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N E W INVARIANT TENSORS IN CR STRUCTURES 
AND A NORMAL F O R M FOR REAL 

HYPERSURFACES AT A G E N E R I C LEVI 
D E G E N E R A C Y 

PETER EBENFELT 

0. In troduct ion 

In 1974, Chern and Moser [11] solved the biholomorphic equivalence 
problem for real-analytic hypersurfaces in C n + 1 at Levi nondegenerate 
points. (The case n = 1 was considered and solved by E. Cartan [9]-
[10].) They presented a complete set of biholomorphic invariants for 
such a hypersurface at a Levi nondegenerate point; by a complete set 
of invariants, we mean a set of invariants such that given two hyper­
surfaces M,M' C C n + 1 with distinguished points po G M, p'0 G M', 
there is a biholomorphic transformation Z' = H{Z) near p$ such that 
H(M) C M' and H(po) = p'0 if and only if the set of invariants for M 
and M' are equal. The Chern-Moser invariants can in principle (there 
is an infinite number of invariants) be computed from the Chern-Moser 
normal form, which is a normal form for a Levi nondegenerate hyper­
surface M, defined in terms of the Levi form at po G M , such that the 
transformation to normal form is unique modulo a finite dimensional 
normalization. 

In the present paper, we introduce a new sequence of invariant ten­
sors, ip2, ip3 • • •, for generic submanifolds of C N (Theorem 2.9), which 
can be viewed as higher order Levi forms. (Although the tensors are 
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only introduced here in the context of generic submanifolds of C , it is 
clear that the definitions work equally well in general CR structures.) 
The second order tensor ip2 coincides with the Levi map and the higher 
order tensors are related, as explained in §3 below, to the data of finite 
nondegeneracy, a notion which has recently proved very useful in the 
study of real submanifolds in C N (see e.g. [l]-[4], [5], [12]-[13]). The 
third order tensor is also related to the cubic form as introduced by 
Webster [25] (see Remark 4.17). 

As one of our main results (Theorem 1.1.28), using the second and 
third order tensors, we describe a formal normal form (in the sense of 
Chern-Moser as described above) for a real smooth (meaning C°°) hy-
persurface M C C n + 1 , n > 2, at a generic Levi degeneracy po G M , i.e., 
a point po at which the Levi determinant vanishes but its differential 
does not and the set of Levi degenerate points of M (which is then a 
smooth codimension-one submanifold of M at po) is transverse to the 
Levi null space (which is then one dimensional) at that point. (We refer 
the reader to [25] for further discussion of generic Levi degeneracies; 
for instance, a normal form for generic Levi degeneracies in C2 under 
formal holomorphic contact transformations is given in [25].) In view of 
a convergence result due to the author, Baouendi, and Rothschild [3], 
the formal normal form in Theorem 1.1.28 provides a complete set of 
biholomorphic invariants if the hypersurface is also real-analytic (Corol­
lary 1.1.30). 

We then proceed to study the special case where the Levi form, 
at the generic Levi degeneracy, is semidefinite. In this situation, the 
normal form can be expressed in a particularly simple and explicit form 
(Theorem 1.2.5) by applying a result of E. Cartan. (The associated 
partial (third order) normal form is given with numerical invariants; in 
fact, an explicit partial normal form which is valid in a slightly more 
general setting is given in Theorem 1.2.10.) The corresponding explicit 
character of the normalization of the transformation to normal form 
makes it possible to compute bounds for the stability group of a real 
hypersurface at a generic semidefinite Levi degeneracy (Corollary 1.2.7). 
In the case n = 2, i.e., for hypersurfaces in C3 , the results on normal 
forms in this paper are contained in the results of [12]. However, the 
invariant tensors introduced here shed additional light on some of the 
results from, and answers a question posed in that paper. 

The paper is organized as follows. In the first section, §1.1, we 
present the normal form for a generic Levi degeneracy. In §1.2, we give 
the more explicit normal form in the special case where the Levi form 
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at po is also semidefinite. We then turn to the more general situation 
of generic submanifolds in C N and introduce the CR invariant tensors. 
x3 is devoted to explaining the relation between the notion of finite 
nondegeneracy and the tensors of x2. In x4, we return to the case of 
hypersurfaces and show, as a preparation for the normal form, that 
the second and third order tensors form a complete set of third order 
invariants for a real hypersurface by relating these tensors to the defining 
equation of M. Then, we calculate, in x5, explicit numerical invariants 
associated with the third order tensor of a real hypersurface at a point 
where the Levi form has rank n — 1 and is semidefinite. x6-8 are devoted 
to the proofs of the results that give the normal form. 

A c k n o w l e d g m e n t s 

The author would like to thank M. S. Baouendi, L. P. Rothschild, 
and N. Wallach for valuable comments on a preliminary version of this 
paper. 

1. N o r m a l forms for real hypersurfaces at generic Levi 
degenerac ies 

1.1. T h e general case. In this section, we shall present a 
normal form for a generic Levi degeneracy; the reader should recall the 
definition of generic Levi degeneracy from x0. In order to describe the 
normal form, we need first a partial (third order) normal form. We 
begin with some notation. 

We use the notation M(C m) for the space o f m x m matrices with 
complex matrix elements and GL(C m) for the group of invertible ones. 
We also write S(C m) for the symmetric matrices in M ( C m), i.e., those 
for which A = AT, where, AT denotes the transpose of A. For nonneg­
ative integers r and s such that r + s = m, we denote by U(r, s, C) the 
subgroup of GL(C m) consisting of those matrices U for which 

( 1 . 1 . 1 ) U*I r,s U = ±I r,s, 

where I ris G GL(C m) is the diagonal matrix whose r first diagonal 
elements are + 1 and s last ones are —1, and U* denotes the Hermitian 
adjoint of U (i.e., U* = U T ) . This group decomposes naturally as 

U ( r ,s ,C )= U+ (r,s,C) U U~(r,s,C), 
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where U+(r, s,C) and U~(r, s,C) denote the set of matrices for which 
(1.1.1) holds with the + and — sign, respectively. Observe that U+(r, s, C) 
is a subgroup whereas U~(r, s,C) is not. Also, note that U~(m, 0, C) 
is empty, and U(m,0, C) = U+(m,0,C) is the usual group U(C m) of 
unitary matrices. 

Consider the action of the group R+ x U(r, s, C) on S(C m) given by 

(1.1.2) R+ x U(r,s,C) B (a,U) ->• (^U)TA(^U) G S(C m), 

for A G S(C m). We denote, for given A G S(C m), by C r,s(A) C S(C m) 
its orbit or conjugacy class under the group action (1.1.2), i.e., 

C r,s(A) = n BeS(C m)B = (^U)TA(^U), U£U(r,s,C), a > o . 

These conjugacy classes form a disjoint partition of S(C m). We have 
the following result, which is the first step in describing the normal form 
and whose proof will be given in §6. 

Proposition 1.1.3. Let M C C n + 1
; n > 2, be a real smooth hy-

persurface. Assume that M has a generic Levi degeneracy at po G M. 
Denote by r, with (n — l) /2 < r < n — I, the maximal number of 
eigenvalues of the Levi form at po which have the same sign. (Also, 
write s = n — 1 — r.) Then, there exists a unique conjugacy class 
C r;s C S(C n_ 1) and for each R G C r>s there are local holomorphic coor­
dinates Z = (z,w) G C n X C , z = (z',z n) G C n_ 2 xC, nearpo, vanishing 
at po, such that the defining equation of M is of the following form, 

r n—1 

Im w =X\z j \ — X z 
(1.1.4) 

+ 2Re n {z')TRz' + (z n)2 + F(z, z, Re w), 

where F(z, z, Re w) denotes a smooth, real valued function which is O(4) 
in the weighted coordinate system where z has weight one and w weight 
two. 

Let us briefly explain our usage of the notation O(v), for nonnega­
tive integers u, in Proposition 1.1.3. We assign the weight one to the 
variables z = (z1, z n) = (z1,... , z n~l, z n), the weight two to w, and say 
that a polynomial pu(z,w) is weighted homogeneous of degree v if, for 
all t > 0, 

(1.1.5) pu(tz,t w) = tvpv{z,w). 
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We shall write O{u) for a formal series involving only terms of weighted 
degree greater than or equal to v. We say that a smooth function defined 
near 0 is O(v) (at 0) if its Taylor series at 0 is O(v). Similarly, we speak 
of weighted homogeneity of degree v and O(v) for polynomials, power 
series, and functions in (z,z,Re w), where z is assigned the weight one 
and Re w the weight two. 

We shall now present a complete, formal, normal form for a generic 
Levi degeneracy. Before stating the theorem, we need to define the 
space of normal forms and the normalization for the transformation to 
normal form. 

By Proposition 1.1.3, we may assume that M is defined near po = 
(0,0) by (1.1.4) for given, and fixed for the remainder of this section, 
integer r and matrix R G S ( C n _ 1 ) . We shall assume that n > 2, 
so that n — 1 > 1. Since we shall present a formal normal form, we 
consider the defining equation (1.1.4) as a formal power series. It is well 
known (cf. [6] and [7]; cf. also the forthcoming book [4]) that , after 
an additional formal change of coordinates at (0, 0) if necessary, we 
may also assume that F(z, 0, s) = F(0, z, s) = 0; we shall say that the 
(formal) coordinates (z, w) are regular for M at po = (0, 0) if the (formal) 
defining equation for M at that point is of the form Im w = (f)(z, z, Re w) 
with (j)(z, 0, s) = 4>(0, z, s) = 0. We subject the (formal) hypersurface 
M to a formal invertible transformation 

(1.1.6) z = f(z,w) , w = g{z,w), 

where 

(1-1-7) f = ( f ' , f n) = ( f 1 , . . . , f n - 1 , f n), 

such that the form (1.1.4) is preserved. We shall also require that the 
coordinates (z, w) are regular for M , i.e., the remainder F(z, z, s) corre­
sponding to the defining equation relative the coordinates (z, w) satisfies 
F ( z , 0 , s ) = F ( 0 , z , s ) = 0. 

