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THE DIRICHLET PROBLEM AT INFINITY
FOR MANIFOLDS OF NEGATIVE CURVATURE

MICHAEL T. ANDERSON

This paper is concerned with the existence of bounded harmonic functions
on simply connected manifolds N" of negative curvature. It has been conjec-
tured for some time with such manifolds admit a wealth of bounded harmonic
functions provided the sectional curvature K, satisfies —a’ < K,, < -b?, for
some constants, a, b > 0, or even if K, < -b> < 0; see [7], [18]. Justification
for this comes from the fact that the model space H"(-1), the space form of
curvature — 1, admits many bounded harmonic functions; in fact, there is a
Poisson integral representation ‘at infinity’ in H"(—1). (Similar results hold in
more general noncompact symmetric spaces, cf. [12].) Furthermore, in case
n = 2 the Ahlfors-Schwarz Lemma [1] shows that N? is conformally the unit
disc provided K, < -b* <0, so that the model H*(~1) provides full informa-
tion in this case.

It is natural to consider a Dirichlet problem at infinity for the Laplace-
Beltrami operator A on N”; there is a well-known compactification N = N" U
S"~!(o0) of N" giving a homeomorphism of (N”, $"~!(c0)) with the Euclidean
pair (B”, S"~!). One can then state the

Asymptotic Dirichlet problem for A. Given a continuous function p on
$""(c0), find f € C*(N™) U CO(N") satisfying

Af=0, f

The main result of this paper is given by the following theorem (Theorem
3.2).

Theorem. Let N" be a complete simply connected Riemannian manifold with
sectional curvature K, satisfying —a® < K, < —b>, where a® = b* are arbitrary
positive constants. Then the asymptotic Dirichlet problem for A is uniquely
solvable, for any p € C°(S"~(0)).

In particular, it follows that N" has a large class of bounded harmonic
functions. Using this one may show for instance that there are smooth proper

sn—l(oo) = p.
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harmonic maps F from N” onto the Euclidean unit ball (or any other convex
domain in R"), inducing a homeomorphism S”~'(c0) > S"~! = 3B". For an
open neighborhood of metrics sufficiently close to the hyperbolic metric, f will
in fact be a diffeomorphism on N".

There have been a number of nonexistence results along the lines of the
above theorem concerning generalizations of the Liouville theorem to Rieman-
nian manifolds. Yau [17] proved that on any complete Riemannian manifold
there are no globally defined harmonic functions in L” for any 1 <p < oo.
Greene and Wu [8] proved there are no bounded harmonic functions on
manifolds N” ~ R" for which the exponential map from some point is a
quasi-isometry. Further, Yau [16] proved that if N" has nonnegative Ricci
curvature, then there are no bounded harmonic functions on N”. In the
opposite direction, Choi [4] has recently obtained existence results for spheri-
cally symmetric metrics and also in dimension 2, in the case of negative
curvature.

The proof of the theorem is based on the classical Perron method of solving
the Dirichlet problem. Recall the success of the method hinges upon the
existence of barrier functions, that is, subharmonic functions B,: N" - R for
x € §""!(0), such that B, <0 and lim,_, B,(y) = 0. Now manifolds N"
with Ky <0, 7(N) =0 admit a wealth of convex, thus subharmonic func-
tions. However, none of the familiar constructions of such functions give rise
to barrier functions, since their behavior at infinity becomes too trivial;
consider for instance Busemann functions or distance functions to complete
geodesics. Thus our major contribution is the construction of global convex
sets having nontrivial asymptotic behavior; from this we deduce the existence
of barrier functions for A.

An outline of the contents of the paper is as follows. After presenting
preliminary background material in §0, we discuss in §1 the Perron method,
asymptotic maximum principle for harmonic functions and a characterization
of the solvability of the Dirichlet problem in terms of convexity conditions at
infinity (Theorem 1.4); the material for this section draws heavily on the work
of Choi [4]. In §2 we construct a large family of global convex domains in N”
with controlled behavior at infinity; we refer to §2 for an outline of the
construction. This is applied to give the solution to the Dirichlet problem in §3
(Theorem 3.2). We also show that the convex hull C(S) of closed sets
S C S" (o) is well behaved; in fact C(S) N $" (o) = S, as is the case for
hyperbolic space. This is useful in constructing barriers for complete minimal
submanifolds in N" and harmonic maps into N”. In §4 we introduce harmonic
measure on S" !(c0) and a Poisson integral representation of harmonic
functions on S§" '(c0); besides allowing one to construct larger classes of
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harmonic functions, one obtains in this fashion a satisfying correspondence
between the space of bounded harmonic functions on N” and L*(S"~ !(0), p);
see Theorem 4.3. Finally, §5 closes with various extensions and remarks.

The author would like to thank Andrejs Treibergs for many helpful con-
versations during the formative stages of the work; also Richard Schoen for his
interest in the work and H. I. Choi for writing [4]. Finally, the author is
indebted to M. Gromov for providing the idea for a simpler and better proof
of Proposition 2.2; this removed a technical hypothesis required in an earlier
version.

We note that Sullivan [15] has recently obtained a proof of the asymptotic
Dirichlet problem by quite different methods.

