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DEFORMING THE METRIC ON
COMPLETE RIEMANNIAN MANIFOLDS

WAN-XIONG SHI

1. Introduction

In his paper [3] R. S. Hamilton introduced the evolution equation
method which has proved to be very useful in the research of differential
geometrical problems.

Using the evolution equation to deform the metric on any n-dimensional
Riemannian manifold (M, g;;):

(1) %gij = -2Ryj,

where R;; is the Ricci curvature of M, the first important thing which we
have to consider is the short-time existence of the solution of the evolution
equation (1). In the case where M is a compact Riemannian manifold,
Hamilton in [3] proved that for any given initial data metric g;; on M
the evolution equation (1) always has a unique solution for a short time.
Therefore the short time existence problem of the evolution equation (1)
was solved completely in the case when M is compact.

In the case where M is a noncompact complete Riemannian manifold,
the short time existence problem of the evolution equation (1) is more
difficult than the same problem for the compact case. Actually one cannot
prove the short time existence of the evolution equation (1) for an arbi-
trary complete noncompact Riemannian manifold M; it is easy to find a
complete noncompact Riemannian manifold (M, g;;) on which the evolu-
tion equation (1) does not have any solution for an arbitrarily small time
interval. Therefore to get the short time existence we have to make some
assumptions on the curvature of M.

For a Riemannian manifold M with metric

ds? = gij(x)dx'dx’ >0,
we use {R;jx/} to denote the Riemannian curvature tensor of M and let
! N .
Rij=g"Ryjy and R=g"R;j=g"g" Ry
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to be the Ricci curvature and scalar curvature respectively, where (g'/) =
(&))"

For any tensors such as {7k}, {Uiji/} defined on M, we have the
inner product

(Tijkts Uijrt) = 8872 857 89 T j1y Unpys
and the norm of {7} is defined as follows:
I Tjetl? = (Tijiets Tijua)-

We use VT, to denote the covariant derivatives of the tensor { T}, } with
respect to the metric ds?, V" T; jki all of the mth covariant derivatives of
{T;jx:1}, and inj(M) the injectivity radius of M.

Under these notations, the main theorem which we will prove in this
paper is the following:

Theorem 1.1. Let (M, g;j(x)) be an n-dimensional complete noncom-

pact Riemannian manifold with its Riemannian curvature tensor {R;;z}
satisfying
(2) IR;jkil* < ko on M,
where 0 < ko < +oo is a constant. Then there exists a constant T'(n, ko) > 0
depending only on n and kq such that the evolution equation

0
agij(X, t) = —2R;j(x,t) on M,

(3)
8ij(x,0) = gij(x) VxeM

has a smooth solution g;j(x,t) > 0 for a short time 0 < t < T(n, ky), and
satisfies the following estimates: For any integer m > 0, there exist constants
¢cm > 0 depending only on n, m and ky such that

(4) sup |V R,k (x, 1)]* < C/t™,  0<t < T(n, k).
xXEM

In Theorem 1.1 if we consider the new metric
ds? = gij(x,T)dx"dx’ >0

on the manifold M, then we get the following theorem immediately:
Theorem 1.2. Let (M, gij(x)) be an n-dimensional complete noncom-
pact Riemannian manifold with its Riemannian curvature tensor {R;x}
satisfying
[Rijii(x)* < ko VX €M,
where 0 < kg < +00 is a constant. Then there exists another metric

ds* = g,-j(x) dx'dx’ >0



DEFORMING THE METRIC ON COMPLETE RIEMANNIAN MANIFOLDS 225

on M and constants ¢ >0, ¢, >0 (m=0,1,2,3,---) depending only on n
and ky such that

1 N
zgij(x) < 8ij(x) L cgij(x) Vx €M,

V™R, ji(x)|* < ém V¥x € M,m >0,

(5)

where V™R, jki denotes the mth covariant derivatives of the curvature tensor
{Rijki(x)} with respect to the metric ds?.
Proof of Theorem 1.2. Welet T = T'(n, ky) and

8ij(x) =gij(x,T) VxeM,

where g;j(x,t) is the solution of the evolution equation (3) in Theorem
1.1. Since T > 0 depends only on n and k;, from (4) we know that for
any integer m > 0 one has

(6) V7R (X)? < ém(n, ko) Vx € M,

where 0 < ¢,,(n, ko) < +oo are constants depending only on # and k.
From the equation

0
57806 0) = =2Rij(x,0),  0<1<T,

it follows that
2

0

(7 lg—té’u <S4R <4n’Rjul’, 0<t<T.
Using (4) we have
(8) |Rijut|* < co, 0<t<T.
From (7) and (8) we get

P 2

}mgu < 4n’c, 0<t<T,
6]
2181 <2nyc, O0<t<T,

—2n./cogij < %gij < 2ny/cogij, 0<t<T.
This implies
(9) e 2Valgi(x,0) < gij(x,t) < eV gii(x,0) VxeM,0<t<T.
Let t = T and ¢ = e2"V%T, From (9) we get

1
Egij(x) < &ij(x, T) < cgij(x);
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that is
1 -
(10) Egij(x) < gij(x) L cgij(x),

which together with (6) shows that (5) is true; thus we have completed the
proof of Theorem 1.2.

In the remainder of this paper we will prove Theorem 1.1.

The author would like to express his gratitude to Professors R. S. Hamil-
ton and S. T. Yau for many inspirational remarks and encouragement.

2. Modified equation and zero order estimates

In the remainder of the paper we will assume that A is an n-dimensional
complete noncompact Riemannian manifold with metric

(1) ds? = g;j(x)dx'dx’ >0,
and that its Riemannian curvature tensor {R;jy, } satisfies
(2) |Rijui|* < ko on M.

Fix a point xop € M and let B(xp,y) be the geodesic ball of radius y
centered at xo. For any integer # > 0, let

3) Dy = B(xo, £).
Then we get a family of open subsets {D,} such that
Dy C Dy,
D, is a compact subset of M,
(4) o
M=) Dy,

k=1

where D, = D, UD, denotes the closure of Dy on M.
To obtain a solution of the evolution equation

ad . - . N
(3) Egij(x»t) = —2R;j(x,1), 8ij(x,0) = gi;(x)

for a short time 0 < ¢ < T, we try to solve the Dirichlet boundary problem
9 . .
Egij(f,x,t)=—2R,-j(/{,x,t), XGD/',

(©) 2ij(#£,x,0) = gi(x), x€Dy,
gij(£,x,0) = gij(x), x€dDy, 0<t<T,
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for each open set D,, and then we let £ — +oo. If the limit metric
8ij(x,t) =lim,_, o &ij(#,x,t) exists, we get a solution of (5) for a short
time 0<¢<T.

The Dirichlet boundary problem (6) may not have any solutions because
the evolution equation (6) is not a strictly parabolic system, and is only a
weak parabolic system. For the proof of weak parabolicity of (6), one can
see R. S. Hamilton [3].

Therefore, instead of considering the weak parabolic system (5) we con-
sider a modified evolution equation which is strictly parabolic so that we
can get a solution of it for at least a short time by solving the correspond-
ing Dirichlet boundary problems. The solution of system (5) then comes
from the solution of the modified equation.

Suppose the metrics

(7 ds? = gij(x,t)dx'dx’ >0, 0<t<T,

are the solution of (5) for0 < ¢t < T,and oM - M (0<t<T)isa
family of difftfomorphisms of M. Let

(8) ds? =¢;dst, 0<t<T,

be the pull-back metrics. Then we want to find the evolution equation for
the metrics ds?.

For any coordinate system x = {x',x2,--- ,x"} on M, let
(9) ds? = g, (x,t)dx"dx’/ > 0,
(10) Y0 = @) = {P 022Dy (5,0}

Then by (7), (8) and (9) we have
_ aya ayﬂ A
(11) 8ij(x,t) = Wg;guﬂ(y, 1)
and by the assumption g,(x, ) satisfies the following equations:
9 .
— 9 = - t 0<t<T
(12) atgaﬂ(x’t) 2R0ﬁ(x7 )’ e
goﬂ(X,O) = gaﬁ(x)'

Weuse R;j, R;j, Rij; T, f‘ffj, I; V,V, V to denote the Ricci curvature, the

Christoffel symbols, and the covariant derivatives with respect to gij, &ij,
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8ij, respectively. Then from (11) it follows that

B
20 = 5 [ 2555 )

81 | ax7 9x7 208
_oy° 6y a a [dy*\ayf .
(13) = 9xi 9x) 01% &apy t)+8x'(8t> Ox/ &ap (v, 1)
ay* 8 [oyB\.
+ G5 (F ) s
Using (12) we have
0 . _ agaﬂ ay
(14) 5?8&/3(3’3) _2Raﬁ(y>t)+ ayy 8t
and therefore
o _ 6y By
atglj(x3t) - ax, axj Qﬁ( t)
9y 0yF 88,5 0y” = 9 (9y*\a8yf
(13) * oxiax] dyr or T oxi\ o1 ) axi Les:0)

oy 8 [0yt
- <t<T.
ax 8x1( a1 )g“”(y”) O=t=T
It is easy to see that
6y
If we choose a coordinate system {x‘} such that at one point
then
08ij
18 —=L =0,
From (11) we have
. dxk ax!
(19) 8ap = 6_yaa—y—/7gk]’
and therefore
ayf . axk
557 88 (:0) = By ik

(20)

0 [(dy*\dy _ 8 [(ay*\ oxk
Bx"(at)f)xlg”ﬂ(y’) aw(a:) gy Sik>
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which together with (18) implies
(21)

o [(0y*\ays . 9 (oy~oxk ay~ 8 (ax*
axi( ot )axfg"”(y”)‘axi at 9y= %) T Bt axi aya) Bik-
For the same reasoning we get
(22)

0y 0 (097, (= 0 (Foxt N _oyf & (oxk)
ax o \ a1 )80 = 555\ 57 5,7 8% ) ~ B axi\5yF ) 8k
From (19) we have

0y 9y’ 0y? 08ap _ 9= 9y* 9y” 8 (6_x" ax!
Bx dx) 0t By’ _ 0xi dxJ 0t By \ Bya oyB K

Since

0
(23) 578 =0

by (18), the above equation becomes
0y~ 9yP 8y’ 085 _ 9y 3y 8y’ 8 (ox* ox!
BxT 0xJ 0t By’ axi ox) 0t Ky \Bya ayp
_ 9y ay’ @ axk
(24) = oxi ot ayv(aya Ejk
ayP oy’ o (E)x"
== 5 a5\ 55 ) ik
ox] 01 8y’ \ayP
Substituting (16), (21), (22), and (24) into (15) gives
a B dydy’ 8 (ox*
g8t =~ 2Ry D+ 55 6y/<6y" Bik
ayk oy’ 9 (ax") '
9x] Bt oy? \ayk ) B

ay* 8 [axk ayP a8 [oxk
=5 ek~ S a\ 50p ) &
ot Oxi\ dy ot 0xJ \oy#
0 (oyroxt \_ 9 (ayfoxt )
T oxi \or oy 8% ) T axi \Tar ayp sk )
On the other hand,
(26)

_9y* 8 dxk _ oy 9%k eyt oy 92xk ay?
9t axi\ gy~ )k T W&yh’)yﬂ@x"gjk T 9xi dy’dy« at Bt ik

oy 9y’ 8 (9x*) _3_yi_‘?_<?_xi>g, —0
ax’ o1 dy7 \ays )&%~ o axi \aye JEK T

(25)

or
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We also have

oyP oy o (ox*\ ~_9yf 9 (oxk)
ax) a7 9y \ayF )% ~ b1 axi \ayF )8k =
Combining (25), (26), and (27) we get
(28)

b3} 8 [(dy*oxk a (0yPoxk )
g:8u% 1) = "2Ry(x, 0 + 75 (_8_t aye g’k) dx/ ( a1 oypsk )

(27)

Since I'Y; = 0, from (28) one has

9 _ R, (9 9x 9y oxt )
29) Zentx.) = —2Ry(x) + Vi (0 S ) + 9, (B T ).

If we define y(x,t) = ¢,(x) by the equations

8ya 6ya k k o —
(30) S =58 (Th-T5,).  »(x0)=
then (30) is a quasilinear first order system:
ay* _ 0y° x 1 e = =
(31) Bt =588 8" 3 (Vagir+Vigis ~Vigp).
yi(x,0) =

From (29) we get

F) "

(32) 578X, 1) = = 2Rij(x, 1) + Vilgu " (T, — Tf,)]
+ V188" (Th, — Tj,)1.

Since y*(x,0) = x“, from (11) it follows that

(33) 8ij(x,0) = &;(x,0) = &j(x).
If we define a tensor
(34) l/I = gikgﬁy(rléy - fgy),

then using (32) and (33) we get the evolution equation for the pull-back

metric g;;(x, t):

0
(35) b—tg,-,-(x,t) ==2R;j(x,t)+ V,;V; + V;V,

8ij(x,0) = gij(x).

System (35) is the modified evolution equation. In this paper we con-

sider system (35) instead of the original evolution equation (5) because
(35) 1s a strictly parabolic system, while (5) is only a weak parabolic sys-
tem.
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Lemma 2.1. The modified evolution equation (35) is a strictly parabolic
system. Actually we have

0 I .
atgu =g“ Y Vﬂgu gaﬂgipgqujaqﬂ - gaﬂgjpgquiaqﬁ
1 - N . N - .
+ Egaﬂgpq (Vigpa - Vigap+2Va8ip - Ve&is — 2Vagip - V&g
— 2,80 Vp8ia—2Vigpa - V58jg) -

Proof. By the definition of the Christoffel symbols and the Riemannian
curvature tensor we have

Rijui = 8 Ry,
) 8 .
(36) Rul axlrjl Ix th + 5,07 - 5,0
1 w08 08 08
k — 2 gkl (98il il _98ij .
T =28 (Bxl T axi T Bxl

R O’y . 9’8y _ 0% _ 98w
ikl = 2 axiox! " xidxk  @xiaxk  9xiox!
+ lg,,,, <6gpk 08iqg , 08k 0813  98pk 08
4 OxJ dx!  OxJ Ox! OxJ Ox4
agpk agjq agpk aglq agpk agjl
oxt x! Ox! dx) = Ox! 8x9
08ik 08jq 08k 081q &k 08ji
dxP 9x!  OxP Ox/ OxP Ox9
08ip08jq 908ip 0814 08k 98ji
T 9xk ax!I  axk dxJ T dxr dx4
98jk 08iq 08k 9814 + 0gjk 08i
T 9xP 9x! ~ Bxr dxi ' 9xp x4
1 08in08is | 0800815 _ 08 3&'1)
dxk ox!  oxk ox'  Axk oxe)’

(37)

+

We still have

(38) I, -1, = 3872V + Vigok — Vo&ri)-
By definition, V; = g;;g/(T"}, — T,), so
(39) Vi=1g" (Vigu+Vigik — Vigu) -

Since V, gij = 0 and V,g"/ = 0, from (39) we have
ViVi+ ViV =1k (V;Vigu + ViVigu — V,;Vigu

40 _ . -
(40) +ViVigi + ViVigik — ViVigu) -
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If we choose a coordinate system {x'} such that at one point

(41) I =0,
then from (38) it follows that
(42) It =1g" (Vigy+ V80— Vi8i).

By the definition of covariant derivative, we have

(43) ViVigu = %ﬁk&'/ ~ T Vo8 = T3 Vigp — T3 Vi8ip
= V;Vigu =T V,8u = T, Vigp — T Vi gip.

