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CONFINED STRUCTURES OF
LEAST BENDING ENERGY

STEFAN MULLER & MATTHIAS ROGER

Abstract

In this paper we study a constrained minimization problem for
the Willmore functional. For prescribed surface area, we consider
smooth embeddings of the sphere into the unit ball. We evaluate
the dependence of the the minimal Willmore energy of such sur-
faces on the prescribed surface area and prove corresponding upper
and lower bounds. Interesting features arise when the prescribed
surface area just exceeds the surface area of the unit sphere. We
show that (almost) minimizing surfaces cannot be a C?-small per-
turbation of the sphere. Indeed, they have to be nonconvex and
there is a sharp increase in Willmore energy with a square root
rate with respect to the increase in surface area.

1. Introduction

Constrained minimization problems for bending energies arise natu-
rally in various applications. In biophysics, for example, the shape of the
cell membranes is often modeled as (local) minimizer of an appropriate
curvature energy, most notably of the Helfrich—-Canham energy

Euc() = /Z (kp(H — Ho)? + 1o K) dH?.

Here ¥ C R? is a smooth surface describing the shape of the cell, H
and K are the mean and Gaussian curvature of X, and the spontaneous
curvature Hy and the bending moduli y, k4 are given parameters. Under
appropriate constraints on the total surface area and on the enclosed
volume, local minimizers of such shape energies are in good agreement
with typical shapes of cell membranes.

In this article we are interested in the minimization of bending ener-
gies under an additional confinement condition. This problem is moti-
vated by the shape of inner organelles in a biological cell. These struc-
tures are confined to the inner volume of the cell. Moreover, as the
membrane contributes to their biological function, organelles often have
large surface area (see, for example, the typical shape of mitochondriae).
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We start here a mathematical analysis of a simple prototype of such
constrained minimization problems: As curvature energy we consider
the Willmore functional and choose as outer container the unit ball. To
give a precise description of the problem let us introduce some notation:
Let a > 0 be given, and let B = B(0,1) be the unit ball in R3. We denote
by M, the class of smoothly embedded surfaces > C B of sphere type
with surface area ar(¥) = a. We associate to ¥ € M, the outer unit
normal field v : ¥ — R3, denote by k1, ko the principal curvatures of ¥
with respect to v, and define the scalar mean curvature H = x1 + ko, the
mean curvature vector H = —H v, and the Gauss curvature K = k1ko.

For ¥ € M, we then consider the Willmore energy

(1) W(E) = i/z\ﬁfd?-ﬂ

and the constrained minimization problem

(2) w(a) = Eiel}\f;la W(X).

We are interested in the dependence of w(a) on the surface area a, in par-
ticular for large values of a. The infimum w(a) may not be attained, as
limit points of minimal sequences need not to be embedded. Therefore,
we cannot make use of the Euler—Lagrange equation. It is an interesting
open problem to identify a class of (generalized) surfaces that comprises
the closure of M, and in which the infimum of the Willmore energy is
attained. One possible candidate is the class of Hutchinson varifolds
that have a unique tangent plane in every point but possibly varying
multiplicity.

Our main results are, first, a general lower bound w(a) > a and
the optimality of this bound for a = 4kw with & € N, and, second, a
characterization of the behavior of w as a just exceeds the value 47. For
a = 4km the optimal value w realizes the Willmore energy of k spheres
and the varifold limit of a minimal sequence converges to the unit sphere
with density k. Configurations at a ~ 4wk resemble k unit spheres
(connected by catonoid-like structures in order to have the topology of
a sphere). We therefore believe that the behavior of w as a crosses 4w
is key for the understanding of the constrained minimization problem.
As there are no surfaces that are C?-close to the sphere with area above
47, a change of behavior at this value can be expected. In fact, we prove
a sharp increase in the optimal energy at 4m: the difference in Willmore
energy w(a) — 4w behaves like the square root of the area difference
a — 47. The proof of the corresponding lower bound is the most delicate
step and uses rigidity estimates for nearly umbilical surfaces shown by
De Lellis and Miiller [7, 8] (see also [15] for an extension to higher
codimensions).
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Whereas our analysis does use the particular choice of the unit ball
as the confinement condition, we also gain some insight in the mini-
mization problem for more general containers C' C R3. In particular,
we obtain general upper and lower bounds that are linear in a. In fact,
if C C B(zo, R), a rescaling argument shows that W(¥) > & for any
¥ C C. If on the other hand B(z1,r) C C, then W(X) < 4rk for any
a = 47kr?, k € N. In case of a convex container with C?-boundary, we
expect that with growing surface area first the full space provided by
the container will be used (with a linear growth rate of the minimal
Willmore energy) before a protrusion inside the container will be devel-
oped (with a square root—type increase in Willmore energy). Comparing
the behavior of our constrained minimization problem with the shape
of inner structures in cells, we remark that our model supports forma-
tion of single protrusions that grow inside rather than the formation of
multiple folds. This indicates that for a proper model of such structures
more details have to be taken into account, such as the dynamic process
of fold formation or additional constraints on the enclosed volume of
the inner structures.

The minimization of the Willmore functional under constraints has
been studied in detail for rotationally symmetric surfaces; see [18] for
a review. General existence results without any symmetry assumptions
were obtained by Simon [19], proving the existence of smooth minimizer
for the Willmore functional for tori in R3. This result was extended to
surfaces with arbitrary prescribed genus by Bauer and Kuwert [3]. Re-
cently, Schygulla [17] showed the existence of smooth minimizers of the
Willmore functional for sphere-type surfaces with prescribed isoperimet-
ric ratio. The Willmore boundary value problem for surfaces of revolu-
tion has been considered in [5, 6], where the existence and regularity
of minimizing solutions as well as estimates for the optimal Willmore
energy have been shown.

The following relation between Willmore functional, surface area, and
(external) diameter d has been shown in [19] and has been refined in
[22]:

d?m?
W) 2 dar(X)’
For our purposes, however, this estimates is not very helpful, as it de-
generates with increasing surface area. An estimate between the isoperi-
metric and the Willmore deficit is proved in [16].

An alternative approach for minimizing the Willmore energy is to
employ a gradient flow. For the Willmore flow Simonett [21] and Kuwert
and Schétzle [11, 12, 13] have proved existence and convergence results.
However, as we need to satisfy constraints on area and confinement, such
results are not directly applicable to our problem.
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A closely related confinement problem has been studied by numerical
simulations in [10]. For a phase field approach to the minimization of
the Willmore energy under a confinement and connectedness constraint,
see [9].

