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BALANCED METRICS ON NON-KÄHLER

CALABI-YAU THREEFOLDS
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Abstract

We construct balanced metrics on the family of non-Kähler
Calabi-Yau threefolds that are obtained by smoothing after con-
tracting (−1,−1)-rational curves on a Kähler Calabi-Yau three-
fold. As an application, we construct balanced metrics on complex
manifolds diffeomorphic to the connected sum of k ≥ 2 copies of
S3 × S3.

1. Introduction

We construct balanced metrics on the class of complex threefolds that
are obtained by conifold transitions of Kähler Calabi-Yau threefolds;
this class includes complex structures on the connected sum of k ≥ 2
copies of S3 × S3.

A central problem in studying compact complex manifolds is to find
special hermitian metrics on them. (All complex manifolds in this paper
are compact, unless otherwise stated.) The most distinguished class of
metrics on complex manifolds are Kähler metrics. A Kähler metric is
a hermitian metric whose hermitian form ω satisfies dω = 0. Kähler
metrics offer many advantages: their (hermitian) connections are tor-
sionless; their d, ∂ and ∂̄-harmonic forms coincide, which lead to the
Hodge structure on their cohomology groups. The drawback is that
many important complex manifolds do not admit Kähler metrics.

In search for a wider class of special metrics on an n-dimensional
complex manifold X, since the vanishing dωk = 0 automatically yields
dω = 0 when 2 ≤ k ≤ n− 2 (see [19]), the only weaker condition along
this line is the balanced condition

dωn−1 = 0.
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(One can generalize the Kähler condition along other directions, like the
pluriclosed metric: ∂∂̄ω = 0. In this paper, we concentrate on balanced
metrics.)

The balanced metrics on X (an n-dimensional complex manifold)
form an important class of hermitian metrics. First, the form ωn−1

defines a cohomology class in H2n−2(X,R), thus can be used to de-
fine the degree of vector bundles on X; the balanced metrics also occur
as part of the Strominger system, a system that generalizes the com-
plex Monge-Ampere equations and hermitian-Yang-Mills equations (see
[33]). Paired with cohomologically Kähler requirement on the manifold
X, (i.e. the validity of the ∂∂̄-Lemma on X), we expect that a balanced
metric would yield properties resembling that of a Kähler metric.

The existence of balanced metrics is also more robust than that of
Kähler metrics; more so when the base manifold is cohomologically
Kähler. For a pair of birational complex manifolds, Alessandrini and
Bassanelli [2, 3] proved that one admits balanced metrics if the other
admits balanced metrics; when X is cohomologically Kähler and has
balanced metrics, then small deformations of the complex structure of
X is also cohomologically Kähler [34, 35] and admits balanced metrics
[35].

This leads to the natural question whether balanced metrics are pre-
served under singular transitions of the underlying manifold. A singular
transition of a complex manifold Y is a contraction Y → X0 followed
by a smoothing X0  Xt, (i.e. Xt are small deformations of X0 such
that Xt are smooth for general t.) The simplest such case is the conifold
transition:

Definition 1.1. A conifold transition consists of a smooth compact
threefold Y , a holomorphic map to a singular complex space π : Y → X0

and an analytic family of complex spaces Xt, t ∈ ∆ ⊂ C, such that

1) X0 is compact and smooth away from a finite set Λ = {p1, · · · , pℓ};
2) π−1(pi) , Ei are (−1,−1)-curves; i.e., they are smooth ra-

tional curves, and the normal bundles NEi/Y are isomorphic to

OEi
(−1)⊕2;

3) π|Y−π−1(Λ) : Y − π−1(Λ) → X0 − Λ is a biholomorphism;
4) Xt are compact smooth complex manifolds for t 6= 0.

In this paper, we prove the existence of balanced metrics under coni-
fold transitions.

Theorem 1.2. Let Y be a smooth Kähler Calabi-Yau threefold and
let Y → X0  Xt be a conifold transition. Then for sufficiently small
t, Xt admits smooth balanced metrics.
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Here a smooth Calabi-Yau threefold is a three dimensional complex
manifold with finite fundamental group and trivial canonical line bun-
dle. There are plenty of conifold transitions of Kähler Calabi-Yau three-
folds. Given such a threefold Y , let E be a union of mutually disjoint
(−1,−1)-curves Ei. By contracting E, we obtain a singular complex
space X0. When the homology classes [Ei] ∈ H2(Y,Z) satisfies the cri-
terion of Friedman [12, 13], X0 can be smoothed to a family of Calabi-
Yau threefolds Xt. The theorem states that for sufficiently small t, all
Xt have balanced metrics.

The connected sum #k(S
3 × S3) of k ≥ 2 copies of S3 × S3 can be

given a complex structure in this way [13, 26]. As a corollary of the
Theorem,

Corollary 1.3. The complex structures on #k(S
3×S3) for any k ≥ 2

constructed from the conifold transitions admit balanced metrics.

On the other hand, according to Lemma 2 in [7], any pluriclosed
metric ω on #k(S

3 × S3) can be written as ω = ∂φ̄ + ∂̄φ for a (1, 0)-
form φ. We claim that in this case there is no balanced metric on it.
Otherwise, a balanced metric ω̃ would give 0 <

∫

#k(S3×S3) ω∧ ω̃n−1 = 0,

a contradiction.
Combining Corollary 1.3 and the above discussion, we prove a result

stated in [7]. (The proof of this statement in [7] was incomplete; the
reason given in [7] for T = 0 is insufficient.)

Corollary 1.4. There exists no pluriclosed metric on the complex
structures on #k(S

3 × S3) for any k ≥ 2 constructed from the conifold
transition.

This shows that the balanced metrics are the only known special
hermitian metrics on these manifolds (c.f. [7]). We add that in [8] it is
proved that their holomorphic tangent bundles are stable with respect
to any Gaudchon metric.

We believe that the theorem will play an important role in investi-
gating the geometry of Calabi-Yau threefolds within the framework of
Reid’s conjecture. To shed lights on the immense collection of diverse
Calabi-Yau threefolds, Reid conjectured that all Calabi-Yau threefolds
are connected by deformations and singular transitions [31]. The cur-
rent work is a step to study Calabi-Yau threefolds in the framework of
metric geometry along Reid’s conjecture.

Our proof of the Theorem is partially constructive in that we con-
struct balanced metrics gt on Xt with prescribed limiting behavior near
the singularities of X0. This helps to investigate the solutions to the
Strominger system of supersymmetry with torsion under the conifold
transition. Recall that the Strominger system is an elliptic system on a
pair (g, h) of a hermitian metric g on a Calabi-Yau threefold Y and a
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hermitian metric h on a vector bundle V on Y (c.f. [33, 24, 15, 6, 14]).
This system includes an equation on the hermitian form ω of g:

d∗ω =
√
−1(∂̄ − ∂) ln ‖Ω‖ω,

which is equivalent to the balanced condition [24]:

d(‖Ω‖ω ω2) = 0.

(Here Ω is a holomorphic 3-form of the Calabi-Yau threefold.) We hope
that the solutions to the Strominger system for Y can be prolonged
through conifold transitions. One can also consult the discussion on
this point from CFT in [1].

We add that there are explicit existence results on balanced metrics.
Goldstein and Prokushkin [17] constructed balanced metrics on torus
bundles over K3 surfaces and over complex abelian surfaces (cf. [11]
and [5]). Later, D. Grantcharov, G. Grantcharov and Poon [18] con-
structed CYT structures on torus bundles over more general compact
Kähler surfaces; as a consequence they constructed CYT structures on
complex manifolds of topological type (k− 1)(S2 × S4)#k(S3 × S3) for
k ≥ 1. However, the canonical line bundles of these complex manifolds
are non-trivial. Note that for compact complex manifolds with trivial
canonical line bundles, the existence of CYT structures is equivalent to
the existence of balanced metrics [25]. Along this line, our construction
provides CYT structures on a large class of threefolds, including those
of types #k≥2(S

3 × S3).

We now outline the proof of the theorem. Our first step is to modify
a Kähler metric on Y near the contracted curves Ei to get a balanced
metric ω0 on the contraction X0 so that near the singularities of X0 the
metric ω0 coincides with the Kähler Ricci-flat metric of Candelas-de la
Ossa’s (see [9]).

After this, we deform ω0 to smooth almost balanced hermitian metrics
ωt onXt so that they are Kähler and Ricci-flat near the singular points of
X0. We achieve the Ricci-flatness by using the deformation of Candelas-
de la Ossa’s metric on the cone singularity to smooth Ricci-flat metrics
on the smoothing of the cone singularity.

To get balanced metrics, we consider perturbation ω2
t + θt + θ̄t, with

θt = i∂µt for µt a (1, 2)-form on Xt solving

i∂t∂̄tµt = ∂̄tω
2
t subject to µt ⊥ωt ker ∂t∂̄t.

This way, d(ω2
t + θt + θ̄t) = 0 automatically. We then prove that the

C0-norms ‖θt‖C0,ωt
→ 0 as t → 0. Thus ω2

t + θt + θ̄t is positive definite

for small t; (ω̃t)
2 = ω2

t +θt+ θ̄t is solvable, and ω̃t is a family of balanced
metrics on Xt.

The technical part is to control the norms ‖θt‖C0,ωt
. To this end,

we choose γt to be the solution to the Kodaira-Spencer equation [22]
Et(γt) = ∂̄ω2

t subject to γt ⊥ωt kerEt. The solution γt satisfies ∂tγt = 0
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and µt = −i∂̄∗t ∂∗t γt. Applying the elliptic estimates, the L2-estimates
and the vanishing theorem of L2-cohomology groups, we prove that

lim
t→0

|t|κ· ‖θt‖2C0,ωt
= 0 for κ > −4

3
;

this is more than enough to get the desired bound on ‖θt‖C0,ωt
. Section

3 and 4 are devoted to prove this estimate.

The above construction of the family of hermitian metrics ωt and
the estimate on the perturbation terms θt provide a precise control on
the local behavior of the metrics ω̃t near the singularities of X0. Such
information will be useful in the further study of the geometry of Xt.
For instance, using this M.-T. Chuan [10] has proved certian existence
of Hermitian-Yang-Mills metrics on bundles over Xt.

It is worthwhile to compare this approach with a possible approach
using Michelsohn’s existence criterion of balanced metrics [28]. Let
Y → X0  Xt be a conifold transition of the Calabi-Yau threefold and
suppose Y is cohomologically Kähler and has balanced metrics. In case
Xt does not have balanced metrics, by Michelsohn’s criterion we find a
non-zero positive (1, 1)-current Tt on Xt of the form Tt = ∂̄St+∂S̄t with
(1, 0)-current St. Suppose Xtk has no balanced metrics for a sequence
tk → 0, then after normalization and passing to a subsequence, we find
a non-zero positive ∂∂̄-closed (1, 1)-current T0 on Y −E that is a weak
limit of the Ttk mentioned. If we can show that T0 extends to a non-zero

positive current T̃0 on Y such that T̃0 = ∂S̄ + ∂̄S for a (1, 0)-current S
on Y , we obtain a contradiction by applying Michelsohn’s criterion to
our assumption that Y has balanced metrics.

The extension is guaranteed if T0(Φ) = 0 for any d-closed (2, 2)-form
Φ on Y −E with compact support. One possible approach to such proof
is to establish estimates on a family of (2, 2)-forms θ′t (similar to the θt
mentioned before) on Xt:

‖θ′t‖C0,ω′
t
→ 0 as t→ 0.

Here ω′
t are the hermitian metrics on Xt that are the restriction to

Xt of a smooth hermitian metric on X =
∐

tXt. (Note for conifold
transitions, X is a smooth, non-compact four-fold). At the moment
we are unable to prove this estimate. Though this is weaker than the
estimate tκ· ‖θt‖2C0,ωt

→ 0 mentioned earlier, we can prove the stronger

estimate because we use essentially the Ricci-flatness of ωt near the
singularities of X0.

We hope that a refined version of this suggested approach will be use-
ful to attack the question on balanced metrics via singular transitions.

Question 1.5. Let Y be a compact cohomologically Kähler complex
manifold and let Y → X0  Xt be a singular transition. Suppose Y
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has a balanced metric. Does Xt admit balanced metrics for sufficiently
small t?

It will be too optimistic to believe that this question has an affirma-
tive answer in general. The case of threefolds (or Calabi-Yau threefolds)
holds more hope. Our theorem is the first step toward answering this
question. A more detailed understanding of this question will be im-
portant to the metric geometry of threefolds.

Acknowledgements. The authors would like to thank P.-F. Guan,
J.-X. Hong, Q.-C. Ji, L. Saper, V. Tossati and Y.-L. Xin for useful
discussions.

2. Balanced metrics with conifold singularity

Let (Y, ω) be a Kähler threefold. Let E ⊂ Y be a (−1,−1)-curve.
By contracting E we obtain a variety X0 with ordinary double point
singularity. In this section, by modifying the 4-form ω2 we construct a
balanced metric ω2

0 on Y −E that coincides with Candelas-de la Ossa’s
cone Ricci-flat metric near the singular point of X0.

We begin with setting up the convention for the geometry of Y near
the (−1,−1)-curve E. We let L be the degree −1 line bundle on E; we
pick a neighborhood U of E in Y that is biholomorphic to a disk bundle
in L⊕2.

To give coordinates to U , we fix an isomorphism E ∼= P1, pick an
∞ ∈ E and let z ∈ E − ∞ = C be the standard coordinates of C.
Using L⊕2|E−∞ ≡ C

⊕2
E−∞, and taking e1 and e2 be the standard basis

of C⊕2
E−∞, we give L⊕2|E−∞ the coordinates (z, u, v), meaning the point

ue1 + ve2 over z ∈ E −∞.
We let r ≥ 0 be the function

(2.1) r(z, u, v)2 = (1+ | z |2)(| u |2 + | v |2).

A direct check shows that this function extends to a smooth hermit-
ian metric of L⊕2. Using r, we agree that U ⊂ Y (containing E) is
biholomorphic to the open unit disk in L⊕2. For 1 ≥ c > 0, we let

(2.2) U(c) = {(z, u, v) ∈ U | r(z, u, v) < c} ⊂ U(1) = U.

As U ⊂ Y is viewed as an open neighborhood of E ⊂ Y , using the above
inclusion, U(c) for 0 < c < 1 are open neighborhoods of E ⊂ Y as well.

We recall Candelas-de la Ossa’s metric on U . To make the forthcom-
ing manipulation more tractable, since both L⊕2 and r2 are invariant un-
der the transitive group G = U(2) ≤ Aut(E), to study the G-invariant
property we only need to work out its restriction to z = 0 in E.
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Using (2.1) and the convention (2.2), we view r as a function on
U ⊂ Y . We consider

i∂∂̄r2 = i(| u |2 + | v |2) dz ∧ dz̄ + i(1+ | z |2)(du ∧ dū+ dv ∧ dv̄)
+ izū du ∧ dz̄ + iz̄u dz ∧ dū+ izv̄ dv ∧ dz̄ + ivz̄ dz ∧ dv̄.

Restricting to 0, and introducing

λ1 = dz, λ2 =
ūdu+ v̄dv

√

| u |2 + | v |2
,

λ3 =
vdu− udv

√

| u |2 + | v |2
and λkl̄ = iλk ∧ λl̄ ,

we obtain

(2.3) i∂∂̄r2|z=0 = r2λ11̄ + λ22̄ + λ33̄.

For the same reason, i∂r2 ∧ ∂̄r2 is also G-invariant, and has the form

(2.4) i∂r2 ∧ ∂̄r2|z=0 = r2λ22̄.

