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ON THE EVOLUTION OF HYPERSURFACES BY
THEIR INVERSE NULL MEAN CURVATURE

KRISTEN MOORE

Abstract

We introduce a new geometric evolution equation for hyper-
surfaces in asymptotically flat spacetime initial data sets, that
unites the theory of marginally outer trapped surfaces (MOTS)
with the study of inverse mean curvature flow. A theory of weak
solutions is developed using level-set methods and an appropriate
variational principle. This new flow has a natural application as
a variational-type approach to constructing MOTS, and this work
also gives new insights into the theory of weak solutions of the
inverse mean curvature flow.

1. Introduction

In what follows we consider an initial data set (M"*!, g, K) that arises
as a spacelike hypersurface M"*! in a Lorentzian spacetime (L"*2 h),
with induced metric g and second fundamental form tensor K. We
further assume that the initial data set (M, g, K) is asymptotically flat,
that is, there exists a compact set Q@ C M such that M\Q consists
of a finite number of components, each diffeomorphic to R**1\ B(0,1)
and such that under these diffeomorphisms, the metric tensor g, Ricci
curvature Ric and second fundamental form K of M satisfy

C C . C
19 =0l < pmre 9wkl < o Rie = — el
C C ¢
)

as || — oo, where the derivatives are taken with respect to the Eu-
clidean metric.

Let 77 denote the future directed timelike unit normal vector field of
M C L, and consider a 2-sided hypersurface " ¢ M"*! with globally
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defined outer unit normal vector field v in M. The mean curvature
vector of ¥ inside the spacetime L is then given by

Hy, := Hv — Pii,

where H := divy(v) denotes the mean curvature of ¥ in M, and P :=
tre K is the trace of K over the tangent space of 3.

The new initial value problem is then defined as follows. Given a
smooth hypersurface immersion Fy : 3 — M, the evolution of ¥g :=
Fy(X) by inverse null mean curvature is the one-parameter family of
smooth immersions F': 3 x [0,T) — M satisfying

oF v
(%) E(%t):m(%t), xr €3, t>0,
F(-,0) = R,

The quantity H + P corresponds to the null expansion or null mean
curvature Gi of ¥y := F (X, t) with respect to its future directed outward
null vector field [T := v + 1,

th = <ﬁgt,l+>h =H+ P,

and we assume that (H + P)|; > 0 so that (x) is parabolic and the sur-
face Y; expands under the flow. This flow is a generalisation of inverse
mean curvature flow, which corresponds to the special time-symmetric
case of (x) where K = 0. Analogous to inverse mean curvature flow,
in general it is expected that the null mean curvature of solutions of
(*) will tend to zero at some points, and that singularities will develop.
The main part of this work is therefore devoted to developing a theory
of weak solutions of the classical flow ().

The motivation for introducing this particular generalisation of in-
verse mean curvature flow follows from the study of black holes and
mass/energy inequalities in general relativity. In particular, it is hoped
that this new flow will help to give insight into the long standing Penrose
conjecture in general relativity, which generalises the Riemannian Pen-
rose inequality, proven by Huisken and Ilmanen [10] using their theory
of weak solutions to inverse mean curvature flow (see [3] for an alterna-
tive proof by Bray, which applies to the case of multiple horizons).

More specifically, this flow is motivated by the theory of marginally
outer trapped surfaces in general relativity. Physically, the outward null
mean curvature 9; measures the divergence of the outward directed
light rays emanating from 3. If 9; vanishes on all of 33, then ¥ is called
a marginally outer trapped surface, or MOTS for short. MOTS play
the role of apparent horizons, or quasi-local black hole boundaries in
general relativity, and are particularly useful for numerically modelling
the dynamics and evolution of black holes.

From a mathematical point of view, MOTS are the Lorentzian ana-
logue of minimal surfaces. However, since MOTS are not stationary
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solutions of an elliptic variational problem, the direct method of the
calculus of variations is not a viable approach to the existence the-
ory. One successful approach to proving existence of MOTS comes from
studying the blow-up set of solutions of Jang’s equation

1 . .
(1) <9ij - VWV > ViVjw + K | =0,
Vw2 +1) \ /[VwZ+1

for the height function w of a hypersurface, which was an essential ingre-
dient in the Schoen-Yau proof of the positive mass theorem [15]. In their
analysis, Schoen and Yau showed that the boundary of the blow-up set of
Jang’s equation consists of marginally trapped surfaces. Building upon
this work, existence of MOTS in compact data sets with two boundary
components, such that the inner boundary is (outer) trapped and the
outer boundary is (outer) untrapped, was pointed out by Schoen [16],
with proofs given by Andersson and Metzger in [2], and subsequently
by Eichmair in [6] using a different approach. We see below that Jang’s
equation similarly plays a key role in the existence theory for weak so-
lutions of ().

To develop the weak formulation for the classical evolution (x), we
use the level-set method and assume the evolving surfaces are given by
the level-sets,

(2) S =0{w e M | u(z) <t}

of a scalar function v : M — R. Then whenever u is smooth and
Vu # 0, the surface flow equation (x) is equivalent to the degenerate
elliptic scalar PDE

Vu . ViuViu
di — ol VK= ,
) i <|Vu|> ! (g [Vul? > 1= v

In order to solve (xx), we employ the method of elliptic reqularisation,
and study solutions, u., of the strictly elliptic equation

Vu, < o YViuViu,
¥)e divyy | ———/——— |+ ¢7 — =—— | Kij = V/|Vu|? + 2.
( )6 ( /‘Vug‘2+€2> |V’LL5|2—|—52 4] | €|

A notable feature of elliptic regularisation that is heavily exploited in
this work is that the downward translating graph

(3) if = graph(% - é)

solves the classical evolution (x) in the product manifold (M x R, g :=
g @ dz?), where we extend the given data K to be parallel in the z-
direction. Furthermore, this elliptic regularisation problem sheds new
light on the study of Jang’s equation (1), since a rescaling of (). by a
factor of % can be interpreted as (1) with a gradient regularisation term.
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Analogous to the situation for Jang’s equation, the scalar term g% K;j;,
representing the mean curvature of M inside the spacetime, obstructs
the existence of a subsolution barrier for (x.) at the inner boundary
Y. In order to overcome this problem we restrict our consideration to
space-time initial data sets satisfying g% K;; > 0. This restriction can
be reconciled with the fact that (xx) is an elliptic representation of the
classical flow (), since in the regularisation limit € — 0 the zero function
needs to be a subsolution barrier for (x*) (because u corresponds to the
evolution time ¢, and therefore must satisfy u > 0).

To define weak solutions to (xx), we use a variational principle in-
spired by the energy functional

(4) ju/},,(F) =|0"FNA|l— /FmA |Vu| — (gij — Viyj) K;j,

defined for sets F' of locally finite perimeter and any compact set A.
Here 0* F denotes the reduced boundary of F', and v represents the unit
normal Vu/|Vu| to the surfaces ¥; defined by (2). The special case
K = 0 corresponds to the functional employed by Huisken and Ilmanen
in [10], and weak solutions of (x*) necessarily exhibit the same jumping
phenomenon, characteristic of weak solutions of inverse mean curvature
flow. However, since Vu/|Vu| is undefined on plateaus of the locally
Lipschitz function u, we must define an appropriate notion of normal
vector in these jump regions. For this reason, a careful analysis of the
jump region of the limit u of the regularised solutions u. to (). is vital
to determining the correct formulation of weak solutions to (x), and con-
stitutes a significant part of this work. By contrast a complete analysis
of jump regions of inverse mean curvature flow is not included in [10],
since it was not necessary for their proof of the Riemannian Penrose
Inequality.

The existence of weak solutions to (%), see Theorem 22, constitutes
the main result of this work. We point out that in addition to including
the weak existence result for inverse mean curvature flow from [10], The-
orem 22 proves existence for a richer notion of weak solutions to inverse
mean curvature flow. The variational principle defining weak solutions
also leads to a geometric characterisation of the evolution by inverse
null mean curvature, and in particular, of jump regions. We show that
the level sets Xy are outward optimising (see (57)) in the sense that they
minimise “area plus bulk energy P” on the outside, along the family of
surfaces. Since outer-trapped surfaces are not outward optimising, this
one-sided variational principle can then be exploited via the choice of an
outer-trapped initial surface Yo = 9Fy to force 3 to jump immediately
to a smooth MOTS in M\ Ep; see Proposition 23.
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Proposition 23 highlights the utility of this flow as a variational type
approach to constructing MOTS in initial data sets containing an outer
trapped surface OFEy, where try; K > 0 on M\ Ey. We remark that if the
mean curvature of the initial data set instead satisfies trp; K < 0, the
corresponding existence result applies for the flow with speed equal to
the reciprocal of H — P, with analogous interpretations of the solution in
relation to marginally inner trapped surface (MITS) in the initial data
set.

The results of this paper are laid out as follows. We begin in Section
2 with a brief remark on the classical evolution by inverse null mean
curvature, and derive an interior estimate for the null mean curvature
of smooth solutions. In Section 3 we introduce the level-set formulation
of the flow, and prove existence of solutions, u., to the elliptic regular-
isation problem. The translating graphs i% given by (3) are then used
in Section 4 to study the jump regions of the limit, u, of the regularised
solutions u.. In Section 5 we introduce the variational formulation of
weak solutions, using the jump region analysis of Section 4 to motivate
the choice of definition of weak solutions. In Section 6 we introduce the
concept of outward optimisation to give a geometric characterisation of
jump regions of weak solutions, and show that the interior of the jump
region is foliated by smooth MOTS. The main existence result, Theorem
22, then follows in Section 7, and we discuss applications of the flow,
including Proposition 23 in Section 8.

Acknowledgements. I sincerely thank my advisor, Gerhard Huisken,
for introducing me to this topic and for his enthusiastic guidance
throughout the development of this work.

2. The smooth flow

Since the aim of this work is to develop the weak theory for the
evolution by inverse null mean curvature, we will not provide a classical
PDE analysis of (x), except to remark that the leading order term of the
linearised equation is ﬁA on the right hand side, where A denotes
the Laplace-Beltrami operator with respect to the metric g at time t.
This is an elliptic operator as long as (H + P)~2 remains non-singular,
so (x) is parabolic so long as the null mean curvature of the evolving
surface remains strictly positive. B

In Section 3 we construct an explicit, non-compact solution X; of
(*), for which we require an upper null mean curvature bound. The
objective of this section is therefore to derive the interior H + P esti-
mate (7) for smooth solutions of () (which also holds for non-compact
solutions). We begin by stating the evolution equations for some fun-
damental quantities. Let V be the connection on the initial data set
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(M, g, K) and let the induced connection and second fundamental form
on ¥; be denoted by D and A = {h;;} respectively.

