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ONE-DIMENSIONAL GIBBS STATES
AND AXIOM A DIFFEOMORPHISMS

D. RUELLE

Abstract

We study the equilibrium statistical mechanics of one-dimensional classical

lattice systems with exponentially decreasing interactions. For such systems,
the Fournier transforms of pair correlation functions are meromorphic in a
strip, and the residues of the poles can be expressed in terms of “Gibbs
distributions.” The latter are defined like Gibbs states, but without the
positivity condition. Using symbolic dynamics, we can apply these results to
Smale’s Axiom A diffeomorphisms; the Gibbs distributions then become
distributions in the sense of Schwartz on the manifold.

0. Introduction

The Gibbs states of equilibrium statistical mechanics are probability mea-
sures (on the space of configurations of an infinite system) which satisfy
certain linear conditions.! We introduce here the more general concept of
Gibbs distributions: they satisfy the same linear conditions as before, but are
elements of a larger space than that of measures.” We determine a class of
Gibbs distributions in the case of one-dimensional lattice systems with ex-
ponentially decreasing interactions. The interactions are allowed here to be
complex. The main interest of this result is that it gives an expression for the
residues of poles of the Fourier transform of the pair correlation function.
While one-dimensional systems with short range interactions are in a sense
trivial (they have no phase transition), they are useful in the analysis of certain
differentiable dynamical systems on a manifold (Axiom A diffeomorphisms).
We shall thus be able to study the correlation functions of these dynamical
systems, and express the residues of the poles referred to, or resonances, in

Received December 30, 1985 and, in revised form, April 4, 1986.
! See Dobrushin [5]-(7], and Lanford and Ruelle [11].
2 For an early study of a special example see Gallavotti and Lebowitz [10].
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terms of Gibbs distributions on the manifold. Presumably, this analysis can be
extended, as usual, to Axiom A flows.

The literature on statistical mechanics and its applications to Axiom A
systems is extensive. For clarity, we reproduce in the present paper the details
of a certain number of known results, referring to the original papers for the
proofs (general references are Bowen [2], Ruelle [21]).

1. Subshifts of finite type, interactions, Gibbs distributions

Let J be a nonempty finite set and (¢,;) a square matrix indexed by J X J,
with elements 0 or 1. We define Q to be the space of sequences (j,), <z of
elements of J such that ¢, , =1 for all k. Note that { is a closed subset of
the compact product JZ and thus compact. The shift 7:Q — Q is defined by
(1), = §,.1; T is a homeomorphism. The pair (£, 7) is called a subshift of
finite type.

We shall assume in what follows that all matrix elements of ¢V are > 0 for
sufficiently large N. This means that 7 is topologically mixing on Q. (The
mixing condition simplifies the discussion to follow. The general situation can
in some sense be reduced to the mixing case.)

Given any set X C Z, let 7, be the restriction to £ of the canonical
projection JZ — J* and let 7,2 = Q. Thus, if £ € Q, 7,£ =£| X € Q,.
The shift 7 sends @ to Q,_,. An interaction is a complex function ® on the
union U% @, over all finite nonempty intervals X of Z, such that ®or = @
(translation invariance). Let 0 < # < 1; we shall restrict our attention to the
Banach space %, of exponentially decreasing interactions for which

6-4mX gqup |®(¢)] > 0 when diam X —> 0.
£eQy

(We have written diam[u, v] = v — u.) We put on %, the norm

1@l = sup -4 % sup |®(£)| < + 0.
X (eQy

Given a, b € Z with a < b, write

Vab(§)= Z (I)OWX(g)'

X:X¢ (-0, al, XZ[b, )

(If b — a > 1, the sum extends over those X which contain some X strictly
between a and b; if b — a = 1, the sum extends over those X which contain
both a and b.)



ONE-DIMENSIONAL GIBBS STATES 119
If 4 € €(Q,C), we write

I4ll,, = max{|4(¢)|:¢ € @},
var, A = sup{|A(£) — A(&’)|: £, = &, for |k| < n},
lAllg = sup 6" var, 4,  [l4llle =[|4ll,, + 14l
n>1
We let €, be the Banach space of those 4 for which lim,_, . 6" var, 4 = 0,
with the norm ||| - |lls. Note that %, is a Banach algebra (i.e. ||4Bllls <
lAllislll Blllg) and that V,,, exp + V,, € €,. If Y C Z, we let

%0()’) = {A [S (50(9},,(:) = A°7TY e (go}
This is a Banach space with respect to the induced norm 4 — ||| 4 o 7y lll¢. We
denote by %;*, €(Y)* the duals of %, €,(Y). For 6 € €5+ or €,(Y)* it will
be convenient to write 6(A) = [o(d§)A(§) as if 0 were a measure.

We shall say that o € ¢ is a Gibbs distribution if, for every choice of
a < b, thereis g,, € €y((-o0, a]U[b, o))* such that, forall 4 € %,

(11) [o(dg)a€)= L [ o,(deas )@ nveru(g vy v gr).
€L,
In this formula, £’ vV n V §” denotes the element £ € Q such that §|(-c0, a]
= ¢, &(a,b) =, &b, o0)=§¢", and the integral is restricted to the set
{(¢,€7):&" vV q Vv £ is defined). (If all the elements of (¢,;) are equal to 1,
£ Vv n Vv ¢ is always defined.)
Note that when ® is real and o is a probability measure, we recover the
definition of a Gibbs state. Our conditions imply that there is one and only
one Gibbs state in the present situation.