Definition 2.1. Let f0 =
3
2 (r

2)
2
3 . The two-form i∂∂̄f0 is the Kähler

form of Candelas-de la Ossa’s metric on U \ E. It is G-invariant.

We denote this metric by ωco,0; call it the CO-metric. In explicit
form,

(2.5) ωco,0|z=0 = (r2)
2
3λ11̄ + 2/3 (r2)−

1
3λ22̄ + (r2)−

1
3λ33̄.

Our next step is to modify ω using the CO-metric near E. For this,
we need to select a cut off function χ(s).

Lemma 2.2. There is a constant C1 such that for any sufficiently
large n, we can find a smooth function χ : [0,∞) → R such that

1) χ(s) = s when s ∈ [0, 2
4
3 ];

2) χ′(s) ≥ −C1n
− 11

3 and 2χ′(s) + sχ′′(s) ≥ −C1n
− 11

3 when s ∈
[2

4
3 , (n − 1)

4
3 ];

3) χ′(s) ≥ −C1n
− 5

3 and 2χ′(s) + sχ′′(s) ≥ −C1n
− 5

3 when s ∈ [(n −
1)

4
3 , n

4
3 ];

4) χ is constant when s ≥ n
4
3 .

Proof. We first construct a C2-function χ that satisfies the required

properties. We let c1 = 2
4
3 ; we define

χ(s) = s, for s ∈ [0, c1].

We consider φ(s) = c1 + (s − c1) − (s − c1)
3; χ and φ have identical

derivatives up to second order at s = c1.
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We let c2 to be the (unique) element in [c1,∞) so that 2φ′(c2) +
c2φ

′′(c2) = 0. This way, φ′(s) > 0 and 2φ′(s)+sφ′′(s) ≥ 0 for s ∈ [c1, c2].
We define

χ(s) = φ(s), for s ∈ [c1, c2].

Next, we pick c3 = (n− 1)
4
3 ; c3 > c2 for n large. We define

χ(s) = χ(c2) + c2χ
′(c2)− c22χ

′(c2) · s−1, for [c2, c3].

One checks that for s ∈ [c2, c3], χ
′(s) > 0 and 2χ′(s) + sχ′′(s) = 0.

To extend χ to [c3, c4] with c4 = n
4
3 , we let

ψ(s) = a0 + a1(s− c3) + a2(s− c3)
2 + a3(s− c3)

3;

we choose ai so that ψ(c3) = χ′(c3), ψ′(c3) = χ′′(c3) and ψ(c4) =
ψ′(c4) = 0. Solving explicitly and using τ = c22χ

′
2(c2), we get

a0 = τc−2
3 , a1 = −2τc−3

3 , a2 =
τ(4c4 − 7c3)

c33(c4 − c3)2
, a3 =

2τ(2c3 − c4)

c33(c4 − c3)3
.

Using the explicit form of c3 and c4, we see that there is a constant

C1 independent of n so that for large n, −C1n
− 10

3 ≤ a2 < 0 and 0 <

a3 ≤ C1n
− 11

3 . Therefore, over [c3, c4] we have ψ(s) ≥ −C1n
− 5

3 and

2ψ(s) + sψ′(s) ≥ −C1n
− 5

3 . We define

χ(s) =

∫ s

c3

ψ(τ)dτ + χ(c3), for s ∈ [c3, c4],

and define χ to be a constant function over [c4,∞).
In the end, after a small perturbation of the function χ, we obtain a

smooth function that satisfies the requirements stated. This proves the
Lemma. q.e.d.

From now on, we let n be a large integer satisfying the conclusion
of Lemma 2.2. We introduce some auxiliary functions depending on n.
We will use subscript n to emphasize their dependence on n. Later we
will drop the subscript n when n is fixed.

We set sn = n
4
3 (r2)

2
3 and continue to denote f0 = 3

2(r
2)

2
3 , both are

functions of (z, u, v). Using the function χ, we construct a d-closed real
(2, 2)-form on U \E:

Φn =
3

2
i∂∂̄
(

n−
4
3χ(sn)(i∂∂̄f0)

)

;

since r is smooth on U \ E, it is well-defined. Expanding,

Φn = χ′(sn)(i∂∂̄f0)∧(i∂∂̄f0)+2/3 n
4
3 (r2)−

2
3χ′′(sn)(i∂r

2∧∂̄r2)∧(i∂∂̄f0).
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Restricting Φn to z = 0 in E, from (2.4) and (2.5), we get

n
2
3Φn|z=0 = 2/3

(

2χ′(sn) + snχ
′′(sn)

)

s
1
2
nλ11̄ ∧ λ22̄ + 2χ′(sn)s

1
2
nλ11̄ ∧ λ33̄

+2/3
(

2χ′(sn) + snχ
′′(sn)

)

s
1
2
nr

−2λ22̄ ∧ λ33̄.

Lemma 2.3. The (2, 2)-form Φn satisfies:

1) over U( 2n) \E, Φn = ω2
co,0 is positive;

2) over U \ U( 2n), there is a constant C2 such that for sufficiently
large n,

n
2
3Φn|z=0 ≥ −C2n

−1
∑

k 6=j

λkk̄ ∧ λjj̄;

3) Φn has compact support (contained in) U .

Proof. This follows from Lemma 2.2. q.e.d.

Since Φn has compact support (contained in) U ; using extension by
zero, we can view it as a global form on Y \E.

Next we investigate the restriction of ω to U . We let ι : E → Y be
the inclusion and consider the restriction (pull back) ω|E = ι∗ω; it is
a Kähler metric on E. With π : U → E the tautological projection
induced by the bundle structure of L⊕2, the form

ω̃E = π∗(ω|E)
is a closed semi-positive (1, 1)-form on U .

Lemma 2.4. There is a smooth function h of U such that ω|U =
ω̃E + i∂∂̄h.

Proof. Since [ω|U ] = [ω̃E ] ∈ H2
dR(U,R), there exists a real 1-form α

such that ω|U − ω̃E = dα. Since α is real, we can write α = β + β̄ for β
a (0, 1)-form. Therefore from

ω|U − ω̃E = ∂β̄ + (∂β + ∂̄β̄) + ∂̄β,

we obtain ∂̄β = 0.
We now prove that the Dolbeault cohomology group H0,1

∂̄
(U,C) = 0.

Let 0,∞ ∈ E be the standard 0 and ∞ in P1 using the isomorphism
E ∼= P1 fixed at the beginning of this section. Continue to denote
by π : U → E the projection, we introduce open subsets U+ = U \
π−1(∞), U− = U \ π−1(0) and B = U− ∩ U+. Following the argument
leading to (2.1), U+ ⊂ C

3 is the domain {(z, u, v) | r(z, u, v)2 < 1}.
Since r(z, u, v)2 is pluri-subharmonic, U+ is Levi-pseudo-convex; thus
is a domain of holomorphy. Applying the Dolbeault theorem [23, Thm

6.3.1], H0,1
∂̄

(U+,C) = 0. For the same reason, H0,1
∂̄

(U−,C) = 0.

Let γ ∈ H0,1
∂̄

(U,C). Then there exist functions h+ on U+ and h− on

U− such that γ|U+ = ∂̄h+ and γ|U− = ∂̄h−. Thus h0 = (h+ − h−)|B is
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holomorphic (on B). We claim that we can find holomorphic a+ on U+

and holomorphic a− on U− so that (a+−a−)|B = h0; therefore h+−a+
on U+ and h− − a− on U− patch along B to form a smooth function h̃

on U so that ∂̄h̃ = γ. This will prove H0,1
∂̄

(U,C) = 0.

We now prove the claim. We keep the embedding U+ ⊂ C
3 men-

tioned; using B ⊂ U+ we have the induced embedding B ⊂ U+ ⊂ C
3.

Let h0 be the holomorphic function on B mentioned. Since for any c ∈
C
∗ the slice B∩{z = c} is a polydisk in C

2, h0 has a power series expan-
sion h0 =

∑

i,j≥0 aij(z)u
ivj , where aij(z) are holomorphic on C

∗. Using

the Laurent series expansions, we can write aij(z) = a+ij(z)+a
−
ij(z

−1) so

that a±ij(z) are holomorphic on C and a−ij(0) = 0. (Such decompositions

are unique.) We let h+0 =
∑

i,j a
+
ij(z)u

ivj and h−0 =
∑

i,j a
−
ij(z

−1)uivj .
Using the Cauchy integral formula and applying power series conver-
gence criterion, one checks that h+0 extends to a holomorphic function
on U+.

It remains to show that a− extends to a holomorphic function on U−.
For this, we use that U ⊂ L⊕2 and L is the degree −1 line bundle on
P1 ∼= E. Thus we can embed U− ⊂ C

3 via coordinates (z′, u′, v′) such
that the transition function from U+ to U− is

(2.6) (z′, u′, v′) = (z−1, uz, vz).

(Note that u ≡ 1 transforms to u′ = 1/z′, which has a simple pole at
z′ = 0.) Thus h−0 =

∑

i,j a
−
ij(z

′)(z′)i+1(u′)i(v′)j . Since a−ij(0) = 0, h−0
converges on B implies that it extends to a holomorphic function on
U−. This proves the claim; hence H0,1

∂̄
(U,C) = 0.

Because H0,1

∂̄
(U,C) = 0, we can find a function g on U such that

β = ∂̄g. Therefore letting h = −i(g − ḡ), ω|U − ω̃E = i∂∂̄h. q.e.d.

Since i∂∂̄h|E = ι∗(ω− ω̃E) = 0, the restriction h|E = const.. Thus by
subtracting a constant from h we can assume that h|E = 0. Next, using
the open U+ = U \ π−1(∞) and the embedding U+ ⊂ C

3, we introduce
directional derivatives:

(2.7) a =
∂

∂u
(h|U+)|E−∞ and b =

∂

∂v
(h|U+)|E−∞.

Using the embedding U− ⊂ C
3 and the transition function (2.6), one

sees that the smooth function on U+ defined via

(2.8) h1|U+ := au+ āū+ bv + b̄v̄

extends to a smooth function on U that is R-linear along the fibers of
π : U → E; we denote this extension by h1.

Using h1, we now introduce another (2, 2)-form. We let h2 = h− h1.
We pick a decreasing function σ(s) that takes value 1 when 0 ≤ s ≤ 1
and vanishes when s ≥ 4. We set tn = n2r2, which is a function of

(z, u, v). Since σ(t) has compact support (contained in) U( 2
n2 ), using
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extension by zero, we can view it as a function on Y and then use it to
define a real (2, 2)-form on Y :

Ψn = ω2−i∂∂̄
(

σ(tn)·h2 ·
(

2ω̃E+i∂∂̄(2h1+h2)
))

−i∂∂̄
(

σ(tn)·h1 ·i∂∂̄h1
)

.

This form satisfies

dΨn = 0, Ψn|Y \U( 2
n
) = ω2 and Ψn|U( 1

n
) = 0.

Here the first and second follows from the definitions of Ψn and σ(tn);
the third follows from i∂∂̄h1 ∧ ω̃E = 0.

We now add a multiple of the compactly supported form Φn to Ψn:

Ω0 = Ψn + C0n
2
3Φn, C0 > 0.

We emphasize that the form Ω0 depends on the constant C0 and the
integer n. We shall specify their choices later.

Lemma 2.5. The real (2, 2)-form Ω0 is d-closed;

1) restricting to U( 1n) \ E, Ω0|U( 1
n
)\E = C0n

2
3ω2

co,0;

2) restricting to Y \ U , Ω0|Y \U = ω2.

Further, for sufficiently large C0, there is a constant n(C0) such that for
n ≥ n(C0), Ω0 > 0.

Proof. Because Φn and Ψn are both d-closed, Ω0 is d-closed. We show
that Ω0 > 0. By the definitions of Φn and Ψn,

Ω0|X\U = Ψn|X\U = ω2 > 0 and

Ω0|U( 1
n
) = C0n

2
3Φn|U( 1

n
) = C0n

2
3ω2

co,0 > 0.

So we only need to check the positivity of Ω0 over U \ U( 1n). We first

look at the region U( 2n) \ U( 1n). Within this region,

(2.9)

Ψn = (1− σ(tn))ω
2

− i
(

h1∂∂̄σ(tn) + ∂σ(tn) ∧ ∂̄h1 + ∂h1 ∧ ∂̄σ(tn)
)

∧ i∂∂̄h1
− i
(

h2∂∂̄σ(tn) + ∂σ(tn) ∧ ∂̄h2 + ∂h2 ∧ ∂̄σ(tn)
)

∧
(

2ω̃E + i∂∂̄(2h1 + h2)
)

.

Since 1 − σ(tn) ≥ 0, the first term is non-negative. For the other two
terms, because E is covered by D = {|z| ≤ 2} and D′ = {|z| ≥ 1},
we only need to investigate the positivity over D and D′ separately.
Because the discussion is similar, we shall deal with D now.

To begin with, we fix a small δ > 0 (to be determined later). We
consider Vδ = π−1(D) ∩ U(δ). Over Vδ, the second term in (2.9) is

−i
(

h1∂∂̄σ(tn) + ∂σ(tn) ∧ ∂̄h1 + ∂h1 ∧ ∂̄σ(tn)
)

∧ i∂∂̄h1,
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which, after expanding, becomes

−n2h1
(

σ′i∂∂̄r2 + tnσ
′′r−2i∂r2 ∧ ∂̄r2

)

∧ i∂∂̄h1
−tnσ

′r−2(i∂r2 ∧ ∂̄h1 + i∂h1 ∧ ∂̄r2) ∧ i∂∂̄h1.
Over the same region, we expand the relevant terms:

∂r2 = Γ−2r2z̄λ1 + Γrλ2

for Γ , (1+ | z |2) 1
2 , and

i∂∂̄r2 = Γ−2r2λ11̄ + Γ2 · (λ22̄ + λ33̄) + Γ−1r · (z̄λ12̄ + zλ21̄).

For simplicity, we use subindex z and z̄ to denote the partial deriva-

tives with respect to z and z̄. For instance, az = ∂a
∂z and bzz̄ = ∂2b

∂z∂z̄ .
We introduce

c11̄ = 2Re
(azz̄u+ bzz̄v

r

)

, c21̄ = c12̄ = Γ · az̄u+ bz̄v

r
,

c31̄ = c13̄ = Γ · az̄v̄ − bz̄ū

r
,

d12̄ =
azu+ bzv + az̄ū+ bz̄ v̄

r
, d22̄ = Γ · au+ bv

r
,

d32̄ = Γ · av̄ − bū

r
,

where Re is the real part. Following such convention, we have

∂h1 = rd12̄λ1 + d22̄λ2 + d32̄λ3

and

i∂∂̄h1 = rc11̄λ11̄ + c21̄λ21̄ + c12̄λ12̄ + c31̄λ31̄ + c13̄λ13̄.

To simplify further, we introduce

α12̄ = α21̄ = −nh1σ′Γ2c21̄ + t
1
2
nσ

′Γc31̄d32̄;

α22̄ =− nh1t
1
2
nσ

′Γ2c11̄ + 2tnσ
′Γ−2Re(zc13̄d32̄);

α23̄ = α32̄ = nh1t
1
2
n (σ

′ + tnσ
′′)Γ−1z̄c31̄

+ tnσ
′Γ−2

(

z̄c31̄d22̄ + zc12̄d32̄
)

+ tnσ
′Γ(c31̄d12̄ − c11̄d32̄);

α13̄ = α31̄ = −nh1(σ′ + tnσ
′′)Γ2c31̄ − t

1
2
nσ

′Γ(2c31̄Red22̄ − c21̄d32̄);

α33̄ =− nh1t
1
2
n (σ

′ + tnσ
′′)
(

Γ2c11̄ − 2Γ−1Re(zc12̄)
)

− 2tnσ
′Γ
(

c11̄Red22̄ − Re(c21̄d12̄)− Γ−3Re(zc12̄d22̄)
)

.