Substituting (42) into (43) yields
185V Vg = 188V Vigu
+58"87 (Vogi - Vagic — V8- V8 — Vo&i - Vigiq

+ V8o Va8 — Vigai - Vi&p — Vi - Vigiq

+Vi&in V&1 — Vi&ir Vigu — Vi&in Vigia)-
Substituting (44) and the similar formulas into (40), we ge:

(45)
V,‘Vj-l-VjV;‘

(44)

= %gk[ (vjvkgil +V,;Vigi — V;Vigu
+6ivkgjl + viﬁlgjk - ?zngk/)

+ %g"’ 87 (Vo8- Va&ik = Vit - Vi&ak — Vo&it - Vi8yj
+ ngpl Vo8ij — Vg vkgp/ — V8- Vigyj
+Vi&ip - vqgjl —Vi8ip - Vi&a — Vi&ir Vi&y
+ V081 Va&ik — V&t - Vigak — V&1 - Vi&ai
+ Vg - Vegij— vkgp/ Vigej — ﬁkgp/ V84
+ Vigip - Ve&i — Vi&ip- ﬁigq/ - Vg vlgqi)

+ %gk/gpq (Vo&ki - Vi8ei+ Vpgki - Vigej — Vo&ki - Va&ij
+ 6quk : 6/gp/ + €7igp[ Vi) — 6ugp/ : vqgkj
+ vigpk : ngql + vié’pk V18— vigpk : ngj/
+ Vo8- Vigei + Vi V84 — Vp&ki - Vi
+ ?,»qu : ngpl + ngp/ V& — vjé.’p/ -V &ki
+¢j8pk 'vigql + ngpk V181 — ngpk -Va8il) -
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Since R;; = g*/Ryj; and I'; = 0 at one point, from (37) it follows that
(46)

25.. 2 2,. 2,
—2R,-j=gk’( 0°8ij + O’ 978k 8g,1)

Oxkax! ~ Oxiox/ Oxidx! OxkoxJ

1
+5g ' g7 (Vi&pi Va&it — Vi8ri Vi8ai — V& Viga

+Vigpj Vlqu‘*‘V 8pj - ngql Vigpj vqgkl
+V58i V& — Vp&ii Vi — Vo&ij - Viga
+Vi8ip Vi +Vi&in - Vi&u — Vi&in Va&ui

+ vpgjk V84 + Vpgjk : Vtgql - vpgjk : vqgn

+Vi8k - Va&it — Vi - Vi8si — Vigok - Viga) -

41

By definition,
V. = 08U _fr, P
18ij = 51 ~ 4 u8pi ~ 1 ji8ip
But since ['%; = 0, we have
. - 0 = 0 (0g
ViVigij = Ik =z Vi8ij = Hxk <axl; rllgpj r?lgip>
32g,‘j o] 0
= dxkax! g’”@xkr T "rf”
and therefore the following formula:

47 k_ 08 K 9 o 4 gklg O fo o ok il‘”
(47) 4 9k x! g ViVi&ij T & &jp 1T & 8ip

dxk Poxk™ i
Similarly,
gklaax'gk)lc! MUY g + 36,r aa:ﬁf’
CONPUR TRRPHIR IS s
gk’aikg’;j =gV Vg + ox krk *gk[gip%fﬁl.

From (47) and (48) it follows that

kl( 92g; 92 gk 928k 028 )
g a -

xkax! ~ Oxiox) Oxiox! oxkoxi

(49) = gk/ (vkﬁlgij + v:ngk/ - v:‘V/gjk — Vi ﬁjgu)
0 =

k
axi ki Bx" axr i

0 0
+g gjpaxl\r g gjpa lrk/
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Since 1:‘{.‘}- = 0, we have

8 =y 0 sy wy o
axf L1~ 5tk = Reiy = 8 Ruiar,
0 . o - i
(50) gk[gjpg)?,;rf-’; - gklgjpﬁril = gk g;p 87 Ruiql,
IO )
(1) axi b~ dxk i = Rly; = 8“Riuij = —Rij.

Combining (49), (50), and (51) we get
gkl ( d%gij 0%g 9’k d%gi )

axkox! T 9xioxi  9xidx!  Oxkoxi
= gkl (vkﬁlgij + vingkl - ‘71"~71gjk - vkngil)
+ g g;p 8" Rixtg — Rij.

(52)

Substituting (52) into (46) gives
~2R;j=g" (ViVigii +ViVig —ViVigik = ViV;gi)
— 888" Rixq — Ryj
1 - - . - N .
+ Egklg”q (Vigip - Va&it — Vi&ip - Vi&si — Vi&ip - Vigyl
(53) +Vi&ip - Vigak + Vi&jp - Vi&ar — Vi&jp - Va8
+Vp8ij-Va8ki—Vp&ij-Vigek — Vp&ij - Vi&a
+V;8ip - Vi&ak + Vi8ip- V&g — Vi8&ip Vg8
+Vo&ik - Vi + Vp8jk - Vi&et = Vp&ik - Va8&il
+V,8k - Va&it = Vi&ok - Vi8ai = V 8ok - Vi&a1) -

Substituting (45) and (53) into (35), simplifying and collecting the terms
of the same type, and using the following formula to switch the second
covariant derivatives:

(54) ViVig =V;Vigu + &R jkp8y + 87 Rijip &a-
Finally,

9 Lo o o
578 = 8'VicVi8ij — 8" 81p 8" Rjkq — 8" 8jp 8" Rit
1 - - - - N N
(55) + 58’“8”" (Vigok - Vi&a +2Vi&ip - Va&it —2Vi&ip - Vi8iq
-2V,;8kV18ia — 2V igok - Vi18jq) -

Hence we have completed the proof of the lemma.
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From Lemma 2.1 we know that the modified evolution equation (35)
is a strictly parabolic system, therefore we can consider the corresponding
Dirichlet boundary problem in any domain D C M.

Suppose D C M is a domain with boundary 8D a compact C*® (n — 1)-
dimensional submanifold of M, and assume that the closure D = DU&D

is a compact subset of M. We will solve the following Dirichlet boundary
problem:

%g,-j(x,t) =—2R,~j(x,t)+V,~Vj+V,-V}, x €D,

8ij(x,0) = &ij(x), xe€D,
gij(x,1) = gij(x), x€8D,0<t<T.

(56)

In this section we want to establish the zero order estimates for the
solution of (56). The existence theorem for the solution of (56) will be
proved in the next section.

First, we have the following lemma.

Lemma 2.2. Suppose g;j(x,t) > 0 is a solution of (56), and m > 0 is
an integer, and define

¢(-x’ t) = galﬂl gﬂlangZﬂZgﬁzangSBZ(gﬂ3a4 o gamﬂmgﬂmal’
xeD, 0<t<T.

Then

(57) %? < g“ﬂva?,g¢+2mn\/’lg(pl“/’", x €D,
(58) o(x,0)=n, x €D,

(59) o(x,t)=n, xedD, 0<t<T.

Proof. Using the initial and boundary value conditions in (56) we get
(58) and (59) immediately. From Lemma 2.1 it follows that

a ij ik ,jl a
= —gPg*kglV Vg + 8F g% g/ gup8 I Ringp
L 1, L
(60) + 8" 8% 8" 818" Reagp + 58 bgragikgl!
(2Va8p1 - Vp8ak + 2V 8pa - Vsgak +2Vi8pa - V&
~2Va&o1 - Va&ok — Vi&pa - Vigap) -
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Since g7 gj, = 9}, we have
vlg(glpg]p) = Oa
8pVp8"T + 8"V =0,
(61) Vg =—-g"g/"V g,
VaVpg! = -g" g/, Vg — V(878 - Vs&py,
gV, Vg = —gfgkglV Vg1 — 8PV o(878'%) - V4 8pq-
Substituting (61) into (60) yields
o .. Lo L L
58" = gV Vg + g g* g/ g1, 87 Ringp
+g°Pgikgil g 879 Ryngp + 8P 8PV 877 - Vs gpq
: (2vagp/ : vﬂqu + 2v1gpa : vﬂzg'qk + zvkgpa : vﬂgql
_’Zﬁﬂgpl : 6qgﬂk - vkgpot : Vlgqﬂ) .

If we choose a coordinate system {x‘ } such that at one point

: 0 A 0
(63) (&) 1 (&) %
8ij) = . ’ 8ij) = . ,
0o o -
1 An
then
ﬂ._l
- 1,1" O
(64) (&) = o
0 .
Al
From (61) it follows that
- 1 ~
Substituting (63), (64), and (65) into (62), we get
O ij_ b S iy L L s
58 =8 V.Vpg + i Rigjq + Ty Rjgiq
2 ~ ~ 1
(66) T LA e g ag,

Tk Vit + 298k Visia 2V ek Vi&ia
=2V 84 Ve&ik — Viak - V,&ak)-
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By the definition of ¢(x,¢) we have

(67) p(x,t) = 2'1: (—l—>m > 0;

thus -
9 _ (1) i
=" (Ai) a8
Using (66) we find
By < 1 )"’ b ose 2m
—=m| = Va Vg + =——R,;
at ;) &TVaVes't gy Risia
m o = m
- Y, -V, — ——
A iy K8 k8T e A,
(68) . (Viqu -Vigak +2Vi8ia - Vg — 4Vigu '6kgiq) ,
dg I\"" e o i, 2mx
-t = — VaVsg' + R
e (5) ST i R
m ~ ~ ~ 2
- W—l (ngiq + Va8&ik — Viqu) .
1
From (67) it follows that
(69)

~ ~ 1\"! o~ ~ . L
g"ﬂvnvﬂ(/’ =m (,l_> gaﬂvavﬂgu + mgaﬂvagu
i

e[0T @) ()7

Substituting (69) into (68) and using (65) we have

?9? = g“ﬂvavﬂ(p + /5:;1 Rigig
()| G) (l)2+ ) @)
(70 b/ (M) AL A& A
)]
2lm+1)' P (Vi 8ig + Vagik — Vigu)%
thus
<71> S <90 + 7 Ruae
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By assumption (2), lﬁiqiq| < v/'ko, and, in consequence of (67) and (71),

99 _ a
37 <gﬂV V,g¢+2m\/_(zl)

g=1

It is easy to see that
Z L
pour Aq

so that s
a—? < 8V, V0 + 2mn\/kop'*1/m,

which completes the proof of Lemma 2.2.
Lemma 2.3. Suppose g;j(x,t) > 0 is a solution of (56). Then for any
d > 0, we have
8&ij(x,t) > (1 -6)&;(x),
where x € D, 0 < t < (1/(2v/ko))(L)*+V/m[1 = ()™, m > 0 is an integer,
and
log2n log2n
(72) Tog(1/(T—8) = < log(1/(T—o)) " "
Proof. Choose an integer m > 0 which satisfies (72), and let ¢(x,?)
be the function defined in Lemma 2.2. Since D C M is compact, we can
define

(73) ¢(t) = max g(x,?).
x€D

Using the maximal principle on D, from (57), (58), (59), and (73) we get

(74) 20 < 2mnVEap()*", p(0)=n.
Thus we have
n
15) o0 et
(76) p(x.0) < vxeD.

[1- 2nl+l/m\/—t]m

osvs e () - (0)']

then from (76),

If

p(x,1) <2n Vx € D;
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that is, ) ;_,(1/4¢)™ < 2n.
Since 0 < (1/4,)™ < 2n Vk, 4 > (1/2n)V/™, k =1,2,--- ,n. From (63)
it follows that

1 1/m _
g2 (3;) &) vxeD.
n
By (72) we have (1/2n)!/™ > 1 — 6, and therefore
(77) 8ij(x,1) 2 (1-9)&ij(x) VxeD

if
OS[S«Z—-}/E(%)HI/M [1_(%)1/"1]-

In Lemma 2.3 we obtained the lower bound of g;;(x,t); now we want
to estimate the upper bound of g;;(x, f).

Using the notation of (63), from Lemma 2.1 we get

1

mRi(yja

) e = .
aglj =g ﬂvavﬂgu - m:Rjaia -

78 1 = ~ ~ ~ ~ ~
(78) + 575 (Vigkq - V&g +2Vi8ig - V48&ik — 2Vi&ig - Vi &iq
Tty
~2V,8q Vi &ig - 2V - Vi &ia)-

Supposing ¢ > 0 is a constant and m > 0 is an integer, we define a function

1

(79) Al = V) [ ey

Then from (56) we know that

(80) F(x,0)=(n+¢)/e, X €D,

(81) F(x,t)=(n+¢g)/e, x€edD, 0<t<T.
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By definition we have

=2
OF _ (11 §~um) mATl 0
ot — n+e sk n+e 015"
-2
1 & mAm! ~ ~
) (1_n+a ;(") Y &VaVji
k=1
(82) 1o\ !
- m . i
+1 1 n+ek=llk n+e

~

2 1 ~ ~ ~ ~
: [‘mRiaia + m(viqu Vi +2Vi&i - Vq8&ik

— 2V g Vg — 4€7iqu ' 6kgqi)] .

For any 6 > 0, from Lemma 2.3 we know that there exists a constant
T(d,n, ky) > 0 depending only on J, #, and ky such that

(83) &ij(x,t) > (1 -90)&j(x), 0<Lt<T(d,n, ko).
Thus
(84) Akzl_aa k=1;2a"'an1 OS’ST(éanskO)'
Furthermore if 0 < ¢t < T(d, n, kp) and F(x,t) < +oo, then

1 < .m
(85) A >1-6, 1—n+£k2=l,1k>o.

Using (85) and the fact |Rjuia| < v/ko We get

mAT ! 2 ~ 1 - ~ 5 N
n -I'- € [-mRiaia + 2Aqu (Vlqu ’ quqk + zvkng ‘ ngik N

(86) — 2V 8ui - Vi &ai — 4Vigu - Vigai)

m ~ ~
< =5y ("2\/]<_0+ 4V gij - ngij) .

Substituting (86) into (82) yields
(87)

-2
oF 1 & mam—1 ~
< E m =L @B Vg
at ~ (1 +ak=llk) nte ¢ VaVp8ii

n
mF? ) ~ ~
+ a=sp ('1 Vo + 4V, g - ngij) ,  0<t<T(d,n, ko).
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On the other hand,

n =2 1
~ ~ mi™ ~ ~
gV, VsF = (1- 1 ,1'") L gV, Vg

n+ei k n+e
1, 2wt
MARET? >l B e A
k=1
1 & Toge s
+(1—? /1’") - 8PV, 8ij - Vpgij

o (,1'" AR+ AT,

Since

3
1 & 2m2pm=1)m=1 ~ ~
(1 T hn+te Z,{;{”) "‘—‘——‘—'(n'_,_s)zj - 8°PV,8ii-Vpgj; >0,
k=1

one has

= = 1 & = pamet ~ o
gV VeF > | 1- mzlz'(" = -ll- P - 8¢V, Vg
k=1

-2

1 & WB S ~
+(1—n+8kz_:ll;¢"> - 8PV, 8i; - Vg

m - _ -
Substituting this into (87) gives
oF
57 S8V v,,F+( )3(n2\/—+4ng,, Vi)
(88) -ma;"-z +ATTA 4+ AT
1 ~ ~
'kagij Vigijy 0Lt < T(6,n,ko).
From (85) we have 1 —d < 4, < (n + ¢)!/™; thus from (88) we get
oF
57 < P AT v,,F+ ( 3(n2\/—+ 4V gij - Vigij)
89 1 l+l/m - -
(89 _m(m_1)<n+s) (1-8)""2V,gij- Vigij- F?,

0 <1< T(d,n, ko).
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Lemma 2.4. Suppose g;j(x,t) > 0 is a solution of (56). Then for ai
0 > 0 there exists a constant c(0,n, ky) > 0 depending only on 6,n, and .
such that

8ij(x,t) < (1+0)gj(x), xeD, 0<t<c(0,n,kp).

Proof. 1In (79) we let ¢ = n, and m be an integer such that

log2n log2n
2, _l08n _logzin 2
(90) 20n° + fog(1 5 8) = m< fog(1 7 0) +20n” + 1.
Then
(91) @eml/m <146,
1\2_9
(52 m-1)(5) 273
thus we can find a constant § > 0 depending only on m such that
1\? 4
(93) (m-1) (E) 2 s
so that
l 1+1/m 4
- —_— >
(m—1) (Zn) = A =o)m+r
1 I+1/m 2 am

From (89) we have

oF = = mn?\/ky
— < aﬂv \v) vV OE2
or S8V VsF gt

4 1+1/m
+ ((‘1-L5)3 — m(m - 1) (51’;) (1- (s)m—2) F?

