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SURFACES WITH PARALLEL MEAN CURVATURE
VECTOR IN COMPLEX SPACE FORMS

DoreL FETCU

Abstract

We consider surfaces with parallel mean curvature vector (pmc
surfaces) in complex space forms and introduce a holomorphic
differential on such surfaces. When the complex dimension of
the ambient space is equal to two we find a second holomorphic
differential and then determine those pmc surfaces on which both
differentials vanish. We also provide a reduction of codimension
theorem and prove a non-existence result for pmc 2-spheres in
complex space forms.

1. Introduction

Sixty years ago, H. Hopf was the first to use a quadratic form in
order to study surfaces immersed in a 3-dimensional Euclidean space.
He proved, in 1951, that any such surface which is homeomorphic to a
sphere and has constant mean curvature is actually isometric to a round
sphere (see [13]). This result was extended by S.-S. Chern to surfaces
immersed in 3-dimensional space forms (see [8]) and by U. Abresch
and H. Rosenberg to surfaces in simply connected, homogeneous 3-
dimensional Riemannian manifolds, whose group of isometries has di-
mension 4 (see [1, 2]). Very recently, H. Alencar, M. do Carmo and
R. Tribuzy have made the next step by obtaining Hopf-type results
in spaces with dimension higher than 3, namely in product spaces
M"(c) x R, where M™(c) is a simply connected n-dimensional space
form with constant sectional curvature ¢ # 0 (see [3, 4]). They have
considered the case of surfaces with parallel mean curvature vector, as
a natural generalization of those with constant mean curvature in a 3-
dimensional ambient space. We also have to mention a recent paper of
F. Torralbo and F. Urbano, which is devoted to the study of surfaces
with parallel mean curvature vector in S? x S? and H? x H?.

Minimal surfaces and surfaces with parallel mean curvature vector
in complex space forms have been also a well studied subject in the
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last two decades (see, for example, [5, 7, 9, 10, 12, 15, 16, 17, 18]).
In all these papers the Kéhler angle proved to play a decisive role in
understanding the geometry of immersed surfaces in a complex space
form, and, in several of them, important results were obtained when
this angle was supposed to be constant (see [5, 16, 18]).

The main goal of our paper is to obtain some characterization re-
sults concerning surfaces with parallel mean curvature vector in com-
plex space forms by using as a principal tool holomorphic quadratic
forms defined on these surfaces. The paper is organized as follows. In
Section 2 we introduce a quadratic form ) on surfaces of an arbitrary
complex space form and prove that its (2,0)-part is holomorphic when
the mean curvature vector of the surface is parallel. In Section 3 we
work in the complex space forms with complex dimension equal to 2
and find another quadratic form @’ with holomorphic (2, 0)-part. Then
we determine surfaces with parallel mean curvature vector on which
both (2,0)-part of @ and (2,0)-part of Q' vanish. As a by-product we
reobtain a result in [12]. More precisely, we prove that a 2-sphere can
be immersed as a surface with parallel mean curvature vector only in
a flat complex space form and it is a round sphere in a hyperplane in
C2. In Section 4 we deal with surfaces in C" with parallel mean cur-
vature vector, and we prove that the (2,0)-part of () vanishes on such
a surface if and only if it is pseudo-umbilical. The main result of Sec-
tion 5 is a reduction theorem, which states that a surface in a complex
space form, with parallel mean curvature vector, either is totally real
and pseudo-umbilical or it is not pseudo-umbilical and lies in a complex
space form with complex dimension less or equal to 5. The last Section
is devoted to the study of the 2-spheres with parallel mean curvature
vector and constant Kéhler angle. We prove that there are no non-
pseudo-umbilical such spheres in a complex space form with constant
holomorphic sectional curvature p # 0.

Acknowledgements. The author wants to thank Professor Harold
Rosenberg for suggesting this subject, useful comments and discussions
and constant encouragement, and the IMPA in Rio de Janeiro for pro-
viding a very stimulative work environment during the preparation of
this paper.

2. A quadratic form

Let X2 be an immersed surface in N™(p), where N is a complex space
form with complex dimension n, complex structure (J, (,)), and with
constant holomorphic sectional curvature p; which is either CP"(p), or
C™, or CH"(p), as p > 0, p =0, and p < 0, respectively. Let us define
a quadratic form @ on X2 by

Q(X,Y) =8|H[*(¢(X,Y),H) + 3p(JX, H)(JY, H),



SURFACES WITH PARALLEL MEAN CURVATURE VECTOR 217

where ¢ is the second fundamental form of the surface and H is its mean
curvature vector field. Assume that H is parallel in the normal bundle
of ¥2, ie. VIH = 0, the normal connection V- being defined by the
equation of Weingarten

VAV = —Ay X + V%V,

for any vector field X tangent to ¥? and any vector field V' normal to
the surface, where V¥ is the Levi-Civita connection on N and A is the
shape operator.