Because for r small, |u|, |v| ≤ 2r, we can find a constant C3 depending
on δ so that

|cij̄ |, |dij̄ | ≤ C3 for (z, u, v) ∈ Vδ.
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To control the terms αij̄, we need to bound the term nh1. For this,

since n−1 ≤ r < 2n−1 over U( 2n) \ U( 1n), the term nh1 is bounded from

above uniformly over Vδ ∩
(

U( 2n) \ U( 1n)
)

for n > 2
δ . Thus δ must be

sufficiently small, which can be determined accordingly to Lemma 2.2.
Therefore, enlarging C3 if necessary and for n > 2

δ , we have

|αij̄ | ≤ C3, (z, u, v) ∈ V[ 1
n
, 2
n
] , π

−1(D) ∩
(

U(2/n) \ U(1/n)
)

.

Finally, we introduce Λij̄

Λij̄ = (iλk ∧ λk̄) ∧ (iλl1 ∧ λl̄2) = λkk̄ ∧ λl1 l̄2
for {i, k, l1} = {j, k, l2} = {1, 2, 3}.

Simplifying using the notations introduced, the expression

− i
(

h1∂∂̄σ(tn)∂σ(tn) ∧ ∂̄h1 + ∂h1 ∧ ∂̄σ(tn)
)

∧ i∂∂̄h1
= n

∑

l=2,3

(α1l̄Λ1l̄ + αl1̄Λl1̄) +
∑

k,l=2,3

αkl̄Λkl̄.
(2.10)

We now look at the third term in (2.9). This time we consider

−i(h2∂∂̄σ(tn) + ∂σ(tn) ∧ ∂̄h2 + ∂h2 ∧ ∂̄σ(tn))|Vδ

= −r−2h2(tnσ
′i∂∂̄r2 − t2nσ

′′r−2i∂r2 ∧ ∂̄r2)
−tnσ

′r−2(∂r2 ∧ ∂̄h2 + ∂h2 ∧ ∂̄r2).

Since restricting to E the partial derivatives of h2 with respect to u
and v are zero, when r is small, |h2| = O(r2) and |∂h2| = O(r). Also
notice that the mixed term such as λ23̄ can be controlled by λ22̄ and
λ33̄. Therefore for n > 2

δ , over V[ 1
n
, 2
n
] we have

C3

3
∑

k=1

λkk̄ ≥ −i(h2∂∂̄σ(tn)+∂σ(tn)∧∂̄h2+∂h2∧∂̄σ(tn)) ≥ −C3

3
∑

k=1

λkk̄.

Therefore the third term in (2.9) can be controlled by −C3
∑

k Λkk̄.
Inserting this and (2.10) into (2.9), we get

Ψn ≥ n
∑

l=2,3

(α1l̄Λ1l̄ + αl1̄Λl1̄) +
∑

k,l=2,3

αkl̄Λkl̄ − C3

3
∑

k=1

Λkk̄.

On the other hand by a directly calculation, we have

n
2
3Φn|V

[ 1n , 2n ]
= 4/3 t

− 2
3

n Γ4n2Λ11̄ + 4/3 t
− 1

6
n nΓz̄Λ21̄ + 4/3 t

− 1
6

n nΓzΛ12̄

+ 2t
1
3
n (1− 3−1Γ−2|z|2)Λ22̄ + 4/3 t

1
3
n (1− Γ−2|z|2)Λ33̄.
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Combining above two, over V[ 1
n
, 2
n
] we finally obtain

Ω0 ≥
(4Γ4n2

3t
2
3
n

C0 − C3

)

Λ11̄ + n
(4Γz

3t
1
6
n

C0 + α12̄

)

Λ12̄ + nα13̄Λ13̄

+ n
(4Γz̄

3t
1
6
n

C0 + α21̄

)

Λ21̄ +
(

2t
1
3
n

(

1− |z|2
3Γ2

)

C0 − C3 + α22̄

)

Λ22̄

+ α23̄Λ23̄ + nα31̄Λ31̄ + α32̄Λ32̄

+
(4

3
t

1
3
n

(

1− |z|2
Γ2

)

C0 − C3 + α33̄

)

Λ33̄.

We now prove that we can find a sufficiently large constant C0 so that
for any n > 2

δ , the right hand side of the above inequality is positive.
We let eij be the coefficient of the term Λij̄ in the above inequality. To
prove the mentioned positivity, we only need to check that under the
stated constraint, the three minors of the 3× 3 matrix [eij ] are positive:

e11 > 0, det[eij ]1≤i,j≤2 > 0, det[eij ]3×3 > 0.

We recall that tn = n2r2 and Γ = (1+ |z|2) 1
2 . So in the region V[ 1

n
, 2
n
],

1 ≤ tn < 2 and 1 ≤ Γ ≤
√
5. Therefore by expanding the determinants,

we see immediately that they are all positive for n positive and C0 large
enough. We fix such a C0 in the definition of Ω0. Therefore, for any
n > 2

δ , the form Ω0 is positive in the region U( 2n) \ U( 1n).

It remains to consider the region U \U( 2n ). Over this region, we shall
prove that Ω0 is positive when n is large enough. For this purpose, we
will use the smooth homogenous Candelas-de la Ossa metric [9] on U :

(2.11) ωco = i∂∂̄f(r2) + i∂∂̄ log(1 + |z|2),
where f is defined via f ′ = r−2η for η2(η + 3/2) = r4. Explicitly,

(2.12) ωco|z=0 = (η + 1)λ11̄ +
2

3

(η + 3
2)

1
2

η + 1
λ22̄ +

1

(η + 3
2 )

1
2

λ33̄.

By simple estimate,

ω2
co|z=0 ≥

1

3

∑

k 6=j

λkk̄ ∧ λjj̄.

Comparing with Lemma 2.3 (2), since both ω2
co and Φn are homoge-

neous, over U \ U( 2n) we get

n
2
3Φn ≥ −3C2n

−1ω2
co.

Therefore, over U \ U( 2n),

Ω0 ≥ ω2 − 3C0C2n
−1ω2

co.
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This proves that for the fixed C0 and C2, we can choose n big enough
so that the real (2, 2)-form Ω0 is positive over U \ U( 2n). This proves
the lemma. q.e.d.

The closed (2, 2)-form Ω0 is positive (2, 2)-form on Y \E. From [28],
there is a positive (1, 1)-form ω0 on Y \ E such that ω2

0 = Ω0. This
proves

Proposition 2.6. For the open subset E ⊂ U ⊂ Y chosen and for
sufficiently large C0 and n, we can find a balanced metric ω0 over Y \E
such that

1) restricting to Y \ U(1): ω0 = ω;

2) restricting to U( 1n) \ E: ω0 = C
1
2
0 n

1
3ωco,0;

3) and restricting to U(1) \ U( 1n): ω
2
0 is ∂∂̄-exact.

Let Y be a Calabi-Yau manifold and ω its Kähler metric. Let E ⊂ Y
be a union of mutually disjoint (−1,−1)-curves Ei ⊂ Y , 1 ≤ i ≤ l. For
each Ei ⊂ Y we choose an open neighborhood Ei ⊂ Ui ⊂ Y as given by
Proposition 2.6, and form Ui(c) accordingly. We let U = ∪l

i=1Ui and
let U(c) = ∪l

i=1Ui(c). We have

Corollary 2.7. Let the notation be as stated. Then the Proposition
2.6 holds true with U and U(c) replaced by U and U(c), respectively.

Proof. Since the proof of Lemma 2.5 is by modifying ω2 within the
open neighborhood E ⊂ U ⊂ Y , if we choose Ui to be mutually disjoint,
then we can modify ω2 the same way within U to obtain the desired
metric ω0. Note that from the proof of Lemma 2.5, we can choose a
common n and C0 that work for all i. q.e.d.

Because Y − E = X0,sm (the smooth part of X0), ω0 is a smooth
balanced metric on X0,sm that is Candelas-de la Ossa’s metric near the
singular points of X0.

3. constructing balanced metrics on the smoothings

Assuming the threefold X0 can be smoothed to a family of smooth
Calabi-Yau threefolds Xt, in this section we shall show that we can
deform the metric ω0 to a family of smooth balanced metrics on Xt.

Definition 3.1. We say Xt is a smoothing of X0 if there is a smooth
four dimensional complex manifold X and a proper holomorphic pro-
jection X → ∆ to the unit disk ∆ in C so that the general fibers
Xt = X ×∆ t are smooth and the central fiber X ×∆ 0 is X0.

Let X0 be a singular space that is a construction of disjoint (−1,−1)-
curves; let ω0 be the balanced metric on X0,sm constructed in the pre-
vious section. We suppose Xt is a smoothing of X0 with X the total
space of the smoothing.
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We begin with the local geometry of X near a singular point of X0.
Let p ∈ X0 be any singular point that is the contraction of E = π−1(p).
Since X0 is a contraction of (−1,−1)-curves in Y , from the classification
of singularities of threefolds, a neighborhood of p in X0 is isomorphic to
a neighborhood of 0 in

w2
1 + w2

2 + w2
3 + w2

4 = 0.

Applying the theorem in [32], a neighborhood of p in the total family
X is isomorphic to a neighborhood of 0 in

w2
1 + w2

2 + w2
3 + w2

4 − t = 0 (in C
4 ×∆),

as a family over t ∈ ∆. (Here the t is linear because X is smooth.) More
precisely, for some ǫ > 0 and for

Ũ =
{

(w, t) ∈ C
4 ×∆ǫ | |t| < ǫ, ‖w‖< 1, w2

1 + w2
2 +w2

3 + w2
4 − t = 0

}

,

(‖w‖2=∑4
i=1 |wi|2,) there is a holomorphic map

ξ : Ũ −→ X ,
commuting with the projections Ũ → ∆ǫ and X → ∆, so that U = ξ(Ũ )
is an open neighborhood of p ∈ X and ξ induces an isomorphism from
Ũ to U ⊂ X .

We fix such an isomorphism ξ; we denote by Ũt the fiber of Ũ over
t ∈ ∆ǫ, and denote Ut = ξ(Ũt), which is an open subset of Xt ∩ U . For
any 1 > c > 0, we let

Ũ(c) = {(w, t) ∈ Ũ |‖w‖< c} and Ut(c) = ξ(Ũ (c)) ∩Xt.

This way, for fixed t, Ut(c) forms an increasing sequence of open subsets
of Xt; the variables (w1, · · · , w4) can be viewed as coordinate functions
with the constraint

∑

w2
i = t understood.

In case t = 0, we can choose ξ so that the (w1, · · · , w4) relates to the
coordinate (z, u, v) of (2.2) by

w1 =
v − zu

R
, w2 =

v + zu

iR
, w3 =

u− zv

iR
, w4 =

u+ zv

R
,

where the constant R is to be determined momentarily. Hence under
ξ the function r introduced in Section 2 coincides with the function
R · (‖ w ‖)|U0 . We then define r on U to be r = r ◦ ξ−1; they are
extensions of the similarly denoted r on X0 used in the previous section.
Also, the punctured opens U0(c)

∗ = U0(c) − p are isomorphic to the
opens U(c) − E used in the previous section under ξ as well. Since we
need to work with different fibers Xt simultaneously, we shall reserve
the subscript Ut(c) to denote open subsets in Xt.

We now choose R. By choosing R large and rescaling ω0, we can

assume that for f0 =
3
2 (r

2)
2
3

(3.1) Ω0|U0(1) = ω2
0|U0(1) = i∂∂̄(f0 · i∂∂̄f0).
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Here since f0 is understood as a function on U0(1) ⊂ X0, the partials
∂ and ∂̄ are holomorphic and anti-holomorphic differentials of X0.

One more convention we need to introduce before we move on. Note
that X0 has several singular points, say p1, · · · , pl, corresponding to
contracting Ei ⊂ Y . For each such pi, we will go through the same
procedure as we did for a general singular p ∈ X0 moments earlier to
pick an open pi ∈ Ui ⊂ X , an isomorphism ξi : Ũ → Ui ⊂ X and the
open subsets Ui,t(c) ⊂ Xt, etc. In fixing the ξi for various pi, since we
can choose a common C0 and n for all i ∈ {1, · · · , l} in Corollary 2.7,
we can pick a single large enough R that works for all Ui,0 so that (3.1)
holds over Ui,0.

We then form V = ∪l
i=1Ui ⊂ X and V (c) = ∪l

i=1Ui(c) ⊂ X . Accord-
ingly, we let Vt = V ∩Xt, let Vt(c) = V (c)∩Xt, and let r be the function
on V whose restriction to each Ui ⊂ V is the r = r◦ξ−1

i defined moment
earlier. This procedure gives us a (2, 2)-form Ω0 on X0 such that

(3.2) Ω0|V0(1) = ω2
0|V0(1) = i∂∂̄(f0 · i∂∂̄f0).

With these preparations, we now study the deformation Xt near the
singular points pi ∈ X0. For c ∈ (0, 1], we introduce

Xt[c] = Xt \ Vt(c).
For small t, Xt[

1
2 ] are diffeomorphic to each other. We fix diffeomor-

phisms ψt : Xt[
1
2 ] → X0[

1
2 ] that depend smoothly on t and that ψ0 = id.

The diffeomorphisms ψt pull back the form on X0[
1
2 ] to form on Xt[

1
2 ].

We then let ̺(s) be a (decreasing) cut-off function such that ̺(s) = 1
when s ≤ 5

8 and ̺(s) = 0 when s ≥ 7
8 . This function defines a cut off

function ̺0 on X0 by rule ̺0|X0[1] = 0, ̺0|V0(
1
2
) = 1 and ̺0|V0(1)\V0(

1
2
) =

̺(r). Then

Ω0 − i∂∂̄
(

̺0 · f0 · i∂∂̄f0
)

is a smooth (2, 2)-form on X0 with compact support contained inX0[
1
2 ].

In particular, for small t,

ψ∗
t

(

Ω0 − i∂∂̄(̺0 · f0 · i∂∂̄f0)
)

is a form on Xt[
1
2 ] which compact support lies in it. So we can view this

form as the form defined on Xt by defining it to be 0 on Vt(
1
2).

Momentarily, we will use ∂ and ∂̄ over Xt. In the remainder of this
paper, we will take holomorphic and anti-holomorphic differentials of
functions on Xt for either t 6= 0 or t = 0. To keep the notation simple,
we use the same ∂f and ∂̄f to mean ∂|Xtf and ∂̄|Xtf on either t = 0 or
t 6= 0, depending on whether f is a function on X0 or Xt. We hope the
meaning of ∂ and ∂̄ will cause no confusions.

In order to construct a positive (2, 2)-form on Xt, we need to extend

the function f0(r
2) = 3

2r
4
3 defined in Definition 2.1. For t 6= 0 ∈ △ǫ, we



98 J. FU, J. LI & S.-T. YAU

define ft(s) to be the function

(3.3) ft(s) = 2−
1
3 |t| 23

∫ cosh−1( s
|t|

)

0
(sinh 2τ − 2τ)

1
3 dτ, s ∈ (0, 1).

The functions ft give Candelas-de la Ossa’s metrics (CO-metric).

Definition 3.2. The two form ωco,t = i∂∂̄ft(r
2) is the Ricci-flat

Kähler form on Vt(1) constructed by Candelas and de la Ossa.

For later application, we need to confirm the smooth dependence of

the metrics ωoc,t on t. We denote by f
(k)
t (s) the k-th derivative in s of

ft(s).

