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NOTE ON THE PERIODIC POINTS
OF THE BILLIARD

LUCHEZAR STOJANOV

Marek Rychlik [2, Theorem 1.1] proves that for any bounded convex
domain Ω in a Euclidean plane R2 with smooth boundary X = <9Ω the
set Fix3 of all periodic points of period 3 of the billiard ball map related to
Ω has empty interior in its (two-dimensional) phase space MQ . The last
part of the proof of this theorem, considered in [2], involves a symbolic
computation system. In this note a short elementary argument is presented
which completes the proof in [2] without use of any computer programs.
Combining this argument with §3 in [2], one gets also a direct proof of
Theorem 1.2 of [2]: Fix3 has Lebesgue measure zero.

We use the notation from [2], and state the results of [2] in a little more
general form.

Theorem. Let Ω be a bounded (note necessarily convex) domain in R2

with C2*-smooth boundary X. Then Fix3 has empty interior and Lebesgue
measure zero in Ma.

Proof. Let yχ, , yn be the successive (transversal) reflection points
of a periodic billiard trajectory in Ω. Consider a natural parametrization
/2z(xz), xt e R, of X around y. with P z '(x z)| | = 1, cos(z>z = (ei9 v.) > 0,
where v. = v(χ.) is the unit normal to X at ΛZ(JCZ), pointing into Ω,
( , •) is the natural inner product in R2 , φ. is the angle between et and
v.9 0 < φt < π/2, and

p = Lti Ltl [—I

One can introduce Φz and Φz simply by setting Φz = cos φ. and Φz =
sin^ . Then, if Λz(xz) are the reflection points of a periodic trajectory, a
simple computation gives

dl(xi9xM) ,

ax,
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Set k. = k.(xt) = (h'lix^Vi); then *"(*,-) = kivi % is in fact the
curvature function along A,-(*,•)) Now we have

d2l(xnxM)

dx] ^ ' Π f > + / ( * , . , x / + 1) l{xi9xM)

sin2 0. .
H- - k. sm »..

* * ) ι Ψι

In a similar way one finds

d2l(xi,xi+ι) = sίny|.sί

which implies that the matrix d2£?n(x) has the form (2.11), with (2.12)
of [2]; these formulas are not new; cf., for example, [1] or [3].

Now suppose that Fix3 contains a nonempty open subset of the phase
space M Ω . We may assume that y = (y{, y2, y3) e U c Fix3 for some
open connected subset U of M Ω . Since {7 consists of critical points of
J2^, we have

(1) &3{x) = l{ + /2 + l3 = c = const

for all x = (xχ9 x2, x3) with (hx(xx), A2(x2), A3(JC3)) G C/. As in Propo-
sition 2.1 of [2] one gets

^ j

_ (/2 + / 3 -/ 1 ) s iny 1 _ ( c -
! ~ 2/~/ ~/2/3

By the Cosyne theorem (cf. Lemma 2.4 in [2]), sin φχ = j\ίc(c—2lι)/(l2l3).

Combining the latter with (2) we find

(3)

which is (2.20) of [2] for / = 1. Applying Proposition 2.2 of [2] and
differentiating (3) in direction (0, - Φ 3 , Φ2) = (0, - s i n ^ 3 , s in^ 2 ), one
obtains

dg dg
(4) 0 = j£-(xx, ^ 2 ' X 3)(- s i n ^ s ) + a ί " ^ i ' X2'
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On the other hand, (3) implies

)1 ( dl\ 3c(c - 2/, ) 3 / dl3
dg = 3c(c -II,)1 ( dlχ\ 3c(c - 2/, ) 3 / dl3 \
dX2 /3/3 V dxj /|/4 \dxJ

'2*3

_ 3c(c-2/1)
2(c-2/2)sίny2

'2'3ι2'3

dg
/3/3

)2(c-2l3)smφ3 < Q

Therefore, the right-hand side of (4) is strictly negative, which is a contra-
diction. This proves the first part of the theorem.

For the second part, suppose that Fix3 has positive Lebesgue measure in
MQ. Then (1) might be not true; however, assuming that y is a Lebesgue
density point of Fix3, we have Jΐ?3(x) = c + #(\\x\\ ), c = const, for
(hx(xx), h2{x2) ? h3(x3)) G Fix3 close to y . Now using the argument from
§3 of [2] and a modification of the above argument, one gets that (4) again
holds.
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