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GENERAL L, AFFINE ISOPERIMETRIC
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Abstract

Sharp L, affine isoperimetric inequalities are established for
the entire class of L, projection bodies and the entire class of L,
centroid bodies. These new inequalities strengthen the L, Petty
projection and the L, Busemann—Petty centroid inequality.

1. Introduction

Projection bodies were introduced by Minkowski at the turn of the
previous century and have since become a central notion in convex
geometry. They arise naturally in a number of different areas such
as functional analysis, stochastic geometry and geometric tomography,
seee.g., [5,9,12,19, 44, 49, 50|. The fundamental affine isoperimetric
inequality for projection bodies is the Petty projection inequality [38]:
Among convex bodies of given volume, the ones whose polar projection
bodies have maximal volume are precisely the ellipsoids. This inequality
turned out to be far stronger than the classical isoperimetric inequality.
Lutwak, Yang, and Zhang [30] (see also Campi and Gronchi [6]) recently
established an important L, Petty projection inequality for the (sym-
metric) L, analog of the projection operator. This extension is the core
of a sharp affine L, Sobolev inequality which is significantly stronger
than the classical L, Sobolev inequality, see [32, 52].

Recent advances in valuation theory by Ludwig [21] revealed that
the L, projection operator used in [30] is only one representative of an
entire class of L, extensions of the classical projection operator. In this
article we establish the L, Petty projection inequality for each member
of the family of L, projection operators. It is shown that each of these
new inequalities strengthens and directly implies the previously known
L,, Petty projection inequality. Moreover, the two strongest inequalities
are identified. We also obtain similar results for the L, Busemann—Petty
centroid inequality.

This work was supported by the Austrian Science Fund (FWF), within the project
P 18308, “Valuations on convex bodies”.
Received 04/10/08.
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The celebrated Blaschke—Santalo inequality is by far the best known
affine isoperimetric inequality (see e.g., [9, 14, 42]): The product of
the volumes of polar reciprocal convex bodies is maximized precisely by
ellipsoids. Lutwak and Zhang [34] obtained an important L, version of
the Blaschke—Santal6 inequality. Their inequality includes as a limiting
case the classical inequality for origin-symmetric convex bodies. For
convex bodies which are not origin-symmetric this L, extension yields
an inequality which is weaker than the Blaschke—Santalé inequality. As
an application of our work, we establish the correct L, analog of the
Blaschke—Santalé inequality, one that includes as a limiting case the
classical inequality for all convex bodies.

For a convex body K (i.e., a nonempty, compact convex subset of R™)
denote by h(K,x) = max{z-y : y € K}, for x € R", the support function
of K. The projection body I1K of K is the convex body whose support
function in the direction wu is equal to the (n — 1)-dimensional volume
of the projection of K onto the hyperplane orthogonal to u. A recent
important result by Ludwig [21] has demonstrated the special place of
projection bodies in the affine theory of convex bodies: The projection
operator was characterized as the unique Minkowski valuation which is
contravariant with respect to nondegenerate linear transformations.

A function ® defined on a subset £ of the set of convex bodies K"
and taking values in an abelian semigroup is called a valuation if

(1) O(KUL)+ ®(KNL)=dK + DL,

whenever K, L, KN L, K UL € L. The theory of real valued valuations
lies at the core of geometry. They were the critical ingredient in Dehn’s
solution of Hilbert’s third problem. For information on the classical
theory of valuations, see [18] and [35]. For some of the more recent
results, see [1—4, 19—24].

First results on convex body valued valuations were obtained by
Schneider [41] in the 1970s, where the addition of convex bodies in
(1) is Minkowski addition defined by h(K + L,-) = h(K,-) + h(L, "), see
also [17, 43, 45]. In recent years the investigations of these Minkowski
valuations gained momentum through a series of articles by Ludwig
[19, 21]. She obtained complete classifications of Minkowski valuations
compatible with nondegenerate linear transformations (see Section 3 for
precise definitions).

Projection bodies are part of the classical Brunn—Minkowski theory
which is the result of joining the notion of volume with the usual vector
addition of convex sets. The books by Gardner [9], Gruber [14] and
Schneider [42] form an excellent introduction to the subject. In a series
of articles [27, 28|, Lutwak showed that merging the notion of volume
with the L, Minkowski addition of convex sets, introduced by Firey,
leads to a Brunn—Minkowski theory for each p > 1. Since Lutwak’s
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seminal work, the topic has been the focus of intense study, see e.g.,
(7,10, 11, 21, 24, 29-34, 40, 46-48).
For p > 1, Ludwig [21] introduced a family of convex bodies,

(2) Cl-H;K—l-pCQ'HI;K, K e Ky,

and established the L, analog of her classification of the projection
operator: She showed that the convex bodies defined in (2) constitute all
of the L, extensions of projection bodies. Here, K} is the set of convex
bodies which contain the origin in their interiors and ¢1, ¢ > 0 (not both
zero). The convex body defined by (2) is an L, Minkowski combination
of the nonsymmetric L, projection bodies H;,tK (see Sections 2 and 3
for definitions).

The (symmetric) L, projection body II,K of K € K7, first defined
in [30], is

IM,K =31 17K +, 3 - T K.

As our main result we extend the L, Petty projection inequality for II,
by Lutwak, Yang, and Zhang to the entire class (2) of L, projection
bodies.

Let K* ={x € R": -y <1 for all y € K} denote the polar body of
K € K. We use V(K) to denote the volume of K and we write B for
the Euclidean unit ball. If & : K — K7, we use ®*K to denote (PK)*.

Theorem 1. Let K € K} and p > 1. If ®,K s the convex body
defined by
O,K = ¢ - I K 45 ¢z - 11 K,
where c1,co > 0 are not both zero, then
V(K)"PV (93 K) < V/(B)"/P7V (95B),
with equality if and only if K is an ellipsoid centered at the origin.

The case ®, = 1I,, of Theorem 1 is the L,, Petty projection inequality
by Lutwak, Yang, and Zhang.