Lemma 3.3. Let f0(s) =
3
2s

2
3 . Then

(1). for any δ > 0 and k, restricting to s ∈ [δ, 1] the functions f
(k)
t (s)

converges uniformly to f
(k)
0 (s) when t goes to zero;

(2). For any pair 0 < δ′ < δ < 1
4 , there exists a αδ′ such that when

| t |< αδ′ and s ∈ [δ′, δ], 1
2 ≤ f ′

t(s)
f ′
0(s)

≤ 2 and 1
2 ≤ f ′′

t (s)
f ′′
0 (s)

≤ 2.

Proof. Since the dependence on t ∈ ∆ǫ is via its norm, we shall
substitute |t| by the positive real variable u and define fu(s) as in (3.3)
with t replaced by u > 0.

At first we consider the convergence of fu(s). Using (3.3), we get

lim
u→0

fu(s) =
3

2
s

2
3 lim
u→0

gu(s),

where

gu(s) =

(

(

1− u2

s2

)

1
2

− u2

s2
cosh−1

( s

u

)

)

1
3(

1− u2

s2

)− 1
2

.

Since u2

s2
cosh−1( su) ∼ u2

s2
| ln u| when s ∈ [δ, 1), gu(s) converges uniformly

to 1 in [δ, 1); so fu(s) converges uniformly to f0(s) =
3
2s

2
3 .

For the first and the second derivatives. by (3.3), we compute

f ′u(s) = s−
1
3 gu(s) and

f ′′u(s) =
(

−s−1f ′u(s) +
2
3s

−2(f ′u(s))
−2
)

(

1− u2

s2

)−1
.

So by inspection, over [δ, 1), f ′u(s) converges uniformly to f ′0(s) = s−
1
3

and f ′′u(s) converges uniformly to f ′′0 (s) = −1
3s

− 4
3 .

Since for any k > 0, the k-th derivative of (1 − u2

s2
)−1 converges

uniformly to the zero function over s ∈ [δ, 1), applying induction proves
the remainder cases of (1).

The second part of the Lemma follows form the explicit expressions
of f ′u(s) and f

′′
u (s). This proves the Lemma. q.e.d.
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Our next step is to extend Ω0 to nearby fibers so that near the singular
point it equals to the CO-metrics ωco,t. To this end, we define

̺t(z) =

{

(ψ∗
t ̺0)(z) z ∈ Xt[

1
2 ],

1 z ∈ Vt(
1
2 );

we define
(3.4)
Θt = ψ∗

t

(

Ω0 − i∂∂̄(̺0 · f0(r2) · i∂∂̄f0(r2))
)

+ i∂∂̄
(

̺t · ft(r2) · i∂∂̄ft(r2)
)

.

It is well-defined and is a d-closed 4-form on Xt. It decomposes

Θt = Θ3,1
t +Θ2,2

t +Θ1,3
t .

We claim that for t sufficiently small, Θ2,2
t is positive definite. Indeed,

over Vt(
1
2 ), the first term in (3.4) is trivial and, since ρt = 1,

Θ2,2
t |Vt(

1
2
) = Θt|Vt(

1
2
) = ω2

co,t > 0.

Over Xt[
1
2 ], we argue that

(3.5) lim
t→0

Θt|Xt[
1
2
] = Ω0|X0[

1
2
]

uniformly. From the expression of Θt it is clear that Θt only involves
fu(s) and its derivatives up to second order. Hence by (1) of the previous
Lemma, we see that over Vt(1) \ Vt(12 ), ft(r) and its partial derivatives
up to second order all converges uniformly to that of f0(r). Hence since
X0[

1
2 ] is compact and is disjoint from the singular points, the limit (3.5)

holds uniformly. In the end, since the part Θ3,1
t and Θ1,3

t are trivial over
Vt(

1
2) and that the complex structure of Xt varies smoothly in t, the

part Θ1,3
t and Θ3,1

t converges to zero uniformly as t→ 0. Consequently,

for sufficiently small ǫ, Θ2,2
t is positive on Xt[

1
2 ] for |t| < ǫ. Combined

with the positivity of Θ2,2
t over Vt(

1
2), we obtained the desired positivity

of Θ2,2
t for t sufficiently small.

We let ωt be the hermitian form on Xt such that (ωt)
2 = Θ2,2

t . Note
that for small t, these metrics have uniform geometry on Xt[

1
2 ] and are

Ricci-flat Kähler metric over Vt(
1
2 ). In the following we will use ωt as

our background metric on Xt. Therefore objects such as norms and
volume forms on Xt are all taken with respect to ωt.

Recall that our goal is to find balanced metrics onXt. We will achieve
this by modifying the form Θ2,2

t to make it both closed and positive
definite.

Since Θt is d-closed on Xt,

∂̄Θ2,2
t = −∂Θ1,3

t .

We claim that for sufficiently small t, H1,3(Xt,C) = 0. By the Dolbeault
theorem and Serre duality, H1,3(Xt,C) = H3(Xt, T

∗
Xt

) = H0(Xt, TXt).
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Thus H1,3(Xt,C) = 0 is equivalent to H0(TXt) = 0. We consider the
total family of the deformation π : X → ∆ (cf. Definition 3.1). Let
X ∗ = X − {p1, · · · , pl}. Then X ∗ → ∆ is smooth and the relative
tangent bundle TX ∗/∆ is a vector bundle on X ∗.

Now suppose for infinitely many t ∈ ∆ approaching 0 ∈ ∆, H0(TXt) 6=
0, then either by using elliptic estimations or applying the work of
log-differential, one concludes that H0(TX0,sm) 6= 0, where X0,sm =
X0 − {p1, · · · , pl}. Let E ⊂ Y be the union of the contracted ratio-
nal curves under the projection Y → X0; then Y −E = X0,sm, and thus
H0(TX0,sm) = H0(TY−E). On the other hand, since Y is smooth and
E ⊂ Y is a codimension 2 complex submanifold, by Hartogs’ Lemma,
H0(TY ) = H0(TY−E) 6= 0.

Since Y is Kähler and its fundamental group is finite, we have the
following vanishing results. First, using H1(Y,C) = 0, we obtain
H0,1(Y,C) = H1,0(Y,C) = 0. Since the canonical line bundle of Y
is trivial, this implies H3,1(Y,C) = H1,3(Y,C) = 0. Applying the Serre
duality, we get H0(TY ) = H1,3(Y,C) = 0, contradicting to H0(TY ) 6= 0
stated earlier. Thus H0(TXt) = 0 for sufficiently small t.

Therefore there is a (1, 2)-form νt on Xt such that ∂̄νt = −Θ1,3
t . We

let µt be a (1, 2)-form on Xt such that

(3.6) i∂∂̄µt = −∂Θ1,3
t = ∂̄Θ2,2

t and µt ⊥ωt ker ∂∂̄.

We define

(3.7) Ωt = Θ2,2
t + θt + θ̄t, θt = i∂µt.

Then (3.6) implies

∂̄Ωt = ∂̄Θ2,2
t + ∂̄(i∂µt) + ∂̄(−i∂̄µ̄t) = 0,

and since Ωt is real, Ωt is d-closed.

Proposition 3.4. For sufficiently small t, Ωt is positive.

Once this is proved, then the hermitian form ω̃t defined via (ω̃t)
2 = Ωt

is a balanced metric on Xt.

4. The positivity of Ωt

To prove the Proposition, we first show that for the C0-norm ‖ · ‖C0

measured using ωt, we have

Lemma 4.1. Suppose limt→0 ‖ θt ‖C0= 0, then Ωt is positive for
small t.

Proof. We let ∗t be the Hodge operator associated to the hermitian
metric ωt. Then

∗tΩt = ωt + ∗t(θt + θ̄t)

and Ωt is positive if ωt + ∗t(θt + θ̄t) is positive.
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Now let qt be any closed point of Xt and let (zα) be a local chart of
Xt at qt so that

ωt(qt) =
√
−1δαβdzα∧dz̄β and ∗t(θt+θ̄t)(qt) = ϑ =

√
−1ϑαβ̄dzα∧dz̄β .

Thus ωt + ∗t(θt + θ̄t) is positive at qt if and only if the matrix
(

δαβ +

ϑαβ̄
)

1≤α,β≤3
is positive. Since ωt(qt) =

√
−1δαβdzα ∧ dz̄β ,

∑

α,β

|ϑαβ̄|2 = | ∗t (θt + θ̄t)(qt)|2 = |(θt + θ̄t)(qt)|2 ≤ 4|θ(qt)|2.

Thus if |θ(qt)|2 is small, the matrix
(

δαβ + ϑ̄αβ̄
)

is positive. This proves

that if the C0-norm ‖θt ‖C0 is small, the form ∗tΩt, and hence the form
Ωt, is positive. q.e.d.

The estimate of ‖θt‖C0 will be achieved in the remainder part of this
section.

To estimate θt, we use the 4th-order differential operator Et (first
introduced in [22]) on Λ2,3(Xt):

Et = ∂∂̄∂̄∗∂∗ + ∂∗∂̄∂̄∗∂ + ∂∗∂.

Here the adjoint operators ∂∗ = −∗ ∂̄∗ and ∂̄∗ = −∗ ∂∗ (the same as ϑ̄
and ϑ in [29]) are defined using the hermitian metric ωt on Xt. In [22],
Kodaira and Spencer proved that Et are self-adjoint, strongly elliptic of
order 4, and a form φ ∈ Ω2,3(Xt) satisfying Etφ = 0 if and only if

(4.1) ∂φ = 0 and ∂̄∗∂∗φ = 0.

We now let γt be a solution of

(4.2) Et(γt) = −∂Θ1,3
t .

We first check that −∂Θ1,3
t ⊥ kerEt. Let φ ∈ kerEt, from (4.1) we have

∂̄∗∂∗φ = 0; from (3.6) we have

(−∂Θ1,3
t , φ) = (i∂∂̄µt, φ) = (iµt, ∂̄

∗∂∗φ
)

= 0.

This implies −∂Θ1,3
t ⊥ kerEt. By the theory of elliptic operators, there

is a unique smooth solution γt⊥ kerEt of (4.2).
We claim that the γt and the µt defined in (3.6) are related by

(4.3) iµt = ∂̄∗∂∗γt and ∂γt = 0.

This can be seen as follows. From (3.6) and (4.2), we get Et(γt) −
i∂∂̄µt = 0, which, from the definition of the operator Et, is equivalent
to

∂∂̄(∂̄∗∂∗γt − iµt) + ∂∗(∂̄∂̄∗ + 1)∂γt = 0.

By taking the L2-norm of the left hand side, we get

(4.4) ∂∂̄(∂̄∗∂∗γt − iµt) = 0 and ∂∗(∂̄∂̄∗ + 1)∂γt = 0.
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On the other hand, for any φ ∈ ker ∂∂̄, we have (∂̄∗∂∗γt, φ) = (γt, ∂∂̄φ) =
0. Since µt⊥ ker ∂∂̄,

(4.5) (∂̄∗∂∗γt − iµt)⊥ ker ∂∂̄.

Combining (4.4) and (4.5), we obtain ∂̄∗∂∗γt− iµt = 0, which is the first
identity in (4.3). The second in (4.3) follows from the second equality
of (4.4), since

0 =

∫

Xt

〈∂∗(∂̄∂̄∗ + 1)∂γt, γt〉 =
∫

Xt

(|∂̄∗∂γt|2 + |∂γt|2).

Summarizing

Lemma 4.2. We let γt be the unique solution to Et(γt) = −∂Θ1,3
t

subject to the constraint γt⊥ kerEt. Then γt satisfies ∂γt = 0 and the
θt defined in (3.7) is of the form θt = ∂∂̄∗∂∗γt.

Because of this Lemma, we can apply elliptic estimate to bound the
norm of γt by that of ∂Θ1,3

t . We first check that for any given 0 < c < 1
2 ,

Et converges uniformly to the E0 on X0[c]. Since Et depends on the
complex structure of Xt and the Hodge star operator of the background
metric ωt, it depends on the derivatives of the components of ωt of order
at most four. By Lemma 3.3 and the discussion following the Lemma, for
c > 0, over Xt[c] the Hermition forms ωt converges to ω0 in C4. Then
because for any 0 < c < 1

2 and t sufficiently small, the Riemannian
manifolds with boundaries (Xt[c], ωt) have uniform geometry, there is a
constant C independent of t small so that

(4.6) ‖γt ‖L2
4

(

Xt[2c]
)≤ C

(

‖γt ‖L2
(

Xt[c]
) + ‖∂Θ1,3

t ‖
L2
(

Xt[c]
)

)

.

To proceed, we argue that the quantity
∫

Xt
|∂Θ1,3

t |2 is bounded by

C|t|2 for some constant C. Indeed, using the explicit expression (3.4),

Θ1,3
t has compact support contained in Xt[

1
2 ] and only depend on ψt

and the complex structure of Xt. Because ψt are smooth in t and the
complex structure are also smooth on Xt[

1
2 ], ∂Θ

1,3
t are smooth in t.

Then because Θ0 = Ω0 is of type (2, 2) and d-closed, we have ∂Θ1,3
0 =

(∂Θ0)
2,3 = 0 and therefore

(4.7) sup
z∈Xt

‖∂Θ1,3
t (z)‖< C|t|.

This provides a bound on the last term in the inequality (4.6).

Proposition 3.4 will follow from the following stronger estimate.

Proposition 4.3. For any κ > −4
3 ,

lim
t→0

(

|t|κ sup
Xt

|θt|2ωt

)

= 0.
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Proof. First, according to the Sobolev imbedding theorem, sinceXt[
1
8 ]

have uniform geometry and Et converges uniformly to E0 onX0[
1
8 ], there

is a constant C independent of t so that for p > 6,

‖γt‖C3(Xt[1/4])≤ C
(

‖γt‖L2(Xt[1/8]) + ‖∂Θ1,3
t ‖Lp(Xt[1/8])

)

.

Because of the identities in Lemma 4.2 and the inequality (4.7), there
is a constant C independent of t so that

sup
Xt[

1
4
]

|θt|2 ≤ C
(

|t|2 +
∫

Xt[
1
8
]
|γt|2

)

.

Multiplying by |t|κ on both sides, we get

(4.8) lim
t→0

(

|t|κ sup
Xt[

1
4
]

|θt|2
)

≤ C lim
t→0

|t|κ
∫

Xt

|γt|2.

This provides us the bound we need over Xt[
1
4 ].

To control that over its complement, namely that inside Vt(
1
4 ), we

need the following two Lemmas whose proofs will be postponed until
the next section.

Lemma 4.4. There is a constant C independent of t such that

sup
Vt(

1
4
)

|θt|2 ≤ C

∫

Vt(
1
4
)
|θt|2r−4 + C sup

Xt[
1
4
]

|θt|2.

Lemma 4.5. There is a constant C independent of t such that
∫

Vt(
1
4
)
|θt|2r−

8
3 ≤ C

∫

Xt[
1
8
]
(|γt|2 + |∂Θ1,3

t |2).

We continue the proof of Proposition 4.3. Until the end of this section,
all constant C’s are independent of t; also when it depends on some other
data, like a choice of δ > 0, we shall use C(δ) to indicate so.

Since r2 ≥ |t| over Vt(1), Lemma 4.5 implies
∫

Vt(
1
4
)
|θt|2r−4 ≤ C1|t|−

2
3

∫

Xt[
1
8
]
(|γt|2 + |∂Θ1,3

t |2).

Combined with Lemma 4.4, we have

sup
Vt(

1
4
)

|θt|2 ≤ C2|t|−
2
3

∫

Xt[
1
8
]
(|γt|2 + |∂Θ1,3

t |2) + C sup
Xt[

1
4
]

|θt|2.

