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DEFORMING THE METRIC ON
COMPLETE RIEMANNIAN MANIFOLDS

WAN-XIONG SHI

1. Introduction

In his paper [3] R. S. Hamilton introduced the evolution equation
method which has proved to be very useful in the research of differential
geometrical problems.

Using the evolution equation to deform the metric on any ^-dimensional
Riemannian manifold (M, gij):

(1 ) ^gij^-lRφ

where Rij is the Ricci curvature of M, the first important thing which we
have to consider is the short-time existence of the solution of the evolution
equation (1). In the case where M is a compact Riemannian manifold,
Hamilton in [3] proved that for any given initial data metric gij on M
the evolution equation (1) always has a unique solution for a short time.
Therefore the short time existence problem of the evolution equation (1)
was solved completely in the case when M is compact.

In the case where M is a noncompact complete Riemannian manifold,
the short time existence problem of the evolution equation (1) is more
difficult than the same problem for the compact case. Actually one cannot
prove the short time existence of the evolution equation (1) for an arbi-
trary complete noncompact Riemannian manifold M; it is easy to find a
complete noncompact Riemannian manifold (M, gij) on which the evolu-
tion equation (1) does not have any solution for an arbitrarily small time
interval. Therefore to get the short time existence we have to make some
assumptions on the curvature of M.

For a Riemannian manifold M with metric

ds2 = gij{x)dxidxJ>0,

we use {Rijki} to denote the Riemannian curvature tensor of M and let

Rij = gklRikjι and R = gVRij = g!JgklRikjι
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to be the Ricci curvature and scalar curvature respectively, where (gιj) =

(ft;)"1-
For any tensors such as {Tijkι}, {Uijki} defined on M, we have the

inner product

(Tiju, Uijkl) = giagjβgkγgιsTiJklUQβγόί

and the norm of {Tijkι} *s defined as follows:

I =
We use VTiju to denote the covariant derivatives of the tensor { Tijkι} with
respect to the metric ds2, VmTijkι all of the rath covariant derivatives of
{TiJkl}, and inj(Af) the injectivity radius of M.

Under these notations, the main theorem which we will prove in this
paper is the following:

Theorem 1.1. Let (M9gij(x)) be an n-dimensional complete noncom-
pact Riemannian manifold with its Riemannian curvature tensor {i?/7^/}
satisfying

(2) \Rukι\
2<ko onM,

where 0 < ko < +oo is a constant. Then there exists a constant T(n, k0) > 0
depending only on n and ko such that the evolution equation

= ~2RiΛX> ') On M>

gu(x,0) = gij(x) VXGΛ/

has a smooth solution gij(x9t) > 0 for a short time 0 < t < T(n,ko), and
satisfies the following estimates: For any integer m > 0, there exist constants
cm > 0 depending only on n, m and ko such that

(4) s u p I V m R i j k ι ( x , t ) \ 2 < Cm/tm, 0<t< T(n,ko).
x€M

In Theorem 1.1 if we consider the new metric

ds2 = gu(x,T)dxidxJ >0
on the manifold M, then we get the following theorem immediately:

Theorem 1.2. Let (M,gij(x)) be an n-dimensional complete noncom-
pact Riemannian manifold with its Riemannian curvature tensor {Rijkι}
satisfying

\Rijki(x)\2 < ko V X G M ,

where 0 < ko < +oo is a constant. Then there exists another metric

ds2 = gu(x)dxidxj > 0
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on M and constants c > 0, cm > 0 (m = 0,1,2,3, ) depending only on n
and ko such that

( 5 ) -gu(x)<&j(x)<cgij(x) VxeΛf,

IVmR i j k l(x)\2 <cm V x e M 5 m > 0 ,

where VmRijkl denotes the mth covariant derivatives of the curvature tensor
{RiJkι(x)} with respect to the metric ds2.

Proof of Theorem 1.2. We let T = T(n,ko) and

where gij(x,t) is the solution of the evolution equation (3) in Theorem
1.1. Since T > 0 depends only on n and ko, from (4) we know that for
any integer m > 0 one has

(6) \VmRijkl(x)\2 < cm(n,ko) Vx € M,

where 0 < cm(n,ko) < +oo are constants depending only on n and ko.
From the equation

it follows that

— g i j ( x , t) = -2Rij(x, t), 0<t<T,

< An2\Rijkl\
2, 0<t<T.(7)

Using (4) we have

(8) \Rijkι\
2 < co, 0 < t < T.

From (7) and (8) we get

d

d
~dt8ij

0<t<T,

0<t<T,

0<t<T.< —
- dtgij -

This implies

(9) e-^^'gijix, 0) < gij(x, t) < e^^'gijix, 0) Vx e M9 0 < t < Γ.

Let t = T and c = e2n^τ. From (9) we get
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that is

(10) l
gij{)

which together with (6) shows that (5) is true; thus we have completed the
proof of Theorem 1.2.

In the remainder of this paper we will prove Theorem 1.1.
The author would like to express his gratitude to Professors R. S. Hamil-

ton and S. T. Yau for many inspirational remarks and encouragement.

2. Modified equation and zero order estimates

In the remainder of the paper we will assume that M is an ^-dimensional
complete noncompact Riemannian manifold with metric

(1) ds2 = gij(x)dxidχJ>0,

and that its Riemannian curvature tensor {Ryu} satisfies

(2) \Rijki\2<ko onM.

Fix a point xo £ M and let B(xo,γ) be the geodesic ball of radius γ
centered at xo For any integer / > 0, let

(3) D,

Then we get a family of open subsets {D/} such that

DL is a compact subset of M9

(4) oc

M=\jD/,
k=\

where ~D/ = D/ u dD/ denotes the closure of D/ on M.
To obtain a solution of the evolution equation

(5) jjgiAX' 0 = -2^/>(Jf, 0, &;(•*, 0) = fty(Jf)

for a short time 0 < t < T, we try to solve the Dirichlet boundary problem

•Q-tgij(*,x,t) = -2Rij(J,x,t)9 xeDs,

( 6 ) λ . . / / γ ()\ _ Q..(γ\ Y £i na

gij(J,x, t) = fty(x), JC e 5Z) / ? 0 < / < Γ,
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for each open set £>/, and then we let >/ -> +00. If the limit metric
gij(x, t) = l iπv_ + o o gij(^,x, t) exists, we get a solution of (5) for a short
time 0 < t < T.

The Dirichlet boundary problem (6) may not have any solutions because
the evolution equation (6) is not a strictly parabolic system, and is only a
weak parabolic system. For the proof of weak parabolicity of (6), one can
see R. S. Hamilton [3].

Therefore, instead of considering the weak parabolic system (5) we con-
sider a modified evolution equation which is strictly parabolic so that we
can get a solution of it for at least a short time by solving the correspond-
ing Dirichlet boundary problems. The solution of system (5) then comes
from the solution of the modified equation.

Suppose the metrics

(7) dsj = gij(x91) dx[ dxj > 0, 0 < t < T,

are the solution of (5) for 0 < t < T, and φt:M -> M (0 < t < T) is a
family of diffeomorphisms of M. Let

(8) dsj = φ;dsf, 0<t<T,

be the pull-back metrics. Then we want to find the evolution equation for
the metrics dsf.

For any coordinate system x - {xι,x2, 9x
n} on M, let

(9) dsf = gιj(x,t)dxιdxj >0,

(10) y(χ,t) = φt(χ) = {yι(χ,t),y2(χ,t),-' ,yn(χ,t)}.

Then by (7), (8) and (9) we have

dva dvβ

and by the assumption gaβ{xJ) satisfies the following equations:

§ ), 0<t<T,

We use Rij, Λ/7, Λ,7; Γ^ , f k

ijy f *•; V, V, V to denote the Ricci curvature, the
Christoffel symbols, and the covariant derivatives with respect to g,j,g,),
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gij, respectively. Then from (11) it follows that

d d \dya

8Aχt) [

Using (12) we have

(14) §-tgaβ(y,t) = -2Raβ(y,t)

and therefore

i

dx> dxj dyy dt

d [dya\dyβ
dx' \ et ) dχjgaβ(y' '

It is easy to see that

(16) Rij{x,t) = ^

If we choose a coordinate system {x*} such that at one point

(17) Γ* = 0,

then

(.8) 0-0.
From (11) we have

- dxk dxι

g°l> = -d

and therefore

y . Λ dxk

dχlg^y't)=

d
dx' \dt ) dxJgnβ{y' ' ~ dxι V dt ) ' dya gjk'dx' \dt ) dxJgnβ{y' ' ~ dxι V dt ) ' dya gjk'
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which together with (18) implies
(21)

!.* ( Λ - J L fίίzl^L. \-dya d fdχk\
7gaβ{y,t) - d χ i y d t dya8jk) -^Γd^y-d^j'Sjk'dxi V dt

For the same reasoning we get
(22)

ΊwΊw\df)^aβ(y'^ = ~dχϊ \Έ"dyβgik) " ΊϊΓΊhcJ

From (19) we have

'dxϊΈχJ~ΈT dyy " ~dxϊ'dχJΎΓdyy \dy^'dyβgkι) '

Since

(23) ^ g k l = 0

by (18), the above equation becomes

dyadyt dyy dgaβ _ dy^dy^dy^ d ίdxk dxι\
dx1 dxJ dt dyy ~~ dx1 dxJ dt 8kιdyy \dya dyβ)

(24) =WLW_a_(a*\
κ ' dxi dt dyy\dyα)Sjk

ydy dy d ίdxk\

dxi dt dyy\dyβ)gik'

Substituting (16), (21), (22), and (24) into (15) gives

d , , . _ . , dy"dyy d fdxk

-gij(x,t) = - 2Rιj{xJ) + jzsrW\
dyy d (dxk\

(25] dxJ dt dyy\dyβ)8ik

dt dx' Vdyn ) 8 j k dt dxi \dyβ ) ' 8i
~dx~'\dr)8ik ~ dt dxi \dy~β) ' 8ik

d~χ' \dT~dr8jk) + dχi \aTdyβ8ik)'

On the other hand,
(26))

dy° d (dxk\ dy° d2xk dy7 dyα d2xk dyγ

dΎ~dx~> \dy")8jk ~ dΎdyydy* dx'gjk ~ dx dyydy« dt 8jk'

^dy^_d_ίdx^\ _dy^J_(^\ = 0

' dt dyy\dyα)8jk dt dx'\dy")8jk ~ '

or

dx
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We also have

{Z ' dxJ dt dyy\ dyβ ) 8ik d t dxJ {dyβ ) 8ik ~

Combining (25), (26), and (27) we get
(28)

d . . Λ n . . d ( d y a d x k \ d
m g u { x . t ) = - 2 R r j ( x , t ) + ̂ j [ g ) +

Since Tk

u = 0, from (28) one has

If we define y(x, ί) = ψt(x) by the equations

(30) ^ilr
then (30) is a quasilinear first order system:

(31) IT = dx^g rgl '
ya(x,0) = x«.

From (29) we get

(32) llgij{xJ)=-2Rij{x,ι

+ ^j[gikgβγ(rk

βγ-rk

βγ)l

Since ya(x, 0) = xa, from (11) it follows that

(33) gi

If we define a tensor

( 3 4 )

then using (32) and (33) we get the evolution equation for the pull-back
metric gij(x,t):

(35) at
gij{x,0) = gij{

System (35) is the modified evolution equation. In this paper we con-
sider system (35) instead of the original evolution equation (5) because
(35) is a strictly parabolic system, while (5) is only a weak parabolic sys-
tem.
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Lemma 2.1. The modified evolution equation (35) is a strictly parabolic
system. Actually we have

§ β i j - gaβgiPg
pqRja<lβ - g^g

^ 2Vagjp •

~ 2Vjgpa Vβgiq - IVi

Proof. By the definition of the Christoffel symbols and the Riemannian
curvature tensor we have

(36) Ruι = -d^iT)ι ~

R = I ( dZ* 4.
lJkl 2 ydx'dx1

dχJ dxi dx')

d2gik

\ oa (dgpkdgiq dgpkdgiq dgpkdgq
48 Vd χ j dx' dxJ dx' dxJ dχi

dgpkdg,q dgpkθgji

dx' dx> dx1 dxJ dx' dx«
(37) dgikdgjq dgikdglq dgikdgj,

ΘP dx1 dxP dxJ dxP dχi
ig dgikdgj,

J dP d«dxk dx1 dxk

dgjkdgjq dgJkdg,q dgjkdgu

dxP dx1 dxP dx1 dxP dx"
dgjpdgiq dgjPdg,q dgjp

dxk dx1 dxk dx' dxk

We still have

(38) T{, - Pkl = ±gjp(Vkgpl + V,gpk - Vpgkl).

