomorphic symplectic 2-form associated with the
complex symplectic 2-form wy := g(-,U ) +1ig(-,JU -), and where:

n—1
0= Zw( - Nn—l-a, )Va
a=0
is the symplectic nilomorphic (1,1)-form associated with w := wo(-,U -).
As UN = NU, w = wy(+,U +). By Lemma 4.12 (b), we may use local
coordinates (z;, (yjﬂ)a)]pzl adapted to N and such that for all odd j,
o _ o)
I =

Tjt1”

As usual, we set z; := z; + (vy;) € R[v] for all j and
introduce the “complex and nilomorphic” local coordinates (wj)jD:/ 12 by:
w(j+1)/2 = Zj + iZj+1 € (C[I/]

Through those coordinates, we consider that we are in some ball B
of (C¥% N) with N a complex endomorphism field. The matrix €
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of wy as a C[v]-bilinear form is as at the end of Remark 4.11, with
non-degenerate Jg, ,,/2 = Jq,. In the complexification T CB=TB®C

of the tangent bundle we introduce also, for j odd the vector fields

.— 0 P o) —
6@%“)/2 = 0w, Yoz, and ToGine 31, ""lax . We introduce

the matrix V = (vi,j)iDJ/zl € Mp,o(C[v]) of the V—llnear, J-antilinear
morphism U by:

9 b2 -
U <awz> = ;Ui,j%_j, i-E., if ,Ui,j = Zvi,j,alja, then:

a=0
0 9,
U ZVb — § : ; 'GZVIH_Q ]
v e [on—1] < 8wl> jav’J’ 0w,

Notice that, as N“% = 0 if a > n(j), deg, v;; < n(j) for all 4,;. In
other terms, in the block decomposition of V' corresponding to the flag
of the m(ker N%), i.e. to the blocks of Mat(w) given in Remark 4.11, the
v-degree of the a™ line of blocks is strictly less than a.

We keep following [8] Section 2. Let dw be the column (dw;)
then:

D/2
j:17

wo =tdw A QoA dw and, setting H := —QyV, w = %tdw AN H A dw.

Here, notice that ® : V +— —QyV = H is injective. Indeed, it associates
with the matrix V of U, the matrix H of the form wy(-,U ), and wy
is non-degenerate. An alternative, computational argument is the fact
that, as deg, v; ; < n(j) for all coefficient v; ; of V, no product v?v® with
a+b > n appears when computing 2¢V. This shows also the following.
Introduce:

Qal := —diag (V_"+1Jd1/2, V_"+2Jd2/2, ce I/_ljdnil/g, Jdn/g) )
v~ standing for the application Y-, fyv’ — Y bsa for?~¢, from v*C[v]
to C[v], i.e. for the left inverse of the multiplication by v*. Then H
—Qy'H is well-defined on the space of the matrices of R[v]-bilinear
forms, as they satisfy property (i) of Remark 4.11. More precisely, ® is
a bijection:

O : {V = (vij) € Mp(R[v]);deg, v; ; < n(j) for all 4,7,

VQy= -V and VV =¢el} —
H. := {H € Mp(R[v]); H satisfy property (i) of 4.11,
'H=H and HQy'H = eQp}.
Notice that in the set above, H is necessarily non-degenerate, so it
satisfies property (ii) of 4.11 with r, = d, for all a. Now that this

adaptation to the nilomorphic case is done, we may perform Cartan’s
test (see [9, 14]). In fact, it works just as in [8] Section 2. Indeed:
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e We look for an N-stable integral manifold of the exterior differ-
ential equation I : !dw A dH A dw = 0, d.e. for a nilomorphic
function H : (C¥2, N) — H. around the origin, whose graph is an
integral manifold of I. By Theorem 2.9, it amounts to finding an
adapted function H : T — H. (see Def. 2.8), with T the transver-
sal {(vy) = 0} to the foliation Z. So in the following we work on
T, identified with CP/2 by the coordinates.

e Then, Cartan’s test rests on the equation of the tangent space
We =T, H(O)ﬁe, which we will see to be nearly the same as in [8]
Section 2. More precisely, along 7, the Mp(C[v])-valued function
H we look for reads H = z;:é H,v* each H, being the pull back
of some complex valued matrix function on 7 /(7 N K"~17%). We
will see that the coefficient of v* in I is an exterior differential
equation involving only the function H,, and thus is an exterior
differential equation defined on 7 /(7 N K"~!'=%). Each of those
equations is like that of [8] Section 2.