0. Preliminaries

Throughout this paper, N" will denote a Cartan-Hadamard manifold, that
is, a simply connected manifold of nonpositive curvature. The standard model
for such spaces is the hyperbolic space form H"(-A?) of constant sectional
curvature —\2. The sphere at infinity S"~'(c0) of N" is defined to be the set of
asymptote classes of geodesic rays; two rays v,, v,: [0, 00) - N" define the
same asymptote class if lim,_ o dist(v,(?), v,(¢)) < co. There is a natural
topology on N"=N"U S" !(0), called the cone topology, given as follows:
for any origin O € N”, choose v € TyN” and let C(v, §) be the cone around v
of angle §, i.e.,

C(v,8) = {x EN"U 5" (o0): Jo (v, Tgz) <8},

where T denotes the tangent vector to the geodesic ray Ox through O and x,
and J ¢ indicates angle in TN". Let T(v, 8, r) be the truncated cone of radius
r,ie., T(v, 8, r) = C(v, 8)\ By(r), By(r) the geodesic r-ball around O. Eberlein
and O’Neill [5] have shown that the family T(v,d, r) for v € TyN, & >0,
r>0, togcthg_ with the balls B (r), ¢ € N", forms a local basis for the cone
topology on N"; it turns out this topology is independent of the choice of 0. In
this topology, N” is homeomorphic to a closed ball B in R”, $”~'(c0) being
homeomorphic to the boundary sphere $”~! C R”. In fact, if n: [0, 1] = [0, o0]
is any homeomorphism, the map E,: D, C ToN" - N" given by E (v) =
expn(v|)-v is a homeomorphism of the unit disc D, C TyN" onto N",
inducing a homeomorphism of the sphere S, = 9D, onto S"~!(c0). We note
that in general there is no natural (independent of 0) differentiable structure on
S"~!(c0). Especially in §4, we use the above homeomorphism to identify
S"~ (1) with $" ().



704 MICHAEL T. ANDERSON

We introduce some notation which will be used throughout the paper. Let xy
denote the geodesic ray determined by x and y in N”. For a given v € TyN",
x, € " !(c0) will denote the asymptote class determined by the ray exp tv,
t = 0. Geodesic spheres of radius r will be denoted by S(r) or S,(r) if p is the
center of S(r); similarly geodesic balls are denoted by B(r) or B,(r). The
notation above for cones and truncated cones will be kept throughout the
paper. In addition, we adhere to the usual notation in Riemannian geometry
and partial differential equations; our main references are [2] and [6] on these
matters.

1. Dirichlet problem at infinity

In this section, we discuss the Perron method and barrier functions for the
solution of the following Dirichlet problem. Much of the material in this
section is contained in the work of Choi [4].

1.0. Dirichlet problem at infinity for A. Let N” be a simply connected
manifold of nonpositive curvature. Given a continuous function p €
C%(S" Y(o0)), find f € C®(N™) U C°(N™) such that

f:O inN", flsn—l(oo)zp.

We recall that the topology on N” is given by the cone topology, and note
that convergence in this topology is much stronger than radial convergence
(convergence along rays). For example, the function f(x, y) = x - y is harmonic
in the upper half plane (with hyperbolic metric); along all geodesic rays
emanating from i = (0, 1), f converges to 0 on S'(c0). Nevertheless, f does not
have continuous boundary values on S'(o0) in the cone topology. The classical
Phragmen-Lindelof principle illustrates more precisely the difference between
the two topologies.

Using the natural identifications S§~'(1) ~ Sg~!(¢), for any ¢, given by the
exponential map, it is easy to see that f € C°(N") has asymptotic boundary
values p if and only if the restrictions f, = f |sg-'( 1y» pulled back to functions on
S&~ (1), converge to p € CO(SZ'(1)).

The following maximum principle is a simple consequence of the definitions.

Proposition 1.1. (a) Let f: N" — R be a subharmonic function such that

lim f(x) <0, foranyx, € $" (o).

X Xoo

Thenf<0onN".
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(b) If f is a subharmonic function on N", g is a superharmonic function on N",
and

Bm f(x) < lim g(x), foranyx, € 5" (o),

X Xeo X Xy

thenf<gonN".

Proof. We leave this to the reader, or see Choi [4].

Let S, be the set of subfunctions on N" relative to p: that is, given
p € C°(8" (), S, is the set of C° subharmonic functions v: N” - R such
that ﬁr;x_,xw v(x) < p(x,,). Clearly, S, is nonempty. Let u(x) = sup, ¢ s, v(x);
it is well known that u is a globally defined harmonic function on N”. The
function u defined in this manner is a candidate for the solution of the
Dirichlet problem; to show that u achieves the required boundary values, one
needs to construct appropriate barrier functions.

Definition 1.2. Let v € T,N" be a unit vector, and suppose § > 0. Then
B = B(v, 8): N" - Ris called a barrier function at v with angle § if

(1) B is subharmonic,

@B <0andlim, , B(x)=0,

(3) 3p > 0 such that lim,_, B(x) < —p for any w € TyN" with 3, (v, w)
> 4.

This is a natural analogue of the classical barrier concept for domains in R”;
see[11, 2.6.2] or [4, 2.6]. One then has

Theorem 1.3. Suppose there exist barrier functions B = B(v, 8) with arbi-
trarily small angle & at any v € TyN". Then the Dirichlet problem 1.0 at infinity
is uniquely solvable for any p € C°(S"~!(0)).

Proof. Let u(x) be the Perron solution relative to p € C%(S"~!(o0)) defined
above. We show that lim, . u(x) = p(x,) for any x, € S"~!(o0), which
implies the theorem. Fix any v € TyN" and choose ¢ > 0. Let § > 0 be such
that |p(x,) — p(x,)|<e if I,(v,w) <34, and let 8 = B(v, §) be a barrier
function at v, angle 8. If p is given by (3) above, choose k so that pk =2 M,
where M = sup|p|on $"~!(0).