V& Vigij, 0<t<T(6,n,kp),

which can be reduced to, in consequence of (94),

OF _ pe & 2,/
(95) S < gV F 4 %F{ 0< 1< T, ko).

Since from (80) and (81) we have
(96) F(x,0)=2, xeD, F(x,t)=2, xe€0D,
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using the maximal principle, from (95) and (96) it follows that

(97)  F(x,0)<2 [1 '("”Z‘g; } . 0<t< T, n, k).
If we let
(98) 0<t<min [T(é ko), (1 233_}

then we know that F(x,¢) < 4 by (97), and that
(99) > oap<an,

by (79). From (91) and (99) it follows that
(100) A<@nm<1+6, k=1,2,---,n
Thus if we define

c(0,n,ko) = min | T(d,n, ko), (=9 9y’
o 2mntv/ko )’

then
8ij(x,1) < (1 +0)&j(x), x€D, 0<t<c(6,n,k).
A combination of Lemmas 2.3 and 2.4 gives readily
Theorem 2.5. Suppose gij(x,t) > 0 is a solution of (56). Then for any

0 > 0 there exists a constant T(d, n,kq) > 0 depending only on d,n, and k
such that

(1-0)8ij(x) < gij(x,t) < (14+0)&j(x), x€D,0<t<T(d,n, ko).

3. Solving the Dirichlet boundary problem

As in the previous section, we assume that D C M is a domain with
boundary D a compact C*®, (n — 1)-dimensional submanifold (not nec-
essarily connected) of M, and its closure D is a compact subset of M.

In this section we want to prove the existence theorem for the solution
of the following Dirichlet boundary problem:

0
mg,,(x t)=-2R;j(x, )+ V;V; + V;V, x €D,

() 8ij(x,0) = &j(x), xe€D,
gij(x,t)=gj(x), x€dD,0<t<T.
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If we define a new tensor
(2) hij(x’ t) = gij(X,t) - gij(x)a
then from (1) and Lemma 2.1 we get
P, ~ ~
Ehij = g"ﬂvavﬂh[j + Aij, x €D,
3) hij(x,0) =0, x €D,
hij(x,t) =0, x€eoD, 0<t<T,
where we use the property ﬁg,- j(x) =0 and
Aij= — 8 8ip8" Rjagp — 8*° 8p&" Riagp
(4) + %g“ﬂg""(eihpa . 61'}!,“9 + 2§ah,-p . 64}1,-,9 - 2V~7&hj,, . 6,9}1[4
=2V hpe - V phig = 2V ihpe - V ghjy).
If 12:i(x) < gij(x,1) < 2&;;(x), from (4) it follows that

(—8nv/ko — 20|V o hg, [2) 2ij(x) < Aij(x, 1)
< (8nv/ko + 20|V o gy [?) 2:5(x).

Lemma 3.1. There exists a constant 6 = d(n,ky) > 0 depending only
on n and ko such that if g;j(x,t) > 0 is a smooth solution of (1) and

(6) (1-9)8ij(x) < gij(x,1) < (1+9)8&i(x)

holds for all (x,t) € D x [0, T], then for any integer m > 0, there exist
constants Cp(n, 6o, ko, T, &ij, D) > 0 depending only on n, 6y, ko, T, 8ij, and
D such that

(7) Iemglj(x’t)lz Scm(naaoak()a ngij9D)
for all (x,t) € D x [0, T}, where 8y = inf__inj(x) > 0 is the lower bound

— x€D
of inj(x) on D.
Proof. From (2) and (6) it follows that

(5)

(8) —08ij(x) < hij(x,1) < 8ij(x).
If we let
(9) }Iij(xit) = %hij(xst)a
then by (3) we have

0

57 = gV VsH;+B;j, xe€D, 0<t<T,

(10) Hj(x,00=0, xeD,
H;j(x,t) =0, x€dD, 0<t<T,
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where B;; = %Ai j. From (5), (8), (6) we get, respectively,

- (i”aﬂ + 2oa|€7aH,,y|2) 2ij(x) < Bij(x,1)

(11)

< (8"(‘5/E + 2oa|6aﬂﬁy|2) z,(x),  (x,5)e Dx[0,T],
(12) —&ij(x) < Hij(x,t) < gij(x), (x,t) e D x[0,T],
(13) 58P0 S 87000 S T2 ().

Furthermore, we still have
Vig® = —g*gflV,gy
= g gFI Vil = g™ g - 6V Hy.
Thus
- 52~
(14) IVig*|* < (1—_3?|Vi1"1k1|2 on D x [0, T}].

Using (10)-(14) and exactly the same arguments as in the proof of The-
orem 6.1 in [4, §6, Chapter VII], we know that if § > 0 is small enough
compared to n and ko, then we can find a constant ¢,(n, 6y, ko, &ij, D),
0 < & < +00, such that

(15) max  |VH;(x,t)]? < &(n, 8o, ko, &, D).
(x,t)eDx[0,T]
Since
Vigij = Vihij = 6V Hij,
we get
(16) max  |Vgi;(x,0)] < ci(n, 8o, ko, &ij, D).

(x,)eDx[0,T]

Using (10)-(15) and the same arguments as in [4, Chapter IV, §§5-9], we
know that for any integer m > 2 we have

(17) max  |[V"H;(x,t)]* < ém(n, 00, ko, T, &ij, D).
(x.)€Dx[0,T]

But Vg, = V™ H;;, so we get

(18) max  |V"g;(x,0)]* < cm(n, 60, ko, T’ &ij, D),
(x,1)eéDx[0,T]

which completes the proof of the lemma.
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As soon as we established the prior estimates in (7), using Theorem 2.5
and the same arguments as in the proof of Theorem 7.1 in [4, §7, Chapter
VII], we have the following existence theorem.

Theorem 3.2. There exists a constant T(n, ky) > 0 depending only on n
and kg such that the Dirichlet boundary problem (1) has a unique smooth
solution gij(x,t) >0 0n 0 <t < T(n, k).

4. Local estimates and convergence

In the last section we get a solution g;;(x,¢) > 0 on the domain D C M
by solving the Dirichlet boundary problem. To get a solution g;;(x,?) > 0
on the whole manifold M by letting 8D go to infinity on M we need to
estimate g;;(x,?) locally; that means to control the derivatives of g;;(x, )
only in terms of &;;(x) and independent of D.

Fix a point xo € M and let B(xo,y) be the geodesic ball of radius y
centered at xo with respect to the metric g;;. Then we have the following
lemma.

Lemmad4.1. Suppose0 < y,0,T < +oo are some constants, and g;j(x,t)
> 0 is a solution of the following equation:

Io}
-a—tgij(x, t) = —2R,-,~(x, t) + V,‘V} + VjV;'

() Jor (x,1) € B(xo, +8) x [0, T},
g,-j(x, 0) = g,‘j(X), X € B(X(),y + 5)

We also assume that on B(xp,y + d) x [0, T] we have

1 N 1 .
2) (1 - W) &ij(x) < gij(x,1) < (1 + W) &ij(x).

Then there exists c(n,y,0, T, gij) > 0 depending only on n,y,d, T, and §;;
such that

(3) Ivglj(x’ t)lz S C(n, Vs 63 Ta glj)

for all (x,t) € B(xo,y +6/2) x[0,T].
Proof. Differentiating the equation in Lemma 2.1, we get

9 ~ ~ o~ o~ ~ - -~
5; V& = g*#V,V4(Vgij)+Rmx g7+ Vg + g~ '+ g+ VRm

(4) +fim*g—1*g"*g*eg+g"*g_'*§g*6eg

+glxg lug 4k VgxVgxVg,
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where we have used g, g7/, 6fg and * to denote respectively the tensor
8ij, the tensor g*/, the tensor V¥ g;;, and the tensor product. From (4) it
follows that

(5)
2 Gl = 79,951V gul” - 2809V gy) - V5(Tai)
lxg+VgxVg+g 'xgxVRmxVg
+8 'xg ' xVgxVgxVVg
+ g—l * g—l
Since the closure B(xo, y + d) is compact, there exists a constant c(g;;) > 0
such that

+§m*g’1*g'

xg 1 xVgxVgxVgxVg.

(6) [VRm| < ¢o(&;;) on Bxo,7 +9).

From (2) we have

(7 38ij(x) < gij(x,t) < 2g;j(x) on B(xo,y+ ) x [0, T].
Thus

~

1 1

+g ' xg+xVgxVg < Vgl
g ' +g+VRm+ Vg < |Vg|,

where the constant ¢y > 0 depends only on 7 and §;;, and is not necessarily
the same as the constant in (6).
Estimating the last two terms in (5) yields

g xg 1 xVgxVgxVVg < 72n%|Vg |VVg|,
g xg lag  xVgxVgxVgsVg< 160n5|V g|*,

where we have to use (7) and check carefully the number of terms in the
equation of Lemma 2.1.
From (7) we also have

(10) 8Va(Vgij) - Vp(Vay) 2 1VVgP.
Substituting (8), (9), and (10) into (5) gives

(8) Rmx g~

9)

ay 5lVER < e TTTal - (92 + el
+colVg|+72n3|Vg |2 |V2g| + 160n8|V g 4,
where the norm |V g| is with respect to the metric g; je
It is easy to see that

72n5|Vg |2 - |V2g| + 160n8|Vg|* < 11V2g|2 + 320000V g|*;
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thus from (11) we get

9 ~ ~ o~ o~ ~ ~
(12) (-9—tIVgl2 < 8%V, V| Vg|* - 1|V2g|* + 3200n"0|V g|*
+ Co|6g|2 + Co.

If we let ¢ = 1/256000n!° and use the notation in (63) of §2, then from
(2) and (7) we have

(13) l—e<MA<l+e $<4 <2, k=12, ,n
Now let
(14) m = 25600n'°, a = 6400n!°,
and define a function:
n
(15) p(x,t)=a+Y A" V(x,t) € B(xo,y +8) x [0, T].
k=1

Then by definition and Lemma 2.1 we have

0 -
;9—? = ml,'(" lE&’kk

(16) = ml]’cn—]gaﬂeaeﬂgkk
+ mll'("" x(Rmxg~'xg+g ' xg ' xVgxVg).
Using the same reasoning as before and (13) and (14) we get

- mim=!« Rm+ g~" % g < co,
mAl e g7 g7t +Vg+Vg < 10n°m(1 + &)™ ! |Vg[2.

Substituting (17) into (16) yields
(18) %‘tf <mAn1 g bV, Vg + co + 10n°m(1 + &)~ '|Vg|.
On the other hand, we have
n
g'VaVyo = gV, Vy (Z A )
k=1
=mAy' gV, Vg + mATT2+ A3+ + AT
- 8PV, 8i; - Vs 8ijs
which implies, in consequence of (13),

m(m—1)

>—(1-&)"?|Vel”

gV, V50 > mAr ' g%V, Vi +
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Substituting this into (18) gives

-1 .
19 20 < 89,950 - =) (1 - )n2Tg P
+co+ 10m3m(1 + )" |Vg|2

By the definition of ¢ and m we have

2
(20) 10mn3(1 +&)"-! < T_e
1) (1-em22 3;
thus
m(m_l) _ pa\ym-=2 _’Cli _ o \ym=2 i 2
(22) — (1-¢)" %> 4(1 €) 2 M

Substituting (20) and (22) into (19) yields
~ ~ 2 ~
(23) 20 < gV Tpo +co- T Vel

From (12) and (23) it follows that
(24)

%w [Vg1) < gV, Tp(0 - 1Ve?) — 28" Vap ¥y Vgl - £172¢P?
+ 320001091+ copl T+ cop + co Tl - 21Tt
From (15) we have
(25) a+n(l—¢e)" <o(x,t)<a+n(l+e)",
which together with (14) implies
2

32007'%9 < 32001'°[6400n' + n(1 + £)"] < T,
(26)

~ m2 ~
3200n"%|Ve|* < T=IVel*.
Using (24), (25), and (26) we find that

a -~ 143 -~ ad -~ (43 -~ -~ i~
E(ngzm < 8PV, Vy(|Vglrp) — 28"V 0 - Vp|Vg|
(27)

022 Ms S o2
—5|V gl —'ﬁ|Vg‘ +co|Vgl|*p + co,
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but we also know that
n
—2g°PV .0 - Vy|Vel? = 28V, (Z 12") -Vl Vel
k=1

=—4g - mA'" Vag-Vg-VVg

(28) < 8mn’(1+¢&)"~'|Vgl? - [VVg|
< 16mn’|Vgl?-|VVg|
~ 200m2n'0 -
< LIV + Vel*
14
Combining (27) and (28) gives
9 = N 200m?n'0 ~
5:1V8P9) < &VaV,(IVelp) + — IVel*

(29) o
- TeIVelt+ colVgl*p + co.

Since ¢(x,?) > a = 6400n'°, we have
200m?2n10 < m?
0 - 32’
and therefore, in consequence of (29),
9 (V8lp) < 8709.9,(8Pp) - Vgl
(30) at = avh 32
+colVgl*p + co.

Since
2

m o 4 om s m &
- = >
33 1V8l" = 53521VE10" 2 oS e V8

|4 2
using (14) we get

m? < ao lg 142

glVgl > §|Vgl p°.
Thus
9 = .~ 1~
5;1V8’0) < V.V ,(IVel’p) - £IVelp?

+co|V g2 + co.

31)

[f we define a function

32) w(x,t) = [Vglo(x,1),
‘hen
0

, g 1 .
33) 5 <& PV Vgy - 1—6-!1/2 +co(n, &)
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on B(xg,y +J) x [0,T]. For any x € M, we use y(x,xo) to denote the
distance between xp and x with respect to the metric &;;. Then we have

(34) IVy(x, %) <1, VxeM.

Since |§i k1|* < ko on M, using the Hession comparison theorem in Rie-
mannian geometry we know that there exists a constant c(y,d,kp) > 0
depending only on y,d, and ky such that
(35) VaVg7(x, X0) < c(7,0, ko) Zap(x)
for all x € B(xp,y + d)\B(xo, ?)-
Choose a cut-off function 7(x) € C*°(R) such that
nx)=1, x <0,
(36) 1>9(x)>0, 0<x<l,
n(x) =0, x2>1
and that
n'(x)<0 VxeR,
(37) In"(x)| <8 VxeR,
In'(x)*/n(x) <16, x<1;

it is easy to see that such a function 7(x) exists. We define £(x) € ¢°(M)
as

(38) Ex) =1 (”("”‘0) (;/Y +9/ 2)) ,  xeM.
From (36), (37) and (38) we have
éx)=1, X € B(xp,y +/2),
(39) ¢(x)=0, x € M\B(xo,y + 3d/4),
0<é(x)<1, xeM,

~ 162 ~
IVE@)P < 5 [Vr(xx0) - E(x),  x €M,
which is reduced to, by use of (34),
~ 162
(40) [FEOP < Sréx),  xeM.

On the other hand, we have

<Q

4, o
g&(x) = 57 - Vpy(x, X0),

4

(41) o 16 . ~ N
pé(x) = gn’ -VaVgy(x, x0) + 37'1” - Vay(x,x0) - Vgy(x, Xo).

Q@

~
V(!
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From (36) and (37) it follows that

(42) 0>7n'(x)>-4n(x)'/2> -4, xeR
Thus we get
4, ~ < 16 N
(43) 51 VaVpr(x,x0) 2 ——¢(7,0,k0)8ap(x) VX EM
from (35) and
@9 o Tatn ) Tarom) >~ kp(r),  xEM

from (34) and (37). Combining (41), (44), and (43) yields

(45) VaVpe(x) > —co(,0, ko) 2ap(x), X € M.
Now consider the function

(46) F(x,t) =¢(x)p(x,0), (x,t) € B(xp,y + ) x [0, T1].

Then

(47) F(x,1) = &(x)p(x, 1) - [Vg|* 2 0.
Since |V g|?(x,0) = 0, it follows that
(48) F(x,0)=0, X € B(xp,7 +9).