2. Estimate from below

We will first prove a general lower bound for surfaces in the unit
ball by exploiting the classical Gauss integration-by-parts formula on
manifolds. As remarked above, limit points of minimizing sequences
for our constrained minimization problem may leave the class M,. By
Allard’s compactness theorem [2], such limit points at least belong to
the class of integral 2-varifolds with weak mean curvature in L?; see
[20] for the relevant definitions (note that we identify an integral 2-
varifold with its associated weight measure on R?). It is therefore useful
(and straigthforward) to prove the lower bound in this extended class
of generalized surfaces.

Theorem 1. Let p be an integral 2-varifold with weak mean curvature
vector H € L?(11) and support contained in B. Then we have

Q [ 1R = uB),

and equality holds if and only if p = kH?|S? for an integer k € N.

Proof. Since p has weak mean curvature H € L?(u), we have (just
by definition of weak mean curvature) that for any n € C}(R3;R3) the
first variation formula

/diva n(x)du(x) = —/ﬁ(az) cxdu(x)

holds. Consider now the vector field n(z) := x. Then divy,, n(z) = 2
and we deduce

20(B) = [ divr,,n(e) dulz)
— — [ @)z duta)
- / AP du(a) + / Ldp(z) — i/ [ + 20 [ dp(a)
- [ (= ) duo),

where for x € spt(u) the projection onto (T u
where we have used that H(x) is perpendicular to T, x in p-almost every

)+ is denoted by zt and
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point [4, Theorem 5.8]. From the last equality, we obtain

(4)

W(B) = [ 1P duto) [ |7+ 20 P dute) [ (1o P) duta),
Since |z| < 1, this immediately implies (3). Equality in (3) holds if
and only if 2t = —1H(z) and |21| = 1 for p-almost every z € B.
This implies 2 = o+ and |z| = 1 for p-almost every point € B—in
particular, spt(u) C S2. From the monotonicity formula, one derives

[13, (A.17)] that for any zo € S? the two-dimensional density satisfies
0%(11,20) < =W(1). Therefore, if equality holds in (3), then

W) = (@B (/9mmMH®®<WU

and we thus obtain that 62(u,-) = ;=WW(u) hold p-almost everywhere.
By integrality of u, this in particular implies u = kH?|S2. q.e.d.

This result immediately implies a lower bound for w and shows that
equality can only be attained for a = 4k7w with k € N.

Corollary 1. We have
w(a) > a  for all a >0,
w(a) > a  foralla € Ry \ {4kw : k € N}.

Proof. Let a € R be fixed and (X;);en be a minimal sequence in M.
We associate with ¥; the integer rectifiable varifolds u; = H?*| ;. For
all j € N, the varifold p; has total mass y;(B) = a and mean curvature
vector H that is uniformly bounded in L?(u;) by HH HLQ( < 4w(a)+
1. By Allards compactness theorem for integral varifolds [2 ] there exists
a subsequence of f1; that converges to an integral varifold p with weak
mean curvature H € L?(). In addition, the support of u is contained
in B, and we have

w(B) = lim pu;(B) = a.

]—)OO

Furthermore, we obtain that for any n € C1(B)

/ﬁ-ndu = —/diva n(x)du(z) = — li}m divy, s, n(z) dH?(z)
i—00 Jx;
= lim H] ndH?
]—)OO Z
< liminf</ 2 dH2(z / H, |2dH2
J—00 Z]

= (/nzdu) 2 lin_li.gf /z:j |Hj|2d7'l2> /27



114 S. MULLER & M. ROGER

Figure 1. Construction of a minimizing sequence. For
details, we refer to the appendix.

and it follows that

1 - 2 1 e d 2 . .
—|H|*dp = —( sup H-nd,u) < liminf W(X;) = w(a).
4 4 ||77||L2(u)§1 J—00

Theorem 1 then first yields w(a) > u(B) = a and secondly that w(a) = a
implies p = kH?|S? for an k € N and u(B) = 4kr. q.e.d.

We next show that for a = 4km, k € N, the optimal value w(a) = a is
in fact achieved.

Theorem 2. Let a = 4km for k € N. Then w(a) = a and any
minimizing sequence converges as varifolds to u = kH?|S?.

Proof. The last property is proved by similar arguments as used in
the proof of Corollary 1. To show that w(a) = a holds we construct
a sequence (3;)jen C Mg such that W(X;) — a. For k = 1 the unit
sphere is the unique minimizer. The main idea for k£ = 2 is to take two
concentric spheres, one with radius 1 and the other with radius close to
1. For both spheres we remove a cap close to the north pole, deform the
upper halves, and connect them by a catenoid-like structure (see Figure
1). We give the details of the proof in Section 5.

For k > 3, we take k nested spheres and apply (k — 1) times the
construction described for k = 2. q.e.d.

3. Upper bound for a close to 47k

Using that a dilation of space does not change the Willmore energy,
we obtain the following monotonicity property.
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Proposition 1. The mapping a — w(a) is monotonically increasing.
In particular, for all a < 47k we have

(5) w(a) < 4Ark.
Proof. Fix 0 < a1 < as and let (ij)jeN be a minimal sequence in
Ma27
ar(¥;) = ay forall j €N, lim W(%;) — w(ag).

Jj—r0o0
Let s : =, /Z—; < 1, and denote by ¥, : R® — R? the dilation by factor
s, i.e., ¥s(x) = sx. Define
Zj = ”(95(2])
Then ar(¥;) = s?ar(X;) = a; and %; € M,, for all j € N. Moreover,
W(E)) = W(E)) = wlaz),

and therefore w(a;) < w(ag). Since w(4rk) = 4wk, by Theorem 2 the
second conclusion follows. q.e.d.

For k = 1 the sphere with radius r(a) := /a/(4m) is the unique mini-
mizer of W in M, (up to translations) and (5) is sharp.
For a approaching 47 from above, we have the following upper bound.

Proposition 2. For all 6 > 0, there exists a constant C > 0 such
that
(6) w(a) — 4k < C-Va — 47k
for all A7k < a < 4wk + 4, k € N.

Proof. The first five steps of the proof deal with the case k = 1.
Step 1: We modify the unit sphere by growing a “bump” directed in-
wards and supported close to (0,0, 1). First, we choose two parameters
0 < s,t < 1 controlling the support of the bump and its extension.
We fix a symmetric function n € C*°(—1,1) that is positive inside its
support and decreasing on (0,1). We define

=15, :00,1] = R, P(r) = V1—1r2— tn(rs_l).