2. Determination of a class of Gibbs distributions
Define V] € y((-, al), V,’ € (b, «)) by

v.(¢) = )Y o(¢1x), w(¢)=_ X e(¢X).

X:aeXc (-0, a) X:beXcC[b, )

Note that, if a < b,
Va’(§|(—°°’a]) = V(a—l)b(g) - Vab(£)7
Vb"(§|[b’°°)) = Va(b+1)(§) =V, (8).

We shall look for Gibbs distributions such that (1.1) holds with o,,(d§'d§”) =
05(dE")0Ls(dE"), where o), € y((-0, a])*, olp € €,([b, 0)*. In view of

(2.1)
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1.1), and using formulas (2.1), we can choose 6/, = ¢, 6/, = o/’ such that
g ab > Oub b

a

[oilag)a(e) = ¥ [oii(dg)e 6 e a(s v £),

[=N

[ oi(de)A(E") = T ofli(d)e™ VA8, v )

§eJ

(2.2)

for all A € €,((—o0, a]) or A € %y([b, 00)) respectively. Conversely, if the
families (g,)), (0,") satisfy (2.2), they determine a unique Gibbs distribution by
(1.1).

We introduce now 7, : €,((-c0, a]) = €4((~0, a — 1)), 7,: €4([b, ))
— %y([b + 1, 00)) such that

(774)(§) = X e WCVEd4(¢ v &),
£,

(754)(§) = L e &V 0u(g, v §).
13

If 7,'*, 7,)’* are the adjoints of these operators, we may rewrite (2.2) as

r% 1 7 nxR_1r
(2.3) T/ *e,_, = o), T *el/, = o).

a

If a < b, alsolet X, : €y((—o0, al)* = %,([b, )) be defined by
(o )(&) = L [ o'(dg)e & vaven,

NEQ4p)

(It has to be checked that if ¢’ € €y((-0c0, a])*, then X, 0" € %y4([b, )).
We shall take a = 0, b = 1, and also suppose for simplicity that 7,; = 1 for all
i, j € J (these restrictions are easily lifted). Write f(§”)(-) = Vi (- V. V £7).
Then f(£”) € €p((-0, a]) and [[IF(£”)lls < 201 — 8)72||®||,. If ¢ and &
differ only by their components of index > n, then [[f(£”) — f(£™)llls <
40"(1 — 6)~?||®|,. Using the fact that €,((-co, a]) is a Banach algebra, one
has similar estimates for e/, from which it follows that £,0” € ,([b, )).)
The adjoint X% : €4([a, 0))* = €4((—oc0, a]) satisfies

(‘%/['l:o//)(g/) — E f o//(dgu)e—Va,,(gl VoV gu).
M€ Qp)
(It suffices to check that this formula implies (¥ %", 0") = (X ,0',0”); this

.follows from a simple density argument.) We also have

(2 4) ‘){(;b‘g-a’* = ‘Yl‘l—l,b’ %/%zh = ‘){z‘z.b-#l’
THE=H s AT =H 0
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We define Z’: €y((-0,0]) = G4((-0,0]), L”:%,[1,0)) = %1, x)),
and A: €,((~00,0)* = %((1,00)) by LA = (TgA)or, L"A = (F{"A)e 17,
and J'= X;. We may also write

°?/* =%/*'T, eg//* — g—i//*“_-l’

where 7: €p(X)* = %,(X — 1)* is the adjoint of 4 — A o 7. We then have, in
view of (2.4), the formulas

(2.5) XL* =LA, H LI =PI *,
Whenever a < b we also have the relations
(2.6) (£*) 2% = xba),  (L7*)0xb o) = 1916

equivalent to (2.2) or (2.3).

It is known (see [19] or [21, Chapter 5]) that the spectral radius of £’ is
bounded by e”, where P = Py, is the “pressure” associated with the real part
of the interaction ®. The part of the spectrum of £’ (resp. £’*) in the region
{z:]z] > Be”} is discrete and consists of eigenvalues with finite multiplicity as
noted by Pollicott [17].> The generalized eigenspaces E{ of £’ and E}* of
ZL’* corresponding to an eigenvalue A have the same dimension and are
naturally dual to each other. If A # p, then (E/*, EY) = 0. Similar properties
hold for £”, and E;’, Ey'* are defined by analogy with E;, E{’. In view of
(2.5), A" sends E;* into Ey’ and X * sends EJ’* into EJ; we shall see below
that these maps are bijective.

2.1. Proposition. If o’ € E{* and ¢” € E'*, then the element o of %z
defined by

(2.7) o(d¢’ v dt”) = o’(d¢')o"(dE") e Vu& VED
is a Gibbs distribution.

Since #’* is a linear isomorphism of E* and #"'* is a linear isomor-
phism of E;*, there are measures o,, ¢,” for all n € Z such that o; = o’,
o;" = o” and the identities (2.6) hold, therefore (2.7) defines a Gibbs distribu-
tion.