Using (39) we have
(49) F(x,t)=0, (x,t) € (M\B(x0,7 +36/4)) x [0, T].

From (47), (48), and (49) we know that there exists a point (xp,%) €
B(xo,y + 36/4) x [0, T] such that

50 F(xg,1) = m F(x,t),
(50) (X0, to) B(xo,7+(5a))§<[0,T] (x,1)

(51) to >0,
which imply the following:

OF

E(x’ba tO) 2 0)

(52) VF(xo,t0) =0,
8*#V V3 F(x0,10) < 0.
Thus

(53) £000) Y (x0, ) > 0.
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Since £ > 0, from (33), (53), (52), (54) and (55) we get
(54) &gV, gy — L&y + €20 at (xo,1),
(55)  &-g*V.Vpu +y - gV, Ve + 28V, ¢ Yy <0,
(56) EEw? < ool —28°PVE - Vpy — v - g2V, Vgt
But VF (x0, t0) = 0, so we have
E-Vaw+y Vo =0,

(57) = . = 2 = .

~28"79.8 - Vpy = F 8?98Vt

From (56) and (57) it follows that
v

1 W - -
(58) Tgévlz <o + ?gaﬂvaf Vet -y - 8PV, Vg at (xo, ).

Using (13), (40) and (45) we find

(59) 9,898 < 1024y,

(60) —y - g%V, V& < 25y.

But 0 < ¢ < 1, so from (58), (59), and (60) we get

(61) EEw? < co+ 1024y + 25y  at (xq, b),

where ¢, & > 0 depend only on n,7,6, T, and g;;(x). Since
6 (EW)? < col + (260 +1024)Cy)  at (xo, o),

and £ < 1, we have

(62) T F(x0,0)* < co + (280 + 1024)F (xo, to).
Thus

(63) F(xo,t0) < ¢(n,7,6,T, &),

which together with (50) implies

(64) F(x,t) <c(n,y,0,T,2ij) on B(xp,y+d)x[0,T].

Since ¢(x) =1 on B(xg,y + d/2), from (46) and (64) we get
) w(x,1) < c(n,,6,T, &j) on B(xo,7+6/2) x [0, T},
( leglzgo(x,t) < C(’l, Y,a, Ts glj) on B(x01y+6/2) X [O, T]

253
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From (25), ¢(x,t) > a = 6400n'9; thus using (65) we have
< caoemaC(s 8 T, 8) on Blxo,y+3/2)x 10,T],
which completes the proof of Lemma 4.1.

The function £(x) defined in (38) may not be smooth at some points of
M, but as P. Li and S. T. Yau mentioned in their paper [5], this does not
affect our using the maximal principle on &(x)y(x, t).

Lemma 4.2. Under the assumptions in Lemma 4.1, for any integer
m > 0, there exist constants c(n,m,y,d,T, g;j) > 0 depending only on
n,m,y,0,T, and g;; such that

(66) Iemgij(x’ t)|2 < C(n, m, 7,5, T,glj)
Jor all (x,t) € B(xo,7+d/(m+ 1)) x [0, T], where the norm in (66) is with

respect to the metric g;;(x).
Proof. We prove this lemma by induction. If m = 0, using (7) we have

(67) |8:j(x, 1)]* < 4n
for all (x,t) € B(xg,y + d) x [0, T]. Therefore the lemma is true for the
case m = Q.

If m =1, from Lemma 4.1 we know that (66) is also true.

Suppose for £ =0,1,2,---,m — 1 we have
(68) 1V gi(x, ) < e(k,n,7,6,T, &)
for all (x,t) € B(xo,7 + /(£ + 1)) x [0, T].

Now we consider the case £ = m and assume m > 2. First, differenti-
ating the equation in Lemma 2.1 m times, we get

o ~ S

Evmgij = 8PV, Vp(V™gi))
(69) + Z 6kl g * vk;’g X+ o0 % 6kln+2g * Pk|k3"'km+2’

0<kyka, o k2 <m+1
ky+kyte otk 2 <m+2

IVgii(x,t))? <

where
PklkZ"'km42 = Pk|k2'"k ,(g,g",ﬁm, 6§m, V~72§m, s ,V~7'"l~(m)

is a polynomial of g, g~ !, ﬁm, eﬁm, V~72I~{m, .-, V"Rm.
From (69) we get

9 ~ e . .
ElV”’g,»jlz = gV, V4|V gii|? - 28FV (V™ gi;) - Vp(V™gi))
(70) + Z ﬁk'g*--~*§k'"*1g*6mg*1’)k.k1-~k

OSkI-"' me.sz'H
Kyt thm 2 <m+2

mi2°
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Since the closure B(xo,y + J) is compact, there exist constants c(£, g;;) >
0 such that

(71) |V*Rm|? < ¢(#,2;) on B(xo,7 +90)

for all integers k =0,1,2,---.
From (7) and (71) we get

(72) |Pry ey ks | < €(mym, &ij)  on B(xg,y +6) x [0, T],
(73) gV (V" gij) -V (Vgij) > %lem”gijlz-
Substituting (68), (72), and (73) into (70) yields

0. o o |om om

z,—tlv'"gijl2 < gV, VgV P - [V gyl

(74) +co(m,n,7,8,T, &) [IV™g| - 9™ g]- (1 +|Vg))

+|Vmg2 - (1+|Vg|* +|Vg]) +|V™gl]

on B(xp,y + d/m) x [0, T], where co(m,n,y,d,T, g;j) > 0 means some
constant depending only on m,n,y,d,T, and §&;;.
Since m > 2, for m = 2 from (68) and (74) we get

a -t (4] s o o i~
571V 8l < gPVaV4 Vgl — [Vigl?
(75) +co(|V2g| - |V3g] +|V2g]? + [V2g]? + [V2g)),
0 ~ ~ ~ ~ ~ ~
alvzgl2 < 8"V, V4| V2ig|* - LIV3g* + co| Vgl + co

on B(xp,y+6/2) x[0,T].
If m > 3, from (68) and (74) we get

(16)  S1TgP < g VT8~ LT g + o9l o

on B(xy,y +d/m) x [0, T].
By combining (75) and (76), for m > 2 we always have

o ~ X o~ o~ - ~
(77) 5;|V’"g!2 < gV, Vg Vgl = 3V gl + ol Vg’ + o

on B(xp,y+d/m) x [0, T]. If we replace m by m — 1 in (74) and use (68),
we get

(18) ST gf? < g0, 497 gl - (97 gl + o9 +1F2g]+ 1)
on B(xg,y +d/m — 1) x [0, T]. Since m > 2, from (78) we get

9 & S & Sme .
(79) EIV'""'gI2 < g7V Vg Vgl — 3Vl + o
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on B(xp,y +d/(m - 1)) x [0, T].
We define a function

(80) w(x,t) = (a+|VmlgP) . |[Vmgl2,

where a > 0 is a constant to be determined later. Then from (77) and (79)
we have

0 S 0.5 = 0 &m-
S = la+ |91 |Fmglt 4 [T o [T g,

g1 o SEPTTw - 26T T gl Gy

1 ~ ~ o -
- 5(‘1 +|Vm=lg|2)|[ VMgl + co(a + |V g|?) | Vg ?
+co(a+[Vmg|?) — 1|V g|* + |V g|?

on B(xg,y +J/m) x [0, T].
On the other hand from (68) it follows that
(82) a_<_a+|§”’"1g|2§a+c(m—— 1’”,7,5, T’glj)
on B(xp,y +/m) x [0, T). Thus from (81) we know that
%—”t' < 8PV, Vpy —28°FV, |V 1g2 - Vg |Vmg|? - %W"’gl"
1 ~ ~ ~
= 5(a+ |V gV g + o Vgl + co,
where we have used (82), and therefore that

d S o S Smml 2. (S &
a—"t/ < 8%V, Vy —2g°FV,|Vm=1g|2 . Vg |Vmg|? - Z|V'”g|4

83 e )
®) ~ 3@+ [T g )T g + cola,m,n, 7,6, T, &)
on B(xg,y +6/m) x [0, T,
~ 288V, |Vm=lg|2. V4|V g ?
(84) = —8g7 1« Vmlg«Umg«VUmg s Umtlg,

— 28"V [V g? - V4 Vgl
< 16-|Vmlg|- [Vmg? - [V g].
Using induction hypothesis (68) and (84) we get
~ 280V, |V"=lg2 - Vgl
(85) < &(m,n,7,6,T, &) |V" gl |V g|
< Sal¥mHigh 4 %50(”1, n,7,6,T, &)V g|*.
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Substituting (85) into (83) yields
0 PPy 1, X S
_6% < gV, Vv + i-’co(mﬂl, 1,6, T, &) |IV"gl|*
(86) | @
- ZlV’"g]“ +co(a,m,n,y,0,T, gij).

If we choose
(87) a = 4[¢y(m,n,y,6,T, &i;)* +1],
then by (86) we get

) O
(88) S <8V pw — 1Vl +co
on B(xg,y+d/m) x[0,T],
oy X v’
89 £ < gV, V,p - - + co.
(89) ar ~ 8 BY 8la + |Vm-1g|2)2 0

From (82) it follows that there exists a constant ¢; > 0 depending only on
m,n,y,6,T, and g;; such that
9 ~ ~
(90) a—"tl < 8V Vv — c1y? + co(m,n,,6,T, &)
on B(xg,y +d/m) x [0, T].
By means of the maximal principle on (90) and the same reasoning as we

used for (33)-(65) we know that there exists a constant ¢;(m, n,7,9, T, &i;)
> 0 such that

91)  w(x,t) <c2(im,n,y,6,T, &) on B(xp,y+d/(m+1))x[0,T].
From (80) and (87) it follows that
(92) w(x,1) 2 alVmg* 2 4V gl,
which together with (91) implies
V7gl” < fealm, n, 7,6, T, &;) on B(xo,7 +6/(m+1)) [0, T].

Thus Lemma 4.2 is true for the case k = m and hence for all integers
m > 0 by induction.

Now we are going to construct the solution of the modified evolution
equation (1) on the whole manifold M. Fix a point xp € M and choose a
family of domains {D,|£ = 1,2,3,---} on M such that for each £, 6D,
is a compact C*, (n — 1)-dimensional submanifold of M and

(93) D,=D,UdD, is a compact subset of M,
B(xo,£) C Dy,



258 WAN-XIONG SHI

where 0D, is not necessarily connected.
Using Theorem 3.2 and Theorem 2.5 we know that there exists a con-
stant T'(n, ky) > 0 depending only on n and k; such that the system

%gij(/f,)c,t) = —2R;j(£,x,t) +VV;+V;Vi, x €Dy,

(94) gij(’{ax’o) =gij(x)a XGD/,

g,-j(,t’,x, t) = g,'j(X), X e BD;, 0 <t< T
has an unique smooth solution g;;j(£,x,t) > 0 on the time interval 0 <
t < T(n, ko) for each £. We still have

(95) L < g, x,0) < (1+

. 1 .
(1 = 356500m10) 8 (%) 356000n10 811 (%)
for all (x,t¢) € D, x [0, T(n, ko)] and all integers £ > 1 by Theorem 2.5.
For any integer g > 1, from (93) it follows that
B(xp,q+1)C D, if£>qg+1.
Using Lemma 4.2 and (95) we know that for any integer m > 0 there exist
constants c(m, n, q, ko, £i;) > 0 depending only on m, n, g, ko, and g;; such
that

(97) V™ gii(£,x,0)* < c(m,n,q,ko, &i))

for all (x9 t) € B(an q) X [0, T(n, kO)] and # 2q+ 1.
Also from (93) we have

[o o]
(98) M= ] D,

£=1
Since the constants c(m,n,q, ko, g;;) in (97) are independent of £, by
(97) the derivatives of g;;(#,x,t) are uniformly bounded on any compact
subset of M. Let £ — +oo. From (97) and (98) it follows that there exists
a smooth metric g;;(x,t) > 0 on M x [0, T(n, ko)] such that

(99) 8ij(£,x,1) S gij(x,1) as £ — +oo.
This means the metrics g;;j(#,x,t) and all of their derivatives converge
uniformly to the metric g;;(x,¢) and its derivatives respectively on any
compact subset of M as £ — +oo. Thus from (94) and (95) we get the
following theorem.

Theorem 4.3. There exists a constant T(n,ky) > 0 depending only on
n and ko such that the modified evolution equation
0
(100) Eglj(x’t)z_ZRIJ(xat)+VIVJ+VjVI’ XGM,

8j(x,0) = gi(x), x€M,
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has a smooth solution g;j(x,t) > 0 on 0 < t < T(n, ko), and satisfies the
estimate

1 N 1 .
(101) (1 - W) 8ij(x) < gij(x,1) < (1 + Z—%_(W) 8ij(x)

Jor all (x,t) € M x [0, T(n, kg)].

5. First derivative estimate

Suppose g;;(x,t) > 0 is the smooth solution obtained in Theorem 4.3 on
M x[0, T(n, kp)]. In this section we are going to estimate the first covariant
derivatives of g;; with respect to the metric g;; on the whole manifold M.

If we choose T'(n,ky) > O small enough, then from Theorem 2.5 it

follows that
(1) [1—0d(n,ko)1&ij(x) < &ij(x,t) < [1+(n, ko)l&ij(x)

for all (x,t) € M x [0, T(n,ko)], where d(n,ko) > 0 is the constant in
Lemma 3.1. Actually (1) comes from Theorem 2.5 and (99) in §4.
Using the notation of §3, let

(2) hij(x,t) = gij(x, 1) — &ij(x),  Hij(x,1) = $hij(x,1).
Then we have

9 -~
(3) 5—tHU = g**V,VgH;j + B;; on M x[0,T(n, k)],

H,-j(x,O) =0 VxeM,

where B;; = }A,; was defined in (4) of §3. From (11) of §3 it follows
(4)

- (§5’—6‘/—k_‘1 + 205|6QH,3.,|2) 2i;(x) < Bij(x,1)

< (8"—5‘@ + 205I%Hm|2) &ij(x) V(x,1) € M x[0,T(n, ko)l

By using (12), (13) and (14) of §3 we still have

—8&ij(x) < Hij(x,1) < &ij(x),
1 1
~(Jﬂ afB sap

2

l

Vg™ <

0 )
> (1 _5)4| in/l-
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on M x [0,T(n,ko)]. Let yo = 5(1/ko)"/*. If the injectivity radius of M at
some fixed point xy € M satisfies
(6) inj(x0) > 7(1/ko)'/*,
then the geodesic ball B(x, o) C M is roughly the same as a ball in the
Euclidean space R”. Thus using (3)-(6) and the same arguments as in the
proof of Theorem 6.1 in [4, §6, Chapter VII] we know that if d(n, ky) > O is
small enough compared to n and kg, then we can find a constant é(n, k) >
0 depending only on » and kg such that
(7) sup [VH,;(x,0) < &(n, ko).
(x,t)EB(x0,70) X [0,T (n,ko)]

We need condition (6) to prove (7) since in the proof one needs to use the
Poincaré inequality, the Sobolev inequality and integral estimates. The
constants in these inequalities depend on the injectivity radius.

If (6) is not true at xp, we consider the ball

(8) B(0,n(1/ko)/%) C Ty M

of radius 7(1/ko)!/* in the tangent space at xo € M. Since |R;jx/|> < ko,
using the comparison theorem we know that

(9) exp,,: B(0,n(1/ko)'/*) — M

is nonsingular; thqefore we can use this exponential map to pull everything
back from M to B(0,7(1/ko)'/#) and do the analysis on B(0,n(1/ko)!/4).
For the ball B(0, yo) € Ty, M of radius yo = §(1/ko)'/* by the same reason
as (7) we get
(10) sup IVH;;(x,1)]? < &(n, ko).
(x,)E€B(0,70) X [0,T(n,ko)]

Pushing back to M from (10) we know that (7) is also true for the case
when (6) does not hold.

Since xy € M is arbitrary, from (7) it follows that
(11) sup  |VH;(x,0)]* < &(n, ko).