We shall prove that the (2,0)-part of @ is holomorphic. In order to do
that, let us first consider the isothermal coordinates (u,v) on ¥2. Then
ds? = N\2(du® +dv?) and define z = u+iv, Z = u—iv, dz = —=(du+idv),

V2
dz = %(du —idv) and

1,0 .0 - 1 /0 .0
—yd%ﬂ%)éhvﬁaﬂa)
We also have (Z,7) = (a%, a%> = (a%, a%> — )\2.

In the following we shall calculate
Z(Q(Z.2)) = Z(8|H|*(0(2,2), H) + 3p(J Z, H)?).
First, we get

Z((0(2,2),H)) =(V}o(Z,Z),H)+(0(Z,Z),V}H)
=(V30(Z,2),H) + (0(Z,2),V;H)
= <(VJZ:U)(Zv Z)? H> + <U(Zv Z)? V%H%
where we have used that
(V30)(2,2) =V40(Z2,2) —20(V 32,Z) =V0(Z,2)

since, from the definition of the connection V on the surface, we easily

get V27 = 0.
Now, from the Codazzi equation, we obtain
(2.1) - -
Z((0(2,2),H)) = ((Vz0)(Z,Z),H)+ (RN(Z,2)Z)*, H)

+(0(Z,2),V:H)
= <(V%U)(272)7H> + <RN(Z7 2)27 H>

+{0(2,2),VEH).
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From the expression of the curvature tensor field of IV
RN(U VW = VWU —(U,W)V + (JV,W)JU
—(JU,W)JV +2(JV,U)JW},
it follows
(2.2) (RN(Z,2)Z,H) = %”(Z, JZVH,JZ).
We also have the following
Lemma 2.1.
(2.3) (Vzo)(Z.Z),H) = (Z,Z)(VzH, H).
Proof. By using the definition of (V£0c)(Z, Z) one obtains
(Vo) Z,2) =V%o(Z,Z)—0(NzZ,Z)—0(Z,V22)
=Vio(Z,7Z)—0(Z,N22)
since VzZ = 0.

Next, let us consider the unit vector fields e; and es corresponding to

% and %, respectively, and E = —=(e; — iep). Then we have Z = \E

V2
and
_ A2 22 _
o(Z,72) = 70(61 — ey, e1 +ieg) = 7(0’(61,61)4‘0’(62,62)) =(Z,Z)H.

Since VzZ is tangent it follows that VzZ = aZ + bZ and then
0=(VzZ,Z) = bA2, where we have used the fact that (Z, Z) = 0, and
a=+5(Vz2,7Z).

In conclusion

(Vzo)(Z,2).H) = (VZ((Z,Z2)H),H)~(VzZ,Z)(H, H)
= (VzZ,Z)(H,H)+ (VzZ,Z){(H,H)
HZ,ZV5H,H) — (N2 Z,Z)(H, H)
= (Z,Z)(V4H,H).
q.e.d.

Lemma 2.2.

(24) Z((JZ,H)*) =2(JZ,H){(JZ)*,VH) - 2|H*(Z,JZ){JZ, H)
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Proof. From the definitions of the Kéhler structure and of the Levi-
Civita connection we have

Z((JZ,H)*) = 2(JZ,H){(V}JZ H)+ (JZ,V]H)}
= 2(JZ,H\{{Z,Z)(JH, H) — ((JZ)",AxZ)
+((JZ)*-, VLH)}

— 2(JZ, H){((JZ)*,V4H) — (o((J2)", Z), H)}

N~ N

= 20JZ H\{{(JZ)-,ViH) — (JZ, Z)|H|*},

where we have used VgZ =0(Z,7) = (Z,Z)H, as we have seen in the

proof of the previous Lemma, and (JZ)T = %(JZ, Z)Z, that can be
easily checked. q.e.d.

