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BALANCED METRICS ON NON-KAHLER
CALABI-YAU THREEFOLDS
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Abstract

We construct balanced metrics on the family of non-Kéhler
Calabi-Yau threefolds that are obtained by smoothing after con-
tracting (—1, —1)-rational curves on a Ké&hler Calabi-Yau three-
fold. As an application, we construct balanced metrics on complex

manifolds diffeomorphic to the connected sum of k > 2 copies of
S3 x S3.

1. Introduction

We construct balanced metrics on the class of complex threefolds that
are obtained by conifold transitions of Kéhler Calabi-Yau threefolds;
this class includes complex structures on the connected sum of k > 2
copies of S3 x S3.

A central problem in studying compact complex manifolds is to find
special hermitian metrics on them. (All complex manifolds in this paper
are compact, unless otherwise stated.) The most distinguished class of
metrics on complex manifolds are Kahler metrics. A Kéahler metric is
a hermitian metric whose hermitian form w satisfies dw = 0. Kahler
metrics offer many advantages: their (hermitian) connections are tor-
sionless; their d, @ and d-harmonic forms coincide, which lead to the
Hodge structure on their cohomology groups. The drawback is that
many important complex manifolds do not admit Kéhler metrics.

In search for a wider class of special metrics on an n-dimensional
complex manifold X, since the vanishing dw® = 0 automatically yields
dw =0 when 2 < k <n — 2 (see [19]), the only weaker condition along
this line is the balanced condition

dw™ ' =0.
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(One can generalize the Kéhler condition along other directions, like the
pluriclosed metric: 90w = 0. In this paper, we concentrate on balanced
metrics. )

The balanced metrics on X (an n-dimensional complex manifold)
form an important class of hermitian metrics. First, the form w"!
defines a cohomology class in H?""2(X,R), thus can be used to de-
fine the degree of vector bundles on X; the balanced metrics also occur
as part of the Strominger system, a system that generalizes the com-
plex Monge-Ampere equations and hermitian-Yang-Mills equations (see
[33]). Paired with cohomologically Kéhler requirement on the manifold
X, (i.e. the validity of the 99-Lemma on X ), we expect that a balanced
metric would yield properties resembling that of a Kahler metric.

The existence of balanced metrics is also more robust than that of
Kahler metrics; more so when the base manifold is cohomologically
Kaéhler. For a pair of birational complex manifolds, Alessandrini and
Bassanelli [2, 3] proved that one admits balanced metrics if the other
admits balanced metrics; when X is cohomologically Kéahler and has
balanced metrics, then small deformations of the complex structure of
X is also cohomologically Kéhler [34, 35] and admits balanced metrics
[35].

This leads to the natural question whether balanced metrics are pre-
served under singular transitions of the underlying manifold. A singular
transition of a complex manifold Y is a contraction ¥ — X followed
by a smoothing Xy ~» X3, (i.e. X; are small deformations of Xy such
that X; are smooth for general t.) The simplest such case is the conifold
transition:

Definition 1.1. A conifold transition consists of a smooth compact
threefold Y, a holomorphic map to a singular complex space 7 : Y — X
and an analytic family of complex spaces X, t € A C C, such that

1) Xy is compact and smooth away from a finite set A = {p1,--- , pe};

2) 7 Yp;) £ E; are (—1,—1)-curves; i.., they are smooth ra-
tional curves, and the normal bundles N,y are isomorphic to
OEi(_1)®2§

3) wly—m-1(a) : Y — 7 1(A) = Xo — A is a biholomorphism;

4) X, are compact smooth complex manifolds for ¢ # 0.

In this paper, we prove the existence of balanced metrics under coni-
fold transitions.

Theorem 1.2. Let Y be a smooth Kdhler Calabi-Yau threefold and
let' Y — Xo ~ Xy be a conifold transition. Then for sufficiently small
t, X; admits smooth balanced metrics.



BALANCED METRICS ON CALABI-YAU THREEFOLDS 83

Here a smooth Calabi-Yau threefold is a three dimensional complex
manifold with finite fundamental group and trivial canonical line bun-
dle. There are plenty of conifold transitions of Kahler Calabi-Yau three-
folds. Given such a threefold Y, let E be a union of mutually disjoint
(—=1,—1)-curves E;. By contracting E, we obtain a singular complex
space Xo. When the homology classes [E;] € Ho(Y,Z) satisfies the cri-
terion of Friedman [12, 13], X can be smoothed to a family of Calabi-
Yau threefolds X;. The theorem states that for sufficiently small ¢, all
X; have balanced metrics.

The connected sum #(S3 x S3) of k > 2 copies of S% x S3 can be
given a complex structure in this way [13, 26]. As a corollary of the
Theorem,

Corollary 1.3. The complex structures on #(S3x S3) for any k > 2
constructed from the conifold transitions admit balanced metrics.

On the other hand, according to Lemma 2 in [7], any pluriclosed
metric w on #(S3 x S3) can be written as w = d¢ + ¢ for a (1,0)-
form ¢. We claim that in this case there is no balanced metric on it.
Otherwise, a balanced metric @ would give 0 < f#k(S3XS3) WALt =0,
a contradiction.

Combining Corollary 1.3 and the above discussion, we prove a result
stated in [7]. (The proof of this statement in [7] was incomplete; the
reason given in [7] for T' = 0 is insufficient.)

Corollary 1.4. There exists no pluriclosed metric on the complex
structures on #5,(S3 x S3) for any k > 2 constructed from the conifold
transition.

This shows that the balanced metrics are the only known special
hermitian metrics on these manifolds (c.f. [7]). We add that in [8] it is
proved that their holomorphic tangent bundles are stable with respect
to any Gaudchon metric.

We believe that the theorem will play an important role in investi-
gating the geometry of Calabi-Yau threefolds within the framework of
Reid’s conjecture. To shed lights on the immense collection of diverse
Calabi-Yau threefolds, Reid conjectured that all Calabi-Yau threefolds
are connected by deformations and singular transitions [31]. The cur-
rent work is a step to study Calabi-Yau threefolds in the framework of
metric geometry along Reid’s conjecture.

Our proof of the Theorem is partially constructive in that we con-
struct balanced metrics g; on X; with prescribed limiting behavior near
the singularities of Xy. This helps to investigate the solutions to the
Strominger system of supersymmetry with torsion under the conifold
transition. Recall that the Strominger system is an elliptic system on a
pair (g,h) of a hermitian metric g on a Calabi-Yau threefold Y and a
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hermitian metric h on a vector bundle V on Y (c.f. [33, 24, 15, 6, 14]).
This system includes an equation on the hermitian form w of g:

d*w =V~=1(0 — 9) In [|Q|w,
which is equivalent to the balanced condition [24]:
d([| @l »?) = 0.

(Here Q is a holomorphic 3-form of the Calabi-Yau threefold.) We hope
that the solutions to the Strominger system for Y can be prolonged
through conifold transitions. Omne can also consult the discussion on
this point from CFT in [1].

We add that there are explicit existence results on balanced metrics.
Goldstein and Prokushkin [17] constructed balanced metrics on torus
bundles over K3 surfaces and over complex abelian surfaces (cf. [11]
and [5]). Later, D. Grantcharov, G. Grantcharov and Poon [18] con-
structed CYT structures on torus bundles over more general compact
Kahler surfaces; as a consequence they constructed CYT structures on
complex manifolds of topological type (k —1)(S? x S*)#k(S3 x S3) for
k > 1. However, the canonical line bundles of these complex manifolds
are non-trivial. Note that for compact complex manifolds with trivial
canonical line bundles, the existence of CYT structures is equivalent to
the existence of balanced metrics [25]. Along this line, our construction
provides CYT structures on a large class of threefolds, including those
of types #x>2(S% x S3).

We now outline the proof of the theorem. Our first step is to modify
a Kahler metric on Y near the contracted curves F; to get a balanced
metric wy on the contraction X so that near the singularities of X the
metric wy coincides with the Kéhler Ricci-flat metric of Candelas-de la
Ossa’s (see [9]).

After this, we deform wg to smooth almost balanced hermitian metrics
wy on Xy so that they are Kahler and Ricci-flat near the singular points of
Xy. We achieve the Ricci-flatness by using the deformation of Candelas-
de la Ossa’s metric on the cone singularity to smooth Ricci-flat metrics
on the smoothing of the cone singularity.

To get balanced metrics, we consider perturbation w? 4 6; + 6;, with
0y = i0py for g a (1,2)-form on X solving

1001y = étwtz subject to  uy Ly, ker 9;0;.

This way, d(w? + 0; + 6;) = 0 automatically. We then prove that the
C®-norms |0 o, — 0 as t — 0. Thus w? + 6; + 6, is positive definite
for small t; (@)% = w? +6; +0; is solvable, and @, is a family of balanced
metrics on X;.

The technical part is to control the norms [[6¢[|co,. To this end,
we choose v; to be the solution to the Kodaira-Spencer equation [22]
E;(v;) = Ow? subject to v; L, ker E;. The solution ~; satisfies 9;y; = 0
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and p; = —i0;0fy;. Applying the elliptic estimates, the L2-estimates
and the vanishing theorem of L2-cohomology groups, we prove that

4

. 2 _ .

lin [t 10420, =0 for > —3;

this is more than enough to get the desired bound on ||6¢||co ,,. Section
3 and 4 are devoted to prove this estimate.

The above construction of the family of hermitian metrics w; and
the estimate on the perturbation terms 6; provide a precise control on
the local behavior of the metrics @; near the singularities of Xy. Such
information will be useful in the further study of the geometry of Xj.
For instance, using this M.-T. Chuan [10] has proved certian existence
of Hermitian-Yang-Mills metrics on bundles over X;.

It is worthwhile to compare this approach with a possible approach
using Michelsohn’s existence criterion of balanced metrics [28]. Let
Y — Xy ~ X; be a conifold transition of the Calabi-Yau threefold and
suppose Y is cohomologically Kéhler and has balanced metrics. In case
X; does not have balanced metrics, by Michelsohn’s criterion we find a
non-zero positive (1, 1)-current T} on Xy of the form T; = 05;+0S; with
(1,0)-current S;. Suppose X;, has no balanced metrics for a sequence
t — 0, then after normalization and passing to a subsequence, we find
a non-zero positive 90-closed (1, 1)-current Ty on Y — E that is a weak
limit of the 7}, mentioned. If we can show that Ty extends to a non-zero
positive current Ty on Y such that Ty = 3S + dS for a (1,0)-current S
on Y, we obtain a contradiction by applying Michelsohn’s criterion to
our assumption that Y has balanced metrics.

The extension is guaranteed if Tp(®) = 0 for any d-closed (2, 2)-form
® on Y — E with compact support. One possible approach to such proof
is to establish estimates on a family of (2,2)-forms 6] (similar to the 6,
mentioned before) on Xj:

||01/t||00,w£_> 0 as t—0.

Here w; are the hermitian metrics on X; that are the restriction to
X; of a smooth hermitian metric on X = [[, X;. (Note for conifold
transitions, X is a smooth, non-compact four-fold). At the moment
we are unable to prove this estimate. Though this is weaker than the
estimate ¢"- HHtH%,OM—) 0 mentioned earlier, we can prove the stronger
estimate because we use essentially the Ricci-flatness of w; near the
singularities of Xj.

We hope that a refined version of this suggested approach will be use-
ful to attack the question on balanced metrics via singular transitions.

Question 1.5. Let Y be a compact cohomologically Kahler complex
manifold and let Y — Xy ~» X; be a singular transition. Suppose Y
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has a balanced metric. Does X; admit balanced metrics for sufficiently
small ¢7?

It will be too optimistic to believe that this question has an affirma-
tive answer in general. The case of threefolds (or Calabi-Yau threefolds)
holds more hope. Our theorem is the first step toward answering this
question. A more detailed understanding of this question will be im-
portant to the metric geometry of threefolds.