The natural problem arises to determine for fixed K € K7 the extreme
values of V (<I>;K ) among all suitably normalized (say, e.g., ®,B = B)
L, projection bodies (2). Here, we will show that for K € K7,

V(IDK) <V (2;K) <V (IIF*K).

If K is not origin-symmetric and p is not an odd integer, these inequali-
ties are strict unless ®, = II,, or ®, = H;,t, respectively. This shows
that each of the new inequalities established in Theorem 1 strengthens
and implies the previously known L, Petty projection inequality and
that the nonsymmetric operators H;—L (and their multiples) give rise to
the strongest inequalities.

Centroid bodies (volume normalized moment bodies) are a classical
notion from geometry which have attracted increased attention in recent
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years, see e.g., [9, 12, 25, 26, 30]. The moment body MK of a convex
body K is the convex body defined by

h(MK,u) :/ lu - z|dz, ue S"
K

If K has nonempty interior, then TK = V(K) MK is the centroid

body of K.

Petty established the Petty projection inequality as a consequence of
the Busemann—Petty centroid inequality [37]: Among convex bodies of
given volume, the ones whose centroid bodies have minimal volume are
precisely the ellipsoids. Lutwak, Yang, and Zhang [30] (see also Campi
and Gronchi [6]) established the L, version of the Busemann-Petty
centroid inequality: For p > 1 and convex bodies K containing the
origin in their interiors,

3) V(E)"PV (M, K) < V(B)"”,

with equality if and only if K is an ellipsoid centered at the origin. Here,
M, K denotes the (symmetric) L, moment body, defined in [34] by

MpK =4 -MIK +, 4 - MK,

where M;)—LK are the nonsymmetric L, moment bodies (see Section 3).
Since their introduction L, moment bodies have become the focus of
intense study, see e.g., [6, 8, 12, 15, 16, 21, 30, 51| and the noted
paper [36].

Ludwig [21] characterized moment bodies as the unique (non-trivial)
homogeneous Minkowski valuations which intertwine volume preserving
linear transformations. For p > 1, Ludwig [21] has introduced and
characterized the two-parameter family

(4) Cl'M;K—l-pCQ'M;K, K e Ky,

as all of the possible L, analogs of moment bodies.
Our L, Busemann-Petty centroid inequality for the entire class (4)
of L, moment bodies is:

Theorem 2. Let K € K} and p > 1. If V,K is the convex body
defined by

UK =c1- My K+, c2- My K,
where c1,co > 0 are not both zero, then
V()P (0,K) > V(B) PV (,B),
with equality if and only if K is an ellipsoid centered at the origin.

In fact, in Section 6 a stronger version of Theorem 2, valid for all star
bodies, will be established.
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For K € K and suitably normalized (say, e.g., ¥,B = B) L, moment
bodies (4), we will show that

V(MK)>V (V,K) >V (MIK).

If K is not origin-symmetric and p is not an odd integer, these inequali-
ties are strict unless ¥, = M,,, or ¥, = M;t, respectively. Consequently,
each of the new inequalities established in Theorem 2 strengthens and
implies inequality (3). The nonsymmetric operators M;,t provide the
strongest version of the L, Busemann-Petty centroid inequality.
Recall that for K € K, the Blaschke-Santal6 inequality states

V(K)V(K®) < V(B)?,

with equality if and only if K is an ellipsoid. Here, K% = (K — s)*
is the polar body of K with respect to the Santalé point s of K, i.e.,
the unique point s € int K which minimizes V((K — z)*) among all
translates K — z, for « € int K. From Theorem 2, we obtain:

Corollary. If ¥, is defined as in Theorem 2, then for K € Kf,
V(K)"PHY (USK) < V(B)YPTV (85B)
with equality if and only if K is an ellipsoid centered at the origin.

Here, the case ¥, = M,, was established by Lutwak and Zhang [34].
We remark that M; K converges to K as p — oo. Thus, as a limiting
case we obtain for ¥, = Ml‘f the classical Blaschke—Santalé inequality.

Acknowledgements. The authors are very grateful for the help of
Monika Ludwig, Erwin Lutwak, Deane Yang, and Gaoyong Zhang in
the presentation of this article.

2. Background Material

In the following we state the necessary background material. For
quick reference, we collect basic properties of L, mixed and dual mixed
volumes.

The setting for this article is Euclidean n-space R"™ with n > 3. We
will also assume throughout that 1 < p < co. Thus, in the following we
will omit these restrictions on n and p.

Associated with a convex body K € K is its surface area measure,
S(K,-), on S"!. For a Borel set w C S" !, S(K,w) is the (n — 1)-
dimensional Hausdorff measure of the set of all boundary points of K for
which there exists a normal vector of K belonging to w. By Minkowski’s
uniqueness theorem (see e.g., [42, p. 397]), the convex body K is deter-
mined up to translation by the measure S(K,-).

We call a convex body K € K" smooth if its boundary is C? with
everywhere positive curvature. For a smooth convex body K, the surface
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area measure S(K, -) is absolutely continuous with respect to spherical
Lebesgue measure:

dS(K,u) = f(K,u) du, uwe S"h

The positive continuous function f (K, ) is called the curvature function
of K. It is the reciprocal of the Gauss curvature as a function of the
outer normals.

Forp>1, K,L € K and a, 5 > 0 (not both zero), the L, Minkowski
combination a - K 4, 3 - L is the convex body defined by

h(oo- K 4+, 3+ L,-)P = ah(K,-)? + Bh(L,-)’.