Replacing (2.2), (2.3) and (2.4) into (2.1) we obtain that Z(Q(Z, Z))
vanishes and then we come to the conclusion that

Proposition 2.3. If X2 is an immersed surface in a complex space
form N™(p), with parallel mean curvature vector field, then the (2,0)-
part of the quadratic form Q, defined on %2 by

QX,Y)=8|H[*(¢(X,Y),H) +3p(JX,H)(JY,H),

is holomorphic.

3. Quadratic forms and 2-spheres in 2-dimensional complex
space forms

In this section we shall define a new quadratic form on a surface 32
immersed in a complex space form N2(p), with parallel mean curvature
vector field H # 0, and prove that its (2,0)-part is holomorphic. Then,
by using these two quadratic forms, we shall classify the 2-spheres with
nonzero parallel mean curvature vector.

3.1. Another quadratic form. Let us consider an oriented orthonor-
mal local frame {€7, €3} on the surface and denote by 0 the Kéahler angle
function defined by (Jei,€) = cosf. The immersion x : 2 — N is said
to be holomorphic if cos @ = 1, anti-holomorphic if cos = —1, and to-
tally real if cos @ = 0. In the following we shall assume that z is neither
holomorphic or anti-holomorphic.

Next, we take e3 = —|—Z‘ and let e4 be the unique unit normal vector

field orthogonal to e3 compatible with the orientation of £2 in N. Since
e3 is parallel in the normal bundle so is e4, and, as the Kahler angle is
independent of the choice of the orthonormal frame on the surface (see,
for example, [9]), we have (Jey,e3) = cosb.
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Now, we can consider the vector fields

1 1
e1 =cotfes — ——Jeq, e9g=-—1Jeg+ cotbey
sin 6 sin 6

tangent to the surface and get an orthonormal frame field {e1, e, e3,e4}
adapted to 2 in N.
We define a quadratic form Q' on X2 by

Q'(X,Y) = 8ilH[(0(X,Y), eq) + 3p(J X, e4)(JY, e4)

and again consider the isothermal coordinates (u,v) on 2 and the tan-
gent complex vector fields Z and Z. In the same way as in the case of
@, using the Codazzi equation, the fact that H and e4 are parallel and
the expression of the curvature tensor field of NV, we get

(3.1) Z((0(Z,Z),e4)) = %(Z,JZMJZ, es).
On the other hand, we have
Z((JZ,e4)?) = 2(JZ, e4>{(VgJZ, eq) + (J Z, VZN64>}
= 2JZe){(Z,Z)(JH,ea) = ((JZ)", Ac, Z)}
= —2/H|(JZ,ex){Z,Z)(Je3, e1)
~2(JZ,ea)(o((JZ)7, Z), eq)
= 2|H{JZ,es)(Z,Z) cos 0 — 2(JZ,e4)(JZ, Z)(H, ey4)
= 2|H{JZ,es)(Z,Z) cos 0,
where we have used
V¥2=0(2,2)=(2,2)H, (J2)' =—(JZ,2)Z
and (Jey, e3) = cosf. We have
(Z,JZ) = —i{Z,Z){e1, Jes) = i(Z,Z) cos,
and, therefore, one obtains
(3.2) Z((JZ,e4)?) = —2i|H(Z, T Z){J Z, e4).

Hence, from (3.1) and (3.2), one obtains Z(Q'(Z, Z)) = 0, which means
that the (2,0)-part of the quadratic form @’ is holomorphic.
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3.2. 2-spheres in 2-dimensional complex space forms. In order
to classify the 2-spheres in 2-dimensional complex space forms, we shall
need a result of T. Ogata in [16], which we will briefly recall in the
following (see also [12] and [15]). Consider a surface %2 isometrically
immersed in a complex space form N?(p), with parallel mean curva-
ture vector field H # 0. Using the frame field on N?(p) adapted to
»2, defined above, and considering isothermal coordinates (u,v) on the
surface, Ogata proved that there exist complex-valued functions a and
c on Y2 such that 0, \, a and c satisfy

90 = XNa+b)

% = —|\*(@— b) cot 6 B

(3.3) % = /_\<2|a|2 — 2ab + W) cot 6
% = 2X(a — b)ccot

lc|2 = |a)? + P(3SiI§9—2)

where z = u +iv and |H| = 2b; and also the converse: if p is a real con-
stant, b a positive constant, ¥2 a 2-dimensional Riemannian manifold,
and there exist some functions 6, a and ¢ on ¥? satisfying (3.3), then
there is an isometric immersion of Y2 into N?(p) with parallel mean
curvature vector field of length equal to 2b and with the Kéhler angle 6.
The second fundamental form of ¥2 in N w.r.t. {e;, e, e3,e4} is given
by

