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SUBMANIFOLD GEOMETRY IN
SYMMETRIC SPACES

C.-L. TERNG & G. THORBERGSSON

1. Introduction

The classical local invariants of a submanifold in a space form are
the first fundamental form, the shape operators and the induced nor-
mal connection, and they determine the submanifold up to ambient
isometry. One of the main topics in differential geometry is to study
the relation between the local invariants and the global geometry and
topology of submanifolds. Many remarkable results have been devel-
oped for submanifolds in space forms whose local invariants satisfy
certain natural conditions. The study of focal points of a submanifold
in an arbitrary Riemannian manifold arises from the Morse theory of
the energy functional on the space of paths in the Riemannian manifold
joining a fixed point to the submanifold. The Morse index theorem re-
lates the geometry of a submanifold to the topology of this path space.
The focal structure is intimately related to the local invariants of the
submanifold. In the case of space forms one can go backwards and
reconstruct the local invariants from the focal structure, so it is not
too surprising that most of the structure theory of submanifolds can
be reformulated in terms of their focal structure. What is perhaps sur-
prising is a fact that became increasingly evident to the authors from
their individual and joint research over the past decade: while extend-
ing the theory of submanifolds to ambient spaces more general than
space-forms proves quite difficult if one tries to use the same approach
as for the space forms, at least for symmetric spaces it has proved pos-
sible to develop an elegant theory based on focal structure that reduces
to the classical theory in the case of space forms. This paper is an ex-
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tended report on this theory, and the authors believe that the methods
developed herein provide important tools for a continuing study of the
submanifold geometry in symmetric spaces.

First we set up some notation. Let (/NV, g) be a Riemannian manifold,
M an immersed submanifold of N, and v(M) the normal bundle of
M. The end point map n : v(M) — N of M is the restriction of the
exponential map exp to v(M). If v € v(M), is a singular point of  and
the dimension of the kernel of dn, is m, then v is called a multiplicity m
focal normal and exp(v) is called a multiplicity m focal point of M with
respect to M in N. The focal data, I'(M), is defined to be the set of
all pairs (v, m) such that v is a multiplicity m focal normal of M. The
focal variety V(M) is the set of all pairs (n(v), m) with (v,m) € T'(M).
The main purpose of our paper is to study the global geometry and
topology of submanifolds in symmetric spaces whose focal data satisfy
certain natural conditions.

In order to explain our results, we review some of the basic relations
between focal points, Jacobi fields and Morse theory. For a fixedp € N,
let P(N, M X p) denote the space of H'-paths « : [0,1] — N such that
(7(0),v(1)) € M x {p} (a path is H! if it is absolutely continuous and
the norm of its derivative is square integrable). Let

B:P(NMxp) B, E0) = [ 170

be the energy functional. Then + is a critical point of F if and only if
7 is a geodesic normal to M at (0) parameterized proportional to arc
length. A vector field J along the geodesic +y is in the null space of the
Hessian of F if and only if J satisfies the Jacobi equation

VyVyd = R(Y,J)(v') =0

with boundary conditions J(0) € T M., (), A 0)J(0)+J'(0) € v(M). ()
and J(1) = 0, where A, is the shape operator of M with respect to
the normal vector v. The Morse index theorem states that if p is not a
focal point of M then E is a non-degenerate Morse function, and that
the index of E at a critical point 7 is the sum of the integers m such
that y(¢) is a multiplicity m focal point of M with respect to y(0) with
0<t<l.

The basic local invariants of a submanifold are closely related to the
structure of its focal variety. For given v € v(M),, the tangent space
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T(v(M)), can be naturally identified with v(M), & TM,. It is known
that if w € TM, then dn,(u) = J(1), where J is the Jacobi field on
v(t) = exp(tv) with the initial conditions J(0) = u and J'(0) = — A, (u).
Since the initial conditions of an ordinary differential equation deter-
mine the solution at time 1, the shape operators of M and the curvature
tensor of N determine the focal structure of M, and one expects a close
relation between the focal data, the local and global geometry, and the
topology of the submanifold. For a general Riemannian manifold N, it
is difficult to make this relation precise. But if N is a symmetric space,
then the curvature tensor of IV is a covariant constant. Hence in the
coordinates obtained from a parallel normal frame along <y, the Jacobi
equation becomes

(%) J'"+8(J) =0,

where S is a constant, self-adjoint operator whose eigenvalues can be
expressed in terms of the roots of the symmetric space. This gives a
precise relation between shape operators and focal data for submani-
folds in symmetric spaces.

Recall that an r-flat in a rank k symmetric space N = G/K is an
r-dimensional, totally geodesic, flat submanifold. Let g = ¢+ p be a
Cartan decomposition. Then every flat is contained in some k-flat, and
every k-flat is of the form 7(gexp(a)), where g € G and a is a maximal
abelian subalgebra in p. If N is a compact Lie group of rank k, then
a k-flat in N is just a maximal torus. But an r-flat need not be closed
in general.

1.1. Definition. Let M be an immersed submanifold of a symmet-
ric space N. The normal bundle v(M) is called:

(i) abelian if exp(v(M),) is contained in some flat of N for each
z € M, and
(ii) globally flat if the induced normal connection is flat and has trivial
holonomy.
Let v be a normal vector field on a submanifold M. The end point
map of v is the map 7, : M — N defined by z — exp(v(z)). If v is
a parallel normal field v on M, then M, = 7,(M) is called the parallel

set defined by v.
1.2. Definition. A connected, compact, immersed submanifold M

in a symmetric space N is called equifocal if
(1) v(M) is globally flat and abelian, and
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(2) if v is a parallel normal field on M such that 7,(z,) is a mul-
tiplicity k focal point of M with respect to z,, then 7,(z) is a
multiplicity & focal point of M with respect to z for all z € M
(or equivalently, the focal data I'(M) is “invariant under normal
parallel translation”).

To simplify the terminology we make the following definition:

1.3. Definition. Let M be a submanifold in N, and v € v(M),.
Then t, is called a focal radius (% is called a focal curvature) of M with
multiplicity m along v if exp,(¢ov) is a multiplicity m focal point of M
with respect to v.

Thus a submanifold M with globally flat abelian normal bundle of a
symmetric space N is equifocal if the focal curvatures of M along any
parallel normal field are constant.

A non-vanishing normal field v on M is called a focal normal field if
v/ || v || is parallel and there exists m such that v(z) is a multiplicity m
focal normal of M for all z € M. If v is a focal normal field, then || v ||
is a smooth function on M, and the end point map 7, : M — N defined
by n,(z) = exp(v(z)) has constant rank. So the kernel of dn, defines
an integrable distribution F, with n;*(y) as leaves, and M, = 7,(M)
is an immersed submanifold of N. We will call F,, n;'(y) and M,
respectively the focal distribution, focal leaf and the focal submanifold
defined by the focal normal field v.

1.4. Definition. A connected, compact, immersed submanifold M
with a globally flat and abelian normal bundle in a symmetric space N
is called weakly equifocal if given a parallel normal field v on M
(1) the multiplicities of focal radii along v are constant, i.e., the focal

radius functions t; are smooth functions on M and are ordered
as follows:

e < t_2($) < t_l(.’L') <0< tl(z') < tz(x) <---

and the multiplicities m; of the focal radii ¢;(z) are constant on
M?

(2) the focal radius ¢; is constant on each focal leaf defined by the
focal normal field t;v for all j, i.e., t; is the pullback of a smooth
function defined on the focal submanifold M;,, via 7,,.

1.5. Remark. We will prove in section 5 that condition (2) on the
focal radii in the definition of weakly equifocal submanifolds is always
satisfied if the dimension of the focal distribution is at least two.



SUBMANIFOLD GEOMETRY IN SYMMETRIC SPACES 669

It follows from the definitions that a (weakly) equifocal submanifold
in a rank-k symmetric space has codimension less than or equal to k,
and that equifocal implies weakly equifocal.

When the ambient space N is the space form S™, R™ or H", equifo-
cal and weakly equifocal hypersurfaces have been extensively studied.
Note that in this case, the operator S in the Jacobi equation (*) is cI,
where c is the sectional curvature of the space form. It follows that %,
is a focal curvature of multiplicity m along v if and only if f.(¢y) is a
pr1nc1pal curvature along v of multiplicity m, where f.(to) = to, cot( c)
or coth(;- ) if c = 0,1 or —1 respectively. So condition (2) for equlfocal
submamfolds and condition (1) for weakly equifocal submanifolds are
equivalent to the conditions that the principal curvatures along any
parallel normal field are constant and have constant multiplicities re-
spectively. In these space forms they are referred to as isoparametric
and proper Dupin hypersurfaces respectively. The study of isopara-
metric hypersurfaces in S™ has a long history, and these hypersurfaces
have many remarkable properties (cf. [4], [24]). For example, assume
that M is an isoparametric hypersurface of S™ with g distinct constant
principal curvatures A\; > ... > ), along the unit normal field v with
multiplicities m,,... ,m,. Let E; denote the curvature distribution de-
fined by ), i.e., E;(z) is equal to the eigenspace of A,(;) with respect
to the eigenvalue A;(z). Then the focal distributions of M are the
curvature distributions E;. It follows from the structure equations of
S™ that there exists 0 < 6 < A such that the principal curvatures are
Aj = cot(0 + U;IE) with § = 1,...,g, and the parallel set M; = M,,
for -7+ o<t < 0 is again an isoparametric hypersurface. The focal
sets M + = My and M~ = Mg_§ are embedded submanifolds of S™
with codimension m; + 1 and m, + 1 respectively, and the focal variety
of M in S§™ is equal to

{(z,m) |z € MT}U {(z,m,) |z € M"}.

Another consequence of the structure equations is that the leaves of
each E; are standard spheres. Using topological methods, Miinzner
proved the following:

(1) ¢ has tobe1,2,3,4 or 6,

(2) m; =m, if i is odd, and m; = m, if 7 is even,

(3) S™ can be written as the union D; U D,, where D; is the normal
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disk bundle of M+, D, is the normal disk bundle of M~ and
D, ND,=M,

(4) the Z,-homology of M can be given explicitly in terms of g and
™My, My; in particular, the sum of the Z,-Betti numbers of M is
2g.

Recall that a hypersurface M of S™ is called proper Dupin if the prin-

cipal curvatures have constant multiplicities and dA(X) = 0 for X

in the eigenspace E, corresponding to the principal curvature A (cf.

[29]). Note that a hypersurface in S™ is proper Dupin if and only if it is

weakly equifocal. It is proved in [38] that proper Dupin hypersurfaces

have the above properties (1)-(4).

Recall also that a submanifold M in R" is called isoparametric
([14], [5], [33]), if v(M) is flat and the principal curvatures along any
parallel normal field are constant. It is known that the normal bundle
of a compact isoparametric submanifold in R" is globally flat. So it
follows that a compact submanifold in R" is isoparametric if and only
if it is equifocal. A submanifold M in R" is called weakly isoparametric
([34]) if v(M) is flat and the multiplicities of the principal curvatures A
along a parallel normal field v are constant, and if dA\(X) =0 for X in
the eigenspace E,(v) corresponding to the principal curvature A. It is
proved in the papers quoted above that these submanifolds have many
properties in common with isoparametric and proper Dupin hypersur-
faces in spheres. One of the main goals of our paper is to generalize
many of these results to equifocal and weakly equifocal submanifolds
in compact symmetric spaces.

Henceforth, we will assume that N = G/K is a compact, rank-k
symmetric space of semi-simple type, g = £+p a Cartan decomposition,
and N is equipped with the G-invariant metric given by the restriction
of the negative of the Killing form of g to p.

We first state a theorem that generalizes results on isoparametric hy-
persurfaces in spheres to equifocal hypersurfaces in compact symmetric
spaces:

1.6. Theorem. Let M be an immersed, compact, equifocal hyper-
surface in the simply connected, compact symmetric space N, and v a
unit normal field. Then the following hold:

(a) Normal geodesics are circles of constant length, which will be de-
noted by £.
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(b) There ezist integers my, my, an even number 2g and 0 < 6 <j3 L
such that

(1) the focal points on the normal circle T, = exp(v(M),)
are

z(j) = exp((0+( b Jo@),  1<j<2,

and their multiplicities are my if j is odd and m, if j
s even,

(2) the group generated by reflections in the pairs of
focal points z(j),z(j + g) on the normal circle T, is
isomorphic to the dihedral group W with 2g elements,
and hence W acts on T,.

(¢) M is embedded.

(d) MNT,=W -z.

(e) Letny, : M — N denote the end point map defined by tv, and
M; = n, (M) = {ezp(tv(z)) |z € M} denote the set parallel to M
at distance t. Then M, is an equifocal hypersurface and n,, maps
M diffeomorphically onto M, if t € (—% +6,6).

(f) Mt = My and M~ = M_ . are embedded submanifolds of
codimension m; + 1,my + 1 in N, and the maps 19, : M — M+
and (=L +0)v ° M — M~ are S™ - and S™2- bundles respectively.

(9) The focal variety V(M) = (M*,m;) U (M=, ms,).

(h) {M|t € [—5- +0,0]} gives a singular foliation of N, which is
analogous to the orbit foliation of a cohomogeneity one isometric
group action on N.