Next, let

U:Bi0) = R, (z)=y(z),
and define
M,; == graph ¥, ¥, := M, US?,

where S? denotes the lower half of the unit sphere. Then, for t < to(n),
the surface 3, ; is smooth, compact, without boundary, and is contained
in B$(0). Moreover, we have ;o = S2.
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Step 2: We compute the surface area element g, the scalar mean curva-
ture H, and the Gaussian curvature K of M, ;. We first obtain

Y V) = -

(®) W) = ~(1 )2 = (s,

For the surface area element g(x) = g(r) we deduce

1 rot 12
9 Loy —1 s 12
T2t 1_T28n(7’8 )+82n( )

For the scalar mean curvature H(r) = H(z) = =V - (Vi)(z)/g(z)), we
have

(9) g(r)* = 1+|Vy* =

t1 t
+ ——n'(rs_l) + 3- . szn’(rs 1)
21 IR IO & PP
(10) +3§71_T277(r3 ) +;s—3n(rs )°.

Step 3: We choose t in dependence of s such that M, ; has larger area
than the half sphere and such that the area converges to 2w as s — 0.

We first observe that Mj; only differs from S?N{z3 > 0} in B2(0) xR.
Therefore, by a Taylor expansion of the square root in g(r),

ar(Msy) — ar(S2 N{xs > 0})

S S 1
= 2nrqg(r) dr — 2 ——dr
/0 or)dr— [ 2y
:27r/ f\/l—ﬂ 2!

1) o+ 277/

where |Rg4(r)] <

r _ t2
ﬁn'<rs Y+ gl r)s)?) dr

2
7 T 3277 '(r)? ‘ . For t <« s, we therefore can

\/ 1 r2
approximate

ar(Ms) — ar(S% N {xz > 0})
2

~~ ’ f 2,/ t__ _ 2 2
~27r/0 (Srn( H+ 73 1—7r21(rs ))dr
1
(12)  wznt (s (0)+ 9 (0F) de.
0

We now can choose o < 1 depending only on 7 such that the for t = as?
the right-hand side is positive and converges to zero with s — 0; more
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precisely,
(13) ar(Msy) — ar(S* N {z3 > 0}) =~ 271as*C(n) > 0.

Step 4: We next show that the mean curvature is uniformly bounded in
s > 0. Since g(r) =~ 1, it is sufficient to bound the right-hand side of
(10). We estimate the different terms:

2(1 —r?)™3? ~ 2,

t _
"] < alln oo,

t1 _ s _
0= ;;77/(7"3 > —04;(77/(7"3 D =7'0) = aln"(lco,
t
0> ———n/(rs™) > az——n/(rs™) > —2a5|/|co,
0 < s < tvEateR
82112 -2 o
31 _
0= 5;77/(7"3 > _7’2@3”77”‘%0 = _Szag”nﬂ”%o-
Together with (10), this yields
(14) [H(r)| < C(n).

Step 5: By the construction above, we obtain a sequence s — 0 and

smooth, compact surfaces ¥ without boundary and contained in B3(0),
such that

a(s) = ar(Xs) > 4m, a(s) — 4n (s — 0)
and

w(a(s)) — 4w
<W(Z) — W(S?)
< sup{\H(r)\2 0<r< s}ar(graph(\I/]Bg(o)))

— ar(graph |gz(o)(r = V1 — r?))
<C(n)(a(s) — 4m) + |2 — C(n)|ar(graph | g (o) (r = V1 —1?))
<C()((als) - 4m) +5*) < C(n)y/(als) — 47)

by (13).

Step 6: For k > 2, we follow the construction of a minimal sequence for
a = 4km described in Section 5, except that we grow in Step 5 of Section
5 a slightly larger bump, such that the area of the constructed surface
just exceeds 4k. q.e.d.
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4. Lower bound for a close to 4w

By Corollary 1, we immediately obtain the lower estimate
(15) w(a) —w(dr) > a—4n

for a > 4m. The upper bound in Proposition 2 on the other hand, shows

the square-root behavior w(a) — w(47) < Cv/a — 47. In this section we

derive an improved lower bound with square root—type growth rate.
The next proposition gives a a useful characterization of the area

difference. In particular, we see that there are no surfaces in M, with

area larger than 4m that are C-close to the sphere, which gives a first

hint to a change of behavior in the constrained optimization.
Proposition 3. For any ¥ € M,,

ar(X) — 4r
1) == [ (1= v(@)? + 3o = (@ v ) K ) a0

holds. In particular, K > 0 on ¥ implies ar(X) < 4.

Proof. Let v denote a smooth unit-normal field on 3, and let (e, €2, e3) =
(71, T2,v) be a smooth orthonormal frame on ¥. We define p;(x) := z-7;,
q == \/p}+p3, n(z) := z, and w;; := e; - de;. For the l1-form w :=
n- (v X dv) = paws1 — prwsz, we compute [1, proof of Theorem 26]
(1

7) dw = —Ho +2p3Ko, dps = w3i1p1 + w32ps,

where o denotes the volume form on ¥ (note that in [1] the mean
curvature is defined as % times the trace of the Weingarten map, and
hence the term 2H appears there instead of H). We thus obtain

d(psw) = dps Aw + p3dw = —¢° Ko — psHo + 2p§K0.

Integration over X yields

1 1 1 -

2 2

p5s — =q KJ:—/p3HJ:—/—:E'HU

/2(3 2" 2 Jx 2 Jx
1

(18) :—/diVEnazar(E),
2 Js

where we have used in the last two equalities the classical divergence
formula on smooth closed surfaces [20, (7.6)] and divyn =2 on 3.

By the Gauss—Bonnet formula fz K dH? = 4, and substracting this
identity from (18) we obtain (16). q.e.d.

The main result of this section is following improved lower bound.
Theorem 3. There exists ¢ > 0 such that for all ¥ € M, a > 4,

(19) w(a) — 41 > cva — 4w

holds.
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In the remainder of this section, we prove Theorem 3. We first in-
troduce some notation and recall rigidity estimates for nearly umbilical
surfaces derived by De Lellis and Miiller [7, 8|.