Note that, if o’ # 0 and o¢” # 0, (1.1) implies ¢ # 0. (Here we use the
assumption that all matrix elements of ¢V are > 0 for sufficiently large N.)
Because of our definition of %,, we can choose a, b, A, with a < b, and
A:Q, p — Csuch that

Y [ oi(d)op(dg”)e Ve () # 0,

"EQ(a.h)

3 This important remark by Pollicott is based on Nussbaum’s essential spectral radius formula
[16].
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and therefore X, ,, 0, # 0, X;*, 0, # 0. The first inequality is equivalent
to

0+ (X,

’ -a a.’
a‘aﬂoa)o'r —X('r aa).

If a > 0, we have 7%, = (&"*)%, hence
0+X(ZL™*) = (L") KN,

hence X'o # 0. If a < 0, we have (#'*) “r“, = oy; since X (7%,) € E)' we
have

0#L" W (%) =H (L*) 1%, = X,

Therefore, we have always o’ # 0, and similarly 2" *¢” # 0.
2.2. Proposition. The map X restricted to E{* is a bijection to Ey', and X" *
restricted to E{"* is a bijection to EJ.

We have just seen that these maps are injective. We thus have
dimE* < dimE}’ = dimE{"* < dimE{ = dimE*

which forces dim E{* = dim E;’, dim E;"* = dim E;. Therefore, the maps
must be onto.

The class of Gibbs distributions in which we shall be interested is that
determined by Proposition 2.1. We shall denote by ¥,, the linear space
spanned by distributions of the form (2.7) with ¢’ € E* and 0” € E"*. (We
might of course consider linear combinations between different ¥, ,.)

2.3. Proposition. 7%,, = 9,,, and the spectrum of 7|9, is {Ap7'}. In
particular, if dim Ey = dim E}’ = 1, then 7|9, = Ap~".

We have indeed

("'0)(d£' \4 dﬁ") = (TU{)(dg’)(Toé’)(dg”)e-"ox(é’VS”)

(2.8) » o
= (-?’*o’)(dg')((.?"* lE#”) oﬁ)e—Vm(€ v E")
so that 79,, C 9,,. Similarly 77'9,, C &, so that 7%,, = 9,,. The state-
ments about the spectrum also follow readily from (2.8).

If 6 € 9;;, where 6 is associated with 6" € E3*, 6 € E;'*, we may define

(2.9) (0,6)=0"'(H*") 0”"(X6")

which extends to a bilinear form on ¥, , X %;,.

2.4. Proposition. The bilinear form defined by (2.9) is invariant under the
translation 6 — 76, § — 76, and vanishes unless X = p, ji = \.

The proof follows readily from (2.8).
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3. Use of the functions 4, A5, Ag

Instead of basing statistical mechanics on the “interaction” ®, we may use
functions on 2,2 _, o, or € ,,, as we now indicate (see for instance Ruelle
[21]). If ® € B,, we define Ay, € €j2, Ay € G4((—0,0]), and A5 € %,((1, 0))
by

~45(5) = (£1(0)) + X [8(61L-n+ Lal) + O(¢1L-m n)],
Ay(8) = T (¢1m0) = %(E),
43(87) = 5 o(¢"1[n]) = ().

Let us say that 4 € €, [or A" € Gy((—o0, 0]), or A” € %4([1, 0))] is
cohomologous to zero in €, [or €y((—o0, 0O]), or €,([1, o0))]if thereis C € ¥,
[or C’ € %y((—o0, O]), or C” € €y([1, ))] such that 4 =C - Cer [or
Ap=C'—C'om’or7}, or A4 =C"” — C”on” o1, where 7’ denotes the
projection of £ _, ;, t0 @ _, o and 7 the projection of Ry o) t0 £y o).
We then write A ~ 0 [or A" ~ 0, or A” ~ 0}, and similarly4 ~ Bif A — B~ 0
(see Livsic [13], [14] and Sinai [26] for this cohomology). The following results
hold.

3.1. Proposition. (a) There are continuous linear maps @,¢',¢” of €p,
o((—00, O]), €y([1, 0)) to By such that A,y = B, AYyp = B’, and A5 =
B”.

(b) The linear maps ® — A,, A%, A are continuous By — %42, €4((-o0, 0]),
%s([1, o0)) (and surjective by (). Furthermore Ag ~ Ag ° T_, o) ~ AG° Ty, o)
in €,.

(c) The conditions Ay ~ 0 in €52, Ay ~ 0 in €4((~o0, 0]), and Ay ~ 0 in
%y([1, o0)) are all equivalent. We express them by writing ® ~ 0.

) If ®,0" € By and @' ~ @ (i.e.®' — ® ~ 0), the spaces 9,, of Gibbs
distributions for the interactions ® and ®’ are the same.

(e) The pressure Py, associated with a real interaction ® € %, depends only on
the cohomology class of Ay, (or Ay or A3) and can in particular be denoted by
P(Ayp).

In order to construct ¢ in (a) one writes 4 as a sum X, , , A4,, where 4,(§)
depends only on m_, & and ||4 — Yo ' A,ll, < var, A. Then one takes
Qom_, = -4,and ®o 7y = 0if diam X is odd. Similarly, for ¢’ and ¢”.



