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Abstract

We consider inverse curvature flows in H"*! with star-shaped
initial hypersurfaces and prove that the flows exist for all time,
and that the leaves converge to infinity, become strongly convex
exponentially fast and also more and more totally umbilic. After
an appropriate rescaling the leaves converge in C*° to a sphere.
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1. Introduction

Curvature flows (driven by extrinsic curvatures) of compact hyper-
surfaces in a Riemannian space generally exist only for a finite time and
then develop a singularity provided the flow is a pure curvature flow
without an additional force term. This phenomenon occurs in the case
of direct flows, which can also be characterized as contracting flows,
cf. [9], as well as for inverse flows, which can also be characterized as
expanding flows, see [10].

In non-compact spaces of constant curvature we can expect that the
inverse flows behave differently than the direct flows, since the inverse
flows of geodesic spheres exist for all time. In [3] we proved that inverse
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488 C. GERHARDT

curvature flows of star-shaped hypersurfaces in Euclidean space exist for
all time, converge to infinity and, after rescaling, converge to spheres.

In this paper we want to prove a similar result in hyperbolic space
H"*+!, n > 2. The initial hypersurface M is supposed to be star-shaped
with respect to a given point p € H"*!, i.e., after introducing geodesic
polar coordinates with center p, My can be written as a graph over
a geodesic sphere with center p which we identify topologically with
the standard sphere S™. Let F' be a smooth curvature function, homo-
geneous of degree 1, monotone, and concave, defined in a symmetric,
convex, open cone I' C R"™, such that

(1.1) F|F>0 A F|8F:0.
Then we consider the curvature flow
(1.2) T =—Pv

with initial hypersurface My, the principal curvatures of which are sup-
posed to lie in the cone I'; such a hypersurface is called admissible.
Here, the function @ is defined by

(1.3) & =(r)=—r", r >0,
and @v stands for
(1.4) D(F)v,
i.e., the flow equation is
1
(1.5) T = 7Y

where v is outward normal.

However, to simplify comparisons with former results and formulas,
and also to make a generalization to more general flows easier, most
results in this paper are formulated, and some are also proved, for a
general smooth real valued function @ defined on the positive real axis
satisfying

(1.6) d>0 A D<O.
We shall normalize F' such that
(1.7) F1,...,1)=n

and shall also use the same notation F' when we assume F' to depend
on the second fundamental form A} instead of the principal curvatures.
Sometimes we also use the notation Eé for the second fundamental form

of a hypersurface embedded in H"*! to distinguish it from the second
fundamental form A of the same hypersurface viewed as being embed-

ded in R™"!, which will happen when we parameterize H"*! over the
open ball By(0) C R+,
We can now state our first result.
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Theorem 1.1. The flow (1.5) with a smooth and admissible initial
hypersurface My exists for all time. The flow hypersurfaces in hyperbolic
space converge to infinity, become strongly convex exponentially fast and
also more and more totally umbilic. In fact there holds

7i i -t

i.e., the principal curvatures are uniformly bounded and converge expo-
nentially fast to 1.

For a more detailed analysis of the asymptotic behaviour we have
to parameterize H"*! over By(0) C R™"*! such that the metric can be
expressed in the form

1
duQ —_ d 2
T A= fRePrT
(1.9) 1 o
- L2 {dr® +roi;da’da’} .
T4
The flow hypersurfaces M(t) can now also be viewed as graphs
(1.10) M(t) = graphu(t, -)

over S" in Euclidean space, such that 0 < u < 2, and convergence to
infinity is tantamount to u — 2. The second fundamental form in R™*!
is denoted by h;'-, or simply by A, where we omit the tensor indices.
Then, we can prove:

Theorem 1.2. Let M(t) = graphu(t) be the leaves of the inverse
curvature flow, where F and the initial hypersurface are smooth, then
the estimate

(1.11) IDTA|| < eme™n Ym > 1
is valid and the functions
(1.12) (u(t,-) — 2)en

converge in C*°(S™) to a strictly negative constant.

Remark 1.3. After publishing a first version of the paper in the
arXiv we learnt that Qi Ding in [1] published a similar result for the
inverse mean curvature flow in H"*! even claiming that the rescaled
flow hypersurfaces would converge to a sphere. However, he used a
somewhat crude rescaling, namely,

(1.13)

~+ | ¢

and not the finer

(1.14) i —

S|+

which we consider.
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The fact that the functions in (1.13) converge to % follows immedi-
ately from the estimate (3.19) on page 493.

2. Definitions and Conventions

The main objective of this section is to state the equations of Gauf,
Codazzi, and Weingarten for hypersurfaces. For greater generality
we shall formulate the governing equations of a hypersurface M in a
semi-riemannian (n+1)-dimensional manifold N, which is either Rie-
mannian or Lorentzian. Geometric quantities in N will be denoted by
(Gap), (Rapys), ete., and those in M by (gij), (Rijii), etc. Greek indices
range from 0 to n and Latin from 1 to n; the summation convention is
always used. Generic coordinate systems in N resp. M will be denoted
by (z%) resp. (£9). Covariant differentiation will simply be indicated
by indices, only in case of possible ambiguity they will be preceded by
a semicolon, i.e., for a function v in N, (u,) will be the gradient and
(uqp) the Hessian, but e.g., the covariant derivative of the curvature
tensor will be abbreviated by Ramg;g. We also point out that

(2.1) Raﬁ’yﬁ;i = Raﬂ'ﬂs;ex;’
with obvious generalizations to other quantities.
Let M be a spacelike hypersurface, i.e., the induced metric is Rie-

mannian, with a differentiable normal v. We define the signature of v,
o = o(v), by

(2.2) 0 = Gaprv’ = (v, v).

In case N is Lorentzian, 0 = —1, and v is time-like.
In local coordinates, (z) and (£'), the geometric quantities of the
spacelike hypersurface M are connected through the following equations

(2.3) ry; = —ohj;v®
the so-called Gauf$ formula. Here, and also in the sequel, a covariant
derivative is always a full tensor, i.e.,

(2.4) oy = a5 — Thaf + I x)x).
The comma indicates ordinary partial derivatives.

In this implicit definition the second fundamental form (h;;) is taken
with respect to —ov.

The second equation is the Weingarten equation
(2.5) v® = hFag,

where we remember that v{* is a full tensor.
Finally, we have the Codazzi equation

(2.6) hijik — hiksj = RaﬂvéVaxfﬂﬁﬂfi



INVERSE CURVATURE FLOWS IN HYPERBOLIC SPACE 491

and the Gauf equation
(2.7) Riji = o{hihj — hahjr} + Raﬂvﬂ?ﬂﬂffﬂzﬁ-

Here, the signature of v comes into play.

Now, let us assume that IV is a topological product R x &y, where
Sp is a compact Riemannian manifold, and that there exists a Gaussian
coordinate system (x®), such that the metric in N has the form

(2.8) ds3, = e* {adm02 + 0y5(2?, l‘)dl’idl‘j} ,

where 035 is a Riemannian metric, ¢ a function on N, and x an abbre-
viation for the spacelike components (z?),

We also assume that the coordinate system is future oriented, i.e.,
the time coordinate z° increases on future directed curves. Hence, the
contravariant time-like vector (%) = (1,0,...,0) is future directed as
is its covariant version (&,) = €*¥(0,0,...,0).