(x,)EM X[0,T(n,ko)]

Using (2) and (8) we hence have

Theorem 5.1. There exists a constant T(n,ky) > O depending only on
n and ky such that

(12) sup 1V gi;(x, 1)|? < e(n, ko),
(x,H)eM x[0,T (n,ko)]

where c(n, ky) > 0 depending only on n and ky.
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Note. Theorem 5.1 is true only for the solution g;;(x, t) > 0 constructed
in Theorem 4.3, and not for all of the solutions of the modified evolution
equation. For the general solution of the modified evolution equation, (1)
may not be true.

6. Second derivative estimate

In §84 and 5 we obtained a smooth solution g;;(x,?) > 0 on M x
[0, T(n, ko)] of the modified evolution equation

d
(1) a—tgu(x,t) —2R;j(x,8) + V:V; + V,V;
glj(x 0) = g,,(x) VxeM

satisfying the following inequalities:
$8i(x) < gij(x, 1) < 28;i(x)
(2) N on M x [0, T(n, ko)].
IVgij(x’ t)|2 < c(n, kO)

In this section we want to estimate the second covariant derivative
VVgi j on M; usually the upper bound of the whole second derivative
ﬁ%g,jlz depends not only on n and ky, but also on the first derivative
€7R,~ jki of the curvature tensor of the initial metric &;;. Therefore instead
of estimating |[VV g;;|2, we want to estimate |R; ;|2 and |V;V}|? in terms
of n and ko. First, we want to find the evolution equation for R, and
ViVi.

If we define y(x,t) = ¢,(x) by the equation

ay 6}7 Tk a «
then ¢, M — M is a family of diffeomorphism (at least locally). Let
ay(t ayﬂ
(4) gij(x’t) 6x, 8)(1 g{tﬁ(y’ )a

(5) ds? = gij(x,t)dx"dx) >0, ds}=gij(x,t1)dx"dx’ > 0.
Then from (5), (7), (8), (9), (11), (30) and (35) of §2 it follows that
(6) ds? = ¢ ds?,

7 2 a0 = “2Ry(x,0, 8y(x,0) = 2,(0).
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By (6) we have

Ay~ 8yP oy’ 8y° &
9x7 3T ok ot Kepre (V1)

(8) Rijki(x,1) =

and therefore

0 oy>dyP ay? 8y° d

ERijkl(x’ t) = WEFWWZR“/M(% t)

8 [0y dyP ay’ 8y’\ 4

ai (Wﬁb’fkb}_f Raprs(:1)

_ 0y 0yf oy 0y° 8 5
®) = 9% 537 9k ol 91 Kok (> 1)
ay* dyP 9y? 8y° 9y? 0 4
T 9xT 9x7 oxF axT B 5yd Repre (D)
d (8y*dyf ayr 8y\ =
(WWWW Raprs0,0)-

+

+

at
From Theorem 7.1 of [3] it follows that
5  pe S B

(10) a_tRijkl = 2°FV . VsR k1 + Wiju,
where

Wijki = 2(Bijir — Bijix — Bujx + Bixjn)

— &PU(RyjkiRyi + RipiiRyj + RyjpiRyk + RijipRyp),

Bijki = 877 8% RpigjRyisi-

Thus
ay* dyB 9y’ 8y% 9 «

(ll) ox! ax-’ 6xk Bxl ot aﬁyd(y’ )

0y 0y* 8y? 8y’ e & ;
= axi WWE?@MVAWR«JM + Vaprs)-

By (6) we have
ay oy’ dy” 9y°
Oxi 8xJ Oxk Ox!

If we let A = g?9V,V, be the Laplacian operator of the metric g;;, then
from (11) and (12) it follows that
dy* 0yB 8y? 8y% &

(13) WWWWER"‘”‘S(% t) = AR;ji; + Vijki»

(12) VY, Rapys = 879V, V4R
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where
Wijki = 2(Bijki — Bijik — Bitjk + Bikji)

(14) - gpq(Rpjkqui + Ripkquj + Rijleqk + Rijkqul),
Bijki = 877 8¥ RpigjRyisi-

Since
o 5 oxP 0 4
6_yoRaﬂ)’6(y, t) = a_yGWRaﬂyé(y’ t)’
we have
E@M@%iﬁ(ﬂ
0xi 0x/ dxk ox! at dy° afys\)s
_%Mﬂﬂﬁﬁiﬁ(ﬂ
(15) T dxi 9xJ Oxk ox! ot aye oxp apys(}s

_ox 9 (o ooy iy
Y 6y0 OxP \ Oxi OxJ xk &x! afys\Vs
0y%0xP & (dy*dyf ay’ 8y’ P
a Waye OxP \ Oxi OxJ Oxk W ' aﬁy&(y, t)'

By (3) and the definition of V;,

(16) Vi = g,8" (T}, - T%),
we have

ay* _ 9y°® Kl
thus

ay? ox?
(18) P oy 8"V,

From (8), (15), and (18) it follows that

dy*dyP oy’ ay® ay? o Rops(r0)
Bx 0x) Oxk oxl 01 9y kel

9y 9y* 9y” 8y°\ &
dxi dxJ dxk ox! aprd-

0 0
=gquq‘5')'C7Rijk1_gpq'VqW(
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Using (8) again, we get

0
(19) 222 (0,0 = &V 5 Rijud

8%y* 9xS 9%yf dxs

— oP4 R A . _ R

87, ((')xl’ax" 6yaRsfk’+axpaxj gyB skl
9%y ax* 9%y° ox*

t xraxk dyr st + axrox! ay’

at (3)6' axJ dxk 9x! “Rapys(y,1)

_ 0 (oy ax’ a [3yF\ ox’
_W(az)WR”"”LW(—ET oy Riskt

d (8y"\ ox° 8 (3y°\ ax*
+ 6—x_" ( 9t ) WRUSI'*' ax! (—B_t> ayJlekS'

By means of (17) we obtain
a (dy-ayf dy’ 8y°\ &
ot <8x' OxJ 9xk ox! “Ropys (¥, 1)
aZy(x Ox’ 62yﬂ xS
— oPd Ty 4 ] _o0%yr ox® o,
=g (axiaxp ay(x sjkl + axfaxl’ ayp Rlsk[

lekS) ’

(20) 8%y’ 0x’ 8%y° ax* )
ijks

axkaxr 0y sl ¥ 5xTgxr 5y8

0 0
+ Rpjklﬁ(gpql/q) + Ripk[ﬁ(gpqu)

ad 1o}
+ Rijplg;/?(gquq) + Rijkpa_x[(gquq)-

Substituting (13), (19), and (20) into (9) yields

0
ot

(21) +Rpjk15';,'-(gquq)+Ripklﬁ(gpq%)

d
lekl - ARukl + Wijki + gqu 9 xP Ruk/

i} i}
+ Rijplm(gpq Vo) + Rijkpé—x‘f(gquq)-
If we choose a coordinate system {x'} such that at one point

08ij ~0

(22) axk —
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then from (21) we get
(23)
AR;jki + Wijki + 879V - VpRiji
+ 87U (RpjiiViVy + RipiiV iV + Rijpi ViV + Rijiy ViVy),
where y; i, was defined by (14).
From (22) it follows that at one point F{Fj = 0, and therefore that

0 ¢ Orp 10 [ pq(08k , 08y 08
ot Tk ~Th) = Erk’_ 20t [g axl T Bxk  Bxd

_L [0 (0 +i(3 0 (3 )}
=38 1551 \ 578 ) T 5xk \ 518 ) ~ 5xa \ 518

1 0 0 14)
= 53”" [VI (quk> + Vi (6tg"’> vy (atgkl)]

= S8MIVI(~ 2Ryt + Vi + Vi)
(24) 4 Vi(=2Ry + Y Vi + Vi V,)
= Vg(=2Ry + Vi Vi + V Vi D]
= g"(VgRy — ViRy = ViRy)
287 VIV W
+ViViVa + ViV + Vi Vo Vi = Vo Vi Vi = Vo ViVi),

6t l]k[

) N
gklgipb—t’(rz/ —17%,) = g¥(ViRy — ViRy — V| Ri)

+ 238V + VIV + ViV + Vi
= ViVilV, = ViViV).
From the Bianchi identity we have
g¥'ViRy =ViR, g"ViRy=3ViR, g“VRy=1}ViR,
and therefore
(25) g* (ViR — ViR — V|Ry) =0
The following formulas are well known:
ViViVi = ViVi Vi = gP9Ryiip Vo,
ViViVi = ViV Vi = 8P Rixp Vg
Substituting (25) and (26) into (24) gives

(26)

] 0 ~ :
(27) g“gipg'i(rﬁl —-1%) = gV V Vi + gP R, V,,
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a 6 k[ -
aVi = a[g gip(l-‘i[ - Fﬁ,)]
o - Io} =
= gklg,'pa(l"i[ -I7)+ g (5‘1&0 (T - T%)
a ~
+ (56" @~ 1)
4 8 .
= gMv ViV + g¥ Ry + (Egip) - gM (T, - T%)

o .
+ (5;5"“) - &ip(T = T%)).
Since gk'V,V,V; = AV; and g/}, - T?)) = gP1V,

0 7]
57 =AVi+ 'Ry Vi + <5't-gip) - 8PV,
(28)

F) N
+ (ag"’) &[Ty = T5)).

We still use g, g~!, Rm, VKRm, and * to denote, respectively, the tensors
8ij»&", Ryjks, the kth covariant derivative of Rm, and the tensor product.
Let
(29)
gi=gxg. 8’ =grgrg, -, g =g xg7 g =g

Since R;; = g¥' Ry j;, Ricci curvature can be denoted as g~! x Rm.
Since 2 g'/ = —g'kg/! 2. g/, we have

1 1

1 -
xgT .

l*g-

(30) Dgi—guly

From (1) it follows that

(31) S =g eRm 1Y,

where V' denotes the tensor {V;}. From (39) of §2 and (14) we know that
(32) V=glxVg,

(33) Wikl = & > * Rm* Rm.

Thus using (23) we get

/]
(34) a—tR,-jk,=ARi,k,+g‘2*Rm*Rm+g‘2*V*VRm

+ g '«Rm« VV.
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From (28) it follows that

iVi—_-AV,-+g‘2*Rm*V+g‘1*V*a—g

1 1

1, S,,0 -
+t8 T xVEgx o g7 xg.

Substituting (30), (31), and (32) into (35) hence yields
Lemma 6.1. The following equations hold.

(36) %Ruu =AR;ji + & *+*Rm+Rm+g~' +V + VRm
-}-g‘l *Rmx*VV,
(37) %Vi_—_AV;+g"3*€g*Rm+g‘2*§g*VV.

To estimate the curvature R;jx; and V;V; we need the integral estimate
of them. Define the volume element

(38) dw, = \/det(gij(x,t))dx'dx?---dx".

Then
g 1 (8
—d = ———oon .det(g;;)- 2V - | — i .dxldxz...dx”
3t Wy 2 det(g,-j) (gu) 4 (atg">
1 ..0 1 y
(39) = (8" 5-8j)dw, = 5(=2Ri; + ViV; + V,V)) - gV - dw,,

% dw, = (-R + g'V,V}) dw,.

In this section we use | |2 and | |3 to denote the norms with respect to
the metrics g;;(x,?) and &;;(x) respectively. Using (2) we know that these
two norms are equivalent to each other.

For any point xo € M, we denote by B(x, y) the geodesic ball, centered
at xo, of radius y with respect to the metric g;;. Let T = T(n,kp) be the
number in (2). Then we have the following lemma.

Lemma 6.2. For any xo € M and 0 < y < +00 we have

T ~
/ | 99sx, 0 dundt < ol k),
0 JB(xp,7)

where 0 < co(n, ko, y) < +oo is some constant depending only on n, ko, and
y.

Proof. Similar to (39) and (40) of §4, using the mollifier technique we
can find a function £(x) € C§°(M) such that

(40) Ve <8, xeM,
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$(x) =1, x € B(xo,7),

E(x) =0, X € M\B(xo,7 + %),
(41) 0<i(x)<1, xeM.
Let
(42) Q = B(xp,y + 1).

From Lemma 2.1 we have

9 ~ e ~ o

a—t'vkgij = g%V, Vp(Vigij) + &' g+ VRm
(43) +82xg+Vg+Rm+g2+xVgxVVg
+g73x Vg« Vg Vg,

and therefore
9 -
2 [ 19x8ix 0 x)? v
Q

N 9 ~
=2/ ngij'avkgij“f(x)zd'wo
Q

=2 / Vigi 8%,V 5(Vegsy)  E(x)? dwo
(44) Q

+/ g ' % g+Vg+VRm-&(x)? dwg
Q
+/ Vg*[g 2xg+Vg+xRm+ g 2xVg+VVg
Q
+87 3« €7g * V~7g * 63]6(.}()2 dwy.
Using (2) we have
(45) lg<g<2g, |Vgld<e(nky) onMx[0,T]
using (45) and the condition |l~{m|§ < ko we get
Vg+(g2+g+VgxRm+ g 2+VgsVUVg+g 3+ Vg Vg Vg)
< co+|VVglo,
/ Vg+(g2xg+xVgxRm+ g 2xVgxVVyg
(46) A
+87 3+ Vg Vg Vg)E(x)? dwp
<o /Q (1+ 99 glo)é(x)? duw.
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On the other hand, a use of (41), (42) and the assumption |I~{m|3 < kg
gives

@0 [ewrduos [du= [ dwo< k).

Q Q B(x0,7+1)
Combining (46) and (47) we have

/ Vgx(g2xgxVgxRm+ g 2+VgxVVg
Q
+ g‘3 * 6g * 6g * eg)é()c)2 dwyg
(48) <o+ ao [ [99lod(x) duo,
Q

where ¢y means some constant depending only on n, ky, and y; they may
not be the same as each other.
By integration by parts, we get

2/;26kgij -8V, V5(Vigij) - €(x)? dwo
=2 [ Fp(Fegn) Tale - Fugyy £ N
(49) =2 [ 9,90e VaTegy - E0x) duo
+ /Qﬁg « Vg1« Vg &(x)2dwg
+ /gg" «VVg x&(x)* VE* Vg - dwy.
On the other hand, using (40), (41), and (45) we have

/Qg" «VVgx&(x)+xVEx Vg - dw
(50)

<co [ [99loz(x) duo.
Since Vg—! = g=2 x Vg, from (45) it follows that
(51) Ve '3 < co;
thus

/Qﬁg « Vg1« Vg x&(x)? dw
(52)

<o /Q 99 gl - &(x)? dwo < o [Q 99 glo - £(x) dw.
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From (45) we know that

(53) gV 5Vigii - VaVigij 2 VY.

A use of (49), (50), (52), and (53) yields
2/9‘7kgij-gaﬂ§a€7ﬂ(ekgij) -&(x)* dwy

(54) <- /Q 199 23 (x)? dwo + co /Q 9 glo - £(x) dwo

<-1 /ﬂ 99 gl3¢(x)2 duwo + co.

By using integration by parts again, we have
(55)

/Qg" x g+ Vg« VRm - &(x)2 dw,
=~ [ Rm+F(g™" x g4 T 4 e00?) duo
= [ Rma (T s g+ Tgnetx)+ g7 Vg Taudo)
+87 v gxVVgx&(x) + 87" x g Vg + VEE(x) duwp.
Using [Rm|2 < ko and (40), (41), (45), and (51) we get

Rm* (Vg™ '« g+ Vg+&(x)+g '+ Vg Vgs+&(x)
(56) +8  xg+VVgE(X)+ g7+ g+ Vg VE)
< co+colVVglo.