124 D. RUELLE

In the proof of (b) one writes Ay — A o7 _,, oy = C — Ce° 7. Suppose that
®(¢| X) vanishes unless dim X = 2n — 1 [resp. diam X = 2n]. Then one writes

C(¢) = @(¢I[-2n + 1,0]) + --- +@(¢|[-n,n - 1])
[resp. C(£) = ®(&|[-2n,0]) + --- +®(&|[-n — 1,n — 1])].
This definition extends by linearity and continuity to all ® € %,, yielding

C € %,
In view of (b), the proof of (c) reduces to checking the following:

(Apom o oy~ 0in%,) = (A5 ~ 0in %,((-00,0])),
(A3°my o) ~0in%,) = (45 ~ 0in %,([1,2))).

By assumption, if ¢’ is a periodic orbit of period n for #’r~! (remember that
7’ is the projection @ _, ;; > €_, o), then

n—1
Y Ap((=r)'g) = 0.
1=0

One may thus construct C’ such that A, = C’ — C’o 7’ 77! by first choos-
ing a dense orbit {(#'77")*n:k > 0} in @ _,, ¢, then writing

(e )*n) = - & Au((e7)')

and extending the definition of C’ by continuity. It is easy to verify that
C’ € €y((—o0, 0]). Similarly for the study of Ag. (See Livsic [13], [14] and
Sinai [26] for the construction of C’, and Ruelle [21, Theorem 5.2], for an
application close to the present one.)

To prove (d), it suffices to show that 7_,, ¥,, remains the same under the
replacement ® — @’ [use translation invariance of ¥,, and density of
U,s0%((-o0, 0)or" in %,]. The space m_, %, is spanned by the
products S'c’, with §* € E,, ¢’ € E*. Since Vj = Ay, we have

(Z5B)(&) = ¥ B(r&" v n)expAy(ré’ v n)
neJ
= Y B(7& Vv n)exp[Ap(7¢’ Vv n) + C'(r¢' v q) — C'(¢)]
neJ
with C’ € ,((-c0, 0]). Therefore
(3.1) eC Ly = Lhe

so that when ® — @', E/ — ¢~ “E, and E* - e¢“E;*. The products S’c” are
thus unchanged, proving (d).
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If ® is real, Proposition 3.5 below identifies e” as the largest eigenvalue of
£’ in absolute value. In view of (3.1) this is unchanged when ® — ®’ with
Ay ~ Ay, proving (e).

3.2. Proposition. (a) If @' ~ ®, the eigenvalues of £’ and their multiplici-
ties are unchanged by the replacement ® — ®’.

(b) Where A is a simple eigenvalue of £’, it depends analytically on A = Ag
€ €,2. We then have

(32) DA = )‘GM\I%N

where D\ € €% is the derivative of X at A, and oy, € 64" is the only element
of 9\, such that o,,(1) = 1. (0,, is also T-invariant.) Note that D\ extends
uniquely to an element of €; (viz. Aoy, ) because €, is dense in €y. (There are
similar results using Ay € €y((—00,0]) or Ag € ,([1, 00)) instead of Ay.)

Part (a) results from the proof of (d) in the previous proposition. Since A is a
simple eigenvalue of % ,, it depends analytically on 47, € €,((-0, 0]), and
since A > A, is a continuous linear map, the analyticity statement in (b) is
verified. Note that m_ . %,, is one-dimensional and consists of the multi-
ples of S’6’, where S’ € Ej, ¢’ € E;*, and we may assume that ¢'(S’") = 1.
The only oy, € ¥,, mapped to S'o” by m_,,  is 7-invariant and satisfies
o) = 1.

To prove (3.2) it suffices to show that

(D4A)B = Aoy, (B)
for A and B in a dense subset of %,:. In particular, we may take 4 of the form
A'em_, o °om" and B of the form B’om__ o o 7". Therefore it suffices to
show that

(3.3) (DyA)B’ = Ao’(S’B’),

where D, A is now the derivative at A" of A considered as an analytic function
on %y((-o0, 0]). Taking o’ and S’ as before, we have

(DyA)B = [Dy[a'(£75)]] B
= [(Dyo’)(2's") + o'(2'D,S")| B’ +[o'((D,2")S’)| B’
=\(Dyo')(8") + o'(D,S")]| B +[o’((Dy2’)S")] B
The first term vanishes because ¢’(S’) = 1. Since (D.%’)S’)B’ = £'(S'B’)
we obtain
(DyA)B’ =0o'(L'(S'B’)) = Ao’(S'B’)
and (3.3) is verified.
We introduce now an analytic function d which will be useful later.
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3.3. Proposition. IfA € Gy, A" € €y((-o0, 0]), and A" € €y([1, 0)), we
write

Z,= ¥ exp[A(§)+A(rE) + - A(r7Y¢)],
E:1¢=¢

Z!= Y exp[B(&)+B(rt)+--- B(r"7%)],
§:776=¢

z/= ¥ exp[B"(§) + B'(é) + --- B'(+"¢)],
§:1"E=¢

where B' = A’em _,, o and B” = A" om .\ We define

d(ze%) =exp(— ) Z;Z)

n=1
, =zt
det(1 — ze?) = exp(— Y —;—Z,:),
n=1
det(1 — ze?") = exp(— Y %Z,:’)
n=1

as power series. There is some 0 < 1 such that det(1 — ze?) converges when
|z|€e”;< 1, with P’ = P(Red’em_ ), and det(l — ze?") converges when
|z10e®” < 1, with P” = P(ReA” o m ).

If ® € B,, we have

d(zexpAgy) = det(1 — zexpAy) = det(1 — zexpAy).

