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ANALYTIC AND TOPOLOGICAL TORSION FOR
MANIFOLDS WITH BOUNDARY AND SYMMETRY

WOLFGANG LUCK

0. Introduction

Let G be a finite group acting on a Riemannian manifold M by isome-
tries. We introduce analytic torsion

G
Pu(M, M ; V)€ R®, Repg(G),

PL-torsion G 22
ppl(M> M;; V) e K (RG)"",
Poincaré torsion

G z/2
Poa(M, My V) € K, (RG)™?,

and Euler characteristic
x°(M, M,; V) € Repg(G)

for O M the disjoint union of M, and M, and V an equivariant coeffi-
cient system. The analytic torsion is defined in terms of the spectrum of
the Laplace operator, the PL-torsion is based on the cellular chain com-
plex, and Poincaré torsion measures the failure of equivariant Poincaré
duality in the PL-setting, which does hold in the analytic context. De-
note by l{e\pR(G) the subgroup of Repg(G) generated by the irreducible
representations of real or complex type. We define an isomorphism

T, oT,: K,(RG)”? = (R®, Repg(G)) ® (Z/2 ®, Repg(G))
and show under mild conditions that
1 G
P (M, M5 V) =T\ (pg(M, M3 V) = 5 -T\(ppy(M, My V)

+ ___lnéZ) x°0OM; V)
and

Ty (pg(M, M5 V) = Ty(pog(M, M, V) =0.
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For trivial G this reduces to the following equation in R:

In(2)
=

Torsion invariants are important invariants which relate topology to
algebraic K-theory and hence to number theory (see Milnor [25]). The s-
Cobordism Theorem and the classification of lens spaces are important ex-
amples. Motivated by fruitful connections between topology and analysis,
e.g., the Atiyah-Singer Index Formula, Ray and Singer [29] asked whether
(Reidemeister) PL-torsion can be interpreted analytically, namely, by the
spectral theory of the Laplace operator. They defined analytic torsion and
gave some evidence for the conjecture that analytic and PL-torsion agree.
This was independently proved by Cheeger [8] and Miiller [26]. Analytic
torsion is used and investigated in various contexts (see, e.g., Bismut and
Freed [4], [5], Fried [14], Quillen [27], Schwarz [32], and Witten [35]).

The PL-torsion is powerful as it is a very fine invariant, and there are
good tools like sum and product formulas for its computation. In par-
ticular, one can chop a manifold into “elementary” pieces, determine the
PL-torsion of the pieces, and use a sum formula to compute the PL-torsion
of M . Notice that these pieces have boundaries even if M is closed. In
order also to get a sum formula for analytic torsion, it is necessary to in-
vestigate the relation between analytic and PL-torsions also for manifolds
with boundary. Inspecting the proofs of Cheeger [8] and Miiller [26] one
recognizes that they do not extend to the case where M has a boundary.
Moreover, an easy calculation for D' shows that their result is not true
for D'. Now the key observation due to Cheeger (see [8, p. 320]) is that
the equivariant spectrum of the Laplace operator on M U,, M with the
Z/2-action given by the flip and the spectrum of the Laplace operator on
M for both Dirichlet and Neumann boundary conditions determine one
another. Hence the problem of comparing analytic torsion and PL-torsion
for manifolds with boundary can be reduced to the case of a closed man-
ifold with a Z/2-action. Notice that the flip on M U,, M reverses the
orientation. Inspecting the proof of Miiller [26] again it turns out that his
methods carry over to closed orientable Riemannian G-manifolds with
orientation preserving and isometric G-action for a finite group G. This
is carried out in Lott and Rothenberg [19], and we will exploit their work.
However, we will use a different setting which seems to be more appro-
priate for our purposes here and for more general situations (mainly an
L’-version for proper actions of infinite groups on noncompact manifolds
which we will treat in forthcoming papers).

Pon(M, M5 V) =In(p (M, M5 V) + =2 - x(3M) - dimg V.
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Let (M, M,, M,) be an m-dimensional (compact) Riemannian G-
manifold triad (with G acting by isometries). There is a canonical group
extension

0— n,(M) 5 D(M) % G -0

and a DG(M )-action on the universal covering M extending the action of
the fundamental group and covering the G-action. Consider an equivari-
ant coefficient system V', i.e., an orthogonal representation of DG(M ).
Such a V' may be thought of as an equivariant flat G-vector bundle over
M or as an equivariant flat connection. We want to allow a twisting of our
invariants by such equivariant coefficient systems because analytic torsion
is important for the study of moduli spaces of flat connections (see, €.g.,
Quillen [27], Witten [35]). Put certain boundary conditions of Dirichlet
type on M, and of Neumann type on M,. Then the Laplace operator
AP is elliptic, selfadjoint, and nonnegative definite and is compatible with
the G-action. The eigenspace E- (M, M,; V)’ of A? for the eigenvalue
A is a real G-representation. We define the equivariant zeta-function by
meromorphic extension of

LM, M5 V)(s) =Y A7 - [E] (M, M,; V)] € C®, Repg(G).
A>0

It is analytic in zero and we define analytic torsion in §1 by
G
Pur(M, M sV E( 1y’ J(M, M3 V)| ,_o € R®, Repg(G).

For G = 1 this agrees up to a factor 2 with the definition of Ray and
Singer [29].

A finite RG-Hilbert complex C is a finite-dimensional finitely generated
RG-chain complex C together with a R-Hilbert structure compatible with
the G-action on each C,. Given a RG-chain equivalence f: C — D, we
define in §2 its Hilbert torsion

ht(f) € K,(RG)

Let C be a finite RG-Hilbert complex. Then its homology H(C) has
the structure of a finite RG-Hilbert complex with respect to the trivial
differential. There is an RG-chain map i: H(C) — C uniquely deter-
mined up to RG-chain homotopy by the property H(i) = id. Define the
Hilbert-Reidemeister torsion of C as

hr(C) = ht(i) € K, (RG

z2

z/2
)/
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If G is trivial, then hr(C) is the square of Milnor’s torsion defined for C,
and H(C) equipped with any orthonormal bases. There is also a cochain
version.

Using the Hodge decomposition theorem and the cellular bases we get
RG-Hilbert structureson H,(M, M,; V) and C (M, M,; V). We define
the PL-torsion as

G z/2
ppl(M, M ;V)=hr(C,(M, M, ;V)) € K, (RG) 12,
Let O[M]): C" (M, M, ; “Vy - C,(M, M, ; V) be the Poincaré RG-
chain equivalence; its Hilbert torsion is the Poincaré torsion

por(M, My; V) € R®, Repg(G).

This invariant is always zero for trivial G . This follows from the proof of
Poincaré duality based on the dual cell decomposition of a triangulation.
In the equivariant case the dual cell structure is not compatible with the G-
action, and pgd(M , M, ; V) measures the failure. The equivariant Euler
characteristic is defined by
m
2C(M, M V) =Y (=1)" - [H (M, M}; V)] € Repg(G).

p=0
We will assume the technical condition that the equivariant coefficient
system V is coherent to a G-representation. This is always satisfied if G
is trivial or M7 is nonempty and connected for all H C G. Now we can
state the main result of this paper.

Theorem 4.5 (Torsion formula for manifolds with boundary and symme-
try). Let M be a Riemannian G-manifold whose boundary is the disjoint
union M, [[M,. Let V be an equivariant coefficient system which is co-
herent to a G-representation. Assume that the metric is a product near the
boundary. Then

G G 1
Pan(M , My V) =T (p(M, M5 V) = 5 - T (p(M, My5 V)

+ lﬁgﬁ @M.

If G is trivial, this reduces to the following equation of real numbers:
In(2)
2

Cheeger states in [8, p. 320] without proof a formula relating analytic
and PL-torsions for a manifold with boundary (without group action).
His formulas are not as precise as ours since Cheeger claims only that the

Pan(M, M3 V) =In(p (M, M3 V) + 5 - x(9M) - dimy V.
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correction term can be computed locally at the boundary, whereas we can
identify it with the Euler characteristic.

The proof of the main theorem is organized as follows. In §§1, 2, and 3
we present product and double formulas and Poincaré duality. We inves-
tigate how these invariants depend on the Riemannian metric and relate
PL-torsion to the equivariant Whitehead torsion of a G-homotopy equiv-
alence. Then Theorem 4.5 is verified in §4 as follows. We first give the
proof under the extra conditions (i) M is orientable, (ii) G is orienta-
tion preserving, and (iii) dM is empty. If dim(M) is even, the assertion
follows from Poincaré duality. The Poincaré duality formulas for analytic
and PL-torsion differ only by the Poincaré torsion. This is the reason for
the appearance of Poincaré torsion in the formula relating analytic and
PL-torsions. If dim(M) is odd, we reduce the claim to the case of trivial
coefficients ¥ = R and then apply Lott-Rothenberg [19]. We remove con-
dition (iii) by the various product formulas and explicit calculations for S !
with the involution given by complex conjugation. We get rid of (i) using
the orientation covering. Finally we remove (iii) by the double formula
which relates the invariants for the (G x Z/2)-manifold M U,,, M to the
invariants of the G-manifolds (M, &) and (M, dM). The double for-
mulas for the analytic torsion and the PL-torsion differ by a certain Euler
characteristic term of the boundary, since in the analytic case the boundary
is a zero set and does not affect the RG-Hilbert structure whereas in the
PL-case the cells of the boundary do contribute to the RG-Hilbert struc-
ture. This difference in the double formulas causes the Euler characteristic
term in the formula of the theorem above. The appearance of a correc-
tion term in the case of a manifold with boundary is not very surprising
if one thinks of the index formula for manifolds with boundary where the
n-invariant comes in (see Atiyah-Patodi-Singer [1]-[3]).

In §5 we investigate some special cases. We derive from the sum formula
in the PL-case a sum formula for the analytic torsion. This is remarkable
because it is in general difficult to derive the spectrum of the Laplace
operator on M U s N for an isometric diffeomorphism f: M — ON
from the spectra of its restrictions to M, N, and 0 M. We express the
various torsion invariants for spheres and disks of G-representations in
terms of their characters. We construct an injective homomorphism based
on Poincaré torsion:

pu: Repe(G) » Z& (@ K, (R[WH])Z/z) .
(H)
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This reproves the theorem of de Rham that two orthogonal G-representa-
tions V and W are linearly RG-isomorphic if and only if their unit
spheres SV and SW are G-diffeomorphic. We use the sum formula
for Poincaré torsion to establish a local formula for Poincaré torsion. It
computes the Poincaré torsion of M in terms of the Poincaré torsion of
the tangent representations of points with nontrivial isotropy group and
the universal equivariant Euler characteristic of M .

The author wants to thank the Deutsche Forschungsgemeinschaft for
financial support and the Department of Mathematics of The University of
Chicago for their hospitality during his stay from October 1988 to March
1989 and in February 1990, when this paper was worked out. In particular,
the discussions with Professor Rothenberg were very fruitful.

1. Analytic torsion

Let G be a finite group. A Riemannian G-manifold M is a compact
smooth manifold with differentiable G-action and invariant Riemannian
metric. If 8 M is the disjoint union of M, and M,, we want to define
the analytic torsion of (M, M|) with certain coefficients V. We begin
with explaining the coefficients.

Let X be a G-space with universal covering p: X — X. The group
of covering translations is denoted by A(p). Let DG(p) be the discrete
group
(1) D°p)={(f.&)|f:X~X, g€G, pof=1Ig)op},
where /(g): X — X is multiplication with g. There is an obvious exact
sequence

(1.2) 0-A@) YD) @G -0

and an operation of DG(p) on X (both natural in p) making the follow-
ing diagram commute:

(1.3) Dp)x X —— X

GxX — X
In the sequel we identify A(p) with 7 =, (X) and write DG(X ) in-
stead of DG(p) . The coefficients will be orthogonal DG(X )-representations.
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Let M be a Riemannian G-manifold of dimension m . Define the
orientation homomorphism

(1.4) wé(M): DC(M) - {£1}

as follows. For some base point x € M an element (f, g) € DG(M ) is
given by a homotopy class of paths w from x to gx. The composi-
tion of the fiber transport of the tangent bundle TM along w and the
differential of / (g_l) at gx give an isotopy class of automorphisms of
TM_ . If it is orientation preserving, resp. reversing, we set wG(M WS, g)
equal to, resp. —1. An equivalent definition uses the observation that
H '"(HomZn(C*(A? ), Zx)) is an infinite cyclic group by Poincaré duality
and f induces a homomorphism f;: n—-m,a Z] f*]-equivariant map
C.( f): C*(Ji7 ) — C*(ﬁ ), and hence an automorphism of this infinite
cyclic group by H™(Hom, (C,(f), Z[f,'1]). Then w®(M)(f, g) is its
degree.

If Visa DG(M )-representation, let “V be the w = wG(M )-twisted
DG(M )-representation given by w(e)-ev for e € DG(M) and v € V.
The vector bundle M x, V over M becomes a G-vector bundle by
g(x,v) = (x2"", gv) for any lift § € D°(M) of g € G. The deRham
complex A*(M ; V) of differential forms with coefficients in M x,V isan
RG-cochain complex. A choice of a local orientation on T}’l\l; for some
xeM together with the Riemannian metric determines a volume form
dM € A"(M;"R). Using the inner product on ¥V we get the product
A ANP(M; VYR A (M ;™ V) — APTI(M ; “R). The Hodge star operator

(1.5) * AP(M V)= A"P(M; 1Y)

is defined by w A (xn) = (w, n) -dM, where ( , ) is induced from
the Riemannian metric. Since dM is G-invariant, the map * is RG-
linear. The Riemannian metric induces an inner product on A”(M; V)
by ((w, n)) := [, (w,n)dM . Then * is an isometry satisfying o * =
(=1*™=P)id . The adjoint 6°: AP (M; V) — AP"'(M; V) of the differ-
ential d” is (—1)™"*"*! « d™ P« Define the Laplace operator
(1.6) NN (M;V)— A (M V)
by d?~'6” + 67 1d".

Let M be a Riemannian G-manifold whose boundary 8 M is the dis-
joint union M, [[M,. We allow that M, or M, or both are empty.

Consider an orthogonal DG(M)-representation V. Given a p-form w €
AN (M; V), let w,,, be the p-form on M coming from restriction with
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Ti: TOM — TM for the inclusion i. Let w__ be the (p — 1)-form

nor
* o0 (¥, @10 - We will consider the boundary conditions

(1.7) bM, M) v, =0, (dw), =0 onM,
w,,=0, (do),, =0 onM,.

nor

In the sequel we write

ANM, M;V)={weN(M;V)| o, =0onM,
and o, = 0on M,},
(1.8) AS(M, M,; V) ={we AN (M;V)|w satisfies b(M , M,)},
H) (M,M;V)={weAN(M;V)|Aw=0,
w satisfies b(M , M|)}.