To alleviate the formulas, we write them in the case ¢ = —1 and
g positive definite. The other cases work alike. We introduce €y :=
diag(Jy, /25 Jdy /25 - - - » Ja, j2)- As in [8] Section 2, at the origin, we may
take V = Qo, i.e., at the origin:

H =1 :=diag (v" 'y, jo, V" *Lays2,- - vl 1 j2:1a,/2) s

then: W € W, < WQ3'T + IQ5'W =0
= Wﬁo + QQW =0

n—1
= Z I/a(Waﬁo + ﬁoWa) = 0.

a=0

The coefficient of v* involves only W,,. So, as announced, the coefficient
of v* in I is an equation involving only H,. This equation is stated on
the (D — D,,_1_4)/2-dimensional quotient 7 /(7 N K""17%) as we look
for a K" ~!=%basic function H,. (This is consistent with the fact that
only the bottom right square of W,, appearing in (i) of Remark 4.11
and corresponding to the quotient by ker N*~1~¢ is non-vanishing.)
Now on this quotient, the vectors may be reordered so that ﬁo reads

( _OI (1) ), and Waﬁo + fAZoWa = 0 is the same equation as that defining

W, in [8] Section 2. So Cartan’s criterion is fulfilled and the solutions H,
depend on (D —D,,_1_4)/2 of (D —D,,_1_4)/2+1 variables. Finally, set
b:=min{a € [1,n];d, # 0}. Then 0 = Dy = ... = Dy_1. So H,_1 up to
H,,_; depend, each, on (D — Dy)/2 = % functions of (D — Dy)/2+ 1 =
% + 1 variables—strictly more variables than any other H.. So the whole
function H depends on b% functions of (D—Dyg)/2+1 = %—1—1 variables.
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By Remark 4.13, the choice of the complex Darboux coordinates for w
amounts to that of b function of D /2 variables, so this does not interfere.

Note. The above technique may be used as a standard reasoning to
adapt arguments about an exterior differential system to the nilomor-
phic framework.

Part (b) for cases (3)—(3’)—(3%). Following the note just above, (b)
is given by the reasoning referred to in Remark 2.11 of [8], adapted to
the nilomorphic case, i.e. applied to adapted functions, or jets, defined

on 7.

Part (a) for case (1T). Use the first point of the Reminder at the
beginning of [8] §2, and repeat the very proof of Theorem 3.3, with the
field C and holomorphic functions replacing R and smooth functions.

Part (a) for cases (2) and (2’), hence (2°), which is their complexi-
fication. We are now quicker. Repeat the classic proofs (see respectively,
e.g., [18] §11.2 and §8.3, and [2] §2) with nilomorphic coordinates and
functions replacing real ones. In other words:

e Take a nilomorphic coordinate system which is also integral for .J

or L i.e. such that Ja%i = 696?“ or La%i = 81,11 for all odd 1.

This is given by Lemma 4.1.

e Set T := {(vy) = 0} = {Vi, (vy;) = 0}, then apply these proofs
along 7, to each of the (real) coefficients f,, factor of v?, of the
nilomorphic functions f that appear. As the latter are adapted
along T (see Def. 2.8), this means applying the proofs on 7 /(7T N
K"=1=9) for each f,. Then extend the value of all functions along
the leaves of Z by the formula of Theorem 2.9. So, you get the
announced potentials u.

Part (b) for cases (1), (2), and (2’)—thus also for their complex-
ifications (1%) and (2€). We adapt the standard arguments given in
Proposition 2.4 of [8]. First, take nilomorphic coordinates being, at the
origin in 7 = {(vy) = 0}, tangent to normal coordinates, i.e. such that
the X;.9(X;, X)) vanish; in particular all Dy, X; are null. As DN = 0, so
are the Dywx, N X, and we still get, for any vectors A, B,U,V among
the N°X; at the origin, that g(R(A, B)U,V) is equal to:

$(A.U.(9(B,V)) — BU.(g(A,V)) — AV.(9(B,U)) + B.V.(9(4,U))).

As N is also self adjoint, R(N®A,B) = R(A,N®B) for all a. The
R(X;,N®X;) are determined by their restriction on 7T, i.e. by the
R(X;, N*X;)X}). We denote this restriction by R.