Let M = graphu S be a spacelike hypersurface

(2.9) M={(%2z):2°=u(z), 2 €S},
then the induced metric has the form
(210) Gij = ew{auiuj + Jij}

-1

where 0;; is evaluated at (u,z), and its inverse (¢%) = (g;;)~* can be

expressed as
iy - gt
(2.11) gl = e {a” - a““} ,
v v

1

where (0¥) = (0;;)"" and

u' = oy

v? =1+ oo uu; =1+ o|Dul?.

(2.12)
The covariant form of a normal vector of a graph looks like

(2.13) (Vo) = v te¥(1, —uy)

and the contravariant version is

(2.14) (1) = 2o te ¥ (0, —ub).

In the Gaufl formula (2.3) we are free to choose any of two normals,
but we stipulate that in general we use

(2.15) (V) =vte ¥ (0, —ub).

as normal vector.
Look at the component a = 0 in (2.3), then we obtain

(216) 6_7’Z)U_1hij = _Uij - Fgouiuj - F&u] — F(())Juz — Fz(;
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Here, the covariant derivatives a taken with respect to the induced met-
ric of M, and

(2.17) —fl% = e Yhy,

where (h;;) is the second fundamental form of the hypersurfaces {20 =
const}.

3. First Estimates

Let FF € C™%(I"), m > 4, be a monotone and concave curvature
function, homogeneous of degree 1, and normalized such that

(3.1) F(1,...,1) =n.

We first look at the flow of a geodesic sphere S,,. Fix a point pg €
H"*+! and consider geodesic polar coordinates centered at pg. Then the
hyperbolic metric can be expressed as

(3.2) ds? = dr® + sinh® ro;; da'da’,

where 0;; is the canonical metric of S™.
Geodesic spheres S, with center in py are umbilic and their second
fundamental form is given by

(3.3) hij = COth’I"gij,
where
(3.4) Gij = sinh? roj;.

Hence, if we consider an inverse curvature flow (ICF) with initial hy-
persurface Sy, then the flow hypersurfaces M(t) will be spheres with
radii 7(¢) satisfying the scalar curvature flow equation

1 1
(3.5) 7= F = oot
and we deduce further, from
(3.6) cothrdr = %dt,
(3.7) log sinhr — log sinh rg = %,
or equivalently,
(3.8) sinhr = sinh roen.

Let us now consider the inverse curvature flow of a star-shaped hy-
persurface My which is given as a graph over S™

(3.9) My = graphug)g, -



INVERSE CURVATURE FLOWS IN HYPERBOLIC SPACE 493

The flow exists on a maximal time interval [0,7%), 0 < T* < oo, and its
leaves are also graphs

(3.10) M (t) = graphu(t),,

which satisfy, besides the original flow equation,
1

3.11 D Py — —

(3.11) i v= g,

the scalar flow equation

v
3.12 = —
(312 i=2,
where
(3.13) v=0v"t, VP =1+ |Du=1+— 0wy,
sinh” u

where the dot indicates a total time derivative. If we instead consider
a partial time derivate, then we get

(3.14) == =—,
cf. [6, p. 98].

Let S,,, ¢ = 1,2, be geodesic spheres satisfying
(3.15) 1 <ug < Ty,

and let u;, « = 1, 2, be the solutions to the corresponding inverse curva-
ture flows, then this inequality will also be valid for ¢t > 0, i.e.,

(3.16) ur(t) < u(t) < ua(t) Vte[0,TF),
in view of the maximum principle, and we conclude:

Lemma 3.1. The solutions M (t) = graphu(t) of the ICF satisfy the
estimates

(3.17) sinhry < sinhu(t)e*% < sinhrg Vte[0,T7),
and there exist constants c;, 1 = 1,2, such that the function
t
3.18 U=u——
(3.18) i=u=

is uniformly bounded by
(3.19) c <at) < e Vitel0,T7).

Proof. The inequality (3.17) follows from (3.8) and the parabolic
maximum principle, while (3.19) is due to the trivial estimate

(3.20) 0< ¢ <sinhre™ <¢ VO<rg<r

with appropriate constants ¢;. q.e.d.
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Next, we want to derive an a priori estimate for v, or equivalently,
for

(3.21) |Du|? = oI,

sinh? u
Let us write the metric (3.2) in a more general form

(3.22) ds? = dr* + 9 (r)o;jdx'da? .
The second fundamental form of graph u can then be expressed as

hov L = —s + R

(3.23) N vy

= —Uij + 19190’1']‘.
Define the metric

(3.24) 5@' = ﬁQ(u)aij,

and denote covariant differentiation with respect to this metric by a
semi-colon, then

(325) hijvil = —U72U;7;j + 19190’1']',
cf. [6, Lemma 2.7.6], and we conclude further
i ik
h; = g hi;
=y gyt {—(aik — U_2<picpk)g0jk + 1952} ,

where 0% is the inverse of oy,

(3.27) g0:/ 9L
To

(3.26)

(3.28) o' = ooy,

and ;i are the second covariant derivatives of ¢ with respect to the

metric o;;.

Thus, the scalar curvature equation (3.14) can now be expressed as

v

or equivalently,
1 1

3.30 =0ty = =

(3:30) 4 F(0v=hi) ~ F(hi)

where

(3.31) sz =2 {—(aik — v 20 R + 195;} .

Let

(3.32) 9ij = $ip; + 04,
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then we consider the eigenvalues of

(3.33) hij = Gihls
with respect to this metric and we define F resp. FJZ accordingly

. OF
(3.34) FY = —

6hij
and
. OF .

3.35 Fi= —— =g, F*
(332) Toanl

Note that izij is symmetric, since h;; and g;; can be diagonalized simul-
taneously. We also emphasize that

(3.36) |Dul? = 0" p;0; = | Dy|?.
Lemma 3.2. Let u be solution of the scalar curvature equation
, v
(3.37) U= Flhy)’
then
(3.38) |Du? < c.
Moreover, if F' is bounded from above
(3.39) F < ¢y,
then there exists 0 < A = A(cp) such that
(3.40) |Du?> < ce™™  Vtel0,T%).
Proof. ,(3.38)¢ In view of (3.36), we may estimate
(3.41) w = 3|Dyl*.
Differentiating equation (3.30) covariantly with respect to
(3.42) ©* Dy,
we deduce

W = F’Q{Qv’QFwigai o2 Brg g, — v 2R ol
(343) + '072F1lk§lr;i§0i(pk'r + U*Zﬂkglrgprgpk _ /072‘Flk§lr0'kr’D90|2
— 2v72F,f1‘9.19w},

where covariant derivatives with respect to the metric o;; are simply

denoted by indices, if no ambiguities are possible, and by a semi-colon

otherwise. In deriving the previous equation we also used the Ricci

identities and the properties of the Riemann curvature tensor of S™.
Now, let 0 < T < T* and suppose that

(3.44) sup w, Qr =[0,T] x S",

Qr
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is attained at (to, o) with ¢y > 0. Then the maximum principle implies

0< 0_2{ — F'g" o + (FF§" oror — F G one | D)
(3.45)
— 2F} sinh? uw}.

The right-hand side, however, is strictly negative, if w > 0, hence tg > 0
is not possible, since we didn’t assume My to be a sphere, and we
conclude

(3.46) w < supw(0).
N

»(3.40)“  Now, assume that the original curvature function is uni-
formly bounded

(3.47) F(hsj) < co,

and let 0 < A\ be a constant, then

(3.48) W = we

satisfies the same equation as w with an additional term
(3.49) AW

at the right-hand side.
Applying the maximum principle as before, we deduce, that at a

point (tg, zg), to > 0, where W attains a positive maximum, there holds
instead of (3.45)

(3.50) 0 < —2Ff sinh® ud + MW’ F?(h})w,
but

(3.51) vF (k) = sinhuF (h;;) < sinhu g,
and hence

(3.52) we < s;lp w(0)

for all

(3.53) 0< A< 2nc;?,

since

(3.54) FF>n.
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4. (C?-estimates and existence for all time

To prove estimates for h;j, we first need an a priori bound for F.