The space H,‘l’am(M , M ; V) is called space of harmonic forms. Denote
by

(1.9) AM; V) A"(M; V) > CH(M; V)
the - V-twisted deRham map which is the composition

A M VYy=A(M; Mx, V)5 AN Mx V)" L (A (M) e V)"
2D, (Homg (CX (M), R) @ V)" T Homy(C (M), V)"

= Homy (CJ(M), V) =:C(M; V).

Here Cf(ﬂ ) is the singular chain complex. The map p”* is induced from
the projection p: MxV - M x, V. The isomorphism ;: A*(ﬂ )®pV —
A*(M; M xV) sends s®v, given by a section s of A’T*M and ve V,
to the section x — s(x) ® v. We denote by A(ﬂ ) the ordinary deRham
map sending a p-form w to the singular cosimplex ¢ — [o"w. The
isomorphism ® maps ¢ ® v to the R-map Cf(ﬂ) -V, o ¢(0).

We denote by L>AP(M ; V) the Hilbert completion of A’(M; V) un-
der the inner product ((w, 1)) := [ » @ A xn . For later purposes we state
the following result whose proof can be found in Miiller [26, p. 239].

Theorem 1.10 (Hodge-decomposition theorem). (a) Hy, (M, M,; V)
= ker(d) Nker(8) NA{(M, M; V).
(b) The R-modules ker(A)NAJ(M , M,; V) and H], (M, M,; V) are

finitely generated.
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(c) We have the orthogonal decompositions
NM, M V)=H,_ (M, M;V)odN ™ (M, M,;V))
@SN (M, M,; V),
(M, M; V)®dclos(d(A] (M, M,; V)
@ clos(6(A2~' (M, M,; V))).

(d) The inclusion i: Hy (M, M,; V) — ker(d)NAS(M, M,; V) com-
posed with a deRham map has image contained in the space of cocycles in
Cf (M, M,; V). We obtain an isomorphism

iLHY (M,M;V)—> H(M,M;V).

harm

The Laplace operator A”: AS(M; V) — A5(M; V) is an elliptic self-
adjoint differential operator, whose spectrum is a pure point spectrum
consisting of nonnegative real numbers. For 4 > 0 we put

(1.11) EJ(M, M, VY ={weNM; V) |Nw=io}.

LN M, M;V)=H,

harm

Since G acts on (M, M|) by isometries, A is compatible with the RG-
structure. Since Ef(M s M V) is finitely generated, it defines an ele-
ment in the real representation ring Repg(G). We define the equivariant
zeta-function

(M, M V)(s) =) A7 [E; (M, M,; V)'] € C®, Repg(G),
(1.12) 1:,0

M, M V) =3 (1 p- L (M, M V)
p=0

for s € C with Real(s) > dim(M)/2. Because Repgp(G) is a finitely
generated free abelian group with the isomorphism classes of irreducible
representations as base, we may identify C ®, Repy(G) with C’ for r=
rk, (Repg(G)). Hence it makes sense to speak of convergence in C ®,
Repg(G). Restriction to the trivial subgroup defines a homomorphism
res: C ®, Repg(G) — C®, Repg({1}) = C. The image of {5 (M, M,; V)
under this map is just the nonequivariant zeta-function which converges
absolutely for Real(s) > dim(M)/2 (see Gilkey [15, p. 79]). This implies
that CpG(M , M ; V) converges absolutely for Real(s) > dim(M)/2.

Lemma 1.13. The equivariant zeta-function Cf(M , M,; V) has a mero-
morphic extension to C. It is analytic in zero, and its derivative at zero
lies in R ®, Repg(G).
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We defer the proof of Lemma 1.13 to §4.
Definition 1.14. The analytic torsion

pS (M, M,; V) € R, Repy(G)

is defined by pg (M, M,; V) =Y ((—1) p- &L (M, M5 V)| -

Example 1.15. Fix a positive real number yx. Equip R with the stan-
dard metric and the unit circle S' with the Riemannian metric for which
R-S', exp(27zi,u_lt) is isometric. Then S' has volume x. Let
Z/2 acton S’ by complex conjugation. The Laplace operator A" A'R-
A'R maps f(£)dt to —f"(t)dt. By checkmg the u-periodic solutions of
f"(®) = —Af(t) one shows that A on S' has elgenspaces EA(SI)I
spang(f, dt, g, dt) for A= (2nu~ n) ,n>1, E(S ) = spang(dt) for
A=0, and EA(SI) = {0} otherwise, if fn(exp(Zniu_lt)) = cos(2n,tf1nt)
and gn(exp(Zniu"t)) = sin(Znu"lnt). The Z/2-action on S' induces
the Z/2-action on Em#_.n)z(Sl) sending f, to f and g, to —g,. De-
note the Riemannian zeta-function by (g, (s) =, n~°. Let R be the
trivial and R~ be the nontrivial one-dimensional Z/2-representation. We
get

Z/2 2n _
(S';R) = (#) Caie(25) - ((R] + [R]).

Since (z,.(0) = —% and C;ue(O) = —In(27)/2 hold (see Titchmarsh [34]),
we obtain

Z/2 _
(1.16) pZ(S"; R) = In(u) - ((R] + [R™']).
By restriction to the trivial subgroup we derive
(1.17) p,.(S'; R) =2 In().

Example 1.18. Equip D' = [0, 1] with the standard metric scaled by
u > 0. The volume form is then udt. The Laplace operator A':A'D -
A'D' maps f(t)dt to p™* — f'(t)dt. We get

EA(D1 ; R) = spang(sin(nnt) dt),
EA(Dl , aD' ; R) = spang(cos(nnt)dt) for A= (%n)2 , heZ, n>1,

and EA(D1 ;R) = EA(Dl s D' ; R) = {0} otherwise. Hence we get

—2s
L(D';R)=((D',8D";R) = (%) CRie(29),
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which implies
(1.19) pa(D' R)=p_ (D', 8D"; R) = In(2u).

Proposition 2.10 (Poincaré duality for analytic torsion). Let M be an
m-dimensional Riemannian G-manifold with orientation homomorphism
w = wG(M). If V' is an orthogonal DG(M )-representation and M the
disjoint union M, ] M,, we have

G G
Pan(M, M3 V) +(=1)" - p (M, M,;"V)=0.

Proof. Recall EJ(M, M; VY = {w € Ay(M, M,; V)|Aw = iw}
and AJ(M,M;V)={w e A"(M;V)|w satisfies b(M, M,)}, where
the boundary conditions b(M , M|) were defined in (1.7). Put

EM,M; VY :={weNM,M;V)|ddw=iw}

and

E/M,M; V)V :={weAN)(M,M;V)|ddw=lw}.
For 4 # 0 we obtain an orthogonal RG-sum decomposition

A'dsea'ad:
(1.21) G » , ’ Y ’
EM,M;V) -EM,M;V)®E (M,M V)
and inverse isometric RG-isomorphisms

Vs E M M VYT S El(M, MV,

(1.22) . ,
VA E] (M, M VY - ExM, M VYT

The Hodge star operator * induces an isometric RG-isomorphism

(1.23) x EQ(M, M; V) — EJ (M, My; “v)"".
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Now the following computation finishes the proof:

M, My V) =33~ AT EL (M, My VY
p=0 >0

= 2 0 AT E (M, My )]
p=0 >0

=(=D)"Y N =)"PpATE (M, My V)
p=0 A>0

- (_1)m+l ZZ(_I)m—p(m _p)}'—s

p=0 A>0
AES(M, M, VY™

+(=1D)"m i do=n"PaT

p=0 >0
JES (M, My; V)™

= (=)™, My V) + (1) m Y S (=)™
p=0 A>0

AT(E(M, My VPP +IE(M, M, V)P
= ()™M, My YY) ged.

Suppose that M is orientable and closed, its dimension m is even, and
G is orientation preserving. As w is trivial, we get pg(M ; V)=0.

Remark 1.24. We often put the condition on the Riemannian metric
that it is a product near the boundary, i.e., there is an equivariant collar
f:0M x[0, 1[ onto an invariant neighborhood of the boundary such that
f isisometric if we equip &M C M and U C M with the induced metric,
[0, 1] with the standard metric, and O M x [0, 1[ with the product met-
ric. This condition ensures that for two such Riemannian G-manifolds
M and N and an isometric G-diffeomorphism f: M, — N, between
open and closed submanifolds M, Cc M and N, C ON there is the
structure of a Riemannian G-manifold on M U / N such that the obvious
inclusions i,,: M — MUfN and iy: N — MUfN are isometric G-

imbeddings. Let V', resp. W, be an orthogonal D°(M)-, resp. DYN)-,
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representation. We denote by j, : M, — M and j,: N, —» N the in-
clusions. Fix an orthogonal DG(MI)-isomorphism fiiyV = ffinW
Then there is an orthogonal DG(M U, N )-representation ¥V U 7 W such
that j, (V Uy W) and V, resp. NV U; W) and W, agree. If G is
trivial and M, is connected, this follows from the theorem of Seifert-van
Kampen. In the general case one must apply a generalized version say-
ing that the corresponding diagram of fundamental categories in the sense
of [21] is a push out of categories. Alternatively, one may think of the
representations as G-vector bundles and glue them together.

In particular, we can choose f =id and f = id and consider MU M, M
and V'u,, M, V . There is a canonical Z/2-structure on M U M, M obtained
by switching the two copies of M. Hence we can cons1der Mu M, M
asa Rlemanman (G x Z/2)-manifold. The Z/2-structure induces a Z/ 2-
action on D° (Mu M, M) and D& 2(M Upy, M) is the semidirect product

DG(M u M, M) x Z/2, provided that M, is not empty. The orientation
homomorphism waz/z(M Uy, M) maps (u, +1) € DGXZ/z(M Uny, M)
to £1- wG(M U, M)(u). One can extend V Ups, V to an ortho-
gonal DGXZ/Z(M Uy M)-representation by (u,+l)-v =u-v for u €
DG(MUM M) and v € V', since u and (—1)- u € D° (M uU,, M) for
+1€Z/2 operate on V U,, V' in the same way.

The following result w1ll allow us to reduce the case of a manifold with
boundary to the closed one. We have the isomorphism

(R ®, Repg(G)) ®, Repg(H) 2% R®, Repg (G x H),

(1.25)
(A-[P]) ®,[Q]— A-[P &g Q]

For later purposes we mention the pairing obtained from (1.25) for
G = H , also denoted by ®p, and restriction to the diagonal:

(1.26) (R ®, Repg(G)) ®, Repy(G) =X R®,, Repy(G).

For the next result put A = Z/2 in (1.25).

Proposition 1.27 (Double formula for analytic torsion). Let M be a
Riemannian G-manifold such that the Riemannian metric is a product near
the boundary. Suppose that O M s the disjoint union of M, and M, . Let

V be an orthogonal DG(M )-representation. Then the following equalities
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hold:

( ) EGxZ/Z(

Muy, M;Vu, V) = (ES(M; VY @ R)
® (Ey (M, M; V) & R),
(b) CGXZ/Z(MUM M;Vu, V)=, S(M;V)®.C)
® (LM, M,; V)8 C),
(MU, M3V Uy, V)= (py(M; V) @, [R])

+ (S (M, M; V) g [R]).

(C) GxZ/2

Proof. Obviously (b) and (c) follow from (a). Let 7: M U M, M —
Mu M, M be the flip map. Define

(1.28)’
EX* (MU, M3V U, VY,
={we EG*Z”(M Uy, M3 V Uy, V) |70 =0},
E;H MUy M5V U, VY
—{weEZ" (MU, M;V U, VV|T0=-o0}
1 1

Let i: M - MU M, M be the inclusion onto the first summand. Ob-
viously i* is compatible with d, =, J, and A. Since 7 is an isometry
and reverses the local orientation at points in M, , the induced map t*
maps the volume form d(M Uy, M) to —d(M U M, M) . This implies
7' ox = —xo7". As 7 is the identity on M, , we get (i"1°w),,, = (' @),
on M,. Hence i*w satisfies the boundary conditions b(M , @) (resp.
b(M, M))) (see 1.7), if T°w = w (resp. T°w = —w) holds. Thus we can
define RG-maps
(1.29)

i" EZ* (M, M5 VU, V), —ES(M; V), weito,

i ESP (Mo, MV, VY S ESM M YY, o-iloe.