By definition, Vt = gijgkl(Γj

kl - Pkl), so

(39) Vi = \gkl {Vkgil + Vιgik - ϊi

Since Vkgu = 0 and Vkg
ij = 0, from (39) we have

(40) VjVi + ViVj = ^gk'
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If we choose a coordinate system {V} such that at one point

(41) ί*=0,

then from (38) it follows that

(42) I* = \gkl (V

By the definition of covariant derivative, we have

( 4 3 ) vfikgti = - V u - rp

Jkvpgi, - τp

Ίvkgp, - r p

Ί v k g i p

Substituting (42) into (43) yields

kgil

i, • Vjgqk - Vpgn(44) +\gg

v v v i • vkgpι -
- Vkgip • Vjgqi - Vkgip •

Substituting (44) and the similar formulas into (40), we get
(45)
ViVj + VjVi

Vkgqj

- Vkgpl • Vigqj

- Vkgip • Vjgq, - Vkgip • V,gqj

Vigqk - Vpgjι • Vkgqi

^igqj ~ Vkgpl • Vjgqi

Vigq/ - Vkgjp • Vιgqi)

Vpgk, • V,gqj - Vpgk, • Vqgij

+ Vigp, • Vkgqj - Vjgpl • Vqgkj

+ Vlgpk • V/gqj - Vigpk • Vqgjι

• vigqj + vpgk/ • vjgqi - vpgk/ • vqgij

vjgp, • vkgqi - vjgpι • vqgki
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Since Rij = gklRikji and Tkj = 0 at one point, from (37) it follows that
(46)

-2R = ckl ί d2gij I d2gkl d2gjk d2gil \13 S \dxkdxι dx'dxJ dxldxl dxkdχj J

Λ " {V V V ^ Vj • Vigql

+ Vigpj • Vkgql - Vigpj • Vqgkl

ij • Vqgkt - Vpgjj • V,gqk - Vpgij • Vkgqί

~ Vjgip • Vqgk,

By definition,

ij — ~~f ~

But since f ^ = 0, we have

and therefore the following formula:

(47) g

Similarly,

( 4 8 ) ^kl

8 dxkdχj~g VkV'gll + dχk lj ' g gιpdxk

From (47) and (48) it follows that

_ _

dx'dxJ dx'dx1 dxkdχj

σkl σ d ΓP σkl
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Since f̂  = 0, we have

d n - Ln,=
(50)

dxk

Combining (49), (50), and (51) we get

_ d2gjk _ d2gu \

' k )
( _ _

S \dxkdx< dx'dxJ dx'dx' dxkdχj)
(52) v '

= gkl (V

Substituting (52) into (46) gives

- IRij = gkl (

j { - Vkgjp • Vigq,

(53) + Vigjp • V,gqk + Vigjp • Vkgq, - Vigjp • Vqgkl

ϊ ^ k ~ Vpgij • Vkgqi

+ Vjgip • Vkgq, - Vjgip • Vqgk/

V,gqi - Vjgpk • Vi

Substituting (45) and (53) into (35), simplifying and collecting the terms
of the same type, and using the following formula to switch the second
covariant derivatives:

(54) V&jgti = ϊjϊigki + ~g"qRijkpgqi +

Finally,

§-tgu = gk'VkVιgij - gVgipgWRjk,, - gklgjPg<"iRikqi

(55) + 2 * * V ' {ϊigpk • Vjgq, + 2VkgjP • Vqgn - 2VkgjP • V,giq

Hence we have completed the proof of the lemma.
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From Lemma 2.1 we know that the modified evolution equation (35)
is a strictly parabolic system, therefore we can consider the corresponding
Dirichlet boundary problem in any domain D C M.

Suppose D C M is a domain with boundary dD a compact C°° (n - 1)-
dimensional submanifold of M, and assume that the closure Z) = D u dZ>
is a compact subset of M. We will solve the following Dirichlet boundary
problem:

J-tSij{x, t) = -2Rij(x, t) + V/F/ + V P , xeD,
( 5 6 ) ft, (*>0)

ft;(^, 0 = &j{χ), χedD,0<t<τ.

In this section we want to establish the zero order estimates for the
solution of (56). The existence theorem for the solution of (56) will be
proved in the next section.

First, we have the following lemma.

Lemma 2.2. Suppose gij(x,t) > 0 is a solution of (56), and m > 0 is
an integer, and define

ψ\X^) — 5 5βιa2ό όβiaiδ £j?3α4 δ Sβma\9

xeD, 0<t<T.

Then

(57) | £ < g^Vjjβψ + 2mn^φι+Vm, xeD,

(58) φ(x,0) = n, xeD,

(59) φ(x, t) = n, x e dD, 0 < t < T.

Proof. Using the initial and boundary value conditions in (56) we get
(58) and (59) immediately. From Lemma 2.1 it follows that

dΓ dΓkl

(60) + g"βg*gJ'gpliP<Rkaqβ + i * " V W 7

pι Vβgqk + 2Vιgpa Vβgqk + 2Vkgpa - Vβgql

Vqgβk - Vkgpa
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Since gipgjp = (5j, we have

ϊβ(gipgjp) = 0,

gjpVβg* + S^βgjp = 0,

( 6 1 ) ϊpg
iJ = - g i J

iJ = -gaβgikgJ'VaVβgkl - g°'Ϋα

Substituting (61) into (60) yields

^βg
iJ + gaβgikgilgkPgpqRιaqβ

gaβgikgj'gpΓgpqRkaqβ + gaβgipvag
j" • Vβgpq

§-fg
iJ =

(62) +gafigJ'Vag"'.p6

• {2Vagpi • Vβgqk + 2V/gpα Vβgqk + 2Vkgpa

-2Vagpi • Vqgβk - Vkgpa

If we choose a coordinate system {x'} such that at one point

/I Λ \ / λι rj

λ2
1

0

o "••
(63) (gij) =

then

(64) (^'

From (61) it follows that

(65)

(gij) =

1
0

λn

0 ϊ

0

VβgU = -TT-Vβ*J

Substituting (63), (64), and (65) into (62), we get

d_
U = ' Λ Λ-Λ

(66)
~ ~ 1

j ZΛiΛjΛfζλq

Vkgιq + 2Vjgqk • Vkgiq + 2Vigqk

- 2Vkgqj • Vqgιk - Vjg Vjgqk).
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By the definition of φ(x, t) we have

(67) φ(x,t)

thus

237

n , < v m

dφ m-1 d ,,

Using (66) we find

m m

(68) Vigqk + 2Vkgiq • Vqgik - 4Vigqk • Vkgiq) ,

From (67) it follows that
(69)

m~ι

m-2Ί

Substituting (69) into (68) and using (65) we have

~dt j λq

(70)
2 / i \ m

TJ (x;)
m ^ 2 .

thus

(71)
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By assumption (2), \RiQiq\ < \/ko, and, in consequence of (67) and (71),

It is easy to see that
" 1

so that

which completes the proof of Lemma 2.2.
Lemma 2.3. Suppose gij(x, t) > 0 is a solution of (56). Then for any

δ > 0, we have

where xeD,0<t< (l/(2y/k^))(^)u^m[l - (±) 1 / w ], m > 0 is an integer,
and

n . , Iog2« Iog2«
(72) -——γ- —- < m < -—-—?-. — + 1.

log( l / ( l ι ϊ ) ) l o g ( l / ( l ( ϊ ) )Proof Choose an integer m > 0 which satisfies (72), and let φ{x,t)
be the function defined in Lemma 2.2. Since D c M is compact, we can
define

(73)
x€D

Using the maximal principle on D, from (57), (58), (59), and (73) we get

(74) ^ ' < 2mn\/k^φ(t)ι+ι/m, φ(0) = n.

Thus we have

(75) φ(t) <

(76) φ{x,t)<

then from (76),
<p(x,ή<2n
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that is, Σ L i

Since 0 < ( l / 4 ) m < 2n Vk, λk > (l/2n)'/m, k = 1,2, • ,n. From (63)
it follows that

\jm
( 1 \

By (72) we have (1/2/j)1/"1 > 1 - δ, and therefore

(77)

if

-G)
1/m

In Lemma 2.3 we obtained the lower bound of gij{x,t)\ now we want
to estimate the upper bound of gij(x91).

Using the notation of (63), from Lemma 2.1 we get

i
-r-r-Rjaia ~~ Λ Λ -

Supposing ε > 0 is a constant and m > 0 is an integer, we define a function

1
(79) F(x,t) =

Then from (56) we know that

(80) ε, x e D,

(81) ε, xedD, 0<t<T.
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By definition we have

dt ~ I1

 B + ί M I n + ε dt8"
\ k=\ /

( i n \ ~ 2 ; m l

) £Γ
n + ε ) n + ε

k=l J

2 ~ i ~ ~ ~ ~
yj-Riαiα + -~T-γ-φigqk ' Vigqk + 2Vkgqi - V'qgik

- 2Vkgqi Vkgqi - AVigqk - Vkgqi)} .

For any δ > 0, from Lemma 2.3 we know that there exists a constant
ί,«, ko) > 0 depending only on δ, n, and /co such that

(83) gij(x, t) > (1 - J ) ^ (x), 0 < t < T(δ, n9 k0).

Thus

(84) λk>l-δ, k=l,2,-,n,0<t< T(δ9n,ko).

Furthermore if 0 < t < T(δ, n, ko) and F(x, t) < +oo, then

1 n

(85) λk>l-δ, n +
k

Using (85) and the fact |i?z α z α | < \JΈQ we get

2 ~ i ^ ^ . ^

^" ( 1 - 5 ) 3

Substituting (86) into (82) yields
(87)

*>• I ^^ / Λ ft • *>• I Λ ^"^

mF2

'Vkgij)> 0<t<T{δ,n,k0).
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On the other hand,

/ \ -2

if- Ά + +Ay-2).

Since

7 " x " 3 2m 2λf- 1λ" 1" 1

one has

/ i " \~2

gaβVaVβF > 1 - — Γ l t

m

•ΪTΪW

Substituting this into (87) gives

(88)

( +

•T-Vkgij VΛfty, 0 < ί < T{δ,n,ko).

From (85) we have 1 - δ < λk < (n + ε)1/™; thus from (88) we get

n~ ~ mF2

aβVVF + (ft ^ y . Vkglj)

(89) 1 1 /

m ( l

< ί < T{δ,n,ko).
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Lemma 2.4. Suppose gij(x, t) > 0 is a solution of (56). Then for ai
θ > 0 there exists a constant c(0, n, ko) > 0 depending only on θ, n, and
such that

x), x € A 0 < ί < c(θ,/i,Λo).

In (79) we let ε = n, and m be an integer such that

(90) 20»2

 + 1 y * <m<λ * * \ +20»2 + l.v ' log(l + (9) ~ log(l+0)

Then

(91) (2«)'/m

(92) [m - 1

thus we can find a constant δ > 0 depending only on m such that

(93) (w-l)(iΛ > 4

so that

1 + 1/m

/ Q ^ \ / < \ i x i /< c \»»ί — 7 ^ ^rWt

From (89) we have

l + l/

0<t<T(δ,n,k0),

which can be reduced to, in consequence of (94),

(95) | £ < g«VnVβF + j ^ ^ F \ 0<t< T{δ,n,

Since from (80) and (81) we have

(96) F(JC,0) = 2, xeD, F(JC,/)Ξ2, xedD,
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using the maximal principle, from (95) and (96) it follows that

(97) F(x, t) < 2 ί 1 - m

{f^Λ > 0 < t < T(δ, n, ko).

If we let

(98) 0 < t < min \τ(δ,n,ko),

then we know that F{x, t) < 4 by (97), and that

(99)
k=\

by (79). From (91) and (99) it follows that

(100) λk<{2n){lm < 1 + 0, k= 1,2,. ,«.

Thus if we define

/ (i _ s)3 \
c{θ, n, ko) = min T{δ, n, ko), ̂ ——j= ,

\ 2mn2y/k0J

then

gij{x,t) < (1 + θ)gij{x), x e D, 0 < t < c{θ,n,ko).

A combination of Lemmas 2.3 and 2.4 gives readily
Theorem 2.5. Suppose gij(x, t) > 0 is a solution of (56). Then for any

δ > 0 there exists a constant T(δ, n, k0) > 0 depending only on δ, n, and ko
such that

(1 - δ)gij(x) < gij(x, 0 < (1 + δ)gu(x), xeD,0<t< T(δ, n, ko).

3. Solving the Dirichlet boundary problem

As in the previous section, we assume that D C M is a domain with
boundary dD a compact C°°, (n - 1 )-dimensional submanifold (not nec-
essarily connected) of M, and its closure D is a compact subset of M.

In this section we want to prove the existence theorem for the solution
of the following Dirichlet boundary problem:

§-tgij(x, t) = -2Rij(x, t) + ViVj + VjVj, xeD,

(*) gu(x,0) = gu(x), xeD,

gij(x,t) = gij(x), xedD,0<t<T.



244 WAN-XIONG SHI

If we define a new tensor

(2) hu(x,ή = gu(x,ή-gij(x),

then from (1) and Lemma 2.1 we get

§-thij = grβVaVβhij + Aij9 xeD,

(3) AI7(JC,0) = 0, x e D ,

hij(x,ή = 0, xedD, 0<t<T,

where we use the property Vgtj(x) = 0 and

Aij = - gaβgiPg
pqRjaqβ - gaβgjP~gpqRi«qβ

(4) + {

Ίg
aβgpq{Vihpa Vjhqβ + 2Vahjp - Vqhiβ - 2Vahjp Vβhiq

- 2Vjhpa - Vβhiq - 2Vihpa Vβh j q).

If \gij{x) < gij(x, t) < 2gij(x), from (4) it follows that

( (-*ny/h - 20\VahPγ\
2)&j(x) < Aij(x, t)

< ( 8 « v / ^ + 20|V α Λ / ? y | 2 )# / 7 (x).

Lemma 3.1. There exists a constant δ — δ(n,ko) > 0 depending only
on n and ko such that ifgij(x, t) > 0 is a smooth solution of (I) and

(6) (i-δ)iu(χ) < gij(χ,t) < (i+δ)&j(x)

holds for all (x, t) e 5 x [0, T], then for any integer m > 0, there exist
constants Cm{n, θ0, fc0, T9 gij9 D) > 0 depending only on n, θ0, ko, T, gijf and
D such that

(7) \Vmgij(x,t)\2 <cm(n9θ0,ko,T,&j,D)

for all (x, / ) e f l x [0, T], where θo = inf^.^ inj(x) > 0 is the lower bound
of\π){x) on 5.

Proof From (2) and (6) it follows that

(8) - ^ 7 W < A ί 7 ( χ , 0 < ^ 7 W .

If we let

(9) Hij(x,t) = μu(x,t),

then by (3) we have

^Hij = gaβVaVβHij + Bij, xeD,0<t<T,

Hij(x,0) = 0, xeD,

Hjj(x, 0 = 0, x e dD, 0 < t < T,
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where By = £4,7. From (5), (8), (6) we get, respectively,

(11) ^ '

< ra + 20J|Vα^7 |
2J fcy(χ), (*,*) € D x [0, Γ],

(12) -£„(*) < //,;(*, 0 < £„(*), (x, ήeDx [0, Γ],

(13) Γ T I r / ? ( x ) - s"^***) * γZδZaβ{x)

Furthermore, we still have

Thus

(14) \^ig^\2<_f_^ιHkl\2 on Dx [0,71.