Given a matrix A G S(C m), we denote by O A(C m) the subgroup 
of GL(C m) consisting of those matrices that preserve the bilinear form 
associated with A, i.e., B G O A(C m) if 

(1.1.8) BTAB = A. 

We have the following proposition whose proof will be given in §7. 
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Propos i t i on 1.1.9. A transformation (1.1.6) preserving regular 
coordinates also preserves the form (1.1.4), for a given integer r and 
RGSiC n ' 1 ) , if and only if 

li 
f'(z, w) = Az' + wB + — (B*I r s Az')Az' + O(3), 

c ' 

(1.1.10) f n(z,w)=c^3z n + O(2), 

g(z, w) =cw + 2i(B* I rjs Az')w + O(4), 

where c G R n f0g, B G n - 1 (considered as an (n — 1) x 1 matrix), 
and where A is such that A/jcj1 /3 G R(C n _ 1 ) and A*I rjs A = cI rjs (in 
particular then, A/jcj1'2 G U(r, s, C)); As above, we use s = n — r — 1. 

We shall consider formal mappings (1.1.6) of the following form: 

(1.1.12) (f(z,w),g(z,w)) = (ToP)(z,w). 

Here, P(z,w) is a polynomial mapping, P = (P ' , P n , P n + 1 ) , 

(1.1.13) P(z,w) = (p'(z,w) + q'(z,w),p n(z,w) + q n(z,w),p n+1(z,w)), 

where p' = (pl,... ,p n _ 1 ) , p n, p n+1 are polynomials of the form 

li 
p'(z,w) = Az' + wB + —(B*I rs Az')Az', 

c ' 

(1.1.14) p n(z,w)=c1^z n, 

p n+1(z,w) =cw + 2i(B*I ris Az')w, 

where c, B, A are as in Proposition 1.1.9. The polynomials q' = 
(q1,... , q n~l) and q n are weighted homogeneous of the forms 

w, qß{zjw) = J2 a z J + J2b^(Az')a + ^(Az'}ß 

(1.1.15) lJl=3 \a<P 

q n(z,w) = y j d I z , 
|I|=2 

where ß = 1 , . . . , n — 1, aJ, b J, d I G C, and cß G R. We use here multi-
index notation so that e.g. J = ( J i , . . . , J n), jJj = P k J k, and z J = 
{zl)Jl ... (z n)J n. The notation (Az'Y stands for the /3:th component of 
the vector Az'. T(z,w) in (1.1.12) is a formal mapping of the form 

(1.1.16) T(z,w) = (z + f(z,w),w + g(z,w)), 
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where f = (f', f n) = (f1,... , f n _ 1 , f n) and g are formal power series 
in (z,w) such that f' is O(3), f n is O(2), and g is O(4). We shall also 
require that the formal series f', f n are such that the constant terms in 
the following formal series vanish 

( 1 1 1 7 ) ^f ^ f . Re d2fß d2fß 

dz I ' dz J ' dz ^dw' dzadwì 

where I and J range over all the multi-indices with | I | = 2 and \J\ = 
3, respectively, the index ß runs over 1 , . . . , n — 1, and a runs over 
1 , . . . ,ß—l. It is straightforward, and left to the reader, to verify (using 
Proposition 1.1.9) that any formal mapping (1.1.6) that preserves the 
form (1.1.4) of M can be factored uniquely according to (1.1.12) with 
T and P as above. We shall say that a choice of P, as described above, 
is a choice of normalization for the transformations which preserve the 
form (1.1.4) and that a formal mapping preserving the form has this 
normalization if it is factored according to (1.1.12) with this P. 

Now, let F(z, z, s) be a formal series in (z, z, s). In what follows, we 
shall decompose the formal series F(z,z,s) as follows, 

(1.1.18) F{z,z,s) = J2F kl(z,z,s), 
k,l 

where F kl(z,z,s) is of type (k,l), i.e., for each t i , t2 > 0 

(1.1.19) F kl(t1z,t2z,s) = t t 2 F kl(z,z,s). 

We shall consider only those F(z, z, s) which are O(4) and are "real" in 
the sense that 

(1.1.20) F kl(z,z,s) = F lk(z,z,s). 

We shall denote by F the space of all such formal power series, and by 
Ful the space consisting of those which have type (k, l). In what follows, 
F kl, H kl, and N kl denote formal power series in Fal­

In order to describe the space of normal forms, N C F, we need a 
little more notation. Recall that the integer r and matrix R G 5 ( C n _ 1 ) 
from Proposition 1.1.3 are fixed throughout this section. For u = 
(u1,... ,u n~l) and v = (v1,... ,v n~l), we use the notation (•,•) for 
the bilinear form 

r n—l 

(1.1.21) (u,v) = J2u j v j - J2 u k v k-
j=l k=r+l 
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We denote by p R{z) the quadratic polynomial 

(1.1.22) p R{z) = {z'YRz' + {z nf. 

We use the notation r = ( r , r n) = ( r i , . . . , r n_i , r n) for the holo-
morphic gradient 

d d 

dz1' ' dz n 

and similarly for the anti-holomorphic gradient r . We shall need the 
linear operator S R defined on formal series u = u(z, z, s) as follows: 

[1.1.23) S R u = -(r,r')(p R u). 

Observe that S R maps F k-i^l+i into F^l- Let us remark that the op­
erator ( r , r ' ) is essentially the same as the contraction operator tr 
corresponding to the bilinear form h•, •i as defined in [11]; they corre­
spond to different normalizations for the monomials. 

We define the space of normal forms C F for M of the form 
(1.1.4) with r and R as in Proposition 1.1.N as follows. First, a formal 
series N(z, z, s) in N is in regular form which can be expressed by 

(1.1.24) N(z,z,s)= J2 N kl(z,*,s); 
min(k,l)>l 

thus, N has no components of type (k, l) with k = 0 or l = 0. Moreover, 
the nonzero terms N kl satisfy the following conditions: 

(1.1.25) N42€N42, N33eN33, 

N kl€N kl, k = 1,2,3... 
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where 

N 1 1 = { F 1 1 : F 1 1 G k e r ( r ' , r ) } , 
N22 = {F22 : F22 = (z', z') z n z n Hm + H22, 

H 2 2 G k e r ( r , r ' ) } , 

N33 = {F33 : F33 = (z', z'f (z n H01 + ~z n H^ + H33, 

H 3 3 e k e r ( r , r ' ) 2 } , 

(1 1 26) N'zl = {F'n : F2 1 = n H 2 °} ' 
N31={F31:F31£kerS R}, 

N32 ={F32 : F32 = (z', z'f z n Hm + (z', z') H21 + H32, 

H32 G ker ( r , r ' ) , H21 G kerp R( r ) , 

( r ' , r ) H 2 i G I m S R}, 

N42 ={F42 : Fi2 = (z', z') z n H30 + H42, Hi2 G ker ( V , r ' ) , 

H30 G ker r n}, 

and finally, for k > 4, 

(1.1.27) N kl = {F kl : F kl = z n H k0, H k0 G ker r n}. 

Observe that, for a series H kQ of type (k,0), the condition H kQ G ker r n 
is equivalent to the condition that H kQ is independent of z n, i.e., H kQ = 
H k0(z',s). 

We are now in a position to state the theorem on normal forms for 
a generic Levi degeneracy. 

Theorem 1.1.28. Let M be a smooth hypersurface in C n+ 1 given 
near 0 G M by (1.1.4), where r and R are as in Proposition 1.1.3. 
Then, given any choice of normalization (i.e., a choice of P as de­
scribed above), there is a unique formal transformation (1.1.6) with this 
normalization that transforms the defining equation (1.1.4) of M at 0 
to 

r n—l 

Im w=y^\z j\2 - y ^ \z k\2 

+ 2Re {n {{z'fRz' + (z n)2)) + N(z, z, Re w), 

where N(z, z, s) G N'. 

The proof of Theorem 1.1.28 will be given in §8. We conclude this 
section by applying Theorem 1.1.28 to the biholomorphic equivalence 
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problem. Suppose that (M,po) and (M',p'0) are two germs of real-
analytic hypersurfaces in C n + 1 which have generic Levi degeneracies 
at po and p'0, respectively. Thus, M and M' are, in particular, finitely 
nondegenerate (see §3) at their distinguished points po and p'0. In view of 
[3, Theorem 2.6], any formal equivalence between (M,po) and (M',p'0) 
is then in fact biholomorphic. Hence, an immediate consequence of 
Theorem 1.1.28, as in [12], is the following. 

Corollary 1.1.30. Let M and M' be real-analytic hypersurfaces in 
C n + 1 which have generic Levi degeneracies at po G M and p'0 G M', 
respectively. Suppose that the integers r and conjugacy classes CTiS, 
given by Proposition 1.1.3, for M and M' at po and p'0, respectively, 
coincide. Then (M,po) and (M',p'0) are biholomorphically equivalent 
if and only if, for any choice of R G CV;S and two (possibly different) 
choices of normalization as described in Theorem 1.1.28, (M,po) and 
(M',p'0) can be brought to the same normal form. 