For ¥ € M,, let g denote the first fundamental form of X, v the
outer unit normal field, A the second fundamental form, A(v,w) =
g(v,dv(w)), H = tr(A). With this convention, the unit sphere has H = 2
and A = Id. Further, let A denote the trace-free part of the second
fundamental form,

Alz) = A(z) — “é(”“’)

®g:A(az)—%H(x)®g for z € X.
We have the relation

2|A|? = k2 + k2 — 2K1ky = H? — 4K.
The Gauss—Bonnet Theorem then implies that

(20) W(E) - W(5?%) = 1/ H?*dH? — 41 = 1/ |A|? dH2.
4 /s 2 /s

By [7, Theorem 1.1] for ¥ € My, with W(X) < 67 there exists a
universal constant C' > 0 and a conformal parametrization ¢ : S? — X
such that after a suitable translation

(21) 9 —1d w222y < ClA| 2.

Moreover, for the conformal factor h : S? — RY given by Pig = hlc, o
the standard metric on S?, we have by [8, Theorem 2]

(22) Ih = Lllwz(s2) + [1h = Loz < ClA| L2

for a universal constant C' > 0. Fixing such a parametrization 1, we
define

N:S8% 5 §2 N = voq.
Note that

dip()(71) X dip(x)(72)
N(z) —
= a5 < ) )l
where (71,72, z) is an orthonormal basis of R" in = € S2.
By (21) and (22), we deduce

(23) 1% — Nllwreeszy < ClAlL2es).-

Around a point z¢ € X, 29 = (&), we often use a local parametrization
of the following type. Denote by D, := B(0,r) C R? the open ball in
R? with radius r > 0 and center 0. Let I : S? \ {—¢&y} — R? denote the
standard stereographic projection that maps &y to the origin and the
equator S2 N {&}+ to D1 C R2. We then define

U:D — %, U = oIl
M : Dy — 52, M:=Noll'' =vol.
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We deduce from (21), (22), and (23) that for ¥ € My, with W(X) < 6,

(24) 1% — T lwezp,) < CllAllL ),
(25) T = [JI o) < CllAlL2 ),
(26) W = Mllyr2p,) < CllAllL2s)-

Since 1 —|¥|? = (II"! — ¥) - (II"! + ¥) and since |¥| > 3 for ||1&||L2(2)
sufficiently small, this yields

(27) 11— 19 lw2z,) + 11 = 1]z, < ClAlL2)

for ||A|| r2(x) sufficiently small.
In order to prove Theorem 3, we fix ¥, € M, with a > 47 and define

Vi
0= VW(Za) —dm = [ AllL2n,)-

It is sufficient to prove (19) for all § < gy, where dg > 0 is an arbitrary
universal constant, since for 6 > dp by (15)

W(E,) —4r > dopva — 4w

holds. In the following, we assume dg < /27, associate to X, the dilated

surface ¥ = /4%, with ar(X) = 4, and let A = L. By [7, 8], there

exists a conformal parametrization ¢ : S? — X with (21)—-(27). By
choosing §y > 0 sufficiently small, we can moreover assume that

1
(28) 5 SA<2
1
(29) vl = 5,
1
(30) 5 < 17U <5

for any local parametrization ¥ : D; — X as above.
To derive the desired lower bound, we use (16) for ¥, and estimate
the right-hand side of this inequality from above. We observe that

L—(z-v(2)? = 1— |2’ + ]z — (2 v(z)v(2)]

and reformulate (16) in terms of the dilated surface ¥ as

~(a— 4n) :/2(1—A|x|2)K(x)d’H2(x)

3\
(31) + 5 [ @]z~ (@ v@)w()| K () dH?,
b
We have to show that both terms on the right-hand side are bounded
from below by —Cé§*.



CONFINED STRUCTURES OF LEAST BENDING ENERGY 121

Remark. Let us first briefly outline the intuition behind the proof
of these lower bounds. For the second term on the right-hand side of
(31), the lower bound is easy if one has slightly stronger assumptions
than (21)—(27). Indeed, since K = det A, we get from (21) and (22)
that L2({K < 0}) < C§?, while (24) and (25) imply that |v(z) —
z||pe < Cgd for all ¢ < oo. If we had an L* bound, the lower bound
—(C6* for the second term would follow immediately. Now W12 does
not embed into L but into BMO, the space of functions of bounded
mean oscillation. This space is dual to the Hardy space ! and since the
Gauss curvature has the structure of a determinant, one might expect
that we can bound K — 1 not only in L' but in #'. One can, however,
not rely directly on the BMO — #! duality, since, e.g., BMO is not an
algebra and || f2||smo cannot be estimated by || f||3y0- Instead, similar
to [7] one has to carefully approximate |K — 1||z — (x - v(z))v(z)|? in a
way which preserves as much of the determinant structure as possible;
see, in particular, (49), (52), and Proposition 6. For the first integral on
the right-hand side of (31), the estimate £2({K < 0}) < 6%, (27), and
the Sobolev embedding W22 < L give immediately the lower bound
—(C63, but this bound has the wrong exponent 3 instead of 4. To get a
better bound, we exploit that K > 1 —2|A —1Id|? (see below) and that
f(x) = 1 — Az|? has small oscillations on small balls. Indeed, if W22
would embed into W1, we knew that f is Lipschitz with Lipschitz
constant C'9, and hence that oscp, f < Cdr. Now the embedding from
W22 to Wh™ again just fails, but we can use Lemma 1, below, as a
substitute.

We now start with the rigorous estimate of the integrals in (31). We
use a partition of unity on S? and local parametrizations ¢ as described
above. We then have to estimate expressions of the form

[ (1= AR K )7 dy
(32) +% /Dl ()W (y) — (P(y) - M(y))M ()| "K (2 (y))|T9(y)| dy
from below, where 7 is a smooth localization,
(33) neCx (D), 0<n<1l, |[nlep, < C.
We proceed in several steps.

4.1. First term in (32). In this subsection, we prove the following
proposition.
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Proposition 4. There exists C > 0 such that for any n as in (33),
co >0, and all 6 < & sufficiently small,

/ n(y) (1= AW ()2 K (W ()| 9 (y)| dy

D1
1

(34) 2—/ n(l—A\W)uxyy—%/ (1= AW[?) — Cegd™.
2 Jp, ¢ Jpy

In the remainder of this subsection, we prove Proposition 4. We start
by observing that

tﬂA—J®fgv@A—mdygé+wA—hﬂ%
det(A —1d) < |A—1d|?,
which yields
K = det A = det(Id+A —1d) = 1+ tr(A — Id) + det(A — Id)

v

1
~ —2lA-1d %
2
We therefore obtain for the the left-hand side of (34)

/D n(y) (1 = AW ()2 K (¥ ()T (y)| dy

1

-2 /D () (1= A (y)2)|J¥(y)| dy

(35) -2 /D n(w) (1= A1) AT (y)) — 1d 2T (y)] dy

Below we will cover D; by smaller balls and control the right-hand side
by using the positive contribution from the first term and the smallness
of ||A —1Id||r2(x;)- We need the following auxiliary result.