Lemma 1. Smooth solutions of (x) with H + P > 0 satisfy the fol-

lowing evolution equations.
L d 1 |D(H + P)|?
—H=———-AH+P)—2——Fr—4—
O ZH = et T+ D) =2 =g pp

L (]A\2 + Ric(v,v)).

P =

CH+
d
()@ -D H+P>
a4
dt

(vi1) ! 2

(Vytry K — (V,K) (v, V))—mDi(H—FP)Kw-

H+P
d
(iv) E'E‘H i PdV = ||, whenever ¥ is closed, where V (X)

V(Z)\V(20)
denotes the volume enclosed by ..

Proof. The relevant evolution equations satisfied by general flows are
recorded in [11, 14], except for the evolution of P which satisfies

d d d
Zp== — il =
dtP dttrMK viv dtK — 27 K”d )
q.e.d.
Combining 7) and i) of Lemma 1 above, we obtain
d A(H +P) 2/D(H+P)? |A?+ Ric(v,v)
—(H+P)= 5 — 5
(5) dt (H+ P) (H+P) H+ P
n Vitry K — (VoK) (v,v)  2D;(H + P)K;y
H+P (H+ P)2 7
. 1
and for the speed function 1) := Hip
0
(6) z;f = > (AP + (JAP + Ric(v,v) + Viotry K — (V, K) (v,v))¢)

+ 2D Ky, ).
Like in [10], the supremum o(x) of radii r for which the interior
curvature estimate (7) below holds is defined as follows.

Definition 2. Let d, denote the distance to x. Then for any x €
M, we define o(x) € (0,00] to be the supremum of radii R such that
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Bgr(x) CC M, Ric > —m in Br(x), and there exists a function
p € C?(Bg(z)) such that
p(z) =0, p>d2 on OBg(x), yet |Vp| < 3d, and V?p < 3g on Br(x).

Lemma 3 (Interior null mean curvature estimate.). Let ¥; be a
smooth solution of (x) on M for 0 < s < t. Then for each x € ¥
and R < o(x)

(7)  H(z,t)+ P(z,t) <max | (H+ P)g, A ,
R <\/oz2 +2n\ — oz)
where A = 4(3n+ (124 3n)|K||coR + n|K||c1R?), o = 12+

4n||K||coR and (H+ P)g is the mazimum of H+ P on Bpg, the parabolic
boundary of ¥y N Br(x).

Proof. We wish to construct a subsolution to (6). Since

H? 1
A > — > — ((H + P)* —2P(H + P)),
n - n
and Dy < |[V¢|, P < n||K||co and V, P < n|K||c1, from (6) we obtain
o _ o v ¥ 2
7 s y____©  _
®) or =AY T Toogm royme A ey

—nl|K[|e19® = 2[VY| || K| ot

We allow the evolving surface Y; to have a smooth boundary 9%; and
define the parabolic boundary of the flow ¥; N Br to be

Br = Bg(z,t) := (BN %p) x {0} U (Up<s<t(Br N O%5) x {s}),

and
(H+ P)r = (H + P)g(x,t):= sup H(y,s)+ P(y,s).
(y,S)EBR
Consider the function ¢ = ¢5(y) := %(R2 — p(y)), where

1
A
o <max (R(H o (VaZ2m—a) )) -

for 0 < 6 < 1 and p as defined above. Note that A¢ = try, (V2¢) —
H(V¢,v). Then for y € ¥y N By, we have

0 0
(57— %) 0 = (Vo 30) = P, V0 + 1P (Vo.0)

2
(9) = —%(Vp, v) <¢ + % - P¢2> + ¢2%tr2mBR(V2p)-
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Since ¢ < Cs5R < ﬁ — 0R < 1, it follows that ¢ < ¥ on Bpg.

In order to obtain a contradiction, let 0 < s < t denote the first time
when (¢ — ¢)(y,s) =0 for y € X5 N Br(z). At this point

(% —¢2A) -6 <0

On the other hand, since ¢ < R, it follows from (8), (9) and the condi-
tions on p defined above that at the point (y, s)

0
(a o A) (v-9)
1
> 6( 55 = 21K llcos — nlllcrd? — 21Vl 1K v

+ GATR)(2 = PO) 6 Ftrsinn (7))

1
> ¢<% —2C5(3+ nl|KllcoR) = C3(3n + 12| K |oo R + nl| K| 1 2

+ 3n||KHCoR)> =0.

Thus ¢ > ¢ on all of ¥, N Bgr(z). In particular ¢ (z,t) > ¢(z,t) = CsR,
and as § was arbitrary it follows that ¢ (z,t) > CyR. q.e.d.

In Section 3 we see that the null mean curvature upper bound given
by Lemma 3 is the key to existence and regularity, and that this estimate
continues to hold for weak solutions. On the other hand, the reaction
term — I‘f_ﬂ; in the evolution (5) of the null mean curvature in general
leads to singularity formation in finite time, analogous to inverse mean
curvature flow. We therefore turn to the question of a weak formulation

of solutions to the evolution by inverse null mean curvature.

3. Level-set description and elliptic regularisation

In this section we outline a level-set description of the evolution by
inverse null mean curvature. This level-set formulation allows jumps in
a natural way, because if u is constant on an open set (), the level sets
“jump” across 2. We use the method of elliptic regularisation as a tool
to approximate solutions of the degenerate elliptic level-set problem by
smooth solutions of a strictly elliptic equation. Studying the proper-
ties of the regularised solutions helps to guide us towards the optimal
formulation for weak solutions of (*x), which we then define in Section 5.

Level-Set Formulation. The following ansatz lies at the foundation
of the level-set formulation. We assume that the evolving surfaces are
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given by the level-sets of a scalar function u : M — R via
(10) E;:={x:u(x) < t}, Y = 0F;.

Employing the terminology coined by White in [18], we call u the time-
of-arrival function for the evolution by null mean curvature. Then
wherever u is smooth and Vu # 0, the normal vector to ¥; is given

by v = |V_u| and the degenerate elliptic boundary value problem
u
| IAVZ]
div (28 4 (g = YUY g v,
(+%) |Vul |Vul|?
o =,
dEy

describes the evolution of the level-sets of u by inverse null mean cur-
vature. In this smooth setting, the left hand side is the null mean
curvature of > and the right hand side is the inverse speed of the fam-
ily of level-sets. Since |Vu| = H + P, the local uniform estimate (7) for
the null mean curvature suggests that it is reasonable to expect locally
Lipschitz solutions of (xx). However, in order to interpret (**) as the
level-set formulation of the classical flow (x), it is necessary for u to
be non-negative, and therefore for the zero function be a subsolution
barrier. In particular, this suggests that it only makes sense to study
(*+) on initial data sets (M, g, K) satisfying trps K > 0 on M\ Ey. We
see below that this mean curvature restriction is also necessary for the
elliptic regularisation problem.

Elliptic regularisation. In order to solve the degenerate elliptic
problem (xx), we study solutions of the strictly elliptic equation on the
precompact domain Q, := F7\ Ep, given by

. Vu, < o Viu.Viu, >
%) div| ——= | + [ ¢” - = | Kij = V|Vu|?> + &2
(*)e <\/\Vua\2+€2> g |Vue|? 4 €2 J Vel
with Dirichlet boundary conditions

ue =0 on 0Fy, and wu;,=1L—2 on OFy,

where we define F7, := {v < L} for an appropriate comparison function
v defined below. In this section we prove existence of a smooth solution
of (*)e.

) . (A
Rescaling (). via . := — gives
£

, Vi o Viavia i
(*)é div <’Vﬁ7’€2_’_1> + <gj — W) Ky,] = £/ |VU5|2 + 17
V € >
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and we see that the left hand side corresponds to the null mean cur-
vature H. + P. of the hypersurface graph(i.) in the product manifold
(M™1 x R, g), where g := g @ dz? and the given data K is extended
to be constant in the z-direction. This rescaled equation (*): has the
geometric interpretation that the downward translating graph

~ t
(11) ¥§ := graph <ﬂ€ — E> )

solves (*) smoothly in 7, x R. This is equivalent to the statement that
the function

(12) Ue(z, 2) := uc(x) — €z, (r,2) € Qp xR,

solves (xx) in Qf x R, since ¥ = {U. = t}, that is, U. is the time-
of-arrival function for the solution i% . Therefore elliptic regularisation
allows one to approximate solutions of (x*) by smooth, noncompact so-
lutions of () one dimension higher.

In fact, (%)z has the further interpretation as Jang’s equation (1)
with the gradient regularisation term /1 + |[Vwl|?. In [12], Jang used
equation (1) to generalise Geroch’s [7] approach to proving the positive
mass theorem from the time symmetric case to the general case. He
noted, however, that the equation cannot be solved in general, leaving
the question of existence and regularity of solutions open. As mentioned
in the introduction, the analytical difficulty is the lack of an a priori es-
timate for sup |w| due to the presence of the zero order term try(K).
In [15], Schoen and Yau bypass this issue using a positive capillarity
regularisation term which provides a direct sup estimate via the maxi-
mum principle.

In the case of the Dirichlet problem (x)., we see below that the zero
order term tr;(K) obstructs the existence of a subsolution barrier at
the inner boundary. In order to obtain the required boundary gradient
estimate at this inner boundary, we impose the ambient mean curva-
ture restriction mentioned previously, that try;(K) = g% K;; is nonneg-
ative in an appropriately large neighbourhood of the boundary 0FE; of
M\Ey. Similarly, it was observed by J. Metzger [13] that restricting to
trps K > 0 in the capillarity regularised problem prevents the solution
from blowing-up to negative infinity over marginally inner trapped sur-
faces in the initial data set.

A priori estimates and existence for (x).. As stated above, we
will use a comparison function v to prescribe the outer boundary OFf,
of the annulus domain €27, for the Dirichlet problem (x).. Since M is
asymptotically flat, outside some compact set 2 C M we can choose
a radial coordinate chart such that for an appropriately chosen a > 0,
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the function v = alogr is a smooth subsolution of the approximating
level-set equation

Vu . ViuViu
1 div [~ i YUV e Y,
(13) iv (]Vu > +s <g e ) ;= |Vul
for s € [0,1] in this asymptotic region M\Q. Let

\V4 A V4 J
Es,sue’s —div < Ue,s > +s <gz] ’Lbe,sv ’LLe,s> Kij

Vi Pt & T VuesP v e

— /| Vue 5% + €2,

To prove existence of solutions to the Dirichlet problem (x)., we then
consider solutions of the family of approximating equations

E*%u. ¢ =0 in Qp,
(¥)e,s Q Uss =0 on OF),
Ues = s(L —2) on 0F,

for s € [0,1], where the subsolution v = alogr prescribes the outer
boundary 0F, = 0{v < L} for both the Dirichlet problems (). s and
(*)e. We use barrier functions at the inner and outer boundaries to de-
rive the following interior and boundary gradient estimates. Aside from
the supersolution barrier at the outer boundary, the following Lemma
follows essentially as in [10, Lemma 3.4].