Obviously i* is injective, as i*w determines w because of T"w = w.
Next we show that i* is surjective. Given w € Ef(M ; V), there is only
one candidate as preimage, namely wU M@ The problem is that wU M@
is smooth on (MU,, M)— M, and a priori only continuous on MU, M
but we need smoothness on M Uy M The obvious inclusion 1nduces an
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RG-isomorphism:

(1.30)
. GxZ/2 GxZ/[2
JrE7A MUy, MV U, Ve B M U, MV U, V)

~ B (MU, M3V U, VY.
For any n e A°(MU,, M; V) we get
1

((0uy, o, "»MUMIM = ((@, "My + (@, T M)y, 5
since an integral over M U M, M is the sum of its restrictions to the two
copiesof M . If t°n = —n holds, then (wU M, @> n)) MU, M= 0. Consider
ne Ef(M Uy, M3 VU, V) with 7°n =1 for u # . Then i’y €
Ef(M ; V) and u # A imply ((wU M, @ n)) = 0. Notice that the Hilbert
space L*A? (MU M, M;V U, V) has an orthonormal basis of smooth
+

orthonormal basis {n,, n,,--- , n,}. Then the Fourier development of
wuU M, @ is obtained by the computations above:

1
eigenvectors of A, ,,. For E;**(Mu, M;V U, V), choose an
1

r
quI w = Z((w UM( w, ﬂi)) N
i=1
which holds in L*A? (MUMM; VU M, V). Since the both sides of the
equation are represented by continuous sections, they agree as functions.
The right side is smooth and hence so is wU M@ This finishes the proof

of Proposition 1.27. q.e.d.
We define the equivariant Euler characteristic as

(131)  xSM, M V)= (=1 - [H, (M, M,; V)] € Repy(G).
=0

Proposition 1.32 (Product formula for analytic torsion). Assume a Rie-
mannian G-manifold M whose boundary is the disjoint union M, [[ M,
and a Riemannian H-manifold N with empty boundary. Let V (resp. W)
be an orthogonal DG(M )- (resp. DH(N )-) representation. Then M x N isa
Riemannian (Gx H)-manifold, and V @, W an orthogonal p&H (MxN)-
representation and, using the pairing (1.25), we obtain

P (M x N, M, x N; V @y W)

G H
= 1% (M, M,; V)®g ph(N; W)+ po (M, M,; V)®g x" (N; W).
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Proof. We show the analogous statement for the zeta-functions if
Real(s) > dim(M)/2. We conclude from (1.21) and (1.22) that

(1.33) 1P EEM, My VYT =0

p>0

for A > 0. We derive the equality

(1.34) XM, M V) =Y (1) By (M, M V)]

p20

from Theorem 1.10. Notice that A*(M; V) ®; A*(N; W) is dense in
A" (M x N;V ® W) and on this dense subspace we have A,  , =
A, ®gid+id®gA, . The eigenvalues of A, build a Hilbert basis for

L*A*(M; V). We conclude that

E"(MxN, M, xN; Vo W)

1.35
(1.35) =D P ESM, M VY g EN(N; W
p+q=i A+pu=y

Now we compute

("M xN; M, x N V®RW)
=Y -0 Yy ETT (M x Ny M x NV @ W)
i>0 >0
=Y Y G+ (=) +a)
D,q A+u>0

G
(E] (M, M, VY ®g E, (N; W)

=Y (+mw” (Z( 1) - [EJ (M, M,; V) 1)

A+u>0 p>0
Op (Z(—l)"oq-[Ef(N; W)"]) + Y Gew
920 Au>0

: (Z(—l)"-w[Ef(M, M, V)]) ®p (Z(—l)"-[E,f’(N; W)"])

p>0 q>0



ANALYTIC AND TOPOLOGICAL TORSION 279

- (2(—1)”-[E§(M, My V>1)

p>0
®q (Z(—l)q-q-Zu_s~[Ef(N; W)"])
920 u>0
+ (Z(—l)" Py AT ES (M, M V)”])
p>0 >0
g ( (=17 [Ey (N W)"])
q>0
+ ) (A+m - (Z(—l)” p[ES (M, My, V)"])
A,u>0 p>0
=N (EH)" {[E, (N W)"])
q2>0
+ ) Arm (Z(—l)”-[Ef(M, My; V)"])
A,u>0 p>0
g (Z(—l)"-q-lEf (N W)"])
q>0

= 2°(M, M,; V) @y (Z(—l)" q- LV, W)))

q20
+ (Z(—l)”-p-CS(M, M; V)) Qg X (N; W)
p>0
=M, M VYo (TN W)+ (M, M V) e £ (N W),

1.36. If H is a subgroup of G, then there are obvious restriction and
induction homomorphisms for R ®, Rep,(G) . Restriction and induction
are also defined for (M, M,; V). The equivariant analytic torsion is
compatible with restriction and induction.

2. Torsion invariants for chain complexes

In order to define PL-torsion invariants for G- CW-complexes and Rie-
mannian G-manifolds it is convenient to do this for RG-chain complexes
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C=(C,,c,). Wesay that C is finite if C, is finitely generated for all 7,
and is zero for all but a finite number of i € Z. Let f: C — D be an RG-
chain equivalence of finite RG-chain complexes and let ¢ : C 4, ® D,, —
D, ® C,, be an RG-isomorphism. Denote by Cone(f) the mapping
cone of f whose differential is also denoted by ¢ and given by

—, , 0.
c =<fn"11 d ).Cn_,eaDn—»Cn_zeaDn—l.
- n

Choose a chain contraction y of Cone(f), i.e., a map of degree 1 such that
coy+yoc=id. Then we obtain an isomorphism (c +y): Cone(f)_ 44 —
Cone(f),, if Cone(f),44,resp. Cone(f),, , is the sum of all chain modules
of odd, resp. even, dimension. If n denotes the obvious permutation map,
we get an RG-isomorphism of a finitely generated RG-module

Cone(f),gq = Cone(f),, % C4y® Dy > Dgy ® C., = Cone(f)4q-

Denote its class in K, (RG) by

(2.1) ©°(f, 8) =1/, ) € K,(RG).

We recall that K, (RG) is the abelian group generated by automorphisms
f: P — P of finitely generated RG-modules with the relations [f,] =
[f,1+1f;] for any exact sequence {0} — (P,, f) — (P,, f,) = (P5, f3) —
{0} and [go f]=[g]+][f] for f,g: P— P and [id: P —» P]=0. We
refer to Liick [21, Chapter 12] for more details about this invariant and
the proof that it is well defined. The proofs of some of the results in this
section are omitted since they are very similar to ones appearing in [21].
An RG-Hilbert complex is an RG-chain complex C together with a G-
invariant R-Hilbert space structure oneach C,. Let f: C — D bean RG-
chain equivalence of finite RG-Hilbert complexes. Fix an isometric RG-
isomorphism ¢: C 4, ® D, — D_j, ® C,, . Its existence follows from the
Polar Decomposition Theorem and the fact that C_,®D,, and D, ®C,,
are RG-isomorphic. Given an RG-module P, let P* be Homg (P, R)

equipped with the RG-module structure g- f = fo l(g—l). The natural
RG-map P — P** is bijective if and only if P is finitely generated. We
obtain an involution

(2.2) «: K,(RG) - K,(RG),  [f1~[f"].
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Define the Hilbert torsion
(2.3) nt’(f) = ht(f) € K, (RG)*”

by ht(f) = t(f, ¢)+=t(f, #). This is independent of the choice of ¢. If
v is another choice we have

=@(f, ¢)—t(f, ) +x@(f, &) —t(f, v))
=y o dl+Hy odl=[y  ogl-[y  og]=0.

Proposition 24. If f and g: C — D and RG-chain homotopic, then
ht(f) = ht(g).

Let C be a finite RG-Hilbert complex. Consider its homology H(C)
as an RG-chain complex by the trivial differential. Suppose that addition-
ally H(C) has the structure of an RG-Hilbert complex. Up to RG-chain
homotopy there is precisely one RG-chain map i: H(C) — C satisfying
H(i) = id . Define the Hilbert-Reidemeister torsion

(2.5) hr’(C) = hr(C) € K, (RG)*?
by hr(C) :=ht(i: H(C) — C).

Example 2.6. Let G be the trivial group. Let C be a finite R-Hilbert
complex together with a R-Hilbert structure on H(C). Choose orthonor-
mal bases for each C; and H(C),;. The torsion defined by Milnor [25]
takes values in K,(R) = R*/Z" . Its square is a positive real number which
agrees with hr(C) € K,(R) =R".

We collect the main properties of these invariants. Consider the follow-
ing commutative diagram of finite RG-Hilbert complexes whose rows are
exact and whose vertical arrows are RG-chain equivalences:

0 c —t*—~p -2, E ' 0
(2.7) lf lg lh
0 c -t .p 2, F 0

We get an acyclic finite RG-Hilbert complex 0 — C, b, D, 2 E, -0
concentrated in dimensions 0, 1, and 2 foreach n€Z. Let hr(C,, D,, E,)
be its Hilbert-Reidemeister torsion. Define

(2.8) hr(C, D, E) =Y (-1)"-hx(C,, D, , E,) € K,(RG)"".

n
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Proposition 2.9 (Additivity).
ht(f) — ht(g) + ht(h) = hr(C, D, E) —hr(C', D', E").

Let 0 » C 5 D & E — 0 be an exact sequence of finite RG-Hilbert
complexes. Suppose that H(C), H(D), and H(E) come with RG-Hilbert
structures. The long homology sequence H(C, D, E) inherits the struc-
ture of an acyclic finite RG-Hilbert complex. Analogously to Milnor [25]
we get

Proposition 2.10 (Additivity).

hr(C) — hr(D) + hr(E) = hr(C, D, E) — he(H(C, D, E)).

Proposition 2.11 (Composition formula). If f: C —D and g: D — E
are chain equivalences of RG-Hilbert complexes, we have

ht(g o f) = ht(g) + ht(f).

Proposition 2.12 (Comparison formula). If f: C — D is an RG-chain
equivalence of finite RG-Hilbert complexes and H(C) and H(D) come
with finite RG-Hilbert complex structures, then H(f): H(C) — H(D) is
an RG-chain equivalence of finite RG-Hilbert complexes and we get

ht(f) = hr(D) — hr(C) + ht(H()).

Proof. The proof follows from Proposition 2.11. q.e.d.
Given two finite groups G and H, there is a pairing

®p: K,(RG) ®, K, (RH) — K,(RG x H),

2.13
( ) [P]®Z[f:Q_'Q]H[id®gf:P®RQ_’P®RQ]'

Notice that K (RG) is Repg(G). Because P and P* are (not naturally)
RG-isomorphic, we get the following induced pairings:

2.1 ®g: Ko(RG) ®, K, (RH)*? - K,(RG x H)*?,
: z/2
®g: K,(RG) ®, K,(RG)** — K (RG)**.

If C is a finite RG-chain complex, define its Euler characteristic as

(215)  2(C):= (=1 [Cl =Y (=)' [H,(C)] € K,(RG).

i>0 i>0
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Proposition 2.16 (Product formula). Let f: C' — C, resp. g: D' —
D, be an RG-, resp. RH-, chain equivalence of finite RG-Hilbert complexes.

Then

nt”? (f ® g) = x°(C) ®g bt (g) + 1tC(f) @ " (D).

(b) Let C, resp. D, be a finite RG-, resp. RH-, chain complex. Assume
that H(C), resp. H(D), possesses a finite RG-, resp. RH-, Hilbert complex
structure. Equip H(C ®g D) with the finite (RG x H)-Hilbert structure for
which the Kiinneth isomorphism H(C) ®g H(D) = H(C ®g D) becomes
an isometry. Then

w7 (C @ D) = 1°(C) @ e (D) + 1r(C) @y 1™ (D).

2.17. If H c G is a subgroup, there are obvious induction and restric-

tion homomorphisms. Both ht and hr are compatible with induction and

restriction.

If C =(C,,c,) is a finite RG-chain complex, define its dual RG-
chain complex C"™* by (C"™"), = (C,)" and ("), == (c,_,,)"- If
the RG-module P has a finite RG-Hilbert structure given by an RG-
isomorphism ¢: P — P* satisfying ¢* = ¢, equip P* with the finite

-1
RG-Hilbert structure P* *» P — P**. Hence C"™* inherits a finite
RG-Hilbert complex structure from C. Notice that the natural RG-map
C — (C"™™)"™" is an isometric RG-chain isomorphism.

Proposition 2.18. (a) If f: C — D is an RG-chain equivalence of RG-
Hilbert complexes, then

ht(f"") = (-1)" - ht(f).

(b) Let C be a finite RG-Hilbert complex. Assume that H(C) has a
finite RG-Hilbert complex structure. Then

hr(C" ) = (=)' - hr(C).

Let f: C — D be an RG-chain equivalence of finite RG-Hilbert com-
plexes. Let x(C;) and &(C;) (resp. k(D,) and &(D;)) be two different
RG-Hilbert structures on C; (resp. D;). Then we obtain RG-automor-
phisms
K(C) ' o&(C,): C,— C] - C,,

x(D,)"' o&(D,): D, - D} — D,.
Proposition 2.20. We have the following equation:
ht(f: (C, x(C)) — (D, k(D))) —ht(f: (C, k(C)) — (D, k(D))

=31 k(€Y o R(C) = 3o (=) - [k(D) T 0 R(D,)].

i>0 i>0

(2.19)
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Proof. Because of Lemma 2.11 it suffices to prove

ht(id: (C, x(C)) = (C, &(C))) = > (=)' [K(C) ™ o R(C))]
i>0
Because of Proposition 2.9 we can assume that C is concentrated in
dimension zero. If ¢: (C,, k(C,)) — (C,, k(C,)) is an isometric RG-
isomorphism, we compute

ht(id: (C, k(C)) — (C, &(C))) = [¢]1 +[¢"]
= [g]1 +[R(Cp) o g ' ox(Cy) ']

=[poR(Cpod  or(Cy ]
=[x(C)) ' o R(Cy)]. qed.

Next we compare KI(RG)Z/ > and R ®, Repp(G). Let I be a com-
plete set of representatives for the isomorphism classes of irreducible RG-
representations. For any finitely generated RG-module W we have the
natural RG-isomorphism

(2.21)  ¢: g;lﬂomRG(V, P)®gq, iV =P, OV ().

€
By Schur’s Lemma Endp (V') is a skew field. Hence the canonical homo-
morphism EndRG(V)* — K, (Endg;(V)) induces an isomorphism from
the abelianization of the group of units Endgg(V);, — K,(Endg.(V))
(see Silvester [33, p. 133]). We obtain from (2.21) an isomorphism

®: K, (RG) — End V)a ,
(2.22) é.él "o ’
[g: P — P]~ {[Homg(id, , g)]1|V € I}.

There is an involution x: Endg.(V), — Endg.(V); sending [f] to
[k~'o f* o k] for any RG-isomorphism k: V — V™ satisfying k = k*.
Then ¢ is compatible with the involution * on K,(RG) and the direct
sum of the involutions * on EndRG(V):b. Because Endg (V) is a skew
field over R, it is isomorphic to R, C, or H and we accordingly call
V of real, complex, or quaternionic type. Under these isomorphisms the
involution on Endg, (V) corresponds to the trivial, complex,or quater-
nionic involution. The map R x S H sending (A, z) to A-z is
an isomorphism of Lie groups if S* inherits the Lie group structure from
S c H. The Lie group §? = SU(2) is its own commutator group. The
inclusion R* — H* and the norm map H* — R sending a € H to Vaa
induce to other inverse isomorphisms R" — H, and H} — R". Now
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the inclusion i: R* — (Endg(V)},)”/> mapping 2 € R" to A-id: V — V
induces an isomorphism
iR — (EndRG(V):b)Z/ 2 , if V is of real or complex type,

. * 2
i: RY — (Endg (V)5)">,

(2.23)
if V is of quaternionic type.

Let the isomorphism ,: R" — R (resp. 7,9 7,): R*" > R®Z/2,send r
to In(r) (resp. (In(|r]), r/|r|)) . Denote by T the subset of I consisting of
V’s of real or complex type, and by ﬁe\pR(G) the subgroup of Repg(G)
generated by I . For an abelian group 4 we get the identifications

(2.24) P4- A8, Repg(G), P 4— A®,Repy(G)
vel VGT

from the Z-bases I, resp. T . Define
(2.25) T, @T,: K,(RG)”? - (R®, Repy(G)) & (Z/2 ®, Repg(G))

to be the composition (B, .77, ®7,)® (D ¢;_771))° (Dyes iTod@??.

