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DEFORMATIONS OF GENERALIZED COMPLEX
AND GENERALIZED KAHLER STRUCTURES

RyusHr GoTo

Abstract

In this paper we obtain a stability theorem of generalized Kahler
structures with one pure spinor under small deformations of gen-
eralized complex structures. (This is analogous to the stability
theorem of K&hler manifolds by Kodaira-Spencer.) We apply the
stability theorem to a class of compact Kéahler manifolds which
admits deformations to generalized complex manifolds and ob-
tain non-trivial generalized Kéhler structures on Fano surfaces
and toric Kahler manifolds. In particular, we show that every
nonzero holomorphic Poisson structure on a Kéhler manifold in-
duces deformations of non-trivial generalized Kahler structures.

0. Introduction

A notion of generalized complex structures was introduced by Hitchin
[12], which interpolates between complex and symplectic structures.
An associated notion of generalized Kéhler structures is developed by
Gualtieri [10]. Examples of generalized Kéhler structures have been
constructed by the reduction [3, 20] which is a generalization of the
symplectic quotient construction. Hitchin gave an explicit construc-
tion of generalized Kéahler structures on Del Pezzo surfaces by using
holomorphic Poisson structures and suggested that generalized Kéhler
structures are related to holomorphic Poisson structures [13, 14].

Kodaira and Spencer showed that Kahler structures on compact com-
plex manifolds are stable under sufficiently small deformations of com-
plex structures [18]. More precisely, if V{ is a compact Kéhler manifold,
then any small deformation V; of Vj is also a Kahler manifold.

The purpose of this paper is to establish a stability theorem of gener-
alized Kéahler structures under small deformations of generalized com-
plex structures. Applying the theorem, we shall obtain a systematic
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construction of non-trivial generalized Kahler structures which arise as
deformations of ordinary Kahler manifolds with holomorphic Poisson
structures. The construction provides many examples by using both
holomorphic Poisson structures and deformations of complex structures.
In our construction, it is intriguing to solve the problem of obstructions
to deformations of generalized Kéhler structures. Note that there ex-
ists an obstruction to deformations of generalized complex structures in
general. We assume that there exists a family of deformations of gen-
eralized complex structures on a generalized Kéhler manifold X. Then
we apply the method in [8] and show that every obstruction to corre-
sponding deformations of generalized Kahler structures vanishes. The
method is a generalization of the one in unobstructed theorem of Calabi-
Yau manifolds by Bogomolov-Tian-Todorov [24], which is also applied
to obtain unobstructed deformations and the local Torelli type theorem
for Riemannian manifolds with special holonomy group [7]. For the
more precise statement of the stability theorem, we explain generalized
complex structures, generalized Kahler structures, and in particular, a
relation to pure spinors.

The notion of generalized complex structures is based on an idea of
replacing the tangent bundle T' of a manifold with the direct sum of the
tangent bundle 7" and the cotangent bundle T™. The fibre bundle of the
direct sum 7' & T™ admits an indefinite metric (, ) by which we obtain
the fibre bundle SO(T @ T™) with fibre the special orthogonal group.
An almost generalized complex structure J is defined as a section of
the fibre bundle SO(T @ T*) with J2 = —id, which gives rise to the de-
composition (T ®T*)®C = L7 ® L7, where L is —/—1-eigenspace of
J and L7 denotes its complex conjugate. Almost generalized complex
structures form an orbit of the action of the real Clifford group of the
real Clifford algebra bundle CL with respect to (T'@T™, (, )) (cf. [6]). A
generalized complex structure is an almost generalized complex struc-
ture which is integrable with respect to the Courant bracket.

A generalized Kahler structure is a pair (Jp, J1) consisting of com-
muting generalized complex structures Jy and J; which gives rise to a
generalized metric G := — 7y J1.

The direct sum 7" @ T™* acts on differential forms on a manifold by
the interior product and the exterior product. For a differential form
1, we define a subspace Ly by Ly :={E € (T®T*)®C|E -y =0}
A non-degenerate pure spinor is a differential form 1 which gives a de-
composition (T'@® T*) ® C = Ly & f¢. Thus a non-degenerate pure
spinor ¢ induces an almost generalized complex structure J. It turns
out that if a non-degenerate pure spinor 1 is d-closed, then the induced
structure [y, is integrable. For a Kahler form w, the exponential eV-1w
is a non-degenerate pure spinor which induces the generalized complex
structure 7,,. From this point of view, we introduce a generalized Kdhler
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structure with one pure spinor as a pair (J,1) consisting of a gener-
alized complex structure J and a d-closed, non-degenerate pure spinor
1) which induces the generalized Kéhler structure (J,Jy). Then we
obtain the following stability theorem.

Theorem 3.1 Let (J, ©) be a generalized Kdhler structure with one
pure spinor on a compact manifold X. We assume that there exists
an analytic family of generalized complex structures {J;}ten on X with
Jo = J parametrized by the complex one-dimensional open disk /\ con-
taining the origin 0. Then there exists an analytic family of generalized
Kahler structures with one pure spinor { (T, i) bens with g = ¢
parametrized by a sufficiently small open disk N C A containing the
origin.

An analytic family of generalized complex structures is a family of gener-
alized complex structures {J;} which depend analytically on the param-
eter t in A. If the space of obstructions to deformations of generalized
complex structures vanishes, then infinitesimal deformations generate
an analytic family of deformations of generalized complex structures. It
is remarkable that a holomorphic Poisson structure on a compact Kéhler
manifold gives the analytic family of deformations of generalized com-
plex structures which induces a family of deformations of non-trivial
generalized Kéhler structures.

In section 1, we present an exposition on generalized complex and
generalized Kahler geometry. Preliminary results are collected in sub-
sections 1-1 and 1-2 (cf. [10, 11, 12]). In subsection 1-3, we introduce a
generalized Kahler structure with one pure spinor and construct a differ-
ential complex (K*,d) which is a subcomplex of the de Rham complex.
Applying the generalized Hodge decomposition [11], we obtain an in-
jective map from the cohomology H*(K*®) of the complex (K*,d) to the
de Rham cohomology group. In section 2 we discuss deformations of
generalized complex structures from the view point of pure spinors. The
Maurer-Cartan equation naturally arises as the integrability of almost
generalized complex structures. Further we show that an analytic fam-
ily of generalized complex structures {J; }sca are described in terms of
an analytic family of sections a(t) of the real Clifford bundle CL? with
respect to (T"@® T, (, )) which is the Lie algebra of the Clifford group
(conformal pin group). The exponential of sections a(t) of CL? is the
family of sections of the Clifford group which acts on Jy by the adjoint
action, and we have

t7t — Adea(t) L7(].

We prove the stability theorem in section 3 in the sense of formal power
series. For the analytic family a(t), we will construct a family of sections



528 RYUSHI GOTO

b(t) of CL? such that

(1) d (e " ) =0,
(2) Adeb(t) Jo = Jo.

It follows from the Campbell-Hausdorff formula [23] that we have a
unique family z(¢) € CL? with

o2t — galt) b(t)

Then from (1), e*(®) 1 is a d-closed and non-degenerate pure spinor and
we have

Ad ..y Jo = Tt

from (2). Since almost generalized Kéhler structures also form the orbit
of the action of the Clifford group, it follows that (7;, e*®) 4) is a family
of generalized Kahler structures with one pure spinor. When we try to
solve the equations (1) and (2), we encounter the class of obstruction

[Oby] € H?(K®) for each k > 0. It turns out that each representative

Oby, is a d-exact differential form. Since the cohomology group H?(K*®)
is embedded into the de Rham cohomology group, it follows that the
class [Oby] vanishes and we obtain a solution b(¢) of the equations (1)
and (2) as the formal power series. Our solution b(¢) is not unique in
general. A solution b(t) together with a(t) gives rise to a cohomology
class of H'(K*®) by the action on 9. We show that there exists a family
of solutions of the equations (1) and (2) which are locally parametrized
by the first cohomology group H!(K*®) of the complex (K*®,d).