Lemma 4. For every L > 0, there exists e(L) > 0 such that for
0<e<e(Ll) and s € [0,1], a smooth solution of (x) s on Qp satisfies
the following a priori estimates:

(14) wues>—¢ inQp, ues>v+(s—1)(L—2)—2 in F\Fp,
(15) ue < (LK lcy) in Qs

(16) |Vues| < Hie+nlp| on 0Ey, |Vues < C(L,|K|co) on OFT,
(17) |Vue s(x)| < b0 2 Ve +e+C, z€Q,

L r{T
(18) |te,s|c2a(0,) < Ce, Ly, [ Klgo, | K[ )-

Proof. Let |\| denote the size of the largest eigenvalue of K;; on €.
a) We construct a subsolution that bridges from Ej to where v starts
in the asymptotic region, which allows for unrestricted jumps in the
compact part of the manifold.

Let Cut(Ep) be the cut locus of Ey in M. We construct a subsolution
to (%) on M\ (EgUCut(Ey)). Define Gy = Ey, Gq := {z : dist(z, Ey) <
d} and choose dy, large enough that G4, O FJ,. In general, for a surface
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moving in normal direction with speed f, the evolution of the mean

curvature is given by
oH

(19) i —Af— |A|2f — Ric(v,v)f.

We can therefore estimate the mean curvature of the surfaces 0Gy via

88—]; = —|A]* — Ric(v,v) < Ci(L) on 0G4\Cut(Ep), 0 <d <dy,

yielding
Hpe, < %13S<H+—|—C’1d < Cy(L) on 0G4\Cut(Ep), 0 < d <dp,
where H; = max(0, H). Consider the prospective subsolution
vi(z) := f(d) = f(dist(z,Gy)), =z € Gq,\FEo, f' <O.
Since Vv = f'v, we have V?jvl = f(Ve,v,€j) = f'hij and thus
(9”7 = vV'V)Vior = fHac, > f'Cs.

Hence
/ £12 255y, > — | f|C. e?f" 2 200 K. — ||| K
7 +e v1 = ’f‘ 2+f/2—|—€2+3 [?+e%g ] ’f” VV‘

_ f/2 . 52.
In order to obtain an appropriate subsolution, it is in fact necessary to
restrict to initial data sets (M, g, K) with ¢ K;; > 0, so that we can

discard the bad term sy/f"2 + £2¢g" K;;. Then we can use the following
barrier

f(d):= %(—1 +e ) on0<d<dp.
If we restrict ¢ such that ¢ < =49, then Il = ce~ 4 > 2 and

€2 <|f'| <e. Then taking A := 2(Cy + |A| + 2) we obtain
(f/2 + 52)(‘]“’02 + ‘f/HKW’ + f/2 + 52) < 252(02 + [ K| + 2)’f/‘
< E2f//.
This shows that the function
€
— —(2C2+A+2)d _ 4
(@) = S T T ) <e )

is a smooth subsolution for E%* on Gy, \ (Ey U Cut(Ey)) for sufficiently
small . Furthermore, vy ¢ is a viscosity subsolution of E*® on all of
GdL\E_O. Since u > vy on the boundary, it follows by the maximum
principle for viscosity solutions [4, Thm 3.3] that

- 0 0
(20) uw>wv, > —e in Qp, and au > aa > —¢ on 0FE).
ov — Ov
b) We construct a subsolution on Fp\Fy. Assume L > 1 and consider
the function vy := %v — 1+ (s —1)(L —2). Then E%%vy = E%v +
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%|VU| > 0 on Fy\Fp. Since the domain is compact, for all sufficiently
small & we obtain E=*vy > 0. From (20) we have that u > —e in Qp;
thus u > vy on 0Fy and u = s(L —2) = vg on OF. It then follows from
the maximum principle that u > ve > v + (s — 1)(L — 2) — 2 in F},\ Fp;
thus

(21) — >-C(L) on OFy,.
A rescaled version of vy provides the required barrier when L < 1.

c¢) The zero order term try;(K) prevents constant functions from being
supersolutions to (x). s, like in inverse mean curvature flow. We there-
fore construct a linear supersolution to (x). on Fr\(Ey U Cut(0Fy)),
where Cut(9Fy) is the cut locus of OFy, in Fy. Consider vs(x) =
f(d) = f(dist(xz, Gy)) where Gy := OFL, Gq := {z : dist(z,0FL) <
and choose dy large enough that G4, 2 0Ey. From (19) we find %—g >
—C1(L) on 0G4\Cut(9FL), for 0 < d < dy, yielding

H@Gd > —%lg,XH_—Cld > —CQ(L) on 8Gd\Cut(8FL), 0 <d<dy,
j?

where H_ = —min(H,0). Setting v3(z) = f(d) := s(L—2)+<m + %) d,
where m > 0 is to be chosen, we obtain

V24 B f(d) < f'(Co + 2097 Kij| + | Kl — f).

Setting m 1= Cy + 2|gY K;j| + |\| ensures \/f2 + eE=* f(d) < 0 for all
sufficiently small € (so that ¢ < f’). Then v3(x) is a smooth supersolu-
tion on Gdo\(EOUCut((?F L)) Furthermore, v is a viscosity subsolution
on all of G4, \FEy. Since u = f on OFy, and u < f on dEy, it follows by
the maximum principle for viscosity solutions that

(22) u< f<L+mdy in Qp,
ou

(23) W

g 9
< Cy +2|gY K| + |p| + o = C(L, || K][¢o) on OFp,.

d) Choose a smooth function v4 which vanishes on 0Ej such that
0
(24) Hy +n||K||co < % < H,+e+n||K|co along OE).

Let v be the normal vector to 0Fy, and 7 be the tangent to dFy, which
satisfies
VU4

V= A——
‘VU4‘

+ VA2 —17, for some \ > 1.

Then

1 Vu A2 —1 1
(Vo 1 _ . Ly
div <|Vv4|> /\dIV <|Vu|> 3 div(7) Y Hor
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Thus along 0Ey we obtain

1
E%yy < 1 Hom, + n||K||co — (Hy + nl|K||co) < 0.

This implies that E%v; < 0 in the neighbourhood U := {0 < vy < 6}, for
sufficiently small § > 0. Now define the scaled-up function vs := #‘;/5,
for x € U. So vs — oo for vy — 4, that is on OU\OEy, and

[Vvy| 0
—— < E%uy < 0.
—wjop =~ ™

For e sufficiently small (depending on L and m) we obtain that
E%%v5 < 0 on the set V := {0 < vs < L +mdp}. From (22) we
have u < L 4+ mdg on Qp, thus u < v5 on dV. Then by the maximum
principle, u < vs on V', and therefore

(25) EO’S’U5 = EO’SU4 + |V’U4| —

Ou _ Ovs  Ouy
— <2 =" <H, 4+ n OF
ov = Ov ov — e+ nfAl © 0

for sufficiently small e.

(26)

e) The desired interior gradient estimate (17) can be obtained from the
interior estimate for H + P in Lemma 3. Since we can not apply the
result directly to (%) s (except when s = 1), we instead rework the proof
of Lemma 3 for the evolution equation

OF 1
— = 0,1
(*)S at H—I—SP% 56[7 ]7
to obtain the corresponding estimate
A

(27)  H@1)+sP(e,t) < max | (H +sP)r, (VT2 )

Here A and « are defined as above, and (H + sP)p is the maximum of
H + 5P on Pg, the parabolic boundary of ¥; N Br(z).

Analogous to (11), the downward translating graph

~ U t
28 »oo = h(—=2—-
(28) ¢ grap (E E)

is a smooth solution of (x)s, described by the level-set function
Uss(z,2) = ucs(z) — ez, since ¥7° = {U., = t}. We then relate
estimate (27) to |Vu. | via (%) s, which asserts that

(H + SP)ii,s =14/ ’VUE,SP + 52.
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Now let B := Bt (z,z) be an (n+1)-dimensional ball centered at the

point (z,z) C M x R. Since X7 is a translating solution to (x,), its
parabolic boundary is just a translation of 9€2;, in time. Furthermore,
as |Vu, | is independent of z, applying (27) to ¥7* N B yields

/| Vue s]2+e2 <sup max /|[Vues|?+e2+C < max |Vues|+¢e+C,
t 9% NB OQLNBY ()
where C' := (ﬁ;n)\—a) is defined as in Lemma 3. For € small enough,

we obtain from the boundary gradient estimates

(29) \Vaue s(z)] € max  Hy +2+C(L, || K| o) + C,
OEoNBR(x)

which leads to the Lipschitz estimate
|ue,slcora,) < C(L,n, [[K|cr).

Then by reworking the proof of the Nash-Moser-De Giorgi estimate ([8],
Thm 13.2), we obtain

’Ue,s‘clya(QL) < C(Ev L,n, HK”01)7

for some a = (). This implies a bound on the Holder modulus of
continuity for the coefficients of F**u, so Schauder theory improves this
estimate to O

(30) |u€,S|C2va(QL) <C(e Lyn, || Klc1).
q.e.d.

Lemma 5 (Existence for the regularised problem). A smooth solution
of (%) exists.

Proof. We first prove there is a solution of (*. ) for s = 0 and small
e. Let 4 = “= and rewrite (%) 0 as

F(u) ! di Vi € in Q

= AYA = s

OF VIVaP + 1 VIVaP + 1 r
=0 on 0€)y,.

The map

F:C0y*(Qr) — C*(Qr)
is C'', and possesses the solution F(0) = 0 for £ = 0. The linearisation
of Flat 4 =0 is
DF’O = Ag : Cg’a(QL) — CQ(QL).

The Laplacian on M is an isomorphism, so by the Implicit Function
Theorem there exists g > 0 such that (x): has a unique solution for
0<e<egp.
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We now fix € € (0,e0) and vary s. Let I be the set of s such that (). s
has a solution u. s € C?%(Qp). We have shown that I contains 0. We
first show that I is open. Let 7 be the boundary value map u +— u|sq.
Consider the map

G:C%(Qp) xR = CYQyp) x C2*(08),

defined by G(w, s) := G*(w) = (E=*(w), m(w) — s(L — 2)xar, ), so that
(¥)es is equivalent to G*(w) = (0,0). G*(w) is C*', and possesses the
solution G°(ug) = (0,0), where ug is the C’g’a(QL) solution from above.
The linearisation of GO at g is the operator DG?LO given by

AijViVj + Bivi

(31) DGy, = ( > :CP — CY(Qy) x OO0,

T
where
L 1 . viuovqu> . | Viug
AV = —rounu-— (¢ ——7 ), B =V AY — o .
V14 [Vugl? (g 1+ [Vug[? ’ VIVuel? + 1

Since DEgO (w) is a linear elliptic equation with Hélder continuous co-
efficients, we can apply Schauder theory (eg [8], Thm 6.14) to deduce
that DGY_ is a bijective map with continuous inverse. It follows from
the Implicit Function Theorem that G maps a neighbourhood of (ug, 0)
onto a neighbourhood of (0,0). Thus I is relatively open, which com-
pletes the proof of existence of u® € C%%(2) solving (*).. Smoothness
then follows from standard Schauder estimates. q.e.d.