In case (1), for each a, E(Xi, N®Xj), which is defined at the origin
on TT / ker N¢, is the alternate part of the bilinear form:

Bija: (U, V)= X;.Ug(N“X;,V) - X;.Ug(N"X;,V),
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also defined on T'T / ker N®. For each a, the j; j . depend on the second
derivatives at 0 of the coefficients of g(-, N®-), defined on T /(T NK?).
Those derivatives are free in normal coordinates. Indeed g( -, N*-) is the
coefficient of v =1~ of the nilomorphic metric h given in Theorem 3.3,
and hence is chosen freely. So, on a dense open subset of the 2-jets of
metrics, the alternate parts of the (5i,j,a)i[,)j=1 are linearly independent

and hence span a @—dimensional space, with 6 = dim(7 /(TNK*)) =

#{i; N°X; # 0}. So, the sum for all a of those dimensions is the num-
ber K of triples (i,7,a) with i@ < j and N®X; # 0, and generically,
the holonomy algebra is K-dimensional. Now an element vy of o4(R)Y
is precisely given by the g(v(N®X}), X;) for those triples (i, j,a), i.e.
dim 04(R)Y = K. We are done.

The adaptation for case (2) is similar. The forms f; ; , are:

Bija: (Ze, Z)) v (=Z;.Zx (9(Z;, N Z))) — Z;. Z1.(9(Z;, N* Zy))),

defined for 4, j in [1, %]] and a € [0,n—1]; see the proof of Proposition 2.4
of [8]. Each f3; j . is given by the derivatives of w,_1_4, the coefficient of
v"~17% in the potential u given by part (a) of the theorem. This u,_1_4
is defined on 7 /(T NK?), so the (5 ).4)i,; may be chosen freely and span
a (%)2—dimensional space, with § = dim(7 /(T NK?)) = #{i; N*X; # 0}.
The sum for all a of those dimensions is the number K’ of triples (i, j, a)
with i < j < % and N*Z; # 0. So generically, the holonomy algebra

is K’'-dimensional. Now an element v of ué\;Q is precisely given by the
g(v(N?Z;), Z;) for those triples (i, j, a), i.e. dim uC]l\b = K'. We are done.
Case (2) is entirely similar and left to the reader. q.e.d.

Important Remark 4.14. The note on p. 113 points out that the
technique used in the proof of Theorem 4.2 may be used as a standard
way to generalize reasonings on germs of real functions to germs of
nilomorphic ones. In particular, by this means, we might show similar
statements as Theorem 4.2 for H defined as any semi-simple classical
pseudo-Riemannian holonomy group.

We finally state the sequence of results in linear algebra leading to
Corollary 4.5. This provides the matrix of the elements of all algebras
appearing here. To clearly show the reason the final Proposition 4.21
works, we give the statements as a sequence of steps; this makes the work
to prove each step quite clear. So we leave the proofs to the reader.

Notation 4.15. The two cases are here labelled in reference to The-
orem 1.1. We recall standard facts in point (i), to introduce in (ii) a
“paracomplex” counterpart of them.

(i) If J is a g-skew adjoint morphism of R?? with J2 = —1d, its
commutant U(g) = O(g)” in O(g) may be seen as a subgroup of GLg4(C).
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More precisely, in a basis such that J = diag(J,...,J1), U(g) is a group
of real matrices consisting of square subblocks in:

My (R)”t = {( Z _ab );a,beR} ~ {a+ibja,b e R} =C,

so in such a basis, these matrices may be considered as complex.

(ii) Similarly, if L is a g-skew adjoint morphism of R?¢ with L? = Id,
we denote here by Uz (g) = O(g)” its commutant in O(g). It may be seen
as a subgroup of GLy(R®R), and so as a group of matrices with entries
in R @ R. More precisely, in a basis such that L = diag(/11,...,11,1),
UL(g) is a group of real matrices consisting of square subblocks in:

My (R)11 = {( g 2 );a,beR}’:{(a,b);a,béR}zR@R,

with the natural product (a,b).(a’,b") = (ad’,bb’) on the ring R & R.
These subblocks may be considered as elements of Mg/»(R @ R).