(i) N = D;UD, and D, N Dy = M, where D; and D, are diffeo-
morphic to the normal disk bundles of M and M~ respectively.

(j) Letp€e N,t € R, and let E denote the energy functional on the
path space P(N,p x M;). Then the Z,-homology of P(N,p x M)
can be computed explicitly in terms of m; and m, and t; moreover,
(1) if p is not a focal point of M then E is a perfect Morse
function,

(2) if p is a focal point of M then E is non-degenerate in
the sense of Bott and perfect.
Equifocal submanifolds, hyperpolar actions and infinite dimensional
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isoparametric submanifolds in Hilbert spaces are closely related as we
will now explain. Recall that an isometric H-action on N is called
hyperpolar if there exists a compact flat T' in N, which meets every
H-orbit and meets orthogonally at every point of intersection with an
H-orbit (see [9], [27] and [17]). Such a T is called a flat section of the
action. A typical example is the action of K on the compact rank-k
symmetric space N = G/K with k-flats in N as flat sections. It is
proved by Bott and Samelson in [2] that this action is variationally
complete, and that if M is an orbit in N, then E: P(N,p x M) - R
is a perfect Morse function and the Z,-homology of P(N,p X M) can
be computed explicitly in terms of the marked affine Dynkin diagram
associated to the symmetric space N. We will prove in section 2 that
principal orbits of a hyperpolar action are equifocal. Another main
goals of our paper is to show that, although equifocal submanifolds in
N need not be homogeneous, they share the same geometric and topo-
logical properties as principal orbits of hyperpolar actions. In particu-
lar, we will show that the Z,-homology of P(N,p x M) can be similarly
calculated if M is equifocal or more generally weakly equifocal.

Let H°([0,1],g) denote the Hilbert space of L2-integrable paths u :
[0,1] — g, and let ¢ : H°([0,1],9) — G be the parallel transport
map, i.e., (u) = E(u)(1), where E(u) satisfies the differential equation
E~'E' =y with E(0) = e. We will see in section 4 that ¢ is a Rieman-
nian submersion. It is proved in [37] that if M is a principal orbit of a
hyperpolar action on G, then ¢~!(M) is isoparametric in H°([0, 1], g).
We will show in section 5 that this statement is still true when M is
equifocal, i.e., not assuming M is homogeneous.

Recall that a submanifold in R" is called taut if all non-degenerate
squared distance functions are perfect.

To summarize, we state some of our main results more precisely
below.

1.7. Theorem. If M is an immersed, weakly equifocal compact
submanifold of a semi-simple, compact symmetric space N, then the
following hold:

(a) For a focal normal field v, the leaf of the focal distribution F,
through z € M is diffeomorphic to a taut submanifold of a finite
dimensional Euclidean space.

(b) Ifp € N is not a focal point of M then E : P(N,p x M) - R
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is a perfect Morse function, otherwise E is non-degenerate in the
sense of Bott and perfect.

(c) M is embedded in N.

Recall that a submanifold M in N is called totally focal if n=1 (V(M))
= I'(M) (cf. [6]). The next theorem is an analogue of Theorem 1.6 in
higher codimension:

1.8. Theorem. Suppose M is a codimension r equifocal subman-
ifold of a simply connected, compact symmetric space N.Then th fol-
lowing hold:

(a) For a focal normal field v, the leaf of the focal distribution F,
through x € M is diffeomorphic to an isoparametric submanifold
in V(Mv)nu(z)~

(b) exp(v(M),) = T, is an r-dimensional flat torus in N for all
zeEM.

(c) There ezists an affine Weyl group W with r+1 nodes in its affine
Dynkin diagram such that for x € M,

(1) W acts isometrically on v(M),, and the set of sin-
gular points of the W-action on v(M), is the set of all
v € v(M), such that exp(v) is a focal point of M with
respect to z,

(2) MNT, = ezxp, (W -0).

(d) Let D, denote the Weyl chamber of the W -action on v(M), con-
taining 0, and A, = ezp(D,). Then:

(1) exp, maps the closure D, isometrically onto the
closure 1\,
(2) there is a labelling of the open faces of A, by o1(x),. .. ,
or11(z) and integers my,... ,m, ., independent of
such that if y € 0., then y is a focal point with re-
spect to = of multiplicity m,, where m, is the sum of
m; such that y € o;(z).

(e) M is totally focal in N.

(f) Letv be a parallel normal field on M. Then M, is an embedded
submanifold, and moreover:
(1) if exp(v(z)) is not a focal point, then M, is again
equifocal and the end point map n, : M — M, is a
diffeomorphism,
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(2) if exp(v(z)) is a focal point then n, : M — M,
is a fibration and the fiber n;(y) is diffeomorphic to
a finite-dimensional isoparametric submanifold in the
Euclidean space v(M,)y,
(8) M,NT, = exp(W - v(z)).
Let z, be a fized point in M, and A = A,,. Then the following
hold:
(1) The parallel foliation {M, | ezp(tv(z,)) € A for all
0 <t <1 and v is a parallel normal field} is a singular
foliation on N, which is analogous to the orbit foliation
of a compact group action on N.
(2) Let y € A and M, the parallel submanifold of M
throughy. Then the focal variety V(M) = U{(M,,m,)| =
y € 0A}.
Let p € N, v a parallel normal field on M, and E the energy
functional on the path space P(M,pxM,). Then the Zy-homology
of P(M,p x M,) can be computed ezplicitly in terms of W and
my,... ,My1; MOTEOVET,
(1) if p is not a focal point of M then E is a perfect
Morse function,
(2) if p is a focal point of M then E is non-degenerate
in the sense of Bott and perfect.
N =U{A.|z € M}, and
(1) ifz #y then A, NA, =0,
(2) if D, 0D, # 0 then it is a closed subsimplez of both A,
and A_y,
(3) given z € M, {A,|y € M NT,} is a triangulation of
T,.

Note that Theorem 1.8 (i) implies that we can associate to each
equifocal submanifold of a simply connected, compact symmetric space
N a “toric building structure on N”. This is analogous to a spherical
building except that the corresponding “apartments” cover tori instead
of spheres.

Theorems 1.6 and 1.8 are not valid if N is not simply conneced. To
see this, let IV be the real projective space RP™ and M a distance sphere
in N centered at z,. Then M is certainly equifocal. Let v be a unit
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normal field on M. Then there exists ¢, € R such that exp(tov(z)) = o
for allz € M. Let T, be the normal circle at a point x in M. Then D, is
an interval, and A, = T}, \ {zo}. Moreover, there exists ¢; such that the
parallel set M, is the cut locus of the center zq, which is a Z,-quotient
of M, i.e., a projective hyperplane. Notice that the focal variety of
M consists of only one point (zo,n — 1), and M;, is not diffeomorphic
to M. In fact M;, has the same dimension as M and satisfies all the
conditions in the definition of an equifocal submanifold except that the
normal bundle does not have trivial holonomy. Although a parallel
manifold M, of M in a simply connected symmetric space N is either
equifocal or a focal submanifold, this need not be the case if N is not
simply connected. In fact, in this case the parallel set of an equifocal
submanifold in N is still an embedded submanifold, but there are three
types of parallel submanifols. The third type is, as in the example just
given, a parallel submanifold which satisfies all the conditions in the
definition of an equifocal submanifold except that the normal bundle
does not have trivial holonomy. This is analogous to the three types of
orbits an action of a compact Lie group can have: principal, singular
and exceptional orbits.

A submanifold M in N is called curvature adapted if for any v €
v(M), the operator B,(u) = R(v,u)(v) leaves TM, invariant, and B,
commutes with the shape operator A, (cf. [3]). Wu in [41] defined
a submanifold M in N to be hyper-isoparametric if it has globally
flat abelian normal bundle, and is curvature adapted, and the princi-
pal curvatures along any parallel normal field are constant. Note that
M is hyper-isoparametric if and only if M is curvature adapted and
equifocal. Wu independently obtained some of our results by using
the method of moving frames. But an equifocal submanifold in gen-
eral is neither curvature adapted nor has constant principal curvatures.
For example there are many such equifocal hypersurfaces in CP" (cf.
[40)).

We would like to make some comments on the methods we use to
prove many of our geometric results on equifocal submanifolds. Since
a symmetric space that is not a real space form has more than one
root space, the operator S in the Jacobi equation (*) has more than
one eigenvalue, and the shape operators and S need not commute in
general. Thus there is no simple formula relating the focal points to the
principal curvatures. This makes manipulation of the structure equa-
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tions (the main technique in studying the geometry of submanifolds in

space forms) much more complicated. So in this paper, we abandon

many of the standard tools used in the study of submanifold geometry
in space forms, and instead we study directly the relation between fo-
cal points of a submanifold and lifts of the submanifold under certain

Riemannian submersions. In fact, the following two theorems are key

steps in proving the results stated above:

1.9. Theorem. Let 7w : G — G/K be the natural Riemannian
fibration of the symmetric space G/K, M a submanifold of G/K with
globally flat abelian normal bundle, and M* a connected component of
71 (M). Let v € v(M),, z* € M* n(z*) = z, and v* be the horizontal
lift of v at x*. Then:

(1) ezp(v) is a multiplicity m focal point of M in G/K with respect
to z if and only if exp(v*) is a multiplicity m focal point of M*
with respect to z* in G,

(2) v(M*) is globally flat and abelian,

(8) M is equifocal (weakly equifocal resp.) in G/K if and only if M*
is equifocal (weakly equifocal resp.) in G.

1.10. Theorem. Let ¢ : H°([0,1],9) — G denote the parallel
transport map, M* a compact submanifold in G with globally flat and
abelian normal bundle, and M a connected component of ¢~*(M*). Let
v* € V(M*),e, & € M ¢(&) = z*, and © be the horizontal lift of v* at
Z. Then:

(1) ezp(v*) is a multiplicity m focal point of M* in G with respect to
z* if and only if exp(?) is a multiplicity m focal point of M with
respect to & in H°([0,1], g),

(2) v(M) is globally flat,

(8) M* is equifocal (weakly equifocal resp.) in G if and only if M is
isoparametric (weakly isoparametric resp.) in H°([0,1],g).

So Theorems 1.9 and 1.10 allow us to study the geometry of an
equifocal submanifold M in G/K by studying the geometry of the
isoparametric submanifold M = ¢~(7~1(M)) in the Hilbert space V =
H°([0,1],9). Although M is infinite dimensional, the ambient space
is a flat space form and most of the techniques and results in finite
dimensional space forms are still valid (cf. [35], [28]).

This paper is organized as follows: We give examples of equifocal
submanifolds in symmetric spaces in section 2, derive an explicit re-



SUBMANIFOLD GEOMETRY IN SYMMETRIC SPACES 677

lation between focal points and shape operators of submanifolds in
compact Lie groups in section 3, prove that the parallel transport map
¢ is a Riemannian submersion, and study the geometry of ¢ in section
4. We prove: Theorem 1.10 in section 5, Theorems 1.6, 1.7 and 1.8
and 1.9 in section 6, and the existence of inhomogeneous equifocal hy-
persurfaces in compact Lie groups and inhomogeneous isoparametri ¢
hypersurfaces in Hilbert spaces in section 7. State some open problems
are given in section 8.

The authors would like to thank the Max Planck Institute in Bonn.
This research started during the authors’ visit there in the fall of 1991 in
an effort to find inhomogeneous isoparametric hypersurfaces in Hilbert
spaces. It took us awhile to see how this simple problem actually ties
together many interesting subjects in submanifold geometry.

2. Examples of equifocal submanifolds

The main result of this section is the following theorem.
2.1. Theorem. Let H be a closed subgroup of G x G that acts on
G isometrically by

(h1,hs) - g = high3'.

If the action of H on G is hyperpolar, then the principal H-orbits are
equifocal submanifolds of G. More generally, if G/K is a compact
symmetric space and H 1is a closed subgroup of G that acts hyperpolarly
on G/K, then the principal H-orbits are equifocal.

Proof. First notice that if G/K is a compact symmetric space and H
a closed subgroup of G which is hyperpolar on G/K, then the subgroup
H x K of G x G is hyperpolar on G; see [17]. If 7 : G - G/K is the
natural fibration, then the H-orbits in G/K lift to H x K-orbits in G.
We will show in section 6, that a submanifold of G/K is equifocal if
and only if its lift to G is equifocal. It is therefore enough to prove the
theorem for hyperpolar actions on a Lie group G.

Let M be a principal orbit in G. Then the induced action on the
normal bundle of M is trivial, and every normal vector extends to
an equivariant normal vector field. From the definition of hyperpolar
actions it is clear that the normal bundle of M is abelian. It is proved
in [27] that every equivariant normal field of M is parallel. Hence the
normal bundle of M is globally flat.
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It is therefore left to prove that if v is an equivariant normal field of
M such that n,(z,) is a multiplicity-k focal point of M with respect to
Zo, then n,(z) is a multiplicity-k focal point of M with respect to = for
all z € M. This follows immediately from the following observations.
First note that hyperpolar actions are variationally complete; see [9].
It is proved in [2]( see also Proposition 2.7 in [36]) that variational
completeness implies the following:

(i) The set of focal points of M in G is exactly the set of singular
points with respect to the H-action.