Lemma 4.1. Let M(t) be the leaves of the ICF

(4.1) &= —Pv,
then there exists a positive constant ci such that
(4.2) 0<ep < F Vtel0,TF).

Proof. The function @, or equivalently —@, satisfies the linear para-
bolic equation
(4.3) ' — OFIP;; = DFThiphhd + KndF g0,
when the ambient Riemannian space N is a space of constant curvature
Ky, cf. [4, Corollary 3.5].

Another very useful equation is satisfied by a quantity x which is
defined by

(4.4) X = vn,
where 0 < n = n(r) is a solution of
H
4.5 )= ——";
(4.5) ==
here r is the radial distance to the center of geodesic polar coordinates

in a spaceform N, and H = H(r) is the mean curvature of S,.
When N = H**+!, 5 is given by

1
4. —
(4.6) " sinh r’
and
(4.7) X = vn(u)

then satisfies

(4.8) Y —dFIx, = —®FThyhl —2x ' ®F 7y, x, + {OF + &} —vx
n

for a general function @. In case of the inverse curvature, the term in
the braces on the right-hand side vanishes.
In view of Lemma 3.1, the function

(4.9) X = xen

is uniformly bounded,

(4.10) 0<c<xy<c Vtel0,T%),

and

(4.11) X —OFIy, = —F hyhly —2x'dF% %, + L%,

when we consider an ICF.



498 C. GERHARDT

We claim that
(4.12) w = log(—?) + log x < const

during the evolution, which in turn would prove (4.2).
To derive (4.12) we first fix 0 < 7' < T* and let

(4.13) (to,{o) EQr= [O,T] x S",  tg >0,
be such that
(4.14) w(to, o) = sup w.

Qr

The equations (4.3), (4.11) and the maximum principle then yield in
(to, o)

(4.15) 0< —OF7g;+ 1

which can only hold, if

(4.16) n < F(to, &o);

hence w is uniformly bounded from above. q.e.d.

Lemma 4.2. During the evolution F is uniformly bounded from
above.

Proof. The function u satisfies the parabolic equation
(4 17) U — @FUUU = —@U_l + Q.pFU_l — @F”Bl]
' =26 Fv~! — $FUhy;,
cf. [6, Lemma 3.3.2], and the rescaled function
t
(4.18) U=1u— —

n
is uniformly bounded, cf. Lemma 3.1, and there holds

(419) fL*@Fijﬂij == QQBFU_I *@Fij]_lij — %
The lemma. will be proved, if we can show
(4.20) w = —log(—®) + @ = log F + u < const

during the evolution.
Applying the maximum principle as before, we conclude

(4.21) 0<2F 1yt -1

n
hence, F' has to be bounded, proving the claim. q.e.d.

As an immediate corollary we deduce, in view of Lemma 3.2:

Remark 4.3. |Du|? satisfies the estimate (3.40), i.e., it decays ex-
ponentially, if T = oo.
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We are now ready to prove a priori estimates for the principal cur-
vatures k;. The proof will be similar to a corresponding proof in [7,
Theorem 1.4] valid in arbitrary Riemannian spaces. Our former result
cannot be applied directly, since we assumed that the flow stays in a
compact subset and also considered a contracting flow not an expanding
one as we do now.

Lemma 4.4. The principal curvatures of the flow hypersurfaces are
uniformly bounded from above
(4.22) Kk; < const V1<i<mn,
and hence, are compactly contained in I, in view of the estimate (4.2).
Proof. In a Riemannian space of constant curvature the second fun-

damental forms hé- of the flow hypersurfaces M (t) satisfy the evolution

equation
hi — ®F* k) = OFMhy hihls + (& — OF)hihyj + OF;F
4.23 : . S .
(423) + BFMT Dy, Ky { (@ + BF)8) — dF g} }

cf. [6, Lemma 2.4.3].
Here, the flow is given as an embedding

(4.24) x = z(t,§), (t,€) €10, T*) x S,
and

oF
(4.25) E:ag:ﬂ%m-

By assumption, F' is monotone and concave. Thus, choosing, in a
given point, coordinates (£') such that

(4.26) gij = 6ij N hij = Kidij,
and labelling the k; such that
(4.27) K1 <o S K,
then

Ry <) Ii:__:;”(nm)Q
(4.28) ’“7”2 i

< o 2

and
(4.29) Fm<... < FH

For a proof of (4.28) see [7, Lemma 1.1] and of (4.29) [2, Lemma 2].
Let x be the rescaled function in (4.9) and define

(4.30) v=x1
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then there exists a constant 6 > 0 such that
(4.31) 20 < .

Next, let ¢, and w be defined by

(4.32) ¢ = sup{ hygn'y - |[nll =13,
(4.33) ¢ = —log(x —0)

and

(4.34) w = log( + ¢ + A\,

where @ is the function in (3.18) on page 493 and A > 0 is supposed to
be large. We claim that w is bounded, if A is chosen sufficiently large.

Let 0 < T < T, and z¢ = xo(to, o), with 0 < ¢y < T, be a point in
M (to) such that

(4.35) supw < sup{ supw: 0 <t < T} = w(xy).
My M(¢)

We then introduce a Riemannian normal coordinate system (£°) at
xg € M(ty) such that at zy = x(to, &) we have

(436) Gij = (Si]’ and C = hz

Let 77 = (7}') be the contravariant vector field defined by

(4.37) ii=(0,...,0,1),
and set
~ Ryt
(4.38) {=2alr,
gign'n?

¢ is well defined in neighbourhood of (to, &0)-
Now, define @ by replacing ¢ by ¢ in (4.32); then, @ assumes its
maximum at (tg,&p). Moreover, at (to, &) we have

(4.39) C=hn,

and the spatial derivatives do also coincide; in short, at (g, o) 5 satisfies
the same differential equation (4.23) as h]'. For the sake of greater
clarity, let us therefore treat h] like a scalar and pretend that w is
defined by

(4.40) w = log hl* + ¢ + \i.
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From equations (4.23), (4.28), (4.11) and (4.19) we infer that in
(t(]ag(])

0< —PFTh;h"

9 . .
—>+ (® — PF)A" — (& + PF)(h") !
5 —

+ OFF gy + (& + OF)

Vv + =

A % 1 %
n x—60 nyxy-—90

(4.41) +A=P + DF) ™! — \GFUh;; — A
n

+ OF (log h);(log h'); — PF i,

) L -
+ m@;w"" = ) (hyi")? (h)
There holds

(4.42) Fiih;; > coFg;;,  co > 0;
moreover,
(4.43) Pnisn = hnngis
and
(4.44) &+ PF =0,
though
(4.45) $<0 A |P|<cOF

would suffice.
We then distinguish two cases.

Case 1. Suppose that
(4.46) K1 < —€1Kn,

where €1 > 0 is small, note that the principal curvatures are labelled
according to (4.27). Then, we infer from [5, Lemma 8.3]

(4.47) Fihyhk > LFgetrs,
and
(4.48) Fig:>F(1,...,1),
for a proof see e.g., [6, Lemma 2.2.19].