It is easy to see that ¢,(x) = p(x,) — & + kB(ix) is a subfunction, and
Yo(x) = p(x,) + & — kB(x) is a superfunction relative to p; since the proofs
are almost identical, we verify this claim for {,. It is clear that y,(x) is
superharmonic on N”. To show that lim,_, {,(x) = p(x,,) foranyw € T,N",
suppose first that <, (x,, x,,) < 8. Then |p(x,) — p(x,,)|< ¢ and since 8 <0,
¥,(x) = p(x,,), whenever x € C(v, 8). If J ((x,, x,,) > 8, we have

lim y,(x) = p(x,) + & — k- Tm B(x) > p(x,) + ¢ + kn > p(x,),

X=X, x—x,,
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as required. From the definition of u as the Perron solution and by Proposition
1.1(b), we find ¥,(x) < u(x) < y,(x), or Ju(x) — p(x,)|< & — kB(x). Since
B(x) — 0 as x —» x,, and & is arbitrary, it follows that im,_, u(x) = p(x,) as
desired. This proves the solvability of the Dirichlet problem for arbitrary
p € C%S" !()). Uniqueness follows from the maximum principle (Proposi-
tion 1.1(a)) in the usual fashion. g.e.d.

It is well known that Cartan-Hadamard manifolds N" possess a wealth of
convex functions; typical examples are distance functions to a point or to a
geodesic, or the mean square distance to a compact submanifold. In case
K,y < —c? <0, such convex functions may be reparametrized to give bounded
subharmonic functions; see e.g. [4]. Thus one may hope to obtain the existence
of barrier functions from suitable convex functions or sets, as is the case for
bounded domains in R".

Theorem 1.4 (Choi). Suppose for any distinct x, y € S"'(c0) there exist
disjoint open neighborhoods V., V, of x, y in N" such that V. \ N” and V,NN"
are strictly convex. Then if Ky < -1, the Dirichlet problem at infinity for A is
uniquely solvable for any p € C%(S"!(0)).

Proof. By Theorem 1.3 we need to construct a barrier 8 = B(v, §) for
v € TyN" and any small 8 > 0. Given x, € $" !(o0), let S(v,8) = {x, €
S" Ye0): ¥ ,4(x,, x,) = 8)}. Since S(v, §) is compact, we may cover it by a
finite number of convex open sets {V, }_; such that

V.,nv, =2, foralli,

where V, is an open neighborhood of x,, in N"; this much follows from the
hypothesis of the theorem. Let @ = N" — UT'V,,, and let 5;: & > R™ be the
distance function from V,,. By an approximation theorem of Greene and Wu
[9, Proposition 2.2], we may assume each 9V, , and thus each s, is a smooth
function. Using the second variational formula one may show that

Hess(s;) = tanh(%) - H,,

where H, = ds? — ds; ® ds,, ds? is the metric on N"; [4]. From this it follows
easily that

Atanh 2 >0,
2
on . Now let, B = =™, tanh(s,/2) — m; clearly B is subharmonic, nonpositive

and lim, ,, B(x) =0 for any x, €V, N 8"~ (). Choose R > 0 so large
that @ disconnects as the disjoint union @, U €, outside Bg(R). Let €, be the
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set of ¢ € Q such that dist, (0, g) > Rand J¢ Ogv)<d.LetQ={x€Q,:
B(x) = c}, where —-m < ¢ <0 is a fixed constant, sufficiently close to 0. Define
Bon N"by

B(x), xe€Q,

A(x) {c, x € (Q)°.
Then B is a barrier at v, of angle 8 (0 = —). Since v and 8 are arbitrary, the
result follows. q.e.d.

It appears that none of the standard constructions of convex functions on
manifolds N" of negative curvature give rise to convex sets satisfying the
conditions of Theorem 1.4. In fact, there are no examples of convex sets C in
general N” such that C N $"7!(c0) # S"!(o0) is a set with nonempty interior
in the cone topology. Thus our aim in the next section is to construct convex
sets with nontrivial behavior at infinity.

2. Construction of convex sets

In this section we will construct unbounded convex domains in manifolds of
negative curvature, having prescribed asymptotic behavior. Recall that horo-
balls H, in N" are strictly convex sets intersecting "~ '(c0) at a single point x;
the construction is based on the idea that locally one may produce larger
convex sets containing H, (due to the strict convexity): this is done in Step I
below. In Step II we use an iteration procedure to construct global convex
domains C. In Step III by using comparison with negative space forms we
show convergence and are able to control the behavior of C at infinity.

Throughout this section N” will denote a simply connected Cartan-Hada-
mard manifold of sectional curvature K, satisfying —a? < K, < -b?; using a
homothety of the metric, we may assume b = 1. -

Step I. An important feature of the spaces N” is the convexity of large
geodesic spheres. In fact, if II, denotes the second fundamental form (with
respect to inward normal) of a geodesic R-sphere in N”, then standard
arguments involving Jacobi fields show that

(2.1) I<cothR<Ilg<acothaR -1,

where I denotes the identity matrix.
In order to find local convex expansions of spheres we use the following

lemma.
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Lemma 2.1. Given any p € N", there is an f, € C*(N",R) such that
0<f <1,£(p)=0,f=1ouside B,(1) and

(2.2) ldf|<c,, |Dif|< G

where C,, C, are constants depending only on a>.

Proof. Let p be the distance function from p, and consider functions
f, = ¢(p) where ¢: R* > R satisfies ¢(0) =0, ¢(¢) =1, for = 1. Then
df, = ¢’ - dp, so that |df,|=|¢’|. A simple computation shows that D?%(p) =
¢"dp ® dp + ¢'D?p; thus

|D,§.¢(p)| <|¢"”|+|¢’| a coth ap.

Choosing ¢ appropriately, e.g., as a fixed approximation to the characteristic
function x(, ,, .., One easily obtains the estimates (2.2). q.e.d.

Now given a fixed origin O, consider the functions py + € f, where pg is the
distance function from O; these may be considered as local perturbations of pg,
provided pg( p) = 10 say.