—2—R@+c) —S@+e
i~
—S(a+c¢) —2b+ R(a+c)
and
S(a—c¢) —R@a-—c)
ot =

—R@—c) —S(a—-c)
and the Gaussian curvature of 2 is K = 4b* — 4|c|*> + £ (see also [12]).
Assume now that the (2,0)-part of @ and the (2,0)-part of Q' van-
ish on the surface 2. It follows, from the expression of the second
fundamental form, that ¢4+ a € R, ¢ — a € R and
32b(¢ + a) — 3psin? 0 =0, 32b(¢ —a) + 3psin®6 = 0.
Therefore ¢ = 0 and a = % and, from the fifth equation of (3.3),
it follows

(3.4) 9% sin? 6 + 128pb*(3sin* — 2) = 0.

We have to split the study of this equation in two cases. First, if p =0
then the above equation holds and @ = 0. Next, if p # 0, we get that
function 6 is a constant. This, together with the first equation of (3.3),

leads to a = 22 ;;%29 = —b. By replacing in equation (3.4) we obtain
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p = —12b% and then sin? § = %. We note that in both cases the Gaussian
curvature of ¥? is given by K = 4b* + £ = constant (see [12]). Thus,
by using Theorem 1.1 in [12], we have just proved that

Theorem 3.1. If the (2,0)-part of Q and the (2,0)-part of Q" vanish
on a surface ¥.? isometrically immersed in a complex space form N?(p),
with parallel mean curvature vector field of length 2b > 0, then either

1) N2(p) = CH?(—12b%) and X? is the slant surface in [6, Theorem

3(2));
2) N2%(p) = C? and X2 is a part of a round sphere in a hyperplane in
C2.

Since the Gaussian curvature K is nonnegative only in the second
case of the Theorem, we have also reobtained the following result of S.
Hirakawa in [12].

Corollary 3.2. If S? is an isometrically immersed sphere in a 2-
dimensional complex space form, with nonzero parallel mean curvature
vector, then it is a round sphere in a hyperplane in C?.

4. A remark on pmc 2-spheres in C"

Proposition 4.1. Let X2 be an isometrically immersed surface in
C™, with nonzero parallel mean curvature vector. Then the (2,0)-part
of the quadratic form Q vanishes on X2 if and only if the surface is
pseudo-umbilical, i.e. Ay = |H|*1.

Proof. It can be easily seen that if ¥? is pseudo-umbilical then the
(2,0)-part of @ vanishes and, therefore, we have to prove only the ne-
cessity.

_{Z,7)? . . Y
From Q(Z,Z) = =5~Q(e1 —iez,e1 — iez) = 0 it follows
<O’(€1, 61) - 0'(62, 62), H> =0
and
<O’(€1, 62), H> =0.
But, since (o(ey,e1) + o(ea,ez), H) = 2|H|?, we obtain, for each i €
{1,2},
(Apes,e;) = (o(ei,e), H) = |H|?.

Therefore Ay = |H|*1, i.e. ¥2 is pseudo-umbilical. q.e.d.

S.-T. Yau proved, in [21, Theorem 4], that if X2 is a surface with
parallel mean curvature vector H in a manifold N with constant sec-
tional curvature, then either 2 is a minimal surface of an umbilical
hypersurface of N or ¥? lies in a 3-dimensional umbilical submanifold
of N with constant mean curvature, as H is an umbilical direction or
the second fundamental form of £2 can be diagonalized simultaneously.
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We note that, in the first case, the mean curvature vector field of ¥2 in
C™ is orthogonal to the hypersurface.

Applying this result, together with Proposition 4.1, to the 2-spheres
in C", and using the Gauss equation of a hypersurface in C", we get

Proposition 4.2. If S? is an isometrically immersed sphere in C",
with nonzero parallel mean curvature vector field H, then it is a minimal
surface of a hypersphere S**~Y(|H|) c C".

5. Reduction of codimension

Let 2 : 2 — N"(p), n > 3, p # 0, be an isometric immersion of a
surface ¥2 in a complex space form, with parallel mean curvature vector
field H # 0.

Lemma 5.1. For any vector V normal to ¥2, which is also orthogo-
nal to JTY? and to JH, we have [Ag, Ay] =0, i.e. Ag commutes with
Ay.