Introduced by Firey in the 1960’s, this notion is the basis of what
has become known as the L, Brunn-Minkowski theory (or the Brunn—
Minkowski-Firey theory). Obviously, the L, Minkowski and the usual

scalar multiplication are related by o - K = a'/PK.
For K, L € K?, the L, mixed volume V,(K, L) was defined in [27] by

K4pe L)~ V(K
"y (K, L) = Tim L FeE D) 2 V)
P

e—0t 5

Clearly, for K € K7,
(5) Vp(K, K) = V(K).
It was shown in [27] that corresponding to each convex body K € K7,

there is a positive Borel measure on S™~!, the L, surface area measure

Sp(K,-) of K, such that for every L € K,

1
(6) Vp(K,L) = —/ h(L,u)PdS,(K,u).
Sn—1

n

The measure S1 (K, ) is just the surface area measure of K. Moreover,
the L, surface area measure is absolutely continuous with respect to

S(K,-):
(7) dSp(K,u) = h(K,u)" P dS(K,u), ueS"
It was shown in [27] that, if K, L € K and p # n, then
Sp(K,-)=S5,(L,:) = K=1L
and, if p = n, then
Sp(K,)=8,(L,,) = K=AL, X>0.

These uniqueness properties of L, surface area measures are direct
consequences of the L, Minkowski inequality [27]: If K, L € K7, then

(8) Vo(K, L) = V(E)" PV (L)P,

with equality if and only if K and L are dilates.
Firey’s L, Brunn-Minkowski inequality states: If K, L € K}, then

9) V(K +, L)/ = V(K" + V(L™



GENERAL L, AFFINE ISOPERIMETRIC INEQUALITIES 7

with equality if and only if K and L are dilates.

For a compact set L in R™ which is star-shaped with respect to the
origin, we denote by p(L,z) = max{\ > 0: Az € L}, x € R"\{0}, the
radial function of L. If p(L,-) is positive and continuous, we call L a
star body. The set of star bodies is denoted by S™.

If K € K7 is a convex body, then it follows from the definitions of
support functions and radial functions, and the definition of the polar
body of K, that

(1) p(K*)=h(K,)™"  and  h(K",) = p(K, )"

For o, > 0 (not both zero), the L, harmonic radial combination
a-K+,B-Lof K,L €8" is the star body defined by

p(Oé - K q‘pﬁ . L, _)—p = ap(K, ')—p + BP(L, ')—p'

Although our notation does not reflect the obvious difference between
L, and dual L, scalar multiplication, there should be no possibility
of confusion. Clearly, the L, harmonic radial and the usual scalar multi-
plication are related by a - K = o YPK.

For convex bodies, Firey started the investigations of harmonic L,
combinations which were continued by Lutwak leading to a dual L,
Brunn-Minkowski theory. The dual L, mixed volume V_p(K, L) of
K,L € 8™ was defined in [28] by

- K¥,e-L)-V(K
Ny (K, L) = tim Y EpE D) = VIE)
p e—0t €

Clearly, for L € §",
(11) V_,(L,L) =V(L).

The polar coordinate formula for volume leads to the following integral
representation of the dual L, mixed volume V_,(K, L): For K,L € 8",

- 1

(12) V(K L) =~ /S ) (L) T du

Here, integration is with respect to spherical Lebesgue measure. An
application of Holder’s integral inequality to (12) yields the dual L,
Minkowski inequality [28]: If K, L € 8™, then

(13) V(K L)" = V(K)"™PV(L)?,

with equality if and only if K and L are dilates.
The dual L, Brunn-Minkowski inequality [28] is: If K, L € S™, then

(14) V(K F, L) P = V(E) /" + V(L) ",

with equality if and only if K and L are dilates.
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3. Nonsymmetric L, Projection and Moment Bodies

In this section we define nonsymmetric L, projection bodies H; K
as well as nonsymmetric L, moment bodies M;; K and discuss basic
properties of the corresponding operators.

Recall that the volume of the Euclidean unit ball B is given by

fip = 72T (1+13).
We define ¢, ,, by
(%)
rn=1)/21 (#) '

Cn,p =

For each finite Borel measure 1 on S®~!, we define a continuous function
C; pon S"1 the nonsymmetric L,, cosine transform of u, by

(Crp)(u) = cnp /Snl(u ~v)E dp(v), ue S

where (u - v)y = max{u-v,0}. For f € C(5"'), we define C}f
as the nonsymmetric L, cosine transform of the absolutely continuous
measure (with respect to spherical Lebesgue measure) with density f.
The normalization above was chosen so that C;r 1=1.

The nonsymmetric L, projection body H; K of K € Kl was first
considered in [28]. It is the convex body defined by

h(H;K, P = C;SP(K, ).
For L € S", define the nonsymmetric L, moment body of L by
h(M;’J_L7 _)p = C;J_p(L7 .)N-‘rp'
Using polar coordinates, it is easy to verify that for L € 8",
(15) h(M L, u)? = cpp(n+p) / (u-z)t du, ue SVl
L
Note that the normalizations are chosen such that M; B = B and
ILI B = B. For K € K}, we also define
M, K =M;(-K) and ILK=IL}(-K).
For a finite measure p on S, it is not hard to show that
. 1
i (C)(0) = o { [ Jwolduto)+ [ vt

p—1+ - 2/4,”_1

where the first integral is the spherical cosine transform Cp of . Recall
that pointwise convergence of support functions implies the convergence
of the respective bodies in the Hausdorff metric (cf. [42, p. 54]). Thus,
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since h(IIK, ) = 1CS(K,-) and since area measures have their center
of mass at the origin, we obtain for every K € Kl as p — 1,
(16)
1
K — s IK and  MIK — 2

25n—1

(M(K) +m(K)).

Here, m(K) is up to volume normalization the centroid of K:

m(K) = /dex.

From representation (15), we obtain for K € K as p — o0,
M/K — K.

A map @ defined on K" and taking values in K" is called SL(n)
covariant, if for all K € K™ and ¢ € SL(n),

P(pK) = ¢pPK.
It is said to be SL(n) contravariant, if for all K € K™ and ¢ € SL(n),
B(¢K) = ¢ OK,

where ¢~ T denotes the inverse of the transpose of ¢.

As usual, ® is called homogeneous of degree r, for r € R, if ®(AK) =
AP (K) for all K € K™ and A > 0. We say ® is linearly associating if ® is
SL(n) co- or contravariant and homogeneous of degree r for some r € R.