In view of the local uniform Lipschitz estimates for u., by the Arzela
Ascoli theorem there exist sequences ¢; — 0, L; — 00, a subsequence u;
and a locally Lipschitz function u : M\ Ey — R such that

(32) u; = u
locally uniformly on M\ Ey, and by (29), u satisfies

(33) [Vu(z)| < sup Hy+ C(L,n, | K|, R).
8EoNBp(x)

In the next section we will study the limit of the translating graphs
Y5 = {U. = t}, where the time-of-arrival function U, was defined by
(12). By setting

(34) Uz, z) :=u(x),

we obtain that U; — U locally uniformly on (M\Ep) x R, therefore U
is the time of arrival function of the limit of the smooth flow ¢ — X%
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4. The limit of the translating e-graphs i% .

Our choice of variational formulation to define weak solutions to (),
detailed in the next section, is motivated by:

1) The variational properties of smooth solutions of (xx),
2) The limiting behaviour of the family X7 of translating solutions of
(%) in M x R.
In particular, we show that the sets E; = {u < t}, associated to a
smooth solution u of (x%), minimise the parametric energy functional

(35) T (F) = \8*FﬂA\—/FﬂA]Vu\— (g7 — V') Ky

for each t > 0. That is, we have

for each set F' of locally finite perimeter that differs from the set E}
on a compact subset A of the domain. Here P = trg, K = (¢ —
V') K;;, where v represents the unit normal Vu/|Vu| to the surfaces
Yy = OF;. The functional (35), together with the minimisation principle
(36), generalises the variational formulation employed by Huisken and
Ilmanen in [10], and accordingly allows the evolving surfaces to jump
instantaneously over a positive volume at plateaus of the time-of-arrival
function u. However, in the weak setting, Vu/|Vu| is undefined on
plateaus of the locally Lipschitz function u, so in order to incorporate
the extra P term for this new flow, we must define an appropriate notion
of normal vector in these jump regions. In this section we show that
such a vector field can be obtained by taking an appropriate limit of the
translating graphs ¥7. Since the null mean curvature of these surfaces is
uniformly bounded, results of measure theory allow us to control them
in C1, which leads to a foliation of the interior of the jump region
{U =to} = {u =ty x R}, at jump times tg, by hypersurfaces satisfying
the following result.

Proposition 6. Let U(z,z) = u(x), where u € C’loo’cl(M\Eo) is the
limit of the solution u. of (%)<, as in (34). Then the interior, Ky, of
the jump region {u = to} x R = {U = to} at jump times ty is foliated
by hypersurfaces with local uniform C%% estimates, where each such
hypersurface is either a vertical cylinder or a graph over an open subset
of {u = to}. Furthermore, each hypersurface bounds a Caccioppoli set
that minimises Jy; in I@to, where U denotes the Cloo’g normal vector field
to the hypersurface foliation.

VU _ (Vu,0)
« VU] T TVl
the jump region K;, in M x R, and this extended vector field helps
motivate the definition of weak solutions to (xx) in the next section. In

The normal vector field 7 to this foliation extends

acCross



442 K. MOORE

this context, hypersurfaces and sets in M x R will be denoted by the ~
superscript for the remainder of this work, unless otherwise stated, and
V denotes the connection on (M x R, g).

To prove Proposition 6 we utilise the following compactness result for
sequences of minimisers of (35).

Compactness Property 7. Let Q ¢ M xR, and let E; C Q be
a sequence of sets with C boundary such that 8E — OF, locally in

ChHe, with outward unit normal v; € CIOOS‘(T Q) to OF; satisfying v; — v
locally uniformly. Let U; € C’O(}(Q) satisfy U; — U locally uniformly,
and assume that for each A CC Q, sup 4 |VU;| < C(A) for large i.

If the sequence E; minimises TJu;v; ON Q, then E minimises Juy in Q.

Proof. We use the inequality
(37) le,Vi (E1) + jUivVl(E2) > le,Vi (El U E2) + jUivVi (El n E2)7
for an appropriate choice of Caccioppoli sets F; and Es such that £ AF,

is precompact.

We first prove that E minimises Ju,, on the outside in Q. To this
end, consider F' O F with F\E CC 2 and a suitable compact set G C 2
containing F \E Since the boundary of G is not necessarily Lipschitz

continuous, we consider a compact set G C Q with smooth boundary
and G C 1nt(G) such that

0" (FUE;)NJG| = 0" (FNE)N&G|=|0E;NIG| =0
for all ¢, with traces satisfying faé |@;UE —pt |d’H"+1 — 0. This is

possible because FUE; - Fand E; — E in L1 C(Q\G) Then setting
F; := E; U(F N G) we see that

*ENQl=10%E N (O\G (F U E: g S
|0*F;N Q| =|0"E; N (Q\G)| + |0 (FUEZ)OGH/_I@FLE P51

Now, since F, is an appropriate comparison function for E;, we have
IG (E:) < IS, (F,), implying

jUz,ul( i) < quvz(FU EZ) + /80 |(’DlguE o (’DE -
Now inserting El = Ei and Eg = F into (37) we obtain
B TEuF) 2 I BN - [ lep e

Next we pass to limits. Since the trace term converges to zero, using
lower semicontinuity we obtain

le/( )>'-7Uz/( )



INVERSE NULL MEAN CURVATURE FLOW 443

The fact that F minimises Ju,, on the inside in C;to amongst compet-
ing sets F C E satisfying E\F CC Q can similarly be proven by again
constructing G and considering the comparison function F; := E; N F
for ¢ >> 1 large enough. q.e.d.

To prove Proposition 6 we draw upon regularity theory for obstacle
problems of the type (40) below. In particular, if the set E; := {u < t}
minimises 7., then it is almost minimal in the sense that

(39) |0"Ey (1 Br| < [0°F 0 Bg| + C(n, | Dullos, || K |co ) R™,

for E;AF CC Bpg. This means we can apply partial regularity results of
geometric measure theory to obtain higher regularity for the level-sets
¥ = OF;. Specifically, we consider the following C'h* result (see for
example [17]), as quoted in [10].

Regularity Theorem 8. Let f be a bounded measurable function
on a domain Q with smooth metric g and dimension n+1 < 8. Suppose
E contains an open set A and minimises the functional

(40) |0 F| +/Ff

with respect to competitors ' such that F' 2 A, and FAE CC Q. If 0A
is OL%, 0 < a < 1/2, then OF is a CY* submanifold of Q with C1®
estimates depending only on the distance to 0S), ess sup|f|, CH* bounds
for 0A, and C bounds (including positive lower bounds) for the metric
g. When n+ 1 > 8, this remains true away from a closed singular set
Z of dimension at most n — 7 that is disjoint from A.

Proof of Proposition 6: We break up the proof into the following
lemmata.

Lemma 9. The level-sets i% = {U. = t} are locally uniformly
bounded in CH.

Proof. Since 35 = {U. =t} isa smooth solution of (x) on (M\ Ep) xR,

with smooth normal vector field v, = %, the functional Jys, ,, is well

defined for sets F € M x R of locally finite perimeter. Applying the
divergence theorem to v. exactly as in the proof of Smooth Flow Lemma
15 shows that Ef := {U. < t} minimises J.,. in Q := E{\E¢ for
a<t<hb.

Now consider z = (z,2') € (M\Ey) x R, and d = dist(z,0FEy x
R) = dist(z,0Ep). Take L' large enough that B3!(x) C Fr,. Then for
e <& =¢(L'), (29) provides a uniform bound for |Vu,| (and thus also
VU, | + P~§) on BY"®(z). Tt then follows from Theorem 8 that the

surfaces 35 N Bg“(x) are uniformly bounded in C%® in ¢ and t. q.e.d.
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Lemma 10. Let Ky, denote the interior of the jump region {U = to},
at ajump time tyg. Then each point Xo = (xg, 20) € I@to lies in a surface
EXO C ICtO that is locally uniformly bounded in C“%, and is either a
vertical cylinder or a graph over an open subset of ICtO.

Proof. The sought-after surfaces are constructed using a pointwise
approach similar to that used by Heidusch [9] to prove local uniform
CY! regularity estimates for the level-sets of the weak solution to inverse
mean curvature flow. In particular, we fix a target point

(41) XO = (330,20) c I@to,

and construct a surface containing that point.

Given the convergent sequence ¢; — 0 that produces the limit u of the
elliptic regularised solution u. as in (32), we consider the corresponding
sequence of times, t;, at which the surfaces i%z = graph (g—z — %) pass
through the target point Xy. This is possible because the translating
graphs ZZ for —oo < t < oo foliate €2; x R; thus for every ¢ there is a
unique t; such that X, € Zli.

In order to write each surface i‘éz locally as a graph over its tangent
space T'x, Nf;i, we use the exponential map to work locally in normal
coordinate charts on small Euclidean balls B"™2. In particular, let
t(Xop) be the injectivity radius of X in M\ Ep x R, and set
(42) d = d(Xo) = min(e(Xp), dist(Xo, 9Ky,)).

By Corollary 9 there exists g9 > 0 such that for all ¢ and € < €, the
surface pieces i N Béw “B(Xy) are uniformly C'* bounded in t and e.
Now consider the exponential map

(43) expy, = (exp,,.idr) : Tx,(M x R) N B2(0,20) — BY ¥ (Xo),
and set

(44) i, = expyl (8], N BY¥(X0)) C Tx, (M x R).

In the R-direction the exponential map is just the identity, thus each

surface EZ translates downwards in exactly the same manner as EZ

Furthermore, the surfaces E%Z_ are uniformly C'1® bounded in ¢ and e.
Then there exists R > 0, depending only on the locally uniform
C1® bound, such that B}”%”(Xo) - f]ffl and thus the surface pieces
2%1 N BE‘FQ(XO) possess uniform CY® bounds. Here Xy = (&, %) =
equ_l(Xo) is our target point.
The corresponding normals ;(Xg) to fl’ N B”+2(X0) create a se-
quence, a subsequence of which converges umformly to a vector V(Xo)

The normal space to V(X()) defines a hyperplane 7" containing X,. Then
by taking ¢ > 1 large enough, we can write the converging surfaces
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2%1 N B;‘;FQ (Xo) as graphs of C® functions w; over 7. By reducing R,
and taking 7 > 1 large enough, we can then write each 2%1 locally as
the graph of ; over T'N B (#0).

By Arzela-Ascoli, there exists a further subsequence w;; and a ct
function 0 : 7N B"+1( 0) — R such that

(45) Wi, —w in CY(T'N BRE(d0)).