Substituting (56) into (55) gives

/ gl xgx €7g +VRm - f()c)2 dwy
(57) @ .
< ¢ /Q E(x) dwo + /Q 199 glo (x) dw,

which together with (47) implies

(58) /g-' x g+ Vg+VRm - &x)2dwy < co+co/ [VVg|o - E(x) dwy.
Q Q
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Substituting (48), (54), and (58) into (44), we get
0 ~
5 [ g x, 0 x)? duo
Q
1 [ ~~
<5 [ 1998k duo
Q
+ o /0 9% glo - £(x) dwo + co /Q 9% 210 (x)? dwo + co
1 o~ ~~
< -3 [[ 9980 dun+ o [ [F9loé() dun +
59) O [ 1§, 01:0x. 0RE) dwy < L [ 199 g2E(x)2d
(59) 191 0x, DB dwo < —+ [ [F9gE(x) dwo + co.
ot Jq 4 Jq
Since
(60) /Q 191855, 03¢ (x)? duwp = 0,

integrating (59) from 0 to T yields
[ Bugte TR dun s § [ [ 199 3¢ dund <
/0 ! /Q (9% g12¢(x)2 duwo dt < co.
But on B(xy,7), &(x) = 1; thus
(61) [ [ 199shduedi<a,
0 JB(x.)

which completes the proof of the lemma.
Lemma 6.3. We still have the following inequalities:

T ~ A~
(62) / / 99 g2 duw, dt < co(n, ko, 7),
0 JB(xp.7)
T
(63) / [ VS g2 dw, dt < con, ko, 7).
0 B(xy.7)
Proof. Using (45) we get
|VVg[2 < 16|VVg] .
(64) d'l.U, < 2"/2dw0 on M x [O, T],
thus

T T
/ / 99 g2 dw, di < 22+ / / 9% 12 dwo dt.
0 JB(xp.) 0 JB(xo.7)

271
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From (61) we know that (62) is true. But one has

V%g = 66g + g7« eg * 6'4.",’,

(65) VVg2<2|VVgP+2g !« Vg Vg|
From (45) and (65) we get
(66) Vg <2[VVg + co,

which together with (62) shows that (63) is true.
Lemma 64. Forany xoe M, t€[0,T], and 0 < y < +o00 we have

/ Rt O + [ViV512} duw, < co(n, ko, ),
B(xo,7)

where 0 < co(n, ko, y) < +oo depends only on n, kg, and y.
Proof. Suppose &(x) € C§°(M) is the function satisfying (40) and (41),
and let Q = B(xg, y+1). Since |R;jx/|> = g*g/# g¥? 8" R, ;1 Rapys, We have
0 i} 0 _ -
(67) ElRijkllz = 2Rijk1 57 Rijki + Rm* Rm + —- g Txg73,
where we have assumed g;; = d;; at one point. Thus
(68)

/Q IRy, ) PE(x)? dw
- /Q IR a6, 0) 36 x)? dg
! 0 2 2
+ [ g5 [ Rue 002
- /Q | Rajrr () 32 (x)? duwg
t 9 -3 9 -1 2
+‘/0 ‘/s; 2R,’jk1—a—tR[jk1+g *Rm*Rm*g; é(X) d'w,dt
t
+ [ [ Riale)? - 5 duwd
o Ja t
Since |R;jx/(x)[3 < ko, we have
/Q R COREC)? dwo < ko | €067 duo

< ko dwp < co.
B(xo,y+1)

(69)
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“rom (39) it follows that
70) %dw,=(g_2*Rm+g_l *VV)d'w,,
)
! 2 2 9 dw,d
[ Rueo? - 5 dwidr

t
=/ /g‘“*Rm*Rm*(g‘z*Rm+g“*VV)é(x)zdw,dt.
0 Ja

Jsing (30), (31) and Lemma 6.1 we get

72) g;g_l =g 3%xRm+g 2% VYV,

73)

t
//g'3*Rm*Rm*£g“-é(x)za'w,dt
0Ja ot

t
=//3_4*Rm*Rm*{g‘2*Rm+g“*VV}f(x)Zdw,dt,
0 Ja

t
74) 2 [ [ Rijrg R -8(x)? dw dt
0JQ
t
=2 [ [ Ry Ry €002 dwid
0JQ

t
+/ /{g_G*Rm*Rm*Rm+g‘S*Rm*Rm*VV
0 Ja

+ g7% % V * Rm * VRm}¢(x)? dw, dt.
From (68), (69), (71), (73), and (74) it follows that
[ Ru. 001 dw
t
<co+ 2/ / Rijki - AR;jxy - E(x)? dw, dt
"75) 0 JQ

‘
+//{g‘6*Rm*Rm*Rm+g‘5*Rm*Rm*VV
0JQ

+ g%« V «* Rm * VRm}¢(x)? dw, dt.
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Integrating by parts yields

2/01/9131'11(1 - AR; i - &(x)? dw, dt
= 2/01/0Rijk1 -8BV, VRt - E(x)? dw, dt
(76) = —2/0t/§1g“ﬂVpRijk, - ValRijis - E(x) 1 dw, dt
-2 / ’ / IV Ry E(x)? duw, dt
0o Ja
+/Ot/Qg‘5*Rm*VRm*é(x)*Vé(x)dw,dt.
But since £(x) € C§°(M) is a function, we have
VE(x) = VE(x),
and by (40),

|VE(x)| = [VE(x)| < V2|VEx)]o < 12,

//g‘5*Rm*VRm*f(x)*Vé(x)d'w,dt
0 Ja

77 t
77) < /0 /Q IRm| - [VRm| - E(x) duw, dt

t t
<1 / / [VRm[2E(x)2 dw, dt + co / / IRm? dw, dt.
2 0JQ 0 JQ

Substituting this into (76) gives

t
2 / / Ryw - ARy - €(x)? dw, dt
0

(78)
<——//|VRm|2.f 2a'w;dt+c0/ / |[Rm|? dw, dt.

Now we use (32) and (45) to get

(79) Vilg < co, IViI> <2IVil§ < co, on M x[0,T],
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so that
/ot/;)g‘s *V +Rm * VRm - ¢(x)* dw, dt
< /0 ' /Q [Rm| - [VRm| - &(x)? dw, dt
< % /0 ’ /Q IVRm|2E(x)2 duw, dt + co /0 ' /Q IRm|2£(x)? dw, dt

t t
< l/ / |VRm|2&(x)? d'w,dt+c0/ / |[Rm|? dw, dt,
4Jo Ja 0 Jo

where we have used (41) and (45) again.
Integrating by parts yields

(80)

t
//g—s*Rm*Rm*VV-é(x)zdw,dt
0 Ja
t
=_/ /g‘5*V*V[Rm*Rm*ﬁ(x)zla'w,dt
0o Ja

=/1/ g3+ V «[Rm* VRm * &(x)?
0J/Q

+ Rm * Rm % &(x) * V&(x)]dw, dt.
By (41), (45), (77), and (79) we get

t
/[g‘5*Rm*Rm*VV~é(x)2dw,dt
0JQ

t
§co/ / |Rm| - |[VRm| - &(x) dw, dt
0Ja

t
+co/ / Rm|? dw, dt
0JQ
t t
<! / / IVRm[2E(x)2 dw, di + ¢ / / IRm[2 duw, dt.
8 0 JQ 0JQ

Substituting (78), (80), and (81) into (75) gives
(82)

9 ! 2 2
/Q IR, DPEC)? dw < 3 /0 /Q (VRmPE(x)? duw, dt

(81)

t
+//g‘é*Rm*Rm*Rmf(x)zdw,dz
0 Ja

t
+c0/ / |Rm|? dw, dt + cp.
0 Ja
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By means of (37) of §2 it is easy to see that

Riju = 8pi8" Ryjui +VVg+ g7+ Vg Vg,
thus
(83) Rm=Rm*z"'+g+VVg+g1+VgsVg.
Since VVg = VVg + g1 « Vg + Vg, we have
(84) Rm=Rm+z '+g+VVg+g 1+xVgxVg,

t
//g‘(’*Rm*Rm*Rm‘f(x)Zdw,dt
0 JQ

(85) o < -
= g% *Rm*Rmx* (Rmx* g~ '+xg+VVyg
0 JQ

+8 '« Vg« Vg)é(x)? dw,dt.

By using (41), (45), and [Rm|2 < ko we find
(86)

t ~ ~ ~
/ / g 5 *Rm+Rm+(Rm+* g™+ g+ g7+ Vg Vg)&(x)* dw, dt
0JQ

t
< o / / IRm? dw, dt.
0 Ja
Integrating by parts yields

t ~
//g—"*Rm*Rm*Vng(x)zdw,dt
0 Ja
t
=—-//3‘6*§g*V(Rm*Rm*C(x)2)dw:dt,
0 Ja
t ~
//g—G*Rm*Rm*VVg-é(x)zdw,dt
0JQ

t ~
=/ / g %+ Vg * (Rm* VRm * &(x)?
0JQ

+ Rm * Rm * &(x) x V&(x)) dw, dt.
Using (41), (45), and (77) we get

’ ~
//g‘6*Rm*Rm*VVg-é(x)2dw,dt
0JQ
t t
(87) < ¢ / / IRm| - [VRm| - &(x) dw, d + co / / IRm[2 dw, dt
0JQ 0JQ

t t
< %/ / |VRm|?¢(x)? dw,dt+c0/ / |Rm|? dw, dt.
0 Ja 0 Ja
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Then it follows that

t
/ / g%« Rm*Rm * Rm - &(x)? dw, dt

t t
<1 / / IVRm[2E(x)2 duw, dt + o / / [Rm[2 duw, d1,
8Jo Ja 0 Ja
from (85), (86), and (87), and that

/ IRy, 1) PE(x)? dw, < / / (VRm[2E(x)? duw, d

(88)

(89)
+co/ / |[Rm|? dw, dt + ¢
0 Ja

from (82) and (88). Using (45), !ﬁm[% < ko, and (84) we get

(90) IRm|? < co +|VVg[? - co
thus
t T
//llezdw,dISCO/ /d'w,dt
0JQ 0 Q
T ~
(91) +c0/ /|VVg|2dw,dz
0 Q

T
<co+ Co/ / |VVg|*dw, dt.
0 X0,7+1)

Use of Lemma 6.3 with y replaced by y + 1 yields
T ~
[ [ v¥stdudr<e,

0 B(xo,7+1)

which together with (91) implies
t
(92) / / [Rm|? dw, dt < cy.
0o Ja

Substituting (92) into (89), we get

t
/ IRy (6, D12E(x)? duw, < — / / (VRm[E(x)? dws dt + co.
Q 0JQ

Since
(94) Vi) = o ¥~ TV,
we have

a (d 0 )
5" = oxi (Bt ’) Iq”dtV‘_V‘atr
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Suppose (22) is true at one point. Then

0 1s] 0
(95) 298 =i (5:%) - YegiThe
Ope _ L |0 (0, +_‘9_<i.>__3_<2 )]
(9%) 5 V=28 |ax \5:8") * ox7 \ 518" ) ~ 5x7 \ 515V
2 "\ are! AVTAL "\at®7 )|’

and therefore 5
Ok _ -1 og
aru—g *V(at).

From (31) it follows that

0 _ _

5—tl“{g:g '+V(g~'*Rm+ VV),
(97) A

EF@ =g 2+ VRm+ g '+ VVV.
Substituting (97) into (95) yields
(98) %Vz‘Vj=Vz‘(%Vj)+g'2*V*VRm+g‘1*V*VVV.
Using (32) and (37) we know that

%V,‘V} =Vi(AV;+ g3+« Vg+Rm+g 2+ Vg V)

+83xVgxVRm+ g 2xVgxVV,

CONN

EVil/} =A(ViV)) + g 3% V%g *Rm+ g3+« 6g * VRm
+872xVVgsxVV + g 2+ Vg+ VVV,

where we have used the interchange formula of two covariant derivatives
to claim that

Vi(AV)) = A(ViVj)+ g >« VVg+Rm+ g3« Vg x VRm.
From the definition we have
|ViVi|* = g 2+ VV x VY,
thus

og!

a1 *VV xVV.

) i}
(100) ElViV,-|2=2V,-Vj-5t-V,-V,+g“ *
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Using (30) and (31) we get
%IV,‘VjIz = ZV,‘V}' . %V,V,« + g“‘ *Rm*xVV VYV
+ g 3% VV xVV xVV,
A0 [ wawypece? dui = [ 197502 dun
‘
+ [ 50 [ roipecey duat.
0 9t Jq
Since V;V; = 0 at the time ¢ = 0,
/Q ViV BE(x)? dwo = 0,
t
| 8
a0 [wwiEerdu = [ [ ZiwmiEeetduar
Q 0JQ
t
+ / f ViV RE)? - 2 duw, dt.
0 Ja ot

Substituting (70), (99), and (101) into (102) gives
(103)

/ |V V|2 (x)? dw,
Q
=2/0 LViW~A(ViK)~E(x)2dw,dt

t
+/ /(g‘5*VVg*Rm*VV+g'5*Vg*VRm*VV
0JQ

+g'4*V%g*VV*VV+g'4*6g*VVV*VV
+ 87« Rm*VV « VV + g3+ YV« VV x VV)¢(x)? dw, dt.
By integrating by parts, we get

2 [ [ 9089 &P dwids
=2 [ [ g09.95(9.0)) - ¢x dwy d
— 2 /0 ' [ 9a97) - Vulgt Y, Ex duw e
-2 / ' / VYV 2 (x)? duw, dt
0JQ

t
+//g‘3*VVV*VV*é(x)*Vé(x)dw,dt.
0JQ
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Using (77) and (45) yields
t
2 / / V.V, - A(ViV)) -E(x)? dw, dt
0 JQ
t
< -2 / / VYV 2E(x)? dw, dt
0JQ

vo [ [ 199V][9V|-Ex) duw dt,
(104) , /0 /9

. .. . . . 2
2/0 /QV,V, A7) - E(x) dw, dt

15 2r/ 2
/ / VYV PE(x) dw, dt

+co/ / |VV|2dw,dt

which together with (103) implies
(105)

[ 1w dw,
Q
—E/t/ |VVV|2(x)? dw, dt

// *V%g*Rm*VV+g_5*6g*VRm*VV

A VUVgxVV xVV + g4+ VgxVVV xVV
T4xRMx VYV« VV + g3« VV x VV « VIE(x)2 dw, dt

1
+C0//|VV|2dw,dt.
0JQ

Using (41) and (45) we get
(106)

t
//(g‘s*Vg*VRm*VV+g'4*Vg*VVV*VV)~§(x)2a’w,dt
0JQ
t
ch/ /(IVRmI-]VV|+|VVV|-|VV|)€(x)2dw,dt
0 JQ

t
< co/ /(|VRm| (VY| + VYV - [VV)ECx) duw, di
0JQ

t
< %/ /(IVRm|2+|VVV|2)§(x)2dw, dt
0 JQ

t
+co//|VV]2dw,dt.
0 JQ
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Integrating by parts yields

t ~
//g"S*VVg*Rm*VV-é(x)zdw,dt
0JQ
t ~
—/ / g3+« Vg+VIRm*VV - &(x)* dw, dt
0JQ

’ ~
=/ /g‘5*Vg*[VRm*VV*é(x)2+Rm*VVV*§(x)2
0JQ

+Rm x VV % &(x) x VE(x)]dw, dt,

which together with (41), (45) and (77) gives
(107)
t

//g‘5*V€7g*Rm*VV‘f(x)2dw,dt
0 JQ
t
SCO/ /(lVRmI [VV| + [Rm| - [VVV| + [Rm| - [VVE(x) dw, di
0JQ
t
< % / / (VRm[? + [VVVR)E(x)? duw, dt
0JQ

t t
+co/ / |VV|2dw,dt+c0/ / IRm|? duw, d1.
0JQ 0JQ

From (32) it follows that
(108) VV =g lxVVg;
thus g3« VV « VIV x VIV = g=4xVVg +« VV « VV. Substituting this and
(84) into (105) yields
(109)
// 44 VVgxVV xVV + g *«Rm*VV x VIV
+ g 3% VV « VV « VV)E(x)2 dw, dt
=/,/(g‘4*V§g*VV*VV+l~(m*g"*g:&g“"*VV*VV
o +8 3% Vg Vg VV xVV)E(x)2 dw, dt.
Using (41), (45), and |Rm|2 < ko we get
/(:/(ﬁm*g_l*g*g_“*VV*VV