(ii) If y is a multiplicity £ focal point of M with respect to z, then
k is equal to the difference of the dimensions of the isotropy sub-
groups, i.e., k = dim(H,) — dim(H,).

2.2. Remark. Let M be a principal orbit of an isometric H-action
on G. It is proved in [17] that if exp(v(M),) is contained in some flat,
then the H-action is hyperpolar. In particular, this implies that if the
normal bundle of M is abelian then M is equifocal.

2.3. Examples. The following are examples of hyperpolar actions
on a Lie group G or a symmetric space G/K (cf. [17]):

(a) H=G(o)=1{(g9,0(9))| g € G}, where 0 : G — G is an automor-
phism, is hyperpolar on G.

(b) H = K; x K is hyperpolar on G, where K; is the fixed point
set of some involution o; of G. Consequently K, is hyperpolar on
the symmetric space G/ K.

(c) The action of H = p(K) x SO(n — 1) on SO(n), where p: K —
SO(n) is the isotropy representation of a rank-two symmetric
space.

(d) any cohomogeneity one action on G/K.

2.4. Remark. It is true in real space forms that a hypersurface
is equifocal if and only if it has constant principal curvatures. This is
not true in more general ambient spaces as an example of Wang [40]
shows. In his example Wang starts with an inhomogeneous isoparamet-
ric hypersurface in an odd dimensional sphere which he shows to be the
lift under the Hopf map of a hypersurface M in a complex projective
space. This hypersurface M is equifocal in our terminology. He then
shows that the principal curvatures of M cannot be constant. Since a
curvature adapted, equifocal hypersurface must have constant principal
curvatures, these hypersurfaces are not curvature adapted. They are
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not homogeneous either because their lifts are not homogeneous. We
will discuss related examples of inhomogeneous equifocal hypersurfaces
in the last section of this paper.

3. Relation between focal points and shape operators

Let G be a compact, semi-simple Lie group, g its Lie algebra, (, ) an
Ad-invariant inner product on g, and ds? the bi-invariant metric on G
defined by (, ). The main result of this section is to give a necessary and
sufficient condition for a point in G to be a focal point of a submanifold
with abelian and globally flat normal bundle in G.

It is known that the Levi-Civita connection for ds? is given by

1
VxY = §[X Y
if X,Y are left invariant vector fields, and
1
VxY = —E[X Y]

if X,Y are right invariant vector fields. The curvature tensor is

1
n
where X, Y, and Z are left invariant vector fields.

To simplify the notation, we will use the convention that for g € G
and y € g, gy = (L,).(y) and yg = (R,).(y), where L, and R, are left
and right translations by g respectively.

3.1. Proposition. If M is a submanifold in G with abelian normal
bundle, then

R(X,Y)Z = -[X,[Y, Z]],

[z7'v(M),, 9] Cz7'TM,.

In particular, R(§,TG,){ C TM®for £ € v(M),.
Proof. Set 2 = z7'v(M),. Since the inner product on g is Ad-
invariant and % is abelian, we have

([g,Ql],Ql) = (97 [2[7 Ql]) = <g’0) =0,

i.e., [g,%] C z7'TM,. The second part of the proposition follows since

R(E X)E = 516, 1%,
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The following is an elementary fact concerning focal points and Jacobi
fields.

3.2. Proposition. Let M be a submanifold of N, z(t) a smooth
curve in M, v(t) a normal field of M along z(t), and n : v(M) - N
the end point map. Then

dnu(o) (v'(0)) = J(1),

where J is the Jacobi field along z(t) satisfying the initial condition
J(0) = '(0) and J'(0) = —Ay0)(2'(0)) + Vv, where V* is the
normal connection of the submanifold M.

Let a € g, v(t) = ze be a geodesic in G, and J(t) be a Jacobi field
along 7. Denote the parallel transport map along 7 from 7(¢;) to 7(¢2)
by P,(t1,t2). Set Y (¢t) = v(0)~'P,(¢,0)J(t). Then the Jacobi equation
for J gives rise to the following equation for Y (cf. [23]):

1

YY" — 1 ad(a)’Y = 0.

Let t be a maximal abelian subalgebra of g that contains a, and

g=t+ ) o

acA+t

the root space decomposition with respect to t, where ad(a)’(z,) =
—a(a)?®z, for z, € g, Let D;(a) and D,(a) be the operators defined
as follows: for z = po + Y_, Po With py € t,p, € ga,

D (a)(2) = po + ¥4 cos (252 ) o,
Dy(a)(2) = po + L 757 5in (%52) e

where A\~!sin()\) is defined to be 1 tf A = 0. Notice that D,(a) and
D,(a) depend only on a, but not on the choice of the maximal abelian
subalgebra t containing a. One can also describe D; and D, in terms of
the curvature tensor of G. For this we note that the operator, R,(z) =
R(a,z)a = —1 ad(a)?(2), is a nonnegative symmetric operator, and

Di(a)(2) = cos(vFa(2)),
D, (a)(2) = v/R; " (2) sin(VRa(2)).
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3.3. Theorem. Suppose M is a submanifold in G with abelian
normal bundle and a € z7'v(M),. Then

(1) the operator (Di(a) — Dy(a)z™'Az.z) maps z 1TM, to itself,
where A, is the shape operator of M at x along za,

(2) =ze is a focal point of M of multiplicity m with respect to x if
and only if the operator (D;(a) — Dy(a)t ' Azez) on z7'TM, is
singular with nullity m.

Part (1) of this theorem is obvious, but to prove part (2) we need
the following Lemma.

3.4. Lemma. Let z(t) be a curve in M, and v(t) = z(t)a(t) a
parallel normal field along z(t). Then

T5 " Pry (1,0)dN(a0,00) (V) = {D1(a) — Da(a)zg" Ay To}(z5 " 7o),

where 0 as an indez refers to t = 0 and P, (1,0) denotes the parallel
transport map along the geodesic vo(s) = zoe*® from o(1) to v0(0).

Proof. Let (s,t) = z(t)e**® be a variation of normal geodesics of
M, and

_ o _o
5= s’ T= ot’
Then S(0,t) = z(t)a(t), and J(s) = T'(s,0) is a Jacobi field along the
geodesic 7o(s) = z(0)e**©® with J(0) = z'(0). By Proposition 3.2, we
have

dny(o) (v'(0)) = J(1),
and J'(0) = —A,(0)(z'(0)) since v(t) is parallel. As above set
Y (s) = 70(0) 7" Py, (5,0) I (s).

Then Y satisfies the differential equation
1
Y” - Z ad(a)zY =0.

Since the operator ad(a)? is in the diagonal form with respect to the
root space decompositon, this differential equation can be solved explic-
itly. In fact, the solution for the initial value problem Y (0) = po+3_, Pa
and Y'(0) = go + X, ga is

Y (t) =po +tq + Zpa cos (2(2_‘12,5) + qaﬁj sin (—a—(;—)t).
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Clearly
¥'(0) = 2(0)1J(0) = —(0) ™ Auo) (< (0)).

But Y(0) = z(0)~'z'(0), so we have

a»‘EIon(l, O)dnvo ('06) = Y(l)
=Dpo+ o + 3 Pa COS (ﬂzﬂ) + a5y SID (ﬂzﬂ)
= {D1(a) — Dy(a)z5" Aueo} (25" zp),

where 0 as an index on z, ' v and v’ refers to ¢t = 0.

3.5. Proof of Theorem 3.3. It is obvious that we can choose a
basis for T'(v(M))(z,z4), Which consists of vectors of the form v'(0) as
in Lemma 3.4 and ¢'(0) with o(t) = z(a + tb), b € z7'v(M),. Since
v(M) is abelian, we have d exp,,(zb) = ze®b # 0. The theorem now
follows from Lemma 3.4.

For a € v(M),, v(M), ® TM, can be naturally identified with
T(v(M)), via the map

(b, ) = v3(0) + v,,(0),

where v, is defined by v,(s) = a+sband v, (s) is the parallel normal field
along the geodesic y(s) = exp™ (su) with v,(0) = a (here exp™ denotes
the exponential map of M). It follows from the proof of Theorem 3.3
that the differential dn : T'(v(M)), = TG pq) is of the form

I 0
0 D;(a) — Dy(a)A,
under the identifications

T(wv(M)), ~v(M), & TM,,
TGy ~v(M), ® TM,,

where in the second line (b,u) € v(M), ® TM, is identified with
P,,(0,1)(b + u) and 7, is defined by 7y(s) = exp(sa). In particu-
lar, this implies that the kernel of dn, is a subset of "M, under the the
above identifications (notice that we have very strongly used that the
normal bundle v(M) is abelian). So we have:

3.6. Proposition. Let M be a submanifold of G with abelian and
globally flat normal bundle, and v a parallel normal vector field. Then
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Yo = ezxpu(zo) is a focal point of M with respect to z, if and only if
the differential of the end point map of v, 9, : M = G,z — ezp v(z),
s not injective at xo. Moreover, the multiplicity of yo as a focal point
is equal to the dimension of the kernel of d(ny)s,-

Theorem 3.3 is valid for any symmetric space. In fact, let N be
a symmetric space, G = Iso(N), and M a submanifold of N with
abelian normal bundle. Let zo € M, K = G,,, g = €+ p the Cartan
decomposition, and a € p normal to M at z,. Let 2 be a maximal
abelian subalgebra in p containing a, and

p=2A+ D pa

acA

its root space decomposition. Define D;(a) : p — p by D;(a)(b) = b for
be A, and

Dy (a)(z4) = cos (%"))xa Dy(a)(za) = % sin (“—(29)%
for z, € po. Then the same proof as for Theorem 3.3 implies that
exp(a) is a multiplicity m focal point of M with respect to z, if and
only if the kernel of the operator D;(a) — Dy(a)A, is of dimension m.
So we have the same result as in Proposition 3.6 for symmetric spaces:

3.7. Proposition. Let M be a submanifold of a symmetric space
N with abelian and globally flat normal bundle, and v a parallel normal
vector field on M. Then yo = ezp v(zo) is a focal point of M with
respect to xo if and only if the differential of the end point map of v,
N : M — N,z — ezpv(z), is not injective at xo. Moreover, the
multiplicity of yo as a focal point is equal to the dimension of the kernel
of d(1y),-

The following Proposition will be useful later.

3.8. Proposition. Let M be a submanifold in G with globally
flat and abelian normal bundle, z(t) € M, and a(t) € g such that
v(t) = z(t)a(t) is a normal vector field of M along the curve z(t).
Then
(1) ©(0)" Voo = a'(0) + 1/2[2(0)"(0), a(0)}

(2) w(t) is parallel if and only if a'(0) € z(0)"'T M, (). Furthermore,
if v(t) is parallel, then

~2(0) Ao (&' (0)) = a'(0) + 5[2(0)'(0), a(0)]
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Proof. Let yi,...,y, be a basis for g, and Y;(g) = gy; the left
invariant vector field defined by y;. Write a(t) = Y_; = fi(t)y;- Then
v(t) = zi fi(®)Y;(z(¢)). Since the metric on G is bi-invariant, we have

20V =2, fi (O)Y(I(O))Jrfz( )(V )Y:)(0)
—Zf()()yz+ f:(0 0)[31(0 )~1z'(0),y:]
z(0){a'(0) + [() (0) a(0)]}.

This proves (1), and (2) follows easily from (1).

4. The geometry of the parallel transport map

Let H°([0,1];g) denote the Hilbert space of L-integrable paths u :
[0,1] — g, where the L2-inner product is defined by

(w000 = [ (utt) o(e) d

Let H'([0,1]; G) denote the group of absolutely continuous paths g :
[0,1] = G such that ¢’ is square integrable, i.e., (g'g™*,9'g™")o is finite.
Given a subset H of G x G, we let P(G, H) denote the subset of all
g € H'([0,1],G) such that (g(0),9(1)) € H. If H is a subgroup, then
P(G,H) is a subgroup of H'([0,1],G). Note that P(G,e X G) is a
Hilbert manifold, and

T(P(G,ex G)), ={vg|v € H'([0,1];9), v(0) = 0}.

Let P(G, e x G) be equipped with the right-invariant metric defined
by
(Ulga 'U29> = (via Ué)o-
Let E : H°([0,1];9) — P(G,e x G) be the parallel translation in the
trivial principal bundle I x G over I = [0, 1] defined by the connection
u(t)dt, i.e., E = E(u) for u € H°([0,1]; g) is the unique solution of

E7'E' =u,
EW0) =e.

Let ¢ : H°([0,1];g) — G be the parallel transport from 0 to 1, i.e.,
¢(u) = E(u)(1).
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The following result is known (cf. [35], [37]):
4.1. Theorem. Let H'([0,1],G) act on V = H°([0,1];9) by gauge
transformations, i.e.,

gxu=gug ' —g'g7",

and let ¢ : H°([0,1],9) = G be the parallel transport map from 0 to 1.

Then the foloowing hold:

(1) The action of H*([0,1],G) on H®([0,1];g) is proper, Fredholm
and isometric.

(2) (g x u) = g(0)p(u)g~(1) for ¢ € H'([0,1],G) and
u € H°([0,1]; 9)-

(3) If ¢(u) = zodp(v)z1" then there exists g € H'([0,1],G) such that
9(0) = z,9(1) = z; and u = g * v.