Using (10)—(14) and exactly the same arguments as in the proof of The-
orem 6.1 in [4, §6, Chapter VII], we know that if δ > 0 is small enough
compared to n and fco> then we can find a constant C\(n,θo,ko,gij,D),
0 < C\ < +00, such that

(15) max \VHij(xJ)\2 <c{(nyθ^gihD).
{x,t)eDx[0,T]

Since

Vkgij = V**,7 = δVkHu,

we get

(16) max \Vgij(x,t)\2 < cι{n9θθ9ko9giJ9D).
(x,t)€Dx[0,T]

Using (10)—(15) and the same arguments as in [4, Chapter IV, §§5-9], we
know that for any integer m > 2 we have

(17) max \VmHu{xJ)\2 < cm(n,θo,ko,T,gij,D).
{x,t)eDx[0,T]

But Vmgij = δVmHij, so we get

(18) max \Vm

gij(x
{x,t)€Dx[0,T}

which completes the proof of the lemma.

(18) max \Vmgij(x9t)\
2 < cm(n,θo,ko,T,gij,D),

{x,t)€Dx[0,T)
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As soon as we established the prior estimates in (7), using Theorem 2.5
and the same arguments as in the proof of Theorem 7.1 in [4, §7, Chapter
VII], we have the following existence theorem.

Theorem 3.2. There exists a constant T(n,ko)>O depending only on n
and ko such that the Dirichlet boundary problem (1) has a unique smooth
solution gij(x, t) > 0 on 0 < t < T(n,ko).

4. Local estimates and convergence

In the last section we get a solution gij(x, t) > 0 on the domain D C M
by solving the Dirichlet boundary problem. To get a solution gij(x, t) > 0
on the whole manifold M by letting dD go to infinity on M we need to
estimate gij(x, t) locally; that means to control the derivatives of gij(x91)
only in terms of gij{x) and independent of D.

Fix a point Xo e M and let B(xo, γ) be the geodesic ball of radius γ
centered at xo with respect to the metric gzy. Then we have the following
lemma.

Lemma 4.1. Suppose 0 < γ, δ, T < +oo are some constants, and gij{x, t)
> 0 is a solution of the following equation:

( 1 ) for(x,t)eB(x(hγ + δ)

gij{x, 0) = gij(x), x e B(x0, γ + δ).

We also assume that on B(xo, γ + δ) x [0, T] we have

( 2 ) 0 - 2560δ
Then there exists c(«, γ, δ, T, g/y) > 0 depending only on n, γ, δ, T, and &j
such that

(3) \Vgij{x,t)\2 < c(n,γ,δ,T,gij)

for all (x, t) e B(x0, γ + δ/2) x [0, T].

Proof Differentiating the equation in Lemma 2.1, we get

* g~ι * V£ + £ - 1 * g * VRm

(4) ~ -1 ^ 1 ^
v ; -f Rm * ^ - 1 * ^ - 1 * g * Vg + # - 1 * g~ι * Vg *
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where we have used g, g~ι, Vkg and * to denote respectively the tensor
gij9 the tensor g'J, the tensor V*g/7 , and the tensor product. From (4) it
follows that

(5)

§-t\Vgij\2 = gaβVaVβ\Vgij\
2 - 2gaβVa{Vgij) Vβ(Vgij)

+ Rm * g~ι * g~ι * g * Vg * Vg + g"1 * g * VRm * Vg

+ 8~l * g~l * ̂ g * V^ * VVg

+ ^~ ! * ̂ ~ ! * £-* * Vg * Vg * Vg *

Since the closure 2?(.xo> y -h <5) is compact, there exists a constant co(gij) > 0
such that

(6) |VRm| < co(fc7 ) o

From (2) we have

( 7 ) \gij{x) < gij(x, t) < 2gij(x) o n B(xo, γ + δ)x [ 0 , T\.

Thus

* g"1 * g~ι * g * Vg * Vg < cQ\Vg\2,

g~ι *g* VRm * Vg < co|Vg|,

where the constant Co > 0 depends only on n and gZ7, and is not necessarily
the same as the constant in (6).

Estimating the last two terms in (5) yields

( 9 ) g-1 * g-1 *Vg*Vg* VVg < 12n5\Vg\2 |VVg|,

g"1 * g"1 * g~x *Vg*Vg*Vg*Vg< 160«6|Vg|4,

where we have to use (7) and check carefully the number of terms in the
equation of Lemma 2.1.

From (7) we also have

(10) gaβVa(Vgij) Vβ(Vgij) >

Substituting (8), (9), and (10) into (5) gives

(li) §i ^8{2 - *"'*** βfisf ~ l ^ l 2

72w5|Vg|2 |V2g| + 160«6|Vg|4,

where the norm |Vg| is with respect to the metric g/7.
It is easy to see that

72«5|Vg|2 |V2g| + 160«6|Vg|4 < ^|V2g|2 + 3200«10|Vg|4;
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thus from (11) we get

l 1 ^ ' 2 gaβ
(12)

+ co\Vg\2 + co.

If we let ε = l/256000« 1 0 and use the notation in (63) of §2, then from
(2) and (7) we have

(13) l - ε < 4 < l + β , {<λk<2, fc= 1,2, . ,/i.

Now let

(14) m = 25600«1 0, a = 6400« 1 0,

and define a function:

(15) φ(x,t) = a +

Then by definition and Lemma 2.1 we have

+ mλ™~{ * (Rm * g~ι * g -h g~ι * g~{ * V^ *

Using the same reasoning as before and (13) and (14) we get

(17) rnλΐ
mλ™~1 * g~{ * g~x *Vg*Vg< Wn3m(l

Substituting (17) into (16) yields

(18) ^ < mλ™-ιg"fiVaVβgkk+co+lOn3m(l+εy"-ι\Vg\2.

On the other hand, we have

• gaβVagu

which implies, in consequence of (13),
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Substituting this into (18) gives

+ Co+lOn 3m(l+e)m- 1 |Vg| 2.

By the definition of ε and m we have

(20) 10/nn 3 ( l+«)"•- '<^ ,

(21) ( i_ ε Γ -2>3.

thus

(22) *ί2L=U(1 - a)-* > £ ( 1 - β ) " - ' > A

Substituting (20) and (22) into (19) yields

(23)

From (12) and (23) it follows that
(24)

4 + coφ\Vg\2 + coφ + co\Vg\2 - —

From (15) we have

which together with (14) implies

3200Λ I ( V < 3200« l0[6400«10 + n ( l + ε ) m ] < *^z,
(26) 2

 1 6

Using (24), (25), and (26) we find that

>)-2g"βVnφ-Vβ\Vg\2

(27) "ι

 φ ^ ^
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but we also know that

u = i

= -Ago* • mλ™-χ • Vagkk • Vg • VVg

<Zmn5(l+e)m-ι\Vg\2 \VVg\

Combining (27) and (28) gives

(29)

Since 9(x,t)\

and therefore.

(30)

Since

using

m2 -

32'

(14) we

»in

7*1'
' s i

get

= 6400n10, we have

200m2n10 ^ m2

^ " 3 2 '

consequence of (29),

(|Vg| φ) < ga VaVβ(\Vg\ φ) -

+ Co\Vg\2φ + co.

i m 2 ~ 4 2 ^ m2

32^ 2 ' s* φ - 32[α + n(l +

2 „

3 2 | V

e) m p

_-_2 1

Γhus
5 ,lSl

[f we define a function

!32) ψ{x,t) = \Vg\2φ{x,t),

hen

33) ^ < ^ V n V ^ ^ - - 1 v'2 + coin, gu)
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on B{xo,γ + δ) x [0, T]. For any x e M, we use γ(x,xo) to denote the
distance between xo and x with respect to the metric g/;. Then we have

(34)

Since |-R, ̂ /|2 < ko on M, using the Hession comparison theorem in Rie-
mannian geometry we know that there exists a constant c(γ,δ,ko) > 0
depending only on y, δ, and ko such that

(35) VαV,y(*,*b) < c(γ,δ9ko)gaβ(x)

for all x e B{x0, y + δ)\B{x0, y).
Choose a cut-ofF function η(x) e C°°(R) such that

η(x) = 1 , x < 0,

(36) 1 > //(Λ:) > 0, 0 < x < l ,

η(x) = 0, x > 1

and that

?'(*)< 0 VXGR,

(37) \η"{x)\<* VXGR,

|ι? ;WI2/flW < 16, x < l ;

it is easy to see that such a function η(x) exists. We define
as

(38) ^ )

From (36), (37) and (38) we have

ξ(x)=l, xeB{xo,γ

(39) ξ(x) = 0, xe M\B(x0, y + 3<5/4),

0 < ξ(x) < 1, x e M,

\Vξ(x)\2<^\Vγ(x,x0)\2 ξ(x), xeM,

which is reduced to, by use of (34),

ifi2

(40) |Vί(x)|2 <-£-£(*), X€M.
On the other hand, we have

~ 4 ~
= Ίη' -Vβγ{x,x0),

t ~ ~ 16 ~
= -^η' • VnVβγ(x,x0) + -pt\" • Vaγ(x,x0) •
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From (36) and (37) it follows that

(42) 0 > η'(x) > -4η(x)i/2 >-4, xe R.

Thus we get

(43) lη'-VaVβγ(x,xo)>-^φ,δ,ko)gaβ(x) Vx € M

from (35) and

(44) -^η"•Vaγ(x,x0)-Vβγ(x,x0)>--^Γgaβ(x), xeM

from (34) and (37). Combining (41), (44), and (43) yields

(45) VaVβξ(x) > -co(γ,δ,ko)gaβ(x), x E M.

Now consider the function

(46) F(x,t) = ξ(x)ψ(x,t), (x,t)eB(xo,γ + δ)x[O,T).

Then

(47) F(x,t) = ξ(x)φ(x,t)-\Vg\2>0.

Since \Vg\2(x,0) = 0, it follows that

(48) F(x,0) = 0, xGB(xo,γ

Using (39) we have

(49) F(x,t) = 0, (x,t)e(M\B(xo,γ +

From (47), (48), and (49) we know that there exists a point (xo.
B(x0> γ + 3(5/4) x [0, T] such that

(50) F(xo,to)= max F(x,ί),
B(xo,γ+δ)x[O,T)

(51) /0>0,

which imply the following:

dF
jf(xoJo)>0,

( 5 2 ) VF(xo,ίo) = O,

gaβVttVβF(x0,t0)<0.

Thus

(53)
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Since ξ > 0, from (33), (53), (52), (54) and (55) we get

(54) ξ-gaβVaVβψ-±ξψ2 + c0ξ>0 at(xb,ί0),

(55) ξ • gaβVaVβψ + ψ- gaβVaVβξ + 2gaβVaξ Vβψ<0,

(56) ±ξψ2 < coξ - 2gaβVaξ β

But VF(xQ, to) = 0, so we have

(57) 2ι//
2gaβVζVΨ =

From (56) and (57) it follows that

1 Ύ\ι/ ~ ~ ~ ~

(58) jζξψ2 < cQξ + -fgaβVaξ -Vβξ-ψ- gaβVaVβξ at (xQ, to).

Using (13), (40) and (45) we find

(59) ψgaβVaξ • Vβξ < 1024^,

(60) -ψ gaβVaVβξ<2cQψ.

But 0 < ξ < 1, so from (58), (59), and (60) we get

(61) -feζψ2 < CQ + lO24ψ + 2coψ at (xo,to),

where Co, CQ>0 depend only on n, γ,δ, T, and gij(x). Since

M^Ψ)2 ^ coS + (2^0 + 1024)(ξψ) at (x0, t0),

and ξ < 1, we have

(62) ±F(x0, to)2 <co + (2c0 + 1024)F(JC0, h).

Thus

(63) F{xo,to)<c{n,γ,δ,T,gij),

which together with (50) implies

(64) F(x,t)<c(n,γ,δ,T,gij) on B(x0,γ + δ) x [0,T].

Since ξ(x) = 1 on B(x0, γ + δ/2), from (46) and (64) we get

ψ(x, t) < c(n, γ,δ, T, gu) on B(x0, γ + δ/2) x [0, T],

fig\2φ{x,t)<c{n,y,δ,T,~gij) on B(x0, y + δ/2) x [0, T].
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From (25), φ(x, t)>a = 6 4 0 0 Λ 1 0 ; thus using (65) we have

\Vgij(x,t)\2 < ΰδtoϊδc(n>y>δ>τ>iυ) onB(x0,γ + δ/2) x [09T],

which completes the proof of Lemma 4.1.
The function ζ(x) defined in (38) may not be smooth at some points of

M, but as P. Li and S. T. Yau mentioned in their paper [5], this does not
affect our using the maximal principle on ξ(x)ψ(x, t).

Lemma 4.2. Under the assumptions in Lemma 4.1, for any integer
m > 0, there exist constants c(n,m,γ9δ,T,gij) > 0 depending only on
n, m, γ9 δ, T, and gij such that

(66) \Vm

gij{xj)\2 <c{n9m,γ9δ9T92ij)

for all (x, t) e B(x0, y + δ/(m + 1)) x [0, Γ], where the norm in (66) is with
respect to the metric gij(x).

Proof We prove this lemma by induction. If m = 0, using (7) we have

(67) \gij(x,t)\2<4n

for all (x, t) e B(x0, γ + δ) x [0, T\. Therefore the lemma is true for the
case m = 0.