1.2. T h e semidef ini te case. In Proposition 1.1.3, the partial 
normal form for a real hypersurface M at a generic Levi degeneracy 
po G M is given in terms of a conjugacy class Cr-jS in <S(C n _ 1 ) . In order 
to obtain a more explicit partial normal form, we must distinguish a 
unique representative in each conjugacy class. In this paper, we shall 
only address this problem in the case where the Levi form at po is 
semidefinite, i.e., r = n — 1 and s = 0, in which case the group U(r, s, C) 
reduces to the unitary group U(C n _ 1 ) and a lemma due to E. Cartan 
can be applied. The details are worked out in §5 below. We state here 
the corresponding normal forms, which follow from the results in §1.1 
above and §5. 

Thus, we assume that M has a generic Levi degeneracy at po G M , 
and that the Levi form at that point is semidefinite (i.e., the integer r in 
Proposition 1.1.3 equals n — 1). An immediate consequence of Theorem 
5.8 (which in fact treats a slightly more general case; see Theorem 1.2.10 
below) is that there are local holomorphic coordinates Z = (z, w) as in 
Proposition 1.1.3 such that M is given near po = (0,0) by 

n - l 

Im w = y^ \zJ\ 
(1-2.1) U 

+ 2Re [n ((z')TD n-1(X)z' + {z n)2)) + F(z, z,Re w), 

where F is as in Proposition 1.1.3, and A = (Ai , . . . , An_i) is a uniquely 
determined vector with Ai > . . . > An_i > 0 such that either Ai = 1 or 
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Ak = 0 for k = 1 , . . . , n — 1. We use here the notation D n_i(A) for the 
diagonal (n — 1) x (n — l )-matrix with A on the diagonal, i.e., 

(1.2.2) D , - i ( A ) 

Ai 0 
0 A2 

0 

0 

0 0 . . . An_i 

An inspection of the proof of Proposition 1.1.9 shows that the most 
general transformation of the form (1.1.6) preserving regular coordinates 
and equation (1.2.1) is of the form 

f'(z, w) = cll2Uz' + wB + 2i(B*Uz')Uz' + O(3), 

(1.2.3) f n(z, w) = c}lzz n + O(2), 

g(z,w) = cw + 2ic 1 / 2 (B*Uz')w + O(4), 

where c > 0, B G C n _ 1 (considered as an (n — 1) x 1 matrix), and 
U e ^ C n"1), if A = 0, and 

(1.2.4) 

where B G 

f'(z, w) = Az' + wB + 2i{B*Az')Az' + O(3), 

f n(z,w)=z n + O(2), 

g(z, w)=w + 2i{B*Az')w + O(4), 

n~l (considered as an (n — 1) x 1 matrix), and 

A G U(C n ̂ ^ n O n w f n - 1 

if A ^ 0. (The group 

U C i n O w i C 1 ) 

is described in more detail in Lemma 5.24.) Using the corresponding 
factorization (1.1.12) and the description of the space of normal forms 
N given in §1.1 with R = D n_i(A), we get the following result. 

T h e o r e m 1.2.5. Let M be a smooth hypersurface in C n+ given 
near 0 G M by (1.2.1), where A is the invariant (n — l)-vector described 
above. Then, given any choice of normalization (i.e., a choice of P as 
described above), there is a unique formal transformation (1.1.6) with 
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this normalization that transforms the defining equation (1.2.1) of M at 
0 to 

n—l 

jz k j2 

k=l 
/ /n—l 

Im w = y 

;i.2.6) 

+ 2Re z n Y^ -k z k)2 + (z nf + N(z, z, Re w). 
k=l 

where N(z, z, s) G J\f. 

Due to the explicit description of the normalization of the transfor­
mation to normal form, we can compute a bound on the dimension of 
the stability group Aut(M,po) of a smooth hypersurface M C C n + 1 at a 
generic semidefinite Levi degeneracy po G M. Recall that Aut(M,po) is 
the group of biholomorphic transformations near po that fix po and map 
M into itself. It is a real, finite dimensional Lie group in view of results 
from [3] (see also [26] and [2] for results in the higher codimensional 
case). 

Corollary 1.2.7. Let M C C n + 1 be a smooth hypersurface which 
has a generic semidefinite Levi degeneracy atpo. Let A be the invariant 
appearing in (1.2.1). Then, the following hold. 

(a) If\ = ( 0 , . . . ,0) , then 

(1.2.8) dimB;Aut(M,po) < ^ ( n - l ) n ( n + l ) (n + 2) + 3n2 - n + 1. 

(b) If A = (1, A2, . . . , An_i) with 1 > A2 > • • • > An_i > 0, then we 
write (1,u2, • • • , u k-, 0) for the distinct values of (1, A2, . . . , An_i) 
and denote by (mi , m2, ••• , m k,//) their multiplicities. (Thus, \i 
is the multiplicity of the value 0.) Then, 

dimB;Aut(M,po) < ^ ( n - l )n (n + l ) (n + 2) 

+ 2n2 + n - 1 
;i.2.9) 

k 1 

j = i 
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The bound in Corollary 1.2.7 is sharper than the bound that follows 
from the results in [2]-[3]. The latter bound grows like n 5 whereas 
the former grows like n 4 as n —> oo. The proof of Corollary 1.2.7 
consists of counting the number of parameters in the normalization of 
the transformation to normal form and using the explicit representation 
of U{C n~1)n O D n_ l ( A )(C n - 1 ) provided by Lemma 5.24. The details are 
left to the reader. 

Let us conclude this section by mentioning that Theorem 5.8 (in 
combination with Theorem 4.15) yields a partial (third order) normal 
form in a more general case than the one considered above. Indeed, as 
a consequence of Theorem 5.8, we have the following result, in which 
the Levi degeneracy is not assumed to be generic. 

T h e o r e m 1.2.10. Let M C C n + 1 be a real smooth hypersurface and 
po G M. Suppose that the Levi form of M at po has rank n — 1 and is 
semidefinite, i.e., all nonzero eigenvalues of the Levi form have the same 
sign. Then, there are local holomorphic coordinates Z = (z,w) G C n x C 
near po, vanishing at po, such that the defining equation of M is of 
precisely one of the following forms. 

(i) For either A = (1, A2, . . . , An_2, 0) with 1 > A2 > . . . > An_2 > 0 
orA = ( 0 , . . . ,0) , 

n - l / n-1 \ \ 

2 Im w =J2 jz k j 2 + 2Re ( -z n I ^ \k{z kf + 2z n-1z n\ J 

+ F(z,z, Re w). 

(ii) For either A = (1, A2, . . . , An_2, An_i) with 1 > A2 > . . . > An_i > 
0 or A = ( 0 , . . . ,0) , 

n—l / n—1 \ 

(1.2.12) I m w = ^ j z j 2 + 2Re z n ^ A k ( z ) 2 +F(z,z,Rew). 
k=i k=i 

(iii) For either A = (1, A2, . . . , An_2, An_i) with 1 > A2 > . . . > An_i > 
0 or A = ( 0 , . . . ,0) , 

I m w = y jz k j2 + 2Re(z n Y ^ k(z k)2 + (z nf ) ) 

+ F(z,z, Re w). 
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Above, F(z, z, Re w) denotes a smooth, real valued function which is 
O(4) in the weighted coordinate system where z has weight one and w 
weight two. 

In the case n = 2, the same result holds with the following modifica­
tions: The only choice for A in (i) is A = 0. In (ii) and (iii); both A = 1 
and A = 0 are allowed. 

Before proving the results on normal forms presented in these two 
sections, we shall introduce a new sequence of invariant tensors. This 
will be done in the more general setting of generic submanifolds of C N. 

2. C R invariant tensors 

Let M C C N be a real generic smooth submanifold of codimen-
sion d. Denote by T c M C TM the complex tangent bundle to M, by 
V = T^M C CT c M the CR bundle of M, by T°M C T*M the charac­
teristic bundle, and by T'M C CT* M the bundle defined at each p e M 
as the annihilator of V p. We denote by n the CR dimension of M, i.e., 
n = N — d. We have the following for any p G M: 

dim R T p M = 2n, dim C V p = n, 

dim R T M = d, dim C T p M = n + d. 

For a vector bundle E over M , we denote the smooth sections of E by 
C°°(M,E). The reader is referred e.g. to [4] or [8] for the basics of 
CR structures. We shall consider only local properties of M near some 
point p. Hence, given a point p G M , we may, and we will, identify M 
with some small open neighborhood of p in M. 

For a CR vector field L on M , i.e., a smooth section of V, we define 
an operator T on the smooth 1-forms on M as follows: 

(2.2) T Lco = —Lydco, 
2i 

where y denotes the usual contraction operator. We should point out 
here that we use the notation (•, •) for the pairing between r-covectors 
and r-vectors normalized in such a way that if ea and e@, a, ß = 1 , . . . m, 
are dual bases for an m-dimensional vector space V and its dual V*, 
respectively, then eai A . . . A ear, 1 < a\ < . . . < ar < m, and e^1 A 
... A e/3r, 1 < ßi < ... < ßr < m, are dual bases for Ar(V) and 
Ar(V*), respectively (see [21, Chapter I.4]). This normalization is more 
convenient for our purposes than the one used in e.g. [16], which differs 
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from the present one by the factor r!, and is identical to the one used 
in [8]. 