Then multiplying |t|κ to both sides and taking limit t→ 0, we find that
by (4.7) the second term on the right hand vanishes since −2

3 +κ > −2,
and the third one can be controlled by the first one in view of (4.8). So
we get

lim
t→0

(

|t|κ sup
Vt(

1
4
)

|θt|2
)

≤ C3 lim
t→0

|t|− 2
3
+κ

∫

Xt

|γt|2.
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Therefore by (4.8) and the above inequality, should Proposition 4.3 fail
we must have

limt→0|t|−
2
3
+κ

∫

Xt

|γt|2 > 0.

In this case, there is a positive α > 0 and a sequence ti → 0 such that

|ti|−
2
3
+κ

∫

Xti

|γti |2 = α2
i ≥ α2.

Normalizing γ̃ti = t
− 1

3
+κ

2
i α−1

i γti , it satisfies

(4.9) Eti(γ̃ti) = −t−
1
3
+κ

2
i α−1

i ∂Θ1,3
ti

and

(4.10)

∫

Xti

|γ̃ti |2 = 1.

Since −1
3 + κ

2 > −1, (4.7) implies that the C0-norm of the right hand
side of (4.9) uniformly goes to zero when i→ ∞. Therefore by passing
to a subsequence, there exists a smooth (1, 3)-form γ̃0 on X0,sm (X0,sm

is the smooth loci of X0) such that E0(γ̃0) = 0 and γ̃ti → γ̃0 pointwise.
To make sure that the limit is non-trivial, we check that ‖ γ̃0 ‖L2> 0.

For this, we need the following estimate that will be proved in the next
section.

Lemma 4.6. For any 0 < ι < 1
3 , there is a constant C such that for

any 0 < δ < 1
4 and |t| < δ,
∫

Vt(δ)
|γt|2r−

4
3 ≤ Cδ2ι

∫

Xt[
1
8
]
(|γt|2 + |∂Θ1,3

t |2).

We continue our proof of ‖ γ̃0 ‖L2> 0. By (4.7) and (4.10), for large i
(4.11)
∫

Vti
(δ)

|γ̃ti |2r−
4
3 ≤ C4δ

2ι

∫

Xti
[ 1
8
]
(|γ̃ti |2 + t

− 2
3
+κ

i α−2
i |∂tiΘ1,3

ti
|2) ≤ C5δ

2ι.

Letting i→ ∞ and using Lemma 3.3(2), we get

(4.12)

∫

V0(δ)∗
|γ̃0|2r−

4
3 ≤ C5δ

2ι,

where V0(δ)
∗ = V0(δ)\{p1, · · · , pl}. Because of (4.10) and the pointwise

convergence γ̃ti → γ̃0 over X0,sm, we have
∫

X0,sm

|γ̃0|2 ≥ 1− C5δ
2ι;

since δ is arbitrary, we obtain

(4.13)

∫

X0,sm

|γ̃0|2 = 1.
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To obtain a contradiction to complete the proof of Proposition 4.3,
we now show that γ̃0 = 0. We first show that ∂∗γ̃0 = 0. Since ∂γt = 0,

Et(γt) = ∂∂̄∂̄∗∂∗γt;

consequently,
∫

Xt

|∂̄∗∂∗γt|2 =
∫

Xt

〈Et(γt), γt〉.

Substituting γ̃ti and applying the Hölder inequality, (4.10), (4.9) and
(4.7), we obtain
∫

Xti

|∂̄∗∂∗γ̃ti |2 ≤
(

∫

Xti

|γ̃ti |2
)

1
2
(

∫

Xti

|Eti(γ̃ti)|2
)

1
2 ≤ C6|ti|

2
3
+κ

2 .

Taking i→ ∞ and noticing κ > −4
3 , we get ∂̄∗∂∗γ̃0 = 0.

We next pick a cut-off function τ(s) that vanishes when s ≤ 0 and
τ(s) = 1 when s ≥ 1. For any 0 < δ < 1, we put sδ =

2r−δ
δ . (Note that

r is a function on V0(1) defined in (2.1) and is equal to r ◦ ξ−1
i .) We

define

τδ = τ(sδ).

It vanishes in a small neighborhood of {p1, · · · , pl} ⊂ X0; it takes value
1 near the boundary of V0(1). We then extend to a function on X0 by
assigning value 1 elsewhere. We still denote this extension by τδ.

Using (2.4) and (2.5), over V0(δ) \ V0( δ2) and for a constant C7 inde-
pendent of δ, we have

(4.14) |∂τδ |2ωco,0
=

4

δ2
|τ ′(s)|2|∂r|2ωco,0

≤ C7r
− 4

3 .

We now fix a δ1 <
1
8 . Since τδ1∂

∗γ̃0 has compact support, we can

view τδ1∂
∗γ̃0 as a (1, 3)-form on Y . Since H1,3(Y,C) = 0, (cf. discussion

preceding (3.6)), there exists a smooth (1, 2)-form ςδ1 on Y such that

τδ1∂
∗γ̃0 = ∂̄ςδ1 .

Then for any δ < δ1
2 , by integration by parts and using ∂̄∗∂∗γ̃0 = 0,

∫

X0

τδ1 |∂∗γ̃0|2 =
∫

X0

τδτδ1 |∂∗γ̃0|2

=

∫

X0

τδ〈∂∗γ̃0, ∂̄ςδ1〉 =
∫

X0

〈∗(∂τδ ∧ ∗∂∗γ̃0), ςδ1〉.
(4.15)

By the Hölder inequality and the definition of τδ, the right hand side
obeys

∫

X0

〈∗(∂τδ ∧ ∗∂∗γ̃0), ςδ1〉

≤
(

∫

V (δ)\V ( δ
2
)
|∂τδ|2|∂∗γ̃0|2

)
1
2
(

∫

V (δ)\V ( δ
2
)
|ςδ1 |2

)
1
2
.

(4.16)
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We then apply the following estimate to be proved in the next section:

Lemma 4.7. For any 0 < ι < 1
3 , there is a constant C such that for

any 0 < δ < 1
4 and any |t| < δ,
∫

Vt(δ)
|∂∗γt|2r−

4
3 < Cδ2ι

∫

Xt[
1
8
]
(|γt|2 + |∂Θ1,3

t |2).

From this Lemma, (4.7) and (4.10), we obtain for large i,
∫

Vti
(δ)

|∂∗γ̃ti |2r−
4
3 < C8δ

2ι

∫

Xti
[ 1
8
]
(|γ̃ti |2 + α−2

i |ti|−
2
3
+κ|∂Θ1,3

ti
|2) ≤ C8δ

2ι,

where C8 is independent of δ. Taking limit i → ∞ and using Lemma
3.3(2), we get

∫

V0(δ)∗
|∂∗γ̃0|2r−

4
3 ≤ C8δ

2ι.

This inequality and (4.14) imply

(4.17)

∫

V0(δ)\V0(
δ
2
)
|∂τδ|2|∂∗γ̃0|2 ≤ C9δ

2ι.

Next, we denote by U(δ) the union of all neighborhoods Ui(δ) of Ei

in Y , defined in the previous section for 0 < δ < 1. Over V0(1)
∗ =

V0(1) − {p1, · · · , pl} ∼= U(1) \E we have three metrics:

ωe = i∂∂̄r2, ωco,0 = i
3

2
∂∂̄(r2)

2
3 and ωco.

(Recall that ωco,0 is the cone Ricci-flat metric and ωco is the Ricci-flat
metric on U(1) (see (2.11)). Via isomorphism ξ, ξ∗(ωe) = i∂∂̄r2 is
a metric induced from the Euclidean metric on C

4.) Since all these
metrics are homogeneous, to compare them we only need to compare
their restrictions over a single point in one Ei, say at z = 0.

We now compare the metrics ωco,0 and ωe by (2.5) and (2.3); compare
the metrics ωe and ωco by (2.3) and (2.12). Since ςδ1 is a (1, 2)-form,
the second factor in (4.16) fits into the inequalities

∫

V0(δ)\V0(
δ
2
)
|ςδ1 |2 ≤ C

∫

V0(δ)\V0(
δ
2
)
|ςδ1 |2ωe

volωe

≤ C10

∫

V0(δ)\V0(
δ
2
)
|ςδ1 |2ωco

r−4volωe .

(4.18)

Since ςδ1 and ωco are smooth on U(δ1), there exists a constant C11(δ1),
possibly depending on δ1, such that

max
U(δ1)

|ςδ1 |2ωco
≤ C11(δ1).

Therefore
∫

V0(δ)\V0(
δ
2
)
|ςδ1 |2ωco

r−4volωe ≤ C11(δ1)

∫

{r=1}

∫ δ

δ
2

rdrdS ≤ C12(δ1)δ
2,
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where dS is the volume element of the surface {r = 1}. Combined with
(4.18), we get

∫

V0(δ)\V0(
δ
2
)
|ςδ1 |2 ≤ C13(δ1)δ

2.

Then combined with (4.17) and (4.16), we obtain
∫

X0

〈∗(∂τδ ∧ ∗∂∗γ̃0), ςδ1〉 ≤ C14(δ1)δ
1+ι,

and with (4.15),
∫

X0

τδ1 |∂∗γ̃0|2 ≤ C15(δ1)δ
1+ι.

Taking δ → 0 and then δ1 → 0, we get
∫

X0,sm
|∂∗γ̃0|2 = 0; hence

∂∗γ̃0 = 0.

It remains to show that γ̃0 = 0. Since ∂γt = 0, we have ∂γ̃0 = 0. Let
ϕ0 , ¯̃γ0|V0(

1
4
)∗ be the complex conjugate. Then ∂̄ϕ0 = ∂̄∗ϕ0 = 0. On

the other hand, comparing the metrics (2.3) and (2.5), and using (4.12),
we have

∫

V0(
1
4
)∗
|ϕ0|2ωe

volωe ≤ C

∫

V0(
1
4
)∗
|ϕ0|2r−

4
3 < +∞.

Therefore, ϕ0 ∈ H3,2
(2)

(

V0(
1
4)

∗, ωe

)

is an L2-Dolbeault cohomology class

of V0(
1
4 )

∗, with respect to ωe.
We claim that this cohomology group vanishes. First, for any 0 <

δ < 1
4 , V0(δ)

∗ = V0(δ) \ {p1, · · · , pl}. If we let Ṽ0(δ) = ξ−1(V0(δ)), then

Ṽ0(δ) is a disjoint union of l copies of Ũ0(δ),

Ũ0(δ) =
{

(w1, · · · , w4) ∈ C
4 | w2

1 + · · ·+ w2
4 = 0, r < δ

}

.

Let ω̃e = i∂∂̄r2 on Ũ0(δ)
∗ = Ũ0(δ)\{0} be the metric induced by the flat

metric on C
4. From [30], we have limδ→0H

3,2
(2)

(

Ũ0(δ)
∗, ω̃e

)

= 0. Since

ωe = ξ∗(ω̃e) via the isomorphism ξ and since V0(δ)
∗ is a disjoint union

of l connected open sets each of which is isomorphic to Ũ0(δ)
∗, we also

have limδ→0H
3,2
(2)

(

V0(δ)
∗, ωe

)

= 0. Therefore, there exists a δ2 <
1
4 and

a (3, 1)-form ν0 on V0(δ2)
∗ such that ∂̄ν0 = ϕ0 and

(4.19)

∫

V0(δ2)∗
|ν0|2ωe

volωe < +∞.

Let

ϕδ2 = ϕ0 − ∂̄
(

(1− τδ2)ν0
)

.

Then ϕδ2 has compact support in X0,sm and ∂̄ϕδ2 = 0. By extension
by 0, we view ϕδ2 as a (3, 2)-form on Y . Since H3,2(Y,C) = 0, which
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follows from H0,1(Y,C) = 0 and the Serre duality, there exists a smooth
function νδ2 on Y such that ϕδ2 = ∂̄νδ2 .

Now for any δ < δ2, since ∂̄
∗ϕ0 = 0,

(4.20)
∫

X0,sm

τδ|ϕ0|2 =
∫

X0,sm

τδ〈ϕ0, ϕ0 − ∂̄((1 − τδ2)ν0) + ∂̄((1− τδ2)ν0)〉

=

∫

X0,sm

τδ〈ϕ0, ∂̄(νδ2 + (1− τδ2)ν0)〉

=

∫

X0,sm

〈∗(∂τδ ∧ ∗ϕ0), νδ2 + (1− τδ2)ν0〉

≤ C
(

∫

V0(δ)\V0(
δ
2
)
|∂τδ|2|ϕ0|2

)
1
2
(

∫

V0(δ)\V0(
δ
2
)
|νδ2 |2 + |ν0|2

)
1
2
.

Applying (4.12) and (4.14), and adding ϕ0 = ¯̃γ0|V0(
1
4
)∗ , we obtain

∫

V0(δ)\V0(
δ
2
)
|∂τδ|2|ϕ0|2 ≤ C16δ

2ι,

where C16 is independent of δ. On the other hand, since νδ2 is a smooth
form in Y and ωco is a smooth metric on U(δ2), there exists a constants
C17(δ2), possibly depending on δ2, such that maxU(δ2) |νδ2 |2ωco

≤ C17(δ2).
This, (2.3), (2.5) and (2.12) imply that
∫

V0(δ)\V0(
δ
2
)
|νδ2 |2 ≤ C18

∫

V0(δ)\V0(
δ
2
)
|νδ2 |2ωco

r−
10
3 volωe ≤ C19(δ2)δ

7
3 .

Applying (4.19), we get
∫

V0(δ)\V0(
δ
2
)
|ν0|2 ≤ C

∫

V0(δ)\V0(
δ
2
)
|ν0|2ωe

r
2
3volωe ≤ C20δ

2
3 .

Substituting the above three inequalities into (4.20), we get
∫

X0,sm

τδ|ϕ0|2 ≤ C21(δ2)δ
ι+ 1

3 .

Taking δ → 0, since 0 < ι < 1
3 and we have δ2 fixed, we obtain

∫

X0,sm
|ϕ0|2 = 0. This proves γ̃0 = 0, a contradiction that proves Propo-

sition 4.3, and hence Proposition 3.4. q.e.d.

5. Proofs of Lemmas 4.4 to 4.7

We keep the notations introduced in the previous section. Among
other things, we have the subsets Ũi ⊂ C

4, the biholomorphic maps
ξi : Ũi → Ui = ξi(Ũi) ⊂ X and V = ∪l

i=1Ui ⊂ X . Using the fiber Xt

of X over t ∈ ∆, we have biholomorphisms ξi,t : Ũi,t → Ui,t ⊂ Xt and

Vt = ∪l
i=1Ui,t ⊂ Xt.
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Looking at the statements of Lemmas 4.4 to 4.7, they are of the form
that terms of the form

∫

Vt(
1
2
) · are bounded by a constant multiple of

terms of the form
∫

Xt[c]
·. Since Vt(

1
2) is a disjoint union of l copies of

Ui,t(
1
2 ), by increase the multiple by l-fold, the Lemmas are consequence

of similar statement with Vt(
1
2 ) replaced by Ui,t(

1
2).

But then since all geometry of Ui,t is alike, we only need to prove the

case where Vt(
1
2 ) is replace by U1,t(

1
2). For notational simplicity, we use

Ũt and Ut to denote Ũ1,t and U1,t, respectively.

Over Ũt (= Ũ1,t) we have the CO-metric ω̃co,t , i∂∂̄ft(r2), where ft(s)
is defined in (3.3). The CO-metric ωco,t on Ut is such that ξ∗t (ωco,t) =
ω̃co,t (we use ξt to denote ξ1,t = ξ|U1,t); the CO-metric on Vt is ωco,t on
each Ut. The metrics ωt on Xt are deformation of ω0 away from the
singularities of X0, and coincide with ωco,t over Ut(

1
2).