It was shown in [21] that H;,t is an n/p — 1 homogeneous and SL(n)
contravariant map, while M;t is SL(n) covariant and homogeneous of
degree n/p + 1, i.e., for every ¢ € SL(n) and A > 0,

E(¢K) = ¢ "IIFK  and  IIEE(AK) = A/PUIEK
for every K € K and
+ — + + —\n IngE
M7 (¢K) = ¢M7K and M7 (AK) = A /p+ M7 K.
A map ®: K} — K is called an L, Minkowski valuation if
OKUL)+,®(KNL)=dK +, DL,

whenever K,L,K UL € K?. The trivial L, Minkowski valuations
are L, Minkowski combinations of the identity and central reflection.
In [21] Ludwig has shown that L, combinations of H;,t and M;t are the
(essentially) uniquely determined linearly associating L, Minkowski
valuations. In order to state her result, let P2 (P!) denote the set
of polytopes in R™ which contain the origin (in their interior). For
n > 3, Ludwig [21] proved the following:
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Theorem 3.1. If ®, : P — K, is a non-trivial L, Minkowsk:
valuation which is linearly associating, then there exist constants ¢y € R
and c1,co > 0 such that for every K € P,

<I>K:{QHK ifp=1
p o I K 4pco - I K ifp>1
or

o K:{ com(K) + ctMK ifp=1
p cl-M;,rK—i—ch'M;K ifp>1.

Theorem 3.1 and (16) show that the L, combinations of H;—L and M;—L
are all L, extensions of projection and moment bodies.

Ludwig’s classification results in [21] were formulated with a different
parametrization of the families ¢; -H;,’ +pc2- 11 and ¢ -M;,’ +pc2- M.
These alternative representations will be very useful for us as well: For

€ [—1,1], define the function ¢, : R — [0,00) by

or(t) = |t| + 7t.
For K € K¢, let II, K € K be the convex body with support function

(17) Mmmwhwwm[;yﬁwwW%wm, we s,

where
Cn,p
1+7)P+(1—71)P
The normalization is chosen such that I, B = B for every 7 € [—1,1].
From the definition of H;,t it is easy to verify that

(147)P (1— 1) .
T+ P T (—7p v v

In particular, if K € K7 is origin-symmetric, then for any 7,0 € [—1, 1],
we have IDK = [I7 K.

By (18), the one-parameter family II7 constitutes a bridge between
the L, projection body operator II, (7 = 0) as introduced by Lutwak,
Yang, and Zhang and their non-symmetric analogs H;,t (t = +£1)). From
(18), it also follows that for every pair c¢1,co > 0 (not both zero) there
exist a 7 € [—1, 1] and a constant ¢ > 0 such that

(19) e ITK +p e - I K = cITK.

Cnp(T) = (

T _ +
(18) MK = ALK +,

Thus, instead of working with the L, combinations of the operators H;,t

we can consider multiples of the operators 1T}, 7 € [~1,1].
For L € 8", let MJ L € K7 be the convex body defined by

(20) A(MLL,u)? = Cmp(T)/ or(u-v)Pp(L,v)" P dv, ue S"
Sn—1
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Then M7 B = B for every 7 € [~1,1] and

(I+7)P

(1—7)P -
A+ P+ _rp My L.

(21) ML = Arrra—rp M

In particular, if L € 8" is origin-symmetric, then for any 7,0 € [—1,1],
we have Mj, L = M7 L.

The family MJ forms a link between L, moment bodies (7 = 0)
as introduced by Lutwak and Zhang and their non-symmetric analogs
(1 = £1). From (21), it follows that for every pair ¢;,c2 > 0 (not both
zero) there exists a 7 € [—1,1] and a constant ¢ > 0 such that

(22) cl-M;,'K—chz-M;K:cM;K.

Thus, instead of considering L, combinations of Mff we can work with
multiples of M7, 7 € [-1,1].

The following simple lemma will be crucial. Here and in the following,
II;" K denotes the polar body of IIT K.

Lemma 3.2. If K € K} and L € 8™, then
V, (K,MjL) = V., (LI K) .
Proof. If K € K and L € 8", then, by (6) and definition (20),

Cnp(T "
V, (K,MJL) = % /S"l /5n1 or(u-v)p(L,v)" P dv dS, (K, u).

Thus, by Fubini’s theorem, (10) and definition (17),
1 ~
VE” (K’ M;L) = E / p(va)n—HDp(H;’*K’U)_p dv = V—p (Lal_[;’*K) .
Sn—1

q.e.d.

In the following we discuss injectivity properties of the operators H;
and Ml‘f . To this end, we first collect some basic facts about spherical
harmonics (see e.g., Schneider [42, Appendix]).

Let 'H} denote the finite dimensional vector space of spherical
harmonics of dimension n and order k. We use N(n, k) to denote the
dimension of HY. Let Lo(S™!) denote the Hilbert space of square
integrable functions on S"~! with its usual inner product (-,-). The
spaces HJ are pairwise orthogonal with respect to this inner product.
In each space Hj} we choose an orthonormal basis {Yj1,..., Vin(nx)}-
Then {Yi1,..., Yin(nk) : kK € N} forms a complete orthogonal system
in Lo(S"71), i.e., for every f € Ly(S™ 1), the Fourier series

fed mf
k=0
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converges in quadratic mean to f. Here, m,f denotes the orthogonal
projection of f onto H}:

N(n,k)
mf = Y (ki) Yiio
i=1
In particular, for f € C(S"1),
(23) mf =0 forall ke N = f=0.

Thus, f € C(S™ 1) is uniquely determined by its series expansion.
For a finite Borel measure p on S"~!, we define

(n,k)
Tl = Yii(u)d Yii.
yL ZZ:; /S"l ki(w) dp(u) Yi
If f € C(S" 1), then
(oma) = [ () ).

Thus, by (23), the measure p is uniquely determined by its (formal)
series expansion:

(24) T =0 forall ke N == w=0.