We shall refer to sections of T'M as (l,0)-forms and denote by 
Q1'°(M) the space of smooth (l,0)-forms on M. It is not difficult to 
see that L : fi1,0(M) -> Qlfi(M), for if w G ft1'0 (M) then, for any CR 
vector field K, we obtain, by using the well known identity (see [16, 
Chapter I.2]), 

(2 2) hT Lu;iKi=hdu:,LAKi 

= L (hu, Ki) - K (htv, Li) - htv, [L, K]i = 0, 

since LO is a section of T'M, which at each point p G M annihilates V p, 
and the CR bundle V is involutive (or, as it is also called, formally in-
tegrable). We shall use the notation L(M) C Q1,0(M) for those smooth 
(l,0)-forms that are sections of T°M. The forms in L(M) will also be 
referred to as characteristic forms. 

Let p G M and let us define a sequence of increasing subspaces 

(2.3) E0(p) C Ex(p) C . . . C E k(p) C . c T p M 

as follows. Set E0(p) = C ® T p°M and let E j(p), for j = 1, 2 , . . . , be the 
linear span of (1, 0)-covectors of the form 

(2.4) {T KI...T K j0)p, 

where the K i range over all CR vector fields on M near p, and 6 ranges 
over the smooth sections of T°M near p. The reason for putting a bar 
on the indices of CR vector fields is to be able to use the notation of 
tensor algebra in later sections; recall that the CR vector fields for an 
embedded CR submanifold are really anti-holomorphic vector fields. 

We shall see later that to compute the subspaces E j (p) it suffices to 
take the linear span of the covectors (2.4) where the CR vector fields K i 
range over the elements of any basis for the CR vector fields near p and 
the characteristic forms 9 range over a basis for the smooth sections of 
T°M near p. We will also show that M is finitely nondegenerate (see 
below and also e.g. [4]) at p if and only if E kfp) = T'M for some k. 
The reader should also note that these subspaces are the same as, but 
differently indexed than, those defined in [13]. The present definition is 
better suited for the purposes of this paper. 

Let us for a given integer k > 0 denote by F k(p) C V p the subspace 
of those N p G V p that annihilate -k(O), i.e., 

(2.5) F k(p) = E kip^ nV p. 
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Thus, for k = 0 we have F0(p) = V p. Let F k{M) C C°°(M,V) denote 
the space of those sections that take values in F k(p) at p. Note that 
F k{M) is a C7°°(M)-submodule of C°°(M,V). Consider the following 
diagram, for integers j > 1, 

j times 

C z°°(M,V) x . . . x C7°°(M,V) xF-_i(M) x L(M) ^ ^ C 

(2.6) e j 

V p X . . . x V p X F j _ i ( p ) x T 0 M , 
V z ' 

j times 

where e j is the evaluation map at p, and G j is the mapping 

(2.7) ( K ! , . . . , K j , N , Ö) H . D ^ . . . T K je, E . 

We would like to have a multi-linear map 

(2.8) ipj+i : V p x . . . x V p x F j_i(p) x T°M ->• C 
V z ' 

j times 

that makes the diagram (2.6) commute. Such a multi-linear map would, 
by definition, be an invariant of the CR structure (M, V) (and hence 
also a biholomorphic invariant for the generic submanifold M C C N at 
pe M). 

One of the main results is the following. 

Theorem 2.9. For each positive integer j , there exists a unique 
multi-linear mapping (2.8) which makes the diagram (2.6) commute. 
The multi-linear mapping (2.8), for each j , is symmetric with respect to 
permutations of the first j variables. 

The multi-linear map ipj can also be identified with a tensor 

(2.10) j+i e V ® . . . ® V O F - I C p ) * ® (T»M)*. 
* z ' 

j times 

Before proving Theorem 2.9, let us make a few remarks. 
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R e m a r k 2.11. 

(i) For j = 1 and a fixed characteristic covector p G T p M, the Hermi-
tian form V p x V p —> C defined by (L, K) i->- ip2{L, K , p) coincides 
with the Levi form of M at the point p and the characteristic 
covector 6p. 

(ii) As mentioned above and as will be proved below, M is finitely non-
degenerate at p if and only if E k(jp) = T p M for some k. If M is 
finitely nondegenerate at p, then it is called k-nondegenerate at p 
if k is the smallest integer for which E kfp) = T p M. It follows that 
for a k-nondegenerate CR manifold the tensors ipj+i, j > k + 1, 
are trivial, since F ( p ) = {0}. Hence, if e.g. M is a Levi non-
degenerate hypersurface (which is the same as a 1-nondegenerate 
hypersurface), then the only non-trivial invariant tensor produced 
by Theorem 2.9 is the Levi form of M at p. 

(iii) The invariant tensors provide obstructions for two generic sub-
manifolds M, M' C C N of codimension d to be biholomorphically 
equivalent at given points p G M , p' G M'. The submanifolds 
(M,p) and (M',p') cannot be biholomorhically equivalent unless 
dimF j(p) = dimF j p') (with the obvious notation that correspond­
ing object for M' are denoted with a ') and the tensors ipj+i and 
ip'j+i are equivalent (i.e., there are bases in V p, V , , F j(p), F j p'), 
T p M, and T®,M' such that the representations of ipj+i and Vj+i 
are equal) for each j = 1, 2 , . . . . The reader should note, however, 
that the tensors ipj+i do not provide a complete set of invari­
ants in the sense that (M,p) and (M',p!) are biholomorphically 
equivalent if all tensors are equivalent. This is illustrated e.g. by 
Theorem 1.1.28, since the normal form given in that theorem gives 
a complete set of invariants (by Corollary 1.1.30) and the invari­
ants coming from the tensors only enter into the second and third 
order terms. 

Proof of Theorem 2.9. We claim that for the multi-linear map­
ping ipj+i in (2-8) such that the diagram (2.6) commutes to exist, it is 
necessary and sufficient that the following statements hold: 

(a) For any l G { 1 , 2 , . . . , j } , K> = (K ̂ , . . . , K ^ ) G (C°°(M, V))l"1 , 
A, Be C°°(M,V), K" = (K l + l i . . . ,K j) G (C°°(M, V ) ) ^ l , a,b G 
C°°(M), N G T(M), and 9 G £ ( M ) , the following identity holds: 
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G j(K',aA + bB,K",N,0) 

(2.12) = a(p)G j{K',A,K",N,9) 

+ b(p)G j(K',B,K",N,0). 

(b) For any K = ( K Ì 5 . . . ,K j) G ( C ° ° ( M , V ) j , a,b G C°°{M), 
A,B G F ( M ) , and 0 G L ( M ) , the following identity holds: 

(2.13) G j(K,aA + bB,e) = a{p)G j(K,A,9)+ b{p)G j(K,B,9). 

(c) For any K = (Ki,...,K j) G (C°°(M,V)) j , N G F ( M ) , 
a, b G C°°(M), ,̂77 G L ( M ) , the following identity holds: 

(2.14) G j(K,N,aÇ + bri) = a(p)G j(K,N,Z) + b(p)G j(K,N,ri). 

Indeed, if the mapping ipj+i exists, then the statements (a), (b), 
and (c) follow immediately from the diagram (2.6). Conversely, if the 
statements (a), (b), and (c) hold, then the mapping ipj+i can be uniquely 
constructed as follows. Take L j , . . . ,L n to be any basis for the CR 
vector fields near p, N i , . . . , N^ to be generators for F j-i(M) near p (it 
is easy to verify that F k{M) is finitely generated as a C°°(M)-module 
near p), and Ö 1 , . . . , 9d to be a basis for the characteristic forms near p. 
The restrictions of these sections to the point p span the corresponding 
vector space over C. We then define tpj+i(L i ,... ,L i . , N k,9l) to be 
G j{L-ixi... ,L i., N k, Ql)i and extend Vj+i by linearity. The statements 
(a), (b), and (c) guarantee that this definition is independent of the 
bases and generators chosen and that the diagram (2.6) commutes. We 
leave the details of this verification to the reader. These arguments also 
show that the mapping ipj+i is unique whenever it exists. 

We begin by proving statement (a). Observe first that the mapping 
G j is clearly multi-linear over C, so that 

G j(K',aA + bBìK"ìNìO) 

(2.15) = G^K'^aA^K'^N^) 

+ G j(K',bB,K",N,e). 

Hence, it suffices to prove that for any a and A as in statement (a), 

(2.16) G jiK'.aA.K'^N^) = a{p)G j{K'JAJK"\N,0). 
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Note that, for any CR vector field L, any b G C°°(M), and any LO G 
Ql>°(M), 

T L{bio) = Lyd(bco) = Ly(db A w l bdco) 

(2.17) = {Lydb)to - (Lyio)db + bT Lto 

= (Lb)to + bT LCO, 

since LyLO = hio,Li = 0. A simple inductive argument using (2.17) 
proves that, for K\,... ,K l_i, a, and A as in the statement (a) and LO 
as above, 

m 

(2.18) T Kì... T K-^T aALO = aT Kì • • • T KI_T ALO + X a iioi 
i=\ 

where the a i G C°° (M) and the LOi are of the form 

(2.19) <i = T Si...T S-ku 

for some k < l and Sf G K\,... , ü l _ j , Ag. Hence, for any N G 
F j_ i (M) , we obtain, since l f j , 

(2.20) D T Kl...T Kï_T aAu,E =a(p)D T Ki...T KT_ìT Au,N E , 

if w = T Kr+I . . . T K-jO. This proves (2.16). 
Statement (b) is obvious, since we even have 

D T Kì...T K j9 ìaA + bB E 

(2.21) = a D T Kî...T K jô,E 

+ bT Kl...T K j e , B E 

Finally, statement (c) follows from an argument similar to the one used 
to prove (a); we leave the details to the reader. 