These quantities do not change if ® is replaced by ¥ ~ ®. In the region
{z:]z|0e” < 1}, with P = P(Re Ay), the zeros of z —> d(zexpAg) coincide with
the inverses X! of the eigenvalues of %’ such that \ > 8e®, and have the same
multiplicity.

There are analytic functions z - N"'(ze*), #""(ze*") defined on {z:|z|0e”
< 1} and with values in the bounded operators in €,((—o0, 0]) or %,([1, o))
such that

JV’(zepriI,)
det(l - zeprﬁI,) ’
1 ./V'"(zeprg)

- det(1 — zexp4y)

(1-z2)"=

(3.4)

(1-22")
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All these results are essentially contained in Pollicott [17].# (The statement
about multiplicities of the zeros, and about the existence of A"/, A#""" are not
in there, but follow readily.) The “determinant” notation is suggested both by
the definitions and by (3.4).

3.4. Proposition. Let 8’ € (0,1). For each eigenvalue \ of £’, with 8’e” <
IA] < e®, we choose a basis (S5,) of E{ and a basis (65,) of E{* such that
054(Sxp) = 8,5 and 03,(L'S5g) = A(L}) np, Where the matrix L), is in Jordan
normal form. Then

L =Y ) S):a(L’)\)aBU),\B(') +efR’ -
A af

where R’ has spectral radius < 8’, hence

N\~ ’ - s )L ’ ’
(1-zePg)'. = ; ZB‘,SM((I — ze"PALY) )aﬂow(~) +U'(z)-
where U’(z) is an analytic function of z for |z| < 7. In particular, if the

eigenvalues of £’ are simple, we have

B SI 4 .
(3.5) (1-ze P =Y _Sia() +U'(z)-
x 1 —ze PA
In the general case, for each eigenvalue N of &£’ there is p, with 1 < p <
multiplicity of X, such that (1 — ze"*%’)™ has a pole of order p at \ with
leading term

£, 81%a3!()

(3.6) m,

where Sy%, 037 are eigenvectors of L', L'* to the eigenvalue \.
Note that there are similar results with #”" replacing #’. We check only
(3.6), the rest is immediate. Let L’ contain the p X p “normal” block

1 1

1 .
(3.7) ' 1,

1

4 Pollicott shows that the part of the spectrum of £’ and #” in {\:|\| > 8¢’} consists of
eigenvalues of finite multiplicity. But the analyticity of det(1 — ze#) and det(1 — ze?”) is proved
only when |z|fe” <1 or |z|fe”” <1 with some § > 6. (I am indebted to the referee for
reminding me of this).
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corresponding to values g + 1,---,g + p of the indices a, 8 of (L}),p. Using
the formula

Lo la-wT wa-w? o wta - wy?
1—-u -u
1-u - (1-u)
L u(l —»u);'
(1 -u)

we see that the block (3.7) contributes to (1 — ze~¥’)~! a pole of order p at
eP\"1. The leading term is

S)(,q+1°;\,q+p(')
(1 —ze"?A)?
We write S3? = S .1, 03’ = 03 .., and note that £'S;? = AS}?, Lo} =
Aoy (3.6) follows readily.

3.5. Proposition. If the interaction ® is real, then e®, with P = Py, is a
simple eigenvalue of £’, and the rest of the spectrum of £’ is contained in the
open disk {z:|z] < e’).

For the proof, see Ruelle [19] or [21].

4. Correlation functions
In this section, ® will be real, so that Proposition 3.5 applies. The Gibbs
distribution ¢,-,» (in the notation of Proposition 3.2(b)) is just the ordinary
Gibbs state for @, and we shall denote it by p. The correlation function pg.(-)
is defined (for B,C € %,) by

(4.1) psc(k) =p((Bo7*)C) — p(B)p(C),

and we shall be interested in its Fourier transform
[e¢]

(4.2) ﬁBC(a)z Z ekapBC(k)~

k=-00

Let o’ € E/f, S’ € E/», where o’ and S’ are positive and satisfy 6’(S") = 1.
By Proposition 3.2(b) a probability measure p on & _,, o is defined equiva-
lently by
(4.3) p="m P, or p(-)=0'(S"").
Before studying (4.1) and (4.2), we take B’,C’ € %,((~o0, 0]) and discuss
p((B’ e 7"")C"), where
(4.4) t'=q’or} T Qo™ L)
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We have
ﬁ((Blo T/n)C/) — o/((B/o ’Tm)S,C,> — e—nPO"(BymSICl)
and therefore, for |z| < 1,
2 Z"ﬁ((B/° Tm)Cl) - O',(BI Z (ze-Pgi)nS/C/)
n>0 n>0
(4.5) - ,3(3' y (ze‘PS"l.?’S’)"C’)
n>0
=p5(B'(1-ze s 's') ).
This expression extends meromorphically to {z:|z| < 7!} in view of the

following result.
4.1. Proposition. (a) With the notation (4.3), (4.4) we may write
Z Znﬁ((B,°Tm)C’> - p(B‘/V‘ (zexp( P A‘I’/))C )
>0 det(l - zexp(—P - A{,))
where the numerator is analytic in {z:|z| < 87}, and bilinear continuous in B’,
C’. The operator &' is given by Proposition 3.3, with Ay = Ay + log S’ —
log S’ o1’