Proof. The statement follows easily, from the Ricci equation

(RH(X,Y)H,V) = ([Ag, Av]X,Y) + (RY(X,Y)H, V),

(RY(X,Y)H,V) = {(JY,H)(JX, V)~ (JX,H){JY,V)
+2(JY, X)(JH,V)}
= 0
and R (X,Y)H = 0. q.e.d.

Remark 5.2. If n = 3 and H L JTX? do not hold simultaneously,
then there exists at least one normal vector V' as in Lemma 5.1. This can
be proved by using the basis of the tangent space TN along Y2 defined
in [17], which construction we shall briefly explain in the following. Let
us consider a local orthonormal frame {ej, ez} of vector fields tangent
to ¥2. Since we have assumed that H # 0 it follows that %2 is not
holomorphic or antiholomorphic, which means that cos?# = 1 only at
isolated points, and we shall work in the open dense set of points where
cos? @ # 1, where 6 is the Kihler angle function. The next step is to
define two normal vectors by

1 1
e3 = —cotfe; — ——Jey and eq4 = ——Jey — cot fes.
sin 6 sin 6
Thus {e1,e2,€3,e4} is an orthonormal basis in span{ej,es, Jey, Jea}.

Moreover, we can set

€1 = cos (g)el + sin (g>eg, €9 = COoS (g)eg + sin (2)64
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€3 = sin <g>€1 — COS <g)63, €4 = —sin <g>62 + cos <g>e4

and obtain a J-canonical basis of span{ej, ez, Jey, Jea}, ie. Jeégig =
€o;. Finally, let us consider a .J-basis of TN along X2, of the form
{51, €9,€3,64,65,66 = J€5,...,€m_1,Con = Jggn_l}. Now, three situa-
tions can occur:

1) H € (JTX?)*, and then €5 L JTX? and €5 L JH, where we have
denoted by (JTX2)* = {(JX)! : X tangent to X?};

2) H 1 JTX?, and then, if we choose é5 = H and ég = JH, we have
é; L JTY? and é; L JH (obviously, this case can occur only if
n > 3);

3) H ¢ (JTY?)* and H is not orthogonal to JTX2. In this case we
may consider the vector u, the projection of H on the comple-
mentary space of (JTX2?)* in TN (along ¥?) and set é5 = ﬁ It
follows that €5 L JTY? and é5 L JH.

If n=3and H L JTY? it is easy to see that

(RY(X,Y)H,es) = (RV(X,Y)H, es) =0
for any vector fields X and Y tangent to X2, and then that Ay commutes
with A., and A,,.
Conclusively, we get the following

Corollary 5.3. FEither H is an umbilical direction or there ezists
a basis that diagonalizes simultaneously Ag and Ay, for all normal
vectors satisfying V. L JH, if n =3 and H L JTX2, or the conditions
in Lemma 5.1, otherwise.

Lemma 5.4. Assume that H is nowhere an umbilical direction. Then
there exists a parallel subbundle of the normal bundle which contains the
image of the second fundamental form o and has dimension less or equal
to 8.

Proof. We consider the following subbundle L of the normal bundle
L =span{Imo U (JImo)* U (JTE?)1},

and we will show that L is parallel.

First, we shall prove that, if V' is orthogonal to L, then VéV is
orthogonal to JTY? and to JH, where {e1, es} is an orthonormal frame
w.r.t. which we have (o(ey,e2),V) = (o(e1,e2), H) = 0. Indeed, we get

(JH)H,VLV) = ((JH):, VYV) = —(VN(JH)L, V)
= —(VNJH,V)+ (VN(JH)",V)
= (JAge;, V) + {o(e;, (JH)T), V)

=0



SURFACES WITH PARALLEL MEAN CURVATURE VECTOR 225

and
(Jej) - Ve V) = —(Vi(Je)h,V)

= (VN Je;, V) + (VN (Jey)T, V)
= —(JVee;, V) — (Jo(ese;),V)
+{o (e, (Jej) "), V)

= 0.

Next, we shall prove that if a normal subbundle S is orthogonal to
L, then so is V1S, i.e.

(o0(eiej), Ve V) =0, (Jo(ei,e;),VaV)=0 and (Je;,ViV)=0

for any V € S and ¢,5,k € {1,2}. Since we have just proved the last
property, it remains only to verify the first two of them.