Acknowledgements. The authors would like to thank P.-F. Guan,
J.-X. Hong, Q.-C. Ji, L. Saper, V. Tossati and Y.-L. Xin for useful
discussions.

2. Balanced metrics with conifold singularity

Let (Y,w) be a Kéhler threefold. Let E C Y be a (—1,—1)-curve.
By contracting F we obtain a variety Xy with ordinary double point
singularity. In this section, by modifying the 4-form w? we construct a
balanced metric wg on Y — F that coincides with Candelas-de la Ossa’s
cone Ricci-flat metric near the singular point of Xj.

We begin with setting up the convention for the geometry of Y near
the (—1,—1)-curve E. We let L be the degree —1 line bundle on E; we
pick a neighborhood U of E in Y that is biholomorphic to a disk bundle
in L2,

To give coordinates to U, we fix an isomorphism F = P!, pick an
o € F and let z € E — oo = C be the standard coordinates of C.
Using L®2\E_oo = C%Q_w, and taking e; and es be the standard basis
of (Cegz_oo, we give L®2|p_ . the coordinates (z,u,v), meaning the point
uey + veg over z € E — oo.

We let r > 0 be the function

(2.1) r(z,u,0)? =1+ | 2w >+ v ).

A direct check shows that this function extends to a smooth hermit-
ian metric of L2, Using r, we agree that U C Y (containing E) is
biholomorphic to the open unit disk in L#2. For 1 > ¢ > 0, we let

(2.2) U(e) ={(z,u,v) €U | r(z,u,v) <c} cU1)=UT.

As U C Y is viewed as an open neighborhood of £ C Y, using the above
inclusion, U(c) for 0 < ¢ < 1 are open neighborhoods of E C Y as well.
We recall Candelas-de la Ossa’s metric on U. To make the forthcom-
ing manipulation more tractable, since both L®? and r? are invariant un-
der the transitive group G = U(2) < Aut(FE), to study the G-invariant
property we only need to work out its restriction to z =0 in FE.
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Using (2.1) and the convention (2.2), we view r as a function on
U CY. We consider
i00r? = i(|u |* + | v |*)dz Adz +i(14 | 2 |*)(du A di + dv A do)
+izudu N dz +izudz N\ du +izvdv AN dz + 1wz dz A dv.

Restricting to 0, and introducing

N de. ) udu + vdv
1= ) 2 = T
ViwP+v?
Ag = % and Ay =i\ AN,
Viuwl|®+|v
we obtain
(2.3) i00r?|,—g = 2\ + Aoz + g

For the same reason, i0r? A Or? is also G-invariant, and has the form
(2.4) i0r? A Or?|,—g = 12 \g3.

Definition 2.1. Let fy = %(rz)% The two-form 99 fy is the Kéhler
form of Candelas-de la Ossa’s metric on U \ E. It is G-invariant.

We denote this metric by weo,0; call it the CO-metric. In explicit
form,

(25)  Weonlemo = (PP)3 N1 +2/3 (%) 73 Mgz + (r2) 75 Mg,

Our next step is to modify w using the CO-metric near E. For this,
we need to select a cut off function x(s).

Lemma 2.2. There is a constant C1 such that for any sufficiently
large n, we can find a smooth function x : [0,00) — R such that

1) x(s) =s when s € [0,2%];

11

2) X'(s) > —Cin~ 5 and 2Y'(s) + sx"(s) > —Cyn~3 when s €
[2%7 (TL - 1)§]7
3) X'(5) > —C1n~3 and 2x/(s) + sx"(s) > —Cin~5 when s € [(n —

4) x is constant when s > ns.

Proof. We first construct a C?-function y that satisfies the required
4
properties. We let ¢; = 23; we define

x(s)=s, forse]|0,c].

We consider ¢(s) = c¢1 + (s — c1) — (s — ¢1)3; x and ¢ have identical
derivatives up to second order at s = ¢;.
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We let ¢ to be the (unique) element in [c1,00) so that 2¢'(c2) +
ca¢”(c2) = 0. This way, ¢'(s) > 0 and 2¢/(s)+s¢”(s) > 0 for s € [c1, ca).
We define

x(s) = ¢(s), for s € [e1,cal.

Next, we pick c¢5 = (n — 1)%; c3 > cg for n large. We define

x(s) = x(c2) + cax'(c2) — C%X'(Cz) 571 for [c2, c3).

One checks that for s € [cg, 3], X'(s) > 0 and 2X/(s) + sx”(s) = 0.
To extend x to [c3, cs] with ¢y = n%, we let

P(s) = ag + ay(s — c3) + az(s — c3)* + as(s — c3)*;

we choose a; so that 1(c3) = X'(c3), ¥'(c3) = x"(c3) and P(cy) =
Y/ (c4) = 0. Solving explicitly and using 7 = c3xh(c2), we get

_9 _3 T(4eq — Te3) 27(2c3 — ¢4)
ag =TC o, a1 = —27¢3°, g = ——————o = a0
0 3 1 3 2 63(64 o C3)2 bl 3 63(64 o C3)3

Using the explicit form of c3 and ¢4, we see that there is a constant
C1 independent of n so that for large n, —Cln_%o <as <0and 0 <
as < Cin~ 5. Therefore, over [cs,c4] we have ¥(s) > —~Cin~3 and
2(s) + s/ (s) > —Cin~3. We define

x(s) = /81[)(7')(17' + x(c3), for s € [c3,cq],

and define x to be a constant function over [c4, 00).

In the end, after a small perturbation of the function y, we obtain a
smooth function that satisfies the requirements stated. This proves the
Lemma. q.e.d.

From now on, we let n be a large integer satisfying the conclusion
of Lemma 2.2. We introduce some auxiliary functions depending on n.
We will use subscript n to emphasize their dependence on n. Later we
will drop the subscript n when n is fixed.

We set s, = n%(r2)% and continue to denote fy = %(rz)%, both are
functions of (z,u,v). Using the function y, we construct a d-closed real
(2,2)-form on U \ E:

3 5/ _4 A5
@, = 500 (n "5 x(s,)(00 o) ):
since r is smooth on U \ F, it is well-defined. Expanding,

D, = v/ (30) (108 fo) A (108 fo) +2/3 13 (r2) "3 X" (30) (192 AOY2) A (10D fo ).
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Restricting ®,, to z =0 in E, from (2.4) and (2.5), we get
2 1 1
n3®pl.—0 = 2/3 (2x'(sn) + 8nX"(5))SA AT A Aoz + 2X(Sn)SA AT A As3

1
+2/3 (2x/(sn) + 80X (8n))SET 2 A3 A Aga.

Lemma 2.3. The (2,2)-form ®,, satisfies:
1) over U(2)\ E, @, = wgmo is positive;
2) over U \ U(%), there is a constant Cy such that for sufficiently
large n,
n3®,ls0 > —Con™ 1Y Mg AN
oy
3) ®,, has compact support (contained in) U.
Proof. This follows from Lemma 2.2. q.e.d.

Since ®,, has compact support (contained in) U; using extension by
zero, we can view it as a global form on Y\ E.

Next we investigate the restriction of w to U. We let ¢« : E — Y be
the inclusion and consider the restriction (pull back) w|p = t*w; it is
a Kéhler metric on £. With 7 : U — FE the tautological projection
induced by the bundle structure of L®2, the form

(:)E =" (w]E)
is a closed semi-positive (1,1)-form on U.

Lemma 2.4. There is a smooth function h of U such that wl|y =
W + 100h.
Proof. Since [w|y] = [wg] € H3z(U,R), there exists a real 1-form o

such that w|y — &g = da. Since « is real, we can write o = 5+ 3 for 3
a (0,1)-form. Therefore from

wly —op = 0B+ (08 + 0B) + I,
we obtain 93 = 0.

We now prove that the Dolbeault cohomology group Hg’l(U ,C)=0.
Let 0,00 € E be the standard 0 and oo in P! using the isomorphism
E =~ P! fixed at the beginning of this section. Continue to denote
by m : U — FE the projection, we introduce open subsets Uy = U \
771 (c0), U_ = U\ 771(0) and B = U_ N U,. Following the argument
leading to (2.1), Uy C C3? is the domain {(z,u,v) | r(z,u,v)* < 1}.
Since r(z,u,v)? is pluri-subharmonic, Uy is Levi-pseudo-convex; thus
is a domain of holomorphy. Applying the Dolbeault theorem [23, Thm
6.3.1], Hg’l(UJr,(C) = 0. For the same reason, Hg’l(U_,(C) =0.

Let v € Hg’l(U, C). Then there exist functions h4 on U4 and h_ on
U_ such that 7|y, = Ohy and v|y_ = dh_. Thus hg = (hy —h_)|p is
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holomorphic (on B). We claim that we can find holomorphic a4 on Uy
and holomorphic a_ on U_ so that (ay —a_)|p = ho; therefore hy —ay
on Uy and h_ — a_ on U_ patch along B to form a smooth function &
on U so that dh = ~. This will prove Hg’l(U, C)=o0.

We now prove the claim. We keep the embedding U, C C? men-
tioned; using B C U, we have the induced embedding B ¢ U, c C3.
Let hg be the holomorphic function on B mentioned. Since for any c €
C* the slice BN{z = ¢} is a polydisk in C2, hy has a power series expan-
sion hg = ZLJ’ZO aij(z)utv?, where a;;(z) are holomorphic on C*. Using
the Laurent series expansions, we can write a;;(z) = azg(z) +a;; (271) so
that af';(z) are holomorphic on C and a;;(0) = 0. (Such decompositions

are unique.) We let ht = D a;"j(z)uivj and hy =3, ai_j(z_l)uivj.
Using the Cauchy integral formula and applying power series conver-
gence criterion, one checks that har extends to a holomorphic function
on U,.

It remains to show that a~ extends to a holomorphic function on U_.
For this, we use that U C L®? and L is the degree —1 line bundle on
P! =~ E. Thus we can embed U_ C C3 via coordinates (2, u',v") such

that the transition function from Uy to U_ is
(2.6) (2,0 = (271 uz, vz).

(Note that w = 1 transforms to =1 /7 ,'whi(_:h has a simple pole at
2/ =0.) Thus hy =3, ai_j(z’)(z’)”l(u’)’(v’)J. Since a;;(0) = 0, hy
converges on B implies that it extends to a holomorphic function on

U_. This proves the claim; hence Hg’l(U, C) =0.
Because Hg’l(U, C) = 0, we can find a function g on U such that
B = 0g. Therefore letting h = —i(g — g), w|y — ©p = i00h. q.e.d.

Since i00h|p = 1*(w—@g) = 0, the restriction h|g = const.. Thus by
subtracting a constant from h we can assume that h|p = 0. Next, using
the open U, = U \ 77 1(c0) and the embedding U, C C3, we introduce
directional derivatives:

0

0
(2.7) a= %(h‘U‘F)’E_OO and b= %(h’U+)’E—oo-

Using the embedding U_ C C? and the transition function (2.6), one
sees that the smooth function on U, defined via

(2.8) hi|u, = au+ at + bv + bv

extends to a smooth function on U that is R-linear along the fibers of
m: U — E; we denote this extension by h;.

Using hy, we now introduce another (2,2)-form. We let hg = h — hy.
We pick a decreasing function o(s) that takes value 1 when 0 < s <1

and vanishes when s > 4. We set t,, = n?r?, which is a function of

(z,u,v). Since o(t) has compact support (contained in) U(fg), using
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extension by zero, we can view it as a function on Y and then use it to
define a real (2,2)-form on Y:

U, = w?—i00(0(ty)-he- (205 +100(2h1 +hs))) —i00(0 (t,) - hi -i00h).

This form satisfies

2

Here the first and second follows from the definitions of ¥,, and o(ty);
the third follows from 100h1 A O = 0.
We now add a multiple of the compactly supported form ®,, to ¥,,:
Qo = U, + Con3®,, Co > 0.