One property of ω̃co,t we need is the following. For any c such that

|t| 12 < c < 1, the surface {r = c} ⊂ Ũt is diffeomorphic to S2 × S3 and

q = (
√
c2−t√
2
, i

√
c2−t√
2
, 0, t

1
2 ) lies in this surface. In the appendix, we prove

that we can find a holomorphic coordinates (z1, z2, z3) at q such that
the CO-metric has the form

(5.1) ω̃co,t|q = i∂∂̄ft(r
2)|q = i

3
∑

α=1

dzα ∧ dz̄α;

letting ηt(s) = sf ′t(s), we have

(5.2) ∂∂̄r2|q = (r2)
1
3

( r4

η3t (r
2)

)
1
3
(

dz1∧dz̄1+
3

2

η3t (r
2)

r4
dz2∧dz̄2+dz3∧dz̄3

)

and

(5.3) ∂r2 ∧ ∂̄r2|q =
3

2
(r2)

4
3

(η3t (r
2)

r4

)
2
3
(

1− t2

r4

)

dz2 ∧ dz̄2.

In the appendix, we also prove that r−4η3t is increasing over [|t|,+∞)
and

(5.4) lim
r2→|t|

r−4η3t =
2

3
, lim

r2→∞
r−4η3t = 1.

We let Rαβ̄γδ̄ be the curvature tensor of ω̃co,t at q in coordinate

(z1, z2, z3). Let |Rαβ̄γδ̄| be its norm measured via the metric ωt. In
the appendix, we prove

Lemma 5.1. There exists a constant C independent of t and r such
that

|Rαβ̄γδ̄| ≤ Cr−
4
3 .

Let ω̃e , i∂∂̄r2 on Ũt be the metric induced by the Euclidean metric
on C

4. Let the norm and volume form defined by this metric be | · |ω̃e
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and volω̃e . Comparing (5.1) with (5.2), since ω̃co,t and ω̃e are both

homogeneous, we have the relation at any point in Ũt:

(5.5) volω̃co,t =
2

3
r−2volω̃e ,

and by (5.1), (5.2) and the estimate (5.4), for any smooth function f

on Ũt,

(5.6) |∇f |2ω̃e
≤ Cr−

2
3 |∇f |2ω̃co,t

.

Here |∇f |2ω = gβ̄α ∂f
∂zα

∂f
∂z̄β

for ω a hermitian metric having the form ω =

gαβ̄dzα ∧ dz̄β, and (gβ̄α) is the inverse of (gαβ̄), that is
∑

α g
β̄αgαγ̄ = δβ̄γ̄ .

We comment that the prior discussion applies to metrics ωco,t on Ut(
1
2 )

since our chosen background metric ωt restricted to Ut(
1
2 ) is the CO-

metric ω̃co,t under the isomorphism ξt. By abuse of notation, we shall

also view (z1, z2, z3) as a local coordinate of the point ξt(q) ∈ Ut(
1
2 ).

For simplicity, in the following we shall adopt the following conven-
tion. Since we will work primarily over Xt, we will omit the subscript
t in all the functions and forms that was used to indicate the domain
of definition. For instance, the form θt on Xt will be abbreviated to θ
when the domain manifold Xt is clear from the context. Also, we shall
continue to use ωt to be our metric on Xt; thus all norms and integra-
tions without specification are with respect to the metric ωt and by the
volume form of ωt. In case we need to use a different metric, say with
ωe, we will use | · |ωe and volωe to mean the associated norm and volume
form.

We let τ(r) be a cut-off function defined on Vt(1) such that τ(r) = 1
when r ≤ 1

4 and τ(r) = 0 when r ≥ 1
2 . We then extend it to Xt by zero

and denote by the same notation τ(r).

Proof of Lemma 4.4. As commented, we only need to prove the state-
ment of Lemma 4.4 with Vt(

1
2 ) replaced by Ut(

1
2 ) , U1,t(

1
2). We fix a t

of small |t|. As commented, we use θ to denote the θt in Lemma 4.4.
We introduce a sequence βk = (32 )

k. By the definition of τ and (5.5),
we have

∫

Ut(
1
4
)
|θ|2βkr−4 ≤ 2

3

∫

Ut(
1
2
)
|θ|2βkr−6τ3volωe .(5.7)

The function |θ|2βkr−6τ3 is a non-negative C∞-function with compact
support contained in Ut(

1
2). Via ξt, Ut(

1
2 ) is identified with a minimal

submanifold in C
4 endowed with the Euclidean metric.

We quote Michael-Simon’s Sobolev inequality [27] (independently by
Allard [4]): Let M ⊂ R

m be an n-dimensional submanifold in the
Euclidean m-space R

m, let H be its mean curvature vector, and let
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f ∈ C∞
0 (M) be a nonnegative functions with compact support, then

(

∫

M
f

n
n−1vol

)
n−1
n ≤ C(n)

∫

M
(|∇f |+ |H| · f)vol.

Applying this to the minimal submanifold Ũt ⊂ C
4, and then applying

the standard skill in page 156 of [16], for any nonnegative function f
on Ut(

1
2 ) with compact support, we see

(

∫

Ut(
1
2
)
f3volωe

)
1
3 ≤ C

(

∫

Ut(
1
2
)
|∇f |2ωe

volωe

)
1
2
,

where C is a constant depending only on the dimension of Ut(
1
2).

Applying the volume comparison (5.5) and the norm comparison (5.6)
to the right hand side of the above inequality, for C1 a constant inde-
pendent of t we get

(5.8)
(

∫

Ut(
1
2
)
f3volωe

)
1
3 ≤ C1

(

∫

Ut(
1
2
)
|∇f |2ωco,t

r
4
3 volωco,t

)
1
2
.

We remark that in this section we shall use Ci to denote constants
independent of t and k. Since the exact sizes of these constants are
irrelevant, we will be very loose in keeping track of them.

Applying (5.8) to the right hand side of (5.7) for f = |θ|
2βk
3 r−2τ , we

have
(

∫

Ut(
1
4
)
|θ|2βkr−4

)
2
3 ≤

(

∫

Ut(
1
2
)
|θ|2βkr−6τ3volωe

)
2
3

≤ C2
1

∫

Ut(
1
2
)

∣

∣∇(|θ|
2βk
3 r−2τ)

∣

∣

2
r

4
3

≤ 3C2
1

∫

Ut(
1
2
)

∣

∣∇|θ|
2βk
3

∣

∣

2
r−

8
3 τ2

+ 3C2
1

∫

Ut(
1
2
)
|θ|2βk−1 |∇r−2|2r 4

3 τ2

+ 3C2
1

∫

Ut(
1
2
)
|θ|2βk−1r−

8
3 |∇τ |2.

(5.9)

We use (5.3) to estimate the second term after the third “≤” in (5.9):
∫

Ut(
1
2
)
|θ|2βk−1 |∇r−2|2r 4

3 τ2

≤ C2

∫

Ut(
1
2
)
|θ|2βk−1r−4τ2

≤ C2

∫

Ut(
1
4
)
|θ|2βk−1r−4 + 44C2

∫

Xt[
1
4
]
|θ|2βk−1 .

(5.10)
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From the definition of τ , the third term has an estimate:
∫

Ut(
1
2
)
|θ|2βk−1r−

8
3 |∇τ |2 ≤ C3

∫

Xt[
1
4
]
|θ|2βk−1 .(5.11)

For the first term after the third “≤” in (5.9), we claim that for any
k ≥ 1,
(5.12)
∫

Ut(
1
2
)

∣

∣∇|θ|
2βk
3

∣

∣

2
r−

8
3 τ2 ≤ −C4

∫

Ut(
1
2
)
|θ|2βk−1 △∂̄ (r

− 8
3 τ2)

− βk−1

∫

Ut(
1
2
)
|θ|2(βk−1−1)gβ̄α(〈∇α∇β̄θ, θ〉+ 〈θ,∇ᾱ∇βθ〉)r−

8
3 τ2.

Here we denote ωt =
∑

gαβ̄dzα ∧ dz̄β, (we have omitted the subscript

t in gαβ̄ ,) and denote the inverse (gαβ̄)
−1 of (gαβ̄) by (gᾱβ). We also

denote △∂̄ = −gβ̄α ∂2

∂zα∂z̄β
and ▽α = ▽ ∂

∂α
and so on.

We first prove the case k ≥ 3. By direct calculation, we have

(5.13)

∫

Ut(
1
2
)

∣

∣∇|θ|
2βk
3

∣

∣

2
r−

8
3 τ2 =

β2k−1

4

∫

Ut(
1
2
)
|θ|2(βk−1−2)

∣

∣∇|θ|2
∣

∣

2
r−

8
3 τ2.

We compute

βk−1(βk−1 − 1)|θ|2(βk−1−2)
∣

∣∇|θ|2
∣

∣

2

= βk−1|θ|2(βk−1−1) △∂̄ |θ|2 −△∂̄ |θ|2βk−1

≤ −βk−1|θ|2(βk−1−1)gβ̄α(〈∇α∇β̄θ, θ〉+ 〈θ,∇ᾱ∇βθ〉)−△∂̄ |θ|2βk−1 .

Multiplying r−
8
3 τ2 to both sides of the above inequality and then in-

tegrating over Ut(
1
2 ), since the CO-metric is Kähler and τ2 vanishes

outside Ut(
1
2 ), we get

βk−1(βk−1 − 1)

∫

Ut(
1
2
)
|θ|2(βk−1−2)

∣

∣∇|θ|2
∣

∣

2
r−

8
3 τ2

≤ −βk−1

∫

Ut(
1
2
)
|θ|2(βk−1−1)gβ̄α(〈∇α∇β̄θ, θ〉+ 〈θ,∇ᾱ∇βθ〉)r−

8
3 τ2

−
∫

Ut(
1
2
)
|θ|2βk−1 △∂̄

(

r−
8
3 τ2
)

.

This and (5.13) prove (5.12).

For k = 2, from △∂̄ |θ|3 = 3
2 |θ| △∂̄ |θ|2 − 3|θ|

∣

∣∇|θ|
∣

∣

2
, a computation

gives
∫

Ut(
1
2
)

∣

∣∇|θ|
2β2
3

∣

∣

2
r−

8
3 τ2

≤ β1

∫

Ut(
1
2
)
|θ|2(β1−1) △∂̄ |θ|2r−

8
3 τ2 −

∫

Ut(
1
2
)
|θ|2β1 △∂̄ (r

− 8
3 τ2).
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This implies (5.12) in case of k = 2.

For k = 1, we need to estimate
∣

∣∇|θ|
∣

∣

2
. When |θ| 6= 0,

∣

∣∇|θ|
∣

∣

2
=

1

4
|θ|−2

∣

∣∇|θ|2
∣

∣

2 ≤ 2−1gβ̄α〈∇αθ,∇βθ〉+ 2−1gβ̄α〈∇β̄θ,∇ᾱθ〉

=− 2−1 △∂̄ |θ|2 − 2−1gβ̄α〈∇α∇β̄θ, θ〉 − 2−1gβ̄α〈θ,∇ᾱ∇βθ〉.

When |θ| = 0, | ▽ |θ ‖= 0 and −△∂̄ | θ |2≥ 0. We still have above
inequality. So (5.12) is valid for k = 1 and β0 = 1.
Next we estimate the second term in (5.12) by using Kodaira’s Bochner

formula ([29] p.119): for any (p, q)-form ψ = 1
p!q!

∑

ψα1···β̄q
dzα1 ∧ · · · ∧

dz̄βq
,

(△∂̄ψ)α1···β̄q
=−

∑

α,β

gβ̄α∇α∇β̄ψα1···β̄q

+

p
∑

i=1

q
∑

k=1

∑

α,β

Rα β̄
αiβ̄k

ψα1···αi−1ααi+1···β̄k−1β̄β̄k+1···β̄q

−
q
∑

k=1

∑

β

R β̄
β̄k
ψα1···β̄k−1β̄β̄k+1···β̄q

.

(5.14)

We use above formula to ψ = θ over Ut(
1
2 ). Since θ = ∂∂̄∗∂∗γt, ∂γt = 0

and Θ1,3
t |Ut(

1
2
) = 0,

(5.15)

△∂̄θ|Ut(
1
2
) = (∂̄∂̄∗+∂̄∗∂̄)θ|Ut(

1
2
) = −∂̄∗Et(γt)|Ut(

1
2
) = −∂̄∗∂Θ1,3

t |Ut(
1
2
) = 0.

Then (5.14) and Lemma 5.1 imply

− gβ̄α(〈∇α∇β̄θ, θ〉+ 〈θ,∇ᾱ∇βθ〉)
= −gβ̄α(〈∇α∇β̄θ, θ〉+ 〈θ,∇β∇ᾱθ〉+ 〈θ, [∇ᾱ,∇β]θ〉) ≤ C5r

− 4
3 |θ|2,

where [∇ᾱ,∇β ] = ∇ᾱ∇β −∇β∇ᾱ is the curvature operator.
From the above inequality, we can estimate the second term after the

inequality in (5.12):

(5.16)

− βk−1

∫

Ut(
1
2
)
|θ|2(βk−1−1)gβ̄α(〈∇α∇β̄θ, θ〉+ 〈θ,∇ᾱ∇βθ〉)r−

8
3 τ2

≤ C5βk−1

∫

Ut(
1
2
)
|θ|2βk−1r−4τ2

≤ C5βk−1

∫

Ut(
1
4
)
|θ|2βk−1r−4 + 44C5βk−1

∫

Xt[
1
4
]
|θ|2βk−1 .

From (5.1), (5.2) and (5.3),

−△∂̄ r
− 8

3 ≤ C6r
−4.
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Thus the first term after the inequality in (5.12) has estimate

−
∫

Ut(
1
2
)
|θ|2βk−1 △∂̄ (r

− 8
3 τ2)

≤ C6

∫

Ut(
1
4
)
|θ|2βk−1r−4 + 44C6

∫

Xt[
1
4
]
|θ|2βk−1 .

(5.17)

Inserting (5.16) and (5.17) into (5.12), we get
∫

Ut(
1
4
)

∣

∣∇|θ|
2βk
3

∣

∣

2
r−

8
3 τ2

≤ C7βk−1

(

∫

Ut(
1
4
)
|θ|2βk−1r−4 +

∫

Xt[
1
4
]
|θ|2βk−1

)

;

(5.18)

inserting (5.18), (5.10) and (5.11) into (5.9), we obtain
(

∫

Ut(
1
4
)
|θ|2βkr−4

)
1
βk

≤ (C7βk−1)
1

βk−1

(

∫

Ut(
1
4
)
|θ|2βk−1r−4 +

∫

Xt[
1
4
]
|θ|2βk−1

)
1

βk−1 .

So for any k ≥ 1, the above inequality implies that either
(

∫

Ut(
1
4
)
|θ|2βkr−4

)
1
βk ≤

(

2C7βk−1

)

1
βk−1

(

∫

Ut(
1
4
)
|θ|2βk−1r−4

)
1

βk−1

or
(

∫

Ut(
1
4
)
|θ|2βkr−4

)
1
βk ≤

(

2C7βk−1

)
1

βk−1
(

vol(Xt[1/4])
)

1
βk−1 sup

Xt[
1
4
]

|θ|2.

Since the volume of Xt[
1
4 ] can be controlled by a constant independent

of t, these two inequalities imply that for a constant C8 independent of
t and k,

(

∫

Ut(
1
4
)
|θ|2βkr−4

)
1
βk ≤

k−1
∏

i=1

(C8βi−1)
1

βi−1

(

∫

Ut(
1
4
)
|θ|2r−4 + sup

Xt[
1
4
]

|θ|2
)

.