4.2. Corollary. The action of P(G,ex G) on H°([0,1];g) by gauge
transformations is transitive and free.

Proof. Let § denote the constant path with constant value y. We
first prove that the action is transitive. Let u € H°([0,1];g). Since
G is connected and compact, there exists y € g such that ¢(u) = ev.
It is obvious that ¢(0)e? = ¢(u). So by Theorem 4.1, there exists
g € P(G,e x G) with g(0) = e and g(1) = e~¥ such that u = g x 0. To
prove the action is free, let ¢ € P(G,e x G) be such that g x0 = 0.
Then g~'¢' = 0. So g is constant. Since g(0) = e, g(t) = e for all ¢.

4.3. Corollary. The parallel translation E : H°([0,1],g9) — P(G, ex
G) is an isometry.

Proof.  Since the inverse of E is the map F : P(G,e x G) —
H°([0,1], g) defined by F(g) = g~'¢' = g~* % 0 and dF,(vg) = g~'v'g,
our claim follows.

Let G be a compact Lie group acting on a smooth manifold M, and
let 7 : M — M/G denote the orbit space map. It is known that if the
action of G has only one orbit type, then the orbit space M/G has a
unique differentiable structure such that « is a fibration. If moreover,
M is Riemannian and the G-action is isometric, then there exists a
unique metric on M/G such that 7 is a Riemannian submersion. In
fact, we have T(M/Q)x(z) = dm,(TM,) and (dm,(u1), d7;(U2))n(z) =
{ug,us), for uy, uy € (kerdm,)* and z € M. In the following we will
give an infinite dimensional analogue of this fact for the free isometric
action of Q.(G) = P(G,e x e) on H°([0,1]; g). First, as a consequence



686 C.-L. TERNG & G. THORBERGSSON

of Theorem 4.1 and Corollary 4.2 we have

4.4. Corollary. Let Q.(G) denote the subgroup P(G,e x e) of
P(G,e x G), and ¢ : V = H°([0,1];g) = G the parallel transport map
from 0 to 1. Then:

(1) the gauge action of Q(G) on V is free,

(2) the fibers of ¢ are ezactly the orbits of Q(G),

(8) ¢ is a principal Q.(G)-bundle,

(4) G is the orbit space V/Q.(G), and ¢ is the orbit space map,

(5) for g € P(G,e x G) the map 7,(u) = g * u maps fibers of ¢ to
fibers of ¢,

(6) the differential of the map 7, in (5) is d(7,)u(v) = gvg™*

4.5. Theorem. Let H be the horizontal distribution for the fibration
¢, i.e., H(u) be the normal space of the fiber ¢~ (¢(u)) at u, and let §
denote the constant path in g with constant value y. Then the following:
(1) H(0)={9|y € g},

(8) if u=gx0, then H(g*0) = gH(0)g™" = {g99™" |y € g},

(3) ifu=gx0 with g(0) = e, then db.(9997") = y¢(u) = yg(1)~*,

(4) ¢ is a Riemannian submersion,

(5) ¢ is the natural Riemannian submersion associated to the free
isometric action of Q.(G) on H°([0,1],g).

Proof. Since F = Q,(G) *0 = {—g'g™! |g € Q.(G)}, we have

— {¢']¢ € H((0, 11 8), £(0) = (1) = 0}
—{ueH°([o 1ie)| 2 u(t )dt = 0}.

So (1) is an immediate consequence. Statement (2) follows from the
facts that the map 7,(v) = g*v is an isometry on H°([0, 1]; g), d(7,)s(v)
= gvg™!, and 7, maps fibers of ¢ at 0 to fibers of ¢ at g x0. Note that
if g(0) = e and u = g * 0 then

(g + 0+ sgig™!) = (g * sy), by Theorem 4.1
= ¢(sy)g(1)~" = e¥g(1)™" = e*¢(u).
So d¢,(g99™") = yé(u), which proves (3). Then (4) and (5) follows.
4.6. Corollary. Letv € TG,, u € ¢~ 1(z), and ¥ be the horizontal
lift of v at u with respect to ¢. Choose g € P(G,e x G) such that
u=g%0. Then
o(u) = gvz~1g™!
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Let M be a submanifold in G. Using the isometry E from H°([0, 1], g)
to P(G,e x G), we see that ¢~!(M) is isometric to the submanifold

P(G,ex M) = {g € P(G,e x G)| g(0) = e,g(1) € M}

of P(G,e x G). Note that P(G,e x M) is like a cylinder set for the
Wiener measure on the set of continuous paths ¢ in G. Motivated by
the definiton of a general cylinder set, we consider below the parallel
transport from a to b for any 0 < a < b < 1. Let H%([a,b],g) denote
the space of L2-paths in g with the inner product defined by

Let
¢s : H([a,b],9) = G

denote the parallel transport map from a to b for the connections u(t)dt
over [a,b], i.e., ¢% is defined by ¢%(u) = g(b), where g : [a,b] = G is the
solution of the initial value problem:

The proof of the following facts is the same as for ¢g = ¢.

4.7. Theorem. Let ds? be a fized bi-invariant metric on G, and let
Gla,p) denote the Lie group G with the bi-invariant metric bi—a ds?, and
#% : H°([a,b],9) — Gla,y the parallel transport map from a to b. Then
the following hold:

(1) ¢alg*u) = gla)gq(u)g(b)~*,

(2) if . (v) = z,8%(u)z5" then there exists g € H'([a,b],G) such that
g9(a) =1, g(b) = 2 and v = g x v,

(3) the horizontal space of ¢ at g+ 0 is {gig™ |y € g},

(4) ifu=gx0, then d(¢})u(ggg™") = (b - a)y¢}(u),
(5) ¢% is a Riemannian submersion, and it is the natural Riemannian
submersion associated to the free, isometric action of

Q.([a,],G) = {g € H'([a,b], G) | g(a) = g(b) = €}
on H([a,b],9).
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4.8. Corollary. Let s: 0 =359 < 8;--- < 8, = 1 be a partition of
[0,1], and

®,: H([0,1];9) = 1=} Glsi_sea,  defined by
0, (u) = (63 (] [0,1]); .- , 85, _, (u][3n-1,1])),

and identify H°([0,1],9) with the direct sum &7, H°([si_1,s:],8) via
the linear isometry

f:H°([0,1],9) — éHO([si_l,si],g) defined by

i=1

u— (Ul [0’31]7'-- ,’U:l [sn—la]-])'

Then the following hold:
(1) ®, is the natural Riemannian submersion associated to the free
product action of [T}, % ([si_1,5:, G) on H([0,1],9),

(2) @4(u)
= (E(u)(s1), E(u)(s1) ' E(u)(s2),- - - , E(u)(sn-1) " E(u)(1)).

(3) if M is a submanifold of T, Gs,_, s then ®;1(M) is isometric
to the following submanifold of P(G,e x G):

{9 € P(G,ex G)|(g(s1),9(s1)*g(52), .- ,9(sa-1)""g(1)) € M}.

Proof. Let [a,b] C [0,1]. By the uniqueness of solution of ordinary
differential equations we have ¢’ (u|[a,b]) = E(u)(a) ' E(u)(b). So the
Corollary follows.

5. The geometry of lifts of submanifolds of G to H°([0,1];g)

Let M be a submanifold of a Hilbert space V, and n : v(M) — V the
end point map (i.e., n(v) = z+v ifv € v(M),). Recall that M is called
proper Fredholm if the restriction of the end point map to any normal
disk bundle v, (M) of finite radius r is a proper, Fredholm map. If M is
proper Fredholm in V' then I — A, is Fredholm for all v € v(M), and the
restriction of any squared distance function to M satisfies condition C
of Palais and Smale. A proper Fredholm submanifold M of V is called
isoparametric if v(M) is globally flat and for any parallel normal field v
on M the shape operators A,(,) and A,(,) are conjugate for all z,y € M.
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We refer to [35] and [28] for more detailed geometric and topological
properties of these submanifolds.

A proper Fredholm submanifold M of V is called weakly isopara-
metric if v(M) is globally flat, the multiplicities of the principal cur-
vatures along a parallel normal field v are constant, and dA(X) = 0
for X € E\(v) = {X|A,X = AX} where X is a principal curvature
function A along a parallel normal field v.

Let G be a compact, connected, semi-simple Lie group equipped
with a bi-invariant metric, and H a closed subgroup of G X G acting
on G by (hi,hy) -z = hyzh;'. Let P(G,H) act on H°([0,1];g) by
gauge transformations. It is proved in [37] that if the action of H on G
is hyperpolar, then the action of P(G, H) on H°([0,1];g) is polar and
the principal P(G, H)-orbits are isoparametric. Furthermore, using the
formula ¢(g * u) = g(0)¢(u)g(1)~* and the fact that the fibers of ¢ are
orbits of Q.(G), we obtain ¢~!(H - e*) = P(G, H) * a. To summarize,
we have

5.1. Theorem ([37]). If M is a principal orbit of a hyper-
polar action on G, then ¢~'(M) is an isoparametric submanifold in
H°([0,1],9).

By Theorem 2.1, a principal orbit of a hyperpolar action is equifo-
cal. So Theorem 1.10 (3) in the introduction generalizes Theorem 5.1
to equifocal submanifolds M in Lie groups which are not necessarily
homogeneous.

Before starting with the proof of Theorem 1.10 we give a few sim-
ple applications. Recall that a proper Fredholm submanifold M of a
Hilbert space V is taut (cf. [35]) if for every non-focal point a € V' the
distance squared function f, : M — R defined by f,(z) = ||z —a]|? is
a perfect Morse function.

5.2. Proposition. Let M be a weakly equifocal immersion of a
compact manifold into a compact Lie group G. Then the lift M of M
to V is taut.

Proof . By Theorem 1.10, M is weakly isoparametric. One can prove
exacly as in the finite dimensional case( see [34], [35] and [38]) that an
infinite dimensional weakly isoparametric submanifold is taut.

5.3. Proposition. A weakly equifocal immersion of a compact
manifold M into a Lie group G is an embedding.

Proof. We know from Proposition 5.2 that M is taut. It is standard
that taut submanifolds are embedded (cf. [35]). Hence M is embedded
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and then it is clear that M is embedded as well.

5.4. Proposition. Let M be a weakly equifocal compact submani-
fold in G. If p € G is not a focal point of M, then the energy functional
E :P(G,p x M) — R is a perfect Morse function.

Proof. Set p = e* for a € g. Consider the diffeomorphism
p: P(G,px M) — P(G,e x M) defined by p(g)(t) = g(t)e®*=12. The
path space P(G,p x M) can be naturally embedded into H°([0, 1], g)
as the submanifold M = ¢~!(M) via the map g — F(p(g)) where
F: P(G,ex @)~ H°([0,1],g) is the isometry defined by F(g) = g~ '¢’
as in the proof of Corollary 4.3. Using this embedding, the functional
E on P(G,p x M) corresponds to the restriction of the Hilbert dis-
tance squared function f,(u) = ||u —a||2 to M. Since M is taut
(Proposition 5.2), f, is a perfect Morse function.

We will now prove several lemmas needed for the proof of Theo-
rem 1.10. The notation will be the same as in Theorem 1.10 except
that we do not assume that M has a globally flat normal bundle when
not explicitly stated. First as a consequence of Corollary 4.6, we have

5.5. Lemma. Suppose h € P(G,e xG), u = h+x0 € M and
z = ¢(u). Then

v(M), = {hbz~'h7! |b € v(M),}.

5.6. Lemma. Let v be a normal vector field on M, and v the
horizontal lift of v to M. Then v is a parallel normal field on M if and
only if v s parallel on M.

Proof. We need to show that df)u(TMu) is contained in TM, if
and only if dv,(TM,) C TM,. Now let h € P(G,e x G) be such that
u = hx0, and g, a smooth curve in P(G, e x G) such that go(t) = e for
all t and g,  u € M. Then z(s) = ¢(g, * u) € M. Let

d d 3
&= ds le—o §(u) = ds a0 (9s *uw), a(z)=2z""v(z).
A direct computation gives
Bu(§(w) = 55| _ (g5 xhx0)
d

= gsth(S) ( (s))z(s)"th~1gs?
=[¢, hxoa(mo)xo 'h71] + bz (0)z5 ", zoa(To)z5 A~ + haea' (0)zyth~?,
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where 7o = z(0). By Lemma 5.5, v(M),, = {hazobzy h|zob € v(M),,}.
Given b € z;,'v(M),,, because z;'v(M),, is abelian and (,) is ad-
invariant, we have

([¢, hzoa(zo)zg  h™1] + h[z'(0)z5 ", zoa(zo)zy  |h™Y, hzobzy *h ™) = 0.

By Proposition 3.8 (2), v is parallel if and only if a'(0) € z5'TM,,.
Hence v is parallel if and only if

hzoa' (0)zy h™!, hzobzg*h™ 1) = 0,
0 0

which holds if and only if ¢ is parallel. This completes the proof of the
lemma.

As a consequence of Proposition 3.8 and the proof of Lemma 5.6 we
have:

5.7. Lemma. The shape operators A, and A; are related as follows:

—h7 Ay (€(u)h = [h7 ¢h, vag '] + %[w’(O)ma‘,vwa‘] — Ay(2'(0))zg -

5.8. Lemma. Let M be a compact submanifold of G. Then
M = ¢~Y(M) is a proper Fredholm submanifold of V. = H°([0,1];g).
Furthermore, the shape operators of M are compact.

