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INDEX THEORY FOR CERTAIN
COMPLETE KAHLER MANIFOLDS

MARK STERN

1. Introduction and notation

Let M be a compact Kihler manifold of real dimension n with Kihler
form o', andlet & = 2,U---Uu9, C M be a divisor with simple normal
crossings. The noncompact manifold M = M — 2 may be endowed with
a complete finite volume metric 4 with Poincaré growth at the &, (see
for example [2]) determined by the Kéhler form

N

/ - 2 2
(1) wo=Tw — Z;c’)aloglog lo,|”.

j=
Here |-| denotes a Hermitian norm on the line bundle [Z]], g; isasection
of [.91.] defining 9]. ,and T is a large real constant. We normalize the
Kihler form so that the Kdhler form on C corresponding to the usual
metric dx’ Ede2 is %dz AdZ = —idx Ady . Thus the metric determined
by a Kéhler form o is given by (v,, v,) = iw(v,, Jv,), where J is the
complex structure operator. For a multi-index I, set
(2) 2,=2.
i€l

The manifold 9,' =9,-U I, <, inherits a complete metric 4,
determined by | D, "

Let E be a unitary flat bundle over M, and F a hermitian holomor-
phic bundle over M . Denote by H2°(M ,h, E) the L? cohomology of
(M, h) with coefficients in E . The cup product pairing defines a quadratic
form Q on Hz"/ 2(M, h, E). When this group is finite-dimensional, we
call the signature of Q the I’ -signature of (M, h, E). We define the L’
Euler characteristic of (M, k) to be 3 (—1)°dim Hj (M, h, C), when
each of these groups is finite dimensional. Similarly, given a hermitian
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holomorphic vector bundle F over M with finite dimensional & coho-
mology, we call the alternating sum of the dimensions of the §-cohomology
groups the I? holomorphic Euler characteristic of (M, kA, F), and de-
note it by x,(M, h, F). In this paper, we will establish index theorems
which will allow us to calculate these L’ characteristic numbers for a
restricted class of bundles.

Given a hermitian vector bundle E, let T(E), e(E), A(E), and L(E)
denote the Todd, Euler, and stable Hirzebruch 4 and L classes of E
interpreted as polynomials in the curvature form of E determined by the
given metric. Let v; denote the first Chern class of [& j] ,and ch(E) the
Chern character of £ . Our main result is the following theorem.

Theorem 1.1. Let E be a unitary flat vector bundle with logarithmic
connection along & . Then the L2-signature of (M, h, E) equals

2" /ML(TM) +2"* ;/9 L(TZ) Mg [[(Lw;, 4) = 1)/v,,

i€l
where L(v;, A;) is an End E valued class defined in (54), and tr denotes
the trace over E .

Let F be a holomorphic vector bundle with a good connection in the
sense of (4.2). Then

X, (M, h, F)= /M ch(F) A T(TM)
- -)"0@y, by, Fy
1
+21:/9 ch(F)AT(T2,)

Adim F) " 'tr, [[(L@;, 4,) - 1)/v,,
iel

where F, denotes the restriction of F to 9,'. The L*-Euler characteristic
of (M, h) equals

/Me(TM) + Z,:/D o(TD)).

The index of the Dirac operator on M with coefficients in a bundle F with
a Dirac-good connection (see 4.3) is given by
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/ ch(E) A A(TM)
M

+3° /9 ¢h(E) A A(TZ)) A (dim E) 1, [[(L(v,. 4) - 1)/,
T 1

iel

We remark that Theorem 1.4 of [11] implies that the curvature integrals
arising in the above theorem compute topological invariants of M and the
D,.

Let E be a unitary flat vector bundle with logarithmic connection along
< . Suppose that E is the canonical extension of a unitary local system
7" on M (see [3] and [4]). Let j:M — M denote the inclusion map.
Then we have the following proposition of Timmerscheidt.

Propesition 1.2 [4, D.4].

HM,h,EY=2H (M, 7).

Hence for such E, Theorem 1.1 yields a signature theorem for
H (M, 7). Similarly, one can obtain Riemann-Roch theorems for
the sheaves ﬁ"ﬁ(E) defined in [4, Appendix D] (but with M denoted
X and E denoted .#). These sheaves arise in the Hodge decompo-
sition of H (M, j,7") obtained in [4, D.2]. When E = C is trivial,
H,(M,h,C)= H (M,C), and a subset of the above results should also
follow from more elementary arguments involving the study of variation of
Chern-Weil representatives of characteristic classes under certain changes
of metric.

The proof of Theorem 1.1, which occupies the remainder of this paper,
is a variation and improvement of the techniques of [12]. The improve-
ment lies in the fact that the techniques in this paper can be used to
extend the results of [12] to Q-reducible spaces. In [14], the boundary
contribution to the L2-signature of an arithmetic variety is expressed in
terms of curvature integrals and special values of certain Sato-Shintani
zeta functions. Such a result may be viewed as a generalization of results
of Hirzebruch [8], Atiyah, Donnelly, and Singer [1], and Muller [10] re-
lating signature defects of Hilbert modular varieties to special values of
Shimizu L-functions. In [8], Hirzeburch initially obtained a formula for
the signature defect of Hilbert modular surfaces directly in terms of geo-
metric data associated to the divisor at co of a smooth compactification.
The main results in this paper are, in a sense, a return to this original
geometric point of view—although for a different collection of spaces. It
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would be interesting to carry out the computations leading to Theorem
1.1 in the locally symmetric case in order to express the special values of
Sato-Shintani zeta functions in terms of geometric data associated to the
divisor at co of a smooth compactification.

2. Algebraic preliminaries and index formalism

We recall here notation and elementary algebraic results from [14, §1].
Let V be a real oriented 2m-dimensional vector space with inner product
(-,+). Let A'V* denote the full exterior algebra of V*. Given X € V,
let X* € V" denote the covector dual to X, determined by the inner
product. Let &(X) denote exterior multiplication by X* on the left and
¢"(X) its adjoint. We extend & to ¥ ® C by complex linearity and extend
¢" antilinearly. We let

C(X)=¢(X)—¢ (X)
denote left Clifford multiplication by X . We also define
C(X) = e(X) + &"(X).

Given distinct orthonormal vectors X, --- , X, € V', we call C(X,)---
C(X,) (respectively C'(X 1)"'6(Xr)) real (respectively imaginary) Clif-
ford multiplication by X 1* Ao A Xr* . We say that an endomorphism of
this form has real (respectively imaginary) Clifford degree r. An endomor-
phism which is the product of an endomorphism of real Clifford degree r,
and one of imaginary Clifford degree r, will be said to have Clifford bide-
gree (r,, r,) and complex degree r, +r,. For an endomorphism which is
not homogeneous with respect to the Clifford grading, we define the real
and complex Clifford degrees to be the maximum of the corresponding
degrees of its graded components.

Suppose now that V' has a complex structure. Let V; be a sub-
space of V' such that V' = Vi @ jV;, where j denotes the complex
structure operator. Let {X i};'; , be an orthonormal basis of V', and set
z,=2""(x,-ijx,).

Let {Ti}f;"l be any oriented orthonormal basis of V. We define invo-
lutions 7,, %, , and Tg by

1, =i"C(T)) -+ C(Ty,),
t, =i"C(T)C(Ty,),
1,=C(Z,)---CZ,)C(Z,---CZ,).
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We will need the following standard trace identities (see, for example, [12,
(4.4.2)]).

Proposition 2.1. Let Y, be an endomorphism of A'V* of real Clifford
degree r,, and Y; an endomorphism of imaginary Clifford degree r, . Then

traceY, =0 unlessr; =0,

and
traceY,Y, =0, wunlessr,=0andr,=0.

Let X be a smooth complex manifold with hermitian metric. For every
x € X, there exist involutions 7,,,%,, and 7, of (A'V") ® C, with
V =T X . These involutions piece together to give involutions of the L’
sections of the corresponding bundles. We denote these involutions by
7,7, and 74, and set 7 =1%. Let Q 4 denote the *1 eigenspaces of
7, and let Q° and Q° denote respectively the +1 and —1 eigenspaces
of 7°. Then Q° and Q° are the even and odd forms respectively. One
easily checks that the elliptic operator

D=d+d

anticommutes with 7, and 7°, and we denote the restrictions of D to Q N
and Q° respectively by D, and D°. When D, and D° are Fredholm,

the index of D, computes the signature of the Lz-cohomology of X, and

the index of D° computes the Euler characteristic of the L2-cohomology.