Theorem 3.2 Let {J;}tep and 1 be as in theorem 3.1. Then there is
an open set W in H'(K®) containing the origin such that there exists a
family of generalized Kdihler structures with one pure spinor {(J¢, ¥rs)}
with oo = ¥ parametrized by t € A" and s € W in H'(K®). Further
if we denote by [y 5] the de Rham cohomology class represented by iy s,

then [¢t,s1] 7& [wt,sz] fOT’ S1 7é 82-

In section 4, we will prove that the formal power series b(t) converges
and finish the proof of the stability theorem. In section 5, we construct
examples of generalized Kéahler structures on compact Kéhler manifolds
such as Fano surfaces and toric manifolds. Since there is no obstruction
to deformations of generalized complex structures on any Fano surface,
we can count the dimensions of deformations of generalized complex
and generalized Kéahler structures, respectively. We show that a holo-
morphic Poisson structure induces many interesting generalized Kéhler
structures. If there is an action of a complex 2-dimensional commutative
Lie group which gives a non-trivial holomorphic Poisson structure on a
compact Kéhler manifold, then we obtain a family of deformations of
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non-trivial generalized Kéahler structures. It follows that every compact
toric Kéahler manifold admits non-trivial generalized Kéhler structures.

There is a one-to-one correspondence between generalized Kahler
structures and bihermitian structures [10]. Then by using the stability
theorem, it is shown that there exists a family of non-trivial bihermi-
tian structures on every compact Kéahler manifold (X,w) with a non-
zero holomorphic Poisson structure 5. Then we obtain an unobstructed
deformations of complex structures whose infinitesimal deformation is
given by /- w, which is a d-closed T'-valued form of type (0,1) given
by the contraction of 8 by w. Thus we obtain:

Theorem 3.2 [9] Let X be a compact Kdhler manifold with a holo-
morphic Poisson structure 3. The class [3-w] € H'(X,0) gives rise to
unobstructed deformations of complex structures. (see section 3 in [9]
for more detail).

1. Generalized complex and Kahler structures

1.1. Generalized complex structures. Let T'®T* be the direct sum
of the tangent bundle T'X and the cotangent bundle 7% X on a manifold
X of real 2n dimension. Then there is a symmetric bilinear form (, )
on T @ T* which is given by

1

(1.1) (v+0,w+n) = %H(w) + 577(21),

where v,w € TX and 0,n € T*X. Then we have the fibre bundle
SO(T @ T™*) with fibre the special orthogonal group with respect to (, ).
We define an almost generalized complex structure J as a section of the
bundle SO(T & T*) with J2 = —id. The direct sum T & T* acts on
the differential forms A®*T*X by the interior product and the exterior
product,

(1.2) (v+0) a:=i,a+0Aa,

where a € A*T*X. Let CL be the real Clifford algebra bundle of T'®T™
with respect to the bilinear form (, ). Then from (1.1) and (1.2) we
have the induced action of CL on differential forms A®*T™* X, which is
the spin representation of CL. For a complex differential form ¢ we
define a subspace Ly of (T'® T%) @ C by

(1.3) Ly={Ec(T®T)®C|E-¢=0}.

A complex differential form ¢ is a (complex) pure spinor if Ly is max-
imally isotropic, i.e., 2n dimensional. A (complex) pure spinor ¢ is
non-degenerate if we have the decomposition of (T'® T*) @ C into Ly
and its complex conjugate Ly,

(1.4) (T®T*)Y®C =Ly Ly.
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The decomposition (6) induces the almost generalized complex structure
Jy which is defined by

R e

We call Jj4 the induced structure from the non-degenerate pure spinor
¢.

Let J be an almost generalized complex structure with the —v/=1-
eigenspace L7. Then we have the decomposition (T'® T*) @ C =
L @& Ly. We denote by CLI the subbundle of CL of degree i. Then
we identify the Lie algebra bundle so (T @ T*) with CLZ. Under the
identification so (T ®T*) = CLP, 7 acts on A*T*X @C by the spin rep-
resentation. Then we have the eigenspace decomposition of A*T*X ® C,

(1.6) ANT*X@C=UT"oU ""e...0U" toU",

where U* denotes the eigenspace with eigenvalue kv/—1. The space U ™"
is a complex line bundle which we call the canonical line bundle of 7.
(We also denote it by K 7). Let A¥L; be the kth exterior product of
L. Then the eigenspace U~"*F is given by the action of A*L 7 on K7,

(1.7) Utk =AML, K.

We denote by {(U,, ¢a)} a trivialization of the line bundle K 7, where
{U4} is a covering of X. Each ¢, is a non-vanishing section of K 7|y,
which is a non-degenerate pure spinor with the induced structure 7. Let
d be the exterior derivative and E an element of CLIN®C = (TeT*)®C.
Then the anti-commutator {d, E'} := dE + Ed acts on A*T*X. We have
the derived bracket by the commutator of {d, E} and F,

(1.8) [E, Flq:=[{d, E}, F].

By skew-symmetrization of the derived bracket, we construct the Courant
bracket as

(1.9) (B, Fl., = 5l{d, B}, F] - 5[{d, F}, B].

This is known as the derived bracket construction [19]. Note that if
E=v,F =w e TX, then the Courant bracket becomes the standard
bracket of vector fields. If the subbundle L 7 is involutive with respect
to the Courant bracket, then J is integrable. A generalized complex
structure is an almost generalized complex structure which is integrable.
The integrability of 7 is also given in terms of the corresponding pure
spinor. The following observation can be found in section 4.4 [10].

Lemma 1.1. Let ¢ be a non-degenerate pure spinor with the induced
structure Jgy. Then Jy is integrable if and only if there exists E €
CLY @ C=(TeT*)®C such that

(1.10) dp+E - ¢ =0.
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To make the paper self-contained, we will give a proof.

Proof. 1t suffices to show that [Ey, Es]., € Ly for Ey,Ey € Lg. It
follows that

(1.11) {d, E1}, Bl = —FEoEqdo.

If we have d¢ + E - ¢ = 0, then it follows that
(1.12) [{d, Er}, Eso)¢ = EsE1Eg,

(1.13) = (E1, E)E2¢ = 0.

Hence from (1.9), we have [Ej, E3).,¢ = 0. It implies that L is in-
volutive. Conversely, assume that J is integrable. From (1.6), d¢ is
decomposed into

n

(1.14) dp= > (dp)™M,

k=—n

where (d¢)¥ € UF. Then it follows that if (dp)*! # 0 for k > —n + 1,
then there are F, E5 such that [{d, E1}, F3]¢ = —EsE1d¢ # 0. Hence
de € U™, It implies that (d¢) = —E - ¢ for E€ CLM @ C.  q.e.d.

If J is integrable, the image d(U*) is a subspace of the direct sum
Uk=1 @ U*+1. Then d is decomposed into 9 + 0,

da = da + Oa,

where da € UF™! and da € U*t! for a € U*. There is a natural
filtration of the even part of the real Clifford bundle CL,

(1.15) CLcCL?c---.
We also have a filtration of the odd part of the real Clifford bundle,
(1.16) CL'ccCL®c---.

For instance, the first several ones are given by
CL® = c>®(X), cL'=cLl =TaT1,
CL?=cCcLl’sCLl?, cL?=cLM e cLb,

where CL!! denotes the skew-symmetric subspace of (T & T*) in CL',

The filtrations give rise to the filtration of bundles E* given by the
action of CL**! on the canonical line bundle K 7,

E* .= CL*!. K,

where E¥ = {0} for k¥ < —1. Note that E¥ is the complex vector bundle
since K7 is the complex line bundle. We change the degree of E°.
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For instance, E! is the canonical line bundle K7 and E? and E! are
respectively written in the forms

(1.17) E'={FE-¢|EcCL,¢c Ks},

(1.18) E'={a-¢lacCL?¢pcKs,}

Then E* is the direct sum in terms of U™, The first four bundles
are given by

(1.19) E'=U",

(1.20) E =yt

(1.21) E'=U"gUu "
(1.22) E?=U "M gu "3,

Then U~"t* is given as the quotient bundle,
U—’n-i—k — Ek_l/Ek_3.