Of particular importance for us is the Funk—Hecke theorem: Let ¢ be
a continuous function on [—1,1]. If Ty is the transformation on the set
of finite Borel measures on S”~! defined by

(Tom)(w) = [ (u-v)due),

then there are real numbers ay[Tg], the multipliers of Ty, such that
T¢Yk = ag [T¢] Yk
for every Y}, € ‘H}!. In particular, by Fubini’s theorem,

(25) T (Top) = ag[Tglmpp.

A transformation T defined on the space of finite Borel measures on
8"~ and satisfying (25) is called a multiplier transformation. Using
(24) and (25), it follows that a multiplier transformation Ty is injective
if and only if all multipliers ax[Ty] are non-zero.

By the Funk-Hecke theorem, the nonsymmetric L,, cosine transform
CJ is a multiplier transformation. The numbers a[C}] have been
calculated in [39], see also [15]: If p is not an integer, then

(26) alCH] #0,
and if p € N, then
(27) ak[C;]:Oifandonlyifk:2+p,4+p,6+p,...

Consequently, C;,r is injective if and only if p is not an integer.
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Since a convex body K € K is uniquely determined by its support
function, by its radial function and by its L, surface area measure, we
conclude that the operators IL} and M} are injective if and only if p is
not an integer. It is easy to verify that

DK =1} (-K) = Il K and  MjK =M}(-K) = -M/K.

Thus, injectivity properties of ILY and M} carry over to IL; and M.
We will frequently use the following consequence of (26) and (27).

Lemma 3.3. If K € K2, L € 8" and p is not an odd integer, then
+70 11— +7 M-
K =11, K or MjyL=M,L
holds if and only if K, respectively L, is origin-symmetric.

Proof. From the definition of II; and M, , it follows directly that
ILFK =117 K and Mf L = M, L for origin-symmetric bodies K and L.

Conversely, assume that H;{ K =1L, K. Then the convex body H;; K
is origin-symmetric, i.e., h(ILY K, )P is even. Note that f € C(S"1)
(or a measure p on S™"!) is even if and only if mpf = 0 (or T = 0,
respectively) for every odd k € N.

Since C} is a multiplier transformation, we obtain from (26) and (27)
that S,(K,-) is even. Thus, by the uniqueness property of S,(K-), the
body K must be origin-symmetric.

The case Mi L = M, L is similar, using p(L, -)"*? instead of Sy (K, ()1

q.e.d.

4. Class Reduction

A standard method for establishing geometric inequalities is to prove
them first for a dense class of bodies (e.g, polytopes or smooth bodies)
and then, by taking the limit, the inequality is obtained for all bodies.
This approach has the major disadvantage that the critical equality
conditions are usually lost for the limiting case. In order to prove affine
isoperimetric inequalities along with their equality conditions for all
convex bodies, it is often sufficient to establish the inequalities only for
a very small class of bodies, e.g., the class of L, moment bodies. This
class reduction technique was introduced by Lutwak [25] and further
applied in [30] and [34].

The crucial result in this section, Lemma 4.2, shows that in order
to establish Theorem 1, we need only prove it for the class of smooth
convex bodies (in fact the much smaller class of L, moment bodies will
suffice). The tools to derive this fact are provided by Lemma 3.2 and
the following lemma.

Lemma 4.1. If K € K7, then the convex body M} K is smooth.
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Proof. In order to show that Mj K is smooth, we need to prove that
its support function h := h(M;K ,+) is of class C? and that the convex
body MJ K has everywhere positive radii of curvature (see [42, p. 111]).
To this end, we first assume that 7 = 1, i.e., h = h(M;K, -). Let f be
a continuous function on R™ and let v € R™\{0}. A simple calculation
shows that

@) o [ =p [ ) @) de
Ou; Jxc K
Thus, the function h is of class C? if 7 = 1. Let (hlj)?]_:l1 denote the

Hessian matrix of h at u with respect to an orthonormal basis {eq, ...,
en} of R™ with e, = u. By [42, Corollary 2.5.3], the convex body M} K
has everywhere positive radii of curvature if and only if

det(hij(u))zj_:ll > 0.

Using (28), we obtain for h;(u) up to some positive constant

p 'Up_2 x-b:)(x- b €T
/K<x.u>+dx/K<x V2@ bi) (e - by)d
_/ (:E-u)’jr_l(:n-bi)d:ﬂ/ (- w ' (z - by) da.
K K

An application of Holder’s inequality shows that (hlj)?]_:ll is positive
definite and thus, in particular, det(hij(u))zj_:ll > 0. Hence, M} K
is smooth and, since My K = —M;’ K, we also obtain that M, K is
smooth. For 7 € (—1,1), the assertion follows from a similar (but more

tedious) calculation, by using (21) and (28). q.e.d.

The crucial result of this section is contained in the following lemma
which reduces the proof of Theorem 1 to the class of smooth convex
bodies.

Lemma 4.2. In order to prove Theorem 1, it is sufficient to verify
the following assertion: If K € KU is smooth, then for every T € [—1,1],

V(K)"PYV (I K) < V(B)"/,
with equality if and only if K is an ellipsoid centered at the origin.

Proof. For K € K, let ®,K = ¢; 'H;K—I-pCQ'H;K, where c1,c9 > 0
are not both zero. By (19), there exist a 7 € [—1,1] and a constant
¢ > 0 such that ®,K = cIIJK. Since I['B = B, we conclude, that
the assertion of Theorem 1 is equivalent to the following statement: If
K € K7, then for every 7 € [-1,1],

(29) V(K)"PV (I K) < V(B)"/,
with equality if and only if K is an ellipsoid centered at the origin.



GENERAL L, AFFINE ISOPERIMETRIC INEQUALITIES 15

It remains to show that inequality (29) along with its equality
conditions holds if and only if it holds for smooth bodies. To this end,
we will prove that, for K € K7,

(30) V(K)"P7lV (I*K) < V (ML K)™P ™ v (I MITT K)

with equality if and only if K and M;HIT,’*K are dilates. Thus, by
Lemma 4.1, any convex body at which V (K)"/P~1V (HIT,’*K) attains a
maximum must be smooth.