Since Dw = 0,
(4.49) Dlogh,, = —Dy — A\D1,
we obtain

®F(log h");(log h); = ®F 9 p;p; + 2XOF " ;i

4.50 L
(4.50) + N2 PF 9,04,
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where
(4.51) il < c|ril||Dul| + el Dul],

as one easily checks.
Hence, we conclude that k,, is a priori bounded in this case for any
choice of A > 0, if we use

(4.52) F < const,

or for A > 2 otherwise.
Let us remark that

X
4.53 <2
(4.53) —
and
(4.54) F<F(1,...,1)kp = nknp.
Case 2. Suppose that
(4.55) K1 > —€16Kn,

then the last term in inequality (4.41) can be estimated from above by

&3 (F™ — F'')(log )",
=1

2

4.56
( ) 1+¢€

The terms in (4.41) containing derivatives of h]'! can therefore be
estimated from above by

n

F"™ Y (loghy:;)?
i=1

1—€1 . .-
— ——@F"Y(loghl);(loghl);
1—|—61 (Og n)(og n)]+

1+¢

n
(4.57) <OF™ ) (loghyy,)’
=1
= OF™|| Dy + \Dii|?

= ¢F" { || Dy||* + N?|| Dii||* + 2X(Dyp, Dii) } .

Hence, we finally deduce

. i . .
0< —PF" K2 5~ OFrn + SFM g (1 — eg) + ¢
(4.58) XA -
+ ADF — = 4 N2ehF™ (1 4 k).
n
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Thus, we obtain an a priori estimate
(4.59) Kn < const,

if X is chosen large enough. Note that €; is only subject to the require-
ment

(4.60) 0<e <1,
q.e.d.
As a corollary we can state:

Corollary 4.5. Let the initial hypersurface Mg € C™T2% 4 < m <
00, 0 < a < 1, then the solution of the curvature flow

(4.61) &= —dv

exists for all time and belongs to the parabolic Hélder space
(4.62) H™ e "52(Q),

while the solution u of the scalar flow belongs to

(4.63) A ()}

where

(4.64) Q = [0,00) x S™.

The norm will still depend on t however due to the present coordinate
system.

Proof. Let us look at the scalar flow equation (3.14) on page 493.
In view of the previous estimates the nonlinear operator is uniformly
elliptic and by assumption also concave, hence we may apply the Krylov-
Safonov estimates yielding uniform Hélder estimates for @ and D?u
estimates. Now, the linear theory and the parabolic Schauder estimates
can be applied; for details see e.g. [6, Chapter 2.6] and [8, Section 6].

q.e.d.

5. The conformally flat parametrization

Hyperbolic space is conformally flat such that
1

ds* = ——————da*
(1 — glzf?)?
1 S
(5.1) = 7(1 “ T3 {dr? + TQGijdeda:]}
1

= 2 {dr? 4 r?o;datda’}

after introducing polar coordinates.
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Define the variable 7 by

1
(5.2) dr = = %ﬂdr
such that
(5.3) T =log(2+r) —log(2 — ),
then
2 r?
5.4 sinh?7 = ————
( ) T (1 o i?“Q)Q

and we see that 7 is the radial distance in hyperbolic space from the
origin of the euclidean ball By(0).

A star-shaped hypersurface M C H"t! is also star-shaped in R™*!
under this correspondence.

Let us distinguish geometric quantities in H**! by an additional breve
from the corresponding quantities in R"*!, e.g., GaBs Gij, M = graph i,

9

hij, U, etc.

Consider a hypersurface
(5.5) M = graph @ = graph u,
then
(5.6) = log(2+u) —log(2 — u)
and

. 1

(5.7) U = @Ui

and | Dii|? as defined in (3.21) on page 494 can be expressed as
(5.8) |Di|? = 20" uu; = |Dul?,

hence the term v is identical in both coordinate systems which is also
evident from the invariant definition of v by

(5.9) v = (n,v),
where
(5.10) n = Dd

and d is the distance function in hyperbolic space from the origin.
The second fundamental forms are connected through the relation

ﬂ@:@+%w@

(5.11) AR
where

~ 1 ’r‘
(5.12) ﬁzzél_%TT



INVERSE CURVATURE FLOWS IN HYPERBOLIC SPACE 505

Let
(5.13) ﬁij = hi; + U_lﬁgmw
(5.14) gij = uiu; + u’oyj,

then the curvature flow in H"t!

(5.15) i = Flp

can also be viewed as a curvature flow in R"*!
(5.16) i=F 1y,

where now F' depends on the eigenvalues of lvuj with respect to the
metric g;;

(5.17) F = F(hij) = F(h}).

For the rest of this paper we shall mainly consider the curvature flow
(5.16).

Let us quickly summarize the most important flow equations.

Writing (5.16) slightly more general

(5.18) T=—-P(F)v=—-dv
there holds
(5.19) hl = &) + Ohihy,

cf. [6, Lemma 2.3.3], which will be the main ingredient to derive the
subsequent modified flow equations:

P — PFIP;; = OF I hyhsd — OF gijra 5 v 90
(5.20) — @Fijgijﬁv_QQ + @Fijgijﬁékuk,
(5.21) i — OF Iy =20V FL — OFU g du™2 — dFYhy;,
where we used that
(5.22) o(t)y=—t"1,  t>0,
here t is just a symbol for a real variable, and where
(5.23) hij = u'gij = uoy;

is the second fundamental form of the slices {z" = u}, i.e., of spheres in
R+ with center in the origin and radius 7 = u.
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The evolution equation for the second fundamental form looks like
hl — ‘ﬁFklhg;kl = OFMhy byl + (D — BF)hyp,h™
+ @FZFJ + éFkl’TShkl;ihrs;j
+ P g { Do W] — v R0M] + 0 R
(5.24) S L
- raﬁz/ayﬂﬁhg + ﬂurhi; I+ IR up? + Ih T upuy
+ Taﬂx%xﬂjhfﬁ + v_léuiuj + raml/axfl‘}@
+ ragyaxfﬁuj + ragl/aazﬁjz;‘ui}.
The function x is now defined by
(5.25) X =vu?!
and there holds:

Lemma 5.1. x satisfies the evolution equation

X — OF Uy = —®F Il hy iy — 2x ' OF U x;x; + {DF + &}x>

(5.26) . _ . o
+ PFY g {719)( + xru“ub — x| Dul| u} ,
where
1= 1
(5.27) O(r) =r19 = %1 vl

Proof. We consider a general @ in the curvature flow in R?*!

(5.28) i = —dv,
where
(5.29) F = F(hij)

and h;; is defined by (5.13).
For the above flow the normal evolves according to

(5.30) v = ok,

cf. [6, Lemma 2.3.2].
Using an euclidean coordinate system (z®) in R™*! it follows imme-
diately that x can be expressed as

(5.31) x = (z,v)7 L,
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and hence
X = _X2<i7 V> - X2<ZC> V>
= Py% — Xzékuku
= &y? — \2DFY {hij;kuku + (X_lﬂ)kukugij}
= Py% — qugFijhij;kuku
+ QFig,; {Xkukuﬁ - X9||Du||2u} .

(5.32)

Differentiating x covariantly with respect to & = (£') we obtain

(534) Xij = 2X71Xin — Xth-ij <$k, $> + hfhij — X2hij-
Combining (5.32) and (5.34) the result follows immediately due to
the homogeneity of F'. q.e.d.