It follows from d = 9 + O that E® is invariant under the action of d.
Hence we have the differential complex (E®,d),

0—% g1 E0 E! E2

It is shown that the complex (E®,d) is elliptic in [8]. We denote by
HF(E®) the kth cohomology of the complex (E®,d).

d d d d

1.2. Generalized Kahler structures. In this subsection, we use the
same notation as in [11]. Let (Jo, J1) be a pair of commuting general-
ized complex structures. Then we define G by the composition

G =TI =~ Jo.
The symmetric bilinear form G is given by G(Ey, Ey) := (GEy, Ey) for
Ei,E;eTaT.

Definition 1.2. A pair (Jy, J1) consisting of commuting generalized
complex structures is a generalized Kéahler structure if the symmetric
bilinear form G is positive-definite.

Let Uf’}i be the eigenspace with respect to J; for i = 0, 1. Because we
have the commuting pair (Jy, J1), we have the simultaneous decompo-
sition into eigenspaces,

/\.T*X ® (c — @p’qu7q7

where UP? = Uf’}o N Uf171. Then the image of UP? by the exterior de-

rivative d is decomposed into four components UPTH4+!L ¢ yrtha—1 g
Ur—ha-1 g yp=1a+1 which induces the decomposition of d,

d=01+6_ 464 +6_.
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p—La+l pptla+l
yp—1la-1 rt+la—1
Figure 1

1.3. Generalized Kahler structures with one pure spinor. We
already see that a non-degenerate pure spinor ¢ is a differential form
which induces the almost generalized complex structure Jy,.

Definition 1.3. Let (J,%) be a pair consisting of generalized com-
plex structure J and a non-degenerate pure spinor ¢ with dy = 0. A
pair (J,1) is a generalized Kahler structure with one pure spinor if the
corresponding pair (J, Jy) is a generalized Kéhler structure.

We denote by K' the bundle U%~"*2 and define the graded left
module K* generated by K 1 over the Clifford algebra CL. We set
K" = {0} for i <0. Then it follows that

(1‘23) Kl — UO’_n+2,
(124) K2 = Ul,—’fl+1 @ U—l,—TL—l—l @ U17_n+3 @ Ul,—TL—|—3‘
U-3-n+3 U-L-nt3 Ul—n+3 U3-—n+3 J—

~ >~

-2-n+2 {0.—n+2 [2—n+2 a2

S e

U—l.—n+l Ul —n+1 —n+1

/N
:\/\

U~
-3 -2 -1 0 1 2 3

Figure 2

Then we have the following lemma from the decomposition of the exte-
rior derivative d.

Lemma 1.4. (K°*,d) is a differential complex.

Let (J,v) be a generalized Kéhler structure with one pure spinor.
We denote by a - K7 the action of a € CL on the canonical line bundle
K 7. We define a bundle ker® by

(1.25) ker'! = {a € CL™ |a- K7 =0},
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for i =0,1,2. We also define ker by using the filtration of CL and
E' := CL™*! . K,

(1.26) ket ={a e CL*!|a-K; e CL K, ).

Then we have:

Lemma 1.5.

—~1
(1.27) U U™ 2 = {a-4|a € ker },

—~ 1
Proof. The real bundle ker consists of linear combinations of the real
part E-F where E € Lyand F € Ly. Since E-Fv € U% " gU% "2,

— 1
it follows that ker - € U™ g U%—n+2, Conversely, it follows that
go’_"_ﬂé U%—n+2 g generated by forms (E - F' + E - F)i and v/—1(E -
F—FE -FyyforE€Lyand F € Ly. q.e.d.

The bundle K? is also described in terms of ker? and 12&2:
Lemma 1.6.
(1.28) K?2={b-9|bc ker?},
— {b-p|beker ).

~ —~ 2
Proof. We denote by K? the bundle {b -1 |b € ker }. Since K? is
generated by K, we see that

(1.29) K2 c{b-¢|beke?}C K2

The space U "3 is given by A3L -1). Let h be an element of A3L 7.
Then h- K7 € CL'- K7 if and only if h = 0. Since ker? is real, K2 does
not contain the components U3~ "13 and U~3~"+3. Hence it follows
from (1.24) that K2 = K2. We have the result from (1.29). q.e.d.

Lemma 1.7. (K°*,d) is an elliptic complex for i = 1,2.

Proof. We will show that the symbol complex of the complex (K*,d)
is exact. It is sufficient to prove that if © A a = 0 for non-zero one
form v € T* and o € K? then « is given by a« = u A 3 for a f € K~}
for i = 1,2. We have the commuting generalized complex structures J
and Jy which act on (T'@® T*) ® C. Then we have the simultaneous
eigenspace decomposition

(1.30) TeT ) oC=LyoL_-®L ®L_,

where L, ® L_ is —y/—1-eigenspace with respect to J and Ly @ L_ is
—y/—1I-eigenspace with respect to Jy. The non-zero element u is decom-
posed into

(1.31) u=7Tuy+u_ +up+u_,
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where %4 € Ly and u4 € L. Since u € T*, we have (u,u) = 0. Hence
(132) 0= <U,U> = <U+,ﬂ+> + <U_,ﬂ_>.

The composition G = —J Jy = —JpJ defines the generalized met-
ric. Since G(ug 4+ us) = £(us + Us), we have (+1){us,us) > 0. In
particular, it follows that

(1.33) (ug,Tr) # 0,

because the generalized metric is positive-definite. At first we consider
the case K!' = U%"*2, We assume that u A o = 0 for non-zero u € T*
and a € U%~"*2, Then it follows from the decomposition (1.31) that
(1.34) Uy -a=0, ugr-a=0.

Then we have

(135) U4 - ﬂ+ = (u+,U+>a =0.

Since (uy,uy) # 0, we have o = 0. In the case K2, we assume that
u A a = 0 for non-zero u € T* and a € K2. From (1.24), we see that
K? c U};H @ U};H. Let (Ey,d) be the differential complex defined
by the action of CL on the canonical line bundle K 7,. Since the complex
(Ey, d) is elliptic, we have that there exists B e U;;“ such that

(1.36) w=unp.
We decompose B by

(1.37) B=p3® 4 30 4 (=2

where () € U2 Then we define 4(F) € y=L—n+1 by
(1.38) A = Ty - B,

(1.39) A = m ) a BD).

Then applying (1.32) and (1.36), we obtain that
u A (u_ .7(1)) = (Up +T_) - u_ .7(1)
= (g +T-) - ue - (uyg, T4 ) g - fO
= (u_ +uy) - B?

=uAN 5(2).
We also apply a similar method to 3(~2); then we have two equations
(1.40) uA (u_ -yMy=unp®
(1.41) —uA (Ty ATV =un g2,

We define g0 e y0—n+2 py
(1.42) BO = O gy W) g A D),
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Then it follows from (1.40) and (1.41) that

(1.43) wh BO =uABO £ yuaB® 4y B2
(1.44) =uAfB=a.
Hence the complex (K*,d) is elliptic for i = 1,2. q.e.d.

We denote by HY(K*®) the ith cohomology group of the complex
(K*,d). The complex (K*, d) is a subcomplex of the (full) de Rham

complex {--- LRV AP GRS i it -+ }. The cohomology group
of the full de Rham complex is given by the full de Rham cohomol-
ogy group Hur(X) := @ H'(X,C). Then we have the induced map
Py + H'(K*®) = Har(X).

Lemma 1.8. The map p'. : HY(K®) — Har(X) is injective for
i=1,2.