Proposition 2.26. The map I', ® I', is an isomorphism and is natural
with respect to induction and restriction and the operations of K (RG) =
Repg(G) . If we denote the Schur index of V' by m(V)=dim R(Endg;(V)),
then

Ly(lf: P — P))

= Z ﬁlf—) - In((det(Homg(id,, , f)) :
Homg(V, P) — Homy,(V, P))*),

where the determinant is taken for a linear map over R, and the inverse of
T,oT, maps (A®g[V], £[W]) to [exp(A)-id: V — V]+[+id: W — W].

2.27. Until now we have dealt with homology and chain complexes.
There is also a cohomology and cochain version. If C* is a finite RG-
Hilbert cochain complex, let co(C*) be the finite RG-Hilbert complex
with co(C"), := C™" and ¢ " the nth differential. An RG-cochain
equivalence f*: C* — D" induces an RG-chain equivalence co(f) :

co(C*) — co(D"). We define
ht(f7) =ht(co(f")),  hr(C”) = hr(co(C")).
All the results of this section have cochain analogues.

Let C be a finite RG-Hilbert chain complex with differential ¢,: C, —
C,_,. The adjoint of ¢, , is denoted by y,: C, — C,,,. Define a

n
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symmetric and nonnegative definite RG-homomorphism A : C, — C,
by ¢, 07, +7¥,_°¢,- Let E,(A,) be the eigenspace for A > 0. Define
the holomorphic zeta-function

(2.28) {,: C—C®,Repg(G), s~ )Y A" -[EA)]
A>0

By the finite-dimensional analogue of the Hodge Decomposition Theo-
rem 1.10 we have a canonical isomorphism i: Ey(A,) — H,(C). Equip
EyA,) € C, and H,(C) with the induced RG-Hilbert structures. The
following result motivates the definition of analytic torsion and Hilbert-
Reidemeister torsion (cf. Ray-Singer [29, Proposition 1.7]).

Proposition 2.29. (a) T, (hr(C)) = ano(—l)” -n- %Cnls=0.

(b) T,(hr(C)) =1.

Proof. First we treat the case where C is acyclic. Then A, is bijective.
Let f,:C,—C, be AT =A, oA, o---0A, . Then the following diagram

commutes:
ct+c*A7!
Codd Cev

| s |5

-1 *
Codd LA__TL-) Cev

Since the lower horizontal arrow in the square above is the inverse of the

adjoint of the upper horizontal arrow and ¢ o A~! is a chain contraction

for C, it follows that hr(C) = — Zn>0(—l)" -n-[A,] is true. One easily

checks

r,(a,)=T, (Zu -id: E;(A,) — EA(An)])

A>0

d
= Zln(l) -[E;(A)] = - d—s'Cn

A>0

s=0

This proves the claim for acyclic C. The general case follows from the

obvious exact sequence of a finite RG-Hilbert complex 0 — H(C) Lco
cok(i) — 0 and Proposition 2.10. We leave (b) to the reader.

3. PL-torsion

Let G be a finite group. A finite G- CW-complex X isa CW-complex
X together with a G-action such that for any g € G and any open cell
e C X with enl(g)(e) # & we have /(g)(e) =e and /(g)|, = id, , where
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l(g): X — X is left-multiplication with g. We want to define PL-torsion
for finite G- CW-complexes with an RG-Hilbert structure on the homol-
ogy, resp. cohomology, groups. We prefer the name PL-torsion instead of
topological torsion, as in the equivariant setting torsion invariants are not
invariants under G-homeomorphisms in general (see Cappell-Shaneson
[7]). We will apply this to Riemannian G-manifolds using the equivariant
triangulation theorem. Having these invariants also for G- CW-complexes
gives some useful flexibility.

Consider a pair (X, Y) of finite G- CW-complexes. Suppose for sim-
plicity that X is connected. The following definitions are easily extended
to the nonconnected case. Let p: X — X be the universal covering and
Y = p‘l(Y) . Then (X,Y) is a finite DG(X)- CW-pair. The group
DG(X ) was introduced in (1.1). Its cellular Z[DG(X )]-chain complex
C*()? , 17) is free over Z[z (X)]. Fix an orthogonal DG(X )-representation
V. As we think of 7 = 7 (X) as a group of deck transformations, DG(X )
and 7 act from the left on C*(/\N’, f’). Let : Z[DG(X)] — Z[DG(X)] be
the involution sending ) 4,-d to } 4, - d~', and similarly for Rx.
There is an induced right module structure given by u-s := §-u for
s e RID®(X)], ue C,(X, Y). Define the RG-Hilbert complex

(3.1) C,(X,Y;V):=C,(X,Y)®, V.

The RG-module structure comes from g - (u ®g, V) := §u ®, v for any
lift & € D°(X) of g € G with ue C,(X,Y and v € V. We obtain an
RG-Hilbert structure by requiring that for one (and hence all) cellular Zn-
base B of C*(/? , 17) the following R-isomorphism is an isometry with
respect to the orthogonal structure on V' :

Q(X,Y;V)—»@V, <Zab-b)®knv»—>{ab-v|b63}.
B

beB
Define the RG-Hilbert cochain complex as
(3.2) C*(X,Y;V)=Hom (C,(X,Y), V).

The RG-structure is induced from the DG(X )-action on
Homg(C,(X, ¥); V) givenby d- f :=I(d)o fol(d™") and the fact that
the zn-fixed point set is Homnn(C*()? , Y); V). The RG-Hilbert structure
is determined by the property that for one (and hence all) cellular Rn-base
B of C*()? , 17) the following R-isomorphism is isometric:

C"X,Y; V)@V, ¢ {éb)|beB}.
B
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We have explained before how P inherits an RG-Hilbert structure from
P if P is a finitely generated RG-module with RG-Hilbert structure. Let
H(X,Y;V) (resp. H *(X, Y; V)) be the homology (resp. cohomology)
of C,(X,Y;V) (resp. C*(X,Y;V)). There is an isometric RG-chain
isomorphism

(3.3) C*(X,Y;V)— Homy(C,(X,Y; V"), R)

sending ¢ € Hom, (C,(X, Y), V) to C,(X, Y)®g, V" — R, u®p, v
v o ¢(u). It induces an RG-isomorphism

(3.4) H'(X,Y;V)— Homg(H,(X,Y; V");R).

Definition 3.5. Let (X, Y) be a finite G-CW-pair and V an or-
thogonal DG(X )-representation. Let x, be an RG-Hilbert structure on
H, (X, Y; V). Define the Hilbert-PL-torsion, or briefly PL-torsion,

pa(X, YV, k)€K (RG

by pS(X,Y;V, k) = he(C,(X,Y; V), k,) (see (2.5)). Similarly, if
k" is an RG-Hilbert structure on H* (X, Y; V), define

po(X, Y5V, k") € K (RG)

by po(X, Y; V, k") :=hr(C* (X, Y; V), k") (see 3.27).
From Proposition 2.18 we derive
Proposition 3.6. If k, and k" are compatible with (3.4), then

G G *
ppl(X3 Ya V9 K*)=_pp](Xa Ya V’K )

Remark 3.7. It is convenient to have both the homological and the
cohomological definitions. The first one is more convenient for compu-
tations since other related torsion invariants, like Whitehead torsion, are
given by chain complexes and the cellular chain complex is easier to com-
pute than the cochain complex. The second one fits better into the context
of analytic torsion and deRham cohomology.

Let (f, f}): (X, X,) = (Y, Y,) be a G-homotopy equivalence of pairs
of finite G- CW-complexes. In Dovermann-Rothenberg [11], Illman [17],
and Liick [21] equivariant Whitehead torsion rG( fify) € WhG(Y) is

defined. Let ¥ be an orthogonal DG(Y)-representation. We consider
RG-Hilbert structures «,(X) on H,(X,X;;f V) and «,(Y)
on H(Y,Y,; f'V). Let the element u, € K,(RG)”? be given by the
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composition

Hx, x5 ) " S gy, v vy

H, , * * .
S o, x, v B X 7).

Proposition 3.8. There is a natural homomorphism

w=a’(Y; V): Whé(¥) - K,(RG)*

H(Y,Y; V)

such that
pa(Y Y3V, K (V) = po(X, X5 £V, K, (X))
= (1, ) =Y (=1 u,

i>0

Proof. We describe w in the language developed in Liick [21]. A class
[k] € WhG(Y) is represented by an automorphism k: P — P of a finitely
generated projective ZII(G, Y)-module P. Let x € Ob(II(G, Y)) be
represented by the G-map x: G — Y with G as domain. Let v € K, (RG)
be the class of the RG-automorphism k(x)®,,id, of P(x)®,, V , where
k(x) is given by evaluating k at x. Define w([g]) = v + *v. From
the definitions we get that w(<°(f, f,)) = ht(C,(f, f,; V)). Now apply
Proposition 2.12.

Remark 3.9. A G-homotopy equivalence (f, f,): (X, X;) = (Y, Y})
is simple if 1G( S, f}) vanishes. Hence pg depends only on the simple
G-homotopy type, provided that H, (Y, Y,; V) vanishes.

Consider the cellular G pushout of pairs of finite G- CW-complexes,
where i, is an inclusion of such pairs:

(Xoa Ao) L’ (Xza Az)
(3.10) | oo
(X, 4) —1=" (x, 4)

If V' is an orthogonal D° (X)-representation, we get an exact sequence of
R(G)-chain complexes

* i, ®iy, ¥ i
{0} — C,(Xy, 445 Jo V) A CXp, 454, V) @ (X, 45, 1o V)
jlt—th C*(X’ A; V) —_— {0}.

Denote by M, the long homology sequence of the sequence above. Sup-
pose that we have RG-Hilbert structures x;, on H (X, 4;, j;‘ V), for
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i=0,1,2,and ¥ on H (X, A, V). Then M, inherits the structure
of an acyclic finite RG-Hilbert complex. We derive the following propo-
sition from Proposition 2.10.

Proposition 3.11 (Sum formula for PL-torsion).

G G % G x
,Dpl(X, AV, k)= Ppl(Xl s Ay i vV, K1)+pp1(X2: Ay 1oV, Ky)
G *
- pp[(XO’ AQ’ J1 Vs Ko) +hr(M*)

Let (X, A) (resp. (Y, B)) be a pair of finite G- (resp. H- CW-) com-
plexes, and let V' (resp. W) be orthogonal DG(X )- (resp. DH(Y)-) rep-
resentations. Equip H,(X, 4, V) (resp. H,(Y, B; W)) with RG- (resp.
RH-) Hilbert structures x(X) (resp. k(Y)). Then (X, A) x (Y, B) is
a pair of finite (G x H)-CW-complexes, and V' ®, W is an orthogonal
representation of D¥*# (X x Y) = D¥(X) x D¥(Y). Put on H,((X, 4) x
(Y, B); V ®g W) the (RG x H)-Hilbert structure k(X x Y) induced by
the (RG x H)-Kiinneth isomorphism from H, (X, 4; V)®gH (Y, B; W)
to H ((X, A) x (Y, B); V ®; W). We define the equivariant Euler char-
acteristic

(3.12) x%(X, 4; V) € K,(RG) = Repg(G)

by

X, A7) = (=) [C (X, 43 V)= Y (=) [H, (X, 4; V)],
n>0 n>0

as we have already done for manifolds in (1.31). We derive the following
proposition from Proposition 2.16:
Proposition 3.13 (Product formula for PL-torsion).

pﬁ*”(x, A)x (Y,B); Vey W, k(X xY))

=pfl(X,A; V, k(X)) eg 2" (Y, B; W)
+1°(X, A; V) &g pH(Y, B; W, K(Y)).

Remark 3.14. The PL-torsion is compatible with induction and restric-
tion by 2.17.

Next we deal with manifolds. A Riemannian G-manifold triad (M; M|,
M,) consists of a Riemannian G-manifold M together with G-invariant
codimension zero submanifolds M, and M, of the boundary OM satis-
fying OM = M, UM, and M, = M, N M, = M, . We do not require
in this section that M, N M, = & as we did in previous sections. Regard
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an equivariant triangulation (f; f, f,): (K; K|, K,) — (M; M, , M,)
(see Illman [18]). Roughly speaking, this is an ordinary triangulation to-
gether with a regular simplicial action of G on K for which f is G-
equivariant. In particular, (K, K,) is a pair of finite G- CW-complexes.
Let V' be an orthogonal DG(M )-representation. The Riemannian met-
ricon M gives an inner product ((w, 1)) = [, (@, n)dM = [, @ A *n
on A’(M). Equip the subspace of harmonic forms Hl’l’m(M s, M3 V)
with the induced inner product. There is a natural RG-isomorphism
j:HY(K,K; V) — H’(K, K,, f*V) between singular and cellular ho-
mology. Denote by «,,  the RG-Hilbert structure on H*(K, K,; f*V)
for which the following RG-isomorphism becomes an isometry, where
is the Hodge isomorphism (see Proposition 1.10):

. *y —1
H(K,K; V)5 H(K, K V) L B (M, M5 7)

! D
I Hharm(

M, M;V).

Let k/*™ be the RG-Hilbert structure on H, (K, K,; f*V) givenby x,,
and (3.4).
Definition 3.15. Define the PL-torsion

G Z/2
pa(M, M; V) € K,(RG)"

by pgl(K, K, [V, xi‘am) .

If (¢;8,,8):(L;L,,L,) —(M; M, M,) is a second triangulation,
then gof ~! is simple, i.e., rG(g_‘o f)=01in WhG(L) . Now Proposition
3.8 shows that the choice of equivariant triangulation does not matter. In
the sequel we will identify M with a triangulation. We emphasize that
our notation of PL-torsion is based on homology (cf. Proposition 3.6).

Definition 3.16. We call the RG-Hilbert structures x,,  and x ™
constructed above the harmonic Hilbert structures.

In the equivariant setting there is a new invariant involved which does
not occur in the nonequivariant case. For a generator

Mle H (C,(M,0M)®,, "2)=Z

we obtain by Poincaré duality an RG-chain equivalence unique up to ho-
motopy:

(3.17) IM): C"" (M, My; V) — C,(M, M, V).
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It induces an RG-isomorphism
(3.18) H(ﬂ[M]) CH (M, M, V) - H (M, M, V).