We want to prove that h;; is uniformly bounded. However, this result
can only be achieved in several steps.
We observe that in view of the relation (5.11) and the boundedness
of ht
J

(5.35) hi(1 = fu?)
is uniformly bounded, or equivalently,
(5.36) |h§-\e*% < const,

because of (5.4) and (3.17) on page 493.
As a first new step we shall improve (5.36) slightly:

Lemma 5.2. Define A, by
(5.37) Ae = % — €, €>0,

where € is small. Then the principal curvatures k; of the flow hypersur-
faces can be estimated from above by

(5.38) ki < cetel
if € >0 is small
(5.39) 0<e<ep.
Proof. Define ¢ as in (4.32) on page 500 and let
(5.40) { =g,
then we claim that
(5.41) w = log ¢ + log x

is uniformly bounded from above, if € is sufficiently small.
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Let 0 < T < oo be large and assume that

(5.42) sup w = w(to, o)
T

with

(5.43) 0<ty<T.

Arguing as in the proof of Lemma 4.4 on page 499, we may assume
that k,, is the largest principal curvature and that w is defined by

(5.44) w = log h" + log x,

where

(5.45) A = hle et
We shall suppose that

(5.46) AT (to, &) >> 1.

Applying the maximum principle we then infer from (5.24) and (5.26)
0< @Fklgkl{ — Juterth — v + 01;67)@(}12)71 + ¢l
(5.47) + || Dulf? + || Dule <t (hn) !
+ Ju* (log b))y, + ubu® (log X)k}a

where we used the concavity of F', the properties of @ and at one point
the vanishing of Dw in (tg, &o).

Our assumption that BZ is very large implies that t = ¢y is very large
and, hence, powers of e’ will be the dominating terms.

In view of (3.17) on page 493 and (5.4) we have

(5.48) Jrcer A Drcen A D~ ce%,
while
(5.49) | Du|| < ce™ ot

for some 0 < Ao, cf. the estimate (3.40) on page 495.
The best term inside the braces on the right-hand side of (5.47) is

2t

(5.50) 02~ e

and the worst is

(5.51) || Dul2e et ()~ e(im)~Le k(2 Hne-2nX0)
hence, choosing

(5.52) € =2\

we obtain an a priori estimate for h”, since the terms in (5.47) involving
the derivatives of log k]! and log x vanish, for
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(5.53) wd=9 AN Dw=0.
q.e.d.
As a corollary we deduce:

Corollary 5.3. The quantity F' = F(ﬁ;) can be estimated from above

by
(5.54) F < no (1 + ce 2t V0 <t<oo.

Proof. This follows at once from (5.13), (5.38), (5.52) and the nor-
malization (3.1) on page 492. q.e.d.

We are now able to improve the decay rate of |Dul.

Lemma 5.4. |Du| satisfies the estimate

(5.55) | Du| < ce V0 <t< oo.
Proof. We look at the scalar flow equation
ou v

5.56 = = —

(5.56) o T F
where F' = F(hz) Let

(5.57) ¢ = logu,
then

(5.58) hé = g% hy; =vtu! {—(aik — v 20N i + (5;} ,

where all space derivatives are covariant derivatives with respect to o;;,
cf. (3.26) on page 494, but now we are in euclidean space, i.e., the factor
Y in (3.22) is equal to

(5.59) I(r)=r.

Hence, we infer from (5.56)

1
F(h})

where
(5.61) B = v {—(ai’c — v 2pi ) o + 195;'.} ,
and ¢ is defined by
(5.62) 0 = 9(r) = 1.

The term

(5.63) w = 3|Dy|?
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then satisfies
W= F’2{2v’2Fwigoi o 2EE G, — v 2R ol
(5.64) I U72ﬂk§lr;i¢i@kr o 2ER G oo — v 2 FE G o | Dyl
- 2v_2Fk]fi§e“’w},

cf. (3.43) on page 495 observing that now 9 is defined differently and

(5.65) Vit = Ve?| Dy|? = 20ePw.
The metric g;; is defined by
(5.66) 9ij = pivj + 0ij,
and g% is its inverse.
Let
2
(5.67) 0<A< 2

be arbitrary and define

(5.68) =weM A @ = @ie%.
Now choose 0 < T' < oo and suppose that
(5.69) sup w, Qr =[0,7] x S",
Qr

is attained at (to, o) with 9 > 0. Then the maximum principle implies

0<F _Q{E’“él’“@@k — F§" o1 | D3I
(5.70) .
— 2Ffdefw + szsz}-

By definition

_ =1, =17
(5.71) by = v u” Ay,
and thus
(5.72) UQF(B;) < u2F2(fL§-) < u?n?v7292(1 + ce”Pot)2,
On the other hand,
(5.73) 2ndu = 8ni)>
hence, we obtain an a priori estimate for @ provided
2
(5.74) 0<A< .
To derive an a priori estimate in the limit case
(5.75) A=2

we define, with a slight abuse of notation,

(5.76) w=w(t) =supw(t,-) A w=we
Sn
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with A = %; w is Lipschitz continuous and the maximum principle then
yields, instead of (5.70),

(5.77) W< F2 {—2F,§19e% v )\UQFZlD}

for almost every ¢ > 0. Because of the relations (5.72), (5.73) and the
previous estimates for w we then conclude

(5.78) W < ce 0

for a.e. t > 0 with some ¢ > 0, completing the proof of the lemma.
q.e.d.

As a corollary we deduce:

Corollary 5.5. The principal curvatures k; of the flow hypersurfaces
are uniformly bounded from above

(5.79) ki <c V0 <t<oo.

Proof. Choosing in the proof of Lemma 5.2 A\ = 0 and applying the
maximum principle we obtain the inequality (5.47) with A, replaced by
0. In view of the estimate (5.55) we then infer an a priori estimate for
K- q.e.d.

An estimate from below for the k; is much more difficult and requires
two steps.

Lemma 5.6. Let k;, 1 < ¢ < n, be the principal curvatures of the
flow hypersurfaces

(5.80) K1 < -+ < Ry,

and let

(5.81) Rilt) = inf si(t,€)(2 — w1, ),
then

(5.82) htrgg)lf Ri(t) = 0.

Proof. We argue by contradiction. Suppose that
(5.83) htlgg)lf Ri(t) < 0.
Let ¢ be defined by
p=F2—-u)= F(h; + v_11§5§)(2 —u)

(5.84) o

= F(hivd™" +6;)v 9(2 — u),
then
(5.85) lim v 19(2 — u)|ogn = 1

t—o0
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and (5.83) is equivalent to
(5.86) liminfinf F(2 —u) = F(1 4+ R1,...,1+ k) < F(1,...,1) =n,
t—oo Sn

since the non-negative k; are uniformly bounded and F' is strictly mono-
tone. Thus, (5.83) implies
(5.87) lim inf inf w < logn,

t—oo S

where
w = log ¢ — log x — log 2

(5.88) = —log(—®) + log(2 — u) — log x — log 2,
since
(5.89) tlgglo |—log x — log 2[psn = 0.
Let € > 0 be so small such that
(5.90) ligg(i)glf iéllfw < (1—2¢)logn
and let 7 be so large such that
(5.91) t>1 A ié}lfw(t,g) =w(t,&) < (1 —¢)logn
implies
(5.92) Ri(t) < —eo A k107t &) < —eo

for a fixed 0 < €9 = €p(€). The existence of 7 follows from the relations
(5.89) and (5.90).
Define the set

(5.93) A={t:t>7 A iSr}wa(t,-)<(1—e)logn},

then A # (), since it contains a sequence t; — oo.
We shall now prove

(5.94) A =1,00),

and

(5.95) w(t) = iSI}wa(t, )

is (weakly) monotone increasing in [1,00), i.e.,

(5.96) w(t1) < w(ta) V1T <t <ty <oo.
Let T, 7 < T < o0, be arbitrary but so large such that

(5.97) AN|[r,T] # 0,

and suppose that

(5.98) inf{w(t,&): 7<t<T, £€S"}=wt&)

with g > 7.
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w satisfies the evolution equation
W — FTw,j =
@Fijgijragyayﬁé + @Fijgiji%f2 — @Fijg,-j(log(—@))kuk{g
— OF (log(—®))i(log(—P)); + PF (log(2 — u));(log(2 — u));
+ @F (log x)i(log X);
+OF g v 2(2 —u) L+ BF TR (2 —u) Tt — 201!
+ QF g, {@X — (log x)pufud + GHDuHQU} .