If m = 1, from Lemma 4.1 we know that (66) is also true.
Suppose for / = 0,1,2, , m - 1 we have

(68) IV'gij(x91)\2 < c(k, n9 γ9δ, T, gu)

for all (JC, 0 € B(x0, γ + δ/{/ + 1)) x [0, Γ].
Now we consider the case / = m and assume m > 2. First, differenti-

ating the equation in Lemma 2.1 m times, we get

(69) _|_ V^ y/cι g x V^2g * * V '̂"+2g *

where

, ,VwRm)

is a polynomial of g, g~ι, Rm, VRm, V2Rm, , VwRm.
From (69) we get

(70)
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Since the closure B(xo, γ + δ) is compact, there exist constants c(/,
0 such that

(71) |V*Rm| 2<c(/,£ / 7) onB(x0,γ + δ)

for all integers k = 0,1,2, .
From (7) and (71) we get

(72) \Pkxkr-kmJ < c ( m , n , gij) o n B ( x 0 , γ + δ ) x [ 0 , Γ ] ,

(73) gaβVa(V

Substituting (68), (72), and (73) into (70) yields

( 7 4 ) +co(m,n,γ,δ,T,gij)[\Vmg\.\Vm+{g\.(l

on B(xo,γ + δ/m) x [0,Γ], where Co(m,n,γ,δ,T,gij) > 0 means some
constant depending only on m, n, γ,δ, Γ, and gij.

Since m > 2, for m = 2 from (68) and (74) we get

(75) + co(|V2g|

I ^|2 + co|V
2g|3

0,γ + δ/2)x[0,T).
If m > 3, from (68) and (74) we get

(76) yt\Vmg\2 < g"βVnVβ\Vmg\2 - i |Vw + 1^|2 + co\Vmg\2 + c0

on B{xQ, γ + δ/m) x [0, T].
By combining (75) and (76), for m > 2 we always have

(77) |^|V'"g|2 < ^ ^ V ^ V ^ g l 2 - i |Vm + 1g| 2 + ColV^gl3 + c0

on B(xo, γ + δ/m) x [0, T]. If we replace m by m - 1 in (74) and use (68),
we get

(78) 1̂ 1 V'"-' g\2 < gQβVaVβ\Ψ"-' s | 2 - IV'"#|2 + co(|V'^l +1V2g| + 1)

on 5(x 0, y + δ/m - 1) x [0, T]. Since w > 2, from (78) we get

(79) |.|V'"-'^|2 < gα/?VαV^|V'"-'g|2 - ^|V'"g|2 + c0
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on B(x0,γ + δ/{m - 1)) x [0, T].
We define a function

(80) ψ(x,t) = (a + \Vm-ιg\2)-\Vmg\2,

where a > 0 is a constant to be determined later. Then from (77) and (79)
we have

°£ = [a

- g

- j(a + |V"I-1s|2)|V"J+1£|2 + co(a + IV^-'^

+ co(a + |V m -^| 2 ) - \\Vmg\A + co\Vmg\2

on B(x0, y + δ/m) x [0, T\.

On the other hand from (68) it follows that

(82) a < a + \Vm~ιg\2 <a + c{m-\,n,γ,δ, T,gu)

on B(x0, γ + δ/m) x [0, T]. Thus from (81) we know that

- \{a + \Vm~'g\2)\Vm+ιg\2 +

where we have used (82), and therefore that

\2 • vβ\vmg\2 - ^iv

co(a, m, n,γ,δ, T,gi

( 8 3 ) \{a + \Vm~xg\2)fim+xg\2

on B(x0, γ + δ/m) x [0, T],

= -$g*V

-2gaβVa\Vm-χg\2

< 16 - |Vm-'^| |

Using induction hypothesis (68) and (84) we get

( 8 5 ) < co(m,n,γ,δ, T,gu) • \Vmg\2\Vm+ιg\
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Substituting (85) into (83) yields

• χ-co(m, n, γ, δ, T, gu)
2\ Vmg\4

-4|Vwg|4-fCo(^m5n,y^,Γ,^7).

If we choose

(87) a = 4[co(m,n,γ,δ,T,gu)
2+l],

then by (86) we get

(88) ^ < gaβVaVβΨ - ±\Vmg\4 + c0

on B{x0, γ + δ/m) x [0, T],

(89) % i ι r > W £

From (82) it follows that there exists a constant C\ > 0 depending only on
m,n,γ,δ,T, and gij such that

(90) ^ < gaβV aV βψ - cχψ2

+ δ/m)x[0,T].
By means of the maximal principle on (90) and the same reasoning as we

used for (33)-(65) we know that there exists a constant C2{m, n, γ, δ, T, gy)
> 0 such that

(91) ψ{x,t)<c2{m,n9γ,δ,T9gij) o

From (80) and (87) it follows that

(92) ψ(x,t)>a\Vmg\2>4\Vmg\\

which together with (91) implies

IVm#|2 < \c2(m, n9 γ, δ, T9 &j) on B(x0, γ + δ/(m + 1)) x [0, T[.

Thus Lemma 4.2 is true for the case k = m and hence for all integers
m > 0 by induction.

Now we are going to construct the solution of the modified evolution
equation (1) on the whole manifold M. Fix a point xo e M and choose a
family of domains {D/\/ = 1,2,3, } on M such that for each / , dD/
is a compact C°°, (n — l)-dimensional submanifold of M and

T)/ = Dj u dD/ is a compact subset of A/,
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where dD/ is not necessarily connected.
Using Theorem 3.2 and Theorem 2.5 we know that there exists a con-

stant T(n,ko) > 0 depending only on n and ko such that the system

§-tgij(*,x, 0 = -2Rij(*9x, t) + ViVj + VjVi9 x e Z)/5

( 9 4 ) gij(*x,0) = &ij(x)9 xeD,,

gij(J,x, t) = g i j ( x ) , x e dDj, 0 < t < T

has an unique smooth solution gij(4,x,t) > 0 on the time interval 0 <
t < T(n,ko) for each / . We still have

( 9 5 ) ( 1 " 256OOOnio )^ (^ * SUV**'*) * (ί + 256δθ0n®)iiΛx)

for all (JC, t)eD/ x [0, T(n, ko)] and all integers / > 1 by Theorem 2.5.
For any integer q>l9 from (93) it follows that

+\)CD/ iΐ/>q+\.
Using Lemma 4.2 and (95) we know that for any integer m > 0 there exist
constants c(m, n, q, ko, gij) > 0 depending only on m, n, q, ko, and gij such
that

(97)

for all (x, t) e B(x0, q) x [0, T(n, k0)] and / > q -f 1.
Also from (93) we have

(98) M = (J D / β

Since the constants c(m,n,q,ko,gij) in (97) are independent of >/, by
(97) the derivatives of gij(/,x, t) are uniformly bounded on any compact
subset of M. Let / —• +oo. From (97) and (98) it follows that there exists
a smooth metric gij(x, t) > 0 on M x [0, T(n, ko)] such that

(99) gij(*,x, t) ^ gij(x91) as / -+ +oo.

This means the metrics gtj(4\xj) and all of their derivatives converge
uniformly to the metric gij{x,t) and its derivatives respectively on any
compact subset of M as 4 —• +oo. Thus from (94) and (95) we get the
following theorem.

Theorem 4.3. There exists a constant T(n,ko) > 0 depending only on
n and ko such that the modified evolution equation

(100) ΊΓt
gij(x,0) = gij(x)9 xeM,
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has a smooth solution gij(x,t) > 0 on 0 < t < T(n,ko), and satisfies the
estimate

/or a// (*, ήeλfx [0, Γ(Λ,

5. First derivative estimate

Suppose gij(x, t) > 0 is the smooth solution obtained in Theorem 4.3 on
M x [0, T(n9 ko)]. In this section we are going to estimate the first covariant
derivatives of gij with respect to the metric £, 7 on the whole manifold M.

If we choose T(n,ko) > 0 small enough, then from Theorem 2.5 it
follows that

(1) [l-δ(n9ko)]Zij{x) < gij{x,t) < [l+δ(n,koMij(x)

for all (x,t) e M x [0, T(n,ko)], where δ(n,ko) > 0 is the constant in
Lemma 3.1. Actually (1) comes from Theorem 2.5 and (99) in §4.

Using the notation of §3, let

(2) hij{x, t) = gij(x, t) - gij(x), Hij{x, t) = £Λl7(x, /).

Then we have

(3) §-tHij = gafiV«VβHij + Bij onMx[0,T(n9ko)],

Hij(x90) = 0 VxeM,

where 5 / 7 = \A-Xj was defined in (4) of §3. From (11) of §3 it follows
(4)

Unψo +20S\VaHβA gijix) < Bu(x,t)

^ 20δ\VaHβγA gu(x) V(x,0 e M x [0,T(n,ko)l

By using (12), (13) and (14) of §3 we still have

-gijix)<Hij(x,t)<gij(xh

~8"β{x) gaβ{x>t]
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on M x [0, T(n, ko)]. Let γ0 = |(l/&o)1 / 4. If the injectivity radius of M at
some fixed point Xo E M satisfies

(6)

then the geodesic ball B(x0, γ0) c M is roughly the same as a ball in the
Euclidean space R". Thus using (3)-(6) and the same arguments as in the
proof of Theorem 6,1 in [4, §6, Chapter VII] we know that if δ(n, ko) > 0 is
small enough compared to n and ko, then we can find a constant c(n, ko) >
0 depending only on n and ko such that

(7) sup |Vi/,7(x,O|2<Φ*,fco).
(x,t)eB(x0,γ0)x[0,T(n,ko)]

We need condition (6) to prove (7) since in the proof one needs to use the
Poincare inequality, the Sobolev inequality and integral estimates. The
constants in these inequalities depend on the injectivity radius.

If (6) is not true at Xo, we consider the ball

(8) B(O,π(l/ko)ι/4)CTXoM

of radius π(l/ko)ι/4 in the tangent space at x0 € M. Since \Rijki\2 < ko,
using the comparison theorem we know that

(9) expv B(O,π(l/ko)ι'4)^M

is nonsingular; therefore we can use this exponential map to pull everything
back from M to B{O,π(l/ko)ι/4) and do the analysis on B{O,π{l/ko)ι/4).
For the ball 5(0, γ0) c TXoM of radius γ0 = ^(l/ko)

ι/4 by the same reason
as (7) we get

(10) sup \VHij{x,t)\2<δ(n,ko).

Pushing back to M from (10) we know that (7) is also true for the case
when (6) does not hold.

Since Xo £ M is arbitrary, from (7) it follows that

(Π) sup \VHij{xj)\2<c{n,koY
(x,t)€Mx[O,T(n,ko))

Using (2) and (8) we hence have
Theorem 5.1. There exists a constant T(n,ko) > 0 depending only on

n and ko such that

(12) sup \Vgij(x,t)\2<c(n,ko),
(Λ:,/)GΛ/X[O,Γ(AI,A:O)]

where c(n, ko) > 0 depending only on n and ko.
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Note. Theorem 5.1 is true only for the solution gij{x, t) > 0 constructed
in Theorem 4.3, and not for all of the solutions of the modified evolution
equation. For the general solution of the modified evolution equation, (1)
may not be true.

6. Second derivative estimate

In §§4 and 5 we obtained a smooth solution gij(x,t) > 0 on M x
[0, T(n, ko)] of the modified evolution equation

( 1 ) § t t ) = -2Rij(x,t) + ViVj + VjV,

gij(x,0) = gij(x) VxeM

satisfying the following inequalities:

%gij(x)<gij(x,t)<2&j(x)
(2) onMx[0J(nΛ)].

\Vgij(x9t)\2<c(n9ko)

In this section we want to estimate the second covariant derivative
VVg/; on M\ usually the upper bound of the whole second derivative
\VVgij\2 depends not only on n and ko, but also on the first derivative
VRjjki of the curvature tensor of the initial metric g/7. Therefore instead
of estimating |VVg,y|2, we want to estimate l-R/^/l2 and |VZF,|2 in terms
of n and /co First, we want to find the evolution equation for RiJkι and
ViVj.

If we define y(x, t) = φt{x) by the equation

(X\ dyl - dy" cβy(Γk -fk ) va(x 0\ - xa

(*) d t - d χ k S V βy iβγ), y(x,Ό)-x,

then φ,: M -* M is a family of diffeomorphism (at least locally). Let

dv" dvβ

(4) gi]{xj) = -£--£-gnβ{yj),

(5) dsf = gij(x, ί)dx[ dx> > 0, dsf = gu(x, t)dx' dxJ > 0.