Let Lg’*(X , F) denote the L* forms of type (0, x) with coefficients
in a holomorphic vector bundle F , and consider the associated Dolbeault
complex. Let 3" denote the formal adjoint of 8. The elliptic opera-
tor Doy = 223 +3") anticommutes with Tp. Let Df:r denote the
restriction of D¢ to the +1 eigenspace of 7,. When DCF is Fredholm,
1ts 1ndex equals ) (— d1m H0 ’(X F), where H0 *(X, F) denotes the

— d-cohomology of X with coefficients in F .

For simplicity of notation, we primarily restrict our attention to the
index of D_ in this paper and merely indicate where modifications are
required for computing the index of other interesting operators.

For combinatorial reasons, we will depart from the modified heat equa-
tion techniques of [12], [13], and [14] for computing L’-indices, and re-
turn to an earlier well-known formalism. Let Q be a bounded operator
satisfying

(3) D,Q=1-S,, QD ,=I-5,
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with S, and S, trace class. Then
(4) IndexD = Tr S, - Tr S,

where we use Tr to denote the trace over spaces of L? sections, and will
use tr to denote the pointwise trace. Such a Q exists if and only if D, is
Fredholm. Unlike the heat equation approach, this method of computing
the index applies equally to compact and noncompact manifolds. We
observe that on a compact manifold, the heat equation approach may be
embedded into the parametrix method. To see this, we observe that one
candidate for Q is given by

(5) Q= /0 "1De™ (1 — 1) ds.

Then
D,Q,=(-e"™(1-1)2,

QD, =(I-e™)(1+1)/2,
TrS,—TrS, =Tr e A

This returns us to the heat equation formalism when Q, is bounded and
the two heat operators are trace class. The complete manifold (M, h)
introduced in the introduction is noncompact, and it is easy to check that
the heat operators are not trace class. In order to take advantage of the
well-known heat equation asymptotics, we would like to incorporate Q,
into the construction of a parametrix with appropriate modifications to
deal -with the problems associated to the noncompactness of A . Such a
parametrix construction is carried out in §6.

3. Preliminary computations in the Poincaré punctured disk

Let E be a unitary flat vector bundle on the Poncaré punctured disk. In
this section we compute the Laplace operator Ap g acting on E-valued
forms in a suitable frame. We parametrize the punctured disk A* as
[0, o0) x S' with coordinates r and 6. The Poincaré metric is dr’ +
e 7do*. Let w = ¢'9/90 and w* = e "df. Observe that dw* =
—dr Aw”. The vectors §/0r, w generate orthonormal frames for the
Riemannian bundles associated to the tangent bundle of A*. Choose a
unitary frame for E which is covariant constant in the r direction. In
these frames, the exterior derivative d has the form

(6) d =¢(0/9r)(9/0r — g(w)e” (w)) + e(w)(w + 75 (w)),
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where y. is an End(E) valued 1-form which is skew with respect to the
flat hermitian metric on E. We assume that

(7) yp(w) = €'y, + 0™,

where 7, is a constant matrix in the given frame, and the O(e_z') term is
a matrix whose coefficients have the desired decrease. It is easy to see that
we can choose a frame such that (7) is satisfied (with room to spare) if the
connection on E extends to a connection with logarithmic singularities
on the disk. It is this special case which motivates this assumption.

Given a form f, let f = e ? f. We metrize the image of ~ by
making it an isometry. Define d := ¢ "/*de”*. Then

(8) d=¢(d/0r)(8/0r+1/2 — e(w)e" (w)) + e(w)(w + Yg(w)).

The transformation f — f is useful because it makes 8/9r skew (when
acting on compactly supported forms). In particular, we have

d* =¢"(8/0r)(—=0/dr + 1/2 — g(w)e" (w)) — & (w)(w + yz(w)),

and

9)

Dp:=d+d" = C(8/8r)8/dr+C(8/0r)C(w)C(w)/2+C(w)(w +yg(w)).
Henceforth when working with the punctured Poincaré disk, we will

always use this frame unless otherwise stated and will omit the ~ from

our notation.

We may decompose dr into its (1, 0) and (0, 1) components dr =
ar+ dr, where

or=L(dr+iw") and Or=i(dr-iw").

Let Z and Z be the vectors dual to 2'/?8r and 2'/*5r. Then acting on
(0, *) forms,
2'%5 = e(Z)(8/0r + i(w + y5(w)) + 1/2),
(10) 2'25" = £"(Z)(—8/0r + i(w + yp(w)) + 1/2),
Dg:=2"@+3") = C(Z)8/8r + iC(Z)(~i/2 +w + y5(w)).
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The Laplacian takes the form
Ap= —0%/0r" +1/4 = (w + y(w))*
+2(e" (w)e(8/0r) + e(w)e™ (8/0r))(w + yz(w))
= —0°/0r* + 1/4— (w + y,(w))’
+(C(8/8r)C(w) — C(8/8r)C(w))(w + y5(w)).
The d-Laplacian may be written

2 ~ —
20, = —% + % —(w+ VE(w))Z +i(C(Z)C(Z) + 1)(w + Ye(W))-

It is also useful to consider Dirac operators on A*. Let S be the bundle
of spinors over A* with its canonical Riemannian connection VS . In the

frame for S ® E determined by {8/8r, w} and the given frame on E,
S®E

VIE — w4 %C(w)C:(a/ar) +7g(w), and V5 =9/3r. (We are not yet
using the map f — f.) The corresponding Dirac operator D, is given by
Dp = C(d/ar)(@/dr —1/2) + C(w)(w + yg(w)).

The spinor Laplacian Dé is given by
—(8/0r = 1/2)" = (w + yp(w))" = (w + y(w))C(w)C(D/0r).
Now replacing f by f, this becomes
(1) =8%/0r" — (w + y5(w))* = (w + y5(w))C(w)C (8 /7).
Assume now that the eigenvalues of iy, are not integers. Then the

restriction of Di to forms supported in a region with r sufficiently large
is strictly positive; hence, D, (with appropriate boundary values) is Fred-
holm.

4. Frames and connections

As in the first section, let 2, --- , &, be the components of the divisor
9, and let o; be a defining section of the line bundle [Z)]. For I =
{zl, KRN 1 8 let 9, 9’ n- 09 We consider only those I for

which this intersection is nonempty A nelghborhood of Z, is covered by
sets of the form

(12) v, ="
with {U,} a finite open cover of &, . Let z = (z,, --- , z,) denote the
coordinate functions for (A*)k - Then there exist smooth functions u; on
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V. so that |a | =e f|z | Relabel the divisors so that I = {1, --- , k}.
Recall that the metric on M is determined by the Kihler form

w=To - 26510g10g2 |aj|2.
=1

Set w; 7 =Tw' - - 6510g10g2|a].|2. Then

j=k+1

k ,
w=0, - Zé’['a—log2 |aj|2]/ log” laj|2
j=1
dz /\d'z‘

=w, .+ —09u./(u. +log|z .|
LT Z:{|z|<u+log|z|> iy +loglz,)

+ (Ou. AOu +f—l/\5u +0 /\d?j( 1 22
; ; z ;+0u; 7_,-/ u; +log|z;|")" ¢
Let z; = p] , with p; = |zj|. Set r; = logllogpjl. Observe that in
these coordmatcs J drj =e i dOj. Hence we may write @ as

dr.ne”"id0, =
w=w,,T+Z{ j 1 42 'faauj(1+l
J

-1 e
(1+1/2¢™"u;/2)? 2

_ — _ ie”"do.Ne " du.
+ e ™0u. NBu, —idr. ne du,+ L )¢
PR T T (1 e )

—r.
Juj)

where we recall that d, = i(d — ). Thus
w-w; p=—) idr,ne”7df;+0(),
J
where O(e™") denotes the terms which for some j are O(e” ") (with

respect to an A orthonormal basis). Restated in metric terms we see that
the difference between the metrics corresponding to @ and w,  is

Z(drf e dBJZ.) +0(™).
J
Surprisingly, the terms of order e~/ cannot be neglected, and the above
approximation is too crude for our purposes. We will find, however, that

we may neglect terms of order e ¥ . Let w;(z) denote the restriction of

@, 7 to the tangent space of zx U, ; then w, - w.(z)=0(e'e”®), and
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with respect to some trivialization, @/ (z) - @, (0) = O(e’e™). (Observe
that |z, |log(|zi|2)16ui/azj is O(|z,]] log(jzilz)l). Hence we record here
for later use:

w=w,(z)+e 190u,/2

+Z{—idrj Ne '1d6,/(1 +e_'fuj/2)2
j
— e ildr, Nidu; - ie”"1d6, Ndu]} + o).