(5.99)

At the point (to,&p) Dw = 0, hence the terms in line two and three
on the right-hand side of (5.99) add up to

(5.100) 20 F (log x )i (log(2 — u));,
which in turn is equal to
(5.101) 2B F Y hjpubui(2 —u) "I > —cd,

due to the estimates (5.55), (5.36), (5.4) and (3.17) on page 493.
Analogously, we conclude
DF g;; 3 —(log(—®))ufub — (log x)purd b =
5,102 g { ~log(- )i ud — (log )il 7}
PFY g;;(—log(2 — u))pu)d >0,

where we also used
(5.103) uf = 9.
Hence, applying the maximum principle we infer from (5.99)
0> fﬁFijgz‘ﬂ;Ui2 + @FijgijéU72(2 — u)fl — 21}71()071 — P
(5.104) o
>20 —ce n >0,

if 7 is large enough, with some uniform § = d(eg) > 0; a contradiction.
Thus, we have proved that ¢ty = 7 and therefore

(5.105) w(T) < w(t) Vr<t<T.
Since we can replace T by any t; € [1,T") we conclude
(5.106) w(t) <w(tz) V1<t <t <7,

and we have proved (5.94) as well as (5.96), since 7 < T' < oo is arbi-
trary.

However, the arguments we used to derive the contradiction in in-
equality (5.104) yield

(5.107) w(t, &) >d>0 V1 <t<oo,
where

(5.108) inf{w(t,£): £€S"} =w(t, &),
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in view of (5.94) and the definition of A. The left-hand side of the pre-
ceding equation is the definition of w(t), which is Lipschitz continuous
and satisfies for a.e. t > 7

(5.109) w(t) = w(t,&).
Hence, we deduce
(5.110) w(t) > 6

for a.e. t > 7, which is a contradiction, since @ is uniformly bounded,
completing the proof of the lemma. q.e.d.

Now, we can prove that the principal curvatures are uniformly

bounded.

Lemma 5.7. The principal curvatures k;, 1 < i < n, are uniformly
bounded during the evolution

(5.111) |kl < ec.

Proof. We shall estimate
(5.112) ¢ = |A]? = $hyhY,
which satisfies the evolution equation
(5113)  p—Fpy = —bF high + (] — SFMR, L a,
Looking at (5.24) and observing that, in view of the previous estimates,
(5.114) lim [Ale™# =0

t—ro0

uniformly in £ € S”, and, because of the homogeneity of F,
(5.115) F=1 4 |FRrs| < ce i,
we deduce that the terms
(5.116) —BFMhjh" | — FM g 0020,

which are either explicitly or implicitly contained in the right-hand side

of (5.113), are dominating; they can absorb any bad term such that an

application of the maximum principle gives an a priori estimate for .
q.e.d.

As a corollary we obtain:

Theorem 5.8. The flow hypersurfaces in hyperbolic space become
strongly convex exponentially fast and also more and more totally um-
bilic. In fact there holds

o s
(5.117) |h — 65| < e,
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Proof. We infer from (5.11) on page 504

Vi i Yi U o u i
(5.118) L ‘
155 \% !
from which the estimate (5.117) immediately follows, in view of (5.111),
(5.55), (5.4), and (3.17) on page 493. q.e.d.

6. Higher order estimate

Assuming the curvature function F' to be smooth, we want to prove
higher order estimates for h;;, or equivalently, for u. Since we already
know that h;; is uniformly bounded,

(6.1) 91] = —2@hij

as well as the Riemannian curvature tensor of the induced metric then
are also uniformly bounded.

Let A represent the second fundamental form, where we omit the
tensor indices, then we want to prove

(6.2) ID™A|| < eme v Ym > 1.
This estimate will immediately imply a corresponding estimate
(6.3) | D™ul| < Cme ™ Vm>1,
in view of the relation
(6.4) hijv™t = —ug; + hyj

and the estimate (5.55) on page 509.
To obtain an estimate for D?u we have to apply the following inter-
polation lemma:

Lemma 6.1. Let M = M"™ be a compact Riemannian manifold of
class C™, m > 2, and u € C*(M), then

1 1
(6.5) [Dullo,nr < clulg prlulg ars

where ¢ = ¢(M) and

(6.6) [ul2,0r = Juloar + || Dulloar + | D*u

|0,M

and the norms on the right-hand side are supremum norms.

Proof. Using a partition of unity we may assume that u has support
in a coordinate chart and hence we may assume that

(6.7) u € C2(R™),

where R" is equipped with the Euclidean metric. Moreover, we may
assume n = 1.
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Let x € R, € > 0 be arbitrary, and choose x1,x2 € R such that

(6.8) xg—x1=€ A x€ (r1,72).
Then we deduce
(6.9) u(ze) — u(z1) = Du(é)(xe —x1), & € (x1,22),
x
(6.10) Du(z) = Du(€) + / D,
3
and hence,
(6.11) |Du(z)| < 2 |ulg + €| D%ulo = p(e),
where we assume without loss of generality that
(6.12) |D%ulg > 0,

otherwise, we replace |D?ulg by |D?ulo + 8, § > 0.
Minimizing ¢ by solving

(6.13) @(€) = —2e2|u|o + | D*uly = 0,
we conclude
1 _1
(6.14) e = VaJul3 [D?ul, .
and thus,
1 1
(6.15) |Du| < 2v2|u|g |D?ul?.

q.e.d.
Corollary 6.2. Let M = M" be a compact Riemannian manifold of
class C™, m > 2, and u € C™(M), then
1 1
(6.16) 1D o, < clul g o ar |l ar
where ¢ = c(m, M).

We shall apply the corollary to the function (u — 2) using either
M =S" or M = graphu.

The starting point for deriving the estimate (6.2) is equation (5.24)
on page 506 which will be differentiated covariantly. However, we first
have to derive some preparatory lemmata.

Lemma 6.3. Let ¢ be defined by

(6.17) o= (u—2)"1
and assume
(6.18) m>2 A |DFA| <ecxe ™ V1i<k<m-—1,

and for all 0 < A < %, then

(6.19) | D™ || < ceelatot V0 <e.
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The estimate

(6.20) IDg|| < cen
has already been proved.
Proof. Set
(6.21) = (u—2)en,
then u satisfies
(6.22) —c1 <u< —cy V0 <t < oo,
and
(6.23) =i len.

Let o € N be a multi-index of order m + 1, m > 2, then D%p can be
written as
(6.24) D% = 3 Chr... fnya DOV DOt e

[B1l++]Bmt1[=m+1
where the coefficients cg, . g,.., depend smoothly on @, and, if we allow
some of the coefficients to vanish, the sum is taken over all multi-indices
Bi, 1 <i < m+ 1, satisfying

m+1

(6.25) > 1Bl =m+1.
=1

The estimate (6.20) is trivial in view of (5.55) on page 509.  q.e.d.