We emphasize that the form y depends on the constant Cy and the
integer n. We shall specify their choices later.

Lemma 2.5. The real (2,2)-form g is d-closed;
1) restricting to U(2)\ E, QO’U(%)\E = Con%wgop;
2) restricting to Y \ U, Qoly\v = w?.
Further, for sufficiently large Cy, there is a constant n(Cy) such that for
n > n(Cp), o > 0.

Proof. Because ®,, and W,, are both d-closed, ) is d-closed. We show
that Qg > 0. By the definitions of ®,, and W,

QO|X\U:W7L|X\U :w2 >0 and

So we only need to check the positivity of Qg over U \ U(Z). We first
look at the region U(2)\ U(%). Within this region,
U, = (1 - o(ty))w?
— i(h1890(t,) + 9o (t,) A Ohy + Ohy A Do (ty,)) AiDOhy
— i(h2000 (t,) + 0o (tn) A Ohg + Oha A Do (t,))
A (205 + i00(2hy + ha)).

(2.9)

Since 1 — o(t,,) > 0, the first term is non-negative. For the other two
terms, because E is covered by D = {|z] < 2} and D' = {|z| > 1},
we only need to investigate the positivity over D and D’ separately.
Because the discussion is similar, we shall deal with D now.

To begin with, we fix a small § > 0 (to be determined later). We
consider Vs = 7= 1(D) N U(5). Over Vs, the second term in (2.9) is

—i(hlﬁéa(tn) + aO'(tn) A 5]11 + 0hy A 50(13”)) A z’@éhl,
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which, after expanding, becomes
—n’hy (0’1’851‘2 + tpo"'r2%i0r? A 51‘2) A i00h,
—t,0'v2(i0r% A Ohy + i0hy A Or?) A iOOh,.

Over the same region, we expand the relevant terms:

or? =T72r?z)\; + 'r)y
forT' = (1+ | 2 |2)%, and
i00r? = T2\ 1 + T2 (g3 + Ag3) + T - (2A3 + 2)91).
For simplicity, we use subindex z and z to denote the partial deriva-

. . _ . 2
tives with respect to z and z. For instance, a, = % and b,; = %.
We introduce

a,zu+ b,sv asu + bsv
c11 = 2Re (— - ), ep=cz=I ——-— AL )
r r
asv — bsu
cy1 =03 = - ————,
a b azu + bsv a b
dis = U+ bsU Fazu 20 dﬂ:p.M’
r r
av — bu

dys =1 ——
32 r ’
where Re is the real part. Following such convention, we have
Ohy = rdi3A1 + dyz Ay + d3z A3

and
i00h1 = e AT + Gt Aot + 13Nz + 31 AaT + G133
To simplify further, we introduce

a3 = a1 = —nhio'T? 1 + té o'Tcz1dss;
gy = — nhﬁé o'T%ci1 + 2t,0'T *Re(zc 3ds3);
(93 = Qg5 = nhlté(a/ + t,o" )T zZeqt
+ t,0'T 2 (Zeg1dys + 2¢13d33) + ta0'T(cz1di3 — ¢11d33);

1
a1 = —nhi(o’ + tna”)F2031 —t20'T(2c51Redys — co1dss);

Q13
1
as3 = — nhita (o’ + t,0") (cmﬂ — 2F_1Re(zclg))
— 2t,0'T (cliRedQQ — Re(eo1dy3) — F_gRe(zclngQ)).

Because for r small, |u|, |v| < 2r, we can find a constant C3 depending
on ¢ so that

|Ci |d23| < 03 for (Z,’LL,’U) € ‘/;5

il



BALANCED METRICS ON CALABI-YAU THREEFOLDS 93

To control the terms «;;, we need to bound the term nhy. For this,
since n™! <r < 2n~! over U(2)\ U(2), the term nhy is bounded from
above uniformly over V5 N (U(2)\ U(2)) for n > 2. Thus § must be
sufficiently small, which can be determined accordingly to Lemma 2.2.

Therefore, enlarging Cjs if necessary and for n > %, we have
gl < Cs, (2,u,0) € Via 2 2 77 1(D) N (U2/n) \ U(1/n)).
Finally, we introduce A;;
Az = (IA A AR A (PN AAL) = Mee AT
for {i,k, 1} ={j,k, 12} ={1,2,3}.
Simplifying using the notations introduced, the expression
— i(h1000 (t,,)00 (tn) A Ohy + Ohy A Do (ty,)) N 1Dy

(210)  —, D (ot o) + Y aghy
1=2,3 ki=2,3

We now look at the third term in (2.9). This time we consider

—z‘(hg&%(tn) + 80’(13”) VAN éhg + Oha A éa(tn))‘vé
= —1r 2hy(t,0"i00r? — t20"r=%i0r? A Or?)
—tna'r_2(8r2 A Ohg + Oha A 5r2).
Since restricting to E the partial derivatives of ho with respect to u
and v are zero, when r is small, |hs| = O(r?) and |Ohy| = O(r). Also

notice that the mixed term such as Ay3 can be controlled by Ay5 and
As3. Therefore for n > %, over Vi1 2; we have

n’n

3 3
Cs> Mg = —i(ha000 (tn)+00 (t,) AOha+0ha NI (tn)) > —C5 Y Ay
k=1 k=1

Therefore the third term in (2.9) can be controlled by —Cs) , A;;.
Inserting this and (2.10) into (2.9), we get

3
U >n > (ot o) + Y opghyr— Cs Y Ayze
=23 k1=2,3 k=1

On the other hand by a directly calculation, we have

_2 _1 _1
n%@n]v[l 2 = 4/3 6 T2 Ags +4/3 ¢, nT 2001 +4/3 £, nl2A

n’n

1 1
+2t3 (1 =37 0722/ Ags +4/3 t3 (1 — T72|2?) Ag3.
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Combining above two, over V[ 12 we finally obtain

AT*n2

4Tz
Qo > ( 7—Co — 03) A+ n( —Co + 041Q>A12 + nogzhs
3t 3t5
ATz L 2|2
+ n( +Co + a21>A21 + (2‘63( - %)CO —Cs+ azi)Azi
3ts
+ apzAgz + nasiAst + assAss
4.4 |22
+ (gt% ( - ﬁ)C@ —Cs3+ 0433>A33.

We now prove that we can find a sufficiently large constant Cj so that
for any n > %, the right hand side of the above inequality is positive.
We let e;; be the coefficient of the term A;; in the above inequality. To
prove the mentioned positivity, we only need to check that under the
stated constraint, the three minors of the 3 x 3 matrix [e;;] are positive:

e11 > 0, det[eij]lgi,jgg > 0, det[eij]3><3 > 0.

We recall that t, = n?r? and I = (1 + ]2\2)% So in the region Vi1 2y,

n’n

1<t,<2and 1 <T < /5. Therefore by expanding the determinants,
we see immediately that they are all positive for n positive and Cj large
enough. We fix such a Cj in the definition of €)g. Therefore, for any
n > 2, the form € is positive in the region U(2)\ U(2).

It remains to consider the region U\ U (%) Over this region, we shall
prove that g is positive when n is large enough. For this purpose, we
will use the smooth homogenous Candelas-de la Ossa metric [9] on U:

(2.11) Weo = 10D f(r?) + 00 1og(1 + |z]?),
where f is defined via f' = r=2n for n?(n + 3/2) = r*. Explicitly,

1
2(n+3)2

(2.12) Weolz=0 = (M + 1)A1 + 31 2 m/\:@é-

By simple estimate,
1
2 2 :
k#j

Comparing with Lemma 2.3 (2), since both w2, and ®,, are homoge-
neous, over U \ U(2) we get

nid, > —3Con Wl
Therefore, over U \ U (%),

2 -1 2
Qo >w —30002’11 Weg-
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This proves that for the fixed Cy and C5, we can choose n big enough
so that the real (2,2)-form Qq is positive over U \ U(2). This proves
the lemma. q.e.d.

The closed (2, 2)-form € is positive (2,2)-form on Y \ E. From [28],
there is a positive (1,1)-form wy on Y \ E such that w? = Qy. This
proves

Proposition 2.6. For the open subset & C U C Y chosen and for
sufficiently large Cy and n, we can find a balanced metric wy over Y \ E
such that

1) restricting to Y \ U(1): wp = w;
1
2) restricting to U(2)\ E: wy = C’Oznéwcqo,'
3) and restricting to U(1) \ U(): wi is 90-ezact.

Let Y be a Calabi-Yau manifold and w its Kéhler metric. Let E C Y
be a union of mutually disjoint (—1,—1)-curves F; C Y, 1 <1i <. For
each F; C Y we choose an open neighborhood E; C U; C Y as given by
Proposition 2.6, and form U;(c) accordingly. We let U = U._,U; and
let U(c) = UL_,U;(c). We have

Corollary 2.7. Let the notation be as stated. Then the Proposition
2.6 holds true with U and U(c) replaced by U and U(c), respectively.

Proof. Since the proof of Lemma 2.5 is by modifying w? within the
open neighborhood £ C U C Y, if we choose U; to be mutually disjoint,
then we can modify w? the same way within U to obtain the desired
metric wg. Note that from the proof of Lemma 2.5, we can choose a
common n and Cy that work for all 4. q.e.d.

Because Y — E = X (the smooth part of Xy), wp is a smooth
balanced metric on Xg gy, that is Candelas-de la Ossa’s metric near the
singular points of Xj.

3. constructing balanced metrics on the smoothings

Assuming the threefold Xy can be smoothed to a family of smooth
Calabi-Yau threefolds X;, in this section we shall show that we can
deform the metric wy to a family of smooth balanced metrics on X;.

Definition 3.1. We say X; is a smoothing of X if there is a smooth
four dimensional complex manifold X and a proper holomorphic pro-
jection X — A to the unit disk A in C so that the general fibers
X; = X xat are smooth and the central fiber X xa 0 is Xj.

Let X be a singular space that is a construction of disjoint (—1, —1)-
curves; let wp be the balanced metric on Xg ¢y constructed in the pre-
vious section. We suppose X; is a smoothing of Xy with X the total
space of the smoothing.
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We begin with the local geometry of X’ near a singular point of Xj.
Let p € X be any singular point that is the contraction of £ = 7= 1(p).
Since X is a contraction of (—1, —1)-curves in Y, from the classification
of singularities of threefolds, a neighborhood of p in Xj is isomorphic to
a neighborhood of 0 in

w%+w§+w§+wi = 0.
Applying the theorem in [32], a neighborhood of p in the total family
X is isomorphic to a neighborhood of 0 in
w? +wi+wi +wi—t=0 (in C* x A),

as a family over t € A. (Here the t is linear because X' is smooth.) More
precisely, for some € > 0 and for
U={(wt) e C*x A | |t| <e, |w|< 1, w] +wj + w3 +wj —t =0},
(lw|?= 31, Jw;|2,) there is a holomorphic map

&:U— X,

commuting with the projections U — A, and X — A, so that U = £(U)
is an open neighborhood of p € & and ¢ induces an isomorphism from
UtoU C X. B ~

We fix such an isomorphism &; we denote by U; the fiber of U over
t € A, and denote U; = 5(0}), which is an open subset of X; NU. For
any 1 > c¢ > 0, we let

Ule) = {(w,t) e U ||w|< ¢} and Ui(c) = £(U(c)) N X,

This way, for fixed ¢, U;(c) forms an increasing sequence of open subsets

of X;; the variables (wy,- -+ ,wy4) can be viewed as coordinate functions
with the constraint Y w? = t understood.
In case t = 0, we can choose & so that the (wq,--- ,w,4) relates to the
coordinate (z,u,v) of (2.2) by
v —zu vt zu U= 2v U+ 2v
w1 = R , W2 = iR , W3 = iR , Wyq = R

where the constant R is to be determined momentarily. Hence under
& the function r introduced in Section 2 coincides with the function
R-(]]| w |)|v,- We then define r on U to be r = r o {15 they are
extensions of the similarly denoted r on Xg used in the previous section.
Also, the punctured opens Uy(c)* = Up(c) — p are isomorphic to the
opens U(c) — E used in the previous section under £ as well. Since we
need to work with different fibers X; simultaneously, we shall reserve
the subscript Ui(c) to denote open subsets in X;.