In order to see (30), take L = II;*K in Lemma 3.2 and use (11) to
conclude

Vv (H;’*K) = Vp(K,MJI*K).

Thus, by the L, Minkowski inequality (8), we obtain
(31) V(I*K)" > V(K)"PV (MJIT*K)",

with equality if and only if K and M;H,T,’*K are dilates. Conversely,
replace K by M} L, for some star body L, in Lemma 3.2 and use (5) to
obtain B

V (MjL) =V_p, (L, II7*MJL) .
Thus, the dual L, Minkowski inequality (13) yields
(32) vV (MJL)" > V(L)"PV (TI*M] L) ™",

with equality if and only if L and HIT,’*M;L are dilates.
Now take L = II;"K in (32) to get

(33  V(MJIK)" >V (IL*K)"P v (M K) 7

with equality if and only if TI;" K and II;"M7IT, " K are dilates.
A combination of inequalities (31) and (33) finally yields (30) and
finishes the proof. q.e.d.

By (16), the case p = 1 of inequality (29) reduces to the classical Petty
projection inequality. Since we do not wish to reprove this inequality,
we note again that we restrict our attention to the case 1 < p < oo.

In Section 6, we will again use the class reduction technique to show
that Theorem 2 follows from Theorem 1.

5. Steiner Symmetrization and 11"

In this section we establish the important fact that Steiner sym-
metrization intertwines with the operator II,* for every 7 € [—1,1].
This was proved in [30] for the case 7 = 0. For arbitrary 7 € [—1,1],
the proof is similar but certain modifications are needed to settle the
equality conditions in Theorem 1.

In the following let {eq,...,e,} be an orthonormal basis of R™. We
will frequently use the decomposition R = R"~! x R, where we assume
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that e = R"!. Clearly, for every convex body K € K" there exist
functions z,% : K|e;- — R such that K can be represented in the form

(34) K= {(m,t) ERVIXR: 2(z) <t <Z(x),zc K|e,ll}.

Note that the number Z — z is the length of the chord of K through
x parallel to e,. It is easy to verify that z is convex and that Z is a
concave function. Thus, z and Z are continuous on K, := relint K |e$.
If K is smooth, then z and Z are C! functions on K.

Let D C R™! be an open convex set which contains the origin in its
interior. For a C! function z : D — R define

(2)(x) = z(x) —x - Vz(x), x € D.
Note that the operator (-) is linear. Moreover, the kernel of (-) consists
only of linear functions:
(35) (z2)(z) =0 forallx € D = z is linear on D.

The following auxiliary result can be found in [30, Lemma 11].
Lemma 5.1. If K € K7 is a smooth convex body given by
K = {(m,t) ER"I xR:z(z) <t<Z(z), € K\erf},

then for every x € relint K|e;:,
WK, (Vz(z),-1)) = (=z)(z)  and WK, (=VZ(2),1)) = 3)(2).

Recall that for smooth K € K7, the surface area measure S(K, -) and
thus, by (7), also the L, surface area measure S,(K,-) are absolutely
continuous with respect to spherical Lebesgue measure:

(36) dSp(K,u) = h(K,u)" P f(K,u)du,  ue€S"
Here f(K,-) is the curvature function of the smooth convex body K.

For smooth K € K7, the spherical image map v : bd K — S"~ 1 is
defined by letting v(z), for x € bd K, be the unique outer unit normal
vector of K at x. By [42, p. 112], for any integrable function g on S™~!
we have

[ stwr@du= [ g i)
gn—1 bd K

where H"~! denotes (n — 1)-dimensional Hausdorff measure. Thus, (17)
and (36) yield the following representation of IIJ K, 7 € [—1,1]:

(37) h(IL, K, u)P = cpp(T) /b ngDT(u-u(:n))ph(K,y(x))l_p dH" 1 (2).

If the smooth convex body K is given by (34), then for any continuous
function h on S™~ 1,

/ h(v(z)) dH" (z)
bdK
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— [ hol, 2e))VIF VDI + hio(a, () T+ V@ da
Recall that K, = relint K |e;-. Since for any = € K,
o, 2(x)) = (Vz(z),—1) (=VzZ(x),1)

I+ Vz@)]? VIFVZE@)?

we obtain from Lemma 5.1, (37), and the homogeneity of h(K,-) and ¢,:

and v(z,z(x)) =

Lemma 5.2. If K € K? is a smooth convex body given by
K= {(x,t) eER"I xR:z(z) <t <Z(x), z € K|e$},

then for every (y,t) € R"™! x R,
cnp(Mh (I K, (y, 1))

n?p

— / or(t—y- VE(m))P<E>(x)1—p + oy - Vz(z) — t)p<_§>(x)1—p de.

Ko

For K € K and u € S"~!, we denote by S, K the Steiner symmetral

of K with respect to the hyperplane u™, c.f. [9, p. 30]. If K is given by
(34), then

S, K = {(:E,t) ER™I xR:iz-2)(2) <t<iE-2)(@)ze K|e,$}.
Our next result forms the critical part of the proof of Theorem 1:
Lemma 5.3. If K € K" is smooth, then for every u € S"~!,
S K C TS, K.

If equality holds in the above inclusion, there exists an r € [0,1] such
that the points which divide the (directed) chords of K parallel to u in
the proportion v : 1 —r are coplanar.

Proof. Since II,)" is linearly associating, we can assume without loss
of generality that u = e,. Let the convex body K be given by

K= {(:p,t) ER"IXR: z(x) <t <%(z), =€ K|e,ll}.