Here w is locally the graph of a surface )y %o around Xy, and T =
Ty fl X, Since the C1® bounds on 1; were independent of i, it follows
that W e CH(T N B”+1(:E0)), with the same uniform C'® bounds as
w;. Thus equ(Z ,) = Yx, N BY*E(Xy) is uniformly €' bounded.
By successively takmg subsequences, the iil converge to a complete
hypersurface that we will henceforth denote by % X, since it coincides
with ¥ x, near X.

Now Xy € {U = to} where, by hypothesis, tg := lim; ,ot; is a
jump time. In order to argue that X X, 1s contained in the set {U =
to}, we note that it is a consequence of the above construction that
any y € % X, is the limit of a sequence y; € ZZ The local uniform
convergence u; — w implies that 4; — 4 unlformly on BZZH(O). Thus

the uniform convergence U; — U on Béw “B(Xy), together with the fact
that lim;_,~ y; = y then implies that U(y) = tg, since

\Ui(yi) — Uy)| < |Us(ys) — Us(y)| + |Ui(y) — U(y)| — 0,

and lim U'(y;) = hm tl = tg, thus EXO Cc {U =to}.
1—00

This approach enables one to choose any point Xy in the jump region
I€t0 and construct the corresponding surface ) X, containing Xy. Since
each ¥ X, is the limit of the graphs i‘%z with local uniform C'™“ bounds,
it is clear that each X is either a vertical cylinder or a graph over an
open subset of I€t0 N M. Therefore, let ¢ denote the open region in
Ky, N M where |Vi;| converges locally uniformly to a finite limit, and
let Q¢ denote the region where |Vi;| converges to infinity. Then the
translating nature of ¥ together with the above construction dictates
that the iil converge to a graph % X, over g, lying in a stack

(46) {ixa} = iXo + aen4o, VAS R,

of vertical translates of 3 x,. To see this, note that

t. ~
Xo = (w0, 20) € Z = graph < — —’) — graph(w) = Xx,,

i -
] 5
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implies X, := (z9,20 + @) € Et ey where

i . — aEi- ~
Et’ —aey; = graph < u) — graph(w) + ae, := ¥x_,
ij
where w := exp, (). Therefore (¢ x R is bounded by vertical cylin-
ders, and filled by the stacks produced by the family {i x,, } of vertical

translations of each graph ¥, . q.e.d.

The possibility of two surfaces ¥ p, and ¥ p, from Lemma 10 touching
tangentially at one point P, such that the outward unit normals agree
at P and Yp, lies outside ¥p, (in the direction of the outward normal
near P) is ruled out by the strong maximum principle. Furthermore, the
intersection of two surfaces in the limit is ruled out by the translation
invariance of the surfaces ¥ and their local uniform C'“ bounds.
~ We now argue that we can construct a “normal” vector field v on
K, using the surfaces from the proof of Lemma 10. Since the limit
surfaces are vertical cylinders or stacks of translation invariant graphs,
the normal vector field 7 to the family of surfaces in Ky, is translation
invariant, and we need only show that we can construct Yy, for each
Xy C ICtO N M. Therefore, choose a dense set of points in ICtO N M.
This corresponds to a countable set of points {p;}, and for each such
p; € ICtO N M, we consider the convergent subsequence ¢; such that E’

converges to the hypersurface ) p; in ICtO, where P; := (p;,0). Then by
taking a diagonal subsequence ¢;,, we obtain local convergence of Zil*

to & p, for every point p; in the dense set.

Now consider a point py € Q¢ such that pg is not in {p;}. We wish
to argue that we obtain local convergence to & p, Via the convergent
sequence g;,. There exists a point p; in the dense subset such that
dist(ps, po) < d/10. Let

(47) dp := min((P),dist(P, 0Ky,)).
By Corollary 9, the surfaces ¥ are uniformly bounded in B%_XR(R).
Then since dei/lo(PO) C Bup, (F;), the surfaces ¥EN dei/lO(PO) pos-
sess the same uniform C1'® bounds and we can take a convergent sub-
sequence of ¢;, such that we obtain convergence to a limit surface X p,
in By, /10(P0)~ Therefore this approach constructs a complete graph
through each point zg € Q¢, and we obtain the vector field 7 in all of
Qa.

Then given the uniform C%® normal vector field 7 of the hypersur-
faces constructed through the dense set of points {p;}, we can extend the

vector field 7 to any points that have been missed in )¢. Translating v
in the e, o direction, we obtain a normal vector field on the entire jump
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region Ky,. For the remainder of this work, let # denote this translation
invariant normal vector field to the surfaces ¥y, foliating /Cy,.

Lemma 11. Let v denote the normal vector field to the surfaces
foliating the jump region Ky, as above. Then each surface Xx, in the
Jump region bounds a Caccioppoli set that minimises Jyp in Ky, .

Proof. Consider the Caccioppoli set F that is bounded by the limit
hypersurface ¥ x,, such that 7 is the outward unit normal of the relative
boundary OF N Ky,. The sets Ej minimize the functional Jy,,, in

l@to, where v; = %. Passing these sets to limits as in the proof of

Lemma 10 to obtain the limit surface ¥ X, Theorem 7 then says that
E minimises Jy5 in Ky, . q.e.d.

Collecting the above results, we obtain a family of C’ﬁ)’ca hypersurfaces
foliating ¢ x R, and by extending the family of cylindrical hypersur-
faces in ¢ x R to any missed points in ¢, we obtain a foliation of the
entire interior region l@to. At each point Xy = (xg, o), the correspond-
ing leaf of the foliation passing through X is constructed by taking the
limit of the 7 locally around Xj, as in Lemma 10. This completes the
proof of Proposition 6. q.e.d.

5. Variational formulation of weak solutions.

By freezing |Vu| — try, K and treating it as a bulk term, one may
interpret (xx) as the Euler-Lagrange equation of the functional

(48) Tup(V) == / Vol +v (]Vu\ — (g” — Vil/j) K,-j) dx.

For a smooth family of solutions of (), we will see below that the
corresponding time-of-arrival function u defined by (10) satisfies

(49) ju,u(u) < ju,V(U),

among competing locally Lipschitz functions v, that differ from u on
a compact subset of M\Ey. The relationship between the variational
formulation (49) and the functional (35) is then given by the following
lemma.

Lemma 12. Let u be a locally Lipschitz function in the open set 2,
and v a measurable vector field on TQY. Then u satisfies (49) on Q if
and only if for each t, Ey := {u < t} minimizes (35) in .

Proof. This follows exactly as in [10, Lemma 1.1], with |Vu| — (g% —
V') K;; replacing the bulk term |Vul.

! d

q.e.d.
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This equivalence between the two variational formulations also extends
to the initial value problem

(50) u ECloo’cl(M), v a measurable vector field on T'(M\Ey),
Ep = {u < 0}, and u satisfies (49) in M\ Ey.

To see this equivalence, let F; be a nested family of open sets in M,
closed under ascending union, and define u as in the statement of Lemma
12 by the characterisation F; = {u < t}. Then using Lemma 12 and
approximating up to the boundary, we see that (50) is equivalent to

(51) RS C’loo’clM, v a measurable vector field on T'(M\ Ey)
and E; minimises J,, in M\Ey for each t > 0.

Lastly, by approximating s \ ¢, we see that (50) and (51) are equivalent
to

u € CEL(M), v a measurable vector field on T'(M\ Ep)

(52) . .
and {u <t} minimises J,, in M\ Ey for each t > 0.

We now present the precise definition of weak solutions to (#x*). In the
previous section we highlighted the need to define the normal vector field
v in jump regions in order to incorporate the P = (¢*/ — vt ) K term
into a variational formulation of weak solutions to (xx). We showed
that taking an appropriate limit of the smooth translating solutions
3¢ = {U. =t} of (x) provides a constructive method of foliating the
interior Ky, of the jump region {U = to} = {u = to} x R by C’ﬁ)’s‘
hypersurfaces Y x, in M x R with uniform Cloof‘ unit normal vector field
7. Bach such hypersurface Y, in the foliation is either (part of) a
vertical cylinder, or is a smooth graph over an open subset of Ieto, in
the stack

(53) Y+ae, acR,

of vertical translates of 3. The normal vector field 7 to each vertical
cylinder is perpendicular to the z-direction, and could therefore be pro-
jected to M without loss of information. However, in the case of the
graphical hypersurfaces (53), information would be lost if one were to
define the vector field v in (35) to be the projection of 7 to T'M.

This motivates the choice to formulate the weak solution to (%) one
dimension higher, in terms of a translation invariant function U(x, z) =
u(z) € C’loo’i(M x R), and a translation invariant vector field v €

C’IOO’;)‘(T((M\EO) x R)) that extends VU/|VU| across the jump region.
One then considers the analogously defined functionals i/ 5 to (48) and
(35) for such pairs (U,7) in M x R, and we remark that Lemma 12

and the initial value problem equivalences (50)-(52) hold in M x R (for
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general U and v that are not necessarily translation invariant, like we
will demand for the weak solution of (xx)).

In Lemma 11 we showed that each of the surfaces Xy, foliating the
jump region I@to bounds a Caccioppoli set that minimises Jy 7 in the
jump region Iato. Together with Lemma 12, this motivates the restric-
tion in Definition 13 below that at each point X € (M\Ep) x R, #(X)
be the normal vector to a C® hypersurface that bounds a Caccioppoli
set minimising Jy 5 in (M\Ep) x R.

Definition 13. Let £y C M be a precompact, open set with C?
boundary ¥y = 0Ey. We call the pair (U, 7) a weak solution of (xx) with
initial condition Ey if U € Cloo’i(M x R) and v € C'IOO’?(T(M\EO) x R)
satisfy

(1) U is translation invariant in the vertical direction. In particular,

there exists a locally Lipschitz function v : M — R such that
U(zx,z) =u(x) and u satisfies

~u(x) > 0Va e M\Ey,
-u|aE0 =0, u(zr)<0 VzekE),
~u(z) = oo as dist(x, Ey) — oo.

(#7) The set E; = {U < t} minimises Jy, in (M\FEp) x R for each
t > 0. At jump times tg, each point Xy = (xq, 20) in the interior
Ky, of the jump region {U = tp} lies in the boundz;mry 0Fx, € C’llo’s‘
of a Caccioppoli set Fx, that minimises Jyp in K.

(791) v is a translation invariant, unit vector field such that
V(X +ae,)=v(X) VX e (M\Ey) xR, aeR,
-7(X) is the normal vector to dE; at each point X € OE},
-7(X) is the normal vector to dEx, at each point X € dEy,,

at jump times tg.

Remarks. 1. Unlike in the weak formulation of inverse mean cur-
vature flow, which asks only that F; = {u < t} minimise J,, for each
t > 0, we require the variational principle (36) for Jy 5 to be satisfied
everywhere, in particular in the interior of the jump region.