Then from (5), (7), (8), (9), (11), (30) and (35) of §2 it follows that

(6) ds} = φ*dή,

(7) §-t*iΛχ>')= -2Rυ(χ> 0. &./(*. 0) = gu(χ)



262 WAN-XIONG SHI

By (6) we have

(8) R i j k l M = J

and therefore

yy dys d

d_
dt lFxi)RaiiAy'

dx' dxJ dxk dx1 dt

d_
dt

+

From Theorem 7.1 of [3] it follows that

(10) ^Rijki = gaβVaVβRijkl + ψijkh

where

Ψijkl = 2(Bijkl ~ Bijik — Biljk + Btkji)

- gP9(RpjklRqi + RjpklRqj + RijplRqk + RijkpRql)*

B hi = gWs^R • R

Thus

dya dyβ dyy dyδ d B . ,
dx> dxJ dxk dχi~di aβys{y't]

By (6) we have

If we let Δ = gpqVpVq be the Laplacian operator of the metric giJ9 then
from (11) and (12) it follows that

dya dyβ dyy dyδ d -
R
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where

Ψijkl = 2(Bijkl - Bijlk ~ Biljk + Bikjί)

(14) - gpq(RpjkiRqi + RipkiRqj + RijplRqk + RijkpRqι),

Bijkl = gPygqSRpiqjRyksh

Since

we have

dy^dyfdy^dy^dy^d~
dx> dxJ dxk dx' dt

θya dyP dyv dyδ dyθ dxP d ~

dX' d t d y θ d χ P

dt dyθdχp\dxidχjdχk dxι aβϊδ{y't})

f
dt dyθ dXp \dx> Oχj dxk

By (3) and the definition of Vt,

(16) V

we have

dt

thus

dyθ dxp

From (8), (15), and (18) it follows that

dya dyt dy> dyδ dyθ d ~
dt κβsyy^>

Rijk, - g» • vq— ^————y Rnβyδ.
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Using (8) again, we get

dy* dye ay* dy* dyβ d β d

( a2y° dx° dψ dx
8 " { dxPdx' θy« sjkι + dxPdxJ dyβ iskl

ay*
D \

tJks)

d

It

dx' \at ) ' dy° SJkl dxJ \at
iskl

dxi ,JL(?ή\ ^R
dt ) ' dyy ijsl + dχι {at ) ' dy* ijks-

By means of (17) we obtain

d (dy«dyβdyvdys\ *

dt {d^dld^W) -"

ax* aψ ax*
dy<> sjkl + dxJdxP dyβ iskl

(20) , flV dxs

 D d2yδ dxs \
+ dxkdχp dyy ijsl + dx'dχp dyδ ijks)

Substituting (13), (19), and (20) into (9) yields

—Rijk, - ARijkl + ψijkl + gpcιVq

(21)

If we choose a coordinate system {x1} such that at one point

(22)
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then from (21) we get
(23)

R ΔR + ψ + gpqVq • VpRijkι

q + Ripk,VjVq + RijpιVkVq + RijkpV,Vq),

where ψijkι was defined by (14).
From (22) it follows that at one point Γ^ = 0, and therefore that

dtVki ι k P - d t k ' ~ 2 d tdtk'~2dt[8 \dx'+dx^ dχo

_ 1 pq

~ 2g

d (d \ _d_(d_ \__d_fd_ \]
[dx< \dt8qk) + dxk \dtgqί) dx" \dt8kl)\

\ 2 R q k + VqVk + VkVq)

(24)

VkV,Vq + VkVqV, - VqVkV, -

gk'gip^p

kl - Pkl) = gk'(ViRkl - VkRu - V,Rik)

+ \gkl{^i^iVk + V,VkV, + VtV/K +

From the Bianchi identity we have

gk'ViRkl = V(JR, gklVkRu = iV,/?, gk'V,Rik =

and therefore

(25) gk'{V,Rkl - VkRH - V,Rik) = 0.

The following formulas are well known:

VtV. K/ - V(VkV, - gpqRkilpVq,

VιViVk-ViVlVk=gP«RlikpVq.

Substituting (25) and (26) into (24) gives

(27) gk'gipjiV
v

kι ~ Pki) = gk'Vk*ιVi + gp*RipVq,
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Έ1^

+ gh!Rikv, + (jtgjj • gkl(Pkl -Pkl)

Since gk'VkVιVi = AV, and gkl{Tp

kl - Pkl) = gP<>Vq,

%-Vi = AVt + gk'RikVl+ (§-g

(28) ΰ ί

+ {§-/')-giP(Pkl-Pkl)

We still use g, g~ι, Rm, V*Rm, and * to denote, respectively, the tensors
gij, gιJ, Rijkh the fcth covariant derivative of Rm, and the tensor product.
Let
(29)

g 2 = g * g , g 3 = g * g * g , " , g 2 = g ι * g \ g 3 = g ι * g ι * g 1, .

Since i?/7 = gklRikjh Ricci curvature can be denoted as g~ι * Rm.
Since jLgv = -gikgjι§-tgkι, we have

(30) ί,*-'-^'r,'
From (1) it follows that

(31) J ^ ί Γ 1 *Rm + VF,

where V denotes the tensor {^}. From (39) of §2 and (14) we know that

(32) V = g-ι

(33) ψijkl = g~2 * Rm * Rm.

Thus using (23) we get

(34) ΊΓtRiikl = ARiJkl + 8~2 * R m * R m + 8~2 * V * V R m

+ g~ι *Rm* W.
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From (28) it follows that

| - ^ = Δ^ + g-2*Rm*F + g- 1*F*|f
(35) dt

 d

 dt

+ g-ι*Vg*—g ι*g.

Substituting (30), (31), and (32) into (35) hence yields
Lemma 6.1. The following equations hold:

(36) TtR'Jkl = Δ i ? l 7 W + g 2 * R m * R m + 8~' * V

+ g~ι *Rm*VF,

(37) %-Vi= ΔF, + g~3 * Vg * Rm + g-2 * Vg * VF.
ot

To estimate the curvature R^u and V/F, we need the integral estimate
of them. Define the volume element

VjVi)

In this section we use | | 2 and | \l to denote the norms with respect to
the metrics gij{x, t) and gij(x) respectively. Using (2) we know that these
two norms are equivalent to each other.

For any point x0 e M, we denote by B(x0, y) the geodesic ball, centered
at x0, of radius γ with respect to the metric gu. Let T = T(n,ko) be the
number in (2). Then we have the following lemma.

Lemma 6.2. For any XQ e M and 0 < y < +oo we have

ίί
JO JB(xo,y

x, t)\l dw0 dt < co(n, ko, γ),

y)

where 0 < Co(n, ko, y) < +oo is some constant depending only on n, ko, and

y
Proof. Similar to (39) and (40) of §4, using the mollifier technique we

can find a function ξ(x) e Cfi°{M) such that

(40) |V£(x)|o<8, xeM,
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(41)

Let

(42)

From Lemma

Ίn
(43)

and therefore

ξ(χ) = l

0 < ζ(x) <

ς

2.1 we have

K <5 IJ O

1 n ^ t
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xeB(xo,γ),

1, XGM.

l = B(xo9γ+l).

g * V^ * Rm + g~2 *

v^ * v# * v̂ ,

Γ* VRm

v# * vv^

= 2 / V

(44) 2 S ̂ kgiJ **<$fi&kgώ ξ{x) dWo

+ / ^~ ! * g * V# * VRm ξ(x)2 dwQ
JΩ

+ / V# * [g~2 * g * V^ * Rm + g~2 * V^ * VVg
^Ω

+ <?~3 * V£ * Vg * Vg] ξ(

Using (2) we have

(45) ±g<g<2g9 \Vg\2

o<c(n,ko) onMx[0,Γ],

using (45) and the condition |Rm|§ < ICQ we get

Vg * (g~2 * ̂  * V# * Rm H- g~2 * V^ * VVg + g~3 * Vg * Vg *

(46) / ^ g * ( ^ ~ 2 * g * ̂  * ̂ m + g~2 * ̂  *

+ ^ " 3 * V^ * V# * Vg)ί(x)2 dw0

<c0 ί(l + \VVg\o)ξ(x)2dwo.
JΩ
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On the other hand, a use of (41), (42) and the assumption |Rm|§ < &o
gives

(47) / ξ(x)2 dw0 < f dw0 = ί dw0 < co(ko, γ).
JΩ JΩ JB{xo,γ+\)

Combining (46) and (47) we have

/ Vg * (g~2 * g * Vg * Rm + g~2 * V^ *
JΩ

H- g~3 * Vg * Vg * Vg)ζ(x)2 dw0

(48) <co + /*

where Co means some constant depending only on n,ko, and γ\ they may
not be the same as each other.

By integration by parts, we get

2 / Vkgu - gaβVaVβ(Vkgij) ζ(x)2dwo
JΩ

= - 2 ί Vβ{Vkgij) Va[gTβ Vkgij ' ξ(*
JΩ

(49) = - 2 / gaβVβVkgij VaVkgij ξ(x)2 dw0

JΩ

+ / VV^ + V^" 1 *V^ ^(x)2rfίi;o
JΩ

+ / g~ι * VV^ * ί(x) * V{ * Vg dw0.
JΩ
/

JΩ

On the other hand, using (40), (41), and (45) we have

/ g~ι * VVg * ξ(x) * Vξ *

(5°)

Since Vg"1 = g~2 * Vg, from (45) it follows that

(51) IVg-^co;

thus

I VVg * Vg"1 * Vg *ξ(x)2dwo
(52) J a ,

< Co / |VVs|o ξ(x)2 dw0 < Co / |VV^|o ξ(x) dw0.
Ja Ja
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From (45) we know that

(53) gaβVβVkgij • Vβkgij > \

A use of (49), (50), (52), and (53) yields

2 / VkgiJ • gaβVaVβ(Vkgij)-ξ(x)2dwQ

Jίl

(54) <- f \VVg\2

oξ(x)2 dw0 + co f I VVglo ξ(x) dw0

< - i f \VVg\2

oξ(x)2dwo + co.
JΩ

By using integration by parts again, we have
(55)

g~ι * g *Vg *VRm ξ(x)2 dw0

= - I Rm*V{g-{*g*Vg*ξ(x)2)dw0
JΩ

= / Rm * [Vg~ι *g*Vg* ξ(x) + g~ι *Vg*Vg* ξ(x)
JΩ

+ g~ι *g* VV# * ξ(x) + g~ι *g*Vg* Vξ]ξ{x)

Using |Rm|2 < k0 and (40), (41), (45), and (51) we get

Rm * (V#-] *g*Vg* ξ(x) -f g~ι *Vg*Vg* ξ(x)

(56) - h ^ " 1 *g

Substituting (56) into (55) gives

/ g~ι * g * V# * VRm ξ(x)2 dw0

( 5 7 ) r f „„
<c0 ξ(x)dwo + co / \VVg\oξ(

JΩ JΩ

which together with (47) implies

(58) [ g-{ *g*Vg*VRm ξ(x)2dwo<Co + co ί \VVg\0 -ξ(x)dw0.
JΩ JΩ
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Substituting (48), (54), and (58) into (44), we get

<-i/\VVg\2

oξ(x)2dwo1
 JΩ

+ c0 I IVV |̂o ξ{x) dw0 + Co / \VVg\0ζ{x)2 dw0 + c0
Jo JΩ

< ~\ ί \VVg\2

oξ(x)2dwo + co [ \VVg\oξ(x)dwo + Co,
λ
 JΩ JΩ

(59) | - ί \Vkgijix,t)\#(x)2dw0 <~f \VVg\2

oξ(x)2dwo + co.
^ J Ω * JΩ

Since

(60) ί \
JΩ

integrating (59) from 0 to T yields

ί \Vkgij(x, T)\2ξ(x)2 dw0 + j ί ί \VVg\2ξ(x)2 dw0 dt < co,
JΩ

 4 Λ) ^Ω

Γ ί \VVg\2ξ(x)2dwodt<co.
Jo JΩ

But on B(x0, γ), ξ{x) = 1; thus

(61) / / \VVg\ldwodt<cθ9

J θ ()

which completes the proof of the lemma.
Lemma 6.3. We still have the following inequalities:

(62) / / \VVg\2dwtdt<c0(n9ko,γ)9

Jθ JB(xo,γ)

/ \2(63) / / \VVg\2dwtdt<co(n9ko,γ).
JO JB(x{),γ)

Proof. Using (45) we get

|vv*p < i6|vv*β o n Λ / x Γ 0 Γ 1 .
( 6 4 ) dw,<2»'2dw0 onΛίx[Ό,J\,

thus

/ / \VVg\2dwtdt<2"'2+4 f f \VVg\2

odwodt.
O JB(xo.γ) Jθ JB(xo.γ)
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From (61) we know that (62) is true. But one has

VV# = VVg + g~ι * V# * V^,

(65) |VVg|2 < 2|VVg|2 + 2\g~ι * Vg * Vg\2.

From (45) and (65) we get

(66) |VVg|2 < 2|VVg|2 + Co,

which together with (62) shows that (63) is true.
Lemma 6.4. For any Xo £ M, t e [0, T], and 0 < γ < +oo we have

j {\Rijkι(x, ή\2 + \ViVj\2}dwt < co{n,ΛQ,γ),

where 0 < co{n, ko, y) < +oo depends only on n, /CQ, and γ.
Proof. Suppose ξ(x) e CQ°(M) is the function satisfying (40) and (41),

and let Ω = B{xo,γ+l). Since \Rijkl\
2 = giagjβgkγglδRiJkιRaβγs, we have

r\ f\ £\

(67) d-t\
RUkl\2 = 2RijklQ-tRijkl + Rm * Rm * — g~ι * g~\

where we have assumed g,7 = δ\j at one point. Thus

(68)

f \Rijkl(x,t)\2ξ(x)2dwt
JΩ

= f \RiJkl(x,O)\2

oξ(x)2dwo
JΩ

+ f ί l \Rijki{x,t)H{x)2dwtdt
Jo d t Jίi

= ί \Rijk,{x)\lζ{x)2dw0
JΩ

+ / / (iRijki-^Rijki + g~3 *Rm*Rm* — g~Λ ξ(x)2 dwt dt

+ f ( \Rijkl\
2ξ{x)2-?-dwtdt.

JO JCl vl

Since \Rjjkι(x)\l < ko, we have

/ \Rijki(x)\2

0ξ(x)2 dw0 < ko ί ζ(x)2dw0

(69) Ja y
<ko dwo < Co.

JB(Xn,V+\)
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"rom (39) it follows that

70) %-dw, = (g~2 * Rm -f g-{ * VV) dwu

at

7 1 ) ,
f ί \Rijk,\

2ξ{x)2-^-dw,dt
Jo Ja ot

= I ί g~4 * Rm * Rm * (g~2 *Rm + g~ι* W)ξ(x)2 dwt dt.
Jo Jίϊ

Jsing (30), (31) and Lemma 6.1 we get

72) ^-^r^Rm + r^vF,

73) t

f [ g-3*Rm*Rm*%-g-ιξ(x)2dwtdt
Jo Ja dt

= ί ί g~4 * Rm * Rm * {g~2 * Rm + g~ι * W}ξ(x)2 dwt dt,
Jo Ja

74) 2 1 I Rijk^Rφi • ξ(x)2 dw, dt

= 2 f f Rijk, • ARijk, • ζ(x)2 dw, dt
JO JΩ

+ / {g~6*Rm*Rm*Rm + £~5*Rm*Rm*VF
Jo Ja

+ g~5 * V * Rm * VRm}£(jt)2 dw, dt.