(b) To avoid complications let us assume that the eigenvalues of £’ are
simple, so that Ej is spanned by S5, E* by o;. We may also assume that
65(S3) = 1. Then, choosing 8’ as in Proposition 3.4, we have

¥ e((8e ) - 3 LA
n>0 Iy 1—zAe
where ¥"'(z) = S"'U"(2)S’ and U’ is given by Proposition 3.4; the last term is
thus analytic in z for |z| < 8'~* and bilinear continuous in B’, C’.
The proof results from application of Propositions 3.3 and 3.4 to (4.5).
We come now to the study of (4.1), (4.2), and write

9

+p(B'7(2)C’),

0 [ee]
B —p(B) = Z Bm°7’(-oo,0]°”'m’ C-p(C)= Z CroT ™™
m=0 m=0

where B,,, C,, € %,((-, 0]), and
var2m+le = Val'2m+lCm = O’
1Bollos < 0™ll1Blllg,  1IC,ll < 6™IIClll,
lim 6-"||B,|l, = lim 6-"||C,|. = 0.
nm— oo m-— oo

Define also

[ee] [ee]

B(z)= Y z"B,, C(z)= Y :z7C,.

m=0 m=0
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We thus have

00

pac(@) = X erp[(Bork—p(B))(C - p(C))]

k=-o00

o0
Y X e"“P[(Bm ° M-c.,0) ° 7k+m)(cn ° M-00.0] ° T")]

k=-00 m,n>0

= Z e(n—m)a Z e(k+m—n)al~)((Bm o T/(n—m—k))cn)

(4.6) + L e®rm (B, (G o)) — 5(B,C,)
= 120 e""‘f)((B(e'“)o T’[)C(e"))
+ [ZO e's(B(e=*)(C(e®)o ")) — p(B(e™*)C(e®))

= ﬁ(B(e"’)(l - e“’e‘PS"l,?'S’)_IC(e"))
+5(C(e®)(1 ~ e% "5 '2's") ' B(e™*))
~B(B(e=)C(e).
Note that our way of writing pp-(a) is asymmetric in the sense L’ rather than
L” plays a priviledged role. We could of course write pg(a) in other ways.

4.2. Proposition. We use definitions (4.1), (4.2) with B,C € %,.
(a) We may write

A _ Nc(e ) Neg(e®)
pPac(a) = det(l — exp(—a — P+ A:D)) * det(l - exp(a - P+ A:p))
—p(B(e *)C(e%)),
where

Npc(e®) = p(B(e=) #"(exp(-a — P + 4%))C(e%))
and Ay = Ay + logS’ — log S’ o 1*. Therefore pg-(a) is meromorphic for
[Rea| < log 87!, with poles located at +(log\ — P) where the N are the
eigenvalues of £’ with the exception of e”.

(b) To avoid complications, let us first assume that the eigenvalues of £’ are
simple, so that 9,r, and 9, are one-dimensional, spanned by o, and o, »
respectively. We may also assume that (o,ry,0,,7) =1 (see (2.9)). Finally, we
choose 8’ € (6,1). Then

a * oeP)\(B)o)\eP(C) OeP)‘(C)O')\eP(B)
= + + ¥, ,
Pac(a) % 1 — e-a-Px 1= ea-7P) sc(@)
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where the sum X* extends over those eigenvalues N of £’ (in finite number)
such that |\| > 0’e” and \ # e®; W () is analytic for Re a| < log8’™, and
bilinear continuous in B, C.

(c) In the general case, for each eigenvalue N + e* of £’ there is p such that
prc(a) has poles of order p at e** = ePX. These poles have an expression of
the form

) $ [B0)00) | Lax(Cei0)

(1—e*PA) (1—e*PA)
where o, € G,r,, o € Gy,r. For the leading order terms we have o, =
(e"PN)*loj:

This proposition is obtained by inserting (3.4) or (3.5) into (4.6). Concerning
(a), notice that det(l — exp(--a — P — A})) is analytic when Rea > logé,
vanishing when e**7 is an eigenvalue of #’. If § < 8* < 1, we have C(e®) €
yx((—00, 0]) provided Rea + logf < 2log8*, and A"'(e~* FAy) is analytic
as an operator on %j.((-o0, 0]) provided Rea > log 8*. Therefore Ny.(e %)
is analytic when logfd < Rea < |logf|, and bilinear continuous in B, C.
Similarly for N-g(e®), p(B(e *)C(e®)).

To obtain (b) we write
_y* o’(S;B(e %)) os(S'C(e%)) . o’(S;C(e%))o5(S’B(e™))

Pac(e) = x 1—e = PA 1—e*PA
+5(B(e=?)7"(e7*)C(e")) + p(C(e%)¥"(e%) B(e™))
—B(B(e7*)C(e%))

and replace in L* the numerators by their values at the zeros of the denomina-
tors.

To prove (c) we consider the contribution to the poles of ppz- coming from
one p X p block (3.7) in L. This contribution has the form

( e P\ )j—i
(1-ePr)/ "t

(48) ¥ [o'(S;,qHB(e-"))o;,W(S'C(e“))

1<igj<p
+ other term |,

where the “other term” is obtained from the first by the exchange of B(e™?),
C(e®) and the replacement of e * by e® in the denominator. To proceed we
write

= A1 = (1 - e M)
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and expand the first term of (4.8) in powers of (1 — e~*~P)); only the terms
of total degree < 0 are kept. Let us provisionally assume that there is only one
term in the definitions of B(z) and C(z), i.e.,

B(ePX') = (ePAYH)7B,, C(ePA) = (e "N)"C,,
B—p(B)=B,om_,q°t", C—p(C)=C,om_,qot".