Lemma 1. For any nonnegative f € W22(D,), 0 <r <1,

(36) sup f < 2 / f + 207 D2f || 2
T D,

holds.
Proof. Set a, := ﬁ’DT Iy Ay ::ﬁpr Vf, and define
hy) = fly) —ar — A - y.
We first prove
(37) [kl zoe(p,y < CrID*fll2(p,)-

Since the estimate is invariant under the rescaling f.(y) = f(ry), it
is sufficient to prove the claim for » = 1. We obtain by the Poincaré



CONFINED STRUCTURES OF LEAST BENDING ENERGY 123

inequality
IVhlao) = IV = [ 9 fllisn < CIDFluaqoy,
Ihllzar) = I = [ bllay < CITRz20o,
and deduce that ||hl[y2.2(p,) < C’\|D2f||L2(fDl). By the Sobolev embed-
ding theorem, we deduce (37).
Next, we obtain from (37)
sup f = sup (a,+ Ay y+h(y)) < ar+ A + [bllo,)

D, yeD,
ar +r|A.| + C’r||D2f||L2(fDT)

IN

and
0<inff = inf (ar—l—Ar-y—kh(y))

y€Dr

—rA(r)
[A(r)]
< ap —7|Ar| + Cr| D* £l 12(p,)-

ar + A, -

+ sup [ (y)]
D,

Combining both inequalities (36) follows. q.e.d.

Proof of Proposition 4. There exists a universal constant C'z € N and a
finite partition of unity 1 = Zf\i 1 U3 on Dy such that

#{1<i<N:yespt(v;)} <Cp foralyeD

and such that 0 < ¥; < 1foralli=1,...,N and ¥; € C*(D,(y")) for
r = ¢gd as chosen below.

We apply the previous lemma to the function f := (1 — )\|\If|2). By
(24),

(38) 1@ — I w2e(p,) < CO
holds, and we obtain f € W%2(D;) and, using (27),
(39) 1D fll2(py) < C6.
Since A < 2,|¥| < 1, we deduce from (37)

(40) sup(1 — \|T]?) < 2/(1 _A[W[?) + 2076,
D

Dy
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This yields for all r < 1 the estimate

/ (1 — A|U|?)|Ao ¥ —1d|?|JV|
Dr'(yi)

nOi|Ao ¥ —1d P|J |

gz( / (1—A\\II\2)+C5T>/D()

D, (y) Y
g%(/ (1—A]\I’]2))62+2C5r/ ni Ao —Td [2|.J].
2\, ) Do)

r\Y

We deduce from (35)

/D n(y) (1= A ()[2) K (¥ ()| TV ()] dy
1 N
2§/Dln(1—k\‘P\2)\J\P! —2;/& 9 (1= AW )| A(W) — 1d [2[J¥|

>4 [ o=y - S22 (] )

r

— 2057«/ nAoW¥ —1d|?|J¥|.
D1

By choosing r = ¢y, we obtain (34). q.e.d.

4.2. Second term in (32). Because in this term A only appears as a
constant prefactor and since % < A < 2, we drop the factor A in the

following. We first show that
(Ko\I/—l)\J\Il] =M -O0M X OoM — M - 01V X 0¥

can be well approximated by a term that preserves the determinat struc-
ture plus an extra error term which is more regular, i.e., in L9 rather
than in L', ¢ < 2.

For ¥ : D; — X as above, we set e3 := % Then e3 € W2’2(D1)

and there exist e,eo € W22(D;) such that (e1(y),e2(y), e3(y)) is an
orthonormal basis of R? for all y € D;. We then define

F,:=M-e;, i=1,23,
F = (F,F), F)T e 82,
F' = (F, R)"
and observe that
F,=(M-Y)-¢ fori=1,2,
(41) O — (O M)M|* = [O]?|F']%
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By (26) we have, using || fgllw12(p,) < Cllfllwr2pllgllw22m,)s
(42) / \F’\2+/ IVF'|> < 082
Dy Dy
Furthermore, (M — VU)-e3 = F3 —|V|, and for i = 1,2
1
(43) 0;F3 = 8,((]\/[ — \I/) . 63) + @\I’ - O,
holds and we obtain from (26) and (27) that
(44) / |VE> < €62
D1

We further compute
3

(45) = Y (@F)e; + RV, RV ZFaej ;v
7j=1

and claim that

(46) IR oy < Cpdy i=1,2 forall1<p<2
In fact,
U
ZFjaiej — 0,V = F10;e1 + Fr0;eq + (F38Zm — al\lf)

The estimate for the first two terms on the right-hand side follows from
(42) and the embedding W12(D;) — L4(D;) for all 1 < ¢ < oo, whereas
the third term can first be written as

1\ 1

F38Z-— — OZ\I'

Fy
= — (53— |¥)o,¥ — —=T.9,0¥

[o?

1 F
= —(M-T ;U
The estimate then follows from (26) and (27) and the embedding
WL2(Dy) — L4(Dy).
We next write, using (45),

M'al(M—\I’) Xag(M—\I/)

— |[¥?)w.

3 3
=M- Z(ale)ej X 2(82Fk)ek +M-RW
=1 k=1

(47) —F - F x 8F + M - RW,
with

RO . (f: nFy)e; x 1Y) + (RY) 23: 0aFy)e;) + (R < BYY).
J=1 J=1
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The estimates (42), (44), and (46) imply that for all 1 < ¢ < 2 there
exists Cy > 0 such that
(48) IR | Lagpyy < Cyb”.

Furthermore, we observe that M - iU x b¥ = 01U x LU| = |J¥|
and thus

KoU|J|
=M -0 M x M
=M -9 (M — ) x 8y(M — U)
+ M- (0T x (M —T) + 0 (M — ) x 0p0) + |JT|
(49) =F -0 F X ,F+ R+ |JY|,
where by (47)
(50) R := M-RW + M- (0¥ x 8s(M — U) + 91 (M — ¥) x ¥).

The main point is that F has values in S? and F - 0, F x OoF is just the
pull-back of the volume form on S2, so that F'- 91 F x 0o F is essentially
a two-dimensional determinant (see (65)). If instead we directly expand
M -0\ M x 02 M by setting M = ¥ + (M — V), we get a term (M — V) -
O (M — ) x Oo(M — W) that has no such interpretation.