Taking limit k → ∞, we get the inequality in the statement of Lemma
4.4. q.e.d.

Proof of Lemma 4.5. We keep the convention introduced in the proof of
Lemma 4.4. To streamline the notation, we assign the symbol Λt to

Λt :=

∫

Xt[
1
8
]
(|γ|2 + |∂Φ1,3|2).

The Lemma 4.5 is then equivalent to that for a constant C independent
of t,

∫

Ut(
1
4
)
|θt|2r−

8
3 ≤ CΛt.
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To begin with, for a smooth positive function φ, we define ∂̄∗φζ =

∂̄∗ζ−∗(∂ log φ∧∗ζ), ∇φ
α = ∇α+∂α log φ and X β̄

φ β̄k
= −gβ̄kα∂β̄∂α log φ.

We need another Kodaira’s Bochner formula ([29], p.124): For any
(p, q)-form ζ = 1

p!q!

∑

ζα1···β̄q
dzα1 ∧ · · · ∧ dz̄βq

,

((∂̄∂̄∗φ + ∂̄∗φ∂̄)ζ)α1···β̄q
=−

∑

α,β

gβ̄α∇φ
α∇β̄ζα1···β̄q

+

p
∑

i=1

q
∑

k=1

∑

α,β

Rα β̄
αiβ̄k

ζα1···αi−1ααi+1···β̄k−1β̄β̄k+1···β̄q

+

q
∑

k=1

∑

β

(X β̄
φ β̄k

−R β̄
β̄k

)ζα1···β̄k−1β̄β̄k+1···β̄q
.

(5.19)

We let ψ = ∂∂∗γ. Over Ut(
1
2 ), since the CO-metric is Kähler, we have

θ = ∂∂̄∗∂∗γ = −∂̄∗ψ. We apply the Kodaira formula for φ = φ1 = r−
8
3

and ζ = ψ. Since ψ is a (2, 3)-form and the CO-metric is Ricci flat,

∫

Ut(
1
2
)
〈∂̄∂̄∗φ1

ψ,ψ〉φ1τ

= −
∫

Vt(
1
2
)
〈gβ̄α∇φ1

α ∇β̄ψ,ψ〉φ1τ +
∫

Ut(
1
2
)

3
∑

β=1

X β̄
φ1 β̄

|ψ|2φ1τ.
(5.20)

Since τ has a compact support in Ut(
1
2), we compute

∫

Ut(
1
2
)
〈∂̄∂̄∗φ1

ψ,ψ〉φ1τ

=

∫

Ut(
1
2
)
〈∂̄∗φ1

ψ, ∂̄∗φ1
ψ〉φ1τ +

∫

Vt(
1
2
)
〈∂̄τ ∧ ∂̄∗φ1

ψ,ψ〉φ1

≤
∫

Ut(
1
2
)
|θ|2φ1τ +

∫

Ut(
1
2
)
|∂ log φ1 ∧ ∗ψ|2φ1τ

− 2Re

∫

Ut(
1
2
)
〈∗(∂ log φ1 ∧ ∗ψ), ∂̄∗ψ〉φ1τ + · · · ,

where the dots denote terms that are integrations over Xt[
1
4 ] of smooth

function including the derivatives of τ . By (4.6), the dotted terms are
bounded by a fixed multiple, independent of t, of Λt =

∫

Xt[
1
8
](|γ|2 +

|∂Φ1,3|2). In the remainder of this section, the term CΛt will appear in
various places for the same reason.
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On the other hand, since ∂̄∂̄∗ψ = −∂Φ1,3 = 0 on Ut(
1
2 ),

∫

Ut(
1
2
)
|θ|2φ1τ = Re

∫

Ut(
1
2
)
〈∂̄∗φ1

ψ, ∂̄∗ψ〉φ1τ

+Re

∫

Ut(
1
2
)
〈∗(∂ log φ1 ∧ ∗ψ), ∂̄∗ψ〉φ1τ

≤ Re

∫

Ut(
1
2
)
〈∗(∂ log φ1 ∧ ∗ψ), ∂̄∗ψ〉φ1τ + C1Λt.

We remark that the C1 and the Ci to appear later are all independent
of t. Combining the above two inequalities, we get

∫

Ut(
1
2
)
〈∂̄∂̄∗φ1

ψ,ψ〉φ1τ

≤ −
∫

Ut(
1
2
)
|θ|2φ1τ +

∫

Ut(
1
2
)
|∂ log φ1 ∧ ∗ψ|2φ1τ + C2Λt.

Inserting the above inequality into (5.20) and applying divergence the-
orem to the first term on the right hand side (5.20), since ψ is a (2, 3)-
form, we get

∫

Ut(
1
2
)
|θ|2φ1τ

≤
∫

Ut(
1
2
)

(

|∂ log φ1|2 −
3
∑

β=1

X β̄
φ1 β̄

)

|ψ|2φ1τ + C3Λt.

(5.21)

According to (5.1)-(5.4), we have

|∂ log φ1|2 ≤
8

3
r−

4
3 and

3
∑

β=1

X β̄
φ1 β̄

≥ 8

3
r−

4
3 .

So from (5.21), we get
∫

Ut(
1
4
)
|θ|2r− 4

3 ≤ C3Λt = C3

∫

Xt[
1
8
]
(|γ|2 + |∂Φ1,3|)2.

This proves Lemma 4.5. q.e.d.

Proof of Lemma 4.6. For any 0 < ι < 1
3 and any 0 < δ < 1

4 , by the
Hölder inequality,

∫

Ut(δ)
|γ|2r− 4

3 ≤
(

∫

Ut(
1
4
)
|γ|3r−3ι

)
2
3
(

∫

Ut(δ)
r−4+6ι

)
1
3
.

Clearly,
(

∫

Ut(δ)
r−4+6ι

)
1
3
=
(2

3

∫

Ut(δ)
r−6+6ιvolωe

)
1
3 ≤ Cδ2ι,
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where the constant C is independent on t and δ. So to prove the Lemma
we only need to prove that for a constant C independent of t,

(5.22)
(

∫

Ut(
1
4
)
|γ|3r−3ι

)
2
3 ≤ C

∫

Xt[
1
8
]
(|γ|2 + |∂Φ1,3|2).

We will prove the above inequality in three steps. Our first step is to
establish the inequality

(

∫

Ut(
1
4
)
|γ|3r−3ι

)
2
3

≤ 8

∫

Ut(
1
2
)
|∂̄∗γ|2r−2ιτ2 + C1

∫

Ut(
1
2
)
|γ|2r−2ι− 4

3 τ2 + C1Λt.

(5.23)

We now prove this inequality. Using the method in deriving (5.9) and
(5.12) for k = 1, we get

(5.24)

(

∫

Ut(
1
4
)
|γ|3r−3ι

)
2
3

≤ C2

∫

Ut(
1
2
)

∣

∣∇|γ|
∣

∣

2
r−2ιτ2+

+ C2

∫

Ut(
1
2
)
|γ|2|∇r−ι− 2

3 |2r 4
3 τ2 + C2

∫

Ut(
1
2
)
|γ|2r−2ι|∇τ |2

≤ C3

∫

Ut(
1
2
)
gβ̄α(〈∇αγ,∇βγ〉+ 〈∇β̄γ,∇ᾱγ〉)r−2ιτ2

+ C3

∫

Ut(
1
2
)
|γ|2r−2ι− 4

3 τ2 + C3Λt.

Let φ2 = r−2ι and φ3 = r−2ι− 4
3 . By divergence theorem,

(5.25)

∫

Ut(
1
2
)
gβ̄α
(

〈∇αγ,∇βγ〉+ 〈∇β̄γ,∇ᾱγ〉
)

φ2τ
2

≤ −2

∫

Ut(
1
2
)
gβ̄α〈∇φ2

α ∇β̄γ, γ〉φ2τ2

+

∫

Ut(
1
2
)
〈gβ̄α[∇β̄,∇α]γ, γ〉φ2τ2 + C4Λ

+

∫

Ut(
1
2
)
gβ̄α〈∂α log φ2 · ∇β̄γ, γ〉φ2τ2

−
∫

Ut(
1
2
)
gβ̄α〈∇αγ, ∂β(φ2τ

2)γ〉.

To bound the four terms after the inequality, we use that the curvature

is bounded by Cr−
4
3 to the second item, and apply the Hölder inequality
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to the last two items. After simplification, we get
(5.26)

∫

Ut(
1
2
)
gβ̄α(〈∇αγ,∇βγ〉+ 〈∇β̄γ,∇ᾱγ〉)φ2τ2

≤ −4

∫

Ut(
1
2
)
gβ̄α〈∇φ2

α ∇β̄γ, γ〉φ2τ2 + C4

∫

Ut(
1
2
)
|γ|2φ3τ2 + C4Λt.

We now deal with the first term after “≤” in the above inequality.
We use Kodaira’s formula (5.19) to the case ζ = γ and φ = φ2. Since γ
is a (2, 3)-form and CO-metric is Ricci flat, (5.19) reduces to

−
∑

α,β

gβ̄α∇φ2
α ∇β̄γ = ∂̄∂̄∗φ2

γ −
3
∑

β=1

X β̄
φ2 β̄

γ.

So we get

−
∫

Ut(
1
2
)
gβ̄α〈∇φ2

α ∇β̄γ, γ〉φ2τ2

=

∫

Ut(
1
2
)
〈∂̄∂̄∗φ2

γ, γ〉φ2τ2 −
∫

Vt(
1
2
)

3
∑

β=1

X β̄
φ2 β̄

|γ|2φ2τ2.

By the Hölder inequality, we estimate
∫

Ut(
1
2
)
〈∂̄∂̄∗φ2

γ, γ〉φ2τ2

=

∫

Ut(
1
2
)
〈∂̄∗φ2

γ, ∂̄∗φ2
γ〉φ2τ2 −

∫

Ut(
1
2
)
〈∂̄τ2 ∧ ∂̄∗φ2

γ, γ〉φ2

≤ 2

∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2 + 2

∫

Ut(
1
2
)
|∂ log φ2|2|γ|2φ2τ2 + C5Λt.

Putting together, we get

(5.27)

−
∫

Ut(
1
2
)
gβ̄α〈∇φ2

α ∇β̄γ, γ〉φ2τ2

≤
∫

Ut(
1
2
)

(

2|∂ log φ2|2 −
∑

X β̄
φ2 β̄

)

|γ|2φ2τ2

+ 2

∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2 + C5Λt.

On the other hand, by direct calculation,

|∂ log φ2|2 ≤
3

2
ι2r−

4
3 and

∑

X β̄
φ2 β̄

≥ 2ιr−
4
3 .
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So inequality (5.27) implies

(5.28)

−
∫

Ut(
1
2
)
gβ̄α〈∇φ2

α ∇β̄γ, γ〉φ2τ2

≤ 2

∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2 +

∫

Ut(
1
2
)
(3ι2 − 2ι)|γ|2φ3τ2 + C5Λt.

Finally, inserting (5.28) into (5.26) and then inserting (5.26) into (5.24),
since 0 < ι < 1

3 , we complete our first step in establishing the inequality
(5.23).

Our second step is to prove
∫

Ut(
1
2
)
|γ|2φ3τ2 ≤

2

2ι− 3ι2

∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2 + C6Λt.(5.29)

For this, we first apply the divergence theorem to the left had side of
(5.28):

(2ι− 3ι2)

∫

Ut(
1
2
)
|γ|2φ3τ2 ≤ 2

∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2 + C6Λt.(5.30)

This inequality implies (5.29) since when ι < 1
3 , 2ι− 3ι2 > 0.

Our third step is to prove

(5.31)

∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2 ≤ C7

∫

Xt[
1
8
]
(|γ|2+ | ∂Φ1,3 |2)).

To achieve this, we write

2

∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2 = 2Re

∫

Ut(
1
2
)
〈∂̄∗φ2

γ, ∂̄∗γ〉φ2τ2

+ 2Re

∫

Ut(
1
2
)
〈∗(∂ log φ2 ∧ ∗γ), ∂̄∗γ〉φ2τ2.

(5.32)

The first term after the equal sign in (5.32) is bounded from above by

2Re

∫

Ut(
1
2
)
〈γ, ∂̄∂̄∗γ〉φ2τ2 + C8Λt,

which is bounded from above by

≤ 2b

∫

Ut(
1
2
)
|γ|2φ3τ2 +

1

2b

∫

Ut(
1
2
)
|∂̄∂̄∗γ|2φ4τ2 + C8Λt,

for some b > 0, and for φ4 = r−2ι+ 4
3 and φ3 = r−2ι− 4

3 . By (5.3), the
second item after the equal sign in (5.32) is bounded by

≤
∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2 +

3

2
ι2
∫

Ut(
1
2
)
|γ|2φ3τ2.
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Therefore (5.32) implies

∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2

≤
(

3

2
ι2 + 2b

)
∫

Ut(
1
2
)
|γ|2φ3τ2 +

1

2b

∫

Ut(
1
2
)
|∂̄∂̄∗γ|2φ4τ2 + C8Λt.

Inserting (5.29) into the above inequality and simplifying, we obtain

(5.33)
ι(2− 6ι)− 4b

ι(2− 3ι)

∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2 ≤

1

2b

∫

Ut(
1
2
)
|∂̄∂̄∗γ|2φ4τ2+C9Λt.

Since ι < 1
3 , for any given ι we can choose b such that ι(1−3ι)−2b > 0.

Then the above inequality implies
(5.34)
∫

Ut(
1
2
)
|∂̄∗γ|2φ2τ2 ≤

ι(2 − 3ι)

2b
(

ι(1− 3ι)− 2b
)

∫

Ut(
1
2
)
|∂̄∂̄∗γ|2φ4τ2 + C10Λt.

Finally, we need to estimate
∫

Ut(
1
2
) |∂̄∂̄∗γ|2φ4τ2. Since the CO-matric

is Kähler and ∂γ = ∂̄γ = 0, then ∂∂∗γ = ∂̄∂̄∗γ. When restricted to
Ut(

1
2), ∂̄∂̄

∗∂∂∗γ = −∂Φ1,3 = 0. From these identities, since 0 < ι < 1
3 ,

(5.35)
∫

Ut(
1
2
)
|∂̄∂̄∗γ|2r−2ι+ 4

3 τ2 ≤
∫

Ut(
1
2
)
|∂̄∂̄∗γ|2τ2

=

∫

Ut(
1
2
)
〈∂∂∗γ, ∂̄∂̄∗γ〉τ2 ≤

∫

Ut(
1
2
)
〈∂̄∂̄∗∂∂∗γ, γ〉τ2 + C11Λt = C11Λt.

Combining the above two inequalities, we prove the inequality (5.31).
This completes our third step.

In the end, we insert (5.31) into (5.29), insert (5.29) and (5.31) into
(5.23); we get (5.22). This proves Lemma 4.6. q.e.d.

Proof of Lemma 4.7. The proof is parallel to that of the previous Lem-
ma, except that in Lemma 4.6 the form γ is a (2, 3)-form while in this
Lemma ∂∗γ is a (1, 3)-form. Replacing γ by ∂∗γ, we find that all in-
equalities up to (5.34) are valid. So to prove Lemma 4.7 we only need

to estimate
∫

Ut(
1
2
) |∂̄∂̄∗∂∗γ|2r−2ι+ 4

3 τ2. Since ∂̄∂̄∗∂∗γ = ∂∗∂∂∗γ, by the

same method in proving (5.35), we get

∫

Ut(
1
2
)
|∂̄∂̄∗∂∗γ|2r−2ι+ 4

3 τ2 ≤ C12

∫

Xt[
1
8
]
(|γ|2 + |∂Φ1,3|2).