We denote A;j, = (V4 o(ei,e;), V) and, since o is symmetric, we
have A;jr = Ajir. We also obtain A;;;, = —(o(e;, €5), ViV}, since V is
orthogonal to L. We get

<(Vé€0)(eiv ej)’ V> = (Vé‘kO'(ei, ej)v V> - <0(vekeiv ej)v V>
_<J(eiv vekej)7 V>

= (Vé‘ka(ei, ej), V>,
and, from the Codazzi equation,

(VL o)eie), V) = ((Vio)(ek ej) + (RN (eg,ei)e;)t, V)
= (V& 0)(er, &) + (RN (e, ¢j)ei) ™, V)

= ((Vao)ler €)), V) = (Vo) (er, €1), V).

We have just proved that A;j, = Apji = Airj-
Next, since VelkV is orthogonal to JTY? and to JH, it follows that
the frame field {e;, es} diagonalizes Ay .y, and we get
€k

Ajj = —(a(ei,ej),ijV> = _<€i7AvelkVej> =0

for any ¢ # j. Hence, we have obtained that A;;; = 0 if two indices are
different from each other.
Finally, we only have to prove that A;; = 0. Indeed, we have

Aui = —(0(es,€:),VEV) = —(2H,VEV) + (0(ej,e;), VEV)

= (2VEH,V)—A;j; =0.
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It is easy to see that if V' is orthogonal to L, then JV is normal and
orthogonal to L. It follows that

((Jolei, ), Ve, V) = —(V(Jolei,e))", V)
= —(VJo(ei e;),V)
+<Vé\IZ(JJ(ei,ej))T,V>
= (JAg(eepyen V) = (JVE a(ei e;), V)
+o(er, (Jo(ei,e;) ), V)

= (Violee;),JV) =0.

Thus, we come to the conclusion that the subbundle L is parallel.
q.e.d.

When H is umbilical we can use the quadratic form () to prove the
following

Lemma 5.5. Let X2 be an immersed surface in a complex space form
N™(p), p # 0, with nonzero parallel mean curvature vector H. If H is an
umbilical direction everywhere, then Y2 is a totally real pseudo-umbilical
surface of N.

Proof. Since H is umbilical it follows that (0(Z,Z), H) = 0, which
implies that Y2 is pseudo-umbilical and that Q(Z, Z) = 3p(JZ, H)?.

Next, as the (2,0)-part of @ is holomorphic, we have Z(Q(Z, Z)) = 0,
and further

0=2((JZ,H)?*) = —-2/H*(JZ,H)(JZ,Z),

as we have seen in a previous section. Hence, (JZ,Z) =0or (JZ, H) =
0. Assume that the set of zeroes of (JZ,Z) = 0 is not the entire
Y2, Then, by analyticity, it is a closed set without interior points and
its complement is an open dense set in 2. In this last set we have

(JZ,H) = 0 and then, since H is parallel and ¥? is pseudo-umbilical,

0=Z2((JZ,H)) = (JVYZ.H)+(JZ,VYH)
= —(Z,Z)(JH,H) — (JZ,AyZ)
= —|H[*{JZ, Z),

which means that ¥.2 is also totally real. q.e.d.

Remark 5.6. Some kind of a converse result was obtained by B.-Y.
Chen and K. Ogiue since they proved in [7] that if a unit normal vector
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field to a 2-sphere, immersed in a complex space form as a totally real
surface, is parallel and isoperimetric, then it is umbilical.

Remark 5.7. In [19] N. Sato proved that, if M is a pseudo-umbilical
submanifold of a complex projective space CP"(p), with nonzero par-
allel mean curvature vector field, then it is a totally real submanifold.
Moreover, the mean curvature vector field H is orthogonal to JT M.
Therefore, if M is a surface, it follows that the (2,0)-part of ) vanishes
on M.

Remark 5.8. In order to show that only the two situations exposed
in Lemma 5.4 and Lemma 5.5 can occur, we shall use an argument
similar to that in Remark 5 in [4]. Thus, since the map p € %% —
(Ag — pI)(p), where p is a constant, is analytic, it follows that if H is
an umbilical direction, then this either holds on %2 or only for a closed
set without interior points. In this second case H is not an umbilical
direction in an open dense set, and then Lemma 5.4 holds on this set.
By continuity it holds on %2.

By using Lemma 5.4 and Lemma 5.5 we can state

Proposition 5.9. Fither H is everywhere an umbilical direction, and
Y2 is a totally real pseudo-umbilical surface of N, or H is nowhere an
umbilical direction, and there exists a subbundle of the normal bundle
that is parallel, contains the image of the second fundamental form and
its dimension is less or equal to 8.