Proof. Our proof is based on the generalized Ké&hler identities (cf.
proposition 2 in [11])

(1.45) 8, =04, 0_=90_,
where the exterior derivative d is given by
(1.46) d=04 +6_+6+6_,

and E*i is the adjoint operator of 6+ with respect to the generalized
Hodge star operator. Then the identities imply the equality of all avail-
able Laplacian,

(1.47) Ng =205, =405, = 4Dy,

where 9, = 6 +J_. We obtain a (p, q) decomposition for the de Rham
cohomology of any compact generalized Kéhler manifold,

(1.48) H*(X,C) = EB HP

|pt+q|<n
p+g=n (mod2)

where HP? are Ag-harmonic forms in UP4. At first we consider the

cohomology H'(K*®). Let a be a d-closed element of K'. Then from
(1.46) we have

(1.49) dra =0, dra=0.

Then if follows from the generalized Ké&hler identities (1.45) that
(1.50) Sra=0, d,a=-dra=0.

Hence we have

(1.51) Nz o= (0405 +6.54)a=0.

Then from (1.47), « is Ag-harmonic and we have
(1.52) HY(K*) = HO "2,
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Hence we have the injection pk : H'(K®) — Har(X).

In the case H2(K*), we use the Green operators Ggi, Gs, and the
Hodge decomposition of each UP'? by the elliptic operator Agi. We
assume that o € K? is d-exact, i.e., « = dB. Then it follows from
dd’ -lemma, [11] that we have an element of 3 € Ui;‘” such that

(1.53) o = dg.

(See the discussion [8].) Then 3 is decomposed into the form

(1.54) B=p5%+50 4502,

where () € U2, We define v&1) by

(1.55) W =6,G5, B,

(1.56) A0 =5_Gs .

Then from the generalized Kéhler identities (1.45) we have

(1.57) d5_7(1) = dp?,

(1.58) —dd Y =ap?,

We define 8 by

(1.59) BO = 3O 4 5 A1) _F A1),

Then it follows from (1.57) and (1.58) that

(1.60) g = dB? + d(5_~M) = d(E~ V)

(1.61) = dB + dp® + dp-?

(1.62) = dB = a.

Hence every d-exact element o € K? is written as

(1.63) a=dp0),

for O ¢ U%—"+2 — K1 Tt implies that the map p% . H?*(K®) —
Hyr(X) is injective. q.e.d.

2. Deformations of generalized complex structures

Let J be a generalized complex structure on a manifold X with
the maximally isotropic subspace L(= Ly) in (T @& T*) @ C. In the
deformation theory of generalized complex structures developed in [10],
we will deform L in the Grassmannian which consists of maximally
isotropic subspaces. Then a small deformation of isotropic subspace is
given by

(2.1) L.:=(1+¢)L={E+[E,e]|E €L},
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for sufficiently small ¢ € A2L. Then we have the decomposition (7" @
T*)® C into L. and its complex conjugate L. which defines an almost
generalized complex structure J; for . The integrability of J. is equiv-
alent to the one of almost Dirac structures in [21].

Theorem 2.1. ([21]) The structure J: is integrable if and only if €
satisfies the generalized Maurer-Cartan equation

1
(2.2) dre + §[€,€]L =0,
where d;, : A¥L — AFTYL denotes the exterior derivative of the Lie
algebroid and [, |1, is the Lie algebroid bracket of L, i.e., the Schouten
bracket.

Let ¢ be a locally defined nowhere vanishing section of K. Then
¢ is a non-degenerate pure spinor which induces the structure J. The
exponential e acts on ¢ and we have the deformed non-degenerate pure
spinor e - ¢ which induces J.. We already show that J; is integrable if
and only if the differential form e®¢ satisfies

(2.3) def ¢+ E.- e ¢ =0,

for E. € CL! ® C. We will give another proof of theorem 2.1 from the
viewpoint of pure spinors. Our proof is suitable for our argument in
this paper.

Proof of theorem 2.1. We recall the decomposition of differential forms,

n

(24) NT* X oC= P U~

k=—n
Let my-n+s be the projection to the component U~"*3. Since [J. is
integrable, we have
(2.5) defp = —E; - €.
Let E. be e ¢ Eef € CL' ® C. Then by the left action of e~¢, we have
(2.6) eSde® p=—E. - .

We see that e ¢de® is a Clifford-Lie operator of order 3 (cf. definition
2.2 in [8]). It follows from definition that e™°de® is locally given by the
Clifford algebra valued Lie derivative,

e °de® = Z Ezﬁvz + N,
7

where L£,, is the Lie derivative by a vector filed v; and E; € CL!'®C,
N; € CL3®C. Thus e de ¢ is an element of U~ T1@U "3, Tt implies
that J. is integrable if and only if we have my—n+3 (e ¢de¢) = 0. The
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operator e~ ¢de®¢ is written in the form of power series (cf. lemma 2-7
in [8])
1
(27) 6_6d66¢ = d(b + [d7 E](b + 5[[d7 E]a €]¢ + e
We define N(e,¢) by
(2.8) N(e,e) :=[[d, €], €]

Lemma 2.2. The operator N(g,¢) linearly acts on N*T*X, which is
not a differential operator.

Proof. We will show that [[d,e1],e2]fa = f[[d,e1],e2]a for v € A*T™
and a function f, where £1,e5 € A%L. It follows that
[[d7 51]7 82]f0[ - f[[d7 51]7 62]0&
= (df )e1e2 — e1(df )e2 — e2(df )e1 + eae1(df)
= (df)e1e2 — [e1,df|e2 — [e2, df]e1 + ezlen, df]

— (df )ere2 — (df )eaer + [e2, (df )]er
+ (df )e2e1
= [e2, [e1, (df)]].
Since g; € AL, we have [g;, (df)] € L. Hence
[, [e5, (df)]] = O
for i,j = 1,2. Thus the result follows. g.e.d.

The higher order terms of (2.7) are given by the adjoint action of ¢ on
N (e, ¢) successively. We define adL N (e, ) by

adlN(e,e) .= [ad"IN (e, €), €]
Hence we have
(2.9) e~Sdes = d + [d, €] + l,N(s, £)

e}

(2.10) +Z
=1

Since dy, is the exterior derivative of the Lie algebroid L, we have the
complex

adl £,E).

d d d
L APT, L /\p+1z_L>...‘

Then dre € AL for € € A%L is given by:

Lemma 2.3.
T —n+3 [d, E]¢ = (dLE)¢.
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Proof. Since we have d¢ + E¢ = 0 for E € L, it follows that

(2.11) Ty-n+3(d+ E)ep = (dLe)o.
Then we have

(2.12) [d,e]lp = dedp — edo
(2.13) =dep+ el
(2.14) =dep + Feg
(2.15) = (d+ E)e¢.

Thus it follows that
my-ntsld, €]¢ = (dLe)g.

Lemma 2.4. The Schouten bracket [e,€]r, is given by
[676][/ = N(€,€).
Proof. Let E; be a section of T'é® T™ for i = 1,2,3,4. In terms of the

derived bracket [E;, E;lq = [{d, E;}, E;] in (1.8), the bracket [[d,e1], e2]
is written as

(2.16) [[d,e1], e2] = —[F1, E3laBa By + [En, E4qE2 E3
(2.17) + [Ea, E3]gEnEy — [Ea, Es)gE1 E3
for ey = E1FE5 and e9 = E3FEy. Then the result follows. g.e.d.

Note that lemma 2.4 can be extended to higher order terms (see appen-
dix).
We also have

Lemma 2.5.
ad N(e,e) =0,

foralll > 1.
Proof. Since N(g,e) € A3L, it follows that
(2.18) [N(g,e),e] =0.
Similarly we have ad N (e, ) = 0. q.e.d.
Then it follows from lemma 2.3 and 2.4 that we have
(2.19) Ty—nts € “dep = dped + %[6, elpd
(2.20) = <dL€ + %[E,E]L> b.

Thus the equation
(2.21) Ty-nt3 € “de“¢p =0,
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is equivalent to the Maurer-Cartan equation

1
(2.22) (dLe + §[€,€]L> =0.
Hence we have the result. q.e.d.