Lemma 6.4. Let f = f(u, Du,a,Du) be any smooth function and
assume that the conditions (6.18) are valid, then, for any e > 0, there
holds

(6.26) ID™(f9)] < ceelutel,
(6.27) D™ (fiu)|| < cceFTO, V1<i<nm,

. m :uiu- < cce %“)t, V1<i,j5<n.
6.28 D™ (fOuiu; (

Proof. Let us only prove (6.26), since we can write
Du; = O(u — 2)(u — 2) "y
(6.29) = Ja'a

with some smooth function f = f(u, Du, @, Da), and similarly

(6.30) ﬁuluj = f0.
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,(6.26)  Define by

(6.31) 0=—0(u—2),

then 6 is smooth and

(6.32) 9= —fle.

The estimate then follows by applying the general Leibniz rule and
(6.19) observing that € > 0 is assumed to be arbitrary. q.e.d.

Let A be a symbol for ﬁ;, then

(6.33) A=A+v795
and we deduce from (6.26), if the assumptions (6.18) are satisfied,
(6.34) ID™A|| < |D™ A + ccelnt

for any € > 0, where c. also depends on m. Here, we also used the
relation

(6.35) v 2 =1~ | Dul
We also note that in case m = 1 the relation (6.34) is valid for € = 0.

Inside the braces of the right-hand side of equation (5.24) on page 506
there is the crucial term

(6.36) —v™29h] + v Whgt,
which is equal to
(6.37) v 19 {—v_lhg + ﬁikgkj} = v_lﬁug,

in view of (6.4).
Differentiating (6.36) covariantly with respect to a multi-index «,
|| = m, m > 1, we therefore obtain

Z (g) D“iﬁ(vflé)DfB {—vilhg + Eikgkj}

Ba
(6.38) ) .
= v D {—vilhg + Eikgkj} + Z <a> Do‘f’g(vflfg‘)Dﬁuf.
B<a '8
Furthermore, there holds
(6.39) v ) = f(u, Du, &)15(3%,
and hence,
(6.40) DB 9) DByl = DB () DAl
and we conclude
(6.41) 1> <g> DO P W) DUl < celitt Ve >0,

B<a
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provided (6.18) is valid, in view of (6.26), (6.24) and (6.19), since
(6.42) f<a = |f|+2<m+1.
In case m =1 we have
15 2
(6.43) 1D 0)ul|| < cen' || D?ull.
Hence we obtain:

Lemma 6.5. Let a be a multi-index of order m > 2 and suppose that
(6.18) is valid, then

D¢ {—0_21;/1{ +v_11§/_1ikgkj}
(6.44) — v~ LYDe {—v‘lhg + ﬁikgkj} + 0!
= —vfzéDahg + 0O},
where O} represents a tensor that can be estimated like
(6.45) |OY| < ceett Ve > 0.
In case m =1 we have
D {—v_zéhz +v_11§71ikgkj}
(6.46) — v 19D {—v_lhg + ﬁikgk]} + O%u?
= —fu*21§Dhg + 0§ + Ogu{,

where Oé resp. (9(2) represent tensors that can be estimated like

(6.47) 03| < cen
resp.
(6.48) |02|| < cext.
Proof. Observing that
(6.49) hiw =0 gk = u” g — u”  uuy,
the relation (6.44) follows from (6.38), (6.41) and (6.18), while (6.46)
can be deduced from (6.43). q.e.d.

Definition 6.6. Let k € Z, then the symbol OF represents any tensor
that can be estimated by

(6.50) |OF|| < cce Tt Ve,
and the symbol (’)’5 represents any tensor that can be estimated by
(6.51) |OK|| < cent.

Thus Of represents a uniformly bounded tensor.
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We also denote by D™ F the derivatives of order m of F' with respect
to the argument Bz, and when S, T are arbitrary tensors then Sx7T" will
symbolize any linear combination of tensors formed by contracting over
S and T'. The result can be a tensor or a function. Note that we do not
distinguish between S x T and ¢S x T, ¢ a constant.

From (6.34), the homogeneity of F' and the definition of ¢ we then
deduce

Lemma 6.7. Let m =1 or assume that (6.18) is valid, then we have

(6.52) D™F = DF x D™A + DF * O},

(6.53) D™k = g+ pmp 4 g+ L O
and similarly
(6.54) D"DFF = DFLE « DM F + DML F « O},
where %) is the k-th derivative of ®. In case m =1 O can be replaced
by OF.
We are now ready to differentiate (5.24) on page 506 covariantly.

Lemma 6.8. The tensor DA satisfies the evolution equation
D (Da) — bFH (DAY =

D O)x (DA + ONxD?*A+ SD*F « (DA+ O}« D*A
+ PO x DA+ DO x (DA+ O) + O+ (DA + OF)
+ PO x DA+ & O % (DA + Of) % (DA + O}) x (DA + O})
+®O) x (D*A+ Of + OF x D*u) x (DA + O))

(6.55) +dD?F «DF % (DA + O}) % (DA + O}) » (DA + O})
+ OD3F % (DA + O}) « (DA + O) « (DA + O})
+ O D?F  (D*A + Of + O3 x D*u) x (DA + O})
+ 300 % (DA + O} % (0D>ux O + 9 O + DA x OY)
+ D OY (O} + O x DA+ O+ D*A + O} x D*u)
+ @Fklgkl(—v_ngA).

Proof. Differentiate (5.24) on page 506 covariantly with respect to a

spatial variable and apply Lemma 5.4 on page 509, Lemma 6.5, Defini-
tion 6.6, and Lemma 6.7. q.e.d.

An almost identical proof—where we also have to rely on Lemma 6.4—
yields the evolution equation for higher derivatives of A.
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Lemma 6.9. Let m > 2 and assume that assumptions (6.18) are
valid, then the tensor D™ A, where D™A represents any covariant de-
rivative DA, |a| = m, satisfies the evolution equation

(6.56)
D

(D™ A) - SFF(D™A) gy =
ODF x (DA + O« D?A + $D*F « (D™A + O}« D*A
+ PO+ DA+ PO DA+ OD?*Fx O « (D™ A+ O))
+ @ D?F « (D*F + O) x DF « (D™ A + O})
+ &D*F « (D*A+ O« (D™A+ O} » DF
+ @ (DF « D™A + O}) % O + #D*F x (D™A + O}) « Of
+ P (DT"A+ON %O + & (D™A+ O« DAx DAxO)
+PD?’FxD"Ax DA+ $D*F «O! x DA
+ S DF « (DMA+ ON+xD*Fx DA« DAxO)
+OD3F*(D™A+ O« DAx DA
+OD?F (D™ A+ O * (DA+ O}
+ B (DA + O % (ID%ux % + 9 O
L BD2F % (DA + O % (ID%u + 9 O2) x OF
+ & DF + (O} + 9D A x O + O x D™ 4)
— @Fklgklv_QﬁDmA
We are now going to prove uniform bounds for
(6.57) SID™AIR =5 > | DA|P
lal=m

for all m > 1 and

(6.58) 0<A< %
First, we observe that
D m 5 . m T
%(%IID Al?) = @FM (FID™A|*) st =
D . .
(659) {%(DmA) . @Fkl(DmA);kl}eMDmA

— GFM (D™ A) (D™ Ay + N|D™ AP

)

Lemma 6.10. The quantities %HDmA\P are uniformly bounded dur-
ing the evolution for anym >1 and 0 < A < %,
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Proof. We prove the lemma recursively by estimating

(6.60) o =log(3| D™ A|]*) + p3| D™ AP,
where
(6.61) 0<p=npim)<<l,

cf. the proof of [6, Lemma 7.6.3].
We shall only treat the case m = 1, since the proof for m > 2 is
almost identical by considering the evolution equation (6.56) instead of

(6.55).
Thus, let
(6.62) p = log (5| DAI*) + pz A%
Fix 0 < T < oo, T very large, and suppose that
(6.63) sup sup ¢ = ¢(to,&o)
[0,7] M(2)

is large, and hence, 0 < tg < T, is sufficiently large, such that the
previous decay estimates for || Dul|, etc. can be employed.