The construction of (\[M] as an RG-chain map uses the existence of
equivariant approximations of the diagonal G-map M — M x M . Recall
that C,(M, M,; V) and C""(M, M,; V) have preferred RG-Hilbert
structures coming from cellular R-bases and the inner product on V' (see
(3.1) and (3.2)).

Definition 3.19. Define the Hilbert-Poincaré torsion or briefly Poincaré
torsion

G Z/2
po(M, M,; V) € K,(RG)”

to be the Hilbert torsion of N[M]: C" (M, M,;“V) - C,(M, M,; V).
This definition is independent of the choice of [M] since the Hilbert
torsion of —id is always zero.
Proposition 3.20. If G acts freely, then pgd(M , M ; V) vanishes.

Proof. If G acts freely on M, then also DG(M ) acts freely on M.
The proof of Poincaré duality by the dual cell decomposition shows that
the Z[DG(M )]-chain equivalence of finitely generated based free
Z[D°(M)]-chain complexes N[M]: C" (M, M,; “V) - C (M, M V)
is base preserving and hence has vanishing Hilbert torsion.

Remark 3.21. For nonfree actions the dual CW-complex structure ob-
tained from an equivariant triangulation is not a G- CW-complex struc-
ture. For example, consider S' with the Z/2-action given by complex
conjugation. The upper and lower hemispheres give obvious equivariant
triangulations. The dual cell decomposition is obtained from it by rota-
tion about 90°. It is not an equivariant cell decomposition since Z/2
acts nontrivially on each of the one-cells. Therefore it can happen that the
Poincaré torsion is not trivial if the group acts nonfreely.

On the homology level nothing happens.

Lemma 3.22. The RG-map

H(OM)): H" (M, M,; "V) - H(M, M,; V)

is isometric with respect to the harmonic RG-Hilbert structures. In partic-
ular, the Hilbert torsion of it is zero.

Proof. The claim follows from the commutativity of the following di-
agram, where A is the deRham isomorphism and ( , ) denotes the Kro-
necker pairing, resp. is given by the Hilbert structure:
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HP(M, M, Y V) —2— H (M, M,;"V)
|+ |#(Pwan)
H) (M,M;V) H(M,M;V)

i(,) l(,)

HY (M, M;V) -~ H'(M,M,;V)

harm(

Proposition 3.23 (Poincaré duality for Poincaré and PL-torsion). Let
(M; M, M,) be an m-dimensional Riemannian G-manifold triad with
orientation homomorphism w: D¢(M) — {x1}. Let V' be an orthogonal
DG(M )-representation. Then:

@) p(M, M3 V)+(=1)" - pi(M, My; "V) = pS(M, M,; V),

(b) poy(M, M5 V) = (=1)" - pry(M, My; VV);

(© x°(M, M; V)= (-1)"-x°(M, M,; V7).

PRrOOF. (a) Because of Proposition 3.6 and Lemma 3.22 the claim fol-
lows from the comparison formula (Proposition 2.12) applied to ([M]:
c" (M, M,;V)—>C(M,M;V).

(b) The RG-chain maps N[M] and N[M])" ™" from C™ " (M, M,;V)
to C,(M, M, ; V) are chain homotopic. Now apply Propositions 2.4 and
2.18.

(c) follows from (3.4).

Remark 3.24. If one compares the statements about Poincaré duality
for analytic torsion (Proposition 1.20) and for PL-torsion (Proposition
3.23), it becomes obvious that the Poincaré torsion has to enter in a for-
mula relating analytic and PL-torsion.

Example 3.25. Let Z/2 act on s! by complex conjugation. Equip
S' with the standard metric scaled by a factor such that the volume of
S' is the positive real number u. We use the Z./2- CW-structure with
the upper and lower hemispheres S}r and Sl as one-cells and the points

—1, +1 € C as zero-cells. The cellular RZ/2-chain complex C*(Sl ;R) is

RiZ/2] 57 RoR,

where ¢ is the augmentation a+ b -t +— a+ b for the generator t € Z/2,
Si ,resp. S 1 , corresponds to 1, resp. ¢ € R[Z/2], and the points —1, 1 to
(1,0), (0, 1) e RoR. The cellular R[Z/2]-Hilbert structure is given by
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the orthonormal R-bases {1, ¢t} C R[Z/2] and {(1,0), (0, 1)} CR&R.
The 1-form u_'/ 2. dvol for dvol the volume form has norm 1 because

(u -1/2 —1/2

-dvol)) = u ! - {{dvol, dvol))
/d'uol/\*dvol

/ dvol =

Notice that the generator of H, (S ; R) is represented by id: st - !
and we have
/ ,u_l/2 -dvol = ul/z.
Sl

The harmonic 0-form S’ — R, z+— ;fl/ 2 has norm 1, and evaluating it
at the generator (1, 1) of HO(Sl ; R) yields 2- ,u"l/ 2 Hence the following
maps are R[Z/2]-isometries, if R~ and R (resp. H, (S L R)) carry the
standard (resp. harmonic) R[Z/2]-Hilbert structures:

R —H(S;R), 1-u?.(1-0),

R - Hy(S;R), 1w 1/2-u"*, 4.
We use them as identifications of R[Z/2]-Hilbert spaces. The following
R[Z/2]-chain map i: H,(C*(S'; R)) — C*(S', R) satisfies H(i) = id:

-dvol, u

1/2

R -L-» R
lu_"z‘(l—t) 1(#"2/2,;1"2/2)

RiZ/2] 522 RoR

Its mapping cone is concentrated in dimensions O, 1, and 2 and has the
following differential ¢ and chain contraction y, where 6: R[Z/2] — R™
maps a+bt to a—b:

1/2

(”—1/20.“_,)) (” 1/2 ;12, -ee)
0 4'?/2:9) (tive Ziviva)

Hence (¢ +7): Cone(i) 44 — Cone(i),, is the R[Z/2]-isomorphism

ev

—1/2/2 ¢
(u"/z/z —¢ ):R@R[Z/Z]—»R@R@R—.
0o u'?n.s
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Since we have the R[Z/2]-isometry

(1 0 0 . _
¢—(O (141 4.0_1)).R®R@R — R R[Z/2],
[po(c+7)]=I[(c+y)od] is represented by
w2 —v2 0 :RoR®R - ROROR .
0 0 2.,
This shows
(3.26) pE?(s';R)=[2u-id: R R] + [4/2-id: R - R].
We get by restriction to the trivial subgroup that
(3.27) pu(S'sR) =4’ eR".
We conclude from (3.26) and Lemma 3.32
(3.28) pe*(S"; R7) = [u/2-id: R— R} +[2-id: R” —» R"].

We derive from (3.26), (3.28), and Proposition 3.23
(3.29) pUXS';R)=[4-id: R—R]+[}-id:R” —R"].

Example 3.30. Equip D' = [0, 1] with the standard metric scaled by
u>0. Then D' has volume 1. The cellular R-chain complex is

R RoR
The element (,u'/2/2, u'/2/2) € HO(Dl ; R) has norm 1 with respect to the
harmonic Hilbert structure. Now one easily checks that
(3.51) pu(D';R) =peR".
Recall the map g: DG(M ) — G of (1.2) and the operation of K,(RG) =

Repg(G) on K,(RG)”* and R®, Repy(G) defined in (2.14) and (1.25).
Lemma 3.32. Let W be an orthogonal G-representation. Then

PE(M, MV ®p g W) = po(M, M; V) @g [W],

Pa(M, M3V ®p " W) = pp(M, My; V) @y [W],

P (M, M3V ®ga' W) = poy(M, M5 V) @ [W].
Proof. There are natural isometric RG-isomorphisms

AN (M;V)@g W = A(M; V @y W)
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and
C(M, M ;V)@gW — C,(M,M;V&gqd W). qed.

Let (M; M, M,) and (N; N,, N,) be m-dimensional Riemannian
G-manifold triads and let (f; f,, f,): (M; M|, M) - (N; N;, N,) bea
G-homotopy equivalence of such triads. Let V' be an orthogonal DG(N )-
representation, and Kfa"“(M ) and Ki‘a"“ the harmonic Hilbert structures
on H(M,M,; V) and H,(N, N,; V). The following composition
represents an element u; € K I(RG)Z/ 2

harm
BER, g (N, N V) (v, N )

H(f. f)
_

H(M, M; V) ==L

H(M,M; V)
harm -
S (M, M, £V,
We introduced the map wG(N s V) WhG(N) — KI(RG)Z/ 2 in Proposi-
tion 3.8. We derive the following proposition from Propositions 3.8, 2.12,
and 2.18.
Proposition 3.33.

(a) po(N, Ny V)—pf.(M M V)
=’ (N; V)OS, ) - Y (-1
i>0

() poa(N, N3 V) = poy(M, M5 V)
=’ (N; V)EC S )+ (=)™ (N " EES, 1)

Proposition 3.55 tells in particular how the PL-torsion varies under
change of Riemannian metric. Notice that the Poincaré torsion depends
only on the simple G-homotopy type. This is also true for the PL-torsion
if H(N, N,; V) vanishes.

The following pairings are special cases of (2.14):

K,(RG)*? ®, Repg(Z/2) — K, (R[G x Z/2))""

®g: Repy(G) ®, K,(R[Z/2)** = K, (R[G x Z/2])**.

Proposition 3.34 (Double formula for Poincaré and PL-torsion). Let
M be a Riemannian G-manifold, and V an orthogonal DG(M )-representa-
tion. Suppose that OM s the disjoint union M, ] M, and that the metric
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is a product near the boundary. Then

GxZ/2
(@) po=¥

G
o MUy, ViV U, V)=pi(M; V) @y [R]

G _
+pp1(M, M ;V)®g[R 1]
+x%(M,; V)@ [2-id: R—R],

GxZ/2
®  py Y (MU, M,8(MU, M);VU, V)
G G —
= ppl(Ms M2a V) ®R [R]+ppl(M7 aMa V) ®R [R ]

+x%(M,; V)@ [2-id: R > R],

GxZ/2 ) G ar.
(C) ppd (M UMl MV UMl V) = ppd(M, V) ®r [R]

G —
+ppd(Ms M19V)®R[R ]
+2%(M; V) @y [2-id: R — R]

297

~2°(M,; V)®g[2-id: R™ - R].
Proof. Let i: M — MU M, M be the inclusion onto the first summand.
We obtain from this map an R[DG(M Uy, M)]-chain map C,(i): i, C*(ANI )
- C (M U;;l M) for i_ the induction with the homomorphism DG(i) :
DY(M) — DC(M Uy, M). As i'(V'U, V) is V, there is an RG-chain
isomorphism j from i,C,(M) Bup(ary, sy ¥ Un, V 10 LC(M3 V).

.. . —1 .
The composition of C, (i) ®RpS( MU, M) Vu M, V and j~ is denoted by

(3.35) i, ,C(M; V)= C(MU,, M3V U, V).

holds, we alscl> obtain an II{G-chain map
(3.36) T*:C*(MUMIM;VUMI V)—»C*(MUMIM; Vuy V).
Define an R[G x Z/2]-chain map
(3.37) [ (C(M; V)R R) & (C . (M; M; V)@ R")

- C (MU, M; VU, V)
by

fla®gl®b®yl) = ‘/75-(1'*+r,,oi,,)(a)+g-(i*—f*oi*)(b)-

Let 7: MU, M — MU, M be the flip map. As r"‘VUMl V=Vu,V



298 WOLFGANG LUCK
Counting the cellular bases we obtain isometric R(G)-isomorphisms for
DEZL:
p: C, (M, M;V)oC,(M; V) C,(M; V),
(3.38) ¥Y:C,(M, M, V)oC,(M;V)oC,(M,MV)
— CI,(MUMl M; VLJMI V).
The map y is an R[G x Z/2])-map, if Z/2 acts trivially on C,(M; V)
and switches the two summands Cp(M , M ; V). We get from ¢ the
following isometric R[G x Z/2]-isomorphism:
(p@gid)@id: (C (M, M,; V))@g R) & (C,(M; V) @ R)
®(C,(M, M;V)@gR)
- C,(M;V)egROC (M; M;V)3zR .

Now the composition ¥~ ' o f, o (¢ ®g1d) ®id) is given by

2.d 0 ¥2.id
0 V2-id 0 :
2.4d 0 -¥.id

2

C,(M, M,; V)& C,(M,; V)& C,(M, M,; V)
- (C,(M, M; V)@ R)& (C,(M,; V) g R)
S (C, (M, M; V) @y R).
The Hilbert torsion of this R[G x Z/2]}-isomorphism of R[G x Z/2]-Hilbert
modules is easily computed as [Cp(M1 ; V)1®g[2-id: R — R]. For the
Hilbert torsion of the R[G x Z/2]-chain map f, of R[G x Z/2]-Hilbert
chain complexes we get

(3.39) m®#2 (1) = x%(M,; V) @ [2-id: R - R].
Next we compute
(3.40) " (H(f)) =0

on the homology level. The following diagram commutes, where A4 is
given by the deRham map and the isomorphism (3.4), and / is the com-
position of (1.29) and (1.30):

H(f)"
—_—

H(M Uy M,V Uy V) (Hy(M;V)@g R)" @ (H,(M, M;; V)@ R")’

A I(A@ﬂd)@(A@Rid)

V21
—_—

Eg(M Uy, M3V Uy V) (Eo(M; V) ®@g R) ® (Eg(M, M,; V)@ R")
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The lower vertical map is an isometry because of the following computa-
tion for w, n € EO(MUM‘ M, VUM, Vy:

(V2-1(@), V2-1(n)) = (V2/2-i"(@+T"®), V2/2-i"(n + T"n)),,
+(V2/2-i"(w-1'w), V2/2-i"(n - "n)),,
=(i"w, i'n)y +({"Tw, "y,

=(w, ”)MUM,M'

This implies (3.40). Now claim (a) follows from the composition for-
mula (Proposition 2.12) applied to the R[G x Z/2]-chain isomorphism f|
defined in (3.37) if we take (3.39) and (3.40) into account. One proves
(b) analogously. Then (c) follows from (a) and (b) and Poincaré dual-
ity (Proposition 3.23) since the following R[G x Z/2]-representations are
isomorphic:

wG(M)V) SR = waz/z(MUMlM)(

G
" *vu, VUy V).

This finishes the proof of the double formula.