Let £(t) be an analytic family of sections of A2L. Then &(¢) is written

in the form of the power series in ¢,
2 3

(2.23) e(t) :€1t—|—625+635—|—"' ,
where ¢ is a sufficiently small complex parameter. Then e(t) gives defor-
mations of almost generalized complex structures J(;) by (2.1). The set
of almost generalized complex structures forms an orbit of the adjoint
action of SO(T @ T*). The Lie algebra of SO(T @& T™) is identified with
A2(T @ T*), which is the subspace CLIZl of CL2. Thus Je@t) 1s written
as Tty = AdgawJ for a(t) € A2(T & T*). We denote by (A2L & A?L)®
the real part of the bundle (AL @ A%L) which is a subbundle of CL2.
Then we have:

Proposition 2.6. There exists a unique analytic family a(t) of sec-
tions of (N°L © A2L)® such that
(2.24) Tery = Adan I
where we take sufficiently small t if necessary.

Proof. The action of e5®) on the canonical line bundle K7 defines
a line bundle e#®) . K;. We also have a line bundle e*®) . K7 by the
action of a(t) € CL2. The condition e¢*) - K7 = ¢*") . K is equivalent
to the condition J, () = Ada)J. Thus it suffices to construct a section
a(t) € (N’L @ A?L)R which satisfies
(2.25) (e*Wet®yg e K, for all ¢ € K.
Given two differential forms «, 3, if &« — 8 € K7, then we write it by

a=p (mod Ky).
Then the equation (2.25) is written as
(e =0 (mod K7) forall ¢ € K.

We write a(t) in the form of the power series in ¢,

£2
(2.26) a(t) = ayt + argy 4+

where ay, is a section of (A2L@A2L)®. We denote by (e_e(t)e“(t))[k](b the
kth term in ¢. Then the equation (2.25) is reduced to infinitely many
equations,

(2.27) (e=Wer)p e Ky,  forall g € Kg.
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We will show that there exists a solution a(t) by induction on k. For
k =1, we have

(2.28) (E_E(t)ea(t))[1]¢ =—c1¢0+a1¢ € Ky.

Thus if we set a; = €1 +Zy, then (e==(®) e“(t))mqb =0¢€ Kg. We assume
that there are sections a1, -+ ,ar_1 € (/\2f @ /\2L)R such that

(2.29) (e—f(“e“(t)) SOk

for Vi < k. If follows from the Campbel-Hausdorff formula that there
exists z(t) € CL2 ® C such that e ¢®e®®) = ¢2(®) | where

(2.30) 2(t) = —e(t) + a(t) — [e(t),alt)] + -

Thus our assumption (2.29) is (ez(t))[i] -¢ € K7 for all ¢ < k. Since the

degree of z(t) is greater than or equal to 1, we have 2(t);;) - ¢ € K7
and it successively follows from our assumption that z(t); - ¢ € Kz,
(Vi < k). Then we have

(2.31) (e - ¢ = 2(t) ¢ (mod Kz7) for all ¢ € K.
Hence from (2.30), there is a Hy € CL? ® C such that

1
(2.32) GRIITR =50k¢ — Hid (mod Kz) forall ¢ € Ky

where Hj, is written in terms of a1, -+ ,ap_1 and €1 --- ,e;. Then there
is a Hy, € A2L such that Hy¢ — Hy¢ € K 7. Thus ay, is defined as the
real part of (k!)Hj and we have

1
(2.33) Eakqb —Hype Ky.
Hence it follows that
20 b= [e—c®)alt)
(2.34) (e )[k] 0] <€ e )[k] o€ K.

Then we have a solution a(t) as the formal power series. It follows that
the a(t) is a convergent series which is a smooth section. Thus a(t) is
a unique section of (AL @ A2L)® with Je(ty = AdgaryJ which depends
analytically on t. g.e.d.

3. Stability theorem of generalized Kahler structures

We use the same notation as in sections 1 and 2.

Theorem 3.1. Let (7, 1) be a generalized Kdhler structure with
one pure spinor on a compact manifold X. We assume that there ez-
ists an analytic family of generalized complex structures {Ji}ten on X
with Jy = J parametrized by the complex one-dimensional open disk /\
containing the origin 0. Then there exists an analytic family of general-
ized Kdhler structures with one pure spinor { (J, ¥¢) henr with g = 9
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parametrized by a sufficiently small open disk /' C /A containing the
origin.

Theorem 3.1 implies that generalized Kéhler structures with one pure
spinor are stable under deformations of generalized complex structures.
Theorem 3.1 is a generalization of the so-called stability theorem of
Kahler structures due to Kodaira-Spencer. We also obtain:

Theorem 3.2. Let {Ji}ien and ) be as in theorem 3.1. Then there is
an open set W in H*(K®) containing the origin such that there exists a
family of generalized Kdhler structures with one pure spinor {(Jz, ¥ s)}
with oo = vV parametrized byt € A" and s € W in H'(K*®). Further
if we denote by [y 5] the de Rham cohomology class represented by 1 s,
then [szt,sl] 7£ [szt,sz] fOT $1 7& 52.

This section is devoted to proving theorem 3.1 and theorem 3.2. Let
K 7, be the canonical line bundle with respect to Jy. We take a triv-
ialization {U,, ¢o} of Kz, where {U,} is a covering of X and ¢, is
a non-vanishing section of K 7|y, which induces the generalized com-
plex structure Jy. Since Jj is integrable, we have d¢, + Fqo¢, = 0 for
E, € CL! @ C|y,. It follows from section 2 that deformations {J;}
is given by an analytic family of global sections a(t) € CL? which is
constructed from an analytic family of global sections (t) € A2L. Each
section a(t) gives the non-degenerate pure spinor e®® ¢, which induces
the structure J;. Since J; is integrable, we have

(3.1) de™ ¢y, 4+ Eo(t)e gy = 0.
It follows from the left action of e=®®) that
(3.2) e ® gD g, + e B (1)e P g = 0.

We define E,(t) by

(3.3) Eo(t) = e W EL (1) e (T & T%)|y, = (CLY) |y,
Then we have

(3.4) e de*D ¢, + Eq(t)pa = 0.

Hence it follows that

3.5) (e Wde*)p, € EY [y, = {E-¢u|E € CLYy, }.

Since e~ d e is a Clifford-Lie operator of order 3 (cf. definition 2.2
in [8]), it follows that e~**) de®) is locally written in terms of the Lie
derivative and the Clifford algebra,

(3.6) e~® geal) = Z EiLy, + N,

where E; € CLI, v; € T and N € CL3. Then we have:
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Lemma 3.3. There is a section a; € CL? such that
(3.7) Lo, ba = a; - ¢o mod (Kg,),
(3.8) Loy = a; - ¥,
for each vector field v;, where the equation (3.7) implies that
Ly, pa — Qi $a = paPa
for a function pq.

Proof. The set of almost generalized Kéahler structures with one pure
spinor forms an orbit under the diagonal action of the Clifford group
whose Lie algebra is given by CL2?. Thus small deformations of the
structures are given by the exponential action of CL2. Let f; be the
one parameter subgroup of diffeomorphisms defined by the vector field
v, i.e.,

d
Eft‘tzo = .

Since the set of almost generalized Kéhler structures with one pure
spinor is invariant under the action of diffeomorphisms, there is a section
a(t) € CL? with a(0) = 0 such that

(fi To, fi) = (Adear To, €V - ).
By differentiating with respect to ¢, we have
(£v~707£vw) = ([a, jO]? a- 1/})7

where a = %a(tﬂt:g. Since f; ¢, and e*® ¢, induce the same general-
ized complex structure Ad_.) Jo, we have

fida = ePtet® g
for a function p(t) with p(0) = 0. Then we have
(3.9) Lyo =a- pg mod (K g,),
(3.10) Lo =a-p.
q.e.d.

Hence it follows from (3.6) that there exists a section h, € CL3|y, such
that

(3.11) (€7D d e py = he - po mod (CL' - K 7,),
(3.12) (e79® ge?®)yp = hy - 9.