(110) S«VgxVg*xVV xVV)E(x) dw, dt

<C0/ / |VV|?dw,dt.
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By integrating by parts, we find

l ~
//g_4*VVg*VV*VV*.f(x)2d'w,dz
0JQ
t ~
=—/ /g"‘*Vg*V[VV*VV*f(x)Z]a'w,dt
0JQ

t ~
= / / g 4 xVgx(VV xVVV xE(x)*+
0JQ
+ VV xVV % &(x) * VE(x)) dw, dt,
and therefore, in consequence of (41), (45), and (77),

' ~
//g'4*VVg*VV*VV*¢'(x)2d'w,dt
0 Ja
t
<a [ [AVVI-[V9VI+VVP)ECx) duids
0 Ja
t t
ary) <1 / / VYV PE(x) dw, dt + co / / YV duw, dt.
8Jo Ja 0 Ja
Substituting (110) and (111) into (109) gives

’ ~
/ /(g“‘*VVg*VV*VV+g-4*Rm*VV*VV
0JQ
(112) + g7 3% VV xVV x VV)E(x)2 dw, dt

t t
<1 / / VYV 2E(x)? dw, dt + co / / VYV dw,dt,
8Jo Ja 0 Ja
and substituting (106), (107), and (112) into (105) gives
[ 1wipeydu,
Q
3 [ 220,12 1 220,12
(113) < -2 IVVV|?¢(x)* dw, dt + - |[VRm|*¢(x)* dw, dt
2Jo Ja 4Jo Ja

t t
+ 6o / / IRm[2 duw, dt + co / / VY2 dw, dt.
0JQ 0JQ

If we replace y by y + 1 in Lemma 6.3, from (63) it follows that

T ~

(114) //|VVg|2dw,dtsco.
0 Q

Using (108) and (114) we know that

T
(115) //|VV|2dw,dzsco.
0 Q
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Substituting (92) and (115) into (113), we have

[1wiecerdu <=3 [ [ 199y dud
(116) Q 2Jo Ja

t
+1/ / |VRm|?¢(x)? dw, dt + co,
4Jo Ja

which together with (93) yields

/Q (Ruia (6, D + ViV R)E(x)? dw,
(117)

t
+ %/ /(IVRmI2 + VYV R)E(x) dw, dt < co.
0 Ja
Since &(x) = 1 on B(xo,7), from (117) it follows that

. 2 V2 <
(118) max [ RO + V) du < o,

and hence Lemma 6.4.

If welett =T, from (117) we get

T
(119) // (IVRm[ + VYV dw, dt < co(n, ko, 7),
0 B(Xo,}’)

where 0 < ¢o(n, ko, y) < +0o0 depends only on 7, kg, and 7.
Lemma 6.5. Forany xo € M, 0 < y < +00, and integer m > 1, we have

T ~
/0 /B( )[lRijkI(xa D+ |V VP VV g2 dw, dt < c(n, m, ko, y),
X057

e Rijii(x, )12 + |V V; 21" dw, < c(n,m, ko, ),
OS’ST/B(XO,y)[l ’-’kl( N°+ ViV 1™ dw, < ¢( m, ko, 7)

T
/ / (R u (e, OF + VWP - [[VRmP + VYV ] dw, dt
0 B(XO,‘/)

< c(n,m, ko, y),

where 0 < c(n,m, ko, y) < +oo depends only on n,m, ko, and y.

Proof. We prove this lemma by induction. In the case m = 1 from
Lemma 6.4, Lemma 6.3 and (119) it follows that Lemma 6.5 is true.
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Suppose for s = 1,2,--- ,m — 1 we have
(120)

T ~
/ / (R, O + ViV PF- [V g dw, dt < c(n, s, ko, 7),
0 JB(xp,y)

2 2ys
jj iV < ’9s s/ )
OzasxT/B(xo,y)“R”kl(x’t)l + |V:Vi|*Y dw, < ¢(n, s, ko, )

T
/ / Ry (x, OF + ViV, PP~ (VRm[? + [VVV2) duw, dt
0 JB(xp,7)

< c(n, s, ko, 7)

for any xo € M and 0 < y < +o0.

In the case s = m, suppose £(x) € C§°(M) is the function defined by
(40) and (41), and let Q = B(xp,7 + 1).

Using the induction hypothesis (120) and the same arguments as in the
proof of Lemma 6.3 and (117) we get
(121)

T
/0 /QURUM(X’ NP+ |V VY g% (x)? dw, dt < c(n,m, ko, 7),
/n”R"’“"" O + |9V, P1"E(x) duw
3 [ ]
¥ Z/O /Q”R,‘jk/(xﬁ)[z +IV,»Vj|2]m 1

[IVRm)? + |VVV |} ¢(x)* dw, dt < c(n,m, ko, y)
for all 1 € [0, T]. Since &(x) =1 on B(xp,y), we have

T
/ / Rt (6, )P + [V, VPP (V¥ g dw, dt < c(n, m, ko, ),
0 B(xy,7)

max / R (6, OF + ViV, P1" dw, < c(n,m, ko, 7).
0<I<T J B(x0,7)

T
[ [ iRt o+ 1wap !
0 JB(x)

~(|[VRm|? + |VVV|?) dw, dt < c(n, m, ko, p).

(122)

Thus the lemma is also true in the case s = m.
Theorem 6.6. There exists a constant c(n, ky) > 0 depending only on n
and ko such that

(123) sup | R;jx(x, 1) < c(n, ko), sup |V Vj|* < c(n, ko).
MX[0.T] Mx[0.T]
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Proof. From Lemma 6.1 we know that

%R,-jk, = AR;ji + g 2+*Rm+*Rm+g '+ V«VRm+ g~ !« Rm* VV.

Since
g '*V+xVRm=V(g~'«V+«Rm)—- g~ ' «Rmx VV,

%R,,k, =AR;jx; +V(g ' *V xRm) + g72 * Rm * Rm

+ g '+«Rmx VV,
which can be written as
0
(124) é—tRijk[ = AR,’jk] + VP + Q,

where P =g~ '+V *Rm, and Q = g7 2*Rm*Rm+ g~ ' *Rm+ VV. Using
(37) and (98) we get

(125) %V,Vj=V,-(AV,-)+V,-(g‘3*5g*Rm+g‘2*§g*VV)
+8 2« V«VRm+ g '« VVVYV,

and

(126) ViAV)) =A(ViV)) + g 2*Rm*VV + g7 2+ V « VRm

by means of the interchange formula of two covariant derivatives. Substi-
tuting (126) into (125) yields

0

(127) 5; ViV =A(Vi) +Vi(g3xVgxRm+ g 2xVgxVV)
+ g7 2% V+VRm+ g '« V+VVV + g 2«Rmx* VV.

Since
g 2+ VxVRm=V(g2+«V+Rm)— g 2«Rmx*VV
=V(g‘3*Y~7g*Rm)—g“2*Rm*VV,
g xVxVVV =V(g ' 4V VV)—g s VIV« VV
=V(g 2xVgxVV)— g xVV xVV,
from (127) it follows that
(128) %vilf;=A(V,V,-)+V(g-3*€7g*Rm+g—2*6g*VV)
+ g 2xRm*VV + g7 1« VV « VYV,
which can be written as

%V,’Vj = A(V,‘V}) +VF +G,
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where F = g3+ Vg+«Rm+ g 2+xVg*VV and G = g2+« Rm* VV+
g VYV VY.

Let yo = §(1/ko)!/4. For any xo € M, from (45), (79), (124), (129), and
Lemma 6.5 it follows that for any integer m > 1 we can find constants
c(n, m, ky) > 0 depending only on n, m, and ko such that

max / |P|™ dw, < c(n,m, ky),
B(xo0,70)

(130) o=t
max Q|" dw, < c(n, m, ky);
OSIST‘/B(XO,}'O) | I [
max / |F|" dw, < c(n,m, k),
(131) 0<t=<T J B(xo,7)

max GI"dw, < c(n,m,ky).
(’S’ST/B(Aro,;'o)| | + < e, m ko)

If the injectivity radius of M at x; satisfies
(132) inj(xo) > m(1/ko)"/*,

then the geodesic ball B(xg, ) € M basically is the same as a ball in
Euclidean n-space R”. Thus using (118), (119), (130), (131), (124), (129),
and the same arguments as in the proof of Theorem 8.1 in [4, §8, Chapter
IIT] we know that there exists a constant ¢(n, ko) > 0 depending only on n
and kp such that

sup  |Rjui(x, 1)) < c(n, ko),
B(x0.70/2)X[0.T]

sup  [ViV]* < c(n, ko).
B(x0,70/2)x[0,T]

(133)

If (132) is not true at xp, then let

(134) expy,: B(0,n(1/ko)"*) — M

be the nonsingulaAr map defined in (9) of §5; thus we can pull everything

back from M to B(0,n(1/ky)!/*) and do the analysis on B(0, n(1/ky)'/4).
For any integer m > 1, similar to Lemma 6.5 we have

T
L L Rt 0P + 197, P19l du, d
0 JB(xp.70+70/m)

<c(n,m,ky),
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max [ [IRiiki(x, O] + |ViVi 21" dw, < c(n, m, ko),
OS’ST/B(Xo,yowo/M) Y | Vil e el )

T
/ ﬁ (R (x, O + ViV, 21!
0 J B(xp,70+70/m)

~(JVRm|? + |VVV|?)dw, dt < c(n, m, k),

where 0 < c(n,m, ky) < +00 depends only on n,m, and ky. Thus (130)
and (131) are also true on B(xo, y9)- By the same reason as that for (133)

we get

(135) _sup IRijii? < C(n, ko),
Blxo, 5 70)x10.7]

(136) sup  |V:Vj]* < C(n, ko).
B(x0.570)x10.T]
Pushing forward to M from (135) and (136) we know that (133) is also
true in the case when (132) does not hold.
But xo € M is arbitrary, so from (133) we get

(137) lRijkI(x,t)lz < C(na kO)a Ilejlz < C(n’ kD) on M x [O’ T],

thus the theorem is true.

Theorem 6.7. For the constant T = T(n,ky) > 0 in (2) the unmodified
evolution equation

0 . ~
(138) é—tgij(x, t) = _2Rij(xa t),

8ij(x,0) = gij(x) VxeM
has a smooth solution g;;(x,t) > 0 on M x [0, T'] and satisfies the following
estimate.
1 ~
_~.<x <Ax’tSC ..x,
(139) C]gu( )...gu( ) lgu( )
IRij(x, 1) < C2 on M x[0, T},
where 0 < ¢, ¢c; < +0o are constants depending only on n and ko, and | ||?
denotes the norm with respect to the metric g;j(x,t).
Proof. Suppose £,4(y, t) is the metric defined on (4). Then

. Ox! dx’
(140) 8op(y, 1) = 3y3 97 8gij(x,1).
From (3) we have
ox* 9y°

(141) T

= gﬂy[rify - /I:/By]’ ya(x, 0) = xa'
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Since by definition B
gﬂylrgy - r‘,};y] = gk[ : V;a

from (141) it follows that

dxk ki a
(142) a7 = (x,8) - Vi(x,1), y*(x,0) = x“.

If we replace x by y and y by x, then from (7), (141), and (142) we know
that if we define

~ _ oy ayl
(143) 8ap(X,t) = 3xa 5xF 8ij(¥,1),
where yk = yk(x, ) satisfies the quasilinear ordinary differential equation
vk v k — vk
(144) W"g (y’t) l(y5t); y (x’O)'"x s

then the metric d§2 = g,4(x, 1) dx*dx? > 0 satisfies the evolution equation

9 . ~
(145) Eg,-j(x, t) = —2R,-j(x,t) on M x [0, T],

g,-j(x, 0) = g,‘j(X) Vx € M.
Since w*(x,t) = gkl(x,t) - Vj(x,t) is a smooth vector field on M x [0, T,
from (79) and Theorem 6.6 it follows that
(146)  |wk(x,0)]* < co(n, ko), |Viw¥|* < co(n, ko) on M x [0, T).

Thus using the standard theory of ordinary differential equations we know
that the system of ordinary differential equations (144) has a unique
smooth solution y* = y*(x,f) on M x [0,T]. Therefore by (143),
8ap(x,t) € c™®(M x [0, T]) is well defined and satisfies the evolution equa-
tion (145).

From (143) we get

- ay' 9y’ ay* ay!
R = 9y
(147) a3 (X:1) dxe 9xPB dx? 9x°

which together with (143) implies
IRijut (X, 1)1 = 82877 8%7 8" Ryju (x, 1) - Rapys (X, 1)
(148) =g g/bg" g Ry (3, 1) - Rapys(¥,1)
= |Riji (v, )%
A use of Theorem 6.6 gives

(149) IRijki(x, D)) < e(n ko) on M x [0, T],

Riji(y, 1),



DEFORMING THE METRIC ON COMPLETE RIEMANNIAN MANIFOLDS 289

or
IRi;(x, )|* < n*c(n, ko) on M x[0,T],
which together with (145) implies

2
(150) Hg—t g < 4n? - c(n, k).

Thus we have
R o . R
—2n/cgij < 5781 < 2ny/cgij on M x[0,T],
and therefore
e~ VT g(x,0) < &ij(x,0) < VT g;(x,0), 0<t<T.
Let ¢; = e2"VT_ Then

1. . -
(151) agij(x) < &ij(x,t) <1 &ij(x) on M x[0,T].

From (149) and (151) we know that the theorem is true.

7. Higher derivatives estimate

In this section we use g;(x,?) to denote 2;;(x,?), and | |* to denote
| 12, i.e., gj(x,2) > 0 is a smooth metric on M x [0, T] and satisfies the

following:
0

(1) ag,-j(x, t) = =2R;j(x,t) on M x[0,T],
&ij(x,0) = &ij(x) VxeM,

1. -
2) Egij(x) < 8ij(x,t) < cgij(x),
|R;jki(x,0)]> <co on M x[0,T],

where T = T'(n, ko) > 0 and 0 < ¢, ¢y < +o0 are constants depending only
on n and ko, and | |? is the norm with respect to g;;(x, ).

From Theorem 6.7 we know that such a solution g;;(x, ?) exists; thus to
prove Theorem 1.1 we only need to prove the following lemma.

Lemma 7.1. For any integer m > 1, there exist constants c¢,, > 0 de-
pending only on n, m, and ko such that

(3) |V Ryji1(x, 1)|* < em/t™  on M x [0, T},
J
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Proof. From Theorem 7.1 of [3] we have

a
57 Riikt = ARijkt + 2(Bijir = Bijik = Bujie + Bixj1)
— 87%(RyjkiRqi + RipkiRgj + RijpiRgk + RijipRyr),
where
Bijki = 8778 RypigjRyksi;
thus
o} _
(4) aR,‘jk/ = ARijk[ + g 24+ Rm * Rm.
From (4) it follows that
0 0 _3 0g!
alRijkllz = 2RijkIERijk1 +8 77+ T Rm « Rm
(5) = 2Rijk[ ~AR,~jk1+g‘6*Rm*Rm*Rm,

7] -
EIRUH'Z = A'R,'jk/|2 - 2|VRijkI|2 + g 6 % Rm * Rm x Rm.
Using (2) we get
7] o
(6) E'Rijkllz < AIRjil* = 2|V R + éo,

where 0 < & < +o0o means some constants depending only on # and kg;
they may not be the same as each other.
Again by (4) we have

(7) %VR,’I'/([ = A(VRU[(I) + g'z * Rm * VRm,

92 2 2 2 2

EIVRijkII = A|VR;jx|* = 2|V*R;jil
(8) + g7 7«*Rm * VRm * VRm,

0 .

EWRUM2 < AIVRijkl|2 - 2|V2Rijk/lz + ¢|Rm| - [VRm|?,
which becomes, in consequence of (2),

ad -

9) EIVRUMP < AIVRj* = 2|V2R;jil* + é| VRm[2.