Proposition 2.2.  There is an € > 0 depending only on a® such that the sublevel
sets of pg + ¢f, are totally convex subsets of N".

Proof. Note that the level sets of pg + ¢ fp are smooth submanifolds of N”;
since N" has negative curvature, it is sufficient to show they have positive
definite second fundamental form II,,. For a given tangent vector X we have

1
|d(Pe+8fp)|

We have D*(pg) = I by (2.1) and D?(ef,) <eC, by (2.2); choosing ¢ suffi-
ciently small then gives the result.

Remark 2.3. It is clear that Proposition 2.2 remains valid when f, = ¢ o p is
replaced by ¢ © p where ¢x(2) = ¢(R - t); then ¢ depends on R as well as a>.
In order to simplify the computations in Step III, we will choose R to satisfy
the following requirement. Let Sg( p) be the sphere around O containing p, and
Sg(€) the concentric spheres with radius dist(0, p) + e. Then the level set of
pe T ef, through p should equal Sg(e) outside the intrinsic ball of radius 1 in
So(e) centered at op N Sg(¢&) (instead of the extrinsic ball of radius 1 centered at
p). It is not difficult to see that for dist(0, p) = C, e.g., dist(0, p) = 10, such
an R may be found independent of O, p.

Step II. We now construct global convex domains, using iteration of the
local result contained in Proposition 2.2. Thus let S = Sy(R) be a fixed
geodesic R-sphere and let S(¢) = Sg(R + ¢). Choose p € S and define C, to be
the sublevel set of pg + £f, with p € 3C,; here and in what follows, ¢ and f, are
defined by Proposition 2.2 and Remark 2.3. One may view C, as the ball

IL,(X, X) = (VxN, X)= - D*(py + &f,)( X, X).



DIRICHLET PROBLEM AT INFINITY 709

B(e) = By(R + ¢) with a ‘scallop’ cut out around p; C, is a totally convex
domain.

One may proceed to cut out successively larger ‘scallops’ from successively
larger spheres as follows. Let T, be the ‘seam’ of C,: T} = 9(C, N S(¢)). Let
Ur, be the collection of points on S, = S(&) whose outward intrinsic distance
to T, is < 1; note this includes all points of S, in the interior of T, (the
component containing op). For any ¢ € Ur,, define the convex set Cy(g) to be
the sublevel set of p, + £f, such that ¢ € 3C,(g), and set

aG= N G(q).
q€Ur,
It is clear that C; is totally convex. Let C, = C;\(B(e)\C)).

Note that C; C B, = B(¢), and B(£)\C, is the ‘scallop’ bored out of B(e). It
is easy to see that C, is also totally convex. In fact let x, y € 9C, and suppose
not both x and y are in 9C,. Theny = E; is obviously contained in C,; suppose
v entered the scallop B(e)\C,. By convexity of C,, at least one end z of
¥y N B(¢e) does not lie in dC,. However, then one of the two geodesic arcs zx or
zy must intersect the complement of C,(¢) for some ¢, contradicting the
convexity of C,(¢q).

It is now clear how we proceed inductively; the ‘seam’ T; of C,, T, = 9(C, N

’

S(ie)), serves to construct C/, | as

1

G = N Cii(q),
qE UT,
where C, (g), Ur, are defined as before. Then C, ., is given by C;, | = C/,, —
(B; — C,). We thus have a nested sequence of totally convex sets

C,CCC--CCCCryy C....

Let C= U2, C; this is the desired global totally convex set. Note that we
construct such € for any p € S and any S (of radius = 10).

Step III. Having constructed global convex domains € in N”, we need to
show that © has ‘nontrivial’ asymptotic behavior. In particular, we need to
control the size of N S"!(c0). The study of € N $" !(c0) uses comparison
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of C with models in the spaces H"(—1) and H"(-a?). It turns out it is actually
sufficient to compare C with models in H%(-1) and H?*(-a?). Thus choose an
origin o in H?(-1) and H*(-a?) together with R-spheres S(R) centered at o,
and let p € S(R). We construct the models C C H 2(~1) exactly according to
the prescription given for C in Steps I and II above (using the same or any
equivalent f). Similarly, construct models C C H?(-a?), but replacing the
intrinsic distances 1 by 3 everywhere.

We measure the asymptotic behavior of € (and C, ) by means of the angle
at o from the ray op; in other words, for any x € © C §" (), consider
3 e(op, ox) Let

ag=sup{Je(op,ox): x €CN S (x)},
Be=inf{Je(op, ox): x €CN S" '(c0)}.

Similarly we define ag, Bz and ag, Bg; it is easy to see that in fact ag = B and
aQ = BQ'

Lemma 2.4. In the above notation, we have
(2.5) ae< ag, BQ< B@.

Proof. (i) ap < ag. Referring to Step II in the construction of C, let
xy € Ty be a sequence such that x, - x,, and J,(ox,,0p) = ac. For each
fixed N, let xi, € T, be chosen inductively so that x§ = x, and
dist g (x, (xj'')) <2 where (xj"') is the normal geodesic projection of

xy ' onto S(i) = S(R + ie). Consider the geodesic hinge xyoxy"'; set ajy =
<Io(oxN, ox‘“) and note that l(ox') = R + ¢ for any N. Now consider analo-
gous hinges in C C H(-1). In this case, each 7} consists of two points {X;, §,};
we let x, € T, be chosen so that {T: Lo T,,} is an oriented basis for T,(H 2(-1)).
Let @ = J,(op,0x,); we have l(ox;) = R + ie and dists (X, Xj+1) = 2. It
now follows from the Rauch comparison theorem (see [2, 1.28, 1.30]), that

a’},s?, for all i, any N.