Let K* be the graded left module generated by U% "2 over the Clifford
algebra CL, as in section 1.3. The exterior derivative d gives rise to the
differential complex:

(3.13) 0K K?— ...
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Then we see that K2 is given by

(3.14) K2 = ylntl g y-lntl g gyl—ntsd g g—1L-nt3,
We define a vector bundle ker® by

(3.15) ker' = {a € CL™ |a-¢o =0},

for i = 1,2. In section 1, we define a bundle I:e}i by
(3.16) ker = {a € CL* [a- o € CLI7' - K ).
The lzt\a/ri gives the bundle

(3.17) Ki={a-¢|acker ).

In section 1.3 we also have

(3.18) K'=y%"ngudh—nt?

(3.19) K? = K2

Hence K is the subbundle of K,

(3.20) K'c K.

Proposition 3.4.
e gy e K2

Proof. Tt follows from (3.11) that there exists h, € CL3|y, for each
a such that

(3.21) e de" g, = he - po mod (CL - K1),
(3.22) e M e Byh = by - 1p,

where (3.21) implies that there is a section F,, € T & T™ such that
e d e, — hy - g = Foy - do. Since J; is integrable, from (3.4) we
have

(3.23) e W de® g, = —E,(t) - ¢ € CL' - Kz |v..
Hence it follows that h, € 12(\3}2 and we have
(3.24) e de®ip = hy, -1p € K2 = K2,
q.e.d.

Proof of theorem 3.1 and 3.2. We will construct a smooth family b(t)
of sections of ker! such that

(3.25) d(e®® "® ) = 0.

Then it follows from the Campbel-Haudorff formula that there exists
2(t) € CL? such that

(3.26) ) = ¢(t) b®)
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Explicitly, the first five components of z(t) are given by

(3.27) z(t) = a(t) + b(t) + %[a(t), b(t)]
(3.25) + ol el + ol ly el o

(cf. [23].) Since b(t) € ker!, we have
(3.29) & g, = 4B
(3.30) _ g,

It implies that e*® ¢, induces the same deformations 7, as before and

the pair (;, e*()4)) gives deformations of generalized Kihler structure
with one pure spinor. Consequently the equation we must solve is that

(eq) de®® "My =0, b(t) € ker .

The section a(t) is written as the power series
t2 t?
(3'31) a(t) =at+ar—+az3—=+---,
2! 3!
where a; € CL2. We shall construct a solution b(t) as the formal power
series

2 3

t t
(3.32) b(t) :b1t+b2§+b33_+... 7

where b; € ker!. The ith homogeneous part of the equation (eq) in t is
denoted by

(eqp)) (d et eb(t) 1/1) 0, b(t) € ker'.

i
Thus in order to obtain a solution b(t), it suffices to determine by, - -- ,b;
satisfying (eq) i by induction on . In the case : =1, we have

(3.33) (de®® b® )¢ = dartp + dbry
(3.34) = [d, al]d) + dbiyp = 0.

From proposition 3.4 we have (e_“(t) de“(t)i/)) n = [d,a1]y € K2. Since
da1yp = [d,a1]y) € K2 is a d-exact differential form, da;v defines a class
of cohomology [67)1] in H%(K*) whose image vanishes in the de Rham
cohomology group Hyr(X). Since the map p%{ : H*(K®) — Hyr(X) is
injective, it follows that [61/31] = 0. Thus we have a solution b; € ker!
which is given by

(3.35) by = —d*Gr(dary)) € K7,
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where d* is the adjoint operator and G is the Green operator of the
complex (K* d) with respect to a metric. Further for each represen-
tative s of the first cohomology group H'(K*®), we have a solution b1 s
which is defined by

(3.36) bi s = —d*Gg(da1y) + s.
Assume that we already have by, - -+ ,b,_1 € ker! such that
a(t) b(t) —
(3.37) <de e qp) =0

for all ¢ < k. From the Campbel-Hausdorff formula we have
(3.38) e = ea®) b

Hence it follows from our assumption (3.37) that

(0 de )y = 3 (e—z<t>)m (dez@)mw

itj=k
520

(3.39)
= (dez(t))[k]l/}.
Since (e=*(de*®) is given by
(340) (e Ode ) = dt[d, 2(0)] + o [ 2O, 2] +
the left-hand side of (3.39) is written as
(0 des®) o = %dbkw + %dakw + Oby,

where Oby, is the higher order term which is determined by aq,--- ,ar_1,
and by, ---bg_1. We define Ob;, by

— 1
(3.41) Obk = Edak ¢ + Obk

Thene (eq)(y is reduced to

1 __
Hdbk¢ 4+ Obg =0, (bk S kerl).

From (3.4), we have

e g 70 = =blD) g=alt) g galt) (1)

=— <e_b(t)E~'a(t)eb(t)) ¢ € CL' - K 4,.

Thus it follows from the same argument as in proposition 3.3 that we
have

(3.42) (e*Wde*Myy e K2,
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It follows from (3.39) that Oby € K? is d-exact. It implies that Oby,
gives rise to the class of the cohomology [Oby] € H?(K*) with p% (([Obg])

0. Since p% is injective from lemma 1.8, we have [Obg] = 0. Thus
by, € ker! is given by

1 —
(3.43) Ebkﬂ) = —d*"Gk(Obg) € Kl,

where d* is the adjoint operator and Gk is the Green operator of the
complex (K*,d). Hence it follows from the induction that we have the
solution b(t) of the equation (eq) as the formal power series. As we
see from (3.36), we obtain the family of sections by ; parametrized by
s € H'(K*) which gives rise to a family b(¢, s) of solutions. A family of
non-degenerate pure spinor {¢; s} are constructed as ebt:5) ). Since
the map pl, : HY(K®) — Hqr(X) is injective, we have [ty s, ] # [tht,5,] €
Hyr(X) for s1 # s9. In section 4 we show that the formal power series
b(t) converges. q.e.d.

4. The convergence

This section is devoted to showing that both power series b(t) and
z(t) in section 3 are convergent series. We will use a similar method to
that in [16] which applies the elliptic estimate of the Green operator.
However we must develop an estimate of the obstruction Ob in section
3 which includes the higher-order term. We will use the induction on
the degree k. At first we will estimate the first terms b7 and z; of power
series b(t) and z(t). We assume that b(t) and z(t) satisfy the inequalities
(4.16) and (4.17), respectively. Then we will show that b(¢) satisfies the
inequality (4.6) and then obtain the inequality (4.7).

We shall fix our notation. We denote by || f||s = || f||cs.« the Holder
norm of a section f of a bundle with respect to a metric. Then we have
an inequality,

1£glls < Csliflls llglls,

where f, g are sections and C is a constant. We have the elliptic com-
plex (K*®,d) in section 1 and we use the Schauder estimates of the el-
liptic operators with respect to the complex (K°®,d) with a constant
Ck. Let P(t) be a formal power series in ¢. We denote by (P(t))x]
the kth coefficient of P(t). Given two power series P(t) and Q(t), if
(P()x < (Q(t))x for all k, we denote it by

P(t) < Q(t).

For a positive integer k, if (P(t));; < (Q(t))}; for all i < k, then we
write it by

P(t) <k< Q(t).
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We also consider a formal power series f(¢) in ¢ whose coefficients are
sections of a bundle. Then we put [[f(t)[[s = >; | (f(£))}; lst*. We
define a convergent power series M (t) by

1 (ct)) & y
M(t)zzl_ﬁc 1/2 :ZMVt
1 v=1

V=

In [16], it turns out that the series M (¢) satisfies:

Lemma 4.1. )
M(t)?* < —M(1).

We put A = % Then it follows from lemma 4.1 that

L) < Lt = M1
l!M(t) < “)\ M(t) = I /\M(t).

Hence we have:

Lemma 4.2. )
MO « Xe)‘M(t).