For the following calculations it is convenient to treat the cases F3
close to 1 and F3 not close to 1 differently. We therefore introduce a
cut-off function 9 acting on the values of Fj,

(61)  WeC =11, 0<d<1, =1 I 1 =0.
Using (41) we then rewrite the second term in (32) as
(52)

[ 29 - (v - MM K o 9l

= / NP F)? (1 —O(F3))F - 01 F x 0. F
Dy

+/ ny\IfP\F’y?ﬂ(Fg)F.alFx62F+/ NP F' P (R+ [J9]).

Dl Dl

We treat the three terms on the right-hand side separately.
4.2.1. First term on the right-hand side of (52).

Proposition 5. Let 9 € C*°[-1,1], 0 <9 < 1, 19|[%71} =1 be given.
Then for §g > 0 sufficiently small we have

(53) / nCP|F P (1 —9(F3))F - O F x 0.F > —Co*.
Dy
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As 7 is compactly supported in Dy, we may extend ¥ to a W22-map

U : R2 — R3. We further consider the square Q = [~1,1]2. For k € N
fixed, it follows from (42) and (44) that

‘ e 2 J
> / / IVE (g1 + 70 y2) dyz dys
0 —1

p—
k % 1 J
Z/ / \VF\2(y1,y2+E)dy1dy2 < 082

Therefore, we can choose a € [0, 1] such that

IN

Co?,

k 1 )
(54) Z / |VF|2(a1 + £’y2)dy2 < 0k52’
j=—k -1 k
k 1 )
(55) Z / IVF|(y1, a2 + l)dyl < Cké>.
=1 k

Let @j, j € N denote an enumeration of the squares with edge length
# and corners in the set {a + +Z?} such that spt(n) C Uiz~ Q5o
N < 5k%. By (54) and (55), we have

(56) / IVF|?> < Cké* forallj=1,...,N.
9Q;
In particular, for dg > 0 small enough, we estimate

1
oscaq, F < C\@ij%(/m ]VFP)Z
J

1
57 < C—=Vké < Cb.
(57) O AL
Furthermore we obtain in the set {F3 < 2} that
1
M =0 = (M=) -e3)” = (B~ W) >

for all 0 < § < & and &y sufficiently small such that [¥| > I. By (26),
we deduce that for all 1 < p < oo

3 1
{55 < 71NQl < {IM — 9 > 610 NGl

(58) < cp/ M — WP < G,
Qj

Lemma 2. There exist 6o > 0 and constants C, > 0, 1 < p < o0
such that for any 0 < § < dg, k € N, and 1 < p < oo with Flg > CpoP,
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the inequality

1
(59) F3 > 5 on 0Q);

holds.

Proof. Assume that F3(y) < % for ay € 0Q;, j € {1,...,N}. Then

we deduce from (57) that Fj < % on 0Q; for 9 > 0 small enough. By

the Poincaré inequality on the unit cube and a rescaling argument, this

implies
2 1
| m-2p <op [ vmp
i Q@
52 1
< O=— < —|0;
for §p > 0 sufficiently small. Therefore
3 2.5 1
(61) {Fs > 23nQ;l < 144 | (F3—2)3 < 51Q4l,
4 o, 3 2
and in particular, by (58),
, 3 1 1
(62) Cpd? = |{F5 < Z}QQH > §|Qj| = 9

This gives a contradiction if 1%2 > C,6P and if C), is chosen large enough.
q.e.d.

Proof of Proposition 5. Let us assume (59). This implies that the degree
d = deg(F,Q;,) is constant on {{ € S? : & < 3}. If d # 0, then
{¢€ 5% : & < i} C F(Q)), and thus

1
H? S2 . 1) < 1dH?
({¢ e §3 < 2}) < /F(Qj)

g/ (det DFTDF)2 g/ IDF|> < C§
Q .

J J
by (42), (44). For 6 < o small enough, we therefore obtain a con-
tradiction. This shows that deg(F,Q;,") = 0 on {£ € 5 : & < 3}
Since 9 = 1 on {£ € S% : & > %}, this implies for g : S? — R,
g(€) = (1 —9(&)) (€2 + €2) and the volume form o on S? that go F = 0
on 0Q; and by deg(F,Q;, ) = 0 that

(63) 0= /Q F*(go) = /_(1—19(F3))|F’|2F-61FxazF.

J Qj
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We further deduce that, for any a\9) € Qj,

‘/ Nl [*(1 = O(F3))|[F'[°F - alan2F(
ék@,MWF—wmﬁw@»u—ﬂGQWﬂ%w@Fx@F

o)) [ (oo)]

i
60 <Colt+Li)k® [ DFP,
Qj
for a € (0,1), since ||1 — |\If|2HCo,a(Dl) < Cud by (27) and since fQ]‘
F*(go) = 0 by (63).
We then choose a = l =8, and Jy > 0 such that 0858 < 1 for the

constant Cg from Lemma 2. For § < &, we set k = |Cy 25 4|. Then
(59) is satisfied and (64) shows

/‘mmﬂFPﬂ—ﬁwwﬁ“&Fx%Fz—Cﬁﬂ+men/\DFR
j Qj
and by (42) and (44) the claim follows. q.e.d.

4.2.2. Second term on the right-hand side of (52). Let ¢ € C*
[—1,1] be chosen as in (51). Since |F|* = 1 we have

o V1 —|F|? on Df = Dy N{F; >0}
—/1—|F'|? on Dy := DynN{F; <0}

A short computation shows that on Dy

1
0iF3 = ——F - 0;F', i=1,2
F3

(65) F-0/F x ,F = Fig det DF
and
— |F")? . +

BT ) A
Since ¥ = 0 on [—1, 3], this yields
(66) | AVEIFEHR)E -0 F x 0uF

1
/2
= [ P/ TP denr

+/ n| U2 |F'|?9(—F3)F - O, F x 0yF.
D1
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Proposition 6. For any n € C>°(D;), the estimate
(67) | [ alePIPEaEF - ouF x 0uF| < C5
Dy

holds.

Proof. We rewrite the integral as in (66). For the second term, we
have by Proposition 5 applied to ¥ € C*°([-1,1]), 9(r) := 1 —9(—r)
(68) ‘/ n| V2| F' 29(—F3)F - 01F x 0o F| < C68%.

Dy

It therefore remains to control the first term on the right-hand side
of (66). To rewrite the corresponding integrand, we use that for any
differentiable h : R? — R?