We now choose R. By choosing R large and rescaling wgp, we can

assume that for fy = %(ﬂ)%

(3.1) Qolury (1) = Wil (1) = 109 (fo - 100 fo).
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Here since fy is understood as a function on Up(1) C X, the partials
0 and 0 are holomorphic and anti-holomorphic differentials of Xj.

One more convention we need to introduce before we move on. Note
that Xy has several singular points, say p1,--- ,p;, corresponding to
contracting F; C Y. For each such p;, we will go through the same
procedure as we did for a general singular p € Xy moments earlier to
pick an open p; € U; C X, an isomorphism &; : U — U; C X and the
open subsets U; (c) C Xy, ete. In fixing the & for various p;, since we
can choose a common Cy and n for all ¢ € {1,--- ,I} in Corollary 2.7,
we can pick a single large enough R that works for all U; o so that (3.1)
holds over U g.

We then form V = UL_U; € X and V(c) = U'_ Ui(c) C X. Accord-
ingly, we let V; = VNXy, let Vi(c) = V(e)N Xy, and let r be the function
on V whose restriction to each U; C V is ther = ro{i_l defined moment
earlier. This procedure gives us a (2,2)-form Qg on Xy such that

(3.2) Qolvy (1) = whlve () = 109(fo - 109 fy).

With these preparations, we now study the deformation X; near the
singular points p; € Xy. For ¢ € (0, 1], we introduce

Xt[C] = Xt \ V;(C)

For small ¢, Xt[%] are diffeomorphic to each other. We fix diffeomor-
phisms v, : X;[2] — Xo[3] that depend smoothly on ¢ and that ¥ = id.
The diffeomorphisms 1 pull back the form on Xo[3] to form on X;[3].

We then let o(s) be a (decreasing) cut-off function such that o(s) =1
when s < % and o(s) = 0 when s > %. This function defines a cut off
function gg on X by rule go|x,n =0, Q0|VO(%) =1 and Q0|V0(1)\V0(%) =
o(r). Then

Qo - iaa(go : fo : Zaafo)

is a smooth (2, 2)-form on X with compact support contained in Xo[%].
In particular, for small ¢,

¥y (Qo — 09 (0o - fo - 100 fo))
is a form on X;[3] which compact support lies in it. So we can view this
form as the form defined on X; by defining it to be 0 on Vi(3).
Momentarily, we will use 0 and 0 over X;. In the remainder of this
paper, we will take holomorphic and anti-holomorphic differentials of
functions on X; for either ¢t # 0 or ¢ = 0. To keep the notation simple,
we use the same df and Jf to mean J|x, f and J|x, f on either t = 0 or

t # 0, depending on whether f is a function on Xy or X;. We hope the
meaning of 0 and 9 will cause no confusions.

In order to construct a positive (2,2)-form on Xy, we need to extend
the function fo(r?) = %r% defined in Definition 2.1. For t # 0 € A, we
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define fi(s) to be the function

»

L cosh 1(m) L
(3.3) fi(s) =273|t|3 / (sinh27 —27)3dr, s€(0,1).
0

The functions f; give Candelas-de la Ossa’s metrics (CO-metric).

Definition 3.2. The two form weo; = i09fi(r?) is the Ricci-flat
Kahler form on V;(1) constructed by Candelas and de la Ossa.

For later application, we need to confirm the smooth dependence of
the metrics woye on t. We denote by ft(k)(s) the k-th derivative in s of

ft(S).
Lemma 3.3. Let fy(s) = %s% Then
(1). for any 6 > 0 and k, restricting to s € [d,1] the functions ft(k)(s)
: (k) .
converges uniformly to f; " (s) when t goes to zero,

(2). For any pair 0 < § < § < %, there exists a ag such that when

|t|<ay ands€[0',0], 5 < j%gzg <2and i < jf'i,gsg <2.

Proof. Since the dependence on t € A, is via its norm, we shall
substitute |t| by the positive real variable u and define f,(s) as in (3.3)
with ¢ replaced by v > 0.

At first we consider the convergence of f,(s). Using (3.3), we get

lim u(s) = 5s% lim gu(s)

u—0 u—

1 1 1
u?\ 2 u? L8\ u?\ 2
gu(s) = ((1 — ?> -2 cosh (E) <1 - §> .

Since % > cosh™ ( ) ~ 7;—;| Inu| when s € [6,1), gu(s) converges uniformly
(

where

to 1in [5, 1); so fu(s) converges uniformly to fo(s) = 283
For the first and the second derivatives. by (3.3), we compute

fli(s) = S_%gu(s) and
o\ —1
fils) = (=7 fuls) + 25721000 2) (1= %)

So by inspection, over [§,1), f/(s) converges uniformly to f}(s) = s

Wl

and f{/(s) converges uniformly to f{(s) = —%s73.

Since for any k > 0, the k-th derivative of (1 — g—;)_l converges
uniformly to the zero function over s € [4, 1), applying induction proves
the remainder cases of (1).

The second part of the Lemma follows form the explicit expressions
of f!(s) and f./(s). This proves the Lemma. q.e.d.
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Our next step is to extend €2 to nearby fibers so that near the singular
point it equals to the CO-metrics weo . To this end, we define

Wroo)(2)  z € X3l
0r(2) = 1y.
1 z € W(§)7
we define
(3.4) B B B B
Or = ¥; (0 — 199(00 - fo(r?) - 10 fo(r?))) + 09 (0t - fr(x?) - 100 fi(x?)).
It is well-defined and is a d-closed 4-form on X;. It decomposes

0, =02 + 07+ 0"

We claim that for ¢ sufficiently small, @f 2 i positive definite. Indeed,
over V;(3), the first term in (3.4) is trivial and, since p; = 1,

2,2
Over X;[1], we argue that

uniformly. From the expression of O, it is clear that ©; only involves
fu(s) and its derivatives up to second order. Hence by (1) of the previous
Lemma, we see that over V;(1) \ V;(3), fi(r) and its partial derivatives
up to second order all converges uniformly to that of fy(r). Hence since
Xo[%] is compact and is disjoint from the singular points, the limit (3.5)
holds uniformly. In the end, since the part @g’ ! and @i 3 are trivial over
Vi(3) and that the complex structure of X; varies smoothly in ¢, the
part (9,‘;L 3 and @g’ 1 converges to zero uniformly as t — 0. Consequently,
for sufficiently small ¢, ©% is positive on X[3] for |t| < e. Combined
with the positivity of @f 2 over V}(%), we obtained the desired positivity
of @? 2 for ¢ sufficiently small.

We let w; be the hermitian form on X; such that (w;)? = (9? 2. Note
that for small ¢, these metrics have uniform geometry on Xt[%] and are
Ricci-flat Kihler metric over V;(1). In the following we will use w; as
our background metric on X;. Therefore objects such as norms and
volume forms on X; are all taken with respect to wy.

Recall that our goal is to find balanced metrics on X;. We will achieve
this by modifying the form (9? 2 to make it both closed and positive
definite.

Since Oy is d-closed on X,

907 = —90,".

We claim that for sufficiently small ¢, H%3(X;,C) = 0. By the Dolbeault
theorem and Serre duality, H'3(X;,C) = H?’(Xt,T;(t) = HO(X;, Ty,).
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Thus H"3(X;,C) = 0 is equivalent to H°(Tx,) = 0. We consider the
total family of the deformation 7 : X — A (cf. Definition 3.1). Let
X* =X —{p1, -~ ,m}- Then X* — A is smooth and the relative
tangent bundle Ty« /A is a vector bundle on A™.

Now suppose for infinitely many ¢t € A approaching 0 € A, H(TY,) #
0, then either by using elliptic estimations or applying the work of
log-differential, one concludes that H°(Tx,,,) # 0, where Xoom =
Xo—{p1,---,m}- Let E C Y be the union of the contracted ratio-
nal curves under the projection Y — Xj; then Y — E = X o, and thus
H%(Tx,.) = H*(Ty_g). On the other hand, since Y is smooth and
E C Y is a codimension 2 complex submanifold, by Hartogs’ Lemma,
HO(Ty) = H(Ty_g) # 0.

Since Y is Kahler and its fundamental group is finite, we have the
following vanishing results. First, using H'(Y,C) = 0, we obtain
H%Y(Y,C) = H"(Y,C) = 0. Since the canonical line bundle of Y
is trivial, this implies H>(Y,C) = H"3(Y,C) = 0. Applying the Serre
duality, we get HO(Ty) = H'3(Y,C) = 0, contradicting to H(Ty') # 0
stated earlier. Thus H°(T,) = 0 for sufficiently small ¢.

Therefore there is a (1,2)-form v; on X; such that dv; = —@i 3. We
let p; be a (1,2)-form on X; such that

(3.6) 00 = —00,° = 07% and  py Ly, ker 80.
We define
(37) O = @?’2 +6; + O_t, 0, = z@,ut

Then (3.6) implies
Q= 8O7* + d(idpy) + O(—idjp,) = 0,
and since §; is real, €); is d-closed.
Proposition 3.4. For sufficiently small t, ; is positive.
Once this is proved, then the hermitian form @; defined via (@;)? =
is a balanced metric on Xj;.
4. The positivity of €,

To prove the Proposition, we first show that for the C%-norm || - |0
measured using wy, we have

Lemma 4.1. Suppose lim;q || 0; ||co= 0, then 4 is positive for
small t.

Proof. We let x; be the Hodge operator associated to the hermitian
metric w;. Then
*tQt = Wt + *t(Ht + ét)
and () is positive if w; + *¢(6; + 0;) is positive.
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Now let ¢; be any closed point of X; and let (z4) be a local chart of
X, at ¢; so that

wt(qt) =V —15a5dza/\d25 and *t(0t+§t)(qt) == AV —119aBdZa/\d25.

Thus wy + *(0; + ét) is positive at g if and only if the matrix (5a5 +

ﬁag) <o <3 is positive. Since wi(qr) = vV—10apdza A dZs,
> Wapl? = e B+ 00)(q)|> = 16+ 0,) () ” < 416(q) .
a7/6

Thus if |6(q¢)|? is small, the matrix (6o + ﬁag) is positive. This proves
that if the C%-norm ||6; ||co is small, the form £, and hence the form
Q, is positive. g.e.d.

The estimate of ||0¢]|co will be achieved in the remainder part of this
section.

To estimate 6;, we use the
introduced in [22]) on A%3(X,):

E; = 000*0* + 0*00*0 + 0*0.

4th_order differential operator Ej (first

Here the adjoint operators 9* = — % 0% and 0* = — * 9% (the same as
and 9 in [29]) are defined using the hermitian metric w; on X;. In [22],
Kodaira and Spencer proved that E; are self-adjoint, strongly elliptic of
order 4, and a form ¢ € Q%3(X;) satisfying E;¢ = 0 if and only if
(4.1) dp=0 and 00" ¢ =0.

We now let ¢ be a solution of

(4.2) Ey(y) = —00,".

We first check that —8@%’3J_ ker E;. Let ¢ € ker Ey, from (4.1) we have
0*0*¢ = 0; from (3.6) we have

(_8@;737 ) = (Zaélut’ qb) = (Z/Lt,é*a*@) = 0.
This implies —8@% 3 | ker E. By the theory of elliptic operators, there

is a unique smooth solution ;L ker E; of (4.2).
We claim that the +; and the u; defined in (3.6) are related by

(4.3) iy = 00"y, and Oy = 0.