Moreover the order of growth of the error is clearly preserved by all deriva-
tives by smooth unit vector fields.

Remark 4.1. It is important to note that in the error term O(e_zr)
every term involving a dr; or e’'id 6, is in fact O(e_zr") and not merely
O(e_zrf) for some j. This follows from elementary computations.

We next construct a frame which allows us to treat the Laplacian cor-
responding to the above metric as a perturbation of an operator with
which we can compute. Fix a base point (x,r, 0) € U, x R’fr X (Sl)k .
Let {Y;} be an orthonormal moving frame defined in a neighborhood of
(x,7) x (8" c ¥, of the form {X,}?"7* U{R;, W,}}_, obtained in
the following manner. Let X y in— « be a geodesic normal frame at
(x,r)x{0} Cc U, x R + % {0} endowed with the metric obtained by restric-
tion. Assume moreover that at (x, r) x {6}, {‘i;2n—2k +i}f=1 is obtained
from {0/0r;} by applying Gram-Schmidt. Near (x, r) x (Sl)k , use the
product structure to extend this frame to a frame {Y }2” K for the image
of the tangent space of U, x R . We may use the Gram-Schmidt pro-
cess to make this an orthonormal frame {Y }2" ko x a}izzk U {ﬁi}’,;l .
We modify the R; so that [X,, modified K] = O(|x|e”"). Applying
the Gram-Schmldt process to {X, }2" U the modification of {R,}}_,
yields {7 = (x}"7* U{R}~,. (Because 9u,/06, = O(¢™)
these apphcatlons of the Gram-Schmidt process will only modify vectors
and their covariant derivatives by O(e'er) in the €'79/06 — j directions.)

Extend this frame to the complete tangent space by applying the Gram-
Schmidt process to the frame {Y,,---,Y, ,,08/06,,---,08/06,} to

obtain {Yi}f;'l ={Y, Y s> W, -, W,}. In particular, we
have
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13) W= (1-Lem r 9 Nl ~lid it
(13) W= (1-5e "y e%;+§:1§e u;(JX)X; + 0.

We record the following commutation relations:

(14) [R;, W1=6,W,+) O(e )X, +6,0(e "W,
—-r —2r
(15) [X;, X;1=O(x| +|r—r(0)le " +e ).
2n—-2k _ B
(16) [X;, Wil= ;1 e (X I Xup)X,/2+ Oe )W,

+O((|x] + |r = r(O)))e™" + e ).
We rewrite this as
(X, W1, X,) - (IX,, W}, X))

17 . o -
(17) = ye "d du(X;, X))y +O((Ix|+|r—r(0))e ™ +e

2r

).

We now recall the formula for the Levi-Civita connection. Let {Z;} be
orthonormal vector fields. Then

Z(VIZZ, Z3) = ([Zl > Zz]a Z3) + ([Z3s Zl]a Zz) - ([Zza Z3]’ Z])-
Thus we see that

(Vy Y, Y,) = O(lx| +|r—r(0)| +e™™), fori,j, k<2n—k.
(18) (Vi W, R)) = 1+ 0.

(Vi W X)) = (X, W)L, X) /2 + (X, Wil X)/2

(19) -r -r —=2r —r;
+O(|xle "+ |r—r(0)e "+e 7)=0(e ).

(VWle-, Xk) = - <[Xi’ VV;]: Xk)/2+ ([Xk9 VV;]’ Xx)/z

(20) +O((|x| +|r—r(O))e " +e)

= e™"d,du,(X,, X))/4+O(x| +|r—r(O)le” +e*

)
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Hence,

> CXNCX)(Vy X, X,)
i<a
= Clifford multiplication by —e™"d du /4|,
+O((Ix| + r = rO)))e " +e~ )
= —e7C(d,du,/4l15) + O((x| +Ir = r(O))e ™ +e™)

(21)

in an obvious notation for Clifford multiplication which we now adopt
(and extend to C also). For j #k,

(22) AV W, W, or R) = O((x] +Ir = r(O))e”" + e ).

Suppose now that E is a flat unitary bundle over M which is the
restriction to M of a bundle on M with logarithmic connection along
2 . (See [4] and [3] for a discussion of logarithmic connections.) Then in
every neighborhood (A*)k x U, , we may choose a unitary 9/9r invariant
frame for E such that writing vE in this frame as VZ = d + T¢ , We
have

(23) I* W' neid;=e,,

where e is a smooth differential form on M, and with respect to the
given frame,

A; = A,(E) is a matrix which is constant

24

(24) in the r and 60 ; directions,
and

(25) [Aj » 4, 1=0.

Definition 4.2. Let F be a hermitian vector bundle. We say that F
has good connection if, in a neighborhood of each component of & , the
metric and connection on F are induced by a holomorphic decomposition

F=@FoF),

where each F; is a unitary flat bundle with logarithmic connection along

<, and each F " is the restriction to M of a hermitian bundle on M
with smooth hermitian connection.
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In particular, unitary flat bundles with logarithmic connections along
Z and restrictions of smooth bundles on M have good connections.

Definition 4.3. We say that (F, 4) has a Dirac-good connection if it
has a good connection, and the endomorphisms iA].(Fi) have no integral
eigenvalues.

In the following sections, we will study generalized Dirac operators cou-
pled to bundles with good connections.

5. Mass

We must modify to fit our present context the notion of mass introduced
in [12] and [14]. Fix a coordinate system on U_. Let Y(x,r, 0) be a

partial differential endomorphism defined on U x R’jr X (Sl )k with a finite
expansion of the form

Y(x,r,0)= le(r - rO)Je_L"Y”L(r, x,0),

where Y, is bounded, has real (respectively complex) Clifford degree
d(I,J, L), and degree p(I, J, L) as a partial differential operator. We
define the provisional real (respectively complex) mass of Y at (0, r,, )
to be

provisional real (respectively complex) mass(Y)
= max {d(I, J, L)+p(I, J, L) = |I| - |J| - |L}.

We use the multi-index notation |L| =/ +---+/[ ,for L={l,---,[}.
The provisional mass depends on the choice of expansion. Hence we give
our final definition of mass by setting

real mass(Y) = inf provisional real mass(Y),
complex mass(Y) = inf provisional complex mass(Y).

Here the inf is taken over all possible expansions satisfying the stated con-
ditions. This definition of mass places ¢~ on the same footing as x .
From Proposition 2.1 we may immediately deduce the following proposi-
tion.

Proposition 5.1. (i) If real mass Y (x) < 2m, then

oo

lim trt,Y(0,s, 0)ds=0.

—
r—oo r
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(i) If complex mass Y (x) < 4m, then

lim trt,,Y(0,s,0)ds=0.
r—o0 r
(iii) If complex mass Y (x) < 2m, then

oo

lim trtg; Y(0,s,0)ds=0.

r—oo r

Suppose now that D is a signature operator with coefficients in a uni-
tary flat vector bundle with logarithmic connection. Let D, denote the
restriction of D to the +1 eigenspace of 7. In order to study the mass
of the parametrix for D, to be constructed below, we must understand
the mass of A = D’ in the given frame. Recall the expression for A in
an orthonormal basis {Z},,

(26) A=-VV,+V,, +R,

where R is the curvature operator (see [7, p. 111]). We first consider R.
R has real Clifford degree 2, complex Clifford degree 2 for the Riemann-
Roch complex, and 4 for the Gauss-Bonnet complex. See [9, p. 7], for the
Riemann-Roch result. As the curvature is bounded (see [2]) mass(R) <
degree(R) . Next we consider V. In the given frame we may write

v, = z+22vz Z5)(C(Z,)C(Zy) - C(Z,)C(Z,)) + T

“a?
a<p

=Z,+T7 +T7.