The inclusion R.Id € My(R)”t ~ C sends R onto {a + ib;b = 0},
stabilized by the involution a + ib — a + ib = @ — ib. Similarly R.Id C
My(R) 11 ~ REGR sends R onto {(a,b); a = b}, stabilized by the natural
involution (a,b) — (b, a), called here “L-" or “paracomplex” conjugation
and denoted by (a,b) — (a,b). Notice this involution at line (2”) of Table
1 of [8]. To sum up, in terms of real 2-2 matrices or submatrices:

in(i),(Z —ab):<_ab Z)andin(ii),(% 2):<8 2)

Notation 4.16. The two cases are here labelled in reference to The-
orem 1.1. We recall standard facts in point denoted by (i) about the
group Sp(p, q), to introduce in (ii) a “paraquaternionic” counterpart of
them.

(i) If (J,J',J") is a g-skew adjoint quaternionic structure on R*?,
ie. (JU)? = —1d and JJ' = —J'J = J”, its commutant Sp(g) =
O(g)177"} in O(g) may be seen as a subgroup of GLg(H). More pre-
cisely, identifying (R*?,.J) with (C2??,il; ), in a basis such that J' =
—diag(Jy,...,J1), Sp(g) is a group of real matrices consisting of 4-4
square subblocks in My (R)#7"} identified with:

8 @

so in such a basis, these matrices may be considered as quaternionic.

{( 5w );aaﬁ € C} ~ {a+id' +jb+kb; o = atid, B = b+ib'} = H,

(ii) Similarly, if (L, L', J) is a g-skew adjoint paraquaternionic struc-
ture on R, j.e. (LV)2 = Id and LL' = —L'L = J, we denote here
by Spy 1/(g) its commutant O(g)IHL7} in O(g). It may be seen as
a subgroup of GLg(M32(R)). More precisely, in a basis such that L =
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. . 0 J
diag(I22,...,l22) and L' = diag(L5, ..., L5) where L} = ( o o ),

Spy,.1/(g) is a group of real matrices consisting of square subblocks in:

, P 0
My (R)Hz22: L2} — {hp = < 0 1P > Pe MQ(R)} ~ M;(R),

where P stands for the comatrix of P.

In (i), the inclusion R.Id ¢ My (R)#7/"} ~ H sends R to {a+ia’ +jb+
kt';a' = b = b = 0}, stabilized by the quaternionic conjugation. The
inclusion R.Id ¢ My (R){22:L2} ~ My(R) sends R to {hy1q}, stabilized
by hp + h,s called here “paraquaternionic conjugation” and denoted
by hp + hp. This involution appears at line (3’) of Table 1 of [8].

Notation 4.17. (a) For each p € N and for ¢ € {1,2,4} we intro-
duce:

. Is
N .= R and: KI(,‘S) = ,
I B
0
both in Ms,(R). We will also denote Nzgl) by N, and K;,(,l) by K.
(b) If M = (m;;);_, i_; is a matrix with p lines and ¢ columns, we

denote here by M its “transpose with respect to the anti diagonal”
'M = (Mq—jp—i)j—1,i—1 = Ky 'M.Kp.

Lemma/Notation 4.18. Let g be a pseudo-Riemannian metric on
R? and N a g-self adjoint nilpotent endomorphism of R%, of nilpotence
index n. In five different cases, labelled as in Theorem 1.1, let us in-
troduce a Lie subgroup @ of GL4(R), its Lie algebra g, and an induced
set of bases of R%, called here “privileged,” on which Q¥ acts simply
transitively. The NV;, NZ-((S), K;, Ki(é) are as in Notation 4.17 (a) and
g € {—1, 1}.

(1) Here Q := O(g). There are bases of R? in which:
Mat(N) = diag(Ny,,...,Nyp) withn=mn; > ... > np
Mat(g) = diag(en, Kny, - np Knp)-
(2) Here J € End(RY) with J* = —J and J? = —1d; Q := U(g) =
O(g)”. There are bases of R? in which Mat(J) = diag(Jy,...,J;) and:
Mat(N) = diag(Ng), . ,Ny(?g) withn=mn; >... >np
Mat(g) = diag(sany(Lzl), e ,5nDKr(L2[2).