This can be seen as follows. From (3.6) and (4.2), we get Ey(y;) —
100u: = 0, which, from the definition of the operator F, is equivalent
to

By taking the L?-norm of the left hand side, we get
(4.4) 00(0* 0y —ipg) =0 and  0*(00* + 1)y, = 0.
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On the other hand, for any ¢ € ker 00, we have (0* 0"y, ¢) = (v, 00¢) =
0. Since pz 1 ker 00,

(4.5) (0" 0%y — i) L ker 0.

Combining (4.4) and (4.5), we obtain 9*9*~; —iu; = 0, which is the first
identity in (4.3). The second in (4.3) follows from the second equality
of (4.4), since

0= / (0°(90° + 1)0ys ) = / (15°0% % + 1 %).
Xt Xt
Summarizing

Lemma 4.2. We let v be the unique solution to Ey(vy;) = —8@%’3
subject to the constraint vi L ker Ey. Then «y satisfies Oyy = 0 and the
0, defined in (3.7) is of the form 6, = 00*F*~,.

Because of this Lemma, we can apply elliptic estimate to bound the
norm of v, by that of 8@; 3. We first check that for any given 0 < ¢ < %,
E; converges uniformly to the Ey on Xy[c¢|]. Since E; depends on the
complex structure of X; and the Hodge star operator of the background
metric wy, it depends on the derivatives of the components of w; of order
at most four. By Lemma 3.3 and the discussion following the Lemma, for
¢ > 0, over X;[c] the Hermition forms w; converges to wg in C*. Then
because for any 0 < ¢ < % and t sufficiently small, the Riemannian
manifolds with boundaries (X¢[c|,w;) have uniform geometry, there is a

constant C' independent of ¢t small so that

1,3
@8 1l oy < € (19 (i) + 1908 I ))

To proceed, we argue that the quantity | X, ]8@% ’3]2 is bounded by
C|t|? for some constant C. Indeed, using the explicit expression (3.4),
@i 3 has compact support contained in Xt[%] and only depend on v
and the complex structure of X;. Because ¢, are smooth in ¢ and the
complex structure are also smooth on Xt[%], 8@% 3 are smooth in t.

Then because Oy = g is of type (2,2) and d-closed, we have 8@%’3 =
(000)%3 = 0 and therefore

(4.7) sup | 0012 (2) < Cltl.

2€Xy
This provides a bound on the last term in the inequality (4.6).

Proposition 3.4 will follow from the following stronger estimate.

Proposition 4.3. For any xk > —%,

lim (|¢]* sup [6;]2,) = 0.
o (1" sup 162 ., )
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Proof. First, according to the Sobolev imbedding theorem, since X; [%]
have uniform geometry and E; converges uniformly to Ej on Xo[%], there
is a constant C' independent of ¢ so that for p > 6,

1,3
Inelleacxiyap < CIell L2y + 1098 leex.1ys) -

Because of the identities in Lemma 4.2 and the inequality (4.7), there
is a constant C independent of ¢ so that

sup 0 < C (1 + [ P
\ Xe[3]

Xi[7] tlg
Multiplying by |t|* on both sides, we get
. : K 2 < : K 2.
(48) (17 sup 01%) < € /e
4

This provides us the bound we need over X;[%].

To control that over its complement, namely that inside V}(i), we
need the following two Lemmas whose proofs will be postponed until
the next section.

Lemma 4.4. There is a constant C' independent of t such that

s |et|2<0 / 6,204 + C sup |0,
Xel4]

Lemma 4.5. There is a constant C independent of t such that

/ 0,7r% < C / (lel? + 10017 ).
Vi(§) Xt[%]

We continue the proof of Proposition 4.3. Until the end of this section,
all constant C’s are independent of ¢; also when it depends on some other
data, like a choice of 6 > 0, we shall use C'(J) to indicate so.

Since r? > |t| over V;(1), Lemma 4.5 implies

/ 6,201 < Oyt 3 / (e ? + [0012).
Vt( ) [

8
Combined with Lemma 4.4, we have

2

sup (07 < Colt 3 [ (P + 10817 + € sup [0
Vi(h) Xe(3] Xel3]

Then multiplying [¢|* to both sides and taking limit ¢ — 0, we find that

by (4.7) the second term on the right hand vanishes since —% + K> =2,

and the third one can be controlled by the first one in view of (4.8). So

we get

lim<|t|“ sup |9t|2) < Cs 1im|t|—%+“/ e[
t—0 ‘/t(%) t—0 Xt
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Therefore by (4.8) and the above inequality, should Proposition 4.3 fail
we must have
Et_>0|t|_§+ﬁ/ |'7t|2 > 0.
Xt
In this case, there is a positive a > 0 and a sequence t; — 0 such that

_2
75 [ =a? 2 a?
t

i

_1l.k
Normalizing 7, = ¢, 372 a; 1y, it satisfies
~ -4
(4.9) By, () = —t; * 2a; 100,
and

(4.10) | =1
X,

Since —% + % > —1, (4.7) implies that the C%norm of the right hand
side of (4.9) uniformly goes to zero when ¢ — oo. Therefore by passing
to a subsequence, there exists a smooth (1,3)-form 49 on Xosm (Xo,sm
is the smooth loci of Xy) such that Ey(50) = 0 and 31, — Ao pointwise.

To make sure that the limit is non-trivial, we check that ||3g|| 72> 0.
For this, we need the following estimate that will be proved in the next
section.

Lemma 4.6. For any 0 < ¢ < %, there is a constant C' such that for
any 0 <6 < % and |t| <,

/ 2% < C5® / (lel? + 10014 P).
Vi o) Xi[3)

We continue our proof of ||7g|/z2> 0. By (4.7) and (4.10), for large ¢
(4.11)

_2
/ e P73 < 045”/ (AP 4t 210,017 P) < s
Vi, (6) e

Letting ¢ — oo and using Lemma 3.3(2), we get

(4.12) | Pt <o
Vo (6)*

where Vp(8)* = Vo(6)\{p1,- - ,pi}. Because of (4.10) and the pointwise
convergence 7, — Yo over Xg ¢m, we have

/ [Fof* > 1 — C56%;
XO,sm
since d is arbitrary, we obtain

(4.13) | k=1
XO,sm
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To obtain a contradiction to complete the proof of Proposition 4.3,
we now show that 49 = 0. We first show that 9*59 = 0. Since 9y = 0,

Ei(vt) = 000 0 y;

/ 150 = / (Bi(10), 7e)-
Xt Xt

Substituting 4;, and applying the Holder inequality, (4.10), (4.9) and
(4.7), we obtain

1 1
a ~ ~ 2 ~ 2 24K
[ oot <([ BuP) ([ 1BGOR) < Colufi s,
X, X, X,

Taking ¢ — oo and noticing x > —%, we get 0%0*7y = 0.

We next pick a cut-off function 7(s) that vanishes when s < 0 and
7(s) =1 when s > 1. For any 0 < § < 1, we put s5 = 2%5_5. (Note that
r is a function on Vp(1) defined in (2.1) and is equal to r o &) We
define

consequently,

75 = T(S5).
It vanishes in a small neighborhood of {p1,--- ,p;} C Xp; it takes value
1 near the boundary of V5(1). We then extend to a function on Xy by
assigning value 1 elsewhere. We still denote this extension by ;.
Using (2.4) and (2.5), over V;(9) \ VO(%) and for a constant Cr inde-
pendent of §, we have
(4.14) 02,0 = sl ()P0, < O,

Weo,0 Weco,0 —

We now fix a 61 < %. Since 75,0*Y0 has compact support, we can

view 75,0*70 as a (1,3)-form on Y. Since H%3(Y,C) = 0, (cf. discussion
preceding (3.6)), there exists a smooth (1,2)-form ¢5, on Y such that
75,0" 0 = 5§51.

Then for any § < %1, by integration by parts and using 9*0*3y = 0,

/751\3*%\22/ 7575, 10" 0|2
Xo Xo

= / T5<8*’~Y075§51> = / <*(8T5 A *8*:}/0)7§51>'
Xo

Xo

(4.15)

By the Holder inequality and the definition of 75, the right hand side
obeys

(*(87—5 A *6*5/0)7 §51>
Xo

1 1
< / 075 %10%70 %) / 55, 12) 7
( VEW (D) ) ( VEWE) )

(4.16)



106 J. FU, J. LI & S.-T. YAU

We then apply the following estimate to be proved in the next section:

Lemma 4.7. For any 0 < ¢ < %, there is a constant C' such that for

any 0 < 6 < 1 and any |t| <4,
| o <es [l 0007,
Vi (6) Xi[3]

From this Lemma, (4.7) and (4.10), we obtain for large 1,
[Pt < [ (a0} ) < Cu
where Cg is independent of §. Taking limit ¢ — oo and using Lemma
3.3(2), we get

18*30[2075 < Cgo™.

Vo(6)*
This inequality and (4.14) imply
(4.17) / 10752167302 < Cod™.
Vo(6)\Vo(3)

Next, we denote by U(d) the union of all neighborhoods U;(d) of E;
in Y, defined in the previous section for 0 < § < 1. Over Vp(1)* =
Vo(1) = {p1,--- ,m} = U(1) \ E we have three metrics:

_ 3
we = 10012, wCO,ozz’g@@(rz)% and  Weo-

(Recall that weo o is the cone Ricci-flat metric and we, is the Ricci-flat
metric on U(1) (see (2.11)). Via isomorphism &, £*(we) = i00r? is
a metric induced from the Euclidean metric on C*.) Since all these
metrics are homogeneous, to compare them we only need to compare
their restrictions over a single point in one Ej, say at z = 0.

We now compare the metrics weo o and we by (2.5) and (2.3); compare
the metrics we and weo by (2.3) and (2.12). Since g5, is a (1,2)-form,
the second factor in (4.16) fits into the inequalities

/ ‘gél ‘2 < C ’§51 ‘EJEVOIUJe
Vo(5)\Vo(2) Vo(9)\Vo($)

< Cio / IS5, ]icor_A‘VOI%.
Vo(O)\Vo($)

Since ¢, and weo are smooth on U(dy), there exists a constant C11(1),
possibly depending on &1, such that

(4.18)

2 < O11(61).
Il}l(gf)!%l!wco_ 11(61)

Therefore

J
/ ‘%1‘2)001‘_4‘/010.)@ < Cll((sl)/ / rdrdS < 012((51)(52,
Vo(6)\Vo(3) {r=1} /3
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where dS is the volume element of the surface {r = 1}. Combined with

(4.18), we get
/ |66, 12 < Cr3(61)6%.
Vo(8)\Vo(3)
Then combined with (4.17) and (4.16), we obtain
| t+(0ms nx0%50)6) < Cualdt,
Xo

and with (4.15),
/ 75,10 F0]* < Ci5(61)8" .
Xo
Taking § — 0 and then §; — 0, we get fXOsm |0*0|?> = 0; hence
%3 = 0. ’

It remains to show that 79 = 0. Since dv; = 0, we have 93y = 0. Let
0o = :}’0‘\/0(1)* be the complex conjugate. Then ¢y = 0*pg = 0. On
4

the other hand, comparing the metrics (2.3) and (2.5), and using (4.12),
we have

[ tboo<0 [ e <o,
Vo(h)- Vo(dy-

(32)2 (Vo(i)*,we) is an L?-Dolbeault cohomology class

of Vp(3)*, with respect to we.

We claim that this cohomology group vanishes. First, for any 0 <
< 3, Vo) = Vo) \ {p1, -+~ i} If we let Vo(8) = £ (Vo(9)), then
Vo(6) is a disjoint union of I copies of Uy(9),

Therefore, pg € H

To(6) = {(wl,--- wg) €ECH w2+ 4w =0,r <5}.