2. By Lemma 12, any weak solution (U(x, z) := u(x),v) of (xx) satis-
fies (50) on (M\FEp) x R. Furthermore, we find that (u,vy = D!TM)
satisfies (49) in M\ Ey.

Lemma 14. Let (U(z,z) := u(x),?) be a weak solution of (xx) with
initial condition Ey. Then the pair (u,,var) satisfies (49) on M\Ejy,

and By = {u < t} minimises J,, ,,, for each t >0, where vy := E‘TM.
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Proof. Since the tensor K is extended trivially in the z-direction, we
find

(54) (gw — Ijiljj) Kij = (gij — I/]iwl/gh) Kij;

where vy : Let By, = |Vu| — <g” — 1/}'\/[1/]{/[) K;j denote

= ’7|TM'
the bulk term of 7, ,,,. Let v be a locally Lipschitz function such that
{v#u} CACC M\Ey. Let ¢(z) be a cutoff function such that:

lp.| <2, ¢=1o0n][0,s] and ¢ =0 on R\(—1,s+1).

Then V(z, z) := ¢(2)v(x) + (1 — ¢(2))u(z) is an appropriate comparison
function for U, and letting A := A x [—1, s + 1], we obtain from (49)

/A V| + 1 Buy, — /A YU+ U (VU] - (59 - #5) Kyp)
g/ﬂ?VL+VQ?UM—@U—u%UKQ)
A

< /A 6 (V0] + 0 Buy) + (1 — ) (IVu] + uBuy,)
1]l — ul.
This implies
s ijM(u) = S/A (V| +u By,
< / 6 (V] + 1 By,
A
s/qusuw+vBu,uM>+|¢z|||v—u|
<(s+2) [ Vel +0Bus, + | 6:l[v — ]
A Ax([~1,0]C[1,2)

< (4 2k, ) +4 [ o=l

Dividing by s and passing s — oo proves that the pair (u,v)s) satisfies
(49). Lemma 12 then implies that the sets E; := {u < t} minimise
Juy, for each t > 0. q.e.d.

We now state some further properties of weak solutions of (xx). We
begin by showing that smooth solutions of the flow (x) are weak solutions
in the domain they foliate. This follows as in [10, Lemma 2.3].

Smooth Flow Lemma 15. Let (X;),<t<p be a smooth solution of
(%) on M. Let U =t on Xy XR, U < a in the region bounded by %o xR,
and E; == {U < t}. Then E; minimises Jyp in Ey\E, for a <t <D,
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where v is the smooth normal to the vertical cylinder ¥y X R, given by

= VU
v=(vy,,0)= o
Proof. We consider the smooth normal 7 = % and apply the diver-

gence theorem to relate Jy5(E;) to Jys(F) for a competing set E of
finite perimeter with FAFE; CC . Let By := |[VU| — (§¥ — 7’07 K;;
denote the bulk energy term in Jy 5.

Juo(Ey) = \aEty—/ BU,,,dx:/~ VBEt-Vd’H"_l—/ By dr
8Et Et

Ey

:/ ~ Vﬁ}?, . ﬂd%n_l —|—/ VaEt . ﬂd%n_l — / BU,D dflf

oENE Tt OEN\F By

:/ - Vg pdH"™ ! +/ By dx — / By, dx
8*FOEt E~1t\l:~1 Et

+ / Vg VAH" ™! — / By, dax
8*F\Et F\Et

:/ ~y8*F-VdH"_1—/~BU7,,da;§ \a*ﬁy—/BU,,,da;
0

*F F F

= jU,I?(F)'
q.e.d.

Weak Mean Curvature. In view of the local C1'® estimates given by
Regularity Theorem 8, we can consider the weak mean curvature of the
surfaces ¥y = 0{U < t}.

Let N be a C' hypersurface in M x R. Then a locally integrable
function H on N is called the weak mean curvature provided

(55) /~divNXd,u:/~ Hv - Xdp, VX € CX(T(M x R)).
N N

Lemma 16. Let By := {U < t} minimise Jy, in A = E\E,, for

U e C’IOO’CI(A). Then the surfaces Xy = OE; have weak mean curvature

H satisfying H = |VU| — P for a.e. x € X and a.e. t € (a,b), where
P = (g7 —v'v7) K.

Proof. Let X be a compactly supported vector field defined on M,
and (®s)_ccs<c the flow of diffeomorphisms generated by X with &5 =
idps. For minimisers of Jr7,, we use the area formula, the dominated
convergence theorem and the co-area formula in the form

/ |Vf|da::// dt
e o Sy
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to obtain
d —1
0= 3| uswoar
d
-2 /|VUo D4 (U0 @) (VU] - (9 — 759K da
s=0

_ 4 / / | det d®g(x)|dH" (x)dt
ds|,_

"0 S,NW

/VU X (VU] - (5 — 9K do

//dleXdH"dt /,, X|VU|(IVU| - (g7 — V'V K;j) d,
_OOEtﬂW W

since v = ‘gg’ when VU # 0, and #|VU| = 0 when VU = 0. Then by

the co-area formula, we obtain
0 :/ / (divitX—k(P— WU!)D) - XdH " dt.
itﬂW

Lebesgue differentiation and comparison with (55) yields the result.
q.e.d.

Exactly as in the proof of [10, Theorem 2.1], we also obtain the following
compactness theorem for the time-of-arrival function.

Compactness Property 17. Let U; € C 1(Ql) and v; € CY*(TQ,)

loc loc

be a sequence of solutions of (49) on open sets Q; C M x R, such that

(56) QZ — Q, Ui—U, 1;—,

locally uniformly, and such that for each A CC Q, sup; |[VU;| < C(A),
for large i, where C(A) is independent of i. Then (U, ) solves (49) on
Q. In the special case where (U;, ;) is a sequence of weak solutions of

(%) satisfying Definition 13, then the limit (U, D) is a weak solution of

6. Geometric characterisation of jump regions

In this section we introduce the concept of outward optimisation in
order to give a geometric characterisation of the criterion selecting jump
times. Since weak solutions (U(x, z) = u(x),7) of (x*) are translation
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invariant and the level sets of U are vertical cylinders, this charac-
terisation follows from the parametric variational formulation (36) for
(u, Uy = 77|TM)-

Let © be an open set in M. Then we call a set E outward optimising
(in Q) with respect to v, if E minimises “area plus bulk energy P” on
the outside in 2. That is, if

(57) 0*ENA| <|0°F N A| +/ (99 — v Ky,

F\E
for any F containing E such that F\F CC Q, and any compact set A
containing F'\E. Here v is a measurable vector field on F\E. The set
E is then called strictly outward optimising (in ) if equality in (57)
implies that FNQ = ENQ a.e.

We use this concept to define the strictly outward optimising hull of
a measurable set E C €. Specifically, we define E' = E, to be the in-
tersection of the Lebesgue points of all the strictly outward optimising
sets in € that contain E. We call E' the strictly outward optimising
hull of E (in Q). Up to a set of measure zero, E’ may be realised by a
countable intersection, so E’ is strictly outward optimising, and open.

We then obtain the following interpretation of the variational formu-
lation.

Outward Optimising Property 18. Suppose that (U(x,z) :=
u(x),v) is a weak solution of (xx) with initial condition Ey, and that
M has no compact components. Then:

(i) Fort >0, E; is outward optimising in M with respect to vy =

v M

(i) Fort >0, E;r 18 strictly outward optimising in M with respect to
VnT-

(i4i) Fort >0, E, = E;r, provided E;r 18 precompact.

(iv) Fort >0, |0E;| = |0E; |+ ij\Et(gij — V4,3 ,)Kij, provided that
E;" is precompact. This extends tot = 0 precisely if Eq is outward
optimising.

Furthermore, for general (U, ) satisfying (50) in M x R, the analogous
statements hold on compact sets Q C M x R with

(58) 0*ENA| <|0°F N A| +/ (g — P Ky,
F\E
replacing (57) in the definition of outward optimising.

To prove Outward Optimising Property 18, we will need the following
lemma.
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Lemma 19. Let (U,7) satisfy (49) on Q. Then U has no strict local
mazima or minima on €.

Proof. First assume that U possesses a strict local maximum so that
there is a connected, precompact component E of {U > t} for some t.
Define the Lipschitz function Vj by

k on Ek = EkﬂE,
(59) k= .
U on Q\Ek,
for 0 < k < supU and Ej, := {U > k}. Then (49) and Hélder’s inequal-
E
ity yield
(60)
[wviarv-n< [ w-nasa([ @-ne) T AR
Ey, Ey Ey

where Cp = (n + 1)[A| and |A] is the size of the largest eigenvalue of K

on ). Then using the Sobolev inequality on the left hand side we obtain
(61)

wuiasv-nz [voi= [ ve-pz ([ oo
By FEy Ey, Ey

Combining (60) and (61) we find 1 < Cp|Ey|"/™, which leads to a con-

tradiction since |Ey| can be made arbitrarily small by choosing k close

to sup U.
E

Now assume that U possesses a strict local minimum and let E be
a connected, precompact component of {U < t} for some ¢, and again

consider the function Vi defined by (59), where this time k > inf U and
E

Ey = {U < k}. Then as above, (49) and Holder’s inequality yield

n—1

@ [ viesv-n=a (/Ekw -0 ) B

and by restricting to k£ small enough that 1 + U — k > % on Ej, we

obtain

n—1

(63) / WU\(lJrU—k;)z%(/ (U—k)ﬁ>7.

o E

Combining (62) and (63) we find 1/2 < Cy|E|'/", which leads to a con-
tradiction since |E'k| can be made arbitrarily small by choosing k close
to i%f U.

In the case where (U(z,z) := u(x),v) is a weak solution of (xx), re-
peating the above calculation for u on M, using (14), yields the desired
result. q.e.d.
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Proof of Outward Optimising Property 18: Refer to [10, Minimising
Hull Property 1.4].
(i) This follows immediately from Lemma 14.
(i) From (52) we obtain for suitable A

(64) |0*E; NA|l <|0*FnA|+ / (9" — vivl, ) K — |Vuldz,
F\Ef

for any ¢t > 0, any F with FAE,” cCc M\E,", proving that E; is
outward optimising.
To prove strictly minimising, suppose F' contains E;" and

oE nAl- o FnAl= [ (7 - viwdKs
F\E}

Then by (64), Vu = 0 a.e. on F\E;". Since F is also outward opti-
mising, and the Lebesgue points of an outward optimising set form an
open set in M, by a measure zero modification we may assume F' is
open. Then wu is constant on each connected component of the open set
F\{u < t}. Since M has no compact components, Lemma 19 (i) means
that no connected component of F can have closure disjoint from E;",
therefore u = t on F\E; and F' C E;". This proves that E;" is strictly
outward optimising.