(2°) Here L € End(R?) with L* = —J and L? = —1d; Q := Ur(g) =
O(g)” (see Notation 4.15 (ii)). There are bases of R? in which Mat(L) =
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diag(ILl, e ,1171) and:

{ Mat(N) = diag(Ng), . ,N,(L?) withn=n; >... >2np
Mat(g) = diag(Kap,, ..., Konp)-

(3) Here (J,J’,J") is a g-skew adjoint quaternionic structure on R%

(
(see 4.16 (i)); @ := Sp(g) = O(g){//"}. There are bases of R? ~ C%2 in
which Mat(J) =idiag(l11,...,111), Mat(J) = —diag(Ji,...,J1) and:

Mat(N) = dlag(Ny(;f), . N(4)) withn=mn; >... >np
Mat(g) = dlag(san,(ﬁ), . snDK(4))

(3’) Here (L, L', J) is a g-skew adjoint paraquaternionic structure on
RY (see Not. 4.16 (11)); Q =SpL(9) = O(g){-L} . There are bases of
R in which Mat(L) = diag(l22,...,l22), Mat(L') = diag(L}, ..., L})
with L} as in Not. 4.16 (ii) and:

Mat(N) = diag(Nf(ff),...,Nf(fg) withn=mn; >... 2 np
Mat(g) = diag(K(2) K

2nys - Bop)-
Reference for the proof. Privileged bases are provided by [16].

Lemma 4.19. Take v € End(R?). Using a privileged basis given by
Lemma 4.18, we consider its matriz M as a matriz with coefficients in
A=R, A:=C,A:=RapR, A:=H, or A :=Ms(R) in cases (1), (2),
(2%), (3) or (3’) respectively; see Notations 4.15 and 4.16. Consider
(Mi,j)f?jzl the block-decomposition of M corresponding to the Jordan
blocks of N, and the Lie algebra q introduced in Lemma 4.18.

(a) v € q if and only if, with the notation ! set in Notation 4.17 (b):
o In case (1), Mj,; = —e;e;/M; ; for alli,j € [1,D].

o In cases (2) and (3), M;; = —eie;!M;; for all i,5 € [1,D],
with the complex or quaternionic conjugation in cases (2) and (3)
respectively.

e In case (2°) and (3°), M;; = —'M; for alli,j € [1, D], with the

paracomplexr or paraquaternionic conjugation, in cases (2°) and

(3%) respectively, introduced in Notations 4.15 (ii) and 4.16 (ii).

(b) v commutes with N, and additionally with J in case (2), L in

case (2°), {J,J',J"} in case (3), or {L,L',J} in case (3°) if and only
if, for all i < j:

M! . / . /
M;; = (0 W), M= (Opyni—n; Mj; ), ie. Mi; = M;;
n 777,]‘ ’n,]‘
1 2 n;
miJ- miJ- . miJ
where: M| ; = wI € M, (A).
’ : .. .. 2
. . miJ
0 0 m!
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(c) Hence, v € q~ if and only if the M; ; are as above and:

o in case (1), M}, = —e;g; M| ; for alli,j € [1, D],

e in cases (2) and (3), M;; = —e;e; M| ; for all i,j € [1, D],

o in cases (2°) and (3%), M}, = —M;]; for alli,j € [1, D], with the
conjugation introduced in Notations 4.15 (ii) and 4.16 (ii).

Indeed, the M] ; being as in (x), lMi’J = M; ;. So finally, fori < j,

M; ; is given by M; ;, which is freely chosen as in (%), and:

o In case (1), the M;,; are null.

o In cases (2)—~(3), the M], are as in (x), with purely imaginary
coefficients i.e. in iR C C for case (2) and in span{i,j, k} C H for
(3).

o In cases (2°)~(3’), the M}, are as in (x), with coefficients of the
type (a,—a) € R® R for (2°), and diag(P, tlg) with tr P = 0 for
(3’).

(d) Therefore, v € End(Rd)(qN) if and only if:

e In the other cases than (1), all the M; ; are null except when i = j,
where M;; is as in (*).

e In case (1), the situation is the same except for some similarity
types of N. All the M;; are null except when ¢ = j, and except
possibly My o and M. Recall that n =ny > ng > ... = np are
the sizes of the Jordan blocks of N; conventionally, we set n; =0
for i > D, for example ng = 0 if D = 2, i.e. N has two Jordan
blocks. Then:

o All M;; fori > 2 are as in (), and My = Mj, + MY, where
Mj | is as in (x) and:

{/71 = < Onolfm’m 0 ¥ ), with * arbitrary in My, _n,(R).
n2,n2 n2,n1—n2
no—ns3,n. MN .
[ ] M1’2 — ( 05 3,13 O 1,2 > and M2,1 — —tM1’2’ wzth:
ns3,ng ng,n2—ns

mt m?2 ... mrns

0 m' .