Remark 3.41. Notice that the double formulas for analytic torsion
(Proposition 1.27) and PL-torsion (Proposition 3.34) differ by a Euler
characteristic term depending only on the boundary. It appears in the
PL-case since the cells in the boundary do contribute to the Hilbert struc-
tures. This is not true in the analytic situation where the Hilbert structures
come from certain integrals and the boundary does not contribute to them
since it is a zero set. These observations indicate that the Euler character-
istic is the correction term in a formula relating analytic and PL-torsion
for manifolds with boundary.

Example 3.42. In this example we show how the general results above
can be used to compute the torsion invariants for S I and D'. We will see
that we get the same answers as in Examples 1.15, 1.18, 3.25, and 3.30,
where we computed these invariants directly. Equip D' with the standard

metric scaled by g > 0. Then D' has volume u. The double D! Ugp! D'
is §' with Z/2-action given by complex conjugation and the S'-invariant
Riemannian metric for which the volume of S' is 2- u . From Poincaré
duality (Propositions 1.20 and 3.23) and Proposition 3.20 we get

1
(D) =py(D',8D"),  p (D) =p, (D', 8D").
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By the double formulas (Propositions 1.27 and 3.34) we derive

p2(S"; R) = p, (D")- (IR]+[R]),
Pf/z(Sl ; R) = ppl(D')-([R]+[R’]) +2-[2-id: R —R],

(3.43) Z/2, 1 1 - .
Ppa (S R)=p (D) -(R]+[R [)+2-[2-id:R — R]

—2.[2-id:R” = R].

We know p, (S ' R) = ln(ppl(S1 ; R)) from Cheeger [8] and Miiller [26].
Hence the restriction of (3.43) to the trivial subgroup shows

(3.44) Pa(D') =1n(p (D)) +In(2).

One easily checks that the generator of HO(D1 ; Z) has norm ;fl/ 2 with
respect to the harmonic Hilbert structure when considered in HO(D1 ;R).

The projection D' - {pt.} is a simple homotopy equivalence. Hence,
from Proposition 3.8 we get

(3.45) (D) = u,

from (3.44) we get

(3.46) Pan(D) =1n(2- 1),

and from (3.43), if v = 2. u is the volume of S', we conclude that

P (S's R) =In(v) - [R] + In(v) - [R7]),
(3.47) p(s';R)=[2v-id: R~ R]+[v/2-id:R" — R,
puX(S';R)=[4-id:R—R]—-[1/4-id:R_ —R].

Let M (resp. N) be a Riemannian G- (resp. H-) manifold with bound-
ary. Some care is necessary to put a (G x H)-manifold structure on M x N ;
one has to straighten the angle. There seems to be no canonical Rieman-
nian metricon M xN.If f: K—- M, g:L—- N,and h: X - M x N
are equivariant triangulations, then h'o (fxg): KxL — X isasimple
(G x H)-homotopy equivalence. Hence we get the following proposition
from Propositions 3.8 and 3.13.

Proposition 3.48 (Product formula for Poincaré and PL-torsion). Let
(M; M, M,) (resp. (N; N,, N,)) be a Riemannian G- (resp. H-) man-
ifold triad and let V' (resp. W) be an orthogonal DG(M )- (resp. DH(N)-)
representation. Put on the (G x H)- manifold (M x N; M x N, U M, x
N,M x N, UM, x N) an invariant Riemannian metric such that the
Kiinneth R[G x H)-isomorphisms from H (M, M,; V)®g H (N, N,; W)
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to H(M x N; M, x NUM x N,; V ®, W) becomes an isometry with
respect to the harmonic structures. Then
(a) Py (M x N, M, x NUM x N,; V &g W)
G H
=x (M, M;;V)®g py(N, N,; W)

G H
+pp](M7M1; V)®RX (N9 Nla W)a

®) (M xN, M x NUMxN,; V @ W)

G H
=X (M, M;V)®g ppy(N, N ;W)
G H
+ppd(MaM1;V)®RX (Ns Nla W):

(c) XM XN, M, x NUM x N,;; V @, W)
G H
=X (M, M ;V)®gx (N,N; ;W)

Next we examine how the Poincaré and PL-torsion behave under glue-
ing.

Proposition 3.49 (Sum formula for Poincaré and PL-torsion). Let
(M;M,, M,) and (N; N,, N,) be G-manifold triads with invariant Rie-
mannian metric. Let V and W be orthogonal DG(M )- and DG(N )-
representations. Let f: M, — N, bea G-diffeomorphism, and f: V|M, —
f W|N, an isometric R[DG(Mz)]-isomorphism. Put an invariant Rieman-
nian metric on M U / N. Let M, be the acyclic finite RG-Hilbert complex
given by the long Mayer-Vietoris homology sequence and the harmonic RG-
Hilbert structures. Define P, analogously by the long homology sequence
of the pair (M, M,). Then:

G G G
(a) ppl(M Us N, VU] W)= ppl(M; V)+ ppl(N; w)
G G
- ppl(Mz > V) —hr (M*) s
G G G G
(b) de(M Uf N,V Uj W)= ppd(M; V)+ ppd(N; w) - ppd(Mz; V),
G G G
(© x°(MU, N, VU, W)= 2°(M;V)+2°(N: W) = 1% (My: V),
G G G
(d) pS(M, M3 V) = pS(M: V) = poy(M, 1 V) = hr’(P,),
G G G
(€) poo(M, M5 V) =p (M V)= py(M; V),
G G
() x°(M, M5 V) =1 (M3 V) = (M5 V).
Proof. (a) and (d) follow directly from Proposition 3.11.
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(e) We have exact sequences of RG-chain complexes
(3500 0-C(M;V)-C(M;V)-C(M,M ;V)—-0,
0— C,(M,,dM,;"V)— C,(M, M,;"V)
LC(M,dM;"V)—0.
We have the following canonical exact sequences if Cyl(p) and Cone(p)
are the mapping cylinder and cone of p, and P, and Q, are the mapping
cones of C,(M,dM;"V) and C,(M, M,;"V):
0— C,(M, M,;“V) — Cyl(p) — Cone(p) — 0,
(3.52) 0—C,(M,dM;"V)— Cyl(p) — Q, —0,
0— Y C,(M,,dM,;"V)— Cone(p) — P, — 0.

*

(3.51)

Since P, and Q, are contractible, the last two sequences in (3.52) split
as exact sequences of RG-chain complexes (see Cohen [9]). Choose such
a splitting. Then, by applying C, — C™ ", we get the following exact
sequence from (3.52):
{0} —» " "M, , oM, V)@ P
(3.53) S C"T" M, oM VYe Q"
- C"N(M, M,;" V) — {0}.

Now one constructs the following commutative diagram of RG-Hilbert
complexes with (3.50) and (3.53) as exact rows such that f (resp. g,
resp. h) represents [\[M]opr (resp. (\[M]opr, resp. (|[M]) for pr the
projection:

C" VTN M OM V)@ P T S CTTT (ML, M V) @ QT - CT TN (M, My w)
I | I
C.(M,; V) C,(M; V) ————— C, (M, M,; V)
Since pr” *: P"7* — {0} and pr" *: Q™" — {0} have vanishing
Hilbert torsion, we get from Propositions 2.4 and 2.11 that

G G G G G G
Poa(My; V) =h°(f), (M) =ht’(g), (M, M;V)=hi’(h).
Now the claim follows from Proposition 2.9.

(b) is proven analogously starting with
0-CM;V)->C(M; V) C(N; V) C(MUN; VU W)—0,

{0} - C.(M;0M;V)->C,(M,0M;V)®C,(N,0N;V)
- C(MU;,N,0(MU,N;VU;W)— {0}.
(c) and (f) are obvious. This finishes the proof of the sum formula.
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4. Comparison of analytic and PL-torsion
Let G be a finite group. Consider a Riemannian G-manifold M
whose boundary M is M, [[M,. We have introduced an extension
0— 7,(M) L D%p) % G — 0 in (1.2) and an operation of D%(M) on
the universal covering M of M extending the m,(M)-action and covering
the G-action in (1.3) if n, (M) is identified with the group of deck trans-

formations of the universal covering. Let V' be an orthogonal DG(M )-
representation. We introduced analytic torsion

pl (M, M,; V) € R®, Repg(G)
in Definition 1.14, PL-torsion
G Z/2
pa(M, M5 V) € K (RG)Y

in Definition 3.15, and Poincaré torsion

G 2
poa(M, M3 V) € K (RG)”

in Definition 3.19. In (2.25) we defined an isomorphism
T, oT,: K,(RG)”* - (R®, Repy(G)) @ (Z/2 ®, Repg(G)).

We want to relate these mvariants by this isomorphism. One easily checks
Proposition 4.1. 2(ppl(M M ;V))= 2(pgd(M, M ;V))=0
Hence only the images of PL—torsmn and Poincaré torsion under I'; are

interesting. We need the following technical condition. We call DG(M )-

representations V' and W coherent if forany H C G and x e M " their
restrictions to H by H = DY({pt.}) 90, pH(ar)y % DS(a1) are

RH-isomorphic, where j(x): {pt.} — M has {x} asimage and k is the

obvious inclusion. This is equivalent to the assumption that the G-vector

bundles M X, (M) V and M x 7, (M )W are locally isometrically isomorphic

(cf. the proof of Lemma 4. 14)

Definition 4.2. We call a D° (M)-representation ¥ coherent to a G-
representation if ¥ and ¢*W are coherent for an appropriate G-represen-
tation W .

Example 4.3. If M " is nonempty and connected for all H C G, then
any G-representation is coherent to a G-representation W . Namely, for
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a fixed element x € M the homomorphism s: G = DG({pt.}) M
D%(M) splits g: D°(M) - G. Put W = s"V. For any y € M"
the H-maps j(x) and j(y) are H-homotopic. Hence the composition
H < G = D%(M) agrees with the composition H = D" ({pt.}) =, AN
D" (M) & D (m).

Example 4.4. Let Z/2 act on S! by complex conjugation. For —1, 1
€ S' we get different sections s, s : Z/2 — DY*(S') of q. Iden-
tify D*?(s") with the semidirect product Z x, Z/2 using s*. Then

1Z/2 > Zx,Z/2 sends m to ((—1)", 7). Cons1der the one-dimen-
s1onal D% 2(S ) -representation given by Z x  Z/2 — {+1}, (n,m)
(=D)™™ it cannot be coherent to a Z/ 2-representat10n since its restric-
tions with s* and s~ are not the same.

Our main result is:

Theorem 4.5 (Torsion formula for manifolds with boundary and symme-
try). Let M be a Riemannian G-manifold whose boundary is the disjoint
union M, [[M,. Let V be an equivariant coefficient system which is co-
herent to a G-representation. Assume that the metric is a product near the
boundary. Then

1
Pan(M , M3 V) =T\ (p(M, M3 V) = 5 Ty (ppg(M, M5 V)

+ 1—’%2—) xCOM; V).

Recall that “V is the w-twisted DG(M )-representation given by V
and the orientation homomorphism w: DG(M ) — {£1} defined in (1.4).
We will give examples, computations, and applications in the next section.
The remainder of this section is devoted to the proof of Theorem 4.5.

We verify Theorem 4.5 under certain additional assumptions and re-
move these one after the other. We will use the work of Lott-Rothenberg
[19] where Theorem 4.5 is proved following Miiller [26], provided that M
is empty, M is orientable, and V is the trivial DG(M )-representation R.
Their definitions still make sense when we remove the last condition that
V is trivial. Fix an orthogonal G-representation W and an orthogonal
DG(M )-representation V. Let g: G — Autp(W) be the G-structure on
W . We extend the basic definitions of Lott-Rothenberg [19]. One gets
their definitions back if one puts ¥ = R. Notice that V' plays the role
of an equivariant coeflicient system for M , whereas W is a base element
for the representation ring when W is irreducible.
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Let A”: A°(M;V) — A’(M;V) be the Laplacian and let pr,__:
A’(M; V) — A’(M; V) be the harmonic projection onto Hf, _(M; V).
Let A’: A°(M; V) — A’(M; V) be the sum A’ + prl, . Denote by
pr: A°(M; V) g W — (N°(M; V) ®r W)G the projection operator onto
the fixed point set sending (® ®, w) to TéT “Yeco I(g™") wega(g)(w),
where / (g'l)* is induced from left multiplication with g_] . In Lott-
Rothenberg [19] a meromorphic function ufy(s) , analytic in 0, is con-
structed which for s € C with Real(s) > m/2 is given by

W () = ﬁls—) : /0 £ - trace(pro exp(~£(4” ®y id,,))) dt
~ dimg((H;,

G
where the trace is taken for operators A’(M; V)@ W — A”(M; V) ®g
W . The existence of the meromorphic extension is based on standard

approximations of the heat kernel. We recall the definition of analytic
torsion in Lott-Rothenberg [19]:

@7 TyMiV)=2 1 e il eR
p>0 5=0

The PL-torsion 7, (M; V) € R" in Lott-Rothenberg [19] is defined in
the following way. They use the same RG-Hilbert structures on C?(M ; V)
and H’(M;V) as we do and equip (C’(M;V) ®, W)° and
H((C*(M; V) ®g W)%) = (H'(M; V) ® W)®) with the RG-Hilbert
structure induced by restriction from the product structures. They
choose orthonormal bases and define 7, (M; V) by Milnor’s defini-
tion of torsion for the finitely generated based free R-cochain complex
(CP(M; V) ®r W)G with based free cohomology. One easily checks (cf.
Example 2.6)

(4.8) Ty (M V)2 =hr((C,(M; V) ®g W)G) eR".

Let I be a complete set of representatives of the isomorphism classes
of irreducible G-representations. Let m(W) = dimg(W ®p W)G) =
dimg(Homg (W, W)) be the Schur index of W € I.

Lemma 4.9. (a) For s € C with Real(s) > m/2, in C®, Repg(G) for
p>0

(4.6)

LM V() =23 m(W) ™" - (M3 V)(s) - W]
wel
(b) In R ®, Repg(G)
P (M3 V) =23 m(W) ™" - Ty, (M V) [W].
wel
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Z/2
(c) In K,(RG)?

pa(M V)= mW) " o, (M V) id: W W,
wel

Proof. For any G-representation P in Rep,(G) from (2.21) we obtain
the following equality:

(4.10) [P1=Y m(w)™" - dimg((P ®f W)°)-[W1.
Wel

As pr is the projection opérator, we have
(4.11)

trace(pro exp(—#(A” ®@gidy,)): A'(M; V)@ W — A" (M; V) @ W)
= trace(exp(—t(A’ ®r idW)G):
(A (M V) @y W)° — (A (M V) 0 W)°),
which implies
1 s p . G
uW( s)= o) / ¢t~ -trace(exp(—t(A” ®gid,,) ) dt

— dimg((H?, (M ; V) ®g W)°)

(4.12) = 327 - dimg(E,((4° ®g id,,)%))
A>0

= 3270 - dimg((E, (&%) @ W)°).
A>0

Now claim (a) follows from (4.10) and (4.12). We derive (b) from (a),
and (c) is proven similarly using (4.8). q.e.d.
The main result in Lott-Rothenberg [19] is the following theorem.
Theorem 4.13 (Lott-Rothenberg). Let M be an odd-dimensional ori-
entable Riemannian G-manifold. Suppose that G is orientation preserving
and OM is empty. If W is an orthogonal G-representation, then

T,,(M; R) = In(t,,(M; R)).