As in section 3, the power series z(t) is defined by the Campbel-
Hausdorff formula,
e?() — galt) b(t)

)

where

(4.1) z(t) = Z e
1=0

(4.2) e =3%" ﬁz(t)J
j=0

1
:1+z(t)+§z(t)2+---

The power series a(t) is the convergent series which induces deforma-
tions of generalized complex structures {7;} defined in proposition 2.6.
The norm of a(t) is written as
— 1
!
Ja(t)lls = 3 7 st
=1
Then we can assume that ||a(t)||s satisfies
(4.3) lla(t)|]s << K1M(t),

for a non-zero constant K; and A if we take a(t) sufficiently small. We
will show that there exist constants K7, Ko, and A such that we have
the following inequalities,
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(4.4) 16(t)]ls < KoM (1),

(4.5) I2(B)]]s << M(t)

for sufficiently small a(t). Note that K, Ko, and A are determined by
a(t), J, and ¥ which do not depend on b(t) and z(t). The inequalities

(4.4) and (4.5) are reduced to the infinitely many inequalities on degree
k

(46) o)l << KM (1),
(47) J2(8)] << M (1

We will show both inequalities (4.6) and (4.7) by the induction on k.
In this section we denote by C; constants which do not depend on z(t),
b(t), and k but depend on a(t), J, and . For k = 1, as in section 3,
b11) satisfies the equation

dbyy) + dap = 0, (i € KY)
Then b1 is given by
(4.8) bll/J = —d*GK(da1¢),

where d* is the adjoint operator and G is the Green operator of the
complex (K*®,d). It follows from the Schauder estimate of the elliptic
operators that

(4.9) 019]]s < Ckllary]ls < CxCsllar|[s||9]ls

1
< —C1K
_161 1

where ||a1||s < K1Mp = % and Cq = C’KC’S\WHS._
We can define b; as a section of the real part of L, L_. Then we have

(4.10) [b1l[s < Collbrt)]ls.
Substituting (4.9) into (4.10), we have

1
(4.11) ”bl”s < EC1C2K1 = M1C1C2K1.

Thus if we take Ko with C1CyK7 < Ko, then we have

(4.12) [b1]]s < KaM;.

Since z1 = aq + by, if we take K7 and K5 satisfying K1 + Ko < 1, we
have

(4.13) [21l[s < llaxlls + o1 lls

(4.14) < MKy + My Ko

(4.15) = (Kl + Kg)Ml < M.
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It follows from (4.12), (4.15) that we have inequalities (4.6) and (4.7)
for kK = 1. We assume that the following inequalities hold:

(4.16) Jo(0)] << KM (1),
(4.17) o) << M),

Let Obg be the higher order term in section 3. Then we have:

Lemma 4.3. Oby = Oby(ay, -+ ,ax_1,b1 -+ ,bp_1) satisfies the in-
equality

[Obg[ls—1 < C(N) My,

where C(X) depends on \ and we have

O =

Proof. Since Oby, is determined by the terms of order greater than or
equal to 2

k

l
Obe =2 u(ad 0 Diw?:

=2
We have
|, 209 llom1 << 22l
Since (adlz(t) d) = [ad! (5 d, z(t)], we find
(18) | (adlyd) lleer < 220 =L e

Hence it follows that
(119 [Obyls-1 = Z.H( @) ¢l

k
(4.20) <y 52

:2'

/\

=)l 15 ) -

Since the degree of z(t) is greater than or equal to 1, it follows from our
assumption (4.17) and [ > 2 that we have

(4.21) (I=01L) ,, < (M)
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(Note that (HZ(t)Hls)[M consists of the term ||z;||s, for i < k.) Substitut-
ing (4.21) into (4.20) and using lemma 4.2, we obtain

k
L,
(4:22) 0bxlls1 < 3 5200 (M) 9,
=2
i L,
(4.23) Z (2 O,
(4.24) < Cj3 /\ L(e2CA — 1 - 20,0 M,
= C(N) My,

where C3 = 2[[¢||s. Then it follows that the constant C(\) satisfies
e =
q.e.d.
Lemma 4.4.
Ib(e) s << KoM (1),

Proof. In section 3, b, is defined as the solution of the equation
(4.25) %dbkw + %damﬁ +Ob, =0
In fact, b1 is given by
(4.26) bkt =~ G (Obg) — G (a4
Thus it follows from (4.10) and the Schauder estimate that

(4.27) H kas < CoCk||Obg[s—1 +C2CKH akl/}”s

Applying lemma 4.3 and (4.3) to (4.27), we have

1
HkuHs < CoCrC(N) My, + CsCoCr Ky Mi||9]]
(4.28) < (ChC(N) + C5 K1) M,

where Cy = CoCk and C5 = CsCsl|9)]|s. Then from (4.11) and (4.28) if
we take K> as

(4.29) Ky := max{ CoC1 K1, (C4C(\) + C5K7)},
then we have the inequality,

(4.30) Ib(®)lls << K2M ().
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Finally we estimate z;. It follows that

k
1 1
) = o= | € =1=3_ St
K]

Hence we have
1 A
(4.31) Igells < 1O = Dyglls + 30 2 07yl
p=2

From our assumption and (4.30),

la@®)lls < KM (1), Jo(t)lls << K2M(2).

Then it follows from lemma 4.1 and lemma 4.2 that

(4.32) le2® — 1|, < %(eKl)‘ _ M.
We also have
(4.33) 1e?® — 1], < %(eKQA —1)M(t).
Then we obtain:

Lemma 4.5.

lo(t)ls << M),
Proof. 1t follows from lemma 4.2 and lemma 4.3 that
1%, << %eKlAM(t).

Then from (4.32) and (4.33), we have

(4.34)
15 = Dl << [l (" = 1) + [l 1],

(4.35) < TR LN - M)+ 2N 1))

kA A )
(4.36)

Applying lemma 4.1 again, we have

(3n) | (¢ -1) ], < <em%(em 14 %(eKl)‘ - 1)) M)

(4.38) <k< C(Kl,KQ)M(t),



554 RYUSHI GOTO

where C' (K7, K2) is a constant which depends only on K3 and K». Since
(z(t))’[)k] consists of terms z; for i < k, it follows from our assumption of

the induction that the second term of (4.31) satisfies

k
(4.39) Z ” ) lls < Z )Pk
(4.40) < %(ecsA —1—C )M,
(4.41) = C1(A) M,
where limy_,g C1(A) = 0. Thus if we take K7, Ko, A\ which satisfy
(4.42) C(Kl, Ks) + Cl()\) <1
it follows from (4.31) that
1
(4.43) E”Zk”s < (C(Ky,K2) + C1(N) My, < M.
Thus ||z(t)||s < M (t). q.e.d.

If we take a(t) sufficiently small, we can take Kj, Ko, and A with K; +
Ky < 1 which satisfy (4.29) and (4.42). Hence by the induction, it turns
out that b(t) and z(t) in section 3 are convergent series.

5. Applications

5.1. Generalized Kihler structures on Kahler manifolds. Let
X be a compact Kéhler manifold with the complex structure J and
the Kéhler form w. Then we have the generalized Kéahler structure
(7, em“) with one pure spinor on X. The deformations complex of
generalized complex structures is given by the complex (A®L,dy). The
complex (A*L, dy) is isomorphic to the complex (U‘"*'@K;l, Te0dR, ),
where K;l denotes the dual of the (usual) canonical line bundle of the
complex manifold (X,.J). In the case (7, e~ ™) on a Kihler manifold,
we see that U~""* is written in terms of the (usual) complex forms of

type (1, s),

(5.1) U= = A0

(5'2) U~ n+l __ — AT 1 ey AP 10

(53) U—n+2 — /\n,2 o) /\n—l,l @ /\n—2,0

(54) U—n+3 /\n3@/\n 12@/\n 21@/\” 30

We take an open cover {V,,} of X and €, as a nowhere vanishing holo-
morphic n-form on V,. Then E,o = 0 and the operator e o dg,, is
the (usual) 0 operator. It implies that the space of infinitesimal defor-
mations of generalized complex structures on X is given by the direct
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sum of the K jl—valued Dolbeault cohomology groups
n,2 — n—1,1 — n—2,0 —
(5.5) HY*(X, K @ Hy V(X K @ Hy 720X, K,

where the space Hg_l’l(X, K;') = H'(X,0) is the space of infinitesi-
mal deformations of complex structures in Kodaira-Spencer theory. The
space Hg’z(X , K1) is given by the action of B-fields (2-forms) and the

space Hg_2’O(X K jl) is induced by the action of holomorphic 2-vector

fields.
The space of the obstructions is given by
(5.6)
H3 (X, K @ Hy V(XK Y o Hy (X K @ HE 20X K.