To prove the symmetry properties, we first prove the following iden­
tity. 

Lemma 2.22. For any (1,0)-form LO, CR vector fields K, L, and 
any vector field X on M, the following holds: 

(2.23) hT L T KLO, Xi - hT K T LOO, Xi = [L, K] hLO, Xi + hLO, [X, [L, K}}i . 
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Proof. For any (l,0)-form a/, CR vector field L', and any vector 
field X on M, using a well known identity we obtain 

(T L'LÜ'IX) = (du',L' AX) 

(2.24) = L' (co1, X)-X (u/, L') (u/, [L', X}) 

= L'((v',X)-{u',[L',X]), 

since hLO1, L'i = 0. Similarly, 

hT L T KUJ, Xi =LK hw, Xi - L hu>, [K, X]i 

- K hLO^L.X]i - hLO^K^L^X]]i . 

It follows that 

hT L T K U ; , X i - h - K 7 L U ; , X i 

(2.26) = [L,K]hw,Xi 

+ hu>,[K,[L,X]]-[L,[K,X]]i. 

Now, using the Jacobi identity, we have 

(2 27Ì [KJ [L'X]] " [ L' [ K'X ] ] =[K' [LJ X]] + [X' [L' K]] + [ K' [ X' L]] 

which completes the proof, q.e.d. 

In particular, Lemma 2.22 implies that L and T K, considered as 
linear maps on Ql'°(M), commute if the CR vector fields L and K 
commute. It is well known that there exists a basis of CR vector fields on 
M near p that commute. Since this basis can be used in the construction 
of ipj+i, as described in the beginning of this proof, it follows that ipj+i 
is symmetric with respect to permutations of the j first variables. This 
completes the proof of Theorem 2.9. q.e.d. 

3. Finitely nondegenerate CR manifolds 

In this section, we relate the invariant tensors defined in Section 
2 to the notion of finite nondegeneracy. Let M C C N be a generic 
real smooth submanifold of codimension d, po a point in M, and let 
p(Z, Z) = 0, where p = (p\,... , d), be a defining equation for M near 
pQ. Let L j , . . . ,L n, n = N — d, be a basis for the CR vector fields of 
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M near pQ. M is called finitely nondegenerate at po if there exists a 
non-negative integer k such that 

(3.1) span lL J(jZ\(p0,po)V\J\<k, l = 1, 2 , . . . ,d\ = C N, 

where we use the notation J = ( J i , . . . , J k) G { 1 , . . . ,n}k, \J\ = k, 
and L J = L Jx ... L J . If M is finitely nondegenerate at po and k is the 
smallest integer for which (3.1) holds, then M is called k-nondegenerate 
at po. The property of being k-nondegenerate is independent of the 
choice of defining equations, local coordinates, and bases for the CR 
vector fields. Moreover, M is O-nondegenerate at po if and only if it is 
totally real at po, and if M is a hypersurface, then it is 1-nondegenerate 
at po if and only if it is Levi-nondegenerate. (See e.g. [1] or [4] for these 
statements.) 

Finite nondegeneracy was introduced in [5] in connection with a reg­
ularity problem for CR mappings of real hyp ersurfaces. It was further 
explored in connection with the study of holomorphic mappings between 
generic submanifolds and real hypersurfaces in [l]-[3]. Finite nondegen­
eracy is also related to holomorphic nondegeneracy as introduced in [19] 
(see also [20]) and essential finiteness as introduced in [6]. The reader 
is referred to the book [4] for further information and history. 

We prove here the following result. Recall from Section 2 the defi­
nition of the subspaces E j(po) C T p M. 

T h e o r e m 3.2. Let M C C N be a generic real submanifold and po G 
M. Then, M is k-nondegenerate at po if and only if E k(pQ) = T pQM 
andE k_1(p0)ÇT ^oM. 

Before proving Theorem 3.2, we shall show that the space E kipo) 

can be computed in a slightly simpler way than in the definition given 
in Section 2. Let L j , . . . ,L n be a basis for the CR vector fields on M 

near po, and 91,... , 9d a basis for the characteristic forms near pQ. We 
shall use the notation T j = T L- and, as above for J = ( J i , . . . , J k) G 
{ 1 , 2 , . . . , n}k, we denote by 

(3.3) T J = T Jl o...oT J k. 

Propos i t i on 3.4. For any nonnegative integer j , the following 
holds: 

(3.5) E j(p0) = span{(T Jel)poy\J\<ji l = 1, 2 , . . . ,d}. 
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Proof. Observe that the right-hand side of (3.5) is contained in 
E j(po) for any nonnegative j . Let Ki,... ,K j be arbitrary CR vec­
tor fields, and 9 an arbitary characteristic form. Since L j , . . . ,L n and 
Ö1 , . . . , 9d form bases for the CR vector fields and the characteristic 
forms, respectively, near po, we have, for l = f,... , j , 

n 

(3.6) K l = J 2 m L^ 0 = 5b ö i> 
m=l i=l 

for some a?\b i G C°°(M). The fact that (T Kj . . . T K ̂ 9)pO is contained on 
the right-hand side of (3.5) now follows from (2.17) and (2.18). q.e.d. 

Proof of Theorem 3.2. For a generic submanifold M C C N with 
defining functions p = (p i , . . . , d) near po £ M, we may take Öj = 
2idpj, for j = 1, . . . ,d, as a basis for the characteristic forms near pQ. 
Observe that each Öj is real on M, since 9pj + dpj = 0 when pulled back 
to M. Let L j , . . . , L n be a basis for the CR vector fields of M near pQ. 
In the coordinates Z of the ambient space, we may write 

N ß 

l = 1 

9 j l 

and 

N 

(3.8) j = 2idpj = 2iJ2 jZidZ l-

Hence, using the notation of Proposition 3.4, we have 

l=i 

Repeating this argument leads to 

(3.10) T ' = N L J ( fZ dZ-
l=i 

Since (T Jöj)po G T p0M and the dimension of T pQM equals n + d = N, 
the conclusion of Theorem 3.2 follows from Proposition 3.4. q.e.d. 
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4. T h e third order invariants and a partial normal 
form for real hypersurfaces 

We shall show that the second and third order tensors ip2, ih form 
a complete set of third order invariants (in a sense that will be made 
more precise in Theorem 4.15 below) for real hypersurfaces. This will 
be the first step in the proof of Proposition 1.1.3. 

Let M C C n + 1 be a real smooth hypersurface. Let L j , . . . ,L n be 
a basis for the CR vector fields on M near some distinguished point 
p G M and 9 a non-zero characteristic form near p. Set La = L ö . 
Denote by gap the components of the tensor ip2 at p, which is just the 
Levi form of M at that point, relative to the bases Li^p,... , L nyp 
Llip,... , L n>p of F0(p) = Vp, and 0p of T°M, i.e., 

(4.1) gäß = (T Läo,Lß)p, 

for ö, ß = 1 , . . . ,n. A change of bases 

(4.2) L ̂ p = b ̂  La,p, 0p = aUp, 

where we use the usual summation convention to raise and lower indices, 
yields the transformation rule 

(4.3) g'aß = ablbßg*iU, 

where b" = b". By a suitable choice of bases above, we may assume that 
the Levi form of M at p is diagonal with diagonal elements in {—1, 0,1}, 
i.e., 

(4.4) gaß = Cßöaß, 

where ö&ß is the Kronecker symbol and 

(4.5) eß 

1, ß=l,...,r, 

1, ß = r + 1 , . . . , r + s, 

0, ß = r + s + l,... ,n. 

We shall assume here that r + s < n, so that M is Levi degenerate at 
p. (The rank of the Levi form at p is r + s.) Now, denote by h&ß the 
components of the third order tensor ipz at p, i.e., 

(4-6) häßT = D T LäT Lß0,LT 
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where a,ß = l,... , n and 7 = r + s,... , n. We then obtain the trans­
formation rule 

(4-7) h a h = abbbh^. 

It is well known (and not difficult to see) that we may choose coor­
dinates Z = (z,w) = (zl,... ,z n,w) G C n+1 near p G M, vanishing at 
p, such that M is defined near p = 0 by the equation p(Z, Z) = 0, where 

(4.8) p(Z,Z) = -Imw+g/z+2Re (k'^zßz? zv\+R\z, z, Re w) 

for some g ^ k ' ^ G C with ä,ß,ß,u = 1 , . . . , n; here, R'(z,z,s) is 
a real-valued function that vanishes to weighted order 4 at 0 in the 
weighted coordinate system where z, z have weight one and s has weight 
two (or higher if the Levi form at p is 0). For the embedded hypersurface 
defined by the function (4.8), we may take as a basis for the CR vector 
fields 

(4.9) L'a = J_ + Aa(Z,Z)A ö = l,...,n, 

where As(0, 0) = 0. We refer the reader e.g. to [4, Chapter IV] for 
details. By taking 0' = 2idp and using (3.10), we find that the tensors 
ip2 and ip3 at p = 0 relative to the bases defined by L'a, L'a, and 6' are 
given by V>2 = {gf&ß) and ip3 = (h'.^) with 

(4-10) h'äß1
 = k'aß^ °>,ß= 1 , . . . ,n, 7 = r + s + l , . . . ,n. 