Lott and Rothenberg’s proof is modelled upon the proof of Miiller [26].
Notice that Miiller allows arbitrary coefficients. Lott and Rothenberg de-
fine an equivariant version of the combinatorial torsion r;,,(M ; V) based
on Whitney’s map, and show that the estimate of §§1-5 in Miiller [26] still
hold in the equivariant setting. Then they define an equivariant parametrix
and generalize the estimate of §8 in Miiller [26]. Since Lott and Rothenberg
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work with trivial coefficients V', they can leave out the first step in Miiller
[26], where the difference between analytic and PL-torsions is shown to be
independent of V. Lott and Rothenberg carry out the second step equiv-
ariantly, where the difference is examined under surgery, and thus get their
result. We want to deal with Miiller’s first step.

Lemma 4.14. Let M be a closed odd-dimensional G-manifold with
trivial orientation behavior wG(M ). Let U and V be coherent orthogonal
DG(M )-representations and W an orthogonal G-representation. Then

T, (M; U)-In(t,,(M; U)) =T, (M; V) —In(t,(M; V)).

Proof. For any x € M with isotropy group H = {g € G| gx = x}
there is an open neighborhood of the shape G xS for an H-representa-
tion S (see Bredon [6, VI.2.4, Corollary]). The key observation is that the
restrictions of the G-vector bundles with Riemannian metrics M x, U and
M x,V 10 Gx,S are isometrically isomorphic since then the argument in
Miiller [26, §9] goes through following the equivariant pattern of Lott and
Rothenberg. The inclusion G/H — G xS sending gH to (g, 0) isa G-
homotopy equivalence so that it suffices to regard the restrictions to G/H .
We must show for the inclusion j: x — M that the restrictions agree with
H = D"(x) 29, DH(ay & DE(M) of U and ¥ for k the obvious
inclusion. As RH-isomorphic implies isometrically RH-isomorphic, this
follows from the condition that U and V' are coherent.

Lemma 4.15. Theorem 4.5 is true if M is closed and w®(M)=0.

Proof. If dim(M) is even, we get pgl(M ; V') =0 from Poincaré dual-
ity (Proposition 1.20). Analogously we obtain 2~pgl(M s V) =ppa(M3 V)
from Proposition 3.23 and the claim follows. Suppose that A is odd-
dimensional. We may assume V = ¢*U for some G-representation U by
Lemma 4.14 and the assumption that V' is coherent to a G-representation.
Because of Lemma 3.32 we may suppose U = R. Finally apply Lemma
4.9 and Theorem 4.13 to get the lemma. q.e.d.

Next we want to drop the condition that G is orientation preserving.

Lemma 4.16. Theorem 4.5 is true if M is closed and M is orientable.

Proof. Since M is orientable, wG(M ): DG(M ) — {£1} factorizes
over g: DG(M) — G into W: G — {£1}. Let K be the kernel of w.
Since K operates orientation preserving, Lemma 4.15 applies to res,G( M.

It suffices to treat the case K # G. Because the maps ind,G(orcaslG< on
K,(RG)*? and on R ®, Repy(G) are given by ? @y ([R]+[*(R)]), and
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I', is compatible with restriction, we obtain
(4.17)

(Pep(M; V) —T (P,,](M V) + 4T (ppg(M; V) @ (R +[” "R]) =0.

Let Z/2 acton S ' by complex conjugation. From the product formulas
(Propositions 1.32 and 3.13) we derive

G><Z2 x
(M xS,V ey R ~T,(p3 @ (M xS'; V @g R)

+1.T,(p ze/z(MxS V @ R))
= 2°(M; V) @p (pZ3(S' R - T (pZ*(S"; v))
+1-T(p2Hs" s )
+ (P (M3 V) =T\ (p5(M V)
+ 1T, (p5(M; V) @ x7*(S" s R).

(4.18)

We conclude from (1.16), (3.26), and (3.29) that

419)  pZXS" R -, (p2AS" s V) + 4T (05 (S s v)) = 0.
Obviously
(4.20) 22" R) = [RI-[R7].

If we restrict the G x Z/2-operation on M x S' to G by idxW: G —
G x Z/2, we obtain an orientation preserving action. Hence we can apply
Lemma 4.15 to obtain in consequence of (4.18), (4.19), and (4.20),
(4.21)

(Pan(M 3 V) =T (py(M 5 V) + 4T, (pp(M: V))) &g (IR] — ["R]) = 0

Hence adding (4.17) and (4.21), and dividing by 2 yield the claim.

Lemma 4.22. Theorem 4.5 is true if M is closed.

Proof. Assume that M is not orientable. Let p: M- M be the orien-
tation covering. There is a group extension 0 — Z/2 — G5 G—0 and
a G-operation on M extendmg the Z/2-action on M and covering the
G-action on M . Since M is orientable, the claim for the G-manifold M
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follows from Lemma 4.16. Applying induction with § gives the assertion
also for M. q.e.d.

Now we are ready to prove Theorem 4.5. Assume that M, = &. Let the
orthogonal DG(M )-representation V' be coherent to the G-representation
W . Then VU, V iscoherentto WU, W asa (GxZ/2)-representation.
Because of Lemma 4.22, for the closed (G x Z/2)-manifold MU,, M we
get

GxZ/Z(

pTER M U, M,V U, V)

GxZ/2 .
(4.23) =T, (o (M Uy MV Uy, V)

GxZ/2
-1 T, (s /
Substituting the double formulas (Propositions 1.27 and 3.34) in (4.23)
gives
(4.24)

(M Uy M; VU, V).

(M V) & [R]+ po (M, OM; V) @y [R]
=T, (py(M; V) &g [R1+ T, (py(M, 9M; V) & [R”]
+In(2)- x°(OM; V) @4 [R]
— 3T (po(M; V) @ [R]— T (ppy(M, 0M; V) @ [R"]
—1.1n(2)- x%@M; V)@ [R1+ 4 -In(2) - 2°(0M; V) @ [R]
= (T (Py(M; V) = 4T (ppa(M; V)
+3-In(2) 1°OM; V) @y [R]
+ (T (pe(M, M V) = § T\ (ppg(M, 0M; V)

+1.1n(2)- x%OM; V) @ [R].

Now the claim in the case M| = & follows from comparing the coefficients
of [R] in (4.24). In the general case we repeat this argument, but now we
glue along M, instead of 9 M . Then the equation corresponding to (4.24)
looks like
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(4.25)
Pan(M; V) ®g [RI+ (M, M5 V) @y [R]
=T\ (pp(M; V) 8 [RI+ T, (p(M, M,; V) @ [R]
+1n(2)- x°(M,; V) @y [R]
— 4Ty (ppa(M; V) @y [R1- § T, (ppy(M , My 5 V) @ [R"]
- Oy V) ey [RY

+1.1n(2)- XG(Ml ; V)eglR]

In(2)
2

+ oMU, M), VU, V)

= (T, (pg(M; V) = § T, (poy(M; V) + § - In(2)
2%OM; V) @x [R]
+ (T, (pg(M , M3 V) = 4T (pog(M , M V)
+1.1n(2)- x%OM; V) @ [R71.

Hence Theorem 4.5 follows from comparing the coefficientsof R™ . q.e.d.

We end this section by indicating the proof of Lemma 1.13 about the
meromorphic extension of the equivariant zeta-function. As uf,(s) de-
fined in (4.6) has a meromorphic extension to the complex plane, analytic
in 0, the same is true for {(M; V)(s) by Lemma 4.9, provided that M is
closed and wG(M ) = 0. Since the product formula (Proposition 1.32) and
double formula (Proposition 1.27) give explicit identities of zeta-functions
for Real(s) > m/2 ,the arguments in the proof of Theorem 4.5 can also
be used to verify Lemma 1.13.

5. Some computations
In this section we treat some special cases as an illustration. First,
suppose that G is trivial. Then
T, eT,: K,(RG)*? - (R®, Repy(G)) @ (Z/2 ®, Repg(G))

reduces to R* — R, r — In(r/|r|), and pg(M, M, ; V) is just a pos-
itive real number. Moreover, )(G(BM ; V) is just dimg(V) - x(0M),
where x(0M) is the ordinary Euler characteristic. By Proposition 5.20,
pgd(M , M, ; V) vanishes. From Theorem 4.5 we get the following corol-
lary.
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Corollary 5.1. Let M be a Riemannian manifold whose boundary is
the disjoint union of M, and M,. Suppose that the metric is a product
near the boundary. Let V be an orthogonal m,(M)-representation. Then
In(2)

2

Notice that our definition of analytic torsion differs from the one in
Ray-Singer [29] by a factor of 2, and our PL-torsion is the square of theirs.
Corollary 5.1 for closed manifolds was independently proved by Cheeger
[8] and Miiller [26].

For trivial G and V' the PL-torsion can be computed as follows. Fix
adimension p > 0. Choose an orthonormal basis {w,, w,, --- , wﬂp} for
the space of harmonic p-forms H;, (M, M,; V). Let {0,, 0,, -, oy }
be a set of cycles in the singular (or cellular) chain complex with integr‘;ll
coefficients of (M, M,) such that the set of their classes in
H,(M, M,;Z)/ Tors(H,(M, M, ; Z)) is an integral basis. Let r, be the
determinant of the following matrix:

Pan(M, M ; V)= In(p, (M, M;V))+ - x(OM)-dimg V.

fal w, fal wZ o fa, wﬂo
faz W, faz W, - faz wﬂp
faﬂp W, faﬂp Wy - faﬂp wﬂ,,
Define
T2 (=1
(5.2) r(M, M) =]]r,
p=0

Define the multiplicative Euler characteristic to be
m V4
(5.3) my(M, M) = [ | Tors(H,(M , M,; Z))|""".
p=0
The following result was proved in Cheeger [8, (0.1) and (1.4)].
Proposition 5.4. Let (M, M, M,) be a triad of Riemannian mani-
folds. Then

2
pp](M’ Mla V) :mX(Ms Ml) 'r(Mv Ml)

Proof. Let K,i.m be the Hilbert structure on H,(M, M, ; R) for which
the basis given by {g,,0,, -, P } is orthonormal. From Proposition
14

3.8 we derive
(M, M5 R) = py(M, My, o) = poy(M, My, k) -r(M, M,).
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Hence it suffices to show
ppl(M, M, k) =my(M,M,).

Its elementary proof can be found, for example, in Cheeger [8, (1.4)] and
Liick [21, Lemma 18.34].
Corollary 5.5. Let M be an m-dimensional Riemannian manifold.
(@) If M is a rational homology sphere, i.e., H (M;Q) = H (S";Q),
then

Pan(M) = In(p (M) = (1+ (=1)""") - In(Vol(M))
m—1
+2-) (=1)"-In(|H,(M, Z))).
p=1
(b) If .M is a rational homology point, i.e., H (M;Q)=H,({point};Q),
then

Pan(M 5 R) = In(Vol(M)) + (1 + —1)™. 1n§2)
m—1
+2-3°(=1)" - In(|H,(M , Z))).
p=1

Next we treat the case where M is orientable and G is orientation
preserving on M, or equivalently, where wG(M ) is trivial. From Theo-
rem 4.5 and Poincaré duality (Propositions 1.20 and 3.23) we derive the
following corollary.

Corollary 5.6. Let M be a Riemannian G-manifold with invariant Rie-
mannian metric. Suppose M is closed and wG(M y=0. Let V be an

orthogonal DG(M )-representation coherent to a G-representation.
(a) If dim(M) is odd, then

Po(M V) =T\ (py(M: V), py(M:V)=0.
(b) If dim(M) is even, then
Pn (M5 V) =0, po(M;V)=14p (M V).

Remark 5.7. The assumption wG(M ) = 0 is necessary in Corollary
5.6. We have already shown p‘féz(S1 ;R) # 0 for Z/2 acting by com-
plex conjugation in (3.29). Let Z/2 act on s? by sending (x,y, z) to
(=x,y, z). Then S? is the double of D* for appropriate Riemannian
metrics on S>. From the double formula (Proposition 1.27), Poincaré
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duality (Proposition 1.20), Proposition 3.8, and Corollary 5.1 we derive
that

7/2
an

(S*;R) = p,,(D*; R) - (IR] - [R]) = In(Vol(§7)/2) - ([R] - [R"]).

Hence pazlfz (S2 ) is not necessarily zero. Let RP” be the n-dimensional

real projective space, which is rationally a point if # is even. From Corol-
lary 5.5 we get

p,.(RP™; R) = In(Vol(RP™")) — 21 - In(2).

Again this may be nonzero.

Next we analyze how the analytic torsion changes under variation of
the metric and G-homotopy equivalence. We just have to combine Theo-
rem 4.5 and Proposition 3.33. Suppose that (f; f,, f,): (M; M, , M) —
(N; N;, N,),and V and W satisfy the same hypothesis as in Proposition
3.33, and assume additionally that M,NM, and N,NN, are empty. Using
the same notation as in Proposition 3.33, we get the following proposition.

Proposition 5.8.

G G *
pan(NiNl;V)_pan(M’Ml;fV)
G G
=30 (N; V)T (f, /)
- G G
+ ()" L (N, 1)
=3 =1 u,
i>0

Consider an isometric G-diffeomorphism f: M, — N, and an
isometric RDG(MZ)-isomorphism f: V| M, /4! N, - Denote by
D" (MU N, M,N;V, W) (resp. D*(M, M,; V)) the acyclic finite RG-
Hilbert chain complex given by the long Mayer-Vietoris sequence (resp.
the long homology sequence) of the pair and the harmonic RG-Hilbert
structures. From the sum formula (Proposition 3.49) and Theorem 4.5 we
derive the following theorem.

Theorem 5.9 (Sum formula for analytic torsion).