The definition of Steiner symmetrization and (10) show that
(38) Se IL*K C I Se, K
holds if and only if

h(IDK, (y,s)) =h(IDK, (y,t)) =1 with s #¢
implies

h (H;SE7LK, (v, %s - %t)) <1
Let (y,5), (y,t) € R"™! x R with s # t and suppose that
h(IDK, (y,s)) =h (IDK, (y,t)) = 1.
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Note that the Steiner symmetral of a smooth convex body is again
smooth. Since the triangle inequality implies

or (35 —1) 3V G- 2@) < 3 (o, (5 —y-V2(@)) + ooy Vz(x) ~ 1)
and

or g5V (z=2)(w) - 3(5-1)) < 5 (15 V(@) — 5) + o2t — y - V2(x) ),
we obtain from Lemma 5.2 and the linearity of the operator (-),

Cnp () 1 (TS, K (y, 55 = 51))"

— /Kwr(%(s—t)—y-%V(?—z)(w))p@(?—zD(w)l"’dw
T / or (v 19(2 - 2)(2) — 15 - )P (2 - 2)) (0) P da
K,

/ (‘PT(S —y-Vz(2)) + ¢, (y - Vz(z) — t))p (z — 2) (2)' P da

<

N | —

o

+ % / (%(y Vz(z)—s)+ e (t—y- w(:c)))p (7 — 2) (2)'7 da.

By the convexity of the function ¢ — tP, it follows that for real numbers
a,b>0and c,d >0,

(39) (a+b)P(c+d)' P < aPel™P + bPd P,

o

with equality if and only if ad = be, see [30, Lemma 8|. Since K € K,
Lemma 5.1 implies that (Z)(z), (—z)(z) > 0 for every x € K,. Thus, we
obtain the desired inequality

2 c;dlD(T)h (IS, K, (y, 35 — —t))

IN

/KSOT s —y-VE@)P @) () P + o (y - Va(z) — s)(—2)(x) P da
+/ or(t —y - VZ@)P(E) ()P + - (y - Va(z) — t)P(—z)(z) P dx
Ko

= cup(Mh (DK, (y,5))" + ¢y (N (K, (y,1)" = 2c, (7).

If there is equality in (38), then h (I K, (y,s)) = h (ID K, (y,t)) =1
with s # ¢ implies h (H;Sen K, (y, %s — %t)) = 1. Consequently, equality
must hold in the above chain of inequalities. The equality conditions of
(39) now yield for every z € K,

pr(s —y- V(@) (=2)(x) = ¢-(y-Vz(z) - 1)(Z)(2),
pr(y-Vz(r) —5)@) (@) = @t —y- Vz(2))(=2)(2).
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Hence, for y = 0, we conclude that
(Isl +7s)(=2)(x) = (t| = 7)) (),
(Isl=75)@)(x) = (|t]+7t)(=2)(x).
Since (0, s), (0,t) € bdIl,*K, there must exist a constant ¢ > 0 such
that (z + cz) = 0. Thus, by (35), z + ¢z has to be linear. Define
r := ¢/(c+ 1). Since z + ¢z is linear, the points which divide the

. i : o
(directed) chords of K parallel to e, in the proportion r : r — 1 are
coplanar. q.e.d.

6. Proof of the main theorems

We are now in the position to establish our main results. We first
complete the proof of Theorem 1. Then we show that the nonsymmetric
L, projection bodies lead to the strongest affine isoperimetric inequality
among the family of inequalities in Theorem 1. The corresponding result
for nonsymmetric L, moment bodies will be given after the proof of
Theorem 2. We emphasize again that we are assuming throughout that
n>3and 1 < p < oo.

In order to settle the equality conditions of Theorem 1, we will need
a generalization of the Bertrand-Brunn theorem due to Gruber [13]:

Theorem 6.1. Let K € K be a convex body. Suppose that for any
family of parallel chords of K there exists an r € [0,1] such that the
points which divide the (directed) chords of K in the proportion v :r—1
are coplanar. Then K is an ellipsoid.

By Lemma 4.2, our next result completes the proof of Theorem 1:
Theorem 6.2. If K € K is smooth, then for every T € [—1,1],
V(K)"PYV (I K) < V(B)"/P,
with equality if and only if K is an ellipsoid centered at the origin.

Proof. Since Steiner symmetrization does not affect the volume, we
deduce from Lemma 5.3 that for every direction wu,

V(K" (M K) < V(S,K)"P'V (9, K) .

If equality holds, there exists an r € [0, 1] such that the points which
divide the chords of K parallel to u in the proportion r : 1 — r are
coplanar.

We can now choose a sequence of Steiner symmetrals of the convex
body K which converges to (V(K)/k,)"/"B (see e.g., [14, p. 172]). By
the continuity and the homogeneity of I, we obtain

V(K)"PY (I K) < V(B)"/P.

If equality holds, then for every u € S™! there exists an r € [0,1]
such that the points which divide the chords of K parallel to u in the
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proportion 7 : 1 — r are contained in a subspace of codimension 1 (by
the proof of Lemma 5.3). Together with Theorem 6.1, this implies that
K must be an ellipsoid centered at the origin. q.e.d.

If K € K is origin-symmetric, then for any 7,0 € [—1,1], we have
IIJK = IIJ K and thus, Theorem 1 reduces to the L, Petty projection
inequality established in [30]. If K is not origin-symmetric, the follow-
ing theorem shows that the nonsymmetric operators H;t provide the
strongest inequalities:

Theorem 6.3. For every K € K,
V(LK) <VI*K) <V (IIF*K).

If K is not origin-symmetric and p is not an odd integer, equality holds
in the left inequality if and only if T = 0 and equality holds in the right
inequality if and only if T = 1.

Proof. We may assume that K is not origin-symmetric and that p
is not an odd integer (otherwise the statement is trivial or follows by
approximation). Let —1 < 7 < 1. From (10) and the definition of II7,
we obtain

(1+7)?
14+7)P+(1—71)

~ 1—7)P
(40) K =1 5T K Ty 7 (=) LK.

1+7)P+(1—1)P
Here, multiplication is the dual L, scalar multiplication, i.e., A - K =
A~YP K. From the dual L, Brunn-Minkowski inequality (14), we obtain

(41) V(II*K) <V (I*K),

with equality if and only if H; *K and I1,"" K are dilates which is only
possible if Hl‘f K =11, K. From Lemma 3.3, it follows that inequality
(41) is strict for every 7 € (—1,1) which completes the proof of the right
inequality.