Proof . We prove properness first. Suppose & € v(M).,,, ||& | <
r, and u; + & — w. We want to prove that & has a convergent
subsequence. To prove this, we choose g € P(G,e x G) such that
gr ¥ 0 = uy. Let z = ¢(uy), and ax € z;'v(M),, be such that & is
the horizontal lift of zay, i.e.,

. -1 -1
gk = gkTkArZTy, Gy -

Compactness of M implies that there exist a subsequence of z; (still
denoted by z;) and 2o € M such that z; — z,. Since the disk of radius
r in g is compact, by passing to a subsequence we may assume that
Trapzyt = b€ v(M),,z5". But

u + & = —gi9x " + gk (@rarz ) gp ' = gk * (Trarzt) 2w

and zxa,r;" — b. Since the action of P(G,e x G) on H°([0,1];g) is
proper (cf. [35]), g, has a subsequence in H'([0,1]; G) converging to
go- This implies that uy — ug = go * 0 € M. Hence &, converges.
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To prove M is Fredholm, we will show that its shape operators are
compact. Using right translation if necessary, we may assume that
e € M. Let a € v(M), be a non-zero normal vector. It suffices to
prove that the shape operator A, at 0 € M is a compact operator.
Since £(0) = —¢', using Lemma, 5.7 we get

Au(€) = [6,] + 5[2/(0),0] ~ 4u(a'(0).
We can thus write 5
Aol€) = DI + BE),

where
D(E)=[6,a] and B(E) = 5[a'(0),a] - 4u(a'(0)).

It is clear that B is of finite rank. So it suffices to prove that D is
compact. To see this, we let t be a maximal abelian subalgebra of
g containing v(M)., g = t + ) ,ca+ 8a the corresponding root space
decomposition, and {t,... ,tx} U {Za,Ya | € At} an orthonormal
basis of g such that tx_pi1,... ,tk € V(M),, t; €, To,Ya € g and

[a,24] = a(a)ys, [a,Ya] = —a(a)Zq.
Let z, = x4 + tYy,. Then

€an = Re(z,€ v fam =Im(2,€>™), a€At, n>1,
Sjn =tjcos2mnt, t;,=1t;sin2wnt, n2>1,
tla"' atk—pa ZTasYas ac A+

27rint)

form an orthonormal basis for T'Mj. Direct computation shows that D

satisfies
D(sjn) = D(t;») = D(t;) =0,

D(ea,n) = %%ea,n, D(fa,n) = %é,%fa,n,
D(zq) = —a(a)tys, D(Ya) = a(a)tz,.

It is now clear that D is a compact operator.

The following lemma is well-known:

5.9. Lemma ([35]). Let M be a proper Fredholm submanifold in
the Hilbert space V, and ¥ € V(M Ju- Then u + 0 is a multiplicity m
focal point of M with respect to u if and only if 1 is a multiplicity-m
eigenvalue of the shape operator Aj;.
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5.10. Lemma. Let m : E — B be a Riemannian submersion,
vo € TB,, ¢ = exp}(v), and v be the normal field on 7= (p) defined
by v(z) being the horizontal lift of vy at . Let f : n~1(p) = n~1(q) be
the map defined by f(z) = exp®(v(z)). Then f is a diffeomorphism.

Proof. The lemma follows from the fact that for the Riemannian
submersion 7, the horizontal lift 4(¢) of a geodesic y(t) in B is a geodesic
in E. q.ed.

We will use the end point maps of parallel normal vector fields v
of M and ¥ of M in the next lemmas. Recall that these are defined
toben, : M = G,p — exp (v(p)), and n; : M = V,u = u + o(u),
respectively.

5.11. Corollary. Let M be a weakly equifocal submanifold of G, v
a normal field on M, and © the horizontal lift of v on M = ¢~1(M).
Then the following hold:

(1) ¢oms=mn,04.

(2) ¢ (M,) = M;.

(8) Letij € My andy = ¢(j). Then ¢ maps n;*(§) diffeomorphically
to n;" ()

(4) If d(n;)(u) =0 and u # 0 then d¢(u) # 0.

Proof. By Theorem 4.5 (4), ¢ is a Riemannian submersion, (1)
follows from Lemma 5.10. (2) is a consequence of (1). Let ¢(Z) = z,
Z 4+ 9(Z) = g. Then

$(& + 9(Z)) = ¢(ns()) = m($(Z)) = mu(z) = S(9) =,

which implies that ¢ maps n;*(§) to n;!(y). Now if Z,,%, € n;*(§) and
¢(Z1) = ¢(Z2) = € ;' (y), then we have I; = Z, since by Lemma 5.10
n, maps ¢~ (z) diffeomorphically to ¢~*(y). This argument also proves
that ¢ maps n; () onto n;!(y). So we have proved (3).

To see (4), suppose d(n;)(u) = 0 and d¢p(u) = 0 for some u € TM,.
Then u € T(¢~*(z)),. But n; is diffeomorphic on ¢~*(z). So u = 0.

5.12. Lemma. Let M be a submanifold in G with globally flat and
abelian normal bundle, z € M, Z € ¢$~*(z), and ¥ be the horizontal lift
of v by ¢. Then v is a multiplicity-m focal normal of M with respect
to = if and only if v is a multiplicity-m focal normal of M with respect
to Z. Moreover, d¢; maps the kernel of dn; bijectively onto the kernel
of dn,.

Notice that in general the eigenspace E\(u, %) = ker dn; is not hori-
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zontal although d¢ is injective on it; see section 7 for examples.

Proof. We know from Proposition 3.7 that go = exp (v(po)) is a
focal point of M with respect to p, if the differential of n, : M — G
is not injective. The multiplicity of the focal point is equal to the
dimension of ker dn, at pp. By Lemma 5.9, ug + U(uo) is a focal point
of M with respect to ug if and only if the differential of the map 7; :
M — V is not injective and its multiplicity is equal to the dimension
of ker dn; at u,.

We therefore need to prove that the dimension of ker dn; is equal to
the dimension of ker dn,. But by Corollary 5.11, we have 1, 0¢ = ¢on;:
Hence we have the following commutative diagram:

TM,, 2=V
dg | | ¢
T™,, % TG,

If X € kerdn; is nonzero, then by Corollary 5.11 (4) we have X ¢
kerdp. Hence X = dp(X) # 0 and dn,(X) = 0. It follows that the
dimension of ker dn; is less than or equal to the dimension of ker dn,.

Now let X € kerdn, be a nonzero element and let X be the hori-
zontal lift. Then from the commutative diagram above it follows that
dn,(X) € ker dpy (). By Lemma 5.10, there is an element ¥ € ker d¢,
such that dn;(Y) = dn;(X). Hence dns(X —Y) = 0. We have thus
proved that the dimension of ker dn; is greater or equal to the dimension
of ker dn,. This finishes the proof.

5.13. Proof of Theorem 1.10. Lemma 5.12 proves (1), and
Lemma 5.6 proves (2). It remains to prove (3). Let us first assume that
M* is weakly equifocal. Then we know from Lemma 5.8 that M is a
proper Fredholm submanifold of V. By Lemma 5.6, 1/(1\7[ ) is globally
flat. So to prove that M is weakly isoparametric, it is therefore left to
show that the multiplicities of the eigenvalues of A;(y) are constant and
that dA(X) = 0 for X € E,(9) = {X|A;X = AX}. Furthermore, if
M~ is equifocal, we will show that A is constant, thereby proving that
M is isoparametric.

It follows from Lemma 5.12 that the multiplicities are constant. Let
A(u) be a principal curvature function of Aj(,). Then there is a focal
point of M in direction (u) at distance A(u)~'. Hence by Lemma 5.12,
M has a focal point in the direction v with respect to ¢(u) = p, at dis-
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tance f(p) = A(u)™'. Notice that d¢(E\ (7)) are the fibers of the focal
distribution Fy, where E,(7) is the eigenspace of Aj;(,) corresponding
to the eigenvalue A(u). Hence df (d¢X) = 0 for X € E\(9) implies
d\(X) = 0. Thus M is weakly isoparametric. If M* is equifocal, then
f is constant. Hence ) is constant and M therefore isoparametric.

Notice that the above arguments can also be used to prove the other
direction. We therefore have that M (weakly) isoparametric implies
M* (weakly) equifocal. This finishes the proof of the theorem.

The following theorem is proved exactly as Theorem 1.10.

5.14. Theorem. Let ®, be as in Corollary 4.8, and M a closed
submanifold with globally flat and abelian normal bundle of [1; Gis,_, s,-
Then ®;1(M) is a (weakly) isoparametric submanifold of H°([0,1];g)
if and only if M is a (weakly) equifocal submanifold of [J, Glsi_1,s:]-

5.15. Remark. As in the finite dimensional case, one can show
that if the dimension of E)(?) is locally constant and at least two, then
d\(u) = 0 for u € E\(0), where A is a principal curvature function in the
direction of the parallel normal vector ¢ of a proper Fredholm subman-
ifold with flat normal bundle in a Hilbert space. As a consequence, it is
only necessary in the definition of weakly equifocal submanifolds to as-
sume that df (u) = 0 for u in the kernel of dny, if f is a multiplicity-one
focal curvature of M along a parallel normal field v. A similar remark
can of course also be made on the definition of weakly isoparametric
submanifolds in Hilbert spaces.

5.16. Theorem. Let M be a weakly isoparametric submanifold
in a Hilbert space V', ¥ a focal normal field, and S a leaf of the focal
distribution F; on M. Then S is a compact Z,-taut submanifold that
is contained in a finite dimensional affine subspace of V.

Proof. Being weakly isoparametric, M itself is taut with respect to
Z,. It is even true that every squared distance function on M is perfect
in the sense of Bott. Set a = 1;(S). Then S is a critical manifold of the
squared distance function f, centered at a. Since f, satisfies condition
C ([35]), S is compact.

To prove that S is taut we use the following fact proved by Ozawa
in [25]: Suppose f is a perfect Morse function on M in the sense of
Bott, and S is a critical submanifold of f. If g is function on M that
restricts to a Morse function on S and has the property that f + dg
is a perfect Morse function on M in the sense of Bott for all §, then
g| S is a perfect Morse function on S. (Ozawa proves this in the finite
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dimensional case using the Morse lemma. Since the Morse Lemma is
true for functions satisfying condition (C) (cf. [26]), Ozawa’s result is
true in infinite dimension.) Now let f, be a squared distance function
on M that is a Morse function on S. An easy calculation shows that

fot+dfs =1 +6)f, +c(6),

where z = (a+6b)/(1+ ), and ¢(d) is a constant that depends only on
4. Since weakly isoparametric submanifold is taut, f, +4df; is a perfect,
and non-degenerate in the sense of Bott for all . Ozawa’s result now
implies that f; is a perfect Morse function on S. This proves that S is
taut.

Now exactly as when the ambient space is finite dimensional, we
can show that S spans a subspace of dimension less than or equal to
n(n+3)/2, where n is the dimension of S. To be more precise, let O, be
the osculating space of S at p, i.e., the affine space through p spanned
by the first and second partial derivatives of S at p, or equivalently
the affine space spanned by the the tangent space at p and the vectors
a(X,Y) for X,Y € TS, where a is the second fundamental form of
S. Tt is clear that the dimension of O, is at most n(n + 3)/2. Now let
p be the nondegenerate maximum of some squared distance function.
Then the tautness of S (or even the much weaker two-piece property)
implies that S is contained in O,, cf. [8]. In particular we have proved
that S spans a finite dimensional affine subspace.

5.17. Proposition. Let M be a weakly equifocal submanifold in G,
v a focal normal field, and F, the focal distribution defined by v. Then
the following hold:

(1) F, is integrable and its leaves are diffeomorphic to a compact,
taut submanifold in a finite dimensional Euclidean space.

(2) If M is equifocal, then the leaves of F, are diffeomorphic to an
isoparametric submanifold in v(M, )y, (z)-

Proof. The focal distribution F, is integrable since it is the dis-
tribution defined as the kernel of the differential of the map 7, with
constant rank. Thus the leaves of F, are exactly the fiber of 7,. Let M
be the lift of M to V. Then M is taut by Proposition 5.2. Let ¥ be the
horizontal lift of v to a normal vector field of M. From Lemma 5.12
it follows that ¥ is a focal normal field since v is so. Let z, € M , and
a = 29 +9(z). Then we obtain Theorem 5.16 and Corollary 5.11 using
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(1). If M is equifocal, then by Theorem 1.10 (3) M is isoparametric
in V. = H°([0,1],g). From the slice theorem for infinite dimensional
isoparametric submanifolds it follows that n;!(a) is an isoparametric
submanifold of the finite dimensional affine subspace z, + V(M,-,)a (cf.
[35]). Thus Corollary 5.11 (3) yields (2).

6. Geometry of weakly equifocal submanifolds

In this section, we will give proofs for Theorem 1.6, 1.7, 1.8 and 1.9.
In the following, we let (G, K) be a compact symmetric pair, N = G/K
the corresponding symmetric space, and 7 : G — N the Riemannian
submersion associated to the right action of K on G, M a submanifold
of N, and M* = n~!(M).