Let @, = 10072 on Up(8)* = Up(6)\ {0} be the metric induced by the flat
metric on C*. From [30], we have lims_,q Hé? (Uo(0)*, @) = 0. Since
we = £*(We) via the isomorphism ¢ and since V(0)* is a disjoint union
of [ connected open sets each of which is isomorphic to Up()*, we also
have limg_q Hé? (V(](5)*,we) = 0. Therefore, there exists a dy < i and

a (3,1)-form 19 on Vy(d2)* such that dvg = ¢y and

(4.19) / |1/0|°2J€V01we < +4o00.
Vo(d2)*

Let
@5, = 00 — O((1 — 75,)10).

Then ¢s, has compact support in Xo ¢y, and 54,052 = 0. By extension
by 0, we view s, as a (3,2)-form on Y. Since H*?(Y,C) = 0, which
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follows from H%!(Y,C) = 0 and the Serre duality, there exists a smooth
function v, on Y such that o5, = Ovs,.

Now for any 6 < 8, since 9*py = 0,
(4.20)

75| o :/ 75(0, w0 — O((1 = 75,)v0) + (1 — 75,)10))
0,sm 0,sm

:/ T5<Q0078(V52 + (1 - T52)V0)>
XO,sm

:/ (x(015 N x0), Vs, + (1 — 75, )10)
XO,sm

1 1
<o tonlleol) ([ sl lnl)
Vo(6)\Vo(2) Vo(9)\Vo(3)

Applying (4.12) and (4.14), and adding ¢y = %|V0(i)*’ we obtain

/ 075200l < Cis6™,
Vo(5)\Vo(%)

where C'¢ is independent of §. On the other hand, since v, is a smooth
form in Y and we, is a smooth metric on U(d2), there exists a constants
C17(02), possibly depending on dz, such that maxyss,) |vs, 2., < Ciz(02).
This, (2.3), (2.5) and (2.12) imply that

/ s, )? < Clg/ !V52’icor_l_‘°9"01we < Chg(82)57.
Vo(5)\Vo(2) Vo(8)\Vo($)

Applying (4.19), we get

/ lwl? < C |V0|iergvolwe < 0205%.
Vo(6)\Vo(3) Vo(6)\Vo(3)

Substituting the above three inequalities into (4.20), we get

/ Tslpo)? < 021(52)5L+%-
0,sm

Taking § — 0, since 0 < ¢ < % and we have Jo fixed, we obtain

f Xo.om |oo|?> = 0. This proves 79 = 0, a contradiction that proves Propo-
sition 4.3, and hence Proposition 3.4. q.e.d.

5. Proofs of Lemmas 4.4 to 4.7

We keep the notations introduced in the previous section. Among
other things, we have the subsets U; C C*, the biholomorphic maps
& U - U =&(U;) C X and V = Uézlb[i - XL Using the fiber X;

of X over t € A, we have biholomorphisms &;; : U;; — U;; C X; and
Vi=U_ Ui; C X;.
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Looking at the statements of Lemmas 4.4 to 4.7, they are of the form
that terms of the form th (1) are bounded by a constant multiple of
2

terms of the form [ X[ Since V}(%) is a disjoint union of [ copies of

Ui,t(%), by increase the multiple by [-fold, the Lemmas are consequence
of similar statement with V;(3) replaced by U; 4(3).

But then since all geometry of U, ; is alike, we only need to prove the
case where Vt(%) is replace by ULt(%). For notational simplicity, we use
ﬁt and U; to denote Ul,t and Uy 4, respectively.

Over U, (= (~]17t) we have the CO-metric @eo ¢ £ 500 f(r?), where f;(s)
is defined in (3.3). The CO-metric weos on Uy is such that & (weot) =
Qeot (We use & to denote &1 = €[y, ,); the CO-metric on V; is weor on
each U;. The metrics wy on X; are deformation of wy away from the
singularities of Xy, and coincide with we, ¢ over Ut(%).

One property of e, wWe need is the following. For any c such that
\t\% < ¢ < 1, the surface {r = ¢} C Uy is diffeomorphic to S x $% and

q= (¥ fj‘z_t’ “\C/%_t,o, t%) lies in this surface. In the appendix, we prove

that we can find a holomorphic coordinates (z1, 22, 23) at ¢ such that
the CO-metric has the form

3
(5.1) eotlg = 100f1(r*)lg =1 dza A dZa;

a=1
letting 7:(s) = sf{(s), we have

4 1 3(,.2
5.2 _ k(T \3 _ 3 ()
(5.2) 90r<|, = (r)3 <77§’(7"2)> (dzl/\dz1+2

1 ng/\ng—Fng/\ng)
r
and
_ 3 4 7’]3(7’2) % t2 _
2 2 2 [
(5.3) ors A or ]qzi(r )3( " ) (1—T—4>d2’2/\d2’2.

In the appendix, we also prove that r~#n} is increasing over [|t|, +-00)
and

2
(5.4) lim r~ 4} =2, lim r~%} = 1.
r2—|t| 3 r2—o0

We let Raﬁ_'yg be the curvature tensor of W at ¢ in coordinate
(21,22, 23). Let [R,3,5| be its norm measured via the metric w;. In
the appendix, we prove

Lemma 5.1. There exists a constant C independent of t and r such
that

_4
[Ropysl < Crs.

Let &, £ i00r2 on f]t be the metric induced by the Euclidean metric
on C*. Let the norm and volume form defined by this metric be | - |3,
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and volg,. Comparing (5.1) with (5.2), since @Weor and @, are both
homogeneous, we have the relation at any point in Uy:

(5.5) volg,, , = gr_zvol;,e,

and by (5.1), (5.2) and the estimate (5.4), for any smooth function f
on Uy,

(5.6) VF2, < Cr5 VR,

Here |Vf|2 = gga%% for w a hermitian metric having the form w =

9opd2a N dZg, and (¢%%) is the inverse of (9ap), that is 3, 9°%gay = (52.

We comment that the prior discussion applies to metrics weo ¢ on Ut(%)
since our chosen background metric w; restricted to Ut(%) is the CO-
metric Weo ¢ under the isomorphism &. By abuse of notation, we shall
also view (z1, 22, 23) as a local coordinate of the point &(q) € Uy(3).

For simplicity, in the following we shall adopt the following conven-
tion. Since we will work primarily over X;, we will omit the subscript
t in all the functions and forms that was used to indicate the domain
of definition. For instance, the form 6; on X; will be abbreviated to 6
when the domain manifold X; is clear from the context. Also, we shall
continue to use wy to be our metric on Xy; thus all norms and integra-
tions without specification are with respect to the metric w; and by the
volume form of w;. In case we need to use a different metric, say with
we, we will use |- |,, and vol,, to mean the associated norm and volume
form.

We let 7(r) be a cut-off function defined on V;(1) such that 7(r) =1
when r < i and 7(r) =0 when r > % We then extend it to X; by zero
and denote by the same notation 7(r).

Proof of Lemma 4.4. As commented, we only need to prove the state-
ment of Lemma 4.4 with V;(3) replaced by Uy(3) £ U1(3). We fix a t
of small |t|. As commented, we use 6 to denote the 6; in Lemma 4.4.

We introduce a sequence [ = (%)k By the definition of 7 and (5.5),
we have

(5.7) /U '

The function |0]?%*r=673 is a non-negative C*°-function with compact
support contained in Uy(3). Via &, Uy(3) is identified with a minimal
submanifold in C* endowed with the Euclidean metric.

We quote Michael-Simon’s Sobolev inequality [27] (independently by
Allard [4]): Let M C R™ be an n-dimensional submanifold in the
Euclidean m-space R™, let H be its mean curvature vector, and let

2
19]2Prr—4 < g/ 102k r=573v0l,, .
) Ut

i (3)
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f € C§°(M) be a nonnegative functions with compact support, then

(/ Fvol) ™
M

Applying this to the minimal submanifold U, C C%, and then applying
the standard skill in page 156 of [16], for any nonnegative function f
on Ut(%) with compact support, we see

1 1
() Pvoe) ([ 9 OL),

where C is a constant depending only on the dimension of Ut(%).

Applying the volume comparison (5.5) and the norm comparison (5.6)
to the right hand side of the above inequality, for C'; a constant inde-
pendent of t we get

< C(n) /M(\Vf\ +|H| - f)vol.

1

1 1
(5.8) (/ frvol, )’ <Gy (/ VIR, wivolu,, ).
Ui(z) Ui(3) ’ '

We remark that in this section we shall use C; to denote constants
independent of ¢ and k. Since the exact sizes of these constants are
irrelevant, we will be very loose in keeping track of them.

Applying (5.8) to the right hand side of (5.7) for f = \9]%1‘_27', we

have
2 2
</ ’9‘2&1.—4)3 < </ ’9‘2&1.—67_3\/01%)3
Ui(L) Ut(3)

<ci [ [v0erF e el
Ui(3)

2

(5.9) g3012/ V165 [2r3 72
Ut(%)

+3C12/ ) ]9\25’“*1\Vr_2\2r%7'2
Uy

2

+3cl2/ 0128155 w1 2.
Ui(3

We use (5.3) to estimate the second term after the third “<” in (5.9):

| Jopre v

Us(3)

(5‘10) < C2/ ’9‘251@711.—47_2
Ut(3)

< 02/ ye\zﬁklr—4+4402/ 6]k
Ue(3) Xe[4]
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From the definition of 7, the third term has an estimate:
Gy [ PRy [ jepe
Ui(3) Xe[g]

For the first term after the third “<” in (5.9), we claim that for any
kE>1,
(5.12)
[V et < JNESYSTS
Ui(3)

B | ) [OEOIP DT 30.0)+ 0, VaV )™
t

t

CA?\OO

Here we denote w; = ) 9opdza N dzp, (we have omitted the subscript
t in gaB,) and denote the inverse (g,5)" of (go3) by (g®?). We also
denote Ay = — gﬁa 5o 526

We first prove the case k > 3. By direct calculation, we have

(5-13 / ‘V’@\ ﬂk 2 __7'2 Bk_l/ ’9‘2(6k—1_2)‘V’9‘ |2r—§7_2
Ui(3) 4oy

and Vo = VV o and so on.

We compute
B—1(Br_1 — 1[0 C1=2 | v|g? |
= Broal0PO D Ay 10 — 5101
— B[0PV P (VaV 56, 0) + (0, VaV b)) — Llo[20.

Multiplying r~5372 to both sides of the above inequality and then in-
tegrating over Ut(%), since the CO-metric is Kihler and 72 vanishes

outside Uy(3), we get

Ue(3)

t\g

B [ POTIGTLT30,0) +(0, a0
t\2

=[P ag (7).
Ut(%)

This and (5.13) prove (5.12).
For k = 2, from Aglo> = 3|0| A5101> — 316]|V|6]
gives

/ |va 2p=5.2
Ui(3)

< b / 0D Ag 0Pr 572 — / 101200 Ay (15 72).
Ut(3) Us(L

2

2 .
, a computation
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This implies (5.12) in case of k = 2.
For k =1, we need to estimate |V!9H2. When |6] # 0,

1, . 1 Ba 1 Ba
M 7101 2|vye\2|2§2 g7V 00,V 50) + 2717V 50, Va0)
=27 A5 |02 — 27167 (VY 50,0) — 271670, VaV 50).

When [0] = 0, | 710 ||= 0 and —Ag |  |>> 0. We still have above
inequality. So (5.12) is valid for k£ =1 and Sy = 1.