This proves Lemma 4.7. q.e.d.
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Appendix A. The geometry of Candelas-de la Ossa’s metrics

We first recall some notations from Candelas-de la Ossa’s paper [9].
We consider the family Vt:

Vt =

{

(w1, · · · , w4) |
4
∑

i=1

(wi)
2 = t

}

⊂ C
4.

Since the individual Vt only depend on |t|, in the following we shall work

with t > 0. We let r2 =
∑4

i=1 |wi|2 be the radial coordinate. We set

ω̃co,t = i∂∂̄ft(r
2)

The condition that the metric be Ricci-flat is

(A.1) r2(r4 − t2)(η3t )
′ + 3t2η3t = 2r8 with ηt(r

2) = r2f ′t(r
2).

The scale has been chosen so ηt has the same asymptotic behavior as

r
4
3 for large r. After setting

r2 = t cosh τ, for τ ≥ 0

and integrating, we pick the solution

(A.2) ηt =
2−1/3t2/3

tanh τ
(sinh 2τ − 2τ)1/3.

Note that this choice of ηt makes the metric regular at r2 = t. Also
note that from (A.1), f ′t(s) = s−1ηt(s), and that ft(s) defined in (3.3)
is a solution of this equation.

In this appendix, we want to estimate the curvature of the CO met-
ric. Since it is homogeneous (see [9]), we only need to perform our

calculation at points q = (
√
r2−t√
2
, i

√
r2−t√
2
, 0, t

1
2 ). At first we pick some

orthogonal coordinate at this point. Since dw1∧dw2∧dw3 6= 0 near q, we
can take (w1, w2, w3) as a (holomorphic) coordinate in a neighborhood
of the point q. By directly calculation, we get

∂∂̄r2|q =
r2 + t

2t

(

dw1 ∧ dw̄1 + dw2 ∧ dw̄2

)

+ dw3 ∧ dw̄3

+i
r2 − t

2t

(

dw2 ∧ dw̄1 − dw1 ∧ dw̄2

)

and

∂r2 ∧ ∂̄r2|q = 2(r2 − t)dw2 ∧ dw̄2.

To simplify them, we introduce a new coordinate (u1, u2, u3) at the
point q:

w1 =
2t

r2q + t
u1 − i

r2q − t

r2q + t
u2, w2 = u2, w3 = u3,
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where r2q , r2(q). Under this coordinate, the ∂∂̄r2 and ∂r2 ∧ ∂̄r2 are
expressed as

(A.3) ∂∂̄r2|q =
2t

r2 + t
du1 ∧ dū1 +

2r2

r2 + t
du2 ∧ dū2 + du3 ∧ dū3

and
∂r2 ∧ ∂̄r2|q = 2(r2 − t)du2 ∧ dū2.

Combined with (A.1),

(A.4) f ′t + r2f ′′t = η′t =
2r8 − 3t2η3t

3r2(r4 − t2)η2t
;

so at the point q the CO metric is

i∂∂̄ft|q =
2tηt

r2(r2 + t)
idu1 ∧ dū1 +

4r4

3η2t (r
2 + t)

idu2 ∧ dū2 +
ηt
r2
idu3 ∧ dū3.

At last we introduce a new coordinate (z1, z2, z3) near the point q as:

z1 =
( 2tηt(q)

r2q(r
2
q + t)

)
1
2
u1, z2 =

( 4r4q
3η2t (q)(r

2
q + t)

)
1
2
u2, z3 =

(ηt(q)

r2q

)
1
2
u3.

The CO metric at this point is then expressed as

i∂∂̄ft(r
2)|q = i

3
∑

j=1

dzj ∧ dz̄j .

Under this coordinate, we can rewrite (A.3) as

∂∂̄r2|q = (r2)
1
3

( r4

η3t

)
1
3
(

dz1 ∧ dz̄1 +
3

2

η3t
r4
dz2 ∧ dz̄2 + dz3 ∧ dz̄3

)

and

∂r2 ∧ ∂̄r2|q =
3

2
(r2)

4
3

(η3t
r4

)
2
3
(

1− t2

r4

)

dz2 ∧ dz̄2.
To estimate the curvature of the CO metric, we need to investigate

the asymptotic behavior of
η3t
r4
.

Lemma A.1. Over [t,+∞), the function r−4η3t is an increasing func-
tion and

lim
r2→t

r−4η3t =
2

3
, lim

r2→∞
r−4η3t = 1.

Proof. Let h(τ) = r−4η3t . From (A.2),

h(τ) =
1

2

cosh τ(sinh 2τ − 2τ)

sinh3 τ
.

Differentiating,

h′(τ) =
1

2 sinh4 τ
h1(τ) where h1(τ) = 4τ+e2τ (τ−3/2)+e−2τ (τ+3/2)

and
h′1(τ) = 2τe2τ − 2e2τ − 2τe−2τ − 2e−2τ + 4.
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Thus for any τ > 0,

h′1(τ) = 4τ

∞
∑

n=1

(2τ)2n+1

(2n+ 1)!
· n

n+ 1
> 0.

Since h1(0) = 0, h1(τ) > 0 and h′(τ) > 0. So over [0,+∞), the function
r−4η3t is a increasing function of τ . Since r2 = t cosh τ for τ ≥ 0 is an
increasing function in τ , r−4η3 is increasing in r2. Since τ → 0 when
r2 → t, and τ → ∞ when r2 → ∞, we obtain the two desired limits by
applying the L’Hospital rule. This proves the Lemma. q.e.d.

We next investigate η′t. From η3t = r4h(τ),

3η2t η
′
t = 2r2h(τ) + r4h′(τ)

dτ

dr2
= 2r2h(τ) + t−1r4h′(τ) sinh−1 τ > 0,

hence r
2
3 η′t > 0. On the other hand by (A.4), we get

r
2
3 η′t =

2− 3 t2

r4
η3t
r4

3(1− t2

r4 )(
η3t
r4 )

2
3

=
(η3t
r4
)

1
3 +

2− 3
η3t
r4

3(1 − t2

r4 )(
η3t
r4 )

2
3

.

Then from Lemma A.1, we see that

0 < r
2
3 η′t < 1.

In the following for two functions α(r, t) and β(r, t) in r and t we
shall use α . β to mean that there is a constant C independent on r
and t such that

|α(r, t)| ≤ C|β(r, t)|.
Under this convention, the previous Lemma and the last inequality can
be abbreviated as

ηt . r
4
3 and η′t . r

− 2
3 .

For higher derivatives, by introducing ǫ = t
r2
, the identities (A.1) and

(A.4) imply

η′′t . r
− 8

3 (1− ǫ)−1, η
(3)
t . r−

14
3 (1− ǫ)−2.

Therefore, by the second identity of (A.1), we obtain the following as-
ymptotic estimates

f ′t . r
− 2

3 , f ′′t . r
− 8

3 , f
(3)
t . r−

14
3 (1−ǫ)−1 and f

(4)
t . r−

20
3 (1−ǫ)−2.

To proceed, we need to the partial derivatives of r2 with respect to zi
and z̄i. For simplicity, we shall use the subscript i to denote the partial
derivative with respect to zi, and use ī for derivatives with respect to

z̄i. Thus, for instance,
∂2r2

∂zi∂̄zj
= (r2)ij̄ .
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Under this convention, we compute directly that at the point q, the
first order partial derivatives
(A.5)

(r2)1 = (r2)3 = 0 and (r2)2 = −
√
6

2
i(r2−t) 1

2 (r2+t)
1
2
ηt
r2
. r

4
3 (1−ǫ) 1

2 ;

the second order derivatives (r2)ij̄ = 0 except the following

(A.6) (r2)11̄ = (r2)33̄ =
r2

ηt
. r

2
3 , (r2)22̄ =

3

2

η2t
r2
. r

2
3 ;

the second derivatives (r2)ij = 0 except the following

(r2)11 = (r2)33 = −r
2

ηt
. r

2
3 , (r2)22 = −3

2

η2t
r2
ǫ . r

2
3 .

For the third order partial derivatives of type ij̄k, we have the vanishing
(r2)ij̄k = 0 except the following

(r2)11̄1 =
r3(1− ǫ)

1
2

t
1
2 η

3
2
t (1 + ǫ)

1
2

. ǫ−
1
2 (1− ǫ)

1
2 ,

(r2)12̄1 = −i
√
6

2

(1− ǫ)
1
2

(1 + ǫ)
1
2

. (1− ǫ)
1
2 ,

(r2)21̄2 =
3

2

t
1
2 η

3
2
t (1− ǫ)

1
2

r3(1 + ǫ)
1
2

. ǫ
1
2 (1− ǫ)

1
2 ,

(r2)22̄2 = −i3
√
6

4

tη3t (1− ǫ)
1
2

r6(1 + ǫ)
1
2

. ǫ(1− ǫ)
1
2 ,

(r2)31̄3 =
r3(1− ǫ)

1
2

t
1
2 η

3
2
t (1 + ǫ)

1
2

. ǫ−
1
2 (1− ǫ)

1
2 ,

(r2)32̄3 = −i
√
6

2

(1− ǫ)
1
2

(1 + ǫ)
1
2

. (1− ǫ)
1
2 .

For the fourth order partial derivatives, we still have the vanishing ex-
cept the following

(r2)11̄11̄ =
r4

tη2t
. r

4
3 t−1, (r2)12̄12̄ = (r2)21̄21̄ =

3ηt
2r2
. r−

2
3 ,

(r2)22̄22̄ =
9tη4t
4r8

. tr−
8
3 , (r2)13̄13̄ = (r2)31̄31̄ =

r4

tη2t
. r

4
3 t−1,

(r2)33̄33̄ =
r4

tη2t
. r

4
3 t−1, (r2)23̄23̄ = (r2)32̄32̄ =

3ηt
2r2
. r−

2
3 .

We now use these asymptotic estimate of the partial derivatives of r2

to prove Lemma 5.1. Since (z1, z2, z3) is the orthogonal coordinate at the
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point p, we only need to prove that there is a constant C independent

of t and r such that the curvature tensor Rij̄kl̄ of the CO metric ω̃co,t

at q has bound

(A.7) Rij̄kl̄ . r
− 4

3 .

The curvature at q has the form

Rij̄kl̄ = −(ft)ij̄kl̄ + (ft)ikq̄(ft)qj̄l̄.

One group of terms appearing in (ft)ij̄kl̄ are of the type

f
(4)
t · (r2)i(r2)j̄(r2)k(r2)l̄, f

(3)
t ·

∑

(r2)i1i2(r
2)i3(r

2)i4 ,

f ′′t ·
∑

(r2)i1i2(r
2)i3i4 ,

where the summations are taken over all possible permutation {i1, i2, i3,
i4} = {i, j̄, k, l̄}. For such type of terms, using the previous estimate,

we check directly that they are bounded by Cr−
4
3 .

The other group of terms in appearing (ft)ij̄kl̄ are of the type:

f ′t · (r2)ij̄kl̄(A.8)

f ′′t ·
(

(r2)ij̄k(r
2)l̄ + (r2)il̄k(r

2)j̄
)

,(A.9)

f ′′t ·
(

(r2)j̄kl̄(r
2)i + (r2)j̄il̄(r

2)k
)

.(A.10)

Of these, (A.8) vanishes when i 6= k or j 6= l, (A.9) vanishes when i 6= k
and (A.10) vanishes when j 6= l. The remaining cases in (A.8)-(A.10)
may be not vanishing, and will be treated separately momentarily.

We now look at the product term (ft)ikq̄(ft)qj̄l̄. First in the expression

of (ft)ikq̄, the following two types of terms

f
(3)
t · (r2)i(r2)k(r2)q̄ and f ′′t ·

∑

i1,i2,i3

(r2)i1i2(r
2)i3

are bounded by Cr−
2
3 ; therefore corresponding product terms

(

f
(3)
t · (r2)i(r2)k(r2)q̄ + f ′′t ·

∑

i1,i2,i3

(r2)i1i2(r
2)i3

)

×
(

f
(3)
t · (r2)j̄(r2)l̄(r2)q + f ′′t ·

∑

j1,j2,j3

(r2)j1j2(r
2)j3

)

in the expansion of (ft)ikq̄(ft)qj̄l̄ are also bounded by Cr−
4
3 . Here the

summations are over all possible permutation {i1, i2, i3} = {i, k, q̄} and
{j1, j2, j3} = {j̄, l̄, q}.
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The remaining terms in (ft)ikq̄(ft)qj̄l̄ are of the following types:

(f ′t)
2 · (r2)ikq̄(r2)j̄l̄q,(A.11)

f ′t · (r2)ikq̄ ·
(

f ′′t
∑

(r2)i1i2(r
2)i3 + f

(3)
t · (r2)j̄(r2)l̄(r2)q

)

,(A.12)

f ′t · (r2)j̄ l̄q ·
(

f ′′t
∑

(r2)i1i2(r
2)i3 + f

(3)
t · (r2)i(r2)k(r2)q̄

)

,(A.13)

where the summation in the second line is taken over all possible permu-
tation {i1, i2, i3} = {j̄, l̄, q} and summation in the last line is taken over
all possible permutation {i1, i2, i3} = {i, k, q̄}. Like before, they vanish
when i 6= k in case (A.11) and (A.12) or when j 6= l in case (A.11) and
(A.13).

Combining the above discussion, we see that when i 6= k and j 6= l,
the bound (A.7) follow immediately. For others, we need to treat case
by case.

For the case i 6= k and j = l, we have

Rij̄kj̄ . r
− 4

3−f ′′t ·(r2)j̄ j̄i(r2)k
(

1−f ′t ·(r2)īi
)

−f ′′t ·(r2)j̄ j̄k(r2)i
(

1−f ′t ·(r2)kk̄
)

.

We claim that the last term is always zero. Indeed, because of (A.5), if
i 6= 2, then the last term is equal to zero. If i = 2, then k 6= 2, and by
(A.1) and (A.6) we have 1− f ′t · (r2)kk̄ = 0. This proves the claim that
the last item always vanishes. For the same reason, the second item
vanishes. Therefore, when i 6= k and j = l, the estimate (A.7) holds.

For the case i = k and j 6= l, we have Rij̄il̄ = Rjīl̄i . r−
4
3 . This

proves the bound (A.7) in this case.
Finally, we need to consider the cases i = k, j = l and i 6= j. We

should consider these cases individually. In case ij̄kl̄ = 13̄13̄, we have

R13̄13̄ . r−
4
3 − f ′t · (r2)13̄13̄ + (f ′t)

2 · (r2)111̄(r2)3̄3̄1
+
(

f ′t · (r2)112̄ + f ′′t · (r2)11(r2)2̄
)

·
(

f ′t · (r2)3̄3̄2 + f ′′t · (r2)3̄3̄(r2)2
)

.

The last term is clearly . r−
4
3 ; the second and third items combined

give

− f ′t · (r2)13̄13̄ + (f ′t)
2 · (r2)111̄(r2)3̄3̄1

= −f ′t
r4

tη2t
+ (f ′t)

2 r
6(r2 − t)

tη3t (r
2 + t)

=
−2r2

ηt(r2 + t)
. r−

4
3 .

This proves the bound (A.7) for R13̄13̄. By similar method, we obtain
desired bound (A.7) for R12̄12̄ and R23̄23̄.

Finally, we consider the case i = j = k = l. Since the metric is
Ricci-flat, we have

Rīiīi = −
∑

j 6=i

Rīijj̄ . r
− 4

3 .
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This completes the proof of Lemma 5.1.

Remark A.2. We remark that when r → t, the induced metric on
the surface r2 = const. approaches

1

2

(2t2

3

)
1
3
ds2|S3 ,

where ds2|S3 is the standard metric on S3. The curvature of the limiting

metric is Ct−
2
3 for some constant C.
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