In order to see the left inequality, note that the polar coordinate
formula for volume yields

1

V(I*K) = ~ /S PTG K )" du.

Thus, using (40), the derivative of the function 7 +— V (II;"K) is given
by

f(T)/S 71/)(1_[;’*}(, u)" TP (p(H;,"*K, u)? — p(Il, " K, u)~P) du,

where

(42) F(r) = — (1 . <0.
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The continuous function 7 +— V (II;*K) must attain a minimum on
[—1,1]. By the first part of the proof, the points where this minimum
is attained, are contained in (—1,1). If 7 is such a point, then

0

—V (II*K = 0.

oV LK) =0
By the calculation above and definition (12), this is equivalent to
(43) Vo, (I0* K I K) = Vo, (7K, 1L, K) .

Since, for Q,K,L € §" and «, 3 > 0,

Vop(Q - K+ 8- L) = aV_(Q, K) + V_(Q, L),
the representation (40) and the identity (43) imply

V., (0K K) = 7 (I K. I (- K).
By (11) and since II*(— K) = —II”* K, we therefore obtain
V(I"K) =V, (I K, -1 K) .
Using the dual L, Minkowski inequality (13), we conclude that I, K
is origin-symmetric. By (40), this is equivalent to
(14707 = (1= 7)) (I K, )7 = (1L, K, ) 7) = 0

for every u € S™ 1. As before, an application of Lemma 3.3, shows
that T} " K # I, K. Thus, we must have 7 = 0 which proves the left
inequality. q.e.d.

In view of (22), our next result is a stronger version of Theorem 2:
Theorem 6.4. If L € 8", then for every T € [—-1,1],
V(L)™' (MIL) > V(B) /P,
with equality if and only if L is an ellipsoid centered at the origin.

Proof. By definition, Mj L € K. In Theorem 1, take K = ML, to
obtain
(44) vV (Ip*MJL) ™" > V(B)™"V (MJL)"",
with equality if and only if ML is an ellipsoid centered at the origin.
Combine this with (32) and get
V(L)™Pv (MIL) > V/(B) ™/,

If equality holds in this inequality, then equality must hold in (32) and
(44). Consequently, L and H;’*M;L are dilates and M L is an ellipsoid
centered at the origin. Since IT;" is linearly associating, this implies
that L is an ellipsoid centered at the origin. q.e.d.
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A combination of Theorem 2 with the Blaschke—Santalé inequality
now yields the Corollary stated in the introduction.

Our final result shows that the strongest inequalities in Theorem 6.4
are provided by the nonsymmetric operators Mff:

Theorem 6.5. For every L € S™,
V(MpL) >V (MJL) >V (M;L),

If L is not origin-symmetric and p is not an odd integer, equality holds
in the left inequality if and only if T = 0 and equality holds in the right
inequality if and only if T = £1.

Proof. We may again assume that L is not origin-symmetric and p is
not an odd integer. Let —1 < 7 < 1. Using that for L, scalar multi-
plication X - K = AP K an application of the L,, Brunn-Minkowski
inequality (9) to the representation (21) yields

(45) V(MJL) >V (ML),

with equality if and only if Ml‘f L and M, L are dilates which is only
possible if M;j L =M, L. From Lemma 3.3, it follows that inequality
(45) is strict for every 7 € (—1, 1) which completes the proof of the right
inequality.

In order to prove the left inequality, we have to calculate the derivative
of the function 7 — V (M;L) with respect to 7: For fixed 7 € (—1,1),
note that

V(MpL) - Vi(MpLMIL) 1 h(MpLu) —h(MjLu) T
P — P P :E/Snl P L — P dS(MpL,u),
and
Vi(MjLMJL) - V(MJL) 1 h(MpLu) — h(MjLu) F
—= s :E/snl Tt dS (M L, w).

From the uniform convergence of support functions and the weak
convergence of surface area measures, we deduce that the limits
(46)
1% (M;L) -\ (M;L, M;L) % (M;L,M;L) -V (M;L)

lim = ; lim -
T—T T—T T—T T—T

exist and are both equal to

= 1 8 T T
g(T) = - /Snl Eh (MpL,u) ] ds (MpL,u) .

Using the L, Minkowski inequality (8) for p =1 in (46), shows that

) 0N A RAC VG el ARYAL

T—T T —T
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and
1/n
_ MTL —
g(f)ZV(MZL)(H_l)/nlimsupV( !)

T—T T —T

Thus, we obtain

] MrL)Y" — v (L)

T—T T—T

In particular, the function 7 — V' (MIT,L) /7 55 differentiable at 7. The
definition of ¢g(7) yields

8 T 8 T T
5V (MjL) = /SH1 5.0 (MjL,u) dS (M]L,u) .

Using (21), we obtain for this derivative
—f(7) /Snl h(MJL, u)H’ (h (ML, u)” = h (M, L,u)") dS (M] L, u),

where f(7) is given by (42).

The continuous function 7 +— V (MIT,L) must attain a maximum on
[—1,1]. By the first part of the proof, the points where this maximum
is attained, are contained in (—1,1). If 7 is such a point, then

0

5V (MpL)|  =0.

ll

T=

By the calculation above and definition (6), this is equivalent to
(47) Vp (MpL,MyL) =V, (MJL,M;L).
Since, for Q, K,L € K and «, 3 > 0,
Vp(@ - K +, 8- L) = aVy(Q. K) + BV,(Q. L),

the representation (21) and the identity (47) imply

Vo(MJL,MJL) = V,(M] L, M (—L)).
By (5) and since M](—L) = —MJ L, we therefore obtain

V (MjL) = V,(MJ L, —M] L).
Using the L,, Minkowski inequality (8), we conclude that M;L is origin-
symmetric. By (21), this is equivalent to
(L+7)P =1 =7)P) (h(MIL,u)” —h (M, L,u)’) =0

for every u € S"~!. By Lemma 3.3, M;L # M, L. Thus, we must have
7 = 0 which proves the left inequality. q.e.d.
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