(4.9)

If we express 6'(Sy ,,,B,) and o} ., ;(S'C,) in terms of o, (B) and o,"(C)
with o, € 4., and o, € 9,,,, 1 < k, [ < p, we obtain an expression of the

form
AR A o, (B)a/ (C) 9. (C)o/ (B)
(410) rz=:1 kgl §1 P (1 - e-a_PA)r " (1 - ea—P}\)’ ’

where the P, are polynomials in m, n arising from the calculation. These
polynomials must be constants because if B and C have a representation of
type (4.9) with given m, n, they have a similar representation for all larger m
and n. Since the P,,, are constants, the case where B is a sum over m and C a
sum over n is easy to handle: the expression (4.10) remains valid.

The order p term (leading order term) in (4.8) corresponds to i = 1, j = p,
yielding the expression

o’(S)’\,qHB(eP)\‘l))oﬁ_qﬂ,(S'C(e‘P}\))(l — e *"PX)? + other term

_ o1 (B)s,(C) 07(C)s,(B)
(411) T ) A e n)

where 7o, = e®Xlo;, 10 = ¢ PAo,". Summing (4.10) over blocks yields

(4.7), and since the leading order terms are of the form (4.11), the proof of (c)
is complete.

I

5. Gibbs distributions for Axiom A diffeomorphisms

We refer the reader to Smale [27] or Bowen [3] for the definition of Axiom A
diffeomorphisms and of basic sets. We shall be concerned with the ergodic
theory of Axiom A systems, as discussed by Bowen [2]. (We could also work in
the more abstract framework of “Smale spaces” as discussed in Ruelle [21].)
The connection with the statistical mechanics discussed earlier is via symbolic
dynamics as we now indicate. Given are a compact manifold M, which we may
take as C®, with a diffeomorphism f of class C'*¢, ¢ > 0, and a compact
invariant subset A. If f satisfies Axiom A, and A is a basic set, it is possible to
define a subshift of finite type (£, 7) and a continuous map w:§ — M such
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that w2 = A and wt = fw, and w has other nice properties which we shall
make explicit only to the extent that we need them. The definition of (£2, 7)
and w depends on the choice of a Markov partition on A (see Sinai [24], [25]
and Bowen [1], [2]). The representation of points of A by points of § (which
are sequences of symbols j € J), and the replacement of the diffeomorphisms f
by the shift 7 constitute “symbolic dynamics.”

Let €*(M) denote the Banach space of complex Holder continuous func-
tions of exponent a on M. The functions which occur naturally in the study of
Axiom A systems are in ¥*(M) for suitable a. Having fixed a € (0,1) one
shows that there exists § € (0, 1) such that

(5.1) Acw€E %, ifAe €Y(M).
Furthermore, one can choose 8 < a such that
(5.2) Bowe %, ifBe ¢F(M).

The linear maps €¥%(M) — %,. and €¥P(M) — %, thus defined are continu-
ous. The numbers a, 6, B may be chosen independent of the symbolic
dynamics (i.e., they may be taken to the same “for all sufficiently fine Markov
partitions”).

Given A € €%(M) we may, in view of (5.1) and Proposition 3.1(a), choose
® € %, such that

A°w =A¢..

We let &,, be the spaces of Gibbs distributions on € with respect to ® and
define subspaces G, , of €*(M)* by

G,, = w9%,,, where(wo)(h)=0(how).

If 0 € UG aw» We call o a Gibbs distribution on A. Since smooth functions on
M are Holder continuous, o also defines a distribution on M in the sense of
Schwartz, and the support of o is contained in A. The next proposition shows
that the knowledge of ¢ as a Schwartz distribution determines it as an element
of €X(M)*.

5.1. Proposition. Let ¢ be a Gibbs distribution on A and h € €*(M). There
are smooth functions h; such that h, > h in the topology of €P(M), and
therefore a(h;) = o(h).

By regularization (see Schwartz [22]) one obtains a sequence 4; of smooth
functions on 4 such that 4, — A — 0 uniformly, and

hi(x) = h,(y)l < K(dist(x, y))®,
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where dist denotes a Riemann distance on M, and the constant K is indepen-
dent of i. Therefore we have also

1 (x) = h(x) = (h(y) — k()] < 2K (dist(x, y))*
< [2K (dist(x, y)) 7 *] (dist(x, y))”.
Given € > 0 we can thus find § > 0 such that, if dist(x, y) < §, then

I, (x) = h(x) =(h() = h()] < e(dist(x, )",
If dist(x, y) = & we have, for sufficiently large i,
I, (x) = h(x) = (h(y) = h(y))I < 2 max|h,(x) = h(x)]

(dist(x, y))*
&8
which proves that 4, — & in the topology of ¥#(M). But then h;cw - how

in the topology of %, and therefore
o(h;)=(wo)h,=0o(h,cw) > o(how)=(wo)h=0(h).

Our definition of the spaces G,, depends on the choice of a Markov
partition. We have not been able to eliminate this dependence in general, but
Propositions 5.2, 5.3 and Corollary 5.5 yield partial results on the problem.