Now, from Proposition 5.9 and a result of J. H. Eschenburg and R.
Tribuzy [11, Theorem 2], it follows

Theorem 5.10. Let X2 be an isometrically immersed surface in a
complez space form N™(p), n > 3, p # 0, with nonzero parallel mean
curvature vector. Then, one of the following holds:

1) X2 is a totally real pseudo-umbilical surface of N"(p), or

2) %2 is not pseudo-umbilical and it lies in a complex space form
N"(p), where r <'5.

Remark 5.11. The case when p = 0 is solved by Theorem 4 in [21].

Remark 5.12. We have seen (Remark 5.6) that if ¥? is a totally
real 2-sphere then it is pseudo-umbilical and therefore the second case
of the previous Theorem cannot occur for such surfaces.

6. 2-spheres with constant Kihler angle in complex space
forms

This section is devoted to the study of immersed surfaces 2 in a
complex space form N"(p), n > 3, p # 0, with nonzero non-umbilical
parallel mean curvature vector H and constant Kéhler angle, on which
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the (2,0)-part of @ vanishes. We shall compute the Laplacian of the
function |Ag|? for such a surface and show that there are no 2-spheres
with these properties.

Let {e1, ez} be an orthonormal frame on ¥2 such that H L Je;. The
fact that the (2,0)-part of the quadratic form @ vanishes can be written
as
(6.1)

8|H[*(o(e1,e1) — o(ea, e2), H) = =3p((Jer, H)? — (e, H)?)
8|H|?(o(e1,e2), H) = 3p(Jey, H){Jea, H),

and, from the second equation, we see that (o (e, ez), H) = 0. It follows
that the frame {e;,es} diagonalizes simultaneously Ay and Ay, for all
normal vectors V as in Corollary 5.3, since we are in the second case of
Theorem 5.10.

Next, since ¥? is not holomorphic or anti-holomorphic, we have that
cosf # 41 on an open dense set and then we can consider again the
normal vectors

1 1
e3 = —cotfey — ——Jey and ey = ——Jey — cot ey
sin 0 sin 0

and get an orthonormal frame {ej,eq,e3,e4} in span{ey,eq, Jey, Jea},
where 6 is the Kihler angle on X2

It is easy to see that if H 1 JTX? it results that the surface is
pseudo-umbilical, which is a contradiction.

On the other hand, if we assume that H € span{es,es} it follows
H = +|H|es, since Je; L H, and then es is parallel. Also, since
all normal vectors but e4 verify conditions in Corollary 5.3 we have
o(e1,e2) || e4. By using these facts and the expression of e3 we obtain
that o(e;, e;) € span{es,es} for i, j € {1,2}, and then dim L = 2, where
L is the subbundle in Lemma 5.4. Therefore, again by the meaning of
Theorem 2 in [11], we get that X2 lies in a complex space form N?2(p),
which case was studied earlier in this paper.

In the following, we shall assume that H ¢ span{es,es}, and, as we
also know that H is not orthogonal to JT'Y2, one obtains that the mean
curvature vector can be written as

H = |H|(cos fe3 + sin fes)

where (3 is a real-valued function defined locally on 2 and es is a unit
normal vector field such that es 1 JTX2. We consider the orthonormal
frame field {ey,eq,e3,€4,€5,66 = Jes,...,e2n-1,62, = Jeap_1} on N
and its dual frame {6;}?%,. These are well defined at the points of %2
where sin(243) # 0, which, due to our assumptions, form an open dense
set in ¥2. The structure equations of the surface are

dp = —ifia Ad and  dfys = —%K¢ A&,
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where ¢ = 601 + 02, the real 1-form 69 is the connection form of the
Riemannian metric on 2 and K is the Gaussian curvature.

A result of T. Ogata in [17], together with H L e; for any i > 4, i # 5,
implies that, w.r.t. the above orthonormal frame, the components of the
second fundamental form are given by

|H|cos f —R(a+ c) —3(a+c)
3
g =
—S(@+c) |H|cos S+ R(a+c)
—R(@—c)
ot =

—R(a —3(@—c)

5 ( |H|sin 8 — R(as + c3) —3(as + c3)

a3 +63) ‘H‘Siﬂﬂ—i—%(@g +63)
ag—c3) —R(az —c3)
b =
—R(az —c3) —S(az —c3)
and
—R(ao + o) —(aa + o)
0,20c—1 —
—S(aa + o)  R(aa + ca)
S(aq — o) —R(aq —ca)
200 __
o =
—R(Go — o) —(Aa — Ca)
where a, ¢, aq,cq, with a € {3,...,n}, are complex-valued functions

defined locally on the surface 2. We note that, since o(e1,e2) L. H and
o(e1,ez) L es, it follows o(ey,e2) L es. Moreover, since o(eq,e2) L e;
for any i € {1,...,2n}\ {4,6}, we have a + ¢ € R, ag + ¢3 € R and
Qo = Cq for any a > 4.