From (68), (69), (71), (73), and (74) it follows that

\Rukl(x,t)\2ζ(x)2dw,

< Co + 2 f f R,jkι • ARijkl • ξ{x)2 dw, dt
75) Jo Ja

+ {g~6 * Rm * Rm * Rm + g~5 * Rm * Rm * VF
Jo Ja

+ g~5 * V * Rm * VRmK(x)2 dw, dt.
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Integrating by parts yields

iff Rijk, • ARijk, • ξ(x)2 dw, dt
Jo Ja

= 2 ί f RIJk, • gaβVaVβRijki • ξ(x)2 dw, dt
Jo Ja

(76) = - 2 f f gaβVβRijkl • Va[Rijkl • ξ(x)2] dw, dt
Jo JΩ

= -lf ί' \VRijkl\
2ξ{x)2dwtdt

Jo JΩ

+ / / Γ 5 * R m * VRm*ξ(x) * Vξ(x)dwtdt.
Jo JΩ

But since ξ(x) e CQ°(M) is a function, we have

Vξ(x) = Vξ(x),

and by (40),

01 = \Vξ(x)\ < V2\Vξ(x)\0 < 12,

/ £~ 5 *Rm* VRm*ξ(x)* Vξ(x)dwtdt
/o ./Ω

(77) rt r
< Co / / |Rm| IVRm| ξ(x) dwt dt

Jo JΩ

<\ ί ί \VRm\2ξ(x)2dwtdt + c0 ί [ \Rrύ\2dwtdt.
2 Jo JΩ JO JΩ

Substituting this into (76) gives

2 ί ί RukrARukι-ξ(x)2dwtdt
Jo JΩ

( 7 8 ) 3 f t ft
<-^j \VRm\2ξ(x)2dw,dt + c0 \Rm\2 dw,dt.

2 Jo Ja Jo Ja

Now we use (32) and (45) to get

(79) \Vi\2o<co, \Vi\2<2\Vi\l<co, on M x [0, T],
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so that

/ / g-5*F*Rm*VRm ξ(x)2dwtdt
Jo JΩ

< co ί ί |Rm| IVRm| ζ{x)2 dwt dt
Jo JΩ

<ι-\ \VRm\2ζ(x)2dwtdt + c0 \Rm\2ξ(x)2dwtdt
4 Λ) ^Ω ^0 ^Ω

< \ ί ί \VRttL\2ξ{x)2dwtdt + c0 ί ί \Rm\2 dwtdt,
4 Jo JΩ JO JΩ

where we have used (41) and (45) again.
Integrating by parts yields

/ [ g-5*Rm*Rm*VVξ(x)2dwtdt
Jo JΩ

= - / [ g-5*V*V[Rm*Rm*ξ(x)2]dwtdt
Jo JΩ

= ί I g-5*F*[Rm*VRm*£(jc)2

Jo JΩ

+ Rm*Rm*ξ(x) * Vξ{x)]dwtdt.

By (41), (45), (77), and (79) we get

/ [ g-5*Rm*Rm*VVξ{x)2dwtdt
Jo JΩ

<c0 I I |Rm| IVRm| ζ{x) dwt dt
(81) Jo y "

if
+ c0 / / |Rm|2 dwtdt

Jo JΩ

< I ί ί IVRml 2 ^^) 2 ^^^^^ ί I |Rm|2Jw,^.
8 Jo JΩ JO JΩ

Substituting (78), (80), and (81) into (75) gives
(82)

/ \Rijkι(xj)\2ξ(x)2dwt <-\f ί \VRm\2ξ{x)2dwtdt
Ω ° JO JΩ

+ / / £~ 6 * Rπi * Rπi * Rm ξ{x)2 dwt dt
Jo JΩ

-h Co / / \Rm\2dwtdt + c0.
Jo JΩ



276 WAN-XIONG SHI

By means of (37) of §2 it is easy to see that

Rijki = gpigpqRqjki + VV# + g~x * Vg * Vg\

thus

(83) Rm = R m * Γ 1 * ^ + VV£ + g~ι *Vg* Vg.

Since VV^ = VV^ -f ^ - 1 * V# * V^, we have

(84) Rm = Rm * £~ ! * g + VVg + g~ι * V^

[ I g~6 *Rm*Rm*Rmξ(x)2dwtdt
o JΩ

^ ' = / / g~6 * Rm * Rm * (Rm * g~ι * g

+ g~ι * V^ * Vg)ξ(x)2 dwt dt.

By using (41), (45), and |Rm|§ < ko we find
(86) t

/ / g~6 * Rm * Rm * (Rm * g~ι * g + g~ι * V# * Vg)ξ(x)2 dwt dt
Jo JΩ

<c0 I I |Rm|2 dwt dt.
Jo JΩ

Integrating by parts yields

/ / g~6 *Rm*Rm*VVg ζ(x)2 dwtdt
Jo JΩ

= - g~6*Vg* V(Rm * Rm * ξ(x)2) dwt dt,
Jo JΩ

I I g~6 * Rm * Rm * VV^ ξ{x)2 dwt dt
Jo JΩ

= 1 1 g~β*vg* ( R m * v R m * z(χ)2

Jo JΩ

-h Rm * Rm * ξ{x) * Vζ(x)) dwt dt.
Using (41), (45), and (77) we get

/ / g~β * Rm * Rm * VV# £(JC)2 dwt dt
Jo JΩ

(87) <cof [ \Rm\>\VRm\. ξ{x)dwtdt +c0 [ f\Rm\2dwtdt
Jo JΩ JO JΩ

<τ ί ί \VRm\2ξ(x)2dwtdt + c0 ί [ \Rm\2dw,dt.
o Jo JΩ JO JΩ
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Then it follows that

/ / g~6 * Rm * Rm * Rm ξ{x)2 dwt dt

(88) Jo J Q

^ τ I I \VRm\2ξ{x)2dwtdt + c0 ί [ |Rm|2 dwt dt,
° JO JQ Jθ JQ

from (85), (86), and (87), and that

/ \Rijkι(x9t)\2ξ(x)2dwt < - ί ί \VRm\2ξ(x)2dwtdt
/QQΛ JQ JO JΩ

+ CQ / |Rm| 2 dwt dt + c0

Jo JQ

from (82) and (88). Using (45), |Rm|§ < ko, and (84) we get

(90) |Rm|2 < Co + |VVg|2 co;

thus

/ / |Rm|2 dwt dt<c0 I [ dwt dt
Jo JQ JO JQ

(91) +co[ [\VVg\2dwtdt
Jo JQ

<co + co[ I \VVg\2dwtdt.
Jθ JB{xo,γ+l)

Use of Lemma 6.3 with γ replaced by y + 1 yields

/ / \VVg\2dwtdt<c0,
Jo JB{xo,γ+\)

which together with (91) implies

(92) / / \Rm\2dwtdt<c0.
Jo JQ

Substituting (92) into (89), we get

(93) I \Rijkl(x, t)\2ξ(x)2 dwt < - f ί \VRm\2ξ(x)2 dwt dt + c0.
JQ JO JQ

Since

(94) V

we have

d t ' J ~ dx' \dt J) ijdt k kdt
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Suppose (22) is true at one point. Then

(95) Sv^V

21* ί2-1*. = ί.d'" f(96,

and therefore

_dx'

2°

d (d \ d

(I?*)]

From (31) it follows that

ί*ϊj = g~ι

(97) d t

^-TΊj = g~2 * VRm + r '*VVF.

Substituting (97) into (95) yields

(98) ^-ViVj = V, (^-V^j +g~2*V* VRm + g~ι * V * VVF.

Using (32) and (37) we know that

l-ViVj = Vi(AVj + g~3 * Vg * Rm + g~2 * Vg * VV)

+ g~3 *V^*VRm + g~2 *Vg*VV,

^ViVj = A(VjVj) + g~3 * VVg * Rm + g~3 * Vg * VRm

+ g~2 * VVg * VF + g~2 * Vg * VVF,

where we have used the interchange formula of two covariant derivatives
to claim that

V,(ΔF, ) = Δ(V,F; ) + g"3 * VVg * Rm + g~3 * Vg * VRm.

From the definition we have

thus

(100) i\V'VA2 = 2VιVj • ζ-ViVj + g~x * %— * VV * VV.
ut ot at
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Using (30) and (31) we get

§-t§-t\ViVj\2 = 2Vi Vj j ViVj + g~4 * Rm * VF * VF

+ #"3*VF*VF*VF,

/ \ViVj\2ξ(x)2dwt = f \ViVj\te(x)2dw0

+ IΎt I' \ViVj\2ξ{x)2dwtdt.
Jo dtJn

Since Vf ^ = 0 at the time / = 0,

f \ViVj\iξ{x)2dw0 = 09Ja

(102) / \ViVj\2ζ(x)2dwt= f I ^ViVtf
JΩ JO JQ ό t

Substituting (70), (99), and (101) into (102) gives
(103)

/

= 2 f f Vi Vj Δ(V, Fy) ξ(x)2 dwt dί
Jo Ja

+ 11 (g~5 * VVg *Rm*VF + g-$ *Vg* VRm * VF
Jo Ja

+ g~4 * VVg * VF * VF + g~4 * Vg * VVF * VF

+ g-4*Rm*VV*VV+g-3*VV*VV*VV)ξ{x)2dwtdt.

By integrating by parts, we get

2 [' [v,Vj-A{V,V}) ζ(x)2dwtdt
Jo Ja

= 2 f ί ViVj • srtV.VβiVtVύ ξixΫdwtdt
Jo JΩ

= -2 [' ί VβφiVj) Vα{g^V,F r ξ{xγ}dwtdt
Jo Ja

= -2 [' ί \VVV\2ξ(x)2dw,dt
Jo Ja

+ f f g-3 * VVF * VF * ξ(x) * Vξ(x) dw, dt.
Jo Ja
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Using (77) and (45) yields

2

+
(104)

f ί'viVj.AφW'ζixfdwtdt
Jo JΩ

<-2 [ [ \VVV\2ξ{x)2dwtdt
Jo JΩ

cof(\VVV\.\VV\.ξ{x)dwtdt,
Jo JΩ

f ( ViVj.AiViVfi.ξixΫdwtdt
Jo JΩ

< ~ f ί \VVV\2ξ{x)2dwtdt
° Jo JΩ

[ \W\2dwtdt,[ [
Jo JΩ

which together with (103) implies
(105)

ί \ViVj\2ξ{x)2dwt
JΩ

ί-Ύ- [ ί \WV\2ξ(x)2dwtdt
* Jo JΩ

+ (g~5 * VV# * Rm * VF + g~5 * Vg * VRm * VF
Jo JΩ

+ g~4 * VV# * VF * VF + g~4 * V^ * VVF * VF

+ g~4 * Rm * VF * VF + g~3 * VF * VF * VF)£(x)2 dwt dt

+ c0 ί ί \VV\2dwtdt.
Jo JΩ

Using (41) and (45) we get
(106)

/ I (g~5 * Vg * VRm * VF + g~4 * V^ * VVF * V F ) . ξ(x)2 dwt dt
Jo JΩ

< Co ί ί (|VRm| |VF| + |VVF| |VF|)£(;c)2 dwt dt
Jo JΩ

< Co ί ί (|VRm| |VF| -f |VVF| \VV\)ξ(x) dwt dt
Jo JΩ

<\ ί ({\VRm\2 + \VVV\2)ξ(x)2dwtdt
<> Jo JΩ

+ co ί ί \VV\2dwtdt.
Jo JΩ
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Integrating by parts yields

f [ g-5*VVg*Rm*VF ξ{x)2dwtdt
Jo Ja

= - / ί g-5*Vg*V[Rm*VVξ{x)2]dwtdt
Jo JΩ

= I ί g~5*Vg* [VRm * VF * ξ{x)2 + Rm * VVF * ξ{x)2

Jo JQ

+ Rm * VF * ξ(χ) * Vί(jc)] dwt dt,

which together with (41), (45) and (77) gives
(107)

ί ί g~5*VV#*Rm*VF ξ{x)2dwtdt
Jo Jci

< Co ί ί (|VRm| • |VK| + |Rm| • |VVF| + |Rm| \VV\)ξ{x) dw, dt
Jo Jίi

< 1 f ί (\VRm\2 + \VVV\2)ξ(xγdwtdt
8 Jo Ja

+ co[ ί \VV\2dw,dt + c0 ί ί |Rm|2dw,dt.
Jo Ja Jo Ja

From (32) it follows that

(108) VF = g-'

thus g~3 * VF * VF * VF = g~4 * VVg * VF * VF. Substituting this and
(84) into (105) yields
(109)

/ ί\#~4*VV£*VF*VF + £ - 4 * R m * V F * V F
Jo Ja

+ g~3 * VF * VF * VF)£Cx)2 ί/u;, dt

= ί ί (8~4 * VVg * VF * VF + Rm * g~x * g * g~4 * VF * VF
Jo Ja

+ g~5 * Vg * Vg * VF * W)ξ(x)2 dw, dt.