(69) V- (cof DF’Th(F’)) = (V- h)(F')det DF'

holds and construct h € C*°(R?,R?) with
(70) V- h(z) = |2)%9(2), |h(z)| < Clz]>  for all z € R?,
where ¢ € C°(B(0,1)) is defined by

IWVITER) L < 8
b(z) = 4 v Pkl s

9
0 else.

Note that this implies

F 2
(7)) (/I ymaﬁ — (V- B)(F) onD
As z + |z|%¢(z) is a smooth function with compact support, there exists
a solution ¢ € C°°(R?) of

Aq(z) = |z|*(2) for all z € R%

which satisfies

lim sup l9(2) < 00

Z—00 1H(Z)
Let T5q denote the third-order Taylor approximation of ¢ in z = 0. We
define ¢(z) := q(z) — (T53¢)(z) and set h(z) = V{(z). Then all derivatives
of hin z = 0 up to second order vanish and h(z) < C|z|> holds for a
suitable constant C' > 0. This is clear for |z| < R; on the other hand, ¢
is harmonic on R?\ B(0, R) and grows at most logarithmically. Hence
Vg is harmonic and satisfies |Vq(z)| < |—§| as z — 00.
Furthermore, we deduce that

V-h(z) = AG(z) = |2[*¢(z) for all z € R?,
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which proves (70). By (69) and (71) and since 7 is compactly supported
in D1, we obtain
[F'[?

[l Pot/ TR
D1 1—[F|

:/ n|¥*V - (cof DF'Th(F"))
D1

det DF’

= - /D V (0¥ |?)-(cof DF'Th(F")).
The integral on the ;ight-hand side is estimated by
‘/ (n]w]?) - cof DF'Th(F')>‘
< IV @) s 1B s o) I DE |2 ()
<O+ Vallcow) A+ IV s I E 78y I DF [ 120y

<O+ IVallco)IDE 2,y < Clinller oo

where we have used (70), the Sobolev inequality, and (42). Together
with (66) and (68), this proves (67). q.e.d.

4.2.3. Third term on the right-hand side of (52).

Proposition 7. For any ¢; > 0 and any 6 < dy, we have

[ e (R 1w) = - cra)st+ [ alrPrY)
D1 Dy
C
(72) - = | |F'P.
(4] D
Proof. We recall from (48) and (50) that
R=M-RY 4 M- (0T x 8o(M — V) + (M — ¥) x 8,0),
HR(l)HLq(Dl) < Cy0% forany 1<gq<2.
Together with (42), the last estimate implies

|/ NPEPM - RO] < CLF a1V

(73) < CIF [freipy0® < OO
Moreover we observe that
M- (01 x Oo(M — W)+ 01 (M — V) x V) = (Ho W —2)[J¥|.

It remains to show that
(74)

/ <17|F’|2|\If|2(Ho\If—1) —17|F’|2)|J\If| > —00154—9/ F'|2.
Dy €1 Jp,
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We proceed similarly as in the proof of Proposition 4. Choose a finite
partition of unity 1 = 3> #; on D; such that #{1 <i < N : y €
spt(¥;)} < Cp for all y € D; and such that 0 < 9; < 1 for all i =
1,...,N and 9; € C®(D,(y")) for r = ¢;6 chosen below. We prove the
following auxiliary result.

Lemma 3. Letr >0 and f € WY3(D,,R?), h € L*(D,). Then
C
(15) | [ 18] < CriDf e, e, + ([ 1) Sl

Proof. This is proved like the Ladyzhenskaya estimate ||g||psre) <
Cllgll2 @2y |1 Dgll L2 (r2y [14]. Indeed, first observe that the desired esti-
mate is invariant under dilation and it hence suffices to consider r = 1.
Now

IDIf P iy = 12FDflliioy < 20 fl2on I Dfll L2y
< I lz2y) + IDf 72y

Since [||f*llL1(py) = HfH%Q(Dl), the Sobolev embedding Wi1(D;) —
L?(Dy) yields

17l z2os) < C(1 1320, + 1D S I32(p,))-

This implies

[ 1o
< C(I1f 2oy + 1D 1320y ) 1l 22(y),

which yields (75) for » = 1 and hence for all r > 0. q.e.d.

IN

£ 2200 12l 22y

Fix 1 < i < N, and apply the previous lemma for f = F’ on D,(y").
Note that by (21)

/ (HoWw —2)*1J¥| < Cs%.
Dy
Using that |¥| <1, 0 < n¥; < 1, and (30), we then obtain
[ PP w2
(%)
< CTHDF,”%Q(DT(yz))”H ol — 2”L2('Dr(yi))
¢ 2
+ 7”H oW — 2HL2(DT(yi)) /DT ‘F"
C

76 < Cré|DF'||? i+ —0 F'|%.
(76) IDE 2, iy + 5 Dr(yi)’ ’
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Similarly, we have
[ FR(eE -1l
Dr'(yi)

C
< (OrIDP s + 5 [ 1) = Uz
C
(77) < (Cr|DF|20p iy + — |F'|?)Co
( L2(Dr(y") " ) Do (y) >
by (27). Summing (76) and (77) over i, we we get with [[DF’||12(p,) <
o)

/ Dl P10 (H o @ — 2)[J9| + g F'2(19]2 — 1)]J 9|
D1

(78) > —CCpret — £C8° / P2,
T D,

Now let 7 = ¢1d. Then (78) implies (74). q.e.d.

4.3. Conclusion. We are now ready to prove Theorem 3. We choose
a partition of unity 1 = Zle f; on S? such that for each i = 1,...,6
the function 7}; are given as 7; o HZ._1 where 7; € C°(D;) and II; is a
standard stereographic projection. From Proposition 4, Proposition 5,
Proposition 6, and Proposition 7, we obtain that there exists §g > 0
such that for all ¢y, c; > 0 and any § < dg

/ (1 ~ Az v(@)’ + 5|:c ~ (@ - v(@)v(@)?) K () dH2(2)

>

—Zc 1+ coter)dt +Z( /m 1—)\\95]2)—%/2(1—)\\95]2))
C

+Z( [a@le =@ v - [

v

D1
_ (LY [ e
>~ Cl+co+e)dt + (5 C%) [ (= Ap?)

1__ /|:17— - v(@)(@).

Choosing cg, c1 large enough, the last two terms become nonnegative.
Together with (31), this proves

a—4r < C8 = C(OW(D) — 4n)?

for all § < dg and all ¥ € M,. This concludes the proof of Theorem 3.
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5. Proof of Theorem 2

In this section, we describe in detail the construction of a sequence
(X))jen C Mgy such that W(X;) — 81 as j — oo. We use here surfaces
of revolution given by a C' curve of circular arcs and a catenary part.
For a similar construction using circular arcs, see [5, 6].