Next we estimate the second term in (5.12) by using Kodaira’s Bochner
formula ([29] p.119): for any (p, ¢)-form ¢ = :z%q! > Yayg,dZay Ao A
d?ﬁq,

(D) oy, == 29" VaVila, ..,

a7B
P q 3
(5.14) + ZZ ZR ;B wal"'aiflaawrl“‘Bk7153k+1“'3q
i=1 k=1 a,8
- B
DD R Wy BB
k=1 B
We use above formula to 1) = 8 over Ut(%). Since 6 = 00*0*y;, 0y, = 0
1,3
and ©,(;;, (1 1) = 0,
(5.15)
Aa* | 9% 9 o* * 1,3
Aée‘Ut(%) = (00" +0 a)e‘Ut(%) =-0 Et(’Yt)\Ut( ~0"00y \Ut (3) — 0.

Then (5.14) and Lemma 5.1 imply
— P ((VaV356,6) + (8,V:V 56))
= g ((VaV30,0) + (0, VVab) + (8, [Va, V5l0)) < Csr5]0)%,

where [V4,Vg] = V4V — V3Vg is the curvature operator.
From the above inequality, we can estimate the second term after the
inequality in (5.12):

wlm

B /U ( 621D 6B (7, 56, 0) + (6, VoV g8~

+(3)

(516) < CsBy / 0251172
Ui(3)

IN

C5Bk—1/ ’9‘251“*11‘_4 +44C5/8k—1/ ’9‘2Bk71'
Ut(%) Xt[%]

From (5.1), (5.2) and (5.3),
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Thus the first term after the inequality in (5.12) has estimate

_/ 9] 2Pk Ag (r—gTz)
Ut(%)

ch/ ye\2ﬁk1r—4+4406/ 1625
Ue(§) Xi[4]

Inserting (5.16) and (5.17) into (5.12), we get

(5.17)

|vye\*| r 52
1

(5.18) UG
|9|2Bk1r_4_|_/ |9|2Bk—1>;
&) Xt[4]

< C7Bk—1 (/
U,
inserting (5.18), (5.10) and (5.11) into (5.9), we obtain

t
™)
t\g

1 o
< o) ([ ot [ )
() Xi[]

Ue(3
So for any k£ > 1, the above inequality implies that either

1
( / ye\Qﬁkr—4) Pk < (20781 i ( /
Ue(5) U,

1
1 1

_1
‘6’2Bk,1r—4> Br—1

1

or
1 _1
(/ 0122 4) 7% < (207 81) %1 (vol(X,[1/4) T sup [6]2
Ue(3) X[4]

Since the volume of Xt[i] can be controlled by a constant independent
of ¢, these two inequalities imply that for a constant C's independent of
t and k,

L ke
(/ ]9\2Bkr_4) < H Csfi-1) - 1(/ 0*r~* + sup \9!2)
Ui(3) =1 Ui(7) Xe[4]

Taking limit £ — oo, we get the inequality in the statement of Lemma
4.4. q.e.d.

Proof of Lemma 4.5. We keep the convention introduced in the proof of
Lemma 4.4. To streamline the notation, we assign the symbol A; to

A= / (2 + [9313)2).
X[

The Lemma 4.5 is then equivalent to that for a constant C' independent

of t,
/ 16,205 < CA,.
Ui(3)
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To begin with, for a smooth positive function ¢, we define 5;;( =
0*¢ —+(dlog ¢ A *(), V& = Vo + 04 log ¢ and X(fgk = —gﬁ_kaﬁﬁ-(‘)a log ¢.

We need another Kodaira’s Bochner formula ([29], p.124): For any
(p, q)-form ¢ = 537 Co 5, d2ar Ao+ AdZg,,

(09 +030) )., = = D2 9™ VEV s,

76
p q
(5‘19) +ZZZ Olzﬁk C‘ll"'C‘liflaaiJﬁl"'kalgglvrl”'gq
i=1 k=1«
- 5 g
22 X5~ B o B
k=1 8

We let 1) = 99*y. Over Uy(3), since the CO-metric is Kéhler, we have
0 = 00*0*y = —0*1). We apply the Kodaira formula for ¢ = ¢ = r=5
and ¢ = . Since 1 is a (2, 3)-form and the CO-metric is Ricci flat,

/ (835, )b
Ut

S PG AT DS X loPorr

1
261

Since 7 has a compact support in Ut(%), we compute

/ (835, )b
Ut(%)

= [, @ ipiors [ orn 006

t(3) Vi(3)

S/ 10| ¢1T+/ |01og ¢1 A *2p17
U (3 %)

2 Ui(5

~9Re / (+(log &1 A #), T V)17 + -
Ui(3)

where the dots denote terms that are integrations over Xt[%] of smooth

function including the derivatives of 7. By (4.6), the dotted terms are

bounded by a fixed multiple, independent of ¢, of A, = [ x| 1}(|7|2 +
8

|0®13|2). In the remainder of this section, the term C'A; will appear in
various places for the same reason.
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On the other hand, since 00*1) = —0®"3 = 0 on Ut(%),

/ 026y = Re/ (3,6, T D)7
Ut(l) t(l)

2 U 2

+ Re / (+(D1og d1 A ¥, ") bo
Ut(%)

< Re / (+(D1og d A %), 5 )17 + Cie.
Ui(3)

We remark that the C7 and the C; to appear later are all independent
of t. Combining the above two inequalities, we get

/ (835, )b
Ut(%)

<
Ut(3)

1
2

pPorr [ | 9lomon A i+ Coh
g3

Inserting the above inequality into (5.20) and applying divergence the-
orem to the first term on the right hand side (5.20), since 1 is a (2, 3)-
form, we get

/ 0617

< [, (reanl - ZX V2607 + Ca

2

According to (5.1)-(5.4), we have

_%andZ?z

l\)l»—l

(5.21)

OJ|OO
OJ|OO
wlus

01og ¢1]* <

So from (5.21), we get

[ orriscm=con [ (R oe)R
Ut(i) X é
This proves Lemma 4.5. q.e.d.

Proof of Lemma 4.6. For any 0 < ¢+ < % and any 0 < § < i, by the

Hoélder inequality,

3 1
/Ut(ww e </Ut(i>h‘gr_gL)S(/Ut(é)r_4+6b)3~
(™)

Clearly,

< 0521,,

o=
|
VS
ol
S
=
|
(2}
+
(2}
g
<
o
o,
N———
W=
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where the constant C'is independent on t and §. So to prove the Lemma
we only need to prove that for a constant C independent of ¢,

2
5220 ([ ) <o (P loetep).
Ur(1) Xe[3]

We will prove the above inequality in three steps. Our first step is to
establish the inequality

2

3.-3t)3
([ 1)
Ue(3)
oo [ iy o,

<5
Us(L) Ui(3)

2 2

(5.23)

We now prove this inequality. Using the method in deriving (5.9) and
(5.12) for k =1, we get

2
</Ut(i) ’7‘31,—&) 3
2 _

SCQ/ ‘VM‘ r 22
Ui(3)

2

PGy [ e
UL

2

(5.24) e / 72 9r=F 2
Ui(3)

< 03/U( )gﬁa(Wa% V) + (Vir, Vay)r 72

Let ¢o =r~2 and ¢35 = r_zb_%. By divergence theorem,

/U(l) 97 ((Va, V37) + (Y57, Va) b7
t
< —2/ 97 (VY 57, 7) a7
U (
(5.25) + [ (P95 Vb )onr? + Cut
" /U O lom g Vi

—/ (Vo 95(h27%)7).
Ut(3)

To bound the four terms after the inequality, we use that the curvature
4
is bounded by Cr™3 to the second item, and apply the Holder inequality
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to the last two items. After simplification, we get

(5.26)
9" ((Va, V1) + (V37, Vay)) dar?
Ui(3)
<—t [ PUEVgear + O [ hPerr® + il
Ui(3) Ui(3)

We now deal with the first term after “<” in the above inequality.
We use Kodaira’s formula (5.19) to the case ( = and ¢ = ¢9. Since 7
is a (2,3)-form and CO-metric is Ricci flat, (5.19) reduces to

3 _
S = - X,
C!,B 521

So we get

- / 97 (VY 57,7 o7
Ut(%)

— [ (@ er - |
Ui(2) Vi(

By the Holder inequality, we estimate

/Ut( )

1
2

= (05,7, 0,7 P27 —/
/Ut(%) ¢2 ¢2

Ut(3)
< 2/ 1%~ [2pyr? +2/
Ut(s)

3
1 1
2 Ui(5

3

B 124 2
., X, 5P dar.
2/ B=1

(003,77, )bt

(0T N 5,7, 7)o

Qm%@ﬂW@#+@m.

Putting together, we get
- / 9PV 5y, 7) ot
Ut(%)

(5.27) < /U o

(210108622 = DX, 7)ot
2

+ 2/ 5% Por? + Cs Ay
Ui(3)

On the other hand, by direct calculation,
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So inequality (5.27) implies

—/U VRV 1) o

(5.28) )

<2 aPerts [ (@22 Porr + Cah
Ui(3) Ug(:

2

Finally, inserting (5.28) into (5.26) and then inserting (5.26) into (5.24),
since 0 < ¢ < %, we complete our first step in establishing the inequality
(5.23).

Our second step is to prove

2
5.29 / West? < /
( ) Ut(l) ’ ‘ 2L—3L2 Ut(

2

’6*7’2(2527'2 + CgAs.
3)

For this, we first apply the divergence theorem to the left had side of
(5.28):

(5.30) (20— 3:2) / hlosrt <2 /

Ut(s) 3

{2

: ’6*7’2(2527'2 + CeA\¢.

This inequality implies (5.29) since when ¢ < %, 20 — 312 > 0.
Our third step is to prove

Gan [ Pertsor [ (o100t )
Ui(5

2 Xt[%

To achieve this, we write

2 [ (0Pert=2me [ (@0 )ear”

Ut(%) Ut(%)

(5.32)
+ 2Re/ (x(D1og ¢a A %7), DY) pat?.
Ue(3)

1
3
The first term after the equal sign in (5.32) is bounded from above by
ZRe/ (7, 00*y)po7* + Cs s,
Ui(3)

which is bounded from above by

26 Ju

1
t\3

1 __
< 26/ ) Iy|2par? + = |00* 2 p47% + Cg A,
Ui(3) )

2

for some b > 0, and for ¢y = r~2+5 and ¢3 = r~275. By (5.3), the
second item after the equal sign in (5.32) is bounded by

. 3
<[ oot [ plosr
Ui(3) Ut(3)
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Therefore (5.32) implies

/ ’6*7’2¢2T2
Ut(3)

3 1 __
<[22+ 2p / Iv[2p3r? + = |00*y|? a7 + Cgy.
2 U, l 2b (%

t(3)

Inserting (5.29) into the above inequality and simplifying, we obtain

42— 6t) —4b

(5.33) e

/ 5127 <_/ 10036 o
5

Since ¢ < %, for any given ¢ we can choose b such that ¢(1—3¢) —2b > 0.
Then the above inequality implies

(5.34)
* (2 —3u) .
/Ut( 9" 0 < 2b( (1 —3¢) — 2b) /Ut( 00" y[*¢ar® + CroAs.

2

Finally, we need to estimate fU ]88 v|2¢472. Since the CO-matric

is Kédhler and 0y = oy = 0, then 88*7 = 00*y. When restricted to
Ut(%), 00700y = —0®13 = 0. From these identities, since 0 < ¢ < %,
(5.35)
|55*’7|27‘_2L+%T2 < / |55*’7|2T2
Ui(3) t(3

= / (00*y,00%)T* < / (0000 y,v)T* + C11 Ay = Cii g
1 1
Ut(g) Ut(g)

Combining the above two inequalities, we prove the inequality (5.31).
This completes our third step.

In the end, we insert (5.31) into (5.29), insert (5.29) and (5.31) into
(5.23); we get (5.22). This proves Lemma 4.6. q.e.d.