It follows that there is a change of basis (4.2) such that (4.3) and (4.7) 
(with 7 running from r + s + 1 to n) hold. Such a change of bases 
corresponds to a linear change of coordinates of the form 

(4.11) za i->- ba
ßz

ß, w^-w 
1 
a 

in (4.8). Hence, the linear change of coordinates (4.11) transforms the 
defining function in (4.8) to the form 

p(Z, Z) = -Imw + gaß^z13 + 2Re (ka3uz
ö'z^zli 

( 4 1 2 ) / - i \ 
+ 2Re f häfazazßz'r ) + R(z, z, Re w), 
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where ä, ß, ß run over 1 , . . . , n, p runs over 1 , . . . , r + s, 7 runs over 
r + s +1,... , n, and k0a„ are some complex numbers. Next, since gaß is 
of the form (4.4) with tß of the form (4.5), we observe that the quadratic 
change of coordinates 

(4.13) z» - e^ k^zz H- z», 

for p = 1 , . . . ,r + s, yields the following final form of p(Z, Z ) 

(4.14) 
p(Z, Z ) = -Imw + gaßz"zß + 2Re hä^zölzßz'r 

+ R(z, z, Re w), 

where R(z, z, s) vanishes of weighted order 4 at 0, the indices ä, ß, ß run 
over 1 , . . . , n, and the index 7 runs over r + s + 1 , . . . , n. We would like 
to point out that a similar form for a real hypersurface was presented 
by Webster in [25] (see also Remark 4.17 below). 

Hence, we have proved that ip2 and ip3 form a complete set of third 
order invariants for a real hypersurface M C C n + 1 in the following sense. 
We use the notation and conventions introduced above. 

T h e o r e m 4.15. Let M C C n + 1 be a real smooth hypersurface 
and p G M. Assume that the signature of the Levi form of M at p is 
as described above. Then, there are coordinates Z = (z,w) G C n + 1

; 

vanishing at p, such that M is defined near p = 0 by p(Z, Z ) = 0 ; where 
p(Z, Z ) is given by (4.14) if and only if there is are bases L\p,... , L n;p 
for V p, with the corresponding basis Litp,... ,L n>p for V p, and p for 
T ̂  M such that 

(4-!6) ^2 = (gäß), ^3 = (haß-,), 

with ä,ß,ß=l,...,n and 7 = r + s + 1 , . . . , n. 

R e m a r k 4.17. In [25], the cubic form of a real hypersurface 
M C C n + 1 at a point p G M was introduced and shown to be a multi­
linear map V p x V p x F\ (p) —> C defined by 

(4.18) q p(L p, K p, N p) = (dp, [K, [L, N]])p , 

where L, K, and N are vector fields extending L p,K p G V p and N p G 
Fi(p), respectively. A straightforward calculation, using the formula 
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(2.24) repeatedly, shows the following relation between the cubic form 
and the tensor ips(-, -, -, 6) (for some fixed 9 e.g. 9 = 2idp): 

ip3{L p,K p,N p,6) - 2iq p(L p, K p, N p) 

( 4 1 9 ) =(T L T Ke,N)p-(9,[K,[L,N]])p 

= L((T Ke,N))+K((T LO,N)) 

= -L{(0,[K,N]))-K((0,[L,N])). 

Nevertheless, the cubic form and ipz(-, -, -, 6) are in fact equal (possibly 
modulo some multiplicative constant). This equivalence follows from 
Theorem 4.15, because it is shown in [25] (using the notation introduced 
above) that M can be brought to the form (4.14) with 

(4.20) q p(Lä,p,Lßjp,L7}p) = -h5lß1i 

where ö, ß, 7 range over the same indices as in Theorem 4.15. Thus, 
Theorem 4.15 is in fact implicit in [25], although using the cubic form 
as the third order tensor. 

5. A n expl ic i t c o m p u t a t i o n of the third order tensor 
in a special case 

We shall keep the notation and conventions introduced in Section 4. 
We would like to compute numerical invariants of the tensor ipz = {h&a ) 
under changes of bases (4.2) preserving the form (4.4) of the second 
order tensor (the Levi form) ip2 = (gaß)- We shall do this only in the 
following case, which is a bit more general than the situation considered 
in x1.2. 

Assume that the rank r + s of the Levi form ip2 at the point equals 
n — 1 and that the Levi form is semidefinite. Thus, we do not assume 
here that the Levi degeneracy is generic. We may assume, without loss 
of generality, that the n — 1 nonzero diagonal elements e i , . . . , en_i of 
gaß are + 1 . We can identify the third order tensor ip3 with a symmetric 
n x n matrix H = {h&ßn). 

We associate to each change of basis in V p a matrix B G GL(C n) by 
B = (b | ) . We only consider changes (4.2) that preserve the form of ip2, 
i.e., such that 

(5.1) aBIB* = I, 
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where B* denotes the Hermitian adjoint of B and I is the matrix of the 
Levi form, i.e., in block matrix form 

(5.2) I = ( n V I 

with I n-i = I n-1,0 being the (n — 1) x (n — 1) identity matrix. It is easy 
to see that (5.1) implies that B must be of the form 

<5J) B = (o d 

where c G C n _ 1 , d G C, and V is an (n — 1) x (n — l )-matrix related to 
a in (4.2) by 

(5.4) aVV* I n - l j 

i.e., a > 0 and p aV is a unitary matrix. The transformation rule (4.7) 
for ip3 becomes 

(5.5) H' = adBHBT, 

where BT denotes the transpose of B. 
Recall that , for a given (n — l)-vector 

(5.6) A = (A i , . . . ,An_i), 

we denote by D n_i(A) the (n — 1) x (n — 1) diagonal matrix with A on 
the diagonal (see (1.2.2)). We shall also use eTn_x for the (n — l)-vector 

(5.7) n_1 = ( 0 , . . . , 0 , 1 ) . 

If n = 2, then we take e1n_1 = 1. The main result in this section is the 
following, which combined with Theorem 4.15 gives Theorem 1.2.10. 
We use the matrix representations of the second and third order tensors 
as introduced above. 

T h e o r e m 5.8. Let M C C n + 1
; n > 2, be a smooth real hypersurface 

and p G M. Assume that the Levi form g ̂ ß of M at p has rank n — 1 
and is semidefinite (i.e., all nonzero eigenvalues have the same sign). 
If we normalize the Levi form g ̂ ß so that its matrix is in the form (5.2), 
then the matrix H = (häßn) of the third order tensor can be brought to 
precisely one of the following block matrix forms: 
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(i) For either A = (1, A2, . . . , An_2,0) with 1 > A2 > . . . > An_2 > 0 
o rA = ( 0 , . . . ,0) , 

(5.9) H' 
D i - i ( A ) e n_i 

n—1 

(ii) For either A = (1, A2, . . . , n_2, An_i) with 1 > A2 > . . . > n_i > 
0 or A = ( 0 , . . . ,0) , 

(5.10) 
H,= D - i ( A ) 0 \ 

(iii) For either A = (1, A2, . . . , n_2, An_i) with 1 > A2 > . . . > n_i > 
0 or A = ( 0 , . . . ,0) , 

(5.11) 
H,= D - i ( A ) 0 \ 

In the case n = 2, the same result holds with the following modifications: 
The only choice for A in (i) is A = 0. In (ii) and (iii), both A = 1 and 
A = 0 are allowed. 

R e m a r k 5.12. 

(a) Note that in the case n = 2, i.e., in C3 , there are only 5 different 
forms for H' and no numerical invariants A (i.e., A is only 1 or 
0). These 5 forms correspond to the 4 different partial normal 
forms of type (i) in [12, Theorem A] and the case which is not 2-
nondegenerate at p (see (b) below). We should point out that the 
partial normal form of type (ii) in [12, Theorem A] corresponds to 
an explicit normal form for the third order tensor of a hypersurface 
in C3 at a point p where the Levi form vanishes. In this case, there 
are nontrivial numerical invariant. 

(b) The only case that corresponds to a hypersurface M C C n + 1 which 
is not 2-nondegenerate at p G M is (ii) with A = ( 0 , . . . ,0) , i.e., 
H' = 0. 

Proof of Theorem 5.8. We assume first that n > 2. We write the 
symmetric n x n-matrix H in block matrix form 

(5.13) H=(A * 
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where A is a symmetric (n — 1) x (n — l)-matrix, ß G C n, and 7 G C. 
By making a change of bases (4.2) preserving the form of g ̂ ß-, i.e., the 
matrix B is of the form (5.3) and satisfies (5.4), the matrix H transforms 
according to the rule (5.5). A computation shows that 

/ . 1 4 x , _,(VAV- + Vßc- + cß-V- +1cc d(Vß + 1c)\ 
(5.14) H -ad d{ßTVT+^T) d2 y 

We shall divide the proof into different cases. 

The case 7 = 0 and ß 7̂  0. We have 

(5.15) H - a d VAV + Vjc+c V dV ) . 