Suppose a > 0 is a constant to be determined later. From (6) it follows
that

0 -
(10) m(a + [Rijiil?) < A(a+ |Rijuil?) = 2|VR;jil* + éo,
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which together with (9) yields
0
5[(“ + |Rijk1|2)|VRijk1|2]
(11) < Al(@ + |Rijitl) IV Rijial*] = 295 | Rijual® - Vp |V Rl
= 2|VR;ji|* + G| VR jui|* — 2(a + |Rijit|) |V Ry |
+&o(a + |R;ju|*) VRm|%.

Since

—2V,|Rijxil? - Vp|VR;jki|* = Rm * VRm * VRm * V2Rm
< &|VRm|? - |[V?Rm|

)
¢
< 2a|V*R;jul* + 8-Z|VRijkl|4,
substituting this into (11) we get

0
B_t[(a + |Rijrt)IVR |1 < Al(a + |Rijit) )V R jral?]

C2
(12) - (2= ) 19Ruul* + TR

+ Zo(a@ + |Ryjx*) VRm|?.,
If we choose
)

¢
(13) a= ?0 + co,
where ¢ is the constant in (2) and ¢ is the constant in (12), then we have
&
(14) 2—8a>1 a<a+|Rjul><a+c<2a.

Substituting (14) into (12) gives

a + IRukll IVRukll ]

ot
< Al(a + |Rijxi)IVR jual?]
= |VR;jil* + &o(1 + 1/a)(a + |Rijkl|2)|VRijkI|2
(15) < A[ a+ |Ruk1| )IVRukI| ] a + |lel\l| IVRijkll4

+&(1 + 1/a)(a + |R;jxl) |VRijkI|
< A[ a+ IRIJI\II |VRUI\I|2 a + lRul\ll |VRijI\'I|4
+CO(n’k07 )
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If we let

(16) 9(x,1) = (@+|Rijuil?) - [VRijual* - on M x[0,T],
then

(17) o(x,0)=0 VxeM.

From (15) we know that

%0 <ap— or0? +ao(nko,a)+ L on Mx[0,T],

ot =
(18) %f<A¢+¢[L+@mkb@T— L4
Z‘f <Ap+ (c,-c2¢) on M x [0, T},

where 0 < &, & < +o00 depend only on n, ky, and a.
For any point xp € M, by (39), (40), and (45) of §4 we can find a
function &(x) such that
Ex)=1, X € B(xp, 1),
(19) &(x)=0, Xx € M\B(xp,2),
0<é(x)<1, xeM;

IVEX)R < 4%(x) Vxe M,
VuVsé(x) > —63(ko)2ap(x), X €M,

where | |3 denotes the norm with respect to the metric &.p- Consider the
function

(21 F(x,t)=¢(x)p(x,2), (x,5)eM x[0,T]
Then from (16), (17), and (19) it follows that

(20)

F(x,0)=0,xe M,
(22) F(X, t) = Os (xs t) € (M\B(xo, 2)) X [O’ T]a
F(x,t)>0,(x,t)e M x[0,T].

If F(x,t) # 0, by (22) we know that there exists a point (x;,¢;) € B(xp, 2) X
[0, T'] such that

(23) F(xi,t) = max F(x1)>0,

which together with (22) implies that
(24) Hh >0,
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and therefore that

(@5 %020, VF@,0)=0, AF(x,n)<0.
Thus

0
(26) &(x) 5o (x1, 1) 2 0.

Since ¢ > 0, from (18) and (26) we get

27) 20 +22(6 - 020) 20 at (x1,1)
On the other hand, by (25) we have
(28) $Ap +28°PVaE - Vo +9AL <0 at (x),11),

which together with (27) gives

(29) (629~ 01) < 28V V0 - pAL
Since VF(x;,t;) =0, we have

$-Vgp+9-Vpe=0,
(30) 28V, - Vo = 2?(0 - 8PVLE- V¢ at (xy,1).

Using (29) and (30) we get

(31) i—‘f’(ém _a)< 2?"’ PV V4 — 9O,

Since F(x,t;) =&(x1) - o(x1,4) > 0, from (19) it follows that
(32) é(xl)>09 (p(xl,tl)>0)

and since &(x) is a function, we have

Vo =VE,
(33) gV E V& =gF V& Vpe.
Using (2) and (20) we get
(34) 8PV, - VgE < 16¢-&E(x).

Substituting (32) and (34) into (31) we find

(35) %?(ew —&) <329 pAE at(xih).

293
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We also have
AE = gV, V4é = g*PV, V¢
(36) = gV V¢ - (T, - T7,)¥,8,
~ 8¢ = —g* V.Vt + g ([T~ T7) - V8.
From (20) and (2) it follows respectively that
-gaﬂeaepé < &8% - g,

(37) ~-g%PV, V¢ < nés -c.
Substituting (37) into (36) we get

(38) ~AE <néy-c+ g (T, -T7) - Ve,
Since

1 g og 08, )

y _ 1 16 (08as g5 98ap
Fas 28 <6xﬂ *oxe " ax

i}

0 8as 08ps 08ap
Y _ oVl 2080 ) _ —=r
FTY. 2g [V”( ot )"'V ( ot Vil\=ar )|

Using (1) we have

7]
(39) Er?;ﬂ g"’(V,;Ra,; - VQRIM - VﬂRag)

We still have
(40) IVR;|* < n*|VR;jul*.
From (14) and (16) it follows that

IVRijul* < ¢/(at),
which together with (40) gives

21
Using (39) and (41) we know that
(42) '_. <3|VR;j| £ —= \/_ p'/2.

From (23) we have
S(x1)p(x1,1) = F(x1,t) S F(xp, 1),  t€[0,T],

F(xl,tl)
pr), repry

(43) 9(x1,1) <
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which together with (42) yields

O F(xy, 1) 1/2‘_1~
@) S| <o (Z2A) T L e
Thus
000, 01) = 175 (61) = T 5 (1, 11) = T (%1, 0)
141
- /0 %rgﬂ(x,,t)dt,
~ h o
Tgnt) = Fplol < \Erz,,m,t)l dt
1o
<| /0 Ty, 0)| - dt
<3n(F(x,,zl>)"2 Tdt
- aé(xi) 0o Vit
T\ /2 F(x,th) 1/2
45 <é6n|=) (=) .
) <er(z) (T
From (20) we know that
(46) [VECxr)lo < 4E(x1)'72.
Using (45), (46) and (2) we get
_ ~ T\ V2
@) gt -Ty) e <2t (5 Fony
By means of (38) and (47) we find
(48) —Aé5n53‘0+&4F(x1,t1)‘/2 at (x,t),

where &4 = 24n%(Tc/a)'/.
Using (32), (35) and (48) we get

Ep(G29 — &1) < (32¢ + nése)t19 + Et19F (x1,1)'? at (xi1,11)
<(32c+néc)-T-9+é-T-9F(xy,14)2,
Ep(Gap — 1) < 50 + G F (x1,11)' % at (xi,10).
By (32) we have
&)} — 61829 < EsEp + 86l - F(x1,11)'? at (x1, 1)
But &p = F(x),1), so
&F (x1,11)? < (81€(x1) + &)F (x1,1) + &F (x1,11)*2,
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Since 0 <¢(x;) < 1,
(49) &F (x1,0) < & F(x1, 1) + & F (x1,1)%?,

where 0 < &, ¢4, @5, Cs, ¢7 < +00 are constants depending only on n, ko,
and a.
Since ¢, > 0, from (49) it follows that

(50) F(x),t1) < &(n, ko, a),
which together with (23) gives
F(x,t) < é(n,ko,a) on M x[0,T],
¢(x)p(x,t) < és(n,ko,a) on M x [0, T].
Using (19) we get
o(x,t) < ég(n,ko,a) on B(xp,1) x [0, T].
Since xg € M is arbitrary,
(51) o(x,t) < é(n,kp,a) on M x[0,T].
From (16) and (51) it follows that
alVR;j|* - t<é& on M x[0,T],
IVRjul* < &/t on M x[0,T],

where 0 < & < +00 depends only on n, kg, and a. By (13) we know that
a depends only on n and kj, and therefore ¢o depends only on » and k.
Hence the lemma is true in the case m = 1.

By induction, suppose for s = 1,2,... ,m — 1 we have

(53) IV*R;jiil* < ¢s(n, ko) [t on M x [0, TT.

(52)

In the case s = m > 2, we define a function
(54) w(x,0) = (a+ 1"V Rijigl?) - [V Rijur|*1"
and choose a large enough. Then similarly to (18) we have

(55) % <av+Y@o-cuy) onMx[0,T)

where 0 < ¢g, 11 < +oo depend only on n, m, and k.
Let A, denote the Laplacian operator of the metric g;;(x, t). Then using
(53) and reasoning similar to (48) we can show that

(56) —Al(x) < éa(n, ko) V(x,t) € M x[0,T],
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where £(x) is the function defined by (19) and (20). Thus similar to (51)
from (55) and (56) it follows that

(57) v/(x) t) S é:‘13('13 m, kO) on M x [0’ T]’
which together with (54) implies
(58) IV™R;jkil* < cm(n, ko)/t™ on M x [0, T].

This completes the proof of Lemma 7.1, and hence Theorem 1.1 is true.

8. Remark

In this section we want to generalize Theorem 1.2. In Theorem 1.2 we
proved that if (M, ds?) is a complete noncompact Riemannian manifold
with bounded curvature tensor, then one can find a metric d§? on M,
which is equivalent to ds? and has bounded curvature tensor and all of
the covariant derivatives. Now we want to prove that if the curvature of
ds? is not bounded but satisfies some growth condition, we can still get
some kind of estimate for the covariant derivative of the curvature of d32.

Suppose (M, ds?) is an n-dimensional complete noncompact Rieman-
nian manifold with metric

(1) ds? = gij(x)dx'dx’ >0,
and satisfies the curvature growth condition
(2) |Rijkr(x)] < Boll +7(x,x0)]* Vx €M,

where xo € M is a fixed point, y(x, xp) denotes the distance between X
and x, and Sy > 0, a > 1 are some constants.
Define a function ¢ on M as follows:

3) p(x) =1 +7(x, %)%,  xeM.

Using curvature condition (2) and the comparison theorem in Riemannian
geometry we know that at the smooth points of y(x, xo) one has

[Vy(x,x0)| < 1,

@) IV.,7(x,x0)] < ;(;ﬂ,‘x—o) + B+ 706 X0

thus at the smooth points of ¢(x) we have

IVip(x)| < Ball + y(x, x0)1" ",
(5) ViV 0(x)| < B3[1 + p(x, X%0)P*/2"! Vx e M.
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Since ¢(x) may not be smooth on the whole manifold M, we are going
to use the mollifier technique to smooth ¢ on M. Suppose {6(x)} for
k=1,2,3,... is a partition of unity on M:

Ok € c™ (M),
0<O(x)L1 VxeM,
(6) Ok(x)=0 if y(x,x0) > 2¢ + 3

or y(x,xp) < 28-1 -3,

oo
Zok(x) =1 VxeM.
k=1

Then we have

p(x) =D O(x)p(x),
k=1
) supp(640) C B (xo, 2% 4 ;) \B (xo, 2kt _ ;) .

Since the support of function 6, ¢ is contained in a compact subset of M
and the injectivity radius of M in that compact subset is bounded away
from zero, using the mollifier technique we can find a function y; € ¢*® (M)
such that

Supp ¥ g B(x0’2k + 2)\B(x092k—1 - 2)9 k = l,2a 3,--- 5

vk — Orpl < (4),

(8) Vi - 0e0) < (3)", k=1,23,...,
|ViVi(wik — ko) < (:l;)k

Define

9) wx)=Y w(x), xeM.
k=1

Then we have

y(x) € c™(M),

1+ 7(x,%0)]1% < w(x) < 41+ (x, X%0)1%

Vi (X)| < Ball + y(x,%0)1°7",

IViV,w(x)| < Bs[1 + 7(x, x0)P*/*~" Vx € M.
Now define a new metric d52 on M:

(11) ds? = y(x)ds? = g;;(x)dx'dx’,

(10)
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where

(12) 8ij(x) = w(x)gij(x).
Then the curvature tensor of d§?2 is

(13)

Rijiy = wRyju + %(gjkvivl'// = &iViVi¥ — 8w V;Viy + 81V ;Viy)
+ %(gikvjvl Viy - g Viv - Viy
+&iViv - Viy — gaV,y - Vi)
+ 4_ly;'(gjkgi1 — 8ik&j1)8 V¥ - Vay.
Using (12) and (13) one gets

(14) |Ryjull < %|R,~,-k1| 4 %ww + %lvivjw,

where V denotes the covariant derivative with respect to ds?. From (2)
and (10) it follows that

(15) sup |R;jxi(x)| < 7 < +oo.
XEM

Thus by Theorem 1.2 we know that there exist a constant fg > 0 and a
metric d§2 on M,

(16) ds? = g;j(x)dx'dx’ > 0,
such that
G0 S8 < HEy(x),  xeM,
(17) sup [VFRm(x)| < ¢, < +00, k=0,1,2,3,...,
xeM
where Rm denotes the curvature tensor of 8ij ¥ the covariant derivatives

with respect to g;;, and Uk the kth order covariant derivatives.
Now we define the metric

* i j * 1 ~
(18) ds? = gi(x)dx'dx/, &ij(x) = ngj(x), X EM.
From (12), (17), and (18) one has

(19) %gij(x) < g5(x) < Bagis(x),



300 WAN-XIONG SHI

where Rm* denotes the curvature tensor of ds2. Using the same reasoning
as in (14) we get

(20) IRm*| < Bow|Rem| + %IWP + BolT T,

If we differentiate both sides of (13), similar to (14) we get the estimate
for the covariant derivatives:

V°Rm’| < fro (W2 {OR + w21V PIRE + 5 (T
(21)
+ WIV'Ill A WI/ZIViVijW|> .

From (10) and (12) it follows that

(22) Viw(x)| = 7—-|Vzl// X)| < Bull + y(x, x0)1*/7",

where V is the covariant derivative with respect to d52. Using (17) and
(22) we get
(23) 1Viw(x)] < Buall + »(x, x0)1*/2~".

If the second and the third order covariant derivatives of y with respect
to d§?2 are not well controlled, we can use the heat equation

(24 Sw0e 0 =Ru(nD,  ¥(x,0) = w(x),

to deform y(x) for a small time interval [0,d]. Using the estimate argu-
ments derived in the previous sections we can control the second and the
third order covariant derivatives of y(x,t), and y(x,¢) still has growth
order [1 + y(x, x¢)]*. Thus without loss of generality we can assume that

1+ 2(x, %0)]* < w(x) < 8[1 + (x, x0)]",

[Viw(x)] < Bisll + 7(x, x0)1%

1V:9,w(x)] < Busl1 + y(x, x0)I",

1V:9,9,w(x)] < Busll + p(x, x0)]*

Of course here we have to use (17), and the fact that all of the covariant

derivatives for the curvature of 452 are bounded on M. Substituting (25)
into (20) and (21) and using (17) again we find

IRm*(x)| < Bia[l + y(x, x0)]%
[V*Rm*(x)| < Bis[1 + 7(x,x0)P*/%,  xeM.
From (19) and (26) we get the following theorem.

(25)

(26)
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Theorem 8.1. Suppose M is an n-dimensional complete noncompact

Riemannian manifold with metric

ds? = g;j(x)dx'dx’ > 0,
and satisfies the curvature growth condition

[Rm(x)| < Boll + 7(x,x)]*, x€M.

Then there exists another metric

ds? = g};(x)dx'dx) > 0
on M such that

32 8(%) < £5(x) < Bugi ()

(27) IRm"(x)| < Biall + 7(x, X0)1% xeM,
|V*Rm* (x)| < Bisl1 + (x, %),

where 0 < Bg, Bia, f15s < +oo are some constants depending only on n, o,
and ﬂo.

Similarly one can get a control for the higher order covariant deriva-
tives of Rm*(x). Furthermore, if the growth of Rm(x) is larger than
[1 + y(x, x0)]%, then one can still get similar results.
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