Applying the maximum principle we deduce from (6.55), (6.59) and
the evolution equation for 3||A|?, see (5.113) on page 514,

0< {—qﬁF’f’gkw—Qé + )\} — 2B FM(DA) (DA,
(6.64) + OF* log (]| A||*)x log (3| DA|?),
— uqﬁFklhij;khij;l + rest.

When ¢ is large then terms in the braces can be estimated from
above by

(6.65) —24,
where
(6.66) d=00\) ~ %(% —A).
To estimate
(6.67) SFH log (L] A[2) log(L | DAJ?),

we use Dy = 0 and conclude that this term can be estimated from
above by
(6.68) WEFM hijh (| AP < 5SFM b,

if 0 < p is small.
Most terms in the ,,rest“ can be easily absorbed; a few are a bit more
delicate. These can be estimated from above by

|D?ul|eX|| DA
C =
IDAJ|?

(6.69) < c||DA| 2,
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where the last inequality is due to the interpolation lemma, cf. Corol-
lary 6.2, applied to (u — 2). Here, we also used the assumption that
|DA| > 1.

A thorough inspection of the right-hand side of (6.64) then yields
(6.70) 0< 0+ ce GV 4 c|DA| "2

and hence an a priori estimate for || DA||, if to is large. q.e.d.

It remains to prove the optimal decay (6.2). This will be achieved by
deriving the equivalent estimate

(6.71) ID™u| < eme™ v ¥m > 1.
Theorem 6.11. Let M(t) = graphu(t) be the leaves of the inverse

curvature flow, where F and the initial hypersurface are smooth, then
the estimate (6.71) is valid and the function

(6.72) (u—2)en

converges in C°(S™) to a strictly negative constant.

Proof. 1t suffices to prove (6.71), in view of the relations (3.17) on
page 493 and (5.4) on page 504, and to show that the limit exists.

(i) Our starting point is equation (5.21) on page 505 satisfied by u as
well as by (u—2).
Let ¢, ¢, F, and @ be defined by

(6.73) p=@2-uw A p=pen,
(6.74) F = F(hF(2 —u)),

and

(6.75) = &(F),

then we deduce from (5.21)

G~ BE2eTH Gy = —205 72T A i

(6.76) - . . - . ¢

+ 21)_1F_1¢ — F_2F7’ng-j9<,51)_2 — F_2F”hij€_z - %95,
where
(6.77) 0=90(2—u).

6 depends smoothly on u and is strictly positive. The derivatives of
arbitrary order of 0, F, &, FJ, FJ_y, and ﬁij are uniformly bounded
and decay exponentially fast, if ¢ goes to infinity, while the C"™-norms
of ¢ can be estimated by

(6.78) D3| < cmee®  Ve>0,

in view of our previous estimates.
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Differentiating then (6.76) covariantly we obtain the following differ-
ential inequality for

(6.79) w = 3||D" g
w — 5@7267%75.#“101']’ S
(6.80) - - L
O%s +2 {207 Pt = F2Fig00~2 — L,
where OV, r € R, represents a term that can be estimated by
. < ce <t <oo.
6.81 O% <ce™  VO<

In inequality (6.80) we may choose 0 > 0 independently of m > 1.
The terms inside the braces of that inequality are also an OY,, s for an
appropriate ¢ > 0, and, because of (6.78),

(6.82) 0% 5w = 0.
Hence, applying the maximum principle to the function
(6.83) w + pe

we derive an a priori estimate for w by choosing p large enough.
(ii) It remains to prove that the pointwise limit
. t
(6.84) Jim (u(t,€) — 2)et

exists for any £ € S™.
Using the scalar flow equation (5.56) on page 509 we deduce

(6.85) G = %e% +1q,
where
(6.86) i = (u—2)en
and F' depends on

S s
(6.87) hi = h + v~ 965

In view of the homogeneity of F' we further conclude
= ——— +1g
F(hie=n) "

(6.88) = (—q)

—_—— O
I
|
4
S|

}

] L ~ — u %
F (h;e n(—a) 4+ v 1(1+%u)6j)
> —ce_%

in view of our previous estimates, and we finally obtain

(6.89) (@ — nce™w) >0,
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from which the convergence result immediately follows. The fact that
the limit is constant will be proved in the lemma below. q.e.d.

Lemma 6.12. The rescaled functions in (6.72) converge to a con-
stant.

Proof. We use the relation
(6.90) |Dul?=1-v"2=1-1%
and shall prove that

/2t

. 2 2t 9 A
(6.91) tliglo(HDuH )en = =Au,

where, by a slight abuse of notation, we also use the symbol % to denote
2t

the limit of @ = (u — 2)en

2t

(6.92) U= tlgglo(u —2)en,
and

: ~ov 2 21 my~12
(6.93) lim (7Y% = 2| i
leading to the equation
(6.94) —Auw = | Dal?
on M = 0B5(0). Since @ is strictly negative we then conclude
(6.95) / |Da|*at =0,

M
hence || Dal| = 0.
Let us first derive (6.91). Using

(6.96) gij = —2®h;; = 2F ' hyj,
cf. [6, Lemma 2.3.1], where F' is evaluated at
(6.97) iLij = hij + fnggij,

and the expression

(6.98) gij = wiuj + uloi; = wiug + Gij

for the induced metric, we deduce

(6.99) (IDull?) = (g7 uiw;)" = 29" s — giju'ed
’ = 2F ' H — 2u" g g;; — 2F Yhijulud.

In view of the scalar curvature equation

(6.100) i =oF!

and the relation

(6.101) g9 = g — p*atd
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where
(6.102) i = guy,
we obtain
(|| Dul®) = 2F'H — 2™ F~'%(n — 9| Dul?)
(6.103) — 2F 1 hyutud
1 _2t
=2F"(H—-2)+o0(e n).
On the other hand, there holds

(6.104) hijd = —ui; + hij = —uij +u ' gij,

and thus

(6.105) Ho = —Au+ +u"(n — 0% Dul?)
yielding

(6.106) H—2=_—Au+0(e =)

Inserting (6.106) in the right-hand side of (6.103) and using
(6.107) tlgrolo F2—-u)=n

we conclude

. 2v/ 2 2 A~ -

(6.108) ltlg(r)lo(HDuH )en = = At .
Let us now differentiate 92. From the relation
(6.109) 0 = N,
where
(6.110) (1a) = (ra) = (1,0,...,0),
we infer
v = F a0 vP + o i®

(6.111) . . 8 ok

= F " o’ — (F7)pu”,

where we used
(6.112) v = oy,
cf. [6, Lemma 2.3.2].
The first term on the right-hand side of (6.111) is an 0(6_%), while
(F_l)k = fF_ZFij{hij;k + f}k’lggij
(6.113) . o
+ v@ukgij + U@7(2 — u)2 Uk:gij}a

where we used the definition (6.77) for ©. Therefore, we obtain

2t

(6.114) (FYpufen = —1|Da|? + o(1)
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concluding

(6.115) Jim (#%)'e™ = 2||Da?,

in view of (6.107) and

(6.116) Jim Fig:=n

completing the proof of the lemma. q.e.d.
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