Using (41), (45), and |Rm|g < Â  we get

ί f (Rm*g-1 *g*g-4*VV*VV
Jo Ja

(110) + # - 5 * V# * Vg * VF * 2

<co f [ \VV\2dw,dt.
Jo Ja
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By integrating by parts, we find

f f g-4*VVg*VV*VV*ξ(x)2dwtdt
Jo JΩ

= -[ [ g-4*Vg*V[VV*VV*ξ(x)2]dwtdt
Jo JΩ

= ί ί g-4*Vg*(VV*VVV*ξ(x)2+
Jo JΩ

+ VF * VF * ξ(x) * Vξ(x))dwtdt,

and therefore, in consequence of (41), (45), and (77),

f f g-4*VVg*VV*VV*ξ(x)2dwtdt
Jo JΩ

< Co I ί (IVK| IVVF| + IVV\2)ξ(x) dwt dt
Jo JΩ

( 1 1 1 ) <\ ( ( \VW\2ξ(x)2dwtdt + c0 f I \VV\2dwtdt.
o Jo JΩ JO JΩ

Substituting (110) and (111) into (109) gives

/ / ( £ - 4 * V V g * V F * V F + £ - 4 * R m * V F * V F

(112) + g~3 *VV*VV* VV)ξ(x)2 dwt dt

^ τ ί ί \VVV\2ξ(x)2dwtdt + c0 ί ί \VV\2dwtdU
o Jo JΩ JO JΩ

and substituting (106), (107), and (112) into (105) gives

ί \ViVj\2ξ{x)2dwt
JΩ

(113) < -I [ [ \VVV\2ξ(x)2dwtdt+\ [ [ \VRm\2ξ(x)2dwtdί
ιJo JΩ °* JO JΩ

+ co[ f \Rm\2dwtdt + c0 ί [\VV\2dwtdt.
Jo JΩ JO JΩ

If we replace γ by γ + 1 in Lemma 6.3, from (63) it follows that

(114) / f \VVg\2dwtdt<c0.
Jo JΩ

Using (108) and (114) we know that

(115) ί ί \VV\2dwtdt<cQ.
Jo JΩ
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Subst i tu t ing ( 9 2 ) a n d ( 1 1 5 ) i n t o ( 1 1 3 ) , w e h a v e

/ \ViVj\2ξ{x)2dwt <~f I \WV\2ξ{x)2dwtdt

(116) JΩ 2 J o

t

J ς ι

+ ί tj ί [ \VRm\2ξ(x)2dwtdt + c0,4 Jo JΩ

which together with (93) yields

ί (\Rukι(x9t)\2 + \ViVj\2)ξ{x)2dwt

(117) t

4 / / (|VRm|2 + \VVV\2)ξ(x)2dwtdί < c0.

Since ξ(x) = 1 on B(xo,γ), from (117) it follows that

(118) max
o</<r

and hence Lemma 6.4.

If we let / = Γ, from (117) we get

(119) / f
0 JB(xo,γ

where 0 < CQ(Π, ko, y) < +oo depends only on «, ko, and γ.

Lemma 6.5. For any Xo G M, 0 < γ < +oo, and integer m> I, we have

ί ί [\Rijki(x, t)\2 + IV/F/Γ" 1 |VVg|2 rfu;, Λ < c(/i, m,*b, y),
./O JB(xo,γ)

max / [ | i?^/(x,0 | 2 + \ViVj\2]mdwt < c(n,m,ko,γ),
o<t<τ J B{XOt7)

Γ ί [ l ^/^O^ + IV/F pΓ-
^0 JB{xo,γ)

<c(n,m,ko,γ)9

where 0 < c(n, m, ko, γ) < +oo depends only on n, m, ko, and γ.

Proof. We prove this lemma by induction. In the case m = 1 from
Lemma 6.4, Lemma 6.3 and (119) it follows that Lemma 6.5 is true.
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Suppose for s = 1,2, , m - 1 we have
(120) τ

ί , t)\2 + \ViVj\2γ-χ\VVg\2dwt dt < c(n,s,/co, γ),

) τ

ί ί
JO JB(xo,

j

/ 2 + \ViVj\2Ymax / [\RiJk,(x,t)\2 + \ViVj\2Ydwt < c(n,s,ko,γ),
o<t<τ J B { )

ί ί
JO JB(xo,

7 l2 + \VVV\2)dwtdt
o,γ)

<c(n,s,ko,γ)

for any Xoe M and 0 < γ < +oo.
In the case s = m, suppose ξ(x) G CQ°(M) is the function defined by

(40) and (41), and let Ω = B(x0, γ + 1).
Using the induction hypothesis (120) and the same arguments as in the

proof of Lemma 6.3 and (117) we get
2 1 ) Γ

/ I [\Rijki(x, t)\2 + IV,Vj\2Γ-1 |VVs|2£(x)2 dwt dt < c(n, m,*b, γ),
Jo JΩ

[
Ω

ί [ \ j \ \ j \
Jo JΩ

• [|VRm|2 + IVVV\2]ξ(x)2 dwt dt < c(n, m, h, γ)

for all t e [0, T]. Since ξ(x) = 1 on B(x0, γ), we have

is
Jθ JB(xlhγ)

ki(x, Ol2 + IV, Vj\2]m'11VV^|2 dwt dt < c(n, m, k0, γ),

max / [\Rijkl(xj)\2 + \ViVj\2]mdwt < c(n9m9ko9γ)9o<ί<τjB{Xoγ)

JO JB(x(),y7)

• (IVRm|2 + IVVK|2)dw t dt < c(n, m,k0, γ).

Thus the lemma is also true in the case s = m.
Theorem 6.6. There exists a constant c(n, k0) > 0 depending only on n

and k0 such that

(123) sup \Rijkι(x9t)\2<c(n9ko)9 sup |V,F7 |
2 < c(n,k0).

Mx[0J] Mx[0J]
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Proof. From Lemma 6.1 we know that

•gzRijki = ΔRijki + S~2 * Rm * Rm + g~ι * V * VRm + g~ι * Rm * VF.

Since
g"1 * V * VRm = V(g-{ * F * Rm) - g~{ * Rm * VF5

Λl7ik/ = ARiju + V^" 1 * F * Rm) + g"2 * Rm * Rm

+ g - 1 *Rm* VF,

which can be written as

(124) §-tRijki = *Rijkl + y7P + Q,

where P = g"1 * F*Rm, and Q = g~2*Rm*Rm +g~ι *Rm*VF. Using
(37) and (98) we get

(125) i*lVj Vi{AVj) + Vi{8 * ̂ g *
+ g-2*V* VRm + g~i *V* VVF,

and

(126) V, (ΔF,) = Δ(Vj Vj) + g~2 * Rm * VV + g~2 * V * VRm
by means of the interchange formula of two covariant derivatives. Substi-
tuting (126) into (125) yields

(127) ^ i ^

+ g~2*V* VRm + g~ι * V * VVF + g~2 * Rm * VF.

Since

g~2 * V * VRm = V(g~2 * V * Rm) - g~2 * Rm * VF

= V(g"3 * Vg * Rm) - g~2 * Rm * VF,

g~ι * F * VVF = V(g"' * F * VF) - g~{ *VV*VV

= V(g-2 * Vg * VF) - g~[ * VF * VF,

from (127) it follows that

(128) Έt*iV} = Δ ( V / F j ) + V ( g " 3 * * 8 * R m + g " 2 * ̂  * V F )

+ ^~2 * Rm * VF + g~x * VF * VF,

which can be written as
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where F = g~3 * Vg * Rm + g~2 *Vg*VV and G = g~2 *Rm* VF+

Let y0 = s(l Ao)1/4 For any x0 € M, from (45), (79), (124), (129), and
Lemma 6.5 it follows that for any integer m > 1 we can find constants
c(n, m,ko)>0 depending only on n, m, and &o such that

max / \P\m dwt < c(n, m, k0),

(130)
max, / \Q\m dwt < c(n, m,ko);

max / \F\mdw,<c(n,m,ko),
/ 1 *> i \ — — B(XQ,yQ)

(131)
max / \G\m dwt <c(n,m,ko).

o<t<τJB{Xθiγo)

If the injectivity radius of M at Xo satisfies

(132) mj(xo)>π(l/ko){/\

then the geodesic ball B(xo, γo) Q M basically is the same as a ball in
Euclidean H-spaceR". Thus using (118), (119), (130), (131), (124), (129),
and the same arguments as in the proof of Theorem 8.1 in [4, §8, Chapter
III] we know that there exists a constant c(«, ko) > 0 depending only on n
and ko such that

sup \Rijki(x,t)\2 <c{n,ko),

sup |Vf ^ |2<c(Λ,Λo)
B{x0tγ0/2)x[0tT]

If (132) is not true at JC0, then let

(134)

be the nonsingular map defined in (9) of §5; thus we can pull everything
back from M to 5(0,π{\/ko)

χlA) and do the analysis on B(0,π(l/ko)1^).
For any integer m > 1, similar to Lemma 6.5 we have

/ L
JO JB(xo,γo+γ{)/

\ M ) \ \ j \ ]

<c(n,m,ko)9
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\2]m
max / [\Rijki(x, Ol2 + IV, Vj\2]m dwt < c(n, m,hi
< t < T j B { / )

Γ ί
JO JB{xo,γ

M j
B{xo,γo+γo/m)

• (IVRm|2 + IVVF|2) dwt dt < c(n, m, ko),

where 0 < c(n,m,/co) < +00 depends only on n,m, and /CQ. Thus (130)
and (131) are also true on B(x0, γ0). By the same reason as that for (133)
we get

(135) ^ sup \Rijki\
2<C{n,ko),

B(xOijγo)x[O,T]

(136) sup |Vf ^ |2<C(Λ,Λb).

Pushing forward to M from (135) and (136) we know that (133) is also
true in the case when (132) does not hold.

But Xo G M is arbitrary, so from (133) we get

(137) \Rukl(xJ)\2<C(n,ko), \ViVj\2 <C(n,*b) onMx[0,Γ];

thus the theorem is true.
Theorem 6.7. For the constant T = T(n,ko) > 0 in (2) the unmodified

evolution equation

( 1 3 8 )

has a smooth solution gij(x, t) > 0 on Mx [0, T] and satisfies the following
estimate:

-^Su(x) < gij(x,t) <

\\Rιjkι(xJ)\\2<C2 onMx[0,T],

where 0 < c\, cι < + 00 are constants depending only on n and ko, and || | |2

denotes the norm with respect to the metric gij{x, t).
Proof. Suppose gaβ(y,ή is the metric defined on (4). Then

dx'
(140) (t)

From (3) we have
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Since by definition

from (141) it follows that

(142) ^ = gkl(xj) • V^xJl y°(x,0)=x°.

If we replace x by y and y by xb then from (7), (141), and (142) we know
that if we define

(143) &/»(*•<)

where yk = yk(x, t) satisfies the quasilinear ordinary differential equation

-Q k

(144) -jL = gkl(y, t) • F7(y, 0, / ( * , 0) = xk,

then the metric ds2 = gaβ{x, t) dxadxβ > 0 satisfies the evolution equation

(145) Tt&j(χ't] = " 2 ^ ( x ' l ) o n M x [ 0 ' Γ ] '

Since wk(x, t) = gkl(x, t) Vj(x91) is a smooth vector field on M x [0, T],
from (79) and Theorem 6.6 it follows that

(146) |u;*(*,OI2<co(*,*b), \ViWk\2<co(n,ko) onMx[0,T].

Thus using the standard theory of ordinary differential equations we know
that the system of ordinary differential equations (144) has a unique
smooth solution yk = yk(x,t) on M x [0, T]. Therefore by (143),
gaβ(x, t) e c°°(M x [0, T]) is well defined and satisfies the evolution equa-
tion (145).

From (143) we get

dv dvj dvk dvι

(147) ^^JL^

which together with (143) implies

\\Ri)ki{x,Oil2 = gia8iβgkyglδRijki(x, t) • Raβyδ{x, t)

(148) = giagiβgkygιsRijk,(y,t)-Raβys{y,t)

= \RUki(y,t)\2.

A use of Theorem 6.6 gives

(149) \\Rijkl(x,t)\\2<c(n,ko) onMx[0,T],
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or

\\Rij(x,Oil2 < ^2c(n,ko) onMx [0,Γ],

which together with (145) implies
2

(150) fl/^*'^ < 4«2 c(w,/co).

Thus we have

. d .
dtOlJ ^ _ v _ β l < / onMx[0,Γ],

and therefore

e-2n^cTgij(x, 0) < gij(x, t) < e2n^cTgij(x, 0), 0 < t < T.

Let ci = e

2n^cT. Then

(151) j Siλx) < gij(xJ) < cιgij(x) on M x [0, Γ].

From (149) and (151) we know that the theorem is true.

7. Higher derivatives estimate

In this section we use gij(x,t) to denote gij{x,t), and | | 2 to denote
|| | |2, i.e., gij(x,t) > 0 is a smooth metric o n M x [0,T] and satisfies the
following:

d
(l) dt8ij{x'ι) = 2 i ? / > ( *' r ) o n M x

(2) -*(/W
|ΛlVJt/(x, Ol2 < co o n M x [ 0 , Γ ] ,

where Γ = T(n, ko) > 0 and 0 < c, Co < +o° are constants depending only
on n and /co> and | | 2 is the norm with respect to gij(x9 i).

From Theorem 6.7 we know that such a solution gij{x, t) exists; thus to
prove Theorem 1.1 we only need to prove the following lemma.

Lemma 7.1. For any integer m > 1, there exist constants cm > 0 de-
pending only on n, m, and ko such that

(3) \VmRijki(x, Ol2 < cm/tm onMx [0, T].
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Proof. From Theorem 7.1 of [3] we have

d n

— gPq(RpjklRqi + RipklRqj + RijplRqk + Riji

where

Bijkl = gPygqSRpiqjRyksh

thus

(4) TrRnki = ΔRnki + £~ 2 * R m * R m

From (4) it follows that

^|Λ,;W|2 = 2Rm—Rm + s~3 * - I p * Rm * Rm

(5) = 2/?,7A:/ ΔRjjki + g~6 * Rm * Rm * Rm,

— \Rij/ζl\
2 - A\Rijkι\

2 - 2\VRijkι\
2 -f g~6 * Rm * Rm* Rm.

Using (2) we get

(6) -Q-t\
RUki\2 < Δ\Rukι\

2 - 2\VRijkι\
2 + Co,

where 0 < Co < +oo means some constants depending only on n and ΛQ;
they may not be the same as each other.

Again by (4) we have

(7) a 7 V Λ u * ' = A(yRuk,) + g~2 * Rm * VRm,

(8) + g~η * Rm * VRm * VRm,

§-t\VRiJk,\
2 < A\VRijkι\

2 - 2\S72RiJk,\
2 + co|Rm| • |VRm|2,

which becomes, in consequence of (2),

(9) §-t\VRijki\2 < Δ|VΛ0 A / | 2 - 2|V2%t,|2 + co|VRm|2.