Step 1: Depending on a parameter 0 < r < 1, we construct a curve y4
in the upper right quarter of the (x,y)-plane and obtain a surface >
in space by rotating v, around the y-axis.

For 0 < r < 1 given, we determine 0 < r1 < 1, (z1,41), (z0,%0) €
B1(0), 0 < f < m/2,and 0 < A < xg such that (see Figure 2)

e the sphere S, (x1,y1) touches the unit sphere from inside at
(cos(8). sin(8)),

e the catenoid {(z,y) : y = yo £ Aarccosh(§)} touches S, (z1,22)
for x = X in (z1,41) + r1(cos(w/2 + B),sin(7/2 + B)), and

e the catenoid {(z,y) : ¥ = yo £ Marccosh(§)} touches S,.(0) for
x = —\in (cos(m/2 — B),sin(7/2 — ).

This way, we obtain a C! curve v, in the (z,y)-plane by pasting

together the traces of:

e a curve v; that parametrizes the unit circle from (1,0) to (cos(f),
sin(3)) (the solid green line in Figure 2),

w08+ B i) = ()

e a curve ¥, that follows the circle Sy, ((z1,y1)) from (cos(f), sin(f))
to (z1,y1) + 71 (cos(8+ m/2),sin(B + 7/2)) (the solid blue line in
Figure 2),

(79)

' z [z cos(B+r (s —B))
Y21 (8,8 + 11 2) — R2, Y2(s) = <$(1]> T <sin(5 + rll_l(s - ﬁ)))

e two curves 75 that describes the catenary {(z,y) : |y — vo| =
Aarccosh($)} for A < 2 < xg (the solid black line in Figure 2),

. 2 = x ;
730 (A w0) = R, 3(2) = <y0 + )\(arccosha:/)\)> ’

e and finally a curve 74 that parametrizes the circle S,(0) between
r(cos(m/2 — B),sin(n/2 — 3)) and (r,0) (the solid red line in Fig-
ure 2),

w030 5B ) = ().
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T T r 1

Figure 2. The construction in the upper half-space

Step 2: The conditions above are expressed in the following system of

equations:

) (;) (55) = (&5):

(81) <y0 + Narccosh(\ap) ) - (f/i) o <_Czisnﬁﬁ> ’
- (VI = ().

(83) <y0 _ Narceosh(\- xo)> - <22g> ’

After some manipulations, and defining F : R3 — R? by

Frrd) = (

)

rcos 3 + 2rsin? 3 arccosh Smﬂ —rycosff— (1 —ry)sinf
(r+mry)sinf — (1 —ry)cosf
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we obtain the equivalent system

(84) 0 = F(r,r1,p),

(85) z1 = (1 —r1)cosf,

(86) y1 = (1 —r1)sing,

(87) xg = rsinf,

(88) A = zgsin S,

(89) Yo = 1(Z/l + (r+ 1) cos 5)-
2

We next observe that F'(1,1,0) = 0 and that F' is continuously differ-
entiable. Moreover, we have

det (8,,1F 85F>(1, 1,0) # 0.

Hence, by the Implicit Function Theorem, we obtain C'-functions r; =
r1(r), 8 = B(r) such that (r,r1(r), B(r)) satisfy (84) for 0 < r < 1 close
to 1. For the derivatives of r1, 8 with respect to r we obtain that

(90) 1) =1 Q) =-3,

which shows that 0 < r; < 1and 0 < 8 < 7/2 for 0 < r < 1 close to
1. (z0,%0), (x1,71) and X are easily determined from (85)—(89) and are
in the range of meaningful values with respect to our construction. In
particular we obtain

(91)  (zo,y0) — (0,1), (z1,11) — (0,0), A — 0 asr 1.

Step 3: We compute the surface area of ¥,. Let A;, i =1,...,4 denote
the surface area of the parts of the surface that belong to the curves ~;.
Since +; is parametrized by arc length, for ¢ = 1,2, 4 the corresponding
surface area elements are given by the z-components of ;. We therefore
deduce that

B
(92) A = 27T/ cos sds = 2msin 3,
0

B+r1g
Ay = 277/ (1 —71)cos B+ ricos(B+ry (s —B))ds
B
(93) = 277(7’1(1—rl)gcosﬂ—i-r%(cosﬂ—sinﬂ)),
w/2—0
(94) Ay = 27T/ rcos(s/r)ds = 2mwr? cos .
0

The curve 3 parametrizes the upper and lower part of the catenary as
two graphs. Since the surface area element for the rotation of a graph
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x — (x, f(z)) around the y-axis is given by z+/1 + f/(z)?, we obtain

that
Az = 2- 271/:0 <1 + %)1/2@*6&:
= 21 (azm /23 — A2 + \? arccosh a:_)\0>
1
(95) =27 (r2 sin? B cos 8 + r? sin* 8 arccosh m) )

The surface area of X, is thus given as
Ay ::ar(2+) = A1+ Ay + A3+ Ay

:27r<(1 —r)sin B+ 71 (1 — 7’1)z cos B+ (r} + r?) cos S+

2
1
(96) + r?sin? Bcos B+ r?sin? (3 arccosh — > .
sin 8
If we develop Ay = Ay (r) at r =1 we obtain A(1) = 47 and
(1) = T
(97) A1) = 277( . +2> > 0.

Moreover, we see that
(98) A1, A3 — 0, Ag, Ay — 27 asr 1.

Step 4: We compute the Willmore energy of the different parts. Since

all these parts have constant mean curvature given by 2, %, 0, %,
tively, we obtain

Wi(r) == W(Z4)

respec-

1 4 4
— Cr(4A A+ = A
277( 1+7’% 2+7’2 1)

= %w<4sin5+ <1 ;lTlgcosB + (cos B — Sinﬁ)) —|—cosﬁ>
(99) = 7T21;—1T1 cos 3 + 4 cos 3.
From the first line and (98), we also get that
(100) Wi(r) — 4m asr N1
and
(101) Wi(l) = —n2

Step 5: Finally, we add the lower part of the construction. With this
aim, we put X _ to be the union of the lower unit sphere and the lower
part of the sphere S, (0), where we have added an inward bump similar
to the construction in Theorem 2. We can then choose the size of a bump
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in such a way that ¥ = X, UX_ satisfy the area constraint ar(X) = 87
and such that W(X) is arbitrarily close to 2W(S?).
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