Z,; and I"IE have mass one. r‘f has Clifford degree < 2, but has mass > 1
only for those terms involving only R i ’s and Wj ’s. In particular we
record:

Ty, = HCW)C(R) - CW)C(R)))
(28) ~e IC(a;/2l15) +e_rf€'(nuj/2|T9')
+ O(|x| + |r — r(0)|e )s

where v, ; is a representative of the first Chern class of [9 ] (see [6, pp.
141-142]) given by

—r -—2r

- 1
Vj = Eaauj = Hdcduj.

We remark that one may also obtain the expression for the covariant
derivative in terms of the first Chern class of the normal bundle using
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directly the relation between the Euler class of a circle bundle and the
global angular form. Write

(29) A=A, - Y (W;+4)(CW)C(R;) - CW)C(R,) = A, + A,

Then A, has mass <2, and A, has mass3.

Remark 5.2. It is important for our later computations to note that
C(W;.) and C(Rj) only occur in A, in terms that are O(e™"7). This
follows from (3.9b) and the analogous formula for R ;-

6. Parametrix
Recall that away from 9, NY,, J D I, each Z; is covered by sets

quasi-isometric to (A’“)'I| x U, with U a finite open cover of D, and
A" given the Poincaré punctured disk metric. Moreover, we have shown
that this identification is even asymptotically an isometry for an appro-
priate choice of identification. Fix such a system of identifications with
U, coordinate neighborhoods, and let Ay, denote [R, oo) x S' c A* with
coordinates as in §3. Let {V,,a(R)} Ia be an open cover of &, with
Vi o(R) = (A;)”'xUI’a(R) and with {U; (R)} ,uZ;n{U,-, Uﬂ VJ’I,(R)}
an open cover of &, . Complete this to a cover of M with some V,(R)
chosen so that its injectivity radius is greater than Ce™® for some C >
0 independent of R. The existence of V,(R) satisfying the desired
lower bound on its injectivity radius follows from the corresponding state-
ment for the Poincaré punctured disk. Let {p; , g}, , be a partition
of unity adapted to this cover in the following way. For each I, let
01,0, }a, ROU 51{P) o, R}a, & TeEstricted to U, V] (R)UU,;5, U ¥,
be a partition of unity, and suppose that support p; , » C Vj,a(R -2).
Let pp=231 0Pl a,r> 30 Py g =1~ ppg-

Given a parameter R and a constant o with 0 < a < 1 to be deter-
mined in §7, we set ¢ = e /1= andfixa parametrix Q of the following
form:

(30) Q(x, ) = /‘De M1 = 1) ds + poplx / LDe™(1 ~ 1) ds.
Then

! —sA 0 —sA
D+Q={(1—p2R)/0Ae ds+sz/0 Ae " ds

+[D, PzR]/ De_mds} ! ;T
t
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oo —s 1 _
= {(1—pZR)(I—e_tA)+p2R(I—l'I)+[D, pZR]/t De Ads} 3 ‘

—IA ® —sA 1-1
={I—p2RH—(1—p2R)et+[D,p2R]/t Desds} 5>

where IT denotes the projection onto the kernel of A. Similarly,
—tA
QD, ={I - pypll— (1 = pyp)e” “}(1+1)/2.
Thus if D, is Fredholm, then

index(D,)
= Tr(p,l1+ (1 — pyp)e”)(1 +17)/2
— oo —sA 1 -7
(31) -Tr (szn+ (1-pyp)e ™ ~1ID, pZR]/t De ds) >

—tA bt —sAl”‘Td
=Tre(p,pI1+ (1 = pyple ) —tr[D, p,pl t De —5—ds,

where we recall that we use Tr to denote the global trace, and tr to denote

the local pointwise trace.
Lemma 6.1.

~Tr[D, sz]/ De—SA(l -1)/2ds =Tr[D, sz]/ De *%ds 7/2.
t t
Proof. We want to show that
Ti[D, p,gl / De **ds/2=0.
t

This follows from a strictly formal argument. If D were a bounded oper-
ator we could write

* —sA o —sA
TrDp,, De “ds —Trp,.D De " ds
t e —sA t * —sA
=Ter2R/ De™” ds—TrpZR/ De “ds=0,
t t

using the cyclic nature of the trace and the relation [D, e—m] =0. In
order to obtain the desired conclusion from this argument, we replace D
by De ™4 , X > 0, and take the limit as x tends to zero. q.e.d.

We may now rewrite our expression for the index as

)
+3Tr[D, sz]/ tDe " ds.
t

index(D, ) = Tr1(p 1+ (1 — p,p)e” ™

(32)
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It will follow from Lemma 6.4 that D N is Fredholm. Hence it is clear
that

Rll_'ngo Trz(pyIT) = 0.
In Proposition 8.1 we will prove that, for the signature complex,
. * —sA
Rll_,ngoTr[D, sz]/t De " dst/2=0.

Hence for the signature operator (and similarly for the Dirac complex with
coefficients in a bundle with Dirac-good connection) we may conclude that
. —tA
(33) Index(D, ) = Rh_x'rolo Trz(l - pyRle
For the Gauss-Bonnet and Riemann-Roch complexes
. * —sA
Rh_r'rolo Tr[D, sz]/t De " dst/2+#0,

and this term contributes to the index.
In order to prove that D_ is Fredholm and to compute

—tA

(e 9]
. . —sA
RILII;oTr‘c(l — pyr)e and RangOTr[D, pZR]/t De *"dst/2,

we next construct good approximations to (A — A)—' and e . The as-
sumption that ¢ = e 2R/1~a) implies that on the support of (1 — pg),
t/(injective radius)’ < Ce 2R/(1m02R — Ce22R/(1=) " Thjg inequality
easily implies that for any N > 0, the standard local approximation of
the restriction of e~ to this set can be constructed with error O(tN ).
We use such local approximations on this set, and obtain

(34) Jim Tr(1 - pp)(1 - pyp)re =27 | L(TM)

for the signature complex and analogous local expressions for other com-
plexes. We are thus left to compute limg_, Trpg(l - pm)‘l:e_’A and
Lim,_,_ Tr[D, p,p] [° De~**ds.

We now construct an approximation H I"’(A) to (A—A)  in a neigh-
borhood of each open set V; , = VI,Q(R) of the open cover of & . Fix
Ve Given the frame fixed in §4, we may treat forms supported on a
neighborhood of Vo 88 vector-valued functions. Hence we may write a

form f as f=), f,(x, ne™® 6¢el0,2n]. Let T,, denote projec-
tion onto the span of ™.

Definition 6.2. We call m singular if im i+ A is not invertible for
some j; otherwise m is nonsingular.

-1
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Let u; = ~im-6 W, em?_ia. . ;- When adding a constant and a matrix,
we mean the sum of the constant multiple of the identity and the matrix.
We treat u ; and A4 ; as the components of matrix-valued vector x4 and
A and use such vector notation as

2 2
Il = 3 1
J

Let 7, be the O(e™"7) vector field corresponding to W, minus the pro-
jection of W] onto the span of the 9/06,, where the projection is taken
relative to the fixed product structure (and not the metric). In this frame
and with these notation we may write A as

Af=2eim'0{ Z (- VV+VVX) +Z(u —zl's zFE ”7,

i<n—k
—im-0 im0
(35) +;e VVWjoe +R}fm.