In the same paper [17], amongst others, the author computed the
differential of the Kéhler angle function 8 for a minimal surface. In the
same way, this time for our surface, we get

df = (a—@cosﬁ)qzﬂ— <&—’—];’cosﬁ)¢§.

The next step is to determine the connection form 65 and the differ-
ential of the function £, by using the property of H being parallel. We
have

(6.2) VeliH = (— sin e + cos Bes)df(e;) + cos 5v;e3 +sin 5Vé‘i€5 =0
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for i € {1,2}, and then
cos B(V, 63,€4> + sin S(V, 63,€4> 0, ie{l,2}

from where, by using the expressions of eg in the first term, of e4 in the

second one and of the second fundamental form of %2, we get

tan 8

sin 6

f12(e1) = cot 0(a — ¢) — S(as — c3)

cot 9

O12(e2) = —\H\ — 2cot ORa + tanﬂ(tan (g)?RCLg — cot (g)?)?c?,)

and finally 912 = fltb + f1¢, where
cot 6 tan 8
(6.3) f1 = (|H| §H2cotba— oo

Now, from equatlon (6.2), we also obtain
dB(e;) + (Vies, e5) =0, i€ {1,2}

and then, replacing es3 by its expression and also using the expression
of the second fundamental form, we get

(a3 —¢3)+cot 0 tan 5(&34—53)).

dB(e1) = |H|cot Osin § + tan (g)%ag — cot <g)§RC3

and .
— (AL
dB(e2) = Sined(a?) c3). N
Hence the differential of 8 is given by df = fo¢ + fo¢p, where

(6.4) fo= %<|H| cot fsin 5 + S,L(ag —¢3) — cot O(as + 63)>.

inf
We note that if the Kahler angle 6 is constant, then a = a = |—12ﬂ cos f3,
and, from (6.3), it results
(6.5)
= f{ H] cot 0 cos - )—tanﬁ( —23)-+cot 0 tan B(as +¢3) |
f1—2 |H|co CoS +cosﬁ g (43— C3)+cotftan f(az+2s) ;-

Let us now return to the first equation of (6.1), which can be rewritten
as

3
pa — o = gpsinZHCOSZ B,

where Age; = pie;. Since 1 + po = 2|H|? we have u; = |H|? +
%psinzﬁcoszﬁ and pp = |H|? — %psin290052 B. Thus

9
(6.6) |Ag|® = pd 4 13 :2]H]4+@p sin® § cos? 3.

In the following, we shall assume that the Kahler angle of the surface
»? is constant and then the Laplacian of |Ay|? is given by

) —p?sin? A (cos? B).

AlAnl* = 128
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In order to compute the Laplacian of cos* 5 we need the following
formula, obtained by using (6.4) and (6.5),

d(cos* B) = —4sin fcos® BdS = —4sin §cos® B(fap + fad)

— —dcos B{ (ify + |HIZG) g+ (—ifs + |H| 225 ) ).
We also have dd®(cos* B) = £(A(cos? B))¢ A ¢ and

d*(cos® B) = ~ticos® B (— if + 1B 20§~ (ify + 1] ) o).

cos 3 cos 3

After a straightforward computation, we get

A(cos4 p) = 4cos4ﬁ<K + 4|f1|2 + 12‘2’]’1 +|H| cot 0 ‘2)
cos (3
and then
A|AH|2 = gstin‘lﬁcos‘lﬁ(K —|—4|fl|2 + 12‘@']’1 +|H] cot 0 2)‘
52 cos (3

Assume now that ¥2 is complete and has nonnegative Gaussian curva-
ture. It follows, from a result of A. Huber in [14], that X2 is parabolic.
Then, from the above formula, we get that |Ag|? is a subharmonic
function, and, since |Ag|? is bounded (due to (6.6)), it results K = 0,
which, together with the Gauss-Bonnet Theorem, leads to the following
non-existence result.

Theorem 6.1. There are no 2-spheres with monzero non-umbilical
parallel mean curvature vector and constant Kdhler angle in a non-flat
complex space form.
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