M{,,2 = . i ) S an—m (R)
: ) . m2
0 0 mt

Thus, M{’l =0, i.e. My is as in (x) if and only if ny = ng, ie. dy > 1,
i.e. N has several Jordan blocks of mazimal size, and My 2 = —lMLg =0
if and only if na = ng. So (1) is like the other cases if and only if
n1 = ng = nNn3.
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Hint for the proof. In (d), for cases (2)—(2’) and (3)(8’), to get M; ; =
0 if 4 # j, it is sufficient to involve two Jordan blocks. For case (1),
involving three blocks is necessary to get the result, and four or more
give no additional constraint.

Remark 4.20. The reason case (1) behaves differently is that M, ; =
—me' = Mm’ = O, whereas Mm’ = —tl]w—272 7é> Mm’ = 0.

Proposition 4.21. Take s as any of the subalgebras of End(R?) ap-
pearing in Theorem 1.1. With the assumptions of Lemma 4.19:

o In cases (2), (2°), (3), and (3°), the action of 0(g)* M} on (R?, g)
is indecomposable and End(TM)(o(g)EU{N}) = s.R[N].

o In case (1), the action of o(g)* ™ = o(g)V on (R%,g) is inde-
composable if and only if 2ny < nq, i.e. N has only one Jordan
block of maximal size, the second largest size being more than twice
smaller.

o If 2ny < mq, take F as any supplement of ker N2 in Im N™. By
Lemma 4.19 (c), o(g)" acts trivially on Im N™2 and thus on F;
besides, ker N™? = ker(g|im nn2), 0 " 1= g|p is non-degenerate.
So o(g)N acts trivially on F and stabilizes F*. In particular,
End(F)("(g)N) = End(F). Moreover, d’ := dimF = nj — 2ns
and the signature of g" is:

/! i . . . .
- (%, %) if d”’ is even, i.e. n is,
7 7 ] " " . ) ) .
— (L Ly pegpectively (Pt L) if d s odd, ie. n s,
and 9(',N"‘1 -) is positive, respectively negative on the line
R?/ker N"~1,

On F*, the operator N' = Nyp1 is of nilpotence index n' = 2ny and
has Jordan blocks of sizes (2ng,n2,n3,...,np). So the action of o(g)™N
on F* is described by the second item below.

o If2ny > ny, set7’ : RY — R/ ker N*2 and 7" : R — RY/ ker N™3.
The (pseudo-)euclidian product gn, := g(-,N™ ) is well-defined
and non-degenerate on R/ ker N, on which N acts. This defines
the group O(gn,) and the commutant O(gn,)Y of N in it. Besides,
we may see the N™ as morphisms R%/ker N™ — Im N™ . Then:

End(R%) (@) — (R[N] + NM27" End (R?/ ker N”2)> SN 0(gny ).

Hint for the proof. For the (in)decomposability, you see in Lemma 4.19
(c) that, in cases (2)—(2’) and (3)-(3’), no proper subspace of R? is
stable by o(g)EU{N }, except possibly isotropic lines in some very excep-
tional subcases of (2’). In case (1), the subspace on which o(g)" acts
trivially is exactly {0} if ny = ng and Im N2 if ny > no.
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5. A glimpse on metrics whose holonomy group is the
commutant of several algebraically independent nilpotent
endomorphisms

We investigate here the simplest example where h = o(g){N N} with
(N, N’) algebraically independent. This will show a phenomenon ap-
pearing when n is abelian, non-principal; see Comment 5.3. We will see
that the results of both Parts 1 and 2 are needed to describe it. Here it
is. We parametrize the set G of germs of metrics such that n = (N, N')
with N and N’ self adjoint and N2> = N2 = NN’ = N'N = 0. To
simplify a bit more, we assume Im N = ker N—our goal here is no kind
of general theory. Besides, taking dim M > 6 ensures n; = ns = ng so
we are not in the exceptional cases of Corollary 4.5.