We construct the approximation to (A — ).)'1 inductively. Set
ho(x, x', 2,0, 1) = Identity.
Write

(A- /'[)e"m‘(u—u') pi2nx—x)v h(x,x', A, v, p)
(27[)k("27tv +””2 —A)1+l

_ ime(u—u') i2n(x—x")v h[(-x > x, > A » U, /‘)
=e € 3 7\
(27)" (127w + p||” — 4)

im-(u—u') 2n(x—x")v !
_ovle ek v h,(x,x,/12,'u,;14)l
(27) (1270 + I = A)™

+ eim‘(u—u')eiz"(x_XI).v A hl(x s X’ A, 0, M
2n) (127 + ul - )"

=II,I+IZ,I+I3,I.

Set

h _(12’1 + 13,1)[eim'(u-u )ei27t(x—x ).v(”Zﬂ'l} + ﬂ”2 _ A,)Hl

I+1 =
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Then

N l;
NI(A—A) Z/ (2n)—ketm'(u-—u )eth(x—x Yev h[(x s X ,/12, v, /11)1 d’UNz
—0 JR"X (I2mv+u|*-4)"

=R, (Tm + /Rn_k(lz’N +I3’N)dv) R,,

for any cutoff functions R, and R, with support in a neighborhood of
V} o Clearly, for N sufficiently large, the error term

R, /Rn-k(’w +1, y)duR,

and its derivatives are O(e™""/?)

mates, it is useful to recall that
2 2 2r, . 2
201270 + pl|” > [270]" + Y e”i(m; — id,)".

Similarly, error terms (and their derivatives) associated with derivatives
of cutoffs will be exponentially decreasing in r when m is nonsingular.
Set

, when m is nonsingular. For such esti-

N
I,a _ —k _im*(u—u') i2n(x—x")v
H " (A)= / 27) e e
(36) m (4) i§=0: R"_k( )

x (1270 + pl* = 2)7""

Let ¢ be a cutoff function with support in ¥, and y be a cutoff

hl(x,x/,l,v,u)dv.

function with y/| =1. Then a//H,In"’(o is a good approximation to

support ¢
(A- l)'l T,¢ for m nonsingular; i.e., the error terms (and their deriva-
tives) are exponentially decreasing; hence they must have O(e_R) trace
norm.

Now consider m singular. We use an iterative construction of an ap-
proximation H;’“ to (A- A)_le following the same recipe as for m

nonsingular, except that in the case u = 0, we construct (A - /1)_1 as
a perturbation of (A, + Ei(—az/arf +1/4) = )7", where A, is the
Laplace operator on <, (associated to the complex in question). The
point here is that the k/4 in the denominator ensures that terms like
[ ™ (|u®> + k/4 — 2)~/ du are bounded independent of A, for A in
a small neighborhood of 0 € C. The error terms from the above con-
struction are smooth, and for T (defined in (1)) sufficiently large can be
made to have arbitrarily small sup norm and pointwise trace. Increasing
T decreases correspondingly the curvature and connection terms arising
in the above iteration.
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Because m is singular, we no longer have the rapid decay in r of our
integral operators and their error terms which was guaranteed by the terms
of the form [} ez"’(mi - iAi)z]"" with all m, — id; invertible. We may
have decay in some r; directions but not all. In particular, the error terms
will not be trace class. Nonetheless, we set
(37) H'°) =Y H;® = Hol + HY;

m

sing °

I,a I,a
where Hsmg Zm smgularH °

Remark 6.3. It follows form Remark 5.2 that any factors of C (W;) or

C(R)) which occur in the term in HSmg corresponding to im; + 4, =0
occur in terms which are O(e™").
When I = &, we use any standard local construction for an approxi-

mation H*'°(1) to (A— 1)~ with
11 = pR2) (A= D7 = H** (1) e norm
= O((injectivity radius of ¥, .(R)™|A|™") = o™ |aI™"),
forany N >0 and any A with arg(4/|A|) bounded uniformly from zero.
(We will primarily be interested in |A]™' <7< e 2*/(""® ) When 1 =0,

we merely require that the corresponding trace norm be finite. We patch
the H'**(4) together to form

(38) Zw, o, ’Hnon APy o k>
(39) }Is(l ZWI a, R smg ,01 a,R’
(40) fI(A) = H () +H (,1)

where ¥s o r 1s @ smooth cutoff function equal to one in a large neigh-
borhood of support p, «, R > and satisfying, for a =1, 2,

IV Vo rl S4R™", i<k,
Vi Vrarl ST/, i<2n-2k,

8/00,y, . x=0, i<k
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This construction is sufficient to prove that D . 1is Fredholm.

Lemma 64. D_ is Fredholm.

Proof. P is a bounded operator because of the k/4 in the denomina-
tor of the Fourier transform of the H' '*(0) . Moreover, we have

I, I, a
DP:E'/’I,a,RAH a(o)pl,a,R+Z[D’ Y1« P " (0)p; , &
I,a

=I1+K,+e¢,

where ¢, is the sum of all the error terms coming from noncompact neigh-
borhoods, and K|, is the error term associated with the compact neighbor-
hood and is therefore a trace class operator. From the above discussion,
we may assume that ¢, has arbitrarily small sup norm. Hence (I + &1)_1
is a bounded operator, and

DP(I + 81)—1 = I + trace class operator.

This implies that D is Fredholm; consequently, D, is Fredholm. gq.e.d.
-1

We now complete our construction of an approximate to (A—A4)" . Set
(A-A)H(2)
I,a I,
= WI,Q,R(A“A)H (ll)PI’a’R'i‘Z[A, V/I,Q,R]H (A)pl,a,R
I,a 1

=I+K(A) —¢,(4) —¢&,(4),

where K(A) is again the error associated to the compact neighborhood,
—¢,(4) is the error associated to the noncompact neighborhoods and the

H* and —e&,(4) is the error associated to the HE® | Set e(d)=¢, +e,.

non °’ smg

The sup norm of ¢(4) is O(T ). We take

(42) HA) = HAI —e(A)” = HA) f:e
a=0

as our approximation to (A— /1)_1 on the support of p, ; the convergence
of the sum is guaranteed by the small upper bound on the sup norm of
&(A) .Then
(A—AHQX)=1+KA)U - s(/l))_l.
We divide &(4) into three types of error terms: perturbation, exterior
cutoff, and interior cutoff. Substituting H, la o H:® for H*® gives

sing
corresponding decompositions of ¢, and & The perturbation error, €,
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is the sum of the error terms

I,a
& r1ar=V o g —(A-A)H (NP o &

This error is O(e—N’) by construction. This is clear for the terms with

u # 0. For u = 0, this follows from the fact that AT, is an O(e™")
perturbation of A;+) A, . As (A—1)"" was constructed as a perturbation
of (A, +3,A,— ,1)_1 , the error terms can be taken to be O(e"N') . We
remark that, in the singular cases, the e N decay is only guaranteed with
respect to some 7, .

In order to define the exterior and interior cutoff terms we refine our
choice of Yy o g DY assuming that y, . p=W,; 2¥; , 1 r> where ¥, ; p
is a cutoff function equal to one in a neighborhood of Z,, with d(x, y) >
R/2, for every (x,y) € supportVy, ; p x supportp; . p, and y; , | p

is the pullback to (A’“)'I| x U of a cutoff function on &, supported
on a coordinate neighborhood and satisfying d(x, y) > T/2 for every
(x,y) € supportVy;  ; p x supportp, .. Here d(x,y) denote the
distance between x and y.

With these choices we define the exterior cutoff error, ¢,, to consist of
the sum of the error terms

I,a
(43) & 10, =AWy o RI= Ve 1 RID i o 1 RDH P o >

and the interior cutoff error, ¢;, to be the sum of the error terms

I,a
& raR=Ye 1 rRIA ¥ o1 RIH " Pp o &

We write €y pr8ner €
mands of ¢, and ¢, .
Let & be a curve in C which surrounds the spectrum of A, with

arg(4) € (b, 2n — b), for some b > 0, for all A € €. Moreover, we
assume that f|max(—Rel, 0)| <1, and |4| > =, For example, we may
take %, to be the image of R under the map u — |u| + iu —¢. By
construction, ||[K(A)|,, = O(IN ) for 4 € €. Hence we can ignore this
term in our computations.