Let us look for V in the form V = V2Vi, where V\ is a unitary matrix 
such that 

(5.16) Vlß=\ß\e n.li 

with e n_i as defined by (5.7). If we write A' = V\AV{, then we have 

(5.17) H' = ad (V2A'V1 + l^lVe n-!c + | / ? n - i V T \ß\dV2e n.1\ _ 

If we introduce the vector 

(5.18) p = aV2c 

and use the fact that aV2V2* = I n-i, then the upper left corner of H' in 
(5.17) can be written 

(5.19) V2{A + \ß\(e n.lp +pe n_1))V2
T. 

It is easy to check that p G C n - 1 can be chosen uniquely (which means 
that c is determined uniquely as a function of V2 and a) such that 
A' + \ß\(e n-\pT + p e n_1) takes the form 

(5.20) A' + \ß\(e n-lp +peTn_1) = (E ° ) , 

where E is some symmetric (n — 1) x (n — l)-matrix. If we write V = 
p aV-ii then it remains to choose a unitary matrix V, a positive number 
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ya, and a complex (nonzero) number d so as to normalize the matrix 
and vector 

(5.21) dV E0 °0V
T, p^\d\2\ß\Ve n-i. 

The most general unitary matrix V satisfying Ve n-\ = e n-\ is of the 
form 

(5.22) V 
F 0 
0 1 

where F is a unitary (n — 2) x (n — 2)-matrix. For such a V, we get 

<«•*> E o V - F E F s 

At this point we need the following lemma, which is a consequence of E. 
Cartan 's work on Lie groups (see [24] for a discussion; see also [18] for 
the lemma in the present form). We denote by U ( C m) = U+{m,0,C) 
the group of unitary transformations in C m. We also denote by O(m) 
the group of (real) orthogonal transformations in m. 

L e m m a 5.24 Let E be a symmetric m x m-matrix with complex 
matrix elements. Then, there is a unique m-vector A — (Ai , . . . , Am) 
with Ai > . . . > Am > 0 such that 

(5.25) UEUT = D m(X), 

for some U G U(C m). In fact, the numbers Aj are the eigenvalues of the 
positive semidefinite Hermitian matrix EE. Moreover, if A is given as 
above, and we write (u\,... , u k, 0) for the distinct values of (A i , . . . , Am) 
and ( m i , . . . ,m k,ß) for their multiplicities (e.g. /z denotes the number 
of zeros among the Xj), then the subgroup of U G U(C m) for which 

(5.26) UD m(\)UT = D m(\) 

consists of all matrices of th e form 

(Ox 0 

(5.27) U = 0 '•. 
0 0 
0 0 

0 

0 
O k 
0 

o\ 
0 
0 

V 
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where O j G O(R m j), j = 1 , . . . ,k, and V e U ( C ) . (Observe that p 
could be zero in which case there is no V in (5.27).) 

Now, if we choose V as in (5.22) with F chosen such that FEFT = 
D n_2(A') for some (n — 2)-vector A', and then p a > 0 and d G C n {0} 
suitably, we obtain H' of the form described by (i) in Theorem 5.8. Also, 
the vector A, as described in Theorem 5.8 (i), is uniqely determined and 
it is clear from the arguments above that H' cannot be brought to any 
of the other forms (ii) or (iii). This concludes the case 7 = 0 and ß ^ 0. 

The case 7 = 0 and ß = 0. In this case, it is clear from Lemma 
5.24 that H' can be brought to the form (ii) (and none of the forms (i) 
or (iii)) with A, as described in Theorem 5.8 (ii), uniquely determined. 

The case 7 7̂  0. It is clear from (5.14) that we can make the upper 
right and lower left corners of H' vanish by choosing 

(5.28) c = --Vß. 
7 

If we bring the factor ad inside the matrix in (5.14) then, with V = p aV 
as above, the upper left and lower right corners of H', respectively, 
become 

(5.29) dV (A - -ßßT\ V \ add2^. 

The equation 

(5.30) add2 j = 1 

determines the argument of d G C uniquely. It also determines the 
modulus of d uniquely function of a > 0 by 

( 5 J I ) idi = waß-

Substituting this into the expression for the upper left corner in (5.29) 
and using Lemma 5.24, we deduce that H can be brought to the form 
(iii) (and none of the forms (i) or (ii)) with A, as described by Theorem 
5.8 (iii), uniquely determined. This concludes the case 7 / O . 

Now, if n = 2, then a similar, but simpler, argument leads to the 
statement concluding Theorem 5.8. q.e.d. 
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6. Proof of Proposition 1.1.3 

We shall keep the notation of §§4-5. Recall that the hypersurface 
M is assumed to have a generic Levi degeneracy at po at which point 
the Levi form has r, with (n — l)/2 < r < n — 1, eigenvalues of the same 
sign. Thus, we may assume that the matrix (gaß) of the Levi form at 
po equals I r;s, where I r>s is as in §1.1 and s = n — 1 — r. In view of 
Theorem 4.15, we must show that the matrix H = (haßn) of the third 
order tensor can be brought, by a change of basis (4.2) preserving the 
Levi form (gaß) = I r,s-, to the form 

C D H = ( R ; ) , 

for some R G S(C n - 1 ) , and that, under additional such changes that 
also preserve the form (6.1) of H, the matrix R transforms according to 
the rule 

(6.2) R' = (cV)TR(cV), 

where c > 0 and V G U(r,s,C) can be chosen arbitrarily. The most gen­
eral change (4.2) preserving the Levi form gaß corresponds to a matrix 
B as in (5.3) with c G C n _ 1 , d G C, and p \a \V G U(r,s,C) such that 
aVI r>s V* = I r>s. If we write H in the form (5.13), then the fact that 
M has a generic Levi degeneracy at po is expressed by 7 7̂  0, as can be 
verified by a straightforward calculation (cf. also [25]). An inspection 
of the case 7 7̂  0 in the proof of Theorem 5.8 above shows that H can 
indeed be brought to the form (5.32) and R transforms according to the 
rule (6.2), as desired. This completes the proof of Proposition 1.1.3. 

q.e.d. 

7. Proof of Proposition 1.1.9 

We shall use the notation introduced in §1.1. Consider a transfor­
mation 

(7.1) (z',z n,w) = (f'(z,w)f n(z,w),g(z,w)), 

where (f',f n,g) is of the form (for convenience, we drop the ~ on the 



i n v a r i a n t t e n s o r s a n d n o r m a l f o r m s 239 

variables) 

f'(z,w) = Az' + z n D + wB + zTEz + O(3), 

(7.2) f n(z,w) = KTz' + d n z n + O(2), 

g(z, w) =cw + 2i (A'z' + z n D, B ) w + O(4), 

where A G GL^C n " 1 ) , D,B,K G C n" 1 (considered as ( n - 1) x 1 matri­
ces), E = (E /3)i< /3<n_i is an (n—l)-vector ofnxn matrices, d n G Cn{0}, 
and c E R n {0}. This is the most general form of a transformation that 
preserves regular coordinates (cf. [12, §§5-6]). If we write the formal 
defining equation of M in the (regular) coordinates (z, w) in complex 
form (cf. [4] or [12]), i.e., 

(7.3) w = Q(z, z,w), 

where Q(z,0,w) = Q(0,z,w) = w , then we obtain, by substituting in 
(1.1.4) and setting w = 0, 

/ (Az1 + z n D,B)\ ~ 
c I 1 + 2i^ '—t- Q(z, z,0) 

= 2i( (Az' + z n D,Az' + z n D ) 

(7-4) +(B,Az' + z n D ) Q ( z , z , 0 ) 

+ (zTEz, Az' + z n D ) 

+ (KTz' + d n z n)p R(Az' + z n D , K z' + d n z n)\ 

+ ... , 

where (•,•) and p R are defined by (1.1.21) and (1.1.22), and the dots 
. . . signify terms that are either O(4) or of type (k, l) with l > 1. If the 
transformation is to preserve the form (1.1.4), then we must have (cf. 

[12, §5]) 

(7.5) Q(z, z, 0) = 2i((z', z') + 2Re {z n p R(z', z n)) + O(4). 

By identifying terms of type (1,1), we deduce that D = 0 and 

(7.6) (Az',Az') = c(z',z'). 
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Observe that (7.6) is equivalent to A*I r^ A = cI rjs. Identifying terms of 
type (2,1) and using (1.1.22), we also see that K = 0 and 

{
d n d n __ -i 

n (A)T RA = R, 

(zTEz, Az') = c (Az1, B ) (Az', Az') . 

The conclusion of Proposition 1.1.19 is now easy to verify. This com­
pletes the proof, q.e.d. 

8. P r o o f of T h e o r e m 1.1.28 

The proof follows closely the proof of Theorem B in [12], which in 
turn was inspired by the work in [11]. The idea is to reduce the proof to 
a problem of describing the kernel and range of a certain linear operator. 
We shall use the notation introduced in §1.1. 