Thus we have shown

af’s

1 i

o = ag,
1

[\ZE

a@< llm
N-

i ™8

1

where the last equality follows from the fact that H%(-1) is 2-dimensional.

(ii) B < Bo. Again we choose x,, € C N S"“(oo) realizing Bo. Let P C TyN"
be the 2-plane spanned by the vectors {T;,, T,;~}, and let ? = exp, P. Choose
x; € T; N P so that distg,(x;, (x;4,)) =1 where (x,+) is as in (i); it is clear
that such choices of x; always exist and x;, —» x . We let B, = J (ox, 0x,, )
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and recall /(ox,) = R + ie. Now compare this data with the model C C
H*(-a?); choose x, C T, C € as in (i) and set 8, = J (op,0x,) in H*(-a?).
Since I(O—Xi) = R + ie and distg(x;, (X;41)) = 1 (recall 1 is replaced by ! in
©), it follows by Rauch comparison as above that

B;<pB;, foralli.

Since all angles B; are measured in P, we have B, = 22, 8,, which gives

0 00
Be= 2 B<2 B =P8 qed
i=1 i=1
We are now ready to obtain estimates for az and ,Bg in terms of ¢, a, R. For
the calculations we use the Poincaré model for H2(-A?); recall the hyperbolic
metric on the Euclidean ball B2(1) is given by

4
ds} = —————ds2,

(1 —r2)?
where ds? is the Euclidean metric. One easily computes that at Euclidean
distance r € (0, 1), the hyperbolic distance d, is given by
_ 1 1+r
d\ = X log =
Also, the intrinsic hyperbolic distance S, on S(R) is S, = 2S./[A(1 — r?)], for
Sy the intrinsic Euclidean distance.

Now given T, C Cor Cin H*(-N?) for > = 1, a?, we measure the position of
T, with respect to o and the ray op by means of ‘polar coordinates’: T; = (/, 6,),
where /; is the radius of the Euclidean sphere with T, € S(/;), and 6, is the
hyperbolic angle at o between op and oT,. We have T, = (/,,0) where /, =
(eM—1)/(e*® +1), since T, = p is on the geodesic R-sphere centered at o.
By construction, /, is given by the formula

1 pte 2
ke =— dt.
?\-/10 1—¢2

Writing /, =/ + p,, one finds that

(1+1y)[eP — 1]
1+ e ((1+1,)/ (1= 1))

To compute 8, recall that
1
( 1— r2) S

B =

>N

S\ =
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by construction we require S, = distg(X;>(X;+1)) = 20, where ¢ =1 in
H?(-1) and o =1 in H?*(-a?). This gives 6, = S;/l, = Ao(1 — 13)/I, and
generally

Ao(1—17 )
ok = - .
Ik—l
For the coordinates of T}, we then have
e
T, = lo+p,k,>\02 l~’
i=0 i

Set Q,(R,¢)=1lim,_ 0, Then p, - 1— 1/, as k > co and a lengthy but
straightforward computation shows that
[o 0]
1
26) (R =4(1-B)o- 3 ,
i=0 (14 1p) e — (1 — ly) e

- 1
= 4o 2 e -
Py eZ)\eet)\e _ e—x)\e

It is clear that this series converges uniformly on compact sets in both
variables R > 0 and ¢ > 0; thus £, is a continuous function of R and &. In

particular, setting A = 1 and A = g, and substituting in the value for o above,
we obtain bounds on ag and B:

- 1
2.7 ap =4 %>
( ) ¢ i§0 e2Rpie — o-ie
el 1
Bo=2a . —
Q i§0 eZaRetae _ e-xae

Of course, we are only interested in the case when B, < a3; this occurs for
example for R satisfying (a — 1)R = In(a/2); soR =1 is sufficient.

Recall that ¢ is determined solely in terms of the constant a from Proposition
2.2. The estimates (2.7) in conjunction with Lemma 2.4 provide estimates for
the behavior of C at infinity. In the next section, these will be used to discuss
the convexity of " !(c0) and the solution of the Dirichlet problem.

3. Convexity of S"'(0): Solution of the Dirichlet problem

We use the results of §2 to discuss the convexity of N”" at infinity. First, we
prove the existence of arbitrarily ‘small’ convex neighborhoods for x €
S" !(0) in the cone topology; this leads to the solution of the Dirichlet
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problem at infinity for A. We also prove an important property of the convex
hull of closed sets S C S"~!(c0), namely, C(S) N " (c0) = S; this property
is well known in hyperbolic space H"(-1).

We continue to assume that N" satisfies -a> < K < —1.

Theorem 3.1. Given any v € Ty(N") and 8 > 0, there are convex domains
K, 5(1) in N" satisfying

() K, 5(I) C T(v, 8, 1), for | = 1, where idepends continuously on 8 und a,

(i) C(v,8) N S" " (0) C K, (1) N S""!(o0), where 8 >0 depends con-
tinuously on a and I.

Proof. Let x, € S"~'(o0) be the asymptote class determined by v, and ox,
the ray from o to x, and let o, = S,(/) Nox, for / > 0. Consider the spheres
S,(R) of radius R </ around o, and set pr = S,(R) ﬂa. Define C( pg, 0,)
to be the convex domain constructed in §2 determined by the center o, and
point pg; we will show that for appropriate choices of R and [/, K 4(/) =
C( pg» 0,) satisfies (i) and (ii).