Remark 6.5. When one uses the functional calculus to compute the
heat kernel

€ e and ¢, ; for the corresponding sum-

n,i>“s,p’ “s,e’

e " = 2ni)”! /e‘”(A -1)7da,
Y

the well-known phenomenon that e~ becomes easier to compute as ¢

tends to zero is realized by choosing y = %,. As indicated above, this
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allows one to make the error terms involved in standard local approxima-
tions to (A — l)'l to be O(tN ). One cannot, of course, use C, for ¢
small to compute e ™ for T large. The hypothesis that T = ¢ is used
to bound le™*|, 1€ &.

Set ¢, =¢, ,+¢, and &, = ¢ —¢, . We will also write & 1 o g t0de-
note the summand of s; coming from the 7, o neighborhood. Expanding

(I—e(4)”" into a power series in &, an dé,, we write
(I-e@) =I+E,+E,,

where E, is the sum of terms in (/ —s(,l))_1 where s; occurs to a positive
power. We expand H(4) as

HA)=HRA)+H, +H,,

where H, = H (A)E, + HQA)E, and H, = H (A)E, .
Lemma 6.6. (27i) ' Tr1 [ e H (A)dipg(l - p,p) = OR™Y).

Proof. We remark that the 7797 bound on the sup norm of szagl im-
mediately reduces the estimate of the trace norm of H, (4)E; and
H(A)E, to that of H,(A)e, and &, respectively. The desired estimate

is clear for fIn (A)E and for ¢, . For ¢, (and similarly for its derivatives)
we have the estimate

2 !
(@4) e, o s B, Y)| = 0TV < o WIRIE),

for (x,y) € support(Vy, ; o) x support(p, , z), and B and B’ > 0
depending on b . This estimate follows from integrating the explicit form
of H*® and implies the desired estimate of the trace norm.

Lemma 6.7. (27i) 'Trt Je e H (A)dApg(l - p,g) is OR™").

Proof. We have Tr‘tH"’gl °8£1,Q,RPR(1 — pyp) = 0(e™™) forall N,

because the factors of C (ISQT)C (W;) which we need for nonzero trace only
enter with O(e_2 "i) coefficients. (See the remark following (37).) More
generally we have
Claim 6.8. If there existsan 1, € {I,,--- , I;} such that I, C I, for
all je{0,---,1}, then
TrTH;r;gIO ©8 1 0 ,R° %8 1,0, RPR(1 = P2g) = oe™).

Proof of claim. This follows as above because the necessary
C(R,)C(W,) factors only enter with O(e™ %) decrease.
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In order to pick up the extra factors of C(R,)C(W,) required for non-
vanishing trace, we must compose error terms coming from distant neigh-
borhoods; thus, we must consider terms of the form

0 DY —
TrTHsng &.1,,0,,R° " °&s, 1,0, RPR(1 = P2g)

with some I, not contained in I,,, and show that this trace is O(R_l) .
Let (x, y) € supporte, ; X Supporte, B.R> with I not contained in
J and J not contained in I. As before, we have the estimate

1 AP
& 1 o, RA)(X, V) ST LW II/E,
Hence

las,l,a,R°"‘°8s,J,ﬂ,R(x’y)l
A=t /B —1a1Y2) — —al"1: —v1/B _
sc/---/e W= /B =Wl —tlB Pl B gy gy o,

Corresponding estimates hold for the derivatives of ¢ , po:-- o
& 1.8, (X, ). The integral takes place over a region with |x —,| +

-+|t, —y| > R/2. Hence the integral is O(R™ ) and so too is the trace.
Lemma 6.9.

@2ni) "' Tr pe(1 = pyg) /g; e " H(2)dA

!

= (27) ' Trpp(1 - pyp)e” ™ + O(R™Y).
Proof. From Lemmas 6.6 and 6.7, we conclude that

Tr pp(1 - pyp) /g e H(3) di

t

= Trpa(l = pyg) /% e H() dA+OR™).

t

Moreover,

(A=2)7" = HA)pg(1 = pyg) = (A—2)
=(a-2)"

(I = (A= DHR))pg(1 = pre)

K(I—(2)™ pg(1 = pyg).
The estimate ||K(4)||,, = O(¢ ) and the boundedness of the sup norms of
(A—4)~" and (I -&(4))™", for 1€ %, imply

Tepy(1=pog) [ € A= 1)7" ~ H@) dpg(1 - py) = OR

t

1

The result follows.
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7. The trace

We continue the notation of §6. In this section we compute
Trepg(l — pype ", using Lemma 6.9. First fix ¥, _ with |I| = k and
consider the contribution of V . to the trace. We compute

f L / e MreH (1) dAdo
(

‘Sl)k 27i
e hy( A,
/ZE/ e “trth (x, x', Ivlﬂ)dvdl,
"2 e S e (2w 4 ulP - A
where the d integral is the integral over the second factor in
v, .=IR, ) x (s x U,

Recall that A, is constructed from 4, by applications of conjugates of
A=A, +A,, where A, and A, have masses 2 and 3 respectively and are
defined in (29) by

Ay =Y (W, +4,)(C(W,)C(R;) - C(W,))C(R))),
J

(for Riemann-Roch calculations this is replaced by A; =
>+ Aj)C(fj)C'(fj)). All other factors of C(W;)C(R;) that arise
are O(e”'7). Inductively this implies that

(45) the mass of A, < 2/ + min{/, k}.

Because A; has mass 3 one might expect the above bound to be mass
h, < 31, but one observes that after k applications of A,, there are no
additional Clifford factors added by higher powers. Write

by, x, h, v, m) =Y (1200 + ul* =)k ,(x, v, ),
o

and A B —rC
b (x,v,p)= Zh,,a,A’B,C(x)v ue -,
with #, ., o ~(x) bounded. The k;, , with ¢ > 0 arise from terms

(and their derivatives) of the form
2 -1
(1270 + pl* — 23,1270 + ul* = H7',

and 2 2 -1
(127w + pll” = 2)9;0;(I127v + p||” = 4)

arising in the construction of #,. These operations raise the mass of h;
by less than two. Hence our earlier mass considerations imply
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|4| + |B| — |C| + Clifford degree of h,,a’A’B’C(x)

46
(46) <0 +2l+min{l/, k}.

Set
I'(m)={j:m;=0}, and I'(B)={j:B;=0}.

Any term with u ;= 0 or B ;= 0 clearly cannot have A, contributing
C(W,) or C(R;) in a term of mass greater than 2. Thus we may refine

(46) to obtain
(7) |4| +|B| — |C| + Clifford degree of #;, . , 5 ~(X)
<o +2l+min{l, k- |I'(B)UI'(m)|}.

Recall that trth, = O unless the Clifford degree of 4, > n. Hence if
trth; , 4 5. c(%) #0, we have

n+l|A|+|B|-|C| <o +2l+min{l, k — |I'(B)UI (m)|}.

We compute.

E:E/xk/ e *reH (1) dA
(s) /€
e_titrrhl,a(x, v, i)

1 / ) /
= dvdi
2rni J Z Z R (|27v +u“2 —A)H'H'a

t m [=n/4

N
=Y Y1+ o) (—d/ds) ) o (2mi) "

m I=n/4

_g trth, (x,v,
x// ot TV ) g
o v (2mv+ulF=i+s)

(48) N : .
—t|2nv+ul||” i+
= —_— e t trth, (x,v, u)dv
;13{/‘4 (1+U)! /R"_" o
N I+ A B
ttrthy g c(X)V 0 o

[(l+0)]" /

Rk et|l27w+#||2€'c

L+o+(k—|A]—n)/2 B
trehy o 45 c(X)H

"2
rC ot

I=n/4 (I +a)e

_ 2
x/ e Py — 'y g,
Rn—k
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Here u =2nji+ 4, with ji the projection of yx onto R"* determined
by the norm || - ||2 .

In order to understand the contribution of (48) to the index, we need
to compute its integral over [R, 2R]k . (In the limit as R — oo, there is
no difference if py(1 — p,) is replaced by the characteristic function of

[R, 2R]k.) First we estimate the quantity
[ o] o o] 2
(49) Z/ / tI+u+(k—|A|—n)/2#Be—rCe—t||,u I dr,---dr,,
— JR R

under the assumptions that

n+|A|+|B|-|C| <o +2l+min{l, k — |I'(B)|},
C,>1, foralliel'(B), B, iseven,

“<te®<e, a > 0 to be determined.