We will need several lemmas for the proof of Theorem 1.9. We use
the same notation as in Theorem 1.9 except that we do not assume
that the normal bundle is globally flat when not explicitly stated. The
first lemma. is a simple consequence of the following facts:

(i) the vertical distribution V of 7 is V(g) = g%, where ¢ is the Lie
algebra of K,

(if) w(gh) = w(ghk) for k € K, in particular, we have dm,(gu) =
drmgr(guk).

6.1. Lemma. Let H denote the horizontal distribution of the Rie-
mannian submersion m: G — N, and g = ¢+ p the Cartan decomposi-
tion. Then

(1) H(g) = gp,
(2) for u €p and k € K, the horizontal lift of dmy(gu) at gk is guk.

Since 7 is a Riemannian submersion, by using Lemma 5.10 the fol-
lowing lemma can be proved in exactly the same way as Corollary 5.11.

6.2. Lemma. Let v be a normal vector field on M, and v* the
horizontal lift of v to M*. Then the following hold:

(1) nyom=mon,..
(2) = '(M,)=M,..
(3) m maps 0, (y*) diffeomorphically onto n;(y) for any y* € M.
(4) If d(n,+)(u) =0 and u # 0, then dm(u) # 0.
6.3. Lemma.
(1) v(M*) is abelian if and only if v(M) is abelian.
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(2) Suppose that v is a normal vector field on M, and v(M) is abelian.
Then the horizontal lift v* of v to M* is a parallel normal vector
field on M* if and only if v is parallel.

(8) v(M*) is globally flat and abelian if and only if v(M) is globally
flat and abelian.

Proof. (1) Let a = g7'v(M),k. Then expv(M),x = (g exp(a)) is
contained in a flat of NV if and only if a is abelian. On the other hand,
v(M*), = ga and hence expv(M*), = g exp(a) is contained in a flat of
G if and only if a is abelian.

(2) Let X be a vertical tangent vector. Since the covariant derivative
V*%v* only depends on v* along a vertical curve with tangent vector
X, we may assume that both v* and X are right invariant. So

Vxv* = —%[X,v*].

Now it follows from Proposition 3.1 that V}v* is a tangent vector of
M* since the normal bundle is abelian by (1). We have therefore shown
that Viv* = 0 for every vertical tangent vector X.

It is only left to show that Vitv* = 0 for every horizontal tangent
vector X if and only if Vi, yv = 0.

Let X be a horizontal tangent vector of M*. We decompose V%v*
into horizontal and vertical components:

Viv® = (Vv ) + (Viv"),-

Since (V%v*), is the horizontal lift of V4, xv, (V%v*), lies in the tan-
gent space of M* if and only if V4, xv lies in the tangent space of M.
But vertical vectors are tangent to M*. This implies that Vi v* = 0
if and only if V3 yv =10

(3) This is now an immediate consequence of (1) and (2).

Now the proof of Lemma 5.12 carries over to our present sitution, so
we have the following lemma.

6.4. Lemma. Let M in N be a submanifold with globally flat and
abelian normal bundle, v € v(M),, z* € 7~ !(z), v* be the horizontal
lift of v at z*, and M* = 7~ Y(M). Then v is a multiplicity-m focal
normal of M with respect to z if and only if v* is a multiplicity-m focal
normal of M* with resptect to z*. Morover, dm,. maps the kernel of
dn,~ bijectively onto the kernel of dn,.
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Notice again that the kernel of dn,. is in general not horizontal. In
the next section we will discuss examples that demonstrate this.

6.5. Proof of Theorem 1.9. Lemma 6.3 proves statement (2),
Lemma 6.4 proves (1), and statement (3) can be proved in a similar
manner as the proof of Theorem 1.10 (3).

Applying Theorem 1.9 to the rank-one symmetric space S™*!, we
get

6.6. Corollary. Let M™ be an isoparametric hypersurface of S™+'.
Then
(1) M s equifocal in S™t1,

(2) M*=n"'(M) is an equifocal submanifold of SO(n+2), where w
is the natural fibration from SO(n + 2) to S™*'.

Similarly, if M™ is a proper Dupin hypersurface of S"*!, then the
lift M* of M to SO(n + 2) is a weakly equifocal submanifold. If M is
proper Dupin, but not isoparametric, then it follows immediately that
M* is an inhomogeneous weakly equifocal hypersurface of SO(n+2). It
is much more difficult to find inhomogeneous equifocal hypersurfaces in
SO(n+2). This will be done in the next section. Let M be an equifocal
submanifold in the symmetric space N, and v a parallel normal field on
M. Then the parallel set M, = n,(M) is an immersed manifold since
the end point map 7, : M — N has constant rank.

6.7. Proposition. Let M be a compact, equifocal submanifold in a
compact, symmetric space N, and v a parallel normal field. If v is not
focal, then M, is equifocal if and only if n, : M — M, is one-to-one.
Moreover, if n, is not one-to-one then
(1) n,: M — M, is a finite cover,

(2) the normal holonomy of M, is nontrivial, but otherwise M, satis-
fies all the conditions in the definition of an equifocal submanifold.

Proof. We first prove that exp,(v(M);) = expy, (o) (¥(My)n,(2)) if
n,(z) is not a focal point of M with respect to z. Theorems 1.10 and
1.9 imply that the connected components of M = 7~!(¢~1(M)) are
isoparametric. Therefore the corresponding statement is true for M
and Mj; see [35]. The normal spaces of M and M are the horizontal
lifts of the normal spaces of M and M, respectively which implies what
we wanted to prove. It also follows that the normal bundle of M, is
abelian. By Lemma 6.3, v(M,) is flat if v(M;) is flat. We need to show
that the normal bundle of M, has trivial holonomy if 7, is one-to-one.
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Let w be a parallel normal vector field on M. Then dn,(w) will give rise
to a globally defined parallel normal field on M, since 7, is one-to-one.
This shows that M, is equifocal if 7, is one-to-one. If 7, is not one-to-
one, let p and ¢ be two different points in M such that 7,(p) = 1,(q).
Let a(t) be a curve connecting p and ¢q. Then 3(t) = ,(c(t)) is a closed
curve in M, and dn,(v) will yield a parallel normal field along 3(t) that
does not close up in 3(0) = S(1). This shows that the holonomy of the
normal bundle is nontrivial. It is obvious that the focal structure of
M, is parallel.

6.8. Corollary. Let M,N,v and n, be as in Proposition 6.7. Then

one of the following statements holds:

(1) n,: M — M, is a diffeomorphism,

(2) n,:M — M, is a finite cover,

(8) mny:M — M, is a fibration, and M, is a focal submanifold of M.

6.9. Remark. As mentioned in the introduction, if N is a real
projective space and M a distance sphere in N, then M is equifocal.
Its parallel manifolds are spheres, a projective hyperplane and a point.
The projective hyperplane is not equifocal since it does not have trivial
normal holonomy. As a parallel submanifold M doubly covers the
projective hyperplane by the corresponding end point map 7,. Note
that the lift of M to the Hilbert space V has two connected components.

6.10. Proposition. Let M be an equifocal submanifold of N, and
v a parallel normal field on M. Then M, is embedded. Moreover, if
v1,v2 are two parallel normal fields on M and M,, N M,, # 0, then
M, =M,,.

Proof. A connected component of the lift M to V is either an
isoparametric submanifold or a focal submanifold of the isoparamet-
ric submanifold M and hence embedded. It follows that M, must be
embedded. If two parallel manifolds of M meet without coinciding,
then the same thing is true for their lifts. But we know that paral-
lel manifolds of an isoparametric submanifolds cannot meet without
coinciding.

One consequence of Propositions 6.7 and 6.10 is that M and its
parallel submanifolds give rise to an ‘orbit like foliation’ of M. There
are three types of leaves: ‘principal’ when M, is equifocal, ‘exceptional’
when the dimension of M, is the same as that of M but the normal
holonomy is nontrivial, and ‘singular’ when M, is a focal submanifold.



SUBMANIFOLD GEOMETRY IN SYMMETRIC SPACES 701

We will see later that we can exclude ‘exceptional’ leaves when the
ambient space N is simply connected.

6.11. Proposition. If N is a simply connected, compact symmetric
space, and M is a connected submanifold of N, then the lift M* =
n~1(M) is connected. If furthermore G is simply connected, then M=
¢~ (M*) is connected.

Proof. Since N = G/K is simply connected, K is connected.
So the exact sequence of homotopy of the fibration M* — M with
fiber K implies that M* is connected. We now prove that the lift
M = ¢~}(n~1(M)) of M to V is connected. We know from the proof
of Proposition 5.4 that M is diffeomorphic to the path space P(G, p* x
M*), where M* = n~1(M) and p* is a lift of p. Notice that P(G,p* x
M*) fibers over M* with fiber Q,.(G). Hence

v = Wo(Qp (G)) = mo(P(G,p* x M*)) = mo(M*™).

Since G is simply connected we have that 7o (2, (G)) = m (G) = 0.

6.12. Corollary. Let N be a simply connected, compact symmetric
space, M a codimension-r equifocal submanifold of N, and v a parallel
normal field. If v is not focal, then n, : M — M, is a diffeomorphism,
and M, is also equifocal.

Proof. By Proposition 6.7, it suffices to prove that 7, is one to one.
Suppose z;,z; € M such that 7,(z;) = n,(z;) = z. We can assume
that N = G/K, and G is simply connected. Let ¥ be the horizontal lift
of v to M via 7o ¢. By Lemmas 5.12 and 6.4, ¥ is a non-focal, parallel
normal field on M. Since M is connected by Proposition 6.11 and is
isoparametric in V, n; : M — M; is a diffeomorphism. But by Lem-
mas 5.12 and 6.2, n; maps the fiber Y; over z; of m o ¢ diffeomorphically
onto the fibers over z for 1 = 1,2. Because 7; is a diffeomorphism,
Y, = Y,. In particular, this proves that z; = z,.

6.13. Theorem. Let M be an equifocal submanifold of the sym-
metric space N. Then M is totally focal in N.

Proof. Let c(t) be a geodesic that meets M orthogonally at ¢t = 0
and satisfies ¢(1) € M, for some focal normal field v. We have to show
that ¢(1) is a focal point of M in the direction ¢'(0). Let é(¢) be a lift to
V. Then &0) lies in M = ¢~ (x~1(M)) and &(1) € M;. It follows from
Lemmas 5.12 and 6.4 that the components of M; are focal submanifolds
of M, and by [35], &(1) is a focal point of M in direction &(0). Hence
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¢(1) is a focal point of M in the direction ¢'(0) by Lemmas 5.12 and
6.4.

It is easy to see that a k-flat in a compact, rank-k symmetric space
N is a closed torus. But an r-flat with r < k£ in N need not be a closed
set. The following Theorem is proved in [17]:

6.14. Theorem. Let N be a connected, compact, symmetric space
of semi-simple type equipped with the bi-invariant metric induced from
the Killing form on g. Suppose H acts on N isometrically, and x € N
is a reqular point of the H-action such that exp(v(H - z),) is contained
in some flat. Then ezp,(v(H - x),) is closed in N.

This theorem implies that if M is a homogenous, equifocal submani-
fold of N, then exp(v(M),) is closed. The following theorem generalizes
this fact to an arbitrary equifocal submanifold:

6.15. Theorem. Let N be as in Theorem 6.14, and M a closed
equifocal submanifold of N. Then ezp,(v(M),) is a closed torus for all
zEM.

Proof. 1t is evident that if we lift M to the Lie group G and prove
the theorem for M*, then it also follows for M in N. So we may assume
that N = G. It is proved in [17] that if t is the Lie algebra of a torus in
G, and a is a linear subspace of t, then exp(a) is a closed torus if and
only if exp(at) is also so, where a' is the orthogonal complement of a
in t.

The proof of this theorem is similar to that of Theorem 6.14 in
[17] with minor changes. We repeat it for sake of completeness. Set
a=v(M), and A = exp,(a). Assume A is not closed, and set B = A.
Then B is a torus, and the Lie algebra b of B is abelian. Let a; denote
the orthogonal complement of a in b, and A; = exp(a;). We first
prove that B is transversal to the orbit M. To see this, notice that A is
orthogonal to M whenever A meets M since the parallel manifolds of
M give rise to an orbit like foliation whose leaves are met orthogonally
by A. More precisely, let M, denote the parallel submanifold of M
through a € A. Then aa 1 T(M,), and M, = M ifa € AN M. Since
B is the closure of A it follows that ba L T M, for every b € BN M
which implies that B is transversal to M since T'B, = bb contains ba.
By transversality, BN M is a compact submanifold of G. Next we show
that BN M = A;. In fact, one sees easily that T'(B N M), = ba, for
every b € BN M. But A, is the integral submanifold through e of the
distribution A(g) = ga, defined on G. Hence BN M = A;. Since B
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and A, are tori, A is a torus.

6.16. Corollary. Let N be as in Theorem 6.1, and M a closed
equifocal hypersurface of N. Then every normal geodesic to M in N 1is
a circle.