(7ii) Tt is clear from part (ii) and the definition of E] that E| C E;".
Assume E;" is precompact. Then if

Al =B AL+ [ (6= vhedKs,
Ef\E;
strict outward optimisation implies that E} = E;r . Otherwise
O N A| < |0E; N Al + /E+\E,(9m il Ky,
t t
contradicting (64).
(iv) In view of (i), we can use E;" as a competitor to obtain

(65)  |0E:n Al <|0EF nAl+ / (g9 — Vi) Ky,

EN\E:
for ¢ > 0, and for ¢t = 0 if Ey happens to be outward optimising itself.
Since E;" is precompact, strict inequality in (65) would contradict (7ii),
implying equality in (65), which proves (iv).
The proof for general (U, 7) satisfying (50) in 2 C M x R follows exactly
as above. q.e.d.

Outward Optimising Lemma 18 implies that 0F; satisfies the obstacle
problem minimising “area plus bulk energy P”, with E; as the obstacle.
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This leads to a heuristic interpretation of the minimisation principle
(49). Namely, as long as E; remains strictly outward optimising, it
evolves by inverse null mean curvature, and when this condition is vio-
lated, E; jumps to Ej; and continues. This implies that the null mean
curvature is nonnegative on the weak solution after time zero. Further-
more, part (i) of Lemma 18 implies that the monotonicity property

d
(66) E\Zt"F / P = |54
E\Eo

derived in Lemma 1, also holds in the weak setting, as long as »; re-
mains compact.

The outward optimising property also implies a stronger result for
the surfaces foliating the jump region in Proposition 26, namely we see
that each ¥y, is a smooth MOTS in K.

Proposition 20. Each surface ¥ x, from Proposition 6 in the fo-

liation of the interior l@to of the jump region in M x R is a smooth
MOTS.

To prove Proposition 20, we require the following Lemma.

Lemma 21.
(67) IVU;| =0 in L (Ky,).

Proof. Recall d defined by (42), consider a target point Xy = (xo, 20)
such that 29 > 2d + 1 and select a cutoff function ¢ € C2(R) such that
¢ >0 and spt ¢ C [20 — 2d, 20 + 2d]. Then let Ty = 29 — 2d — 1, fix an
arbitrary time T" > Ty, and consider Ty <t < T and L > T+ 3+ zp+ 2d.

We wish to show that

lim inf |D(H + P)* < 0.

1—+00 iiiﬂBé\lXR(XO)
To this end, we calculate

(68)

d 2
7 Lo+
¢ Ve

— 9 2
_/i§2¢(H+P)E(H+P)+(H+P) s

+ GH(H + P)
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_ 1 2 =
_ _2[§ ¢<(H+ P)A <H+ P) AP + Ric(v.,v.) -V, P

2D;(H + P)
H+P

99

Kiug) +(H+P)

2
- o B 2t ety -t
9¢

—I-vasp —4 5. Ve
0z

—ol T L (H4 P
H+P +H+P)

Di(H+P)K‘) ¢ D(H+P)
e dz H+P

In view of the sup estimates (14) and (22) for w,., there is R(T) > 0
depending only on the subsolution v and K;; such that

iiﬂ(M ><Spt¢) - S(T) = (BR(T)\EO) X [Z(]—Qd, 20 —I—Zd], To <t<T.

The Outward Optimising Property 18, applied to ENE compared to the

perturbation Ef U S(T'), then provides the area estimate
(69)

1 1 (M x spté)] < C(T) +/ ~
S(T)\E;

P<CT,|K|co), To<t<T.
Together with the interior estimate (7), and the boundary gradient es-
timates for u®, this shows

|H + P| < C(T,||K||cn) on X5 N (M x sptg), Ty <t<T.
It follows that
/¢|H|(H+P)+¢(H+P)2+|(H+P)V¢'Ve| <CT|Klen), To <t <T.
2

We estimate the D¢ and K, terms via

D(H + P) D> ¢|D(H + P)J? ¢ |D(H + P)?
‘2D¢' H+P ‘52 o T2 mape Yty e
(H + P) ¢ |D(H + P)?
‘ ¢7H—|—P Kiv, | < 80| K||z0 + 2 HTPE
Thus (68) becomes
d 2 |D(H + P)J?
(70) T . ¢(H + P)” < 5 ﬂﬁw C(T,[|K|lcr),

and integrating gives

|DH +P)]P _
71 / / K
™ Ty JE5N(M x[20—2d,20+2d]) (H—i—P) (T, | Kl cn)
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using a ¢ such that ¢ = 1 on [zg — 2d, zo + 2d].
Applying Fatou’s Lemma, for any sequence €; — 0 we obtain

2
(72) liminf |D(H + P)I*

< 00, a.e. t > Tp.
i—00 /fliﬁ(Mx[z0—2d,zo+2d]) (H + P)?

Now consider the subsequence &;; — 0 from (45) such that itlj — Y
J

in CY(T N BE™(Xp)), where T' = Tx,Sx,. We write i = i; henceforth.
Since (72) only holds for a.e. t > Tp, it will take more work to argue
that lim inf fiiiﬂBg”R(Xo) |D(H + P)|?> < oo. To this end, we pick a

1—00

sequence 1; such that ; — to + & for some |5| > 0, |t; — t;| < &;d and

(73) lim inf / |ID(H + P)|* < cc.
1—>00
2 N(M x [20—2d,z0+2d])
. i -
Define z; := M — 2 and 6; := 2, — zp. Then the fact that Eg is just
€i~ ) &g i
a translation of ¥} by ¢; in the z-direction implies that
pa+PPE= [ p@+pP,
i;‘imBjy *R(X0) 5E NBY B (20,20+6;)

for each i. Furthermore, the condition |t; — ti| < e;d implies that |6;| =
|2; — 20| < d, which ensures that Ei N Bé\/IXR(mo,zo +0;) C M x [z0 —
2d, zp + 2d], and thus from (73) we obtain that

lim inf / |D(H+P)|? < / |D(H+P)|* < o0,

11— 00
51 B (wo,20+64) 521 (M x[20—2d,20+2d])

from which our desired estimate follows

(74) liminf/ |D(H + P)* < 0.
e JEi nBH (Xo)

As in the proof of Lemma (10), the converging surfaces iil can be writ-

ten locally, via the exponential map, as graphs of Cﬁ)’f functions w; over
the hyperplane 7. This local C1'® convergence of the hypersurfaces,
together with the first variation of area formula and the Riesz Repre-

sentation Theorem then implies that Hy  exists weakly as a locally L'
Xo
function, with the weak convergence

(75)
CHyvg X | Hg vy X, Xe€ CUT(M\Ey x R)).
z_ % i EXO Xo X0
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Then by (74) and Rellich’s theorem there exists a subsequence (again
denoted by i) such that
(76)  (H+P)gy — (H+ Py in L*(T N B (Xo)).

Xo
Now the level-sets iil = {U; = t;} smoothly solve (x) in ; x R, thus
(H + P)g; = |VUil,
and

(77) /E |VUZ-|2:/S (H+P)2—>/i (H + P)2.

1 1
23 23

To proceed, we consider the special behaviour of the solution in the
jump region. Let us first consider the case where the limit surface
Y x, given by Lemma 10 is not a vertical cylinder. Then it is a graph,
which means that |V;| converges locally uniformly to something finite,
and therefore that |Vu;| = &;|V4;| converges locally uniformly to 0.
In the other case the surface % X, given by Lemma 10 is a vertical
cylinder. We know from (74) and (77) that |VUj| converges in L? to
something finite. However this limit can only be zero since U; — U
locally uniformly, and U is constant in the jump region (namely U = tg
on I@to by hypothesis). Furthermore, since the local uniform convergence
of U; — to holds for the entire sequence i, we must have L? convergence
of the entire sequence |VU;|, which implies

/ﬁ VU - 0.
>

1
t

q.e.d.

Proof of Proposition 20: Proposition 6 and Lemma 21 imply that each
surface 3 X, in the jump region bounds a Caccioppoli set that minimises
area plus bulk energy (gij 7 ) K;; in I@to. To complete the proof
of Proposition 6, it remains to show that each surface Y, in Ky, is
in fact a smooth MOTS. To proceed, we use the connection between
parametric and non-parametric variational problems, that follows from
the relationship between a function w € BVj,.(£2) and its subgraph

(78) W={(z,t) e QxR :t <w(z)}.

In particular, let py denote the characteristic function of the subgraph
(78). Then Theorem 14.6 in [Gi] states

(79) /52\/1+|vw|2 :/WRW"DW"
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In (45) we established that at each point Xy € Iato, there exists a
subsequence i; and a function @ € CY%(Bg(&)) such that

Zf)ij — W in Cl(BR(io)),
where Br(io) := 7' N B (&), where
(80) graph(i) = Sx, = exp; " (Sx, 1 BY (X))

Then Lemma 11 establishes that each surface Xy, bounds a Cacciop-
poli set E in I€t0 that minimises area plus bulk energy (g% — 77 K;;
in Ky,, where by construction # is the outward unit normal vector to
the relative boundary 0E N Ky, .

Therefore, writing the Caccioppoli set F locally as the subgraph of
w := exp, (), we find from (79) that w minimises the functional

ofR(xo)(w) — / /1 + |Vw|2dx
)

Br(zo
w(x)
+ / /trMKij(x,T)—Kij(x,T)ﬂi(x,T)ﬂj(:E,T)dex
Br(zo) 0

in Br(zg) := equ(B RrZ0)), whose Euler-Lagrange equation is the MOTS
equation

Yw y .
81 div | ———=—= | + (¢” - 7'?’) K;; =0,
(& < 1+ ]VwP) ( ) g

and by construction v = Sw D The left hand side of (81) is an

V1 Vw2

elliptic operator of the form

Aw = a"(Vw) <?zvjw +4/1+ W’w!zKij> )

L 1 L %]
e (2
V1+|p| 1+ [p|
Since w € CY*(Bg(z0)), a¥ € C%*(Bgr(xg)), Aw is strictly elliptic on
Bpr(7o). Schauder theory then implies that w € C?%(Bg(x)), and by
bootstrapping further we obtain w € C’OO(BR@O)). Using a suitable

partition of unity, we obtain that each surface X, is a smooth MOTS
in Gy, . q.e.d.

where
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7. Existence of weak solutions

In this section we use the normal vector field  of the hypersurface

foliation of the jump region I@to from Proposition 6 to extend 7 = %
across the jump region, thereby constructing a globally defined normal
vector field v. Existence of weak solutions is then proven by taking the

limit of the translating graphs i%, using Compactness Property 7.

Theorem 22 (Existence of weak solutions). Let (M"! g, K) be a
complete, connected, asymptotically flat initial data set without bound-
ary, that satisfies tras K > 0. Then for any nonempty, precompact, open
set By C M with C? boundary, there exists a weak solution of (x*) with
initial condition Ey.