(i) Given any 6 > 0, we claim there is an I'such that [ =/ implies C( pg, 0))
C T(v, 6,1) for any Ry(a) <R < R|(a), where R, R, are fixed constants
depending only on a. To show this, recall that B, =inf{J , (Ep—k, 0,X):
x € CN S" Y(0)}, and B, = B by Lemma 2.4. Consider the geodesw triangle
00,x,, where x, € S" (o) realizes B, and let @ = 3, (oo,, 0x ) Let 00X,
be a similar tnang]e in HZ( 1) where dist(o,0,) =1, x,, € S'(0) and

3 o (0,0,0,X ) = Be- Setting & = 3, (00, 0X,,) in H*(-1), the Rauch com-
parison theorem applied to the two triangles implies that
Q<Q.
Now B, depends on a and R according to (2.7); in particular, there are
constants Ry(a) and R,(a) so that Ry(a) < R < R,(a) implies that 7/2 < fB,
< 37 /4, independent of /. It follows by elementary hyperbolic geometry that
can be made arbitrarily small by choosing / sufficiently large; thus there exists /
sothat @ <Q <& for/=> 1L

We have proved that C( pg, 0,) N S" " (00) C C,(v, 8) N §"~!(c0) for [ =1,
R,(a) < R < R/(a). By examining the construction of C( pg, 0,) in §2, this is
easily seen to imply that

C(pg,0,) CT(v,8,1— R\(a)), [I=1

(i) To see that K 5(/) intersects S" !(c0) in a set of nonempty interior,
choose y,, € " '(o0) realizing ap = sup{ J,(0, P, 0,%): x € CN 5" ()},
where € = C(pg, 0;) as in (i). Consider the geodesic triangle 00,y,, and let

= J,(00,, 07,,). We form the comparison triangle 00,¢, in H H*(-a”) where
dlst(o 0;) = land <)o,(o,o 0£,) = azin H(-a?).Letw =3 ,(00,, 0500), since
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ape < a; by Lemma 2.4, Rauch comparison applied to the pair of triangles
gives

WS .
This shows that C (v, w) N $" (o) C C(pr,0) = K, 5(I). It is clear that
0’ = w >0 depends continuously on a, / and R. Since R is bounded by
Ry(a) <R <R(a),d dependsonlyonaand /. q.ed.

As a consequence of Theorem 3.1, we deduce our main theorem on the
solvability of the Dirichlet problem.

Theorem 3.2 (Dirichlet problem at infinity). Let N" be a complete simply
connected Riemannian manifold of sectional curvature K, satisfying -a> < K <
—1, where a® = 1 is an arbitrary constant. Then the Dirichlet problem at infinity
for A, (1.0), is uniquely solvable for any p € C°(S"~!(0)).

Proof. By Theorem 1.4 we need to prove that for pairs x, y € " (0),
x # y, there exist disjoint open sets V,, V] in N" relative to the cone topology
so that ¥, N N and V, N N are convex. Let v, w € Ty N" be chosen so that x, y
are the asymptote classes of the rays determined by v, w. Choose 8 > 0 so that
Cy(v, 8) N Cy(w, 8) = @. By Theorem 3.1 we may choose convex domains K,
and K, so that K, C Cy(v,8), K, C Cy(w,8) and K, N §" Y(0), K, N
S"~!(0) contain the intersection of §’-cones around v, w with " (c0). In
particular, the domiills K., K, satisfy the above conditions. q.e.d.

Given a set S C N", we define the convex hull C(S) of S to be the smallest
geodesically closed set in N” containing S. The manifold N” is said to satisfy
the Visibility property if given any distinct x, y € $" (o), there is a complete
geodesic y in N” asymptotic to x and y; see [5]. As a simple special case, N" is
Visibility if Ky < —b? < 0. The Visibility manifolds are the natural class of
manifolds in which to study the convexity of S§” !(c0). A characteristic
property of the convexity of the model space H"(-1) at infinity is the fact
C(S) N S" Y(e0) = S for any closed set S C " '(c0). We generalize this to
other Riemannian manifolds as follows.

Theorem 3.3. Let N" be a complete simply connected manifold satisfying the
conditions of Theorem 3.2. If S is a closed set in S"~'(c0), then
(3.3) C(S) N S" Y(0) =S.

Proof. We note that it is sufficient to prove the existence of ‘large’ convex
sets C, 4 for any 8 > 0, v € T, N" such that

§" Y o0)/ (C(v,8) N §" (o)) C C, s N 8" Y(0),
but x, € C, ;N S""!(o0). For given such, let x € $" '(c0)\ S; then there
exists 8 and v with x = x, € Cy(v,8) N $" '(c0) satisfying Cy(v,8) N
§"7!(0) C 8" (0)\S. Choose C, ; as above; it follows that x & C, 5 yet
S C G, ;. Since C(S) C C, 4, we have x & C(S) as required.
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The existence of C, ; follows from the results of §2; we choose O and
P € Sy(R) so that v is the unit tangent vector to (‘)_p Choose R so large that
ap < §; this is possible for any § >0 by combining Lemma 2.4 with the
estimate (2.7). On the other hand, we have the estimate S8z = B, = §'(q, §, R)
> 0 again by (2.7) and Lemma 2.4. Thus x, & C, 5, and so @D_, s satisfies the
required properties.

Remark. The property (3.3) is useful in providing barriers for systems of
partial differential equations satisfying certain maximum principles; in particu-
lar, it can be applied to the study of complete minimal submanifolds in N” and
harmonic maps of complete manifolds into N”. Gromov [10, 3.2] has also
called attention to property (3.3), partly in regard to generalizing the theory of
Kleinian groups.

4. Harmonic measure and general boundary values

In this section we generalize our results on solvability of the Dirichlet
problem to more general boundary values; we begin by introducing a Poisson
integral representation for globally defined harmonic functions via the harmonic
measure on S” '(c0). Theorem 4.3 then gives a satisfying relation between the
class of bounded harmonic functions on N" and the class of L* functions on
S" 7Y (0).