We write the (formal) defining equation (1.1.4) of M in the form 

(8.1) I m w = (z',z')+ 2Re (z n p R(z)) + F(z,z, Re w), 

where (•,•) is given by (1.1.21), and p R{z) by (1.1.22), and F(z, z, s) is 
a formal series in F as introduced in §1.1. We subject M to a formal 
transformation 

(8.2) z = f{z, w), w = g{z, w), 

where f = ( f ' , f n) = ( f 1 , . . . ,f n~1,f n), which preserves the form of 
M modulo terms of weighted degree at least 4, i.e., the transformed 
hypersurface M is given by a defining equation of the form 

(8.3) Im w = (z1,1') + 2Re (z~n p R(z)) + F ( z , z, Re w), 

where F(z',z',s!) is in F . We also require that the new coordinates 
are regular for M. Thus, f and g are subjected to the restrictions 
imposed by Proposition 1.1.9. As mentioned in §1.1, the most general 
transformation of this kind can be factored uniquely as 

(8.4) (f(z,w),g(z,w)) = (ToP)(z,w), 

where P and T are as described in that section. 
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To prove Theorem 1.1.28, it suffices to prove that there is a unique 
transformation 

(8.5) T(z, w) = (f(z, w),g(z, w)) = {z + f(z, w),w + g(z, w)), 

where f = (f', f n) = (f1,... , f n_1 , f n), to normal form (i.e., such that 
the transformed hypersurface M is defined by (8.3) with F G JV) such 
that f' is O(3), f n is O(2), g is O(4), and such that the constant terms 
in the formal series (1.1.17) vanish. We decompose (f',f n,g), F, and 
F into weighted homogeneous parts as follows: 

oo oo 

f'(z,w) = J2fUz,w), f n(z,w) = J2fu(z,w) , 
u=3 
oo 

g{z, w) = ^2 gu{z, w) , F(z, z, s) 
v=A 

oo 

F(z,z,s) = ^2F„(z,z,s) . 

v=2 
oo 

= *YJFU(z,z,s 
I / = 4 

u=A 

Recall here that z and z are assigned the weight one, w and s are 
assigned the weight two, and we say that e.g. Fu(z,z,s) is weighted 
homogeneous of degree v if for all t > 0 

Fu(tz,tz,t2s) =tuFu(z,z,s). 

The formal power series F,F G F are related as follows: 

Im g(z, s + i(f))= f1z, s + i(j>), fl{z, s + i , 

(8-6) +2Re f n(z, s+ i<t>)p R(f(z, s+ i<!>)) 

+ F(f{z, s + i4>),f{z, s - i(f>),Re g(z, s + icf>)), 

where 

(8.7) 4> = <j>{z, z, s) = (z1, z') + 2Re (z n p R(z, z)) + F(z, z, s). 

Identifying terms of weighted degree v > 4 w e obtain 

Fu+Imgu=z,,fl_1 + fi_1,z' 

(8-8) +R+iz nn)f n-2 
+ (p R + 2z n z n)fÏ72 + F v + ... 
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where 

Fv =F„(z,z,s), F u = F u ( z , z , s + i{z',z')) 

(8-9) f Ï 7 i = f Î Z ~ i { ^ s - i ( z ' J z ' ) ) J 

fl_1=fl_1{z,s + i(z',z')) , etc, 

and where the dots . . . signify terms that only involve Fß, F'ß, gß, f'_l5 

and f n_2 for ß < v. We can write this as 

(8.10) Re [igv + 2 (f^z') + 2(p R + 2z n z n)f n_2) = Fv - F'u + . . . . 

Let us define the linear operator 

(8.11) L(f'f n,g) = R e (ig+ 2 (f,z')+ 2(p R + 2z n z n)fj{z,s+i{z',-z')) 

from the space G to the space F, where G denotes the space of formal 
power series (in (z,w)) transformations (f',f n,g) such that f' is O(3), 
f n is O(2), and g is O(4). Observe that L maps (fl_i, f n_2,gv) to a 
series that is weighted homogeneous of degree v. We note, as in [12] 
and [11], that if we could find subspaces 

(8.12) Go CG, NdF 

such that , for any F G F , the equation 

(8.13) L(f',f,g)=F mod N 

has a unique solution (f', f n, g) G GQ, then, given any F' G F , equation 
(8.10) would allow us to inductively determine the weighted homoge­
neous parts Fu of a normal form F G N and the weighted homogeneous 
parts (fl_i, f n_2? gu) of the transformation (f',f n,g) G Go to normal 
form in a unique fashion. This can also be formulated as saying that 
Go and N are complementary subspaces of the kernel and range of L, 
respectively. 

Let us therefore define Go C G as those (f', f n,g) G G for which the 
constant terms in the series (1.1.17) vanish. Thus, the proof of Theorem 
1.1.28 will be completed by proving the following. 

L e m m a 8.14. Let Go C G be as described above and N C F as 
defined in x1. Then, for any F G F , the equation 

(8.15) L(f'f n,g)=F mod N 
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has a unique solution (f',f n,g) G Go-

Proof. We shall decompose equation (8.15) according to (k, l)-type. 

We decompose F G F as follows: 

(8.16) F(z,z,s) = F k 
k,l 

kl[z,z,s), 

where each F k l G Fu-, i.e., each F kl is in F and of type (k, l). We also 
decompose (f', f n, g) G G as follows (ß = 1 , . . . , n): 

(8.17) fß(z,w) = ^ f f ( z , w ) , g(z,w) = ^ g f c ( z , w ) , 

where f ^(z,w), g k(z,w) are homogeneous of degree k in z, e.g. 

(8.18) g k(tz, w) = t k g k{z, w), t > 0. 

The reader should observe that this redefines e.g. g k(z,w) which, pre­
viously, denoted the weighted homogeneous part of degree k in g(z,w). 
However, in what follows we shall not need the decomposition into 
weighted homogeneous terms and, hence, the above notation should 
cause no confusion; for the remainder of this section, e.g. g k(z,w) 
means the part of g(z,w) which is homogeneous of degree k in z, etc. 
For brevity, we use the following notation 

df dm f 

(8.19) f w{z,w) = —(z,w), . . . , f w m(z,w) = -^—m(z,w), . . . . 

We will use the fact 

(8.20) f(z, s + i (zJ, z')) = J2 f w m (z, s)[ hz m[i
> . 

m 

We shall identify terms of type (k,l) in (8.15). Since the equation is 
real, it suffices to consider types where k > l. Also, note that for (k, l) 
such that N kl = F kl equation (8.15) is trivially satisfied. 

In what follows, we use the notation 
F kl = F kl(z,z,s), g k=g k{z,s), g~k=g~k{z,s) , etc. 

Collecting terms of equal type in (8.15), we obtain the following decou­
pled systems of differential equations, for k > 3, 

i g k = F ko, 

.21) { <f£+!,z') + 1z n z n f n - hz z ( g kw = F + i , i , 

mod N + i , i , 
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and, in addition, 

3.22) 

p R f ^+^ g2 = F20, 

hf%z'i + 2z n z n f n - i hz\z'ip R f ) w - ^(g2)w = F31, 

mod N31, 

F42, 

i hz1, z'ih(ft)w, z>i + 2i hz1, z'i z n z n(f n)w 

mo d N 2 , 

.23) 

^fo + i gi 10, 

i hz',z'i z1, (f w + hf,?i + 2z n z n f n + p R f n 

-hzfi{gi)w = F21 m o d N , 

ihz',z'ih(fi)w,z'i z )\fo)w2 

+2i hz1, z'i z n z n(f n)w +p R-f n - i hz', ̂ i p R(f n)t 
' ' 2 

ihz',z'i 
(g1 32 mod Nj 32, 

3.24) 

- I m g0 = F00, 

2Re hf{,z'i +4Re (z n z n f n) - hz',z'iRe (g0)w = Fu, 

mod N11, 

4 hz',z'i Im (z n z n(f n)w) - 2Re (p f2n) 

- 2 hz', z'i Im h(f{)w, z ' i + hz z i Im (g0)w2 = F22, 

mod N22, 

-hz z ' i 2 R e h ( f { w ' i 
-2h ̂ ,z ' i2Re(nn(f n)w2) 

- 2 hz',z'i Im (p R(f2n)w) + h z ^ R e (go)w3 = F33, 

mod N33. 

To show that this system has a unique solution (f',f n,g) G Go, if N 
is as defined by (1.1.25) and (1.1.26), we shall need the following facts. 
Let p(z,z) be a polynomial of type (a, b). A direct consequence of a 
theorem of E. Fischer [15] (see [17] and [14]) is the following unique 
decomposition of any formal series F kl G F kl 

3.25) F kl — pG k-a,l-b + H kl 
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where G k-a,l-b G F k-a,l-b and H kl G F kl with 

(8.26) p ( r , r ) H H = 0; 

here, we use the notation p(z,Ç) = p(z,Ç). We shall also need the 
following lemma, whose proof follows easily from the decomposition 
(8.25) and is left to the reader. 

L e m m a 8.27. Given polynomials p(z, z) and q(z, z) of type (a, b) 
and (c,d), respectively, any F kl G F kl can be decomposed in a unique 
way as follows: 

(8-28) F kl = pG k-a,l-b + qG k-c,l-d + H kl 

where G k_al_b G F k-a,l-b, G2k_cl_d G F k-c,l-d, and H kl G F kl with 

(8.29) q(r,r)H kl = 0, p(r, r ) H kl G Im S; 

here, S is the operator defined by Su = —p(r,r)(qu). Moreover, any 
pair 

(G k_al_b,H kl) G F k-a,l-b X F kl 

such that (8.29) holds can occur in such a decomposition (8.28). 

Now, the system (8.21-8.24) is very similar to the system (9.2.2-9.2.5) 
in [12]. To show that there is a unique solution (f',f n,g) G Go, if N is 
as defined by (1.1.25) and (1.1.26), we proceed more or less exactly as 
in [12] and use the decompositions given by (8.25) and Lemma 8.27. We 
leave the verification to the reader. This completes the proof of Lemma 
8.14 and hence that of Theorem 1.1.28. q.e.d. 
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