6.17. Proof of Theorem 1.8. Let v € v(M),, T € ¢~ (n" (),
and ¥ be the horizontal lift of v by 7 o ¢. Since 7 o ¢ is a Riemannian
submersion, exp, (v) = n(¢(Z +v)). We prove each item of the theorem
seperately below:

(a) By Corollary 5.11 (3) and Lemma 6.2 (3), 7 o ¢ maps the focal
leaf of F; diffeomorphically onto the focal leaf of F,. Then (a) follows
from Proposition 5.17 (2).

Part (b) is proved in Theorem 6.15.

(c) The lift M = ¢~!(x~*(M)) is an isoparametric submanifold and
has therefore an affine Coxeter group W acting on its affine normal
spaces; see [35]. Since d(m o ¢) maps the affine normal spaces of M
isometrically onto the normal spaces of M, W acts on v(M), for all
z € M. Then (c) (1) follows from the standard results of isoparametric
submanifolds in Hilbert space. To prove (c) (2), we note that M N
(% + v(M);) = expY (W -0), where exp” is the exponential map for
V. So exp(W -0) C M NT,. Conversely, if y € T, N M, then there
exists a parallel normal field v on M such that y = exp( (z)). But

= 7(#(Z+9(Z)), where ¥ is the horizontal lift of v. Then M;NM # 0.
But M is connected and isoparametric. So M = M;. Hence #(z) € W-0
and y € exp” (W -0). This proves (c) (2).

(d) Using results for the isoparametric submanifold M in V, (2)
follows from (1). So we need .only prove (1). Since exp(v(M),) is
contained in some flat, exp, is a local isometry from v(M), onto T,.
Thus to prove (d) (1) it suffices to prove that exp, is one to one on
D,. Suppose not. Then there exist parallel normal fields 9, and o,
on M such that expV (t,(Z)), exp¥ (tty(z)) € D, for all 0 < t < 1
and exp,(vi(z)) = expg(v:(z)) = p, where z = 7w(p(Z)) and v; =
d(mo¢)(?;). Note that p € M,, NM,,. By Proposition 6.10, M,, = M,,.
But M;, = (w0 ¢)~*(M,,). Since M is connected and isoparametric,
0; = ¥,. Hence v, = vy, which proves (d) (1).

Part (e) is Theorem 6.13.

(f) Item (1) is proved in Corollary 6.12. It was proved in Corol-
lary 6.8 that if exp(v(a)) is a focal point, then 5, is a fibration. By
Corollary 5.11 (3) and Lemma. 6.2 (3), w0 ¢ maps n;(§) diffeomorphi-
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cally onto ;' (y) for y € M,. But n; 1(§) is the slice of the isoparamet-
ric submanifold M in V. So n;'(§) is an isoparametric submanifold of

y + v(Mjy)z. This proves (2). Item (3) can be proved exactly in the
same way as (c)(2).

Part (g) follows from Proposition 6.10 and the standard results for
isoparametric submanifolds in V.

(h) Note that since M is isoparametric, the distance squared func-
tion f, on Mj is non-degenerate in the sense of Bott and is perfect if
a € (mo@¢)~'(p) (cf. [35]). By the same argument as in the proof of
Proposition 5.4, M; is diffeomorphic to P(G,p* x M*) and f, corre-
sponds to the energy functional E, where p* € 7~!(p). Next we prove
that P(N,p x M,) and P(G,p* x M*) are homotopy equivalent. For
this we can assume that p lies in M so that p* lies in M*. We have
a fibration =, : P(G,p* x M*) — P(N,p x M) with fiber the space
of paths in the coset p*K starting in p*. Since the fiber is obviously
contractible, P(N,px M) and P(G,p* x M*) are homotopy equivalent.
Since E corresponds as in the proof of Proposition 5.4 to the distance
squared function of an isoparametric submanifold in V', the indices and
Morse linking cycles at critical points of E are given explicitly (cf.[35]),
and (1), (2) follow.

(i) It is known that V = U{D; | # € M} and it has properties anal-
ogous to (1), (2) and (3) (cf. [35]). So (i) follows from (d).

As a consequence of Theorem 1.8, we can describe the space of par-
allel submanifolds of an equifocal submanifold in the simply connected
case.

6.18. Corollary. Let M be an equifocal submanifold of a simply
connected semi-simple symmetric space N. Then the space of parallel
submanifolds of M with the quotient topology is a simplex where the
boundary points correspond to the focal manifolds.

Note that Theorem 1.6 is a special case of Theorem 1.8 when M is
an equifocal hypersurface. So the only theorem that remains to prove
is 1.7.

6.19. Proof of Theorem 1.7. By Theorems 1.9 (3) and 1.10, the
connected components of M* are weakly equifocal in G, and similarly
the connected components of M are weakly isoparametric in V. The
proof that an infinite dimensional isoparametric submanifold is taut
(cf. [35]) shows also that an infinite dimensional weakly isoparametric
submanifold in V is taut. So (b) and (c) follow. (a) follows from
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Proposition 5.17 (1) and Lemma 6.2 (3).

7. Inhomogeneous examples in Hilbert spaces

The main purpose of this section is to show that there exist inho-
mogeneous equifocal hypersurfaces in SO(n) and H([0,1],s0(n)) for
certain numbers n. By an inhomogeneous submanifold we mean that
it is not an orbit of a subgroup of the isometry group of the ambient
space.

Let 8™ = SO(n +1)/SO(n), @ : SO(n + 1) — S™ be the natural
fibration, and ¢ : H°([0, 1], s0(n+1)) — SO(n+1) be the parallel trans-
port map as before. Let M C S™ be a submanifold, M* = n~'(M),
and M = ¢~'(M*). First, we will derive explicit formulas relating the
shape operators of M, M* and M. In order to do this, we recall some
facts about Riemannian submersions. Let 7 : E — B be a Riemannian
submersion, M a submanifold of B, and M* = 7~*(M). Let X and Y
be vector fields on E, and define

NxY = (Vx,Yn)o + (Vx,Yo)n,

where the indices h and v refer to the horizontal and vertical compo-
nents respectively. Then N is tensorial in X and Y. In fact, N is one
of the O’Neill tensors for the Riemannian submersion 7. If both X and
Y are horizontal, then

NXy = —NyX = (VXY)‘U

7.1. Proposition. Let 7 : E — B be a Riemannian submersion,
M a submanifold of B, v € v(M), and u € TM,. Let M* = n~ (M),
and v*,u* be the horizontal lifts of v,u at y € m~'(z) repectively. Then

Ar.ut = (Ayu)* + Ny-u®,

where A and A* are the shape operators of M and M* respectively, and
(Ayu)* is the horizontal lift of A,u.

Proof. Since the horizontal component of V*,.v* coincides with the
horizontal lift of V,v, the horizontal component of A}.u* is (4,u)*.
The vertical component of V*,.v* is tangent to M* and hence is equal
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to the vertical component of —Aj.u*. Since both u* and v* are hori-
zontal, the vertical component of V*,.v* is equal to N,.v* = —N,.u*.
This proves that the vertical part of A}.u* is equal to N,.u*.

7.2. Proposition. Let G/K be a symmetric space, and 7 : G —
G/K the corresponding Riemannian submersion. If v* and u* are hor-
izontal vectors in T,G, then

1
Nyu* = E[v*,u*].

Proof. Since the left invariant vector fields defined by u* and v* are
horizontal and N,.u* is a tensor, we have

1
Nyu* = (Vy.u*), = E[v*,u*]v.

But that G/K is a symmetric space implies that [v*,u*] is vertical. So
we are done.

7.3. Proposition. Let G/K be a compact, symmetric space,
7w : G = G/K the natural fibration, M a submanifold of G/K, and
M*n~1(M). Assume that p = n(e) € M. Let X € TM,,¢ € v(M),,
X and & be the horizontal lift of X and € at e respectively, and X
be a vertical vector at e. Let A¢ and Af. be the shape operators of M
and M* respectively. Then
(1) ApX5 = (AX)" + 5[€, X7,

(2) A:(X;)=—3i[¢",X;], which is horizontal.

Proof. (1) follows from Lemma 4.4 and Proposition 7.2. To prove
(2), we first notice that V%.£* depends only on ¢* along a vertical curve
with tangent vector X} at e. By Lemma 6.1 (2), the horizontal lift of £
along k € K is right invariant. So we may assume that both X and £*
are right invariant vector fields. Hence V¥.&* = 3[¢*, X;]. Since the
fibers of 7 are totally geodesic, V%.¢" is horizontal. Now let g =+ p
be the Cartan decomposition, and a = v(M*),. Because a is abelian
and the metric on G is Ad-invariant, we have [a,¥] L a. This implies
that [a,®] C TM? and proves (2).

7.4. Theorem. Let m: SO(n + 1) — S™ be the natural fibration
associated to S™, ¢ : H°([0,1],s0(n+1)) — SO(n+1) the parallel trans-
port map, M a submanifold of S*, M* = n~'(M), and M = ¢~1(M*).
Let £ € M, z* = ¢$(Z), and z = w(z*). Let £ be a unit normal vec-
tor of M at x, and £*,& the horizontal lift of €. Let E\(z,&) denote
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the eigenspace of A for the eigenvalue X, and E}(z*,£*), Ex(,€) be

defined similarly. Then we have

(1) d7rz* maps E(csc0+cot0)/2($*a£*) isomorphically onto Ecota(x’é)f
and the inverse is given by Y — Y*,

Y= ‘T*(X;: + (CSCB — cot 0)[$*_1§*’X;]) € Ezcscﬁ+cot0)/2(z*’€*)7
where Y € Ecoi9(z,€) and X} € p such that * X} is the horizon-
tal lift of Y,

(2) d¢i maps E% ({i",g) isomorphica’”y to E{csc 6+-cot 0)/2(:1:*,6*)) and it
1s given explicitly as follows:

0 _

sing?
Wy = z*(X; + (cscf —cot ) X)) € E*(z*, &),
where X} = [z*7'¢*, X}] and g € H*([0,1],G) satisfies the con-
dition that g(1) = e and g *x % = 0.

Before proving this theorem, we need the following Lemma:

7.5. Lemma. With the same notation as in Theorem 7.4, if A =
cotbtesed — L cot § is an eigenvalue of Ay at z* € M* with multiplicity
m, then exp(0&*) is a focal point of M* with respect to =* of multiplicity
m

Y = Y(cos(8(t — 1)) X; —sin(0(t — 1)) X2)g € E% (z,€)

Proof. We may assume that g =e. Let Y* € E}, y*(¢) be a curve
in M* such that (y*)'(0) = Y*, and v*(¢) be the parallel normal field
along y*(t) with v*(0) = 6£*. By Lemma 3.4, we have

Py (1,0)dnge. (v°)'(0)) = (D1(0€7) — D2(6€7) Age. ) (Y,
where P,.(1,0) is the parallel translation from 1 to 0 along y*, and 7,
is the end point map. Using the definition of the operators D; and the
fact that S™ has only one root, we get

0 0
Dy(08") (V") = cos Y, Dy(8E7)(Y") = %sin SY

This proves that dnj,.((v*)'(0)) = 0.

7.6. Proof of Theorem 7.4. By left translation, it suffices to
prove (1) for z* = e. Suppose A¢(X) = cot§ X. Set X; = [£*, X}].
Then by Proposition 7.3 we have

Az (X;) = cot§ Xp + 3[€%, Xi] = cot 0 X; + 3 X7,
AE*(X*) = —%[‘f*aX:] = %Xl:7

v
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where the last equality follows from the fact that ad(¢*)*(X}:) =
—X;. A direct computation shows that X; + (cscd — cot )X, is in
E(csc 6+cot8)/2*

Conversely, suppose A*(Y*) = J(csc@ + cot§)Y*. Let Y* =Y, +Y;
be the decomposition into honzontal and vertical components, and Y =
dm(Y™*). Then Y}’ is the horizontal lift of Y at e. Using Proposition 7.3,
we get

AL (Y™) = AL (Yy) + Alz (Y) 1
= (A¢(Y))" + 3[¢, Y] — 36 Y]
= 2(cscO + cot 0)(Yy + V).
Comparing the vertical components of both sides of the above equation
yields
Y, = (csc@ — cot 0)[¢", Y,

Since G/K is of rank one,
(€7, Y7] = (csc — cot O)E" 6%, ¥;7]) = —(csc 6 — cot )Y}

Comparing the horizontal component then gives (4¢(Y))* = (cot 8Y)*.
This proves that dn(Y*) =Y € E o5.

To prove (2), we first assume that # = 0. Recall that the parallel
transport map ¢ maps focal points of M in H°([0, 1], g) to focal points
of M* in G, and maps normal geodesics of M to normal geodesics of
M*. Note also that given v € v(M),, u + +v is a multiplicity m focal
point of M with respect to u if and only if ) is a principal curvature
of M with multiplicity m. So as a consequence of Lemma 7.5, we have
d¢ maps E% isomorphically onto Ef .o coe)2- In fact, the inverse
of d¢ : E% == Elcotcot0)/2 Can be given explicitly as follows: By
Lemma 5.7, we have

A_(7 7 o* 1 *! * * *
(*) A(Z) = 2,61+ 5[27(0),£7] - Az (=7 (0)),
where z*'(0) = —Z(1). Now suppose Z' € E%. Then z*'(0)
€ Elscotcorn)/2- BY (1), there is X € Ecqiq such that z(0) = Xj +
s(0) X, where s(f) = cscd = —cot 6. So equation (x) becomes

1 - ~ 1
52 = 12,61+ 31X; +5(0)X2,€] — Az (27'(0)).
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Using [¢", X;] = X7, [€%, X7] = - X}, and 27'(0) € Efycpicor0)/ar WE
get

Z'=—[¢*,Z + X; — cot 0 X?).

| =

Set o
Y=7Z+X; —cotfX,.