Proof of Lemma 4.7. The proof is parallel to that of the previous Lem-
ma, except that in Lemma 4.6 the form ~ is a (2, 3)-form while in this
Lemma 0*vy is a (1,3)-form. Replacing v by 0*y, we find that all in-
equalities up to (5.34) are valid. So to prove Lemma 4.7 we only need

to estimate fUt(l) |55*8*7|2r_2‘+%7-2. Since 00*0*y = 0*00*, by the
2
same method in proving (5.35), we get
[ ameapeai < [ (b +joetp).
U’f(%) t é

This proves Lemma 4.7. q.e.d.



BALANCED METRICS ON CALABI-YAU THREEFOLDS 121

Appendix A. The geometry of Candelas-de la Ossa’s metrics

We first recall some notations from Candelas-de la Ossa’s paper [9].
We consider the family V;:

4
Vi = {(wl,--- Jwg) | D (w;)? :t} c c*,
=1

Since the individual V; only depend on |¢[, in the following we shall work
with ¢ > 0. We let r2 = Z?:l |w;|? be the radial coordinate. We set

ajco,t = z@éft(r2)
The condition that the metric be Ricci-flat is
(A1) 7‘2(7‘4 - t2)(77§’)' + 3t277§’ =2r8  with nt(r2) = 7‘2f£(7‘2).

The scale has been chosen so 7; has the same asymptotic behavior as
4
r3 for large r. After setting

r?2 =tcoshr, for 7>0

and integrating, we pick the solution

9—1/342/3
A2 = = (sinh27 —27)Y/3.
(A.2) i - (sinh 27 — 27)
Note that this choice of 7; makes the metric regular at 72 = t. Also
note that from (A.1), f/(s) = s~'n:(s), and that f;(s) defined in (3.3)
is a solution of this equation.
In this appendix, we want to estimate the curvature of the CO met-

ric. Since it is homogeneous (see [9]), we only need to perform our
V=N
\/i 9 \/i 9 )
orthogonal coordinate at this point. Since dw; AdwsAdws # 0 near q, we
can take (wq,ws,ws) as a (holomorphic) coordinate in a neighborhood

of the point ¢. By directly calculation, we get

calculation at points ¢ = ( . At first we pick some

2
- t
0r?|, = % (dwy A diwy + dwa A dida) + dws A divs
r2—t

Ty

(dU)g A dwy — dwy A d'lZ)Q)
and
or? A or?|, = 2(r? — t)dws A dis.
To simplify them, we introduce a new coordinate (uj,us,us) at the
point ¢:
2t g —t

UL — 1———U
2 2
r2+t r2+t

w1 = 2, W2 =1uU2, W3 =1us,
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where rg £ 7r2(g). Under this coordinate, the 99r? and dr? A Or? are
expressed as

= 2t 272
2 _
(A.3) 90r=|, = R 75alul A duy + 27

dug A dug + dus N dus
and -

or? A or?|, = 2(r? — t)dug A dis.
Combined with (A.1),

o8 — 3752773
/ 200 1 t .

(A4) fe+77f —m—m,
so at the point ¢ the CO metric is

= 2tn, . _ 4yt
00 = —— _idu; Ndti] + ————
100 ft|q T t)Z w1 A dig 20T D)

At last we introduce a new coordinate (z1, 22, 2z3) near the point ¢ as:
- ( 2ty (q) >5ul 2= drg )%W f <m(Q)>%u3
r2(r2 +1) ) 3n2(q) (r2 +1) ’ 72
The CO metric at this point is then expressed as

idug A dug + n—;’bd’L@ A dus.
T

3
i@éft(r2)|q = ZZ de AN de.
j=1
Under this coordinate, we can rewrite (A.3) as
5 (s 3}
03|, = (r*)s (77_?) (dzl AdzZ + §T—4d2’2 Ndzy + dzg A dzg)

and 5 2 )
= 3 4 /MP\ 3 t
ort Aor?, = =(r? 3<—t> (1——)dz A dZs.
o= 508 () (1= 5 )dea n dz
To estimate the curvature of the CO metric, we need to investigate

3
the asymptotic behavior of Z—g

Lemma A.1. Over[t,+00), the function r~*n} is an increasing func-
tion and

o 2 . -
lim 742 =2, lim 9P = 1.
r2—t 3 r2—00

Proof. Let h(r) = r~*n}. From (A.2),
1 cosh 7(sinh 27 — 27)
h(t) ==
(7) 2 sinh® 7

Differentiating,
= —————hi(r) where hy(r)=47+e*(1—3/2)+e ¥ (1+3/2)

1(1) = 21e* — 2e*T — 27¢7F — 272 4 4.
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Thus for any 7 > 0,

2 2n+1
K (r) = 47 Z (27) " _so.

(2n+1) n+1
Since hq(0) =0, hy(7) > 0 and A/(7) > 0. So over [0, +0c0), the function
r~4n} is a increasing function of 7. Since r? = tcoshT for 7 > 0is an

increasing function in 7, 7~*n? is increasing in r2. Since 7 — 0 when

r? — t, and 7 — oo when 72 — oo, we obtain the two desired limits by
applying the L’Hospital rule. This proves the Lemma. q.e.d.

We next investigate 7;. From 0} = r*h(7),

ar

i 2r2h(r) + t~Y4h/ (1) sinh ' 7 > 0,

3n2n, = 2r®h(r) 4+ 0/ (1)
hence 7%771/5 > (. On the other hand by (A.4), we get

2 3 r — (nt
3(1 - m)("—zﬁ

Then from Lemma A.1, we see that

)

r 31— By(m)E

2y
0<rapg, <1.

In the following for two functions a(r,t) and f(r,t) in r and ¢ we
shall use @ < 8 to mean that there is a constant C' independent on r
and t such that

la(r, )] < C|B(r,1)].

Under this convention, the previous Lemma and the last inequality can
be abbreviated as

Wl
win

n <r3 and n <r-
For higher derivatives, by introducing ¢ = T%, the identities (A.1) and
(A.4) imply
WS- P i -

~

Therefore, by the second identity of (A.1), we obtain the following as-
ymptotic estimates

fsrs fges (5= and Y S S (-0

~ ? ~

To proceed, we need to the partial derivatives of 2 with respect to z;
and z;. For simplicity, we shall use the subscript ¢ to denote the partial
derivative with respect to z;, and use ¢ for derivatives with respect to

=. : 9%r2 /. 2\ _
Z;. Thus, for instance, Dbz = (1)i5-
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Under this convention, we compute directly that at the point ¢, the
first order partial derivatives

(A.5)
6
(1 =(%)3=0 and (1), = —g‘(ﬂ—t)é(r%t)%”—; <ri(l-e)2;
r

the second order derivatives (7’2)23 = 0 except the following

2 2 3n? 2
(A.6) ()1 = (r)s3 = Py S, (1) = §T—§ ISEEE
the second derivatives (r?);; = 0 except the following

2 2

3
(P =0 =~ S, (P =5 5e i

For the third order partial derivatives of type ijk, we have the vanishing
(T2)i3k = 0 except the following

3tdni(1— o)
2 — 2 1 1
(r®)aty = = o 61 Sex(l—e)z,
2 r3(14€)2
36 tnd(1 — €)3
(r*)azp = —i l/_ (1~ c)? 55(1—6)%,
r6(14€)z
r3(1—€)2 _1 1
(r*)313 = 3 - S 2(1—-¢)7,
t2n? (14¢€)2
V6 (1—e)2 1
(7”2)323:—27715(1—5)2-
(1+e)2

For the fourth order partial derivatives, we still have the vanishing ex-
cept the following

4
2 4.1 2 2 31 -2
(r)him1 = 2 St (M )iz = (17)oter = 22 Sros,
t
9tn; -8 2 2 rt 1,1
(r*)ases = St (P gz = ()31 = 5 St
478 tn?
4
2 r 4.1 2 2 31 -2
(1%)3333 = 2 St (17)og03 = (17)3232 = 22 Sros
t

We now use these asymptotic estimate of the partial derivatives of 2
to prove Lemma 5.1. Since (z1, 22, 23) is the orthogonal coordinate at the
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point p, we only need to prove that there is a constant C' independent
of t and r such that the curvature tensor R of the CO metric Weo
at ¢ has bound

s

(A7) Rijkf <r7s.
The curvature at ¢ has the form
Rijir = —(fo)igur + (fo)ina(fe) gjr-

One group of terms appearing in (ft);3;; are of the type
4 3
R G (O F G NS T A S o IR G T T

2 2
t” ) Z(T Jivia (T Jizias
where the summations are taken over all possible permutation {i1,19,13,
ig} = {i,4,k,l}. For such type of terms, using the previous estimate,
we check directly that they are bounded by Crs.
The other group of terms in appearing (f¢);;;; are of the type:

(A.8) fi- ()i
(A.9) i ((7’2)¢3k(7’2)l‘+ (Tz)iik(Tz)j)v
(A.10) F () 72(r)i + (7)5a(r)k).-

Of these, (A.8) vanishes when ¢ # k or j # [, (A.9) vanishes when i # k
and (A.10) vanishes when j # . The remaining cases in (A.8)-(A.10)
may be not vanishing, and will be treated separately momentarily.

We now look at the product term (f;)ikg(ft) - First in the expression
of (ft)irg, the following two types of terms

@)y and DT (0P (07
11,02,13
are bounded by CT_%; therefore corresponding product terms
3
(£ DD+ £ D 0Diia()ia)
11,12,13
3
(£ D+ 1D 502
j17j27j3

in the expansion of (ft)ikg(ft) 5 are also bounded by Cr~5. Here the
summations are over all possible permutation {i1,142,43} = {i, k, ¢} and
{j17j27j3} = {]7 l7 q}
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The remaining terms in (f;)irg(ft) g1 are of the following types:
(A1) (D% )ina(r®) i
3
(A12) S g (D0 (0 + 17 (2)307)0%),),
3
(A13)  F 0 (D 0iia 1)y + 7 - 2)ir)(02)g),
where the summation in the second line is taken over all possible permu-
tation {i1,142,i3} = {J,[, ¢} and summation in the last line is taken over
all possible permutation {i1,1i2,i3} = {4, k,G}. Like before, they vanish
when i # k in case (A.11) and (A.12) or when j # [ in case (A.11) and
(A.13).
Combining the above discussion, we see that when i # k and j # [,
the bound (A.7) follow immediately. For others, we need to treat case

by case.
For the case i # k and j = [, we have

R S 15— 2550 (1= 1-(r3)7) — 1102550 (72 (L= f1-(r) i) -

We claim that the last term is always zero. Indeed, because of (A.5), if
1 # 2, then the last term is equal to zero. If i = 2, then k # 2, and by
(A.1) and (A.6) we have 1 — f/ - (r?),z = 0. This proves the claim that
the last item always vanishes. For the same reason, the second item
vanishes. Therefore, when i # k and j = [, the estimate (A.7) holds

For the case i = k and j # [, we have R-:7 = m < r~3. This
proves the bound (A.7) in this case.

Finally, we need to consider the cases i = k, j = [ and i # j. We
should consider these cases individually. In case ijkl = 1313, we have

Rizi3 < roi - f ) ms+ ()2 (F)ni(r®)am
+ (f -z + - ()1 (r?)s)
(- PDzz + £ (rP)33(r7)2).

The last term is clearly < r73; the second and third items combined
give

igil

,J;

—fi (7”2)1313 + () (113
ro(r? —t) —2r2 _4
— — <
tt 2 (ft) (T2+t) 77t(7‘2+t) =T
This proves the bound (A.7) for Ry315. By similar method, we obtain
desired bound (A.7) for Ry3;5 and Ry393.
Finally, we consider the case i = j = k = [. Since the metric is
Ricci-flat, we have

Wk

Ry = Z Rﬁjj SToB.
J#i
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This completes the proof of Lemma 5.1.

Remark A.2. We remark that when r — ¢, the induced metric on
the surface 2 = const. approaches

17262\ 3
§<?> Y ds?| g3,

where ds?|gs is the standard metric on S3. The curvature of the limiting
metric is C+3 for some constant C.
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