Remark 5.1. (i) Then, there is a U € End(TM/Im N) such that
N’ = NU, which makes sense as the argument of N may be defined
only modulo ker N. Indeed, N gives an isomorphism 0y : TM/ker N —
ker N. As NN’ = N'N, N’ also gives a morphism 6y : TM/ker N —
ker N, and is determined by it. Set U := 9;,1 o0y € End(T M/ ker N).

(ii) Identify U and its matrix. In coordinates (yi,xi)fi 21 adapted to

N:
0 I

Mat(N) = ( 0 0 ) and Mat(N') = < 8 g )
Then, using Lemma 4.1 complemented by Remark 4.10, we take coor-
dinates such that Mat(U) is also constant—and for instance in Jordan
form. Explicitly, U is well defined on M /Z (in other words it is Z-basic)
and, if [ [, P}« is the decomposition of its minimal polynomial in powers
of irreducible polynomials, we may take coordinates (x;); which are:

e product coordinates for M/Z ~ [], Mj, the integration of the

decomposition GLBOC ker Pl'e

e on each factor, adapted to the nilpotent part of U on it and, if
deg P, = 2, i.e. if the semi-simple part of U induces a complex
structure J,, on it, also complex coordinates for it.

Proposition 5.2. With the U € End(T M /Im N) introduced in Re-
mark 5.1 (1), a metric g makes N and N' parallel if and only if:

(a) it is the real metric hy associated with a (v, N)-nilomorphic metric
h = hg + vhy with value in R[] = R[X]/(X?),

(b) the bilinear form hg, defined on M/Z, makes U parallel (recall
that ho = g(-,N -) so it is non-degenerate, and hence is a metric, on

M/T).

Then there exist coordinates (x;,y;); that are simultaneously N- and
N'-adapted, as given in Remark 5.1 (ii). In such coordinates, on each
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factor My, ho is itself of the form given by Theorem 3.3, for the nilpotent
part Ni, of U on My, (i.e. hg is the real metric associated with some
(1, Ni)-nilomorphic metric, with R[u] = R[X]/(X"™)), and also complex
Riemannian for J,, if deg P, = 2 (then Ru] is replaced by Clu]).

Proof. After Th. 3.3, g makes N parallel if and only if it satisfies (a).
It makes also N parallel if and only if for any (4, j, k), g(Dx, N'X;, Xi,) =
9(Dx,X;, N'X}), that is to say, g(Dx,NUX;, X}) = g(Dx, X, NUX}),
or g(Dx,UX;,NX}) = g(Dx,X;, NUX}), as DN = 0. This means
ho(Dx,UX;, X)) = ho(Dx,X;,UX}), i.e. U is parallel for hy. q.e.d.

In real terms, following Example 3.10, and in the basis ((Y;)i, (X;):),
0
Mat(g) = < CE')O gl ) where:

e G depending only on the (z;);, is the matrix of a metric on M /T
making U parallel,

o G' =B+ Zi(%—gz)yi,h with B! the matrix of any bilinear sym-
metric form, depending only on the (x;);.

So building a metric making N and N’ parallel means taking a metric
such that N is, and adding constraints on it by repeating the general
process of this article, on the quotient M /Z, endowed with the metric
g(+,N ) and of a parallel endomorphism U induced by N'.

Comment 5.3. If (N, N') is a general pair of commuting nilpotent
endomorphisms, their characteristic flags F®® introduced in Table 1
induce, each alone and with each other, many quotient spaces E, on each
of which the metric g and the pair (N, N') induce an endomorphism Uy,
and a metric g,. Take a metric g making N parallel, and 7 a transversal
to Z. If g also makes N’ parallel, it makes each U, parallel for g,. This
means that some coefficients of g on 7 must be themselves real parts of
Ng-nilomorphic functions as in Theorem 4.2, with N, the nilpotent part
of U,. In fact, this is not sufficient, as a pair of commuting nilpotent
endomorphisms is not something simple—e.g. consider simply the case
of Proposition 5.2, without the assumption Im N = ker V. If more than
two endomorphisms N and N’ are involved, quotients may appear of the
type of the FE, on which any of the situations of Theorem 4.2 appears,
even if s = R1d on T'M itself.

So the general situation, though not entirely new with respect to
the case where n is principal, seems to be complicated. What the good
next questions are is still unclear. The case where n is not abelian may
induce new phenomena, but is strongly constrained, when n consists of
self adjoint elements, by Proposition 1.8 of [8].
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