Then ) 5 5
Y'=-0[¢"Y], Y(1) =—cschdX].

This initial value problem can be solved explicitly, and the solution is

Y (t) = (cos(ft) — cot Osin(0t)) X} — (sin(6t) + cot O cos(6t)) X2,
= —=L{sin((t — 1)0) X} + cos((t — 1)0) X }.

sin §
So p
o a0 _ . ~ .
X=-Z Sin9(cos(0(t 1))X; —sin(6(t — 1)) X,
is in E‘%. To summarize, we have shown that if 7(e) € M, z* = e, and
Z =0, then

~ déy * d
E% — E(csc 6+cot 0)/2 = Ecots
are isomorphisms and are given explicitly as

=2 (cos(6(t — 1)) X} —sin(6(t — 1)) X;)
V2 X+ (csch — cot ) X ¥5 X = dr(X}).

Next we compute the formuals relating the curvature distributions
at an arbitrary point z € M. Let z* € 77*(z) and Z € ¢~*(z*). Choose
g € H'([0,1],G) such that g(1) = e and g * # = 0. Recall that

$(g * 7) = g(0)¢(2)g(1) ™ = g(0) = 2" = $(0) = e.

So z* = g(0)~*. Because F,(y) = g * y is an isometry of H°([0,1],g),
we can translate the computation at 0 for F,(M) to Z by F, to obtain
the formula stated in (2).

In the remainder of this section, we will prove that there are in-
homogeneous isoparametric hypersurfaces in SO(n) and the Hilbert
space H°([0,1];s0(n)) for certain n. These examples are based on the
isoparametric hypersurfaces of Clifford type in spheres that were found
by Ferus, Karcher, and Miinzner [13].
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We first descibe the Clifford examples briefly following [30]. Let

C = {El, e ,Em—l}
be a system of skew ¢ x /-matrices satisfying
E,'Ej + EJE, = —2(51]Id

We call C a Clifford system. Such Clifford systems are in one-to-one
correspondence with orthogonal representations of the Clifford algebra
Crm_1 of R™! endowed with a negative definite metric.

We say that u,v € R' are Clifford orthogonal if

(’U,,’U) = (Elu7 ’U) == <Em—1u’v> =0.

The pairs (u,v) of Clifford orthogonal vectors satisfying
1
(’U,, u) - ('v,'v) - 5

form a submanifold V5(C) in S*~1. We call V,(C) the Clifford-Stiefel
manifold of C-orthonormal 2-frames in R'. The tubes around V,(C) in
S2=1 turn out to be isoparametric hypersurfaces, which have four dis-
tinct principal curvatures A; > - -- > Ay with multiplicities m;, my, m;,
my, where m; = m and my, = £ —m — 1. Using the classification of ho-
mogeneous isoparametric hypersurfaces, one sees that these examples
are inhomogeneous if m # 1, 2, or 4 and (m,£) # (9,16). (See [13] for
a detailed discussion of these examples.)

Using the same notation as in [13], we set Mt = V5(C), which is
one of the focal manifolds in the isoparametric family. It is proved in
section 5 in [13] that the set L of points z in the focal submanifold M*
such that there are pairwise orthogonal unit normal vectors &,...,&;
in (M), such that

3
dim ( ﬂ kerAE'.) >3
=0
is a non-empty proper subset of M™* if the multiplicities satisfy 9 <
3m; < my+9 and m; # 4, or equivalently if 6 < 2m < £+ 8 and
m # 4. This condition on m and [ is always satisfied if m > 4 except by
finitely many low dimensional examples. It now follows that M* and its
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family of isoparametric hypersurfaces are inhomogeneous without using
the classification of the homogeneous ones. Applying Theorems 1.9
(3) and 1.10 (3) to these Clifford examples in S*~!, we obtain many
isoparametric hypersurfaces in H°([0,1],50(2¢)) and SO(2¢). In the
following, we prove that these examples are not homogenous. Because
classifications of equifocal homogeneous hypersurfaces in compact Lie
groups and Hilbert spaces are not known, we will use the result of
Ferus-Karcher-Miinzner about the set L to prove the inhomogeneity.
We state this more precisely in the following theorem.

7.7. Theorem. Let M be an isoparametric hypersurface of Clifford
type in S?¢! satisfying 6 < 2m < £+ 8 and m # 4. Then:

(i) M* = n~'(M) is an inhomogeneous equifocal hypersurface in
S0(2¢), where m : SO(2¢) — S?*7! is the Riemannian submer-
sion obtained by the identification S?*~' = SO(2£)/S0O(2¢ — 1),

(ii) M = ¢ '(M*) is an inhomogeneous isoparametric hypersurface
in V, where V.= H°([0,1];50(2¢)) and ¢ : V — SO(2¢) is the
parallel transport map.

We will need the following simple Lemma.

7.8. Lemma. Let g = t+p be a Cartan decomposition corresponding
to S*~! = SO(n)/SO(n—1). Suppose a € p such that ad(a)?|pNat =
— id, and z,y,z € p are orthogonal to a. Ifr = [a,z] = [y, 2] thenT =0
and z = 0.

Proof. Let gc(A) denote the eigenspace of ad(a) on go = g®C
corresponding to the eigenvalue A\. Then a*Np C go (i) +gc(—2). From

[8c(A1),80(A2)] C ge(Ar + A2)

it follows that
[a, 2] € go (i) + 8o (1)
and
[y, 2] € gc(2i) + go(—21) + gc(0).

Hence r = [a,z] = [y, 2] = 0. Since ad(a)> = — id on at Np, z =0.

7.9. Proof of Theorem 7.7. Let L denote the set of points z
in the focal submanifold M+t such that there are orthonormal vectors
&,...,& in v(MT), satisfying

dim ( f] Ey(3,&)) > 3.

i=1
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It is proved in [13] that L is a proper subset of M*. Let O denote the
set of points Z in M+ = = (mo@)~'(M™) such that there are orthonormal
vectors &1,...,& in 1/(M+) such that

4
dim ((\(B2(&,&) + B_2(3,6)) > 3.
1

Let * = ¢(Z), ¢ = 7(z*), & = d¢(;) and & = dn(€}). Since both
n and ¢ are Riemannian submersion, {¢},...,£} C v(M*"),. and
{&,... ,&} Cv(MT), are orthonormal. )

Choose g € H*([0,1], G) such that g(1) = e and g *Z = 0. We claim
that

N} (B2 (#,&) + B_2(3,6))
= {sin(%t)g_lX,’;g |z*X}; is the horizontal lift of X € N} Eo(a;,§,~)}.
In particular, this shows that O = ¢~!(x#~!(L)). By definition of O,
M+ being homogeneous would imply O is either equal to M+ or an
empty set. Since L is a proper non-empty subset of M+, £ is a proper

subset of M*. Hence M* is inhomogeneous. To prove our claim, we
first note that by Theorem 7.4 any vector in Ez(Z,£) is of the form

g(sm—X*+cos —[¢& X*])

for some X € Ey(z,&), and any vector in E'-Tz (%,€) is of the form

Lomt Tty e\ —
g(sm;Yh — cos ?[5 ,Yh])g !

for some Y € Ey(z,£). Therefore a typical element in E’% (z,€) +
E_ 2(Z, €) is of the form

g(sm—(X+Y) +cos2[§ (X — Y)h])

Now suppose Z € N(E % (z,&)+E_ 2(%,;)). Then there exist X (1), Y (4)
€ Ey(z,¢&) fori =1,... ,4 such that

2 = g (sin(GHX 0 + cos( G161, Y ()31 g™
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where 2*X (i)} and z*Y (i)} are the horizontal lifts of X (i) and Y (3)
at z* respectively. Since Z is continuous and z* = g(0), Z(0) =
o*[z*71¢ 7, Y (3);]z* 7 . This implies that

[z* 7, Y (5] = [z 7€, Y (5)1]

for any 1 <=1,j < 4. Next we claim that Z(0) = 0. To see this, we
may assume z* = e. {},... ,£; are perpendicular to E} 1 (z*,&}) since
they are in v(M*), . Now let a =¢;, 2 =Y (1)}, y =& and 2 = Y (2)},
in Lemma 7.8. It then follows that » = Z(0) = [¢},Y(1);] = 0 and
Y(1); =0. So

~

7 = g((sin(3)X ()i + cos(F)[e* '€, Y (i);]) g~
( x

= g(sin(5)X (i)™

Moreover,
Z) =X =...=X(4);.

Hence z*Z(1) = X}, the horizontal lift of some X € N} Eo(,&;), and

Z = sin %th;g‘l
This proves our claim and completes the proof of (2).
Now suppose M*+" = 71(M) is the orbit of some subgroup H of
G x G through z* = e, where G = SO(2¢). It is proved in [37] that
M+ is then the orbit of the isometric action of

P(G,H) = {g € H'([0,1],G) | (9(0),9(1)) € H}

through the constant path @, a contradiction. This proves (1).

8. Open problems

1. Suppose M is an equifocal submanifold of a simply connected,
compact symmetric space N of codimension r > 2 such that the action
of the associated affine Weyl group on v(M), is irreducible. Is M
homogeneous, i.e., is M an orbit of some hyperpolar action on N?
This is true for irreducible equifocal (i.e., isoparametric) hypersurfaces
in Euclidean spaces if the codimension is at least three; see [39)].
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2. By Theorem 1.6, the normal geodesic 7, of an equifocal hyper-
surface in a compact, semi-simple symmetric space N is closed and
there are 2¢g focal points in v,. Is there a generalization of Miinzner’s
theorem for isoparametric hypersurfaces in spheres saying that g = 1,
2,= 3, 4 or 67 Wu proved in [42] that if NV is a complex or quaternionic
projective space, then ¢ = 1,2 or 3.

3. Can H,.(M, Z,) be computed explicitly in terms of the associated
affine Weyl group and multiplicities?

4. If M is an irreducible, codimension r > 2 isoparametric subman-
ifold of an infinite dimensional Hilbert space, is M homogeneous?

5. Let A, be defined as in Theorem1.8. Is there a finite group acting
on the normal torus T, of an equifocal submanifold in a simply con-
nected symmetric space that is simply transitive on the set of chambers
{&y|lye T, N M}?

6. Is there a similar theory for equifocal submanifolds in simply
connected, non-compact, symmetric spaces?

7. Lie sphere geometry of S™ (see [29], [7]) can be naturally extended
to compact symmetric spaces. To be more precise, let N be a simply
connected, compact symmetric space, and the unit tangent bundle T' N
be equipped with the natural contact structure. Given an immersed
Legendre submanifold f : X — TN and t € R, let f; : X = T'N
denote the map f;(u) = d exps,(tu). We call A a multiplicity-m fo-
cal radius of X along wg if fy is singular at u, and the dimension of
the kernel of d(f;),, is m. A connected k-dimensional submanifold
S of X is called a focal leaf of X if there exists a smooth function
A : S — R such that A(u) is a multiplicity k£ focal radius of X along
u and ker(d(fi)u) = TS, for all u € S. A Legendre submanifold X
of T'N is called Dupin if every focal leaf projects down to an intersec-
tion of geodesic spheres in N. A Dupin Legendre submanifold is called
proper if the focal radii have constant multiplicities. Note that if M is
an immersed submanifold of N, then the unit normal bundle v*(M) is
an immersed Legendre submanifold of T N. Moreover, a hypersurface
M is weakly equifocal if and only if v'(M) is a proper, Dupin Leg-
endre submanifold of T'N. It follows from the results of this paper
that Dupin Legendre submanifolds of 7' N share many of the same
properties as Dupin Legendre submanifolds (these are called Dupin Lie
geometric hypersurfaces in [29]) of 7°S™. So the following questions
arise naturally:
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(a) What is the group of diffeomorphisms g : N — N such that the
induced map dg : T'N — T'N maps Dupin Legendre submanifolds to
Dupin Legendre submanifolds? When N = S, this group is the group
of conformal diffeomorphisms (Mdbius transforamtions).

(b) What is the group of contact transformations of T' N that map
Dupin Legendre submanifolds to Dupin Legendre submanifolds? Or
equivalently, what is the group of contact transformations of TN that
maps Legendre spheres to Legendre spheres? Here a Legendre sphere
in T'N is defined to be either the unit normal bundle of a geodesic
hypersphere or a fiber of the projection 7 : TN — N. When N = §",
this group is the group of Lie sphere transformations, which is isomor-
phic to O(n + 1,2)/Z, and is generated by conformal transformations
and the parallel translations f; (cf. [7], [29]).

(c) A compact submanifold M in a compact symmetric space N is
called taut if for generic p € N the energy functional E : P(N,px M) —
R is a perfect Morse function. Is a taut submanifold Dupin? Is tautness
invariant under the transformations in questions (a) and (b)?
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