Given f € C°(S""'(0)), let P[ f] denote the unique harmonic extension of f
into N"; thus P[ f] is the harmonic function on N" with asymptotic boundary
values f on S" '(c0). For each x € N", define a linear functional L, on
C°(S""!(c0)) by

(4.1) L(f)=P[f](x).

Note that since |P[f](x)|< maxg.-,|f| by the maximum principle
(Proposition 1.1(a)), L, is a bounded linear functional of norm 1. Again the
maximum principle shows that f=0= L (f) =0 so that L  is a positive
functional. Applying the Riesz representation theorem gives the existence of a
regular positive Borel measure p, on "~ !(c0) such that

P[f1(x) =[S Su.

for any x € N", f € C°%(S" '(o0)). We note that the above remarks show that
$"~!(o0) is the Silov boundary of N” in the sense of harmonic analysis. The
measure p, is called the harmonic measure of S" (o) at x; clearly
B (S" (00)) = 1 for all x.

The following result gives a means of constructing harmonic functions with
more general behavior at infinity.

n—l(a3
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Theorem 4.1. Let f € S" '(c0) - R be u -integrable for some x € N". Then
fis p,-integrable for all x € N", and the function P|[ f] given by

(4.2) PO =[ ., 1 dm

is a smooth harmonic function on N".

The function P[ f] defined by (4.2) is called the harmonic extension of f. In
particular, if E C " (o0) is a Borel set, then p ( E) is harmonic in x.

Proof. The proof is a straightforward adaptation of the same result for
bounded regular domains in R”; see [11, §3.6]. We sketch the argument for f
upper-semicontinuous and bounded. Choose a sequence of continuous func-
tions { f,} decreasing montonically to f as n — oo. The corresponding sequence
of harmonic extensions P[ f,] given by (4.2) decrease to a limit u(x), and u is
harmonic in N”"; this follows easily from the Harnack-type convergence of
harmonic functions in N”. It is not difficult to see that u is independent of
{/,}- By monotone convergence, [sn-1(,)fy Alx = [sn-1(o0) fdR, for any x, so
that ¥ = P[ f]is harmonic. To prove (4.2) for Borel measurable f, one uses the
fact that f is the monotone limit of upper-and lower-semicontinuous functions;
see [11] for details. q.e.d.

We now show that the harmonic extension P[f] of f has the correct
boundary values, at least in certain cases.

Given a continuous function u: N" - R, let u, denote the restriction to
S"~!(¢), and u* the pullback of u, to S" (1) via the exponential map. If v:
S" Y(o0) > R, we also view v: S" (1) > R via the homeomorphism 7:
S$"71(1) > §" (o) (see §0). Finally, if A denotes the measure induced by the
volume form on S$”~!(1), we view A as a measure on S”~!(¢) for ¢ € [1, 00] via
the above homeomorphisms.

Theorem4.2. Letf e LP(S" '(00), p,) N L(S" (0),A), 1 <r < o0, and
let P[ f] denote the harmonic extension of f. Then || f — P[f]'||, > Oast - oo in
L(S"'(1), A). In particular, P[ f], - f almost everywhere in the cone topology
on N".

Proof. Since 1 <r < o0, C’is dense in L". Let f, € C°(S" '(0)) be chosen
so that f, > fin L'(S""'(c0), A\) N L?(S" '(c0), 1), and set u, = P[f,]. By
the solution to the Dirichlet problem, Theorem 3.2, (u,), converges to f,
uniformly in the cone topology so that u’ — f, uniformly on S"'(1). Let
u = P[f]. Then u,, » u uniformly in N" since

jux) = (Ol [, 1 = hld,

-1

1

» /p
<( [N TN B Ty %
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We have

1 = wlen <UF = £lloa +115 = willon + [t = w05

the above remarks show that each term is arbitrarily small for ¢, n sufficiently
large. q.e.d.

We are interested in the converse of the above theorems, i.e., given harmonic
functions ¥ on N”, when does u have boundary values in L#? For the case of
bounded harmonic functions, we have the following theorem.

Theorem 4.3. Let B denote the Banach space of bounded harmonic functions
on N" under the sup norm. Then the linear mapping

P:L°(S" (o), p) = B,  P(f)=P[f]

is a norm-nonincreasing isomorphism onto B. Further ||P[f]'—f||,—> 0 as
t - oo for any 1 < p < oo provided f € L*(S§"~'(0), A).
Proof. 1t is clear that P is linear and 1-1. P is norm-nonincreasing since

PLAG= [, Sawe <l [ =1 o

n—l(

Thus the major task lies in showing P is surjective; the proof of this is a
variation of the proof by Ullrich in the case of the Bergmann ball; see [13,
§4.3].

There is a natural action of SO(n) on "~ !(¢) induced by the linear action
of SO(n) on the Euclidean -spheres in TN"; of course, the action on $"~(¢)
is not by isometries. Let dg denote Haar measure on SO(n) and choose a
continuous nonnegative function h: SO(n) - R such that [g,,, hdg=1.
Given F(z): N" —» R harmonic, define

(4.3) G(z) = /S oo F(82) - h(8) dg.