G G G
Pe(MU,N; VU W)= pa (M3 V) + pa(N; W)= pO(My; V)
(a) T, (he(D' (MU, N, M, N; V,W))
G
—1In(2) - x (M,; V).

G G G
Pan(M, M3 V) =p (M V)= p(M; V)

(b) } .
—T (hr(D" (M, M,; V))).
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Remark 5.10. The sum formula is very useful for computations. One
may chop a manifold into elementary pieces, compute the analytic torsion
for each piece, and use the sum formula to get the analytic torsion for the
manifold itself. The existence of such a formula is remarkable from the
analytic point of view since it is very hard to get information about the
spectrum of the Laplace operator on M U I N from the spectrum of the
Laplace operator on M, N, and M,. We do not have a direct analytic
proof of the sum formula, but such a proof may be hidden in the paper
of Miiller [26, §10]. If one has a proof for the sum formula not using
Theorem 4.5, then one can prove Theorem 4.5 by using induction over
the number of handles.

Next we compute the various torsion invariants for G-representations
(cf. Ray [28]). Define for a Riemannian G-manifold

P (M) = pS (M) +In(Vol(M)) - (x° (M) - 2 - [R]),

(5.11) G G G
Po(M) = p (M) + In(Vol(M)) - (x (M) — 2-[R]).
Let ¥V be a G-representation. Choose any orthogonal structure and any
invariant Riemannian metric on DV which is a product near the boundary
SV . Then [)g1 and ﬁgl are defined for SV and DV and depend only on
the G-diffeomorphism type, but not on the other choices, by Proposition
5.8 since the equivariant Whitehead torsion of a G-diffeomorphism is zero.

Lemma 5.12. (a) pgy(D(V & W)) = poy(DV) + poy(DW).

(b) pg(DV)=0.

(©) Pep(DV) =4 T (ppa(DV)) + =2 - 4 °(SV) .

(@) Pa(SV) = 2°(SV) @ pg(DV).

(©) Ay(SV) = py(DV) @ (x(SV) —[RI).

(f) Pen(SV) =T, (pga(DV)) @g (3 - x°(SV) — [R]).

Proof. (a) is a consequence of the product formula for Poincaré torsion
(Proposition 3.48).

(b) As the projection from DV to a point is a simple G-homotopy
equivalence, the claim follows from Proposition 3.8.

(c) follows from Theorem 4.5 and (b).

(d) and (e) follow from Poincaré duality (Proposition 3.23) and the sum
formula (Proposition 3.49).

(f) is a consequence of Theorem 4.5 and (d) and (e).

Remark 5.13. Because of Lemma 5.12 above we obtain a homomor-
phism
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(5.14) Repg(G) — R®, Repg(G),  [V]+— pfd(DV).

Hence it suffices to compute the torsion invariants for irreducible G-
representations in order to know it for all G-representations. Elements in
R®,Repy(G) and hence, by Proposition 2.26, also elements in K| (RG)Z/ 2
are detected by restriction to cyclic subgroups so that it is enough to com-
pute the torsion elements of irreducible G-representations for cyclic G.
Let G be the cyclic group Z/n. Let d > 0 be a divisor of n. If
d>3,let V(j,d) for 1 < j < d/2 be the (real) two-dimensional G-
representation given by multiplication with primitive dth root of unity
exp(27ti{di) on C. Let v(d/2,d) be the unique one-dimensional non-
trivial G-representation, if d is even, and R the trivial G-representation.
Denote by I(d) theset {j € Z|1<j<d/2, (d, j)=(1)}. Then the set

{(Vj,d)|d>2, din, 1<j<d/2, (j,d)=(1)}U{R}
is a complete set of representatives for the irreducible G-representations.

Using Lemma 5.12 in the first case and the double formula (Proposition
3.34) in the second case, one easily computes

(DY (j, d)) = =py(SV(j, d))

=[d*-id:R—R]

(5.15) - Z [exp (27:1'{?) -1

1<k<d/2

2
id: V(k) = V(k, d)

ford|n, d >3, jelI(d),
PPV (1,2)=[2-id:R—R]-[2-id: ¥(1, 2) - V' (1, 2)],

Ppa(D(R)) = 0.

Now one can describe the homomorphism (5.14) above by characters.

Lemma 5.16 (Character formula). Let G be a finite group and V a
G-representation with character ch,, . Then pgd(D V) € R®, Repg(G) can
be viewed as a class function on G with values in R. Let g € G be an
element. Let n be the order of the cyclic subgroup (g) generated by g .
Then the value of pgd(DV) at g is 0 if n=1, and otherwise
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PaPV)&) = 3 3 (ch Vi * v, a) “ (hyg )5 Chy g a)
d|n,d>2 jel(d)

-1

pe(DV (), d)(8)

‘. n(4)

> ehy () (-1)
1<I<n

+ Z Z Z —ch cos(2n§—l>

d|n,d>3 jel(d) l<l<n

. (ln(dz) - ISkZSd/zln (sin (27:%)2
+ <cos <2n%];> - 1>2>
-2 - cos (27:5) ) .

Theorem 5.17. Let G be a finite group. Then there is an injective ring
homomorphism

pg: Repy(G) = Z (@Kl(R[WH])Z/z) ,

(H)
[V]~ dimg(V) & (5" (V™)) .

Proof. This homomorphism is compatible with restriction to subgroups
of G for an appropriate restriction homomorphism on the right side (for
the details see Liick [21]). Hence it suffices to consider the case where G
is cyclic.

Let Repgee(G) be the subgroup of Repg(G) generated by all free G-
representations. Let resg JH Repy(G/H) — Repg(G) be restriction with
the projection G — G/H for a subgroup H C G. Then we obtain the
following isomorphism, provided that G is cyclic:

(5.18) @D resg,: €D Repg(G/H) — Repy(G).

HCG HCG
With respect to this splitting of the representation ring, pg is given by an
upper triangle matrix. Hence it suffices to show injectivity for the diagonal
entrees, i.e., the injectivity of

Repp~(G) — K,(RG)*?,

[V]+ pey(DV).



ANALYTIC AND TOPOLOGICAL TORSION 317
Consider the ring homomorphism
v,:R[Z/n] - C

sending the generator to the root of unity exp(2ni %) . Theset {V(j)|Jje€
I(n)} is a basis for Repgec(G). The image of [V(j)] under y, o pg is
|exp(27zij;l’£—1)|_2 for d >3, 1<k<d/2,and 1/2 for d =2. Now an
application of Franz’ Lemma finishes the proof (see Franz [13] and Cohen
[9D). q.e.d.

We get as an immediate conclusion of Theorem 5.17 the celebrated
result of deRham [30] that two orthogonal G-representations V' and W
are isometrically RG-isomorphic if and only if their unit spheres are G-
diffeomorphic. Similar proofs using PL-torsion (resp. analytid torsion)
can be found in Rothenberg [31] and Lott-Rothenberg [19]. The result is
an extension of the classification of Lens spaces, which is carried out for
example in Cohen [9] and Milnor [25].

The result of deRham does not hold in the topological category. Namely,
there are nonlinearly isomorphic G-representations ¥ and W whose
unit spheres are G-homeomorphic (see Cappell-Shaneson [7]). However,
if G has odd order, G-homeomorphic implies G-diffeomorphic for unit
spheres in G-representations as shown by Hsiang-Pardon [16] and Madsen-
Rothenberg [24].

The sum formula (Proposition 3.11) implies a local formula for Poincaré
torsion. For this purpose we have to recall a different notion of equivariant
Euler characteristic as defined in Liick [20]. Given a G-space X , denote
by {G/? — X} the set of all G-maps G/H — X for all subgroups H
of G. x:G/H — X and y: G/K — X are called to be equivalent if
there is a G-isomorphism o: G/H — G/K such that yoo and x are
G-homotopic. Let {G/? — X}/ ~ be the set of equivalence classes under
this equivalence relation on {G/? — X}. Givena G-map x: G/H — X,
define X (x) to be the component of X i containing the point x(eH).
There is a bijection

(5.19) {G/? = X}/ ~— [ me(X™)/WH, [x: G/H — X1 [X"(x)],
(H)

where the coproduct runs over the set of conjugacy classes (H) of sub-

groups of G. Let UG(X ) be the free abelian group generated by

{G/? - X}/ ~. Let X ># be the subset of those points in X, whose

isotropy group G, satisfies G, D H, G, # H, and WH(x) is the

isotropy group of [X H(x)] € my(X H) under the W H-action. Given a
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pair (X, Y) of finite G-CW-complexes, define its universal equivariant
Euler characteristic in the sense of Liick [20]

(5.20) 28 (X) e U%(X)

by assigning to x: G/H — X the integer which is given by the ordinary
Euler characteristic (X (x)/WH(x), (X" (x)n(X>#uY))/WH(x)). It
is connected to the equivariant Euler characteristic defined in (3.12) by
the following map:

(5.21)  6°(X): U%(X) - Repg(G),  [x: G/H — X]— [R[G/H]].

From the universal property of Xaniv and the sum formula (Proposition

3.49) for xG (see Liick [20]) we derive the following lemma.
Lemma 5.22. 69(X)(x%. (X, 1) =x%X, 1).

Let (M, M, M,) be a G-manifold triad, and V' be an orthogonal

DG(M )-representation. Given x: G/H — X, we define the H-represen-
tation x*V by restricting ¥V to H by

H
H = E" {point} D7 )

D (resi (X)) — D°(X).
Let the homomorphism
(5.23) oM ; v): U (M) - K, (RG)™?

send [x : G/H — X] to indy(p/y(D(TM,)) @y x"V), where TM, is the
tangent space of M at the point x(eH), and ®; is the pairing defined in
(2.14). Now we obtain a local formula for the Poincaré torsion in terms of
the various tangent representations of the components of the fixed point
sets.

Proposition 5.24 (Local formula for Poincaré torsion).

G

(M V) (Ao (M, M) = pos(M , M, V).

Proof. 1In the sequel we do not have to worry about corners and straight-
ening the angle because pgd depends only on the simple homotopy type by
Proposition 3.33. Moreover, we assume ¥ = R for simplicity; the general
case is done similarly. Let N, and N, be G-manifolds, and let N, C N,
and N(') C N, be submanifolds of codimension 0. Let f: N, — N(') be a
G-diffeomorphism and put N := N, U f N, . Then, from the sum formula
(Proposition 3.49), we get

(5.25) Pos(N) = por(N)) + Pog(Ny) = pog(Ny).
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Since the equivariant Euler characteristic is additive in the sense of Liick
[20], we have

526 & N Cluna (M) = O (V) (o, (1)) + O (M)t (V)
= O (M) (L (V).

We first verify the claim for empty M,. We begin with the special case
M = D&, where £ | B is a G-vector bundle over a G-manifold X having
precisely one orbit type, say G/H . Then X/G is a manifold, and we use
induction on the number of handles. If X/G is empty the claim is trivial.
Suppose that X is obtained from Y by attaching an equivariant handle:

G/HxS 'xp™* — vy

l l

G/HxD"*xD"™* — x

We may suppose that X is connected, otherwise treat each component
separately. Let an H-representation W be the typical fiber of & | X.
Then we obtain a G-pushout:

Gxy(S'xD™*xDW) —— D& | Y

I I

Gxy (D x D" xDW) —— D& | X

By the induction hypothesis the claim is true for D¢ | Y. Because of
(5.25) and (5.26) it suffices to verify the claim for G-manifolds of the
shape G x, (Z x DW) for Z a manifold with trivial H-action. One
easily computes

por(G X (Z x DW)) = indyy(pog(Z x DW))
H
(

. G, H
indy(pog(Z) @g X (DW) + 1" (Z) @ pig(DW))
. G, H

= x(Z) - indy(p,4(DW))

= ®%(G x,, (Z x DW))(x°(G x,; (Z x DW))).
This finishes the proof for the case M = D¢, M| = @ . Now the claim for
M, = & follows by induction on the orbit types of M . Namely, choose
H € Iso(M) such that H C K, K € Iso(M) implies H = K. Let v be

the normal bundle of M) = G-M" in M. Define M := M —int(Dv).
The induction hypothesis applies to M and Sv, and the considerations
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above apply to Dv. Since M is M Ug, Dv, the assertion follows from
(5.25) and (5.26), provided that M, =J.
The claim in general follows from the following relations:

G G G
Peaa(M , M,) = pSy(M) — py(M,),

(M) (x° (M, M,)) = @°(M)(x° (M) - @°(M,)(x° (M))).
Example 5.27. Suppose that the G-manifold M is modelled upon the
G-representation V| i.e., there is a G-representation V such that for
any x € M the G, -representations resV and TM, are linearly G, -
isomorphic. This is true for example if all fixed point sets of A are
connected and nonempty. Then the local formula for Poincaré torsion
(Proposition 5.24) reduces to

G G G
Ppa(M, M ;R) =y (M, M) ®g p,g(DV).
Let Lef(/(g)) be the Lefschetz index of the map /(g): (M, M,) — (M, M,)

given by multiplication with g € G. Then, in terms of class functions on
G with values in R, we obtain

T (poy(M , M, ; R))(g) = Lef(/(2)) - T, (py(DV))(8)-

Remark 5.28. In Connolly-Liick [10] a duality formula is established
for a G-homotopy equivalence (f,df): (M,dM) — (N,dN). There
appears a correction term which depends on the universal Euler character-
istic and the G -representations TM forall x € M. It is closely related
first to the local formula for Poincaré torsion (Proposition 5.24), and sec-
ond to Proposition 3.33 which states that the difference of the Poincaré
torsion is an obstruction for a duality formula for equivariant Whitehead
torsion. The duality formula is important for the proof of the equivariant
n-n-theorem in the simple category (see Dovermann-Rothenberg [12] and
Liick-Madsen [22], [23]).

Remark 5.29. The Euler characteristic term in our main Theorem 4.5
may also be interpreted as the index of the deRham complex. This leads
to the following question.

Let P* be an elliptic complex of partial differential operators. Denote
by A(P)" the associated Laplacian, which is an elliptic nonnegative selfad-
joint partial differential operator in each dimension, and therefore whose
analytic torsion pan(A(P)‘) can be defined as for the ordinary Laplace
operator. Suppose that the complex restricts on the boundary of M to an
elliptic complex P in an appropriate sense. Can one find a more or less
topological invariant ptop(P*) such that the following equation holds?

* * In(2 . *
Pun(P) = Prop(P )+ ; ) -index(0P ).
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If we take P* to be the deRham complex and put Prop 1O be p_,, the

pl’
above equation just becomes Corollary 5.1.
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