The condition that C; > 1 for i € I'(B) arises from the fact men-
tioned above that, for i € I'(B), factors of C(W,)C(R,) only enter with
coefficients which are O(e™"/). For the purpose of the estimate, it suffices
to replace ||u||2 by E.ezrf(m. —iA .)2 . Then we may estimate (49) by

2r . 2
frro+le=1dl- n)/zl—IZ(p zA) / r(B,=C)) ,~te”" (p=id)) 4.

Jj PEL
Consider first the term

2r
Z(p 1A)/ "B te(ptA)dr

DEZL
(B,—C,—2)/2
(C;~B)/2 . B, [T
=t —iA. ’/ ——dr
(50) lgz(p Al ey

1 (B,-C,~2)/2

- , r
= (G812 So- iAj)B’

(C,~B))/2
- W dr + O(t ;o )

We may use the Poisson summation formula to estimate (50) as

2
AC—B)I2,, Z 27tpA/ B C)/2 (d/dp ) . —ap /rr—l/Zdr/r
PEZ

+ OBy

where c¢; and a are positive constants. This expression may be rewritten
as
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1/2

(teZR)—l d BJ
(C‘—B 27tpA (=B, +C.-2)/2 r )
t {0(1 E e / r ;o <'d—p) apzr dr

pGZ e

(C;—B,)/2 LG IRy
=t 0(1)+cj/ r dr
1

— t(Cj_Bj)/z {0(1) +c;’(te2R)—(Ci+l)/2} ,

for some positive constants ¢; and ¢; which vanish if B, # 0. Recall
that te?R = ¢ 2R/(1=e)g2R _ o=2eR/(1=e) _ 4= Thys for some & > 0, (49)
can be estimated by
5t1+a+(k—[A|—n)/2Ht(Cj—Bj)/z(l PR CAES
J
[o+k—min{l,k=II'(B)|}+1)/2 T+ AR

2l

J
where f = o+2/+min{/, k—|I'(B)|}—|A4|—|B|+|C|-n is nonnegative by
assumption. Choose « sufficiently small so that for all C, f pairs which
arise in the iteration process, f — 3 ;a(C;+1) > 1/10, unless f =0, in
which case — ). jo(Ci+ 1) > —1/10. ThlS is possible because f grows as
fast as C;. Thus (49) is dominated by

ét(a+k—min{1,k—|I'(B)|}+f—Ej o(C;+1))/2 ’

This is shrinking to zero as ¢ — 0 unless

g=0,
I>k, I'(B)=0, and
n+|4|+|B|-|C|=2l+k.

The above three relations imply that only the terms in 4, of mass
2l + k contribute to the index computation (in the summand
limgp_, Trpp(l— pZR)z'e_’A) . These are the terms of maximal mass. In
particular, if we discard all terms of mass < 2 in A when computing #,
we see that it suffices to replace Al by

7; . . 2 2 2
Am=A,+;(e (mj—zAj)—ll":Vj) ~a*/ar.

We remark that we have also discarded some terms of mass 2, for example,
those of the form X e~ 'C(W, JC(R;). We can do this because we have
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shown above that only those terms with C (Wj)C (R;) entering as factors
in mass 3 terms contribute to our computation. Recall (28) that

—r,
I"SW. = —e 'y, — p; + lower real mass terms,
J

where y; = C(nv;/2), and p; = C(R;)C(W,)/2. The maximal mass

. . —tA . . .
terms in our parametrix for e~ are given by the maximal mass terms in
Ee—tA, He—t(e'f(mj—iAj)+ie_'fyj+ipj)2.

m J

In particular, up to terms which vanish as te’® tends to Zero, our trace is
given by the maximal mass terms in

irre— Z H e—t(e’f(mj—iAj)+ie—'f yj+ipj)zetﬂz/3rjz.
J
_ 2’k—n/2 Z(2nit)(2k-n+a)/2
a

< tr L 4t —1/2e—t(e'f(mj——iAj)+ie_’fyj+ipj)2 ’
a ; I,I( )

where L, is Clifford multiplication by ¥~ times the component of
the stable L polynomial (or Todd polynomial etc. for other complexes)
of &, of Clifford degree a. The orientation of 2, is determined by the
complex structure. We have used the result of the calculation in the main
theorem in [5, p. 113] to compute the small ¢ asymptotics of e ~Ar | We
compute now

X:Z—n/z(2 )(2k n+a)/2(m */2 T H/ Z —t(e'(g—id,)+ie ™"y +ip,) dr

qge€Z
=272 2nin O () "”trzLa
a

XH/ Z "(g—iA; )+te yj+tp]) dr+o(1)

We use the Poisson summation formula to rewrite this as
22 n/2 2k n+a /2( t)_k/ztrrLa

—i2 —t 2r —iAd. L= .+-—r .2
XH/ Z/e znqxe e (x—id;+ie” "y +ie p)) dxdr+o(1)
i R 4 R
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=Y 272 2nin)* P (uey ™ P,
a

o -—i21tq(x+iAA—ie_Z'}'~—i€_’P) —te”'x?
XH/ Z/e ; j j dxdr+o(1).
j 'R g IR

The maximal mass terms in the above are given by

327 2miny* O e,
a

27

=2r
XH/ Zean —e —e” p,)e—"e—ﬂ‘le /tdr+o(1)

q7#0
=22 n/2(2 t)(2k n+a)/2, ktr‘tL

12 22
(51) x H/ 3 oA 2Ry p,)l? Ty, 4 o(1)
9#0

—_-22 "2 (omit) ka2 trel,

b—1

T y 7[2 2
xH/ Zez qA (=2nqp)” (—-ij Tl p 1+ o(1)

q#0 b 1
=Y 27" @nin)* O L
a

g4, b b-
< [13- e S (~2t/nq) ¥ lpj/2+o(1).
J a#0 b=1

We have used re % < 7% 1o change the limits of integration and have
used again the fact that maximal mass terms are those in which each p ;

occurs exactly once. Let

(s, 4)= " n7)2,

n#0
and

{ (s, 4)= ZeZ""Afsign(n)|n|_s/2,
n#0

Then (51) may be rewritten:
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Z 2—n/2 i(2k_n+a)/2lr ‘tLa(Zlﬂ)(a—n)/z
a

(52) <>, i{2c+(2b, 4 e cw /)
J b=1

2bl 2b-2

—20_(2b-1,4)2)" C(v;/2)” "}

Taking the limit as ¢ — 0, we obtain the following expression for the
above trace:

2y tr, 1,

(53) i b=l

C(L(T.GJ,)A {Hzi(g(zb,Aj)(m) (v,/2)"7Y

+{_(2b-1, A,-)(in)“z”w,./z)z”‘zD :

where 7, denotes Clifford multiplication by i"** times the volume form
of 9, and tr; denotes the trace over A\'T9; ® E. When 4, = 0,
¢, (s, A;) reduces to the Riemann zeta function {(s), and {_(s, 4 ;)=0.
We recall the following well-known formula for {(2b):

£(2b) = n*2" 7 (=1)" "' By, (0)/(2b)!,

where B;(x) is the jth Bernoulli polynomial. Recall also that the stable
L polynomial is the polynomial generated by the power series

2
L) = tanﬁ{x/z =1+ Zsz(O)XZb/(Zb)!

=1—2b§(m) C(2b).
Define the twisted L polynomial L(x, 4 j) with values in End(E) by

(54)
L(x, A .)

_1—22[( ) {(2b, 4)) - (5%)%_‘{_(2b—1,Aj)].

In fact, we may rewrite this as (see [15, p. 202])

A 2b A. 2b—1
Lix,A4;)-1= Zsz ( ) (;Cb)' By (—,i) (2); -
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with B;(x), j > 1 extended to matrix arguments in the usual manner.
For j =1, we define B (4) = (4-1/2)o (I —n,), where n, denotes
projection onto the kernel of 4. These Bernoulli polynomials can be
intepreted as polynomials in Chern classes using [4, (B.3)].