We claim there is a fixed constant k, depending only on the geometry of N
such that

. L . P
(4.4) S [ (8O dg <k [ iy FCO @A,
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for any £ € "7 !(1). To see this we have

[ IF'(gn)l”dg]dx= / [[ ) IF'(gn)l”dA]dg
sy | /so(n) so(n) |Ys"7 (1)

- ‘/:S‘O(n) ['/:S‘"—‘()) ‘F'('q)'p d((g‘l )*)\)] dg

<k[ [/ ) }F(n)|pd>\] dg
so(n) [Ys" (1)

4
=k- F dA,
Jores 1)

where k = sup, {sup[h(x): x € S}, A e = Radon-Nikodym derivative
of (g7")*A with respect to A. On the other hand, since SO(n) acts transitively
on S"" (1),

f [f |F'(tn)|p dg] dX = vol "7 '(1) f |F’(g£)\p dg,
sy | Yso(n) SO(n)

for any £ € §"7'(1); this proves (4.4). By the Holder inequality applied to
(4.3), using (4.4) we have

(4.5) 1G(2)[< k- M,|[A]q,
where p, ¢ are conjugate indices, and M, = sup,|| F’|| ,; in particular,
(4.6) |G(z)|<k-M,.

These estimates show that {G'}, ¢t € (1, ), is an equicontinuous family on
S"~1(1). In fact, given & > 0, choose a neighborhood U of I C SO(n) such that

|n(g) — h(ggo')|<e
for g, € U, g € SO(n). Choose 8 > 0 so that if ¢, n € S"'(1) and dist(£, )
<4, then £ =gy for g, € U. Since G(g,z) = fso(,,)F(gz)h(gg(;‘)dg, one
finds

|G'(£) — G'(n)] <fso(n) |F*(gm)|-|n(gg5") — h(g)|dg < Mie,

provided dist(¢, ) < 8. By (4.6), {G*} is uniformly bounded, so it follows that
there is a sequence {z,} - oo such that {G'} converges uniformly to g €
Co%S" (0)).

Now replace & by h; in the definition of G, and let supp{4;} shrink to
I € SO(n). Then G, converges pointwise to F. Consider the sequence {g;}; by
(4.6) and the uniform convergence of G; to g, |Igll,, <k M, for all
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1 < p < oo. Thus there is an f € L*(S" (c0), ) such that {g;} has a subse-
quence, call it {g;}, converging to f in the weak *-topology of L*. The function

P[f1(x) = fs fan

is well defined and harmonic in N”; we will show that F = P[ f]. To do this we

first prove that

(4.7) F'—P[f]' - Oweaklyin L®(S" '(00), A)* N L=(S""!(c0), p)*.
t— 00

n—l(

Clearly,
(4.8) F'—P[f]'=(F'-G/)+ (G —P[g]) + (Plg] — PL/]),

and we will analyze each of these terms separately. Let o denote either of the

measures A Or [i.
() (F' — G/): We compute, for / € L'($"7'(1), 0),

fs”*‘(l)(F’(z) ~ G/(2))(z) do
:j:v"“(n [fsom (F'(z) = F'(gz)) - 1 hjdg] do

:/:3‘0(,,) [/;n—l(l)(F'(Z) - F'(gZ)) . Ido] hjdg

Note that since F is bounded on N, there are a sequence {#,} — oo and
¢ € L°(S" (1), o) such that { F"} - ¢ in the weak *-topology on L*. Thus

lim (F'(z) = G!(2))I(z) do

;=00 YS"7(1)

N ‘/:S‘O(n) [[gnl(l) (¢(z) - ¢(gz))ld0] . hjdg‘

This shows that, given any ¢ > 0 and / € L'(¢), there is a J such that for j = J,
the last term is bounded, in absolute value, by &. The same statement holds for
any sequence {f;} — 0.

In the next case, we can estimate in the strong L”-norm.

(i) lim le; - p[gj]f“;’,o = lim fswn,G"’(z) - P[gj]f(z)l” do

1
< lim |Gj’(z) - gj(z)] do
1=00 JSm7N(1)

+ 11—1>rg [ywl )|P[gj]’(z) - gj(z)|p do.

(o0
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Since G/ - g, and P[g;] > g, uniformly on $"7(1), the last two terms
vanish.

(iii) To estimate lim,_,, (P[g;]’ » P[f]’) in the weak *-topology, we just
note that P[g;]' - g; uniformly for fixed j, and P[f]’~f in L”-norm,
1 <p < oo; further g; - f weakly in L>(S" (1), 0).

Combining the estimates in (i), (i) and (iii) with (4.8) gives the desired (4.7).
Finally, since F — P[ f] is harmonic, bounded and (F — P[f])' — 0 weakly as
t - oo we claim that F = P[f]. Thus let ¢y = F — P[f] and let P,* d\A denote
harmonic measure on " (¢) at x. Then we have

v = [ VORI dA
= [ W) -aw )+ [ () [PE() dN = dwr(»)].
N O) N ¢))

By assumption the first term converges to 0 as ¢ — oo, and by general
principles the second term also converges to o since ||{||,, is finite.

This shows F = P[ f] as desired. Finally, the fact that ||P[ f]* — f||, - 0 as
t - oo follows immediately from Theorem 4.2.

5. Concluding remarks

1. It is not difficult to see that Theorem 3.2 remains valid provided the
conditions on the curvature hold outside some compact set B of N"; in other
words a®> < Ky < -1 on N" — B, where B is any compact set in N”", and
N" — B is diffeomorphic to R” — B, B being a closed ball. This is in line with
the philosophy of Greene-Wu that much of the function theory on Cartan-
Hadamard manifolds should be determined by asymptotic conditions only.

2. Let0 € N" and let 9 /9x; be global normal coordinates for N" around 0.
Setting g;; = (9/0x,, 3/3x;), the Laplace-Beltrami operator takes the form

-l 9 ij u
Au=— a—xi(\/g_g’axj),

‘/E iJ

where g = det(g,,), and g = (g, j)_]~ Then Theorem 3.2 may be interpreted as
showing that this operator admits many bounded solutions in R”, provided
a'/ = /g g" satisfies certain curvature conditions—certain bounds on 2nd and
3rd derivatives of a'/.
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