5.2. Proposition. If A is real, the largest eigenvalue e” of &’ and the Gibbs
measure 6 = wp are independent of the choice of Markov partition. We write
P = P(A).

This is a well-known fact: If I is the set of f-invariant probability measures
on A, and if h(o) denotes the entropy of ¢ € I, we have

(5.3) P= max (h(o) +o(A))

<2m3x|h,.(x)—h(x)|* < (dist(x, y))*

and the unique maximum is reached for o = p (see [2] or [21]).
5.3. Proposition. Forany A € €*(M), define

0 n n—1
z
G =ep Y T L ep & A(f).
n=1 x€Fix f"|A k=0
This series is convergent for |z| < exp(-P(ReA)) and §, extends meromorphi-
cally to the region |z| < 8 'exp(—P(Re A)).
We may define P* < P such that if
|z| < {8 'exp(-P(ReA)), exp(-P*(ReA))},
we have
®(2)
5.4 =—
(5:4) fa(2) d(zexpAy)’

where @ is holomorphic and does not vanish.
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The proof of this proposition is based on the counting of periodic points for
a finite collection of subshifts of finite type (see Manning [15] and Bowen [3]).
Here we follow [21, §7.23] which expresses {, in terms of functions of the form
d(ze?) for subshifts of finite type. Using Pollicott’s results [17] which we have
reproduced above as Proposition 3.3 one obtains the asserted meromorphic
extension of {,. From [21, §7.23] one also obtains (5.4), where P* is the
“pressure” for a suitable closed f-invariant set A* strictly contained in A. We
have P* < P because it is known that the unique measure p which yields the
maximum in (5.3) has support A and cannot therefore have support in A*.

5.4. Theorem. Let p be the Gibbs measure corresponding to the real function
A € €4(M). For B,C € €*(M), let

pecla) = i e*[p((Bo£*)C) - p(B)n(C)].

k=-00

This extends to a meromorphic function of a for [Rea| < log8~, regular at
a = 0, and the position of the poles is independent of B, C.
We may write

(5.5) puc(@) = Npc(e™*)§a(e7*7P) + Neg(e®)$a(e*?),

where Npc(e™®) is holomorphic for |Rea| < min{logf~!, P — P*} with P =
P(ReA), P* = P*(ReA).
If 0 < 0’ < 0 we may also write

PO 1 by, (05 (B), 05 (C) . by, (05 (C), o5 (B))
1| (1 —e Py’ (1—e*"PA)"

pac(a) = #gc(a) + gf*

In this formula W yc is analytic for |Re a| < log8’™" and bilinear continuous in
B, C, the sum L* extends over a finite set of numbers X with 6’e? < |\| < e”,
the by, are bilinear forms on (G,»)\)* X (G,,»)*, and o5 (B), o5 (C) are the
elements of (G,ry)*, (G, »)* determined by B and C.

All of this results directly from Proposition 4.2, with the help of (5.4). (Note
that the term p(B(e™*)C(e?®)) of Proposition 4.2(a) can be distributed between
the two terms of (5.5).)

5.5. Corollary. Define

Zi = {£ € (6.)":5,,(5,6(C)) = 0 forall , C)

and let Hy be the orthogonal of Zy in G,ry. Then the subspace Hy is
independent of the choice of a Markov partition. A subspace Hy of G,,r is
similarly defined, and is also independent of the choice of a Markov partition.
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6. Further remarks

The discussion which we have given above for Axiom A diffeomorphisms
can be made to apply to expanding maps of manifolds (see Shub [23], and
[21]). As indicated in the introduction, our discussion of Gibbs distributions
and correlation functions also probably extends to Axiom A flows (Pollicott
[18] has given a partial proof of the fact that the Fourier transform of the
correlation function is meromorphic in a strip, its poles being related to those
of the zeta-function). A possible extension where exp A acts on a linear bundle
over M instead of being scalar (see Fried [8]) has not been investigated.’

For an Axiom A attractor A there is a particularly interesting Gibbs measure
p corresponding to A = -logJ, where J is the Jacobian in expanding direc-
tions (see Sinai [26], Ruelle [20], Bowen and Ruelle [4]). We have here P(A) = 0
and p is smooth along unstable directions so that the Gibbs distributions
¢*€ G,, are also smooth along unstable directions (in a sense to be made
precise).

Axiom A diffeomorphisms and flows constitute a good class of examples on
which to test conjectures about more general dynamical systems. Instead
of a Gibbs measure, let us consider a probability measure p which is smooth
along unstable directions (this is known to be equivalent to “entropy = ¥
positive characteristic exponents,” a property which generalizes P(A) = 0; see
Ledrappier and Young [12]). For a diffeomorphism, we may also assume that p
has no zero characteristic exponent. It is then natural to ask if p g-(a) defined
as in (4.1), (4.2) is meromorphic in a strip. One can be more specific and
speculate that poles (close to the real axis) are located at those values of a such
that e *® = A, where 76 = Ao and the distribution ¢ is smooth along unstable
directions (again in a sense to be made precise). Similarly for flows.

Finally, let us mention that Frisch and Morf [9] have discussed the existence
of poles in the time correlation functions of dynamical systems (not their
Fourier transforms!). The methods which they use are not related to those
described in the present paper.
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