Suppose a > 0 is a constant to be determined later. From (6) it follows
that

(10) ^ ( β + \Rijkl\
2) < Δ(α + \Rijkl\

2) - 2\VRukl\
2 + Co,
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which together with (9) yields

< A[(a + \Rukl\
2)\VRijkl\

2] - 2Vp\Rijkl\
2 • Vp\VRijkl\

2

- 2\VRijkl\
4 + cQ\VRijkl\

2 - 2(α + \Rijkl\
2)\V2Rijkl\

2

Since

-2Vp\Rijkι\
2 • Vp\VRijkt\

2 = Rm * VRm * VRm * V2Rm

< co|VRm|2 |V2Rm|

substituting this into (11) we get

<Δ[(a + \RiJkl\
2)\VRijk,\

2]

2
un

+ co(α + |Λ0,,|
2)|VRm|2.

If we choose

(13) a = ^ + c0,

where CQ is the constant in (2) and c$ is the constant in (12), then we have

c2

(14) 2 - ^ > l , a<a + \Rijkl\
2<a + c0<2a.

Substituting (14) into (12) gives

§-t[(a + \Rijkι\
2)\VRUki\2]

<A[(a + \Ruk,\
2)\VRukl\

2]

- \VRijkl\
4 + co(l + \/a){a + \Rijkl\

2)\VRijkl\
2

(15) < Δ[(α + \Rijk,\
2)\VRijk,\

2] - ^(a + \Rijk,\
2)2\VRijkl\

A

+ co(l + l/a)(a + |Λyt/|)|VΛ0 Λ / |
2

< Δ[(a + |/?,7A /|2)|V/?,7A./|2] - ^ ( α + |%fc/|2)2|VΛl7A/|
4

+ co(n,ko,a).
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If we let

(16) φ(x, /) = (« + \RiJkl\
2) • \VRUkl\2 t on M x [0, T],

then

(17) φ{x,0) = d VxeAf.

From (15) we know that

^<Aφ--^Γίφ
2 + c0(n,k0,a) + ̂  onMx[0,T],

(18) | E < Δ f + f [ l + ^(ι . ,*6,α)Γ-^ j] ,

! ^ | onΛ/x[0,Γ],

where 0 < C\, c-i < +oo depend only on n, ICQ, and a.
For any point Xo € Λ/, by (39), (40), and (45) of §4 we can find a

function ξ(x) such that

ξ(x) = 1, x e B(x0,1),

(19) {(x)sθ, ΛT

< l , xeM;

(20) |V^)|g < 42ξ(x) VxeM,

VVξ() > -c3(ko)gaβ(x), x&M,

where | \l denotes the norm with respect to the metric gaβ. Consider the
function

(21) F(x,t)=ξ(x)φ(x,t), (x,t)eMx[0,T).

Then from (16), (17), and (19) it follows that

F(x,0) = 0,x€M,

(22) F(x, t) Ξ 0, (x, t) G (M\B(x0,2)) x [0, T],

F(x,t)>0,(x,ήeMx[0,T].

I f F(x, t) φ 0, by ( 2 2 ) w e k n o w that there ex is ts a po in t (xx ,t{)e B(x0,2) x
[0, T] such that

( 2 3 ) F(Xι, t,) = jnax^ F(x, t) > 0,

which together with (22) implies that

(24) /, > 0,
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and therefore that

(25) ££(*,,/,)>(), VF(Xι,h) = 0, AF(xutl)<0.

Thus

(26) ξ{xι)^{xι,tι)>0.

Since ζ > 0, from (18) and (26) we get

(27) Zl
{cι

On the other hand, by (25) we have

(28) ζAφ + 2ga^aξ-Vβφ + φΔζ<0 at

which together with (27) gives

(29) &

Since VF(xι,t\) = 0, we have

ξ

( 3 0 ) 2g"l> ^ Λt{xutι).

Using (29) and (30) we get

(31) ^ ψ β
^ ( c 2 φ i ι ) ψ g V d

Since F{xι,t{) = ξ(xι) • φ{x\,t\) > 0, from (19) it follows that

(32) ξ(x\)>0, φ(xutι)>0,

and since ξ(x) is a function, we have

(33) g"βV

Using (2) and (20) we get

(34)

Substituting (32) and (34) into (31) we find

(35) Q(c2φ-cx)<7>lcφ-φΔξ at (*,,/,)•
h
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We also have

Δiξ = gaβVa
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(36) = β β

-Δξ = -gaβvββξ + gaβ{Vaβ -

From (20) and (2) it follows respectively that

Vyξ.

• gaβ,

(37)

Substituting (37) into (36) we get

(38) -Δξ < nc3 • c + gaβ(Γβ - Γaβ) • Vγξ.

Since
dgaβ

al> 2s \dχβ + dx° dxs ) '

dt ) + a\ dt dt

Using (1) we have

We still have

(40)

From (14) and (16) it follows that

< n2\VRijk,\\

< φ/(at),

which together with (40) gives

(41)

Using (39) and (41) we know that

(42)

From (23) we have

d_

dt aβ

3/ι

ζ(xι)φ(xltt) = F(xι,t) < F(Xι,ίι), t e [0, T],

(43)
ξ(xι) '
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which together with (42) yields

(44)

Thus

ΓV*i,ίi) - ΐlfi(xι) = Γ^(*i,f,) - Γaβ(xu0)

295

•dt

•dt

l/2

(45) < 6R

From (20) we know that

(46) |V{(x,)|o <

Using (45), (46) and (2) we get

(47) gaβ(Kβ ~ Kβ) • Vγξ < 24n2 (—

By means of (38) and (47) we find

(48) -Δ£< nc3-c + c4F(xi,ii)1/2 at(xi,ίi),

where c4 = 24n2{Tc/a)1'2.
Using (32), (35) and (48) we get

ξφ{c2φ - Ci) < (32c + nc3c)tιφ + cAh<pF(xuti)
l/2 at (xutι)

< (32c + ncyc) Tφ + Ci-T- φF{xx,U)1'2,

ζφ(c2φ — C\) < c$φ + C(,φF{x\,t\γ' at (x\, t\).

By (32) we have

), so
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Since 0 < ξ(xx) < 1,

(49) c 2 F ( x x , t x ) 2 < c 7 F ( x x 9 t x ) + c 6 F ( x x ,

where 0 < £3, £4, £5, Cβ, Cη < +00 are constants depending only on n,
and a.

Since c2 > 0, from (49) it follows that

(50) F(xx,tx)<cs(n,ko,a),

which together with (23) gives

F(x, t) < cs(n, k0, a) on M x [0, T],

ξ(x)φ(x,ή<cs(n,ko,a) onMx[0,T].

Using (19) we get

φ{xj) < cs(n,ko,a) on B(x0,1) x [0, T[.

Since JCO € M is arbitrary,

(51) φ(x,t)<cs(n,ko,a) on M x [0, Γ].

From (16) and (51) it follows that

2 ί < C 8 onΛ/x[0,Γ],

\VRiJkl\
2<c9/t onMx[0,Γ],

where 0 < £9 < +00 depends only on n, k0, and α. By (13) we know that
a depends only on n and ko, and therefore £9 depends only on n and ko.
Hence the lemma is true in the case m = 1.

By induction, suppose for s = 1,2,... , m - 1 we have

(53) \VsRijki\2<cs(n,ko)/ts onMx[0,n

In the case s = m > 2, we define a function

(54) ψ{x,t) = (a + r-ι\V'"-ιRijkI\
2) \Ψ«Rιjkl\

2r

and choose <z large enough. Then similarly to (18) we have

(55) ^ < A ψ + ̂ {cXo-cuψ) onMx[0,T],

where 0 < Cio, cX\ < +00 depend only on n, m, and ko.
Let At denote the Laplacian operator of the metric gij{x, t). Then using

(53) and reasoning similar to (48) we can show that

(56) -Atξ(x) < cx2(n, ko) V(x, t) e M x [0, T],
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where ξ(x) is the function defined by (19) and (20). Thus similar to (51)
from (55) and (56) it follows that

(57) Ψ{x,t)<ci3{n,m9ko) onMx[0,Γ],

which together with (54) implies

(58) \VmRijkl\
2<cm(n,ko)/tm onΛ/x[0,Γ].

This completes the proof of Lemma 7.1, and hence Theorem 1.1 is true.

8. Remark

In this section we want to generalize Theorem 1.2. In Theorem 1.2 we
proved that if (M,ds2) is a complete noncompact Riemannian manifold
with bounded curvature tensor, then one can find a metric ds2 on M,
which is equivalent to ds2 and has bounded curvature tensor and all of
the covariant derivatives. Now we want to prove that if the curvature of
ds2 is not bounded but satisfies some growth condition, we can still get
some kind of estimate for the covariant derivative of the curvature of ds2.

Suppose (M,ds2) is an ^-dimensional complete noncompact Rieman-
nian manifold with metric

(1) ds2 = gu(x)dxidχJ>0,

and satisfies the curvature growth condition

(2) \Rijkι{χ)\

where Xo € M is a fixed point, γ(x,xo) denotes the distance between xo
and x, and βo > 0, a > 1 are some constants.

Define a function φ on M as follows:

(3) φ(χ) = [i + γ(χ,χo)2]a/\ xeM.

Using curvature condition (2) and the comparison theorem in Riemannian
geometry we know that at the smooth points of γ(x,xo) one has

\Vy(χ,χo)\<U

(4) |V/ ^ / 2

thus at the smooth points of φ{x) we have

\Viφ(x)\<β1[\+y(x9x*)γ-\

(5) \ViVjφ(x)\ < β3[\ + y(jc, JCO)]3 0 7 2" 1 Vx e M.



298 WAN-XIONG SHI

Since φ(x) may not be smooth on the whole manifold M, we are going
to use the mollifier technique to smooth φ on M. Suppose {θk(x)} for
k = 1,2,3,... is a partition of unity on M:

θk € c

0<θk(x)<l VxeM,

(6) θk(x) = 0 ify(x,xo)>2k +

orγ(x,x0)<2k-1

k=i

Then we have

k=\

(7) supp(θ^) c B

Since the support of function θkφ is contained in a compact subset of M
and the injectivity radius of M in that compact subset is bounded away
from zero, using the mollifier technique we can find a function ψk e c°°(M)
such that

suppψkCB(x0,2
k + 2)\B(x0,2

k-ι-2\ k= 1,2,3,. . . ,

(8) \Vi{ψk-θkφ)\ < (\) , k= 1,2,3,... ,

IV/V iίψlr — θlrφ)\ < (\) .

Define

(9) ψ(χ) = 2^Ψk(χ), xeM.
k=\

Then we have
ψ(x) e c°°(M),

(10) ^ [ 1 + 7 ( x ' X o ) ] Q - ψ{x) ~ 4 [ 1 + y ( x ' * o ) ] α '

|V/V7-^(x)| < )S5[1 + yC^xo)]3^2"1 Vx G Λf.

Now define a new metric d/ί2 on M:

(11) ύfi2 =
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where

(12) 8ij{x) = ψ{x)gij{x)

Then the curvature tensor of ds 2 is
(13)

Rijki = ψRijki + ^{gjkViVtψ - gjiViVkΨ - gikVjV,ψ + guVj

Using (12) and (13) one gets

(14) \Rijkl\ < k | ^

where V denotes the covariant derivative with respect to ds2. From (2)
and (10) it follows that

(15) sup \Rijkι(x)\ < βi < +oo.

Thus by Theorem 1.2 we know that there exist a constant β% > 0 and a
metric ds2 on M,

(16) ds2 = gij(x)dxidxj >09

such that

ηrgij{x) < gij(x) < β*gij(x), xeM,
PS

(17) s u p l V ^ R U i W I ^ c ^ + o o , k = 0,1,2,3,... ,

where Rm denotes the curvature tensor of £ / 7, V the covariant derivatives
with respect to gij9 and V^ the kth order covariant derivatives.

Now we define the metric

(18) dsl^g ^

From (12), (17), and (18) one has

(19) i-gij{x) < gΐjix) <
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where Rm* denotes the curvature tensor of ds2. Using the same reasoning
as in (14) we get

(20) |Rm*| < # > V | | +

If we differentiate both sides of (13), similar to (14) we get the estimate
for the covariant derivatives:

|V*Rm*| < βw (V3/2|VRΪn|
(21) V

+

From (10) and (12) it follows that

(22) \Viψ(x)\ = -j=\

where V is the covariant derivative with respect to ds2. Using (17) and
(22) we get

(23) \ViΨ{x)\<βn[l + y{x,x*)rl2-χ.

If the second and the third order covariant derivatives of ψ with respect
to ds2 are not well controlled, we can use the heat equation

(24) ^ ψ(χ, t) = λψ(x, t), ψ(x, 0) = ψ(x),

to deform ψ(x) for a small time interval [0,5]. Using the estimate argu-
ments derived in the previous sections we can control the second and the
third order covariant derivatives of ψ(x9t)9 and ψ(x,ί) still has growth
order [1 + γ(x9xo)]n. Thus without loss of generality we can assume that

l[l + γ(x,xo)]n < Ψ{x) < 8[1 + γ(x,xo)r,

(25) \ViΨ

Of course here we have to use (17), and the fact that all of the covariant
derivatives for the curvature of ds2 are bounded on Λ/. Substituting (25)
into (20) and (21) and using (17) again we find

\Rm(x)\<βl4[l

| V * R m * ( ) | < ^ [ l + ( x ) ] 3 α / 2 , xeM.

From (19) and (26) we get the following theorem.
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Theorem 8.1. Suppose M is an n-dimensional complete noncompact
Riemannian manifold with metric

ds2 = gij(x)dxidxj > 0,

and satisfies the curvature growth condition

|Rm(x)| < βo[l

Then there exists another metric

on M such that

β*
(27) \Rm*(x)\<βl4[l+γ(x,x0)]a,

where 0 < βs,β\4,β\5 < +oo are some constants depending only on n, a,
and βo.

Similarly one can get a control for the higher order covariant deriva-
tives of Rm*(jc). Furthermore, if the growth of Rm( c) is larger than
[1 + γ(x,xo)]a, then one can still get similar results.
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