Substituting these equations into the expression (53) we find that the
product of the trace and the volume form of &, is given by the term of
top degree in

(55) 2", L(T2) A [[(L(v;, 4) - 1)/,
J

where tr; denotes the trace over E of the end(E) valued class.
We summarize these computations and definitions with

Proposition 7.1.
lim Trre "

R—o00
n/2 n/2 a
=2 / L(TM) + 21:/,2 L(T2,) Arg [[(L(y;, 4;) = D)/,

iel

1 - pZR)

One could also define a twisted Todd polynomial T(x, 4 j) by replacing
the coefficients of {(2b) in its expansion by combinations of {(2b, 4 PE
Instead, we will merely note that

Lx)-1=T(x)-1-x/2,

and express our results for the & and spinor Laplacians in terms of the
twisted L polynomials. One has the following.

Proposition 7.2. Let AS®E denote the spinor Laplacian with coefficients
in a bundle E with a connection which is Dirac-good in the sense of 4.3.
Let Trggy denote the trace over L? (M,S®E) (S denotes the spinors).
Then

AS

QE
(1 - sz)

=/Mch(E)/\A(TM)+ZI:/9' ch(E) A A(TZ))

lim Tr._.te
M seE

A (dim E) 't [](L(v,, 4,) - 1)/v,.
il
Let F be a holomorphic vector bundle with good connection (in the sense
of 4.2). Let Try, denote the trace over the square integrable (0, x) forms
with coefficients in F , and O the d-Laplacian with coefficients in F . Then
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. -m
lim Trp 7€ 1 -
Am Trpptge (1= pop)

=/ ch(F) A T(TM) +Z/ ch(F) A T(TZ))
M 1

A(dimF) trF H - 1/v,.
i€l

Finally, we have

R—o0

lim Tr‘cee_m(l —PyR) = /Me(TM).

Proof. The demonstration of each of the above cases except the last
is the same as for the signature complex. One merely substitutes the cor-
rect formula for y f and p ; corresponding to the complex at hand. For
the auxillary bundles D and F, 7 and p ; clearly do not change. One
merely adds the extra curvature terms which lead to the Chern character
contribution. For the Euler characteristic one applies Proposition 5.1(ii)
to obtain the additional vanishing.

8. The commutator term

Finally, we are left to evaluate lim, Tr{D, p,.] ft°° De—SAdsr/Z.
We use the construction for e™** given above. The support of p,, may

be covered with sets of the form V; (R) = (A})" I x U, ,(R) as before.
It is elementary to check that

lim (D, pygl / De™dst/2T, =0, if m—id#0.
R—’OO V],Q(R) t

We are thus left to compute the contribution of the m — i4 = 0 terms.
Let T = }:m ia<o T, - This projection is zero for a Dirac operator with
coefficients in a bundle with Dirac-good connection; hence, its commutator

term vanishes in the limit. As observed in Lemma 6.7, the C(R;) and

C(W,) terms in ¢ **T, vanish in the limit as R — co. In order for
this term to make a nontrivial contribution to the index, the C(R;) and
C (Wj) factors must come from [D, p,p]1D. Thus only those terms with
[I] =1 contribute. In the case of the signature operator, it is evident that
for appropriate p,, (0 -invariant), [D, p,z]DT does not contribute any

factor of C(W)). Hence we have



500 MARK STERN

Proposition 8.1. For the signature operator with coefficients in a bundle
with good connection and the Dirac operator with coefficients in a bundle
with Dirac-good connection,

: * —sA
Rll_r'{.loTl'[D, pZR]/t De " dst/2=0.

We now consider the contribution of the commutator term arising from
a neighborhood of a single component &, of the divisor & . For the
Gauss-Bonnet complex and the Dolbeault complex, we have respectively

2[D, p,glD = C(R,)C(R,)C(W,)C(W,)8 p,p/dr + lower mass terms,

2[D, pyplD = C(Z,)C(Z,)3 p,/dr + lower mass terms.

Let 1, = C(R,)C(R,)C(W,)C(W,)tr or C(Z,)C(Z,)t depending on the
complex in question. It is clear that 9/dr ft°° tr e‘SATS dst; is rapidly
decreasing as R tends to oco. Thus the contribution of the above term to
the index is given by

lim 8p2R/8r/ tre “dst,

R— o0 V (R

hm/ / tree i
R—'OO R)

Let U(R)=U,U, ,(R),andlet D; denote the Dirac operator associated
to Z; and our complex. Then for any function f; which is the sum of a
constant and a rapidly decreasing function,

. ° —sA
I%I_I.IgoTr[D, pZR]/t De " f|(s)dst
. *1 —sA, —s/4
= lim / / =trte " f(s)e ' ds,
R—roo; U,(2R) Jt 2 ! l( )

and the contribution of the commutator term to the index is obtained by
setting f,(s) = 1. Let F,(¢) = ft°°f1(s)e_s/4ds/4. Recall from (32) that

(56)

Index(D,)
(57) BT —sA,; /oo 1 —ul,;
__Rh_rgo . trre +tr[D;, pyg ;] i EDirie du,
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where in an abuse of notation index(D,) denotes the index of the re-
striction of the selfadjoint operator D, to the appropriate subdomain (for
example, even forms). Incorporating (57) in (56) gives

o o)
. —sA
Lim Tr{D, pZR]/t De " f,(s)ds /2

o0
= lim / Z {Index(Di) = TrD;, pyg 1]
t i

R—o0
o —uA, £1(8)
. Dte “idu 2} 1
/s b / 4e’!4ds

= Rh—l}go; {Index(D,-)F,(t) —/t Tr(D;, pyg ;]
: / Di‘tie_“A"duFll(s)ds/Z}
s

= lim {Index(Di)F1 (2

R—o00 7
+ /, Tr[D,, sz,i]Ditie'SA"(Fl(s)—Fl(t))ds/Z}.

Using the obvious extension of (56) to the operator D; and the assumption

that ¢t = ¢(R) — 0 as R — oo, we conclude that the commutator term
(58)

ot SA s/4
lim / / trre if(s)e ' ds/4
R—»oo; U,(2R) Jt ! 1( ) /

= Z {Index(D,-)Fl (0)

+ lim / /ootr‘t‘.e—m"" F.(s)— F (0)e** ds/a} |
B D e T ) = FO) /

where all ij subscripts denote objects associated to the divisor Z, n.@‘j C
9, in the same manner as the i-subscripted objects were associated to the
divisor ;. The derivation of (56) may now be iterated, setting f, =1,
and f,,(s) = (F;(s) — F;(0)) . We obtain the following expression for the
commutator term.
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Proposition 8.2.
. o —sA
Rh_r)xgoTr[D, sz]/t De “dst/2

=— Z(—l)'”|zulndexp,4‘”

00 2 t
T R
0

== 3"(-1)"Index D,
1

Here the factor of |I|! counts the multiplicity of &, in the above it-
eration. For example, .Qij is counted twice because it arises both as a
boundary of &, and a boundary of & E The integral factor arises from
the F;(0) factors defined above. Combining (32) and Propositions 8.2,
7.1, and 7.2 we obtain the following.

Theorem 8.3. Let E be a unitary flat vector bundle with logarithmic
connection along & . Then the L*-signature of (M, h, E) equals

2"/2/ L(TM)+2"/ZZ/ L(TD) Arg [[(L(y,, 4;) - D/v,

iel

Let F be a holomorphic vector bundle with a good connection in the sense
of (4.2). Then

XM, h, F)= /M Ch(F) AT(TM) = Y (-1)"'2,(@} , by, )
1

+ Z / Ch(F) A T(TZ;)

A (dim F) ™ 'tr,, [T, 4)-1)/v,,
iel

where F, denotes the restriction of F to @,’. The L*-Euler characteristic
of (M, h) equals

e(TM) + 21: /9] ’ e(TD,).

The index of the Dirac operator on M with coefficients in a bundle F with
a Dirac-good connection (see 4.3) is given by

/M ch(E) A A(TM) + ; /9 <h(E) A A(TZ)

A (dim E) 'ty [[(L(v,, 4,) - D/v,.
iel
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