Proof. Let U be the limit of U, as given by (34). We construct the
vertical cylinders ¥; := 9{U < t} and ¥ := d{U > t} with local
uniform C%* bounds and unit normal vector field v with local C%
bounds. Then using Theorem (7), we show that {U < ¢} minimises
Jup in (M\Ep) x R for each ¢, where v is extended in the jump re-
gions l€t0 by the normal vector field © to the family of smooth MOTS

{EXO }Xoelito .

i) In the case where ¥, = i‘,j . the surface ¥, is constructed by fixing
a point Xog = (xg,20) € i‘,t and considering the sequence of times ¢;
such that X, € iil for each i. It then follows exactly as in the proof of
Lemma 10 that i%z converges locally uniformly to ;. Since ©; = ij
is a vertical cylinder, convergence holds for the full sequence, and the
unit normal vector field 7 is equal to %.

ii) We use a slightly different pointwise approach to construct ¥, and
f];r when %, # fl:r To this end, let Xy € i:g at a jump time fg.
Since there are only countably many such %, there exists a sequence of
points X; € i‘,ti with t; > tg, satisfying Zliglo X; = Xo and zllglo ti = to.

For ¢ > 1 large enough, we can assume that iti = i‘,;; , and as above

each surface piece iti N Bé\{[ *R(X;) can therefore be written via the
exponential map (denoted by the hat superscript) as the graph of a
O function w; over T Xlztw where

S, == expy (3¢, N BYE(X)).

Now consider the sequence 7; of normal vectors to 2” at XZ Since the
7;(X;) are uniformly bounded in C%¢, there exists a subsequence Vi
and a unit vector field # such that 7;; — © uniformly on Bg”()iy). Let

T denote the hyperplane containing X, and orthogonal to ﬁ(f(o). For
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i > 1 large enough, we can then write each surface 2% locally as the
graph of a C'1® function w; over TN BEH(XO). By Arzela-Ascoli, there

exists a further subsequence 1;; and a C'* function 1 : Tn B%“(Xi)
such that
@ — b in CYT'NBETY(X)),

where Xg € graph @ and T=T ygraph w. In order to recognise graph w
as a piece of 2;5 and T as Txoiz[), we consider a point Y € graphw.
Then there exists a sequence Y; € graphw; C f?ti such that Y; — Y,
and thus U(Y;) = t; implies U(Y) = t, where U := U o exp.

In order to obtain a contradiction, assume that Y € E;g Then there
exists & > 0 such that Bg‘”(Y) € E;g , however this contradicts the
fact that Y; € 2” for t; > tg. Thus we deduce that graphw € 2;5 as

required. The case where X € ito for ito # Ej(’) follows analogously.

In Proposition 6 we constructed a family of surfaces {% Xo } Xoeke,

foliating the jump region I@to of U. This foliation has a C’loo’s‘ normal
vector field 7, which extends the vector field of the surfaces ¥y, and X7
across the jump region at jump times ty via the definition

vU
W(m) if x € ¥; at regular times ¢,
17 if x € I@to at a jump time ¢y,
. U . = =
P(z) = zliglo W(xl) if x € ¥4,, where x; € 3y,
for x; — x,t; Mo,
- ~ )
lim v (x;) ifxze Ezg, where z; € Xy,

for x; — x,t; \  to.

This global interpretation of the normal vector field 7 in M\FEy x R
means the functional Jy7 5 is well defined on M \Ep x R, and it follows
from Compactness Property 7 that the sets {U < t} minimises Jy 5 in
M\ Ey x R for each t. The result then follows from Lemma 11. q.e.d.

8. Applications of weak solutions

In this section we highlight the natural applications of weak solutions
of (#*) to the existence theory for MOTS and to the theory of weak
solutions of IMCF.

MOTS. The one-sided variational principal associated with outward
optimisation implies that the solution must jump at t = 0 wherever the
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null mean curvature of Yo = 0Ly is strictly negative. Together with
Proposition 20, this implies the following existence theorem for MOTS
in initial data sets (M, g, K) containing an outer trapped surface g
such that 9;0 < 0.

Proposition 23 (Existence of smooth MOTS). Let (M"*! g, K) be
an asymptotically flat initial data set of dimension n+ 1 <7 satisfying
trays K > 0, and let Ey be any nonempty, precompact, smooth open set
mn M satisfying HgEO < 0 with respect to the unit normal pointing out of
Ey. Then the level set 0{u > 0} of the weak solution (U(x,z) = u(x), )
of (xx) is a smooth MOTS in M\Ey.

Proposition 23 highlights the natural application of the theory of
weak solutions to (xx) as a variational-type approach to constructing
marginally outer trapped surfaces. Let x denote the largest eigenvalue
of K with respect to g across M\ Ey. Then in the special case where
the outermost MOTS in M\ Ey satisfies

(82) |OE| < |OF| — neL™TY(E\F),

for every closed MOTS OF in M\Ejy, then the weak solution to (k)
in Proposition 23 will jump to the outermost MOTS ¥ = 9{u > 0} at
t = 0. In general, given any initial data, and any initial condition FEj
satisfying H;Eo < 0, the surface can’t jump beyond the outmost MOTS
at t =0, and the MOTS 0{u > 0} is an inner barrier for the outermost
MOTS ¥ in M\ Ey.

We compare Proposition 23 to the following existence theorem com-
bining [2] and [6], as stated in [1].

Theorem 24 ([2, 6]). Let (M, g, K) be an initial data set of dimen-
sionn+1 < 7 and let Q@ C M be a connected bounded open subset
with smooth embedded boundary 0. Assume this boundary consists of
two non-empty closed hypersurfaces 042 and 0_S), possibly consisting
of several components, such that

(83) H8+Q — tT'8+QK >0 and H6+Q + tr8+QK > 0,

where the mean curvature scalar is computed as the tangential divergence
of the unit normal vector field that is pointing out of 2. Then there
exists a smooth closed embedded hypersurface ¥ C € homologous to
0_Q such that Hy, + trs K = 0 (where Hs, is computed with respect to
the unit normal pointing towards 0_)). 3 is A-minimising in Q0 for
A =2(n+ 1)k, where k denotes the largest eigenvalue of K with respect
to g across €.

Here A-minimising in {2 means that the surface ¥ arises as (a relative
boundary of) a subset E C 2 with perimeter ¥ in {2 such that

(84) OENW| < |0F NW|+ ALY EAF),
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for every F' C  such that FAF CcC W CC Q. A detailed analysis of
such A\-minimising boundaries is carried out in [5]. We say that the set
E is A-minimising on the outside/inside in Q) if F satisfies (84) for every
F such that EAF CcC W, where F C E, F' O E respectively.

Remark. Since minimising area plus bulk energy P is a stronger
condition than A-minimising, weak solutions (U(x, z) = u(x), ) of (sx)
satisfy the following A-minimising properties, for A := nk, where &
denotes the size of the largest eigenvalue of K on M\ Ey:

(7) The smooth MOTS 9{u > 0} of Proposition 23 is A-minimising.

(i1) The sets By = {U < t} and {U < t} are A-minimising on the
outside for each t > 0, t > 0 respectively.

(7i1) The surfaces ) x, foliating the interior I@to of the jump region are
A-minimising in Cy, .

Inverse mean curvature flow. We now discuss the above results in
the context of the work of Huisken and Ilmanen [10] on inverse mean
curvature flow. In particular, when applied to the special case K = 0,
Definition 27 provides a new perspective on weak solutions to inverse
mean curvature flow, and the work of sections 4 and 6 carries over to
prove the analogous results for the jump region.

The degenerate elliptic equation

) divas <%> _ |Vl

describes inverse mean curvature flow of the level-sets of the scalar func-
tion u : M — R wherever |Vu| # 0. In [10], Huisken and Ilmanen define
a locally Lipschitz function u € C’loo’cl(M ) to be a weak solution of (x)
with initial condition Fy if Fy = {u < 0} and

(85)  Jyu(u) < Jyu(v), where J,(v) = JH(v) := /A Vol + v|Vul,

for every locally Lipschitz function v with {v # u} CC M\Ep, where
the integral is performed over any compact set A O {u # v}. They then
showed that it follows that u is a weak solution if and only if the open
set By := {u < t} minimizes the parametric energy functional

(86) JAF) = |0°F 1 A —/ IVl
FNnA

in M\ Ey for each t > 0.

Theorem 25 (Existence of weak solutions, [10]). Let M be a com-
plete, connected Riemannian manifold without boundary. Suppose there
exists a proper, locally Lipschitz, weak subsolution v of (85) with a pre-
compact initial condition. Then for any nonempty, precompact, smooth
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open set Fy in M, there exists a proper, locally Lipschitz weak solution
u of (%) with initial condition Ey, which is unique on M\ Ey.

In [9], Heidusch proved optimal Cllo’i regularity for the level-sets Ny =
O{u < t} and N; = 0{u > t} of the weak solution. The theory of weak
solutions to inverse mean curvature flow developed in [10], however,
does not include an analysis of the interior of jump regions. Applying
Proposition 20 in this special case where K = 0, we obtain a foliation
of the interior of the jump region {u = tp} x R by area minimising
hypersurfaces, a result which was left open in [10].

Corollary 26. Let u be the weak solution of inverse mean curvature
flow given by Theorem 25. At a jump time tg, the interior I@to of the
region {u = to} x R is foliated by smooth area minimising surfaces, each
of which 1is either a vertical cylinder or a smooth graph over an open
subset of Ky, .

We can then utilise the jump region hypersurfaces of Corollary 26 to
present a new perspective on weak solutions of inverse mean curvature
flow. In particular, by instead considering the weak solution to be a
family of hypersurfaces one dimension higher in M x R, we can ask
for the functional Jy7, defined by (86), to be minimised everywhere in
(M\Ep) x R, and obtain the following richer notion of weak solution.

Definition 27 (Alternative weak formulation). Let u be the unique,
locally Lipschitz weak solution to (x) on M\Ey given by Theorem 25,
and define the locally Lipschitz function U(z, z) := u(z) on (M\Ep) xR.
The weak solution to (x) is defined to be the pair (U,v), where v is a

unit length, translation invariant extension of I—%

such that at each point z € I&to, v(z) is the normal vector to a C1®
hypersurface passing through z, which bounds a Caccioppoli set that
minimises Ji7, in Ky, .

in the jump regions

The following weak existence result is a corollary of Theorem 22.

Corollary 28 (Existence of weak solutions). Let M be a complete,
connected Riemannian n-manifold without boundary. Suppose there ex-
ists a proper, locally Lipschitz, weak subsolution of (85) with a pre-
compact initial condition. Then for any nonempty, precompact, smooth
open set Ey in M, there exists a weak solution satisfying Definition 27
in M\ Eg x R with initial condition Ej.
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