Note that the description in equation (5.5) is related to that in [10].
Similarly we find that the first cohomology of the complex (K*®,d) is
described as

(5.7) HY(K*) = HY'(X).

Hence it follows from theorems 3.1 and 3.2 that we obtain

Theorem 5.1. Let X be a compact Kdhler manifold with the gener-
alized Kdhler structure (7, emw). If the obstruction space

3
n—i,3—i -
SPLERC o vl
i=0

vanishes, then we have the family of generalized Kdhler structures {J;, ¥t s}

with (Jo,100) = (T, eV ™19) which is parametrized by (t,s) € A x W,
where /' is a small open set of

2
Pty (e
=0

and W denotes a small open set of H%’l(X) containing the origin.

There are no deformations of complex structures on the complex pro-
jective space CP?. However there is a family of deformations of gener-
alized complex structures on CP? which is parametrized by the space of
holomorphic 2-vector fields HY(CP?, A%0). Let {V,, Q,} be a trivial-
ization of the canonical line bundle K. Let 8 be a holomorphic 2-vector
field on CP2. Then it follows that the action of spin group on €,

Pt A Q,

induces deformations of generalized complex structure on CP2. In fact,
we take inhomogeneous coordinates (z{,z%) on each U, with Q, =
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dz{' A\ dz§, and B is written as

0 0
= f— A —
P fasz 028"
where f is a cubic function. Then
P ANQ = [+ Q.

Thus e’ AQ), is a non-degenerate pure spinor which induces a generalized
complex structure Jg. The type of generalized complex structure J is
defined as the minimal degree of differential forms (non-degenerate pure
spinors) which induces J. Thus the type of Jz is 0 on the complement
of the zero set of 8 and the type of J3 is 2 at the zero set of 3. Since
we have HY(CP?,A\?0) = H°(CP? 0(3)), it follows from the theorem
of stability that we have a family of generalized K&hler structures on
CP? parametrized by H(CP2,0(3)) @ H%’l(X).

5.2. Generalized Kéahler structures on Fano surfaces. Our the-
orem can be applied to Fano surfaces. Let S, be a blown up CP? at
n points whose anti-canonical line bundle is ample (n < 8). Then it
follows from the Kodaira vanishing theorem that the space of obstruc-
tions vanishes. Thus deformations of generalized complex structures
are parametrized by an open set of HY(S,, K~') @ H'(S,,0), whose
dimensions are given by

2n—8, (n=25,6,7,8),
0, (n=0,1,2,3,4)
dim H°(S,,, K™') = 10 — n.
It follows from the theorem of stability that we have the family of gen-

eralized Kéahler structures on S,, which is parametrized by an open set
of the direct sum

dim H'(S,,0) = {

HY(S,,K*)® H(S,,0)® H"(S,),

where H1(S,,) denotes the Dolbeault cohomology of type (1,1) which
coincides with the cohomology H!(K*®) (see section 4),

dim H1(S,) = 1 +n.

5.3. Poisson structures and generalized Kahler structures. In
general, we have an obstruction to deformations of generalized complex
structures and the space of infinitesimal deformations does not coincide
with the space of actual deformations. However, the theorem of stability
can be applied as long as we have a one-dimensional analytic family of
deformations of generalized complex structures. Typical examples are
constructed from holomorphic Poisson structures. Let X be a compact
Kéahler manifold with a holomorphic 2-vector field 8. If B satisfies that

(58) [575]L =0,
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where the bracket denotes the Schouten bracket, then [ is called a
holomorphic Poisson structure on X. Since 8 is holomorphic, we find
dr8 = 0. Hence B also satisfies the Maurer-Cartan equation and the
adjoint action of e®* on 7 induces an analytic family of deformations of
generalized complex structures. We write it by J;3 = Ad.sJ. Hence
we obtain from theorems 3.1 and 3.2:

Theorem 5.2. Let 8 be a holomorphic Poisson structure on a com-
pact Kdhler manifold X. Then we have a family of generalized Kdhler
structures {J;3, ¥t}

The rank of 2-vector 3 at x is 7 if 37 # 0 and 5T = 0 for a point
x € X. Then we denote it by rank 8, = r. Since the type of generalized
complex structure of J3 is defined as the minimal degree of differential
form ef - Qq, where €, denotes a non-zero holomorphic n-form. Thus
we have

(5.9) type(Js). = n — 2rank 3.

This is concerned with the fact that the type (J3), can jump, depending
on a choice of x € X. Let X be a Kahler manifold with an action
of an [-dimensional complex commutative Lie group G (I > 2). We
denote by {&}._, a basis of the Lie algebra of G which induces the
corresponding holomorphic vector fields {Vi}ﬁ-zl on X. We take 8 as a
linear combination of V; A V}’s,

(5.10) B=> Xi,VinV;,

i,
where each \; j denotes a constant. Since [V;, V;] = 0, we have [3, ]1, =
0. Then we have a family of generalized Kéahler structure on X. The
type of Jg can change, according to the fixed points set of the action of
G. Hence we have:

Theorem 5.3. Let X be a compact Kdhler manifold of dimension
n. If we have an action of an l-dimensional complex commutative Lie
group G with a non-trivial 2-vector B as in (5.10), then we have a family
of deformations of non-trivial generalized Kdhler structures on X.

Since the type of J3 is given by n — 2rank 8 from (5.9), it follows
that generalized Kéahler structures in theorem 5.3 are not obtained by
the action of B-fields (2-forms) from usual Kéhler structures.

Theorems 5.1, 5.2, and 5.3 imply that there are many examples of
deformations of generalized Kéahler structures on Kéhler manifolds, such
as every toric Kahler manifold and the Grassmannians. On a complex
surface, any holomorphic section of anti-canonical bundle gives the Pois-
son structure. There is a classification of holomorphic Poisson surfaces
and we can count the dimensions of sections of anti-canonical bundles
on a given holomorphic Poisson surfaces [4, 22].
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6. Appendix

Let J be a generalized complex structure on a manifold X. Then we
have the decomposition

(TeT)Y®C=Ls® Ly.

We denote by |a| the degree of a € APL 7, that is, p. Then for a € A*L 7,
we define a graded bracket by

[d,alg = da — (1)1 ad.
We also define a bracket [a, b]r, by
[a,b]1, = [d, a]gb — (—1)FVIIp[d, o).
There is the following explicit description.

Proposition 6.1. [a,b], is an element of AN/HI=1T 7 which is given
in terms of the derived bracket

(6.1)

. . KA ,7
[Ey - E,, Fl"'Fm]L:Z(_l)ZHEl’”Ei"'En[Ei,Fj]dFl"'Fj"'Fm
iij
fOT’EZ, FjEZ],i:L-.. 7n7 j:17-.. 7m_

Proof. The bracket [a,b] is an operator acting on the differential
forms A*T™. Then it turns out that

la,b]Lfé = fla,b]Lo, b e NT*

for a function f. Thus [a, b]L, is not a differential operator but an element
of AN*L 7. Next we see that

(6.2) [E,Fy- Funlp =[{d,E}, Fy -+ F]1

(6.3) = S V)HUE, By - Fy e By
J
Further for a,b € A*L; and E € L7, we have
(6.4) [EAa,bl,=aAN][E,bl — Ela,b]r.
Then by the induction, we have the result. q.e.d.
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