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SUBMANIFOLDS AND SPECIAL STRUCTURES
ON THE OCTONIANS
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0. Introduction

Geometries associated to the exceptional groups and “exceptional” represen-
tations of classical groups often display interesting features closely related to
(but distinctly different from) the more familiar features of the classical
groups. This paper centers on the geometries in E* and E® whose groups of
symmetries are G, C SO(7) and Spin(7) C SO(8). Both of these groups are
related to the octonians (sometimes called Cayley numbers) and may be
defined in terms of octonionic multiplication. In particular, G,, the compact
exceptional group of (real) dimension 14, is the subgroup of algebra automor-
phisms of O (the octonians) and Spin(7) C SO(8) may be defined as the
subgroup of GL x(O) generated by right multiplication by unit octonians which
are purely imaginary.

The geometry of the algebra O is closely related to the complex numbers. In
§1, we develop some of the properties of O that we need for later sections.
(Our presentation is essentially borrowed from Appendix A of [12], but any
mistakes are, of course, due to the author.) A particularly interesting property
is described as follows: If we let ImO C O be the hyperplane (through 0)
orthogonal to 1 € O, and we let S¢ C Im O be the space of unit vectors, then
right multiplication by u € S° induces a linear transformation R,: O - O
which is orthogonal and satisfies (R,)* = —1. Thus, associated to each u € S°
is a complex structure on O (induced by J = R ) which is compatible with the
natural inner product on O. We denote by O, the Hermitian vector space
whose underlying real vector space (with inner product) is O and whose
complex structure is given by R .

Classically, this observation was used to define an almost complex structure
on S as follows: If u € S, then R, preserves the 2-plane spanned by 1 and u
and therefore preserves its orthogonal 6-plane, which may be identified with
T,S% C ImO after translation to the origin. Thus R, induces a complex
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structure on T,S® for each u € S°. This almost complex structure is not
integrable (even locally) to a complex structure (see below). In [Ca], Calabi
noticed that for any oriented M¢ C ImO, R,,, induces a complex structure
on T,MS (where N(x) is the oriented unit normal). Thus every oriented
MS C ImO inherits an almost complex structure. Moreover, M ¢ inherits a
metric from ImO, so we actually have a U(3)-structure on M°®. (Calabi calls
these structures “almost Hermitian.” He also proves that such M® possess a
canonical SU(3)-substructure but we will not need this.) Calabi shows that the
second fundamental form II of M decomposes with respect to the U(3)-struc-
ture into a piece IT"! of type (1,1) and a piece I1%? of type (0,2). He then shows
that the almost complex structure of M is integrable if and only if II"! = 0 and
that the canonical 2-form of the U(3)-structure, say £, is closed if and only if
11°% = 0 and tr; II"!' = 0. From this it follows that the U(3)-structure on M is
Kihler if and only if II = 0, so that M is a hyperplane (or a union of pieces of
hyperplanes). Calabi then constructs nontrivial examples of M® C ImO for
which the almost complex structure is integrable. His examples are of the form
S X R* C ImO, where S C R® is a minimal surface, R> C Im O is an associa-
tive 3-plane, and R* = (R®)* . Calabi leaves open the problem of determining
whether or not there are nontrivial M¢ C Im O for which the canonical 2-form
is closed.

In [10], Gray generalized Calabi’s construction somewhat by considering
hypersurfaces in N’ where T,N’ has a vector cross product modeled on
ImO =~ R’. In the case N = Im O, Gray observes that the canonical 2-form £
on M% C Im O is always co-closed, i.e., 82 = 0 (or equivalently dQ22 = 0).

In the present paper, after some preliminary work establishing the structure
equations of Spin(7) C SO(8), we study oriented manifolds M® C O. As is
pointed out in [12], every oriented 6-plane in O =~ R® is a complex three-plane
in O, for a unique u € S°. Thus, every oriented six-manifold in O inherits a
natural U(3)-structure generalizing the case where M® C Im O. In this case, we
decompose the second fundamental form II of M into three pieces and prove
the analogues of Calabi’s theorems concerning when the U(3)-structure is
complex integrable and when d©2 = 0. In particular, we show that the induced
UQ3)-structure on M*® C O is Kihler if and only if M® is a complex hyper-
surface in O, for some fixed u € S. We then go further in the study of those
M?® C O for which the U(3)-structure is complex integrable but which are not
Kihler. We show that such M* are foliated by 4-planes in O in a unique way.
We refer to this foliation as the asymptotic ruling of M. Using the moving
frame, we prove that if the asymptotic ruling is parallel then M is the product
of a fixed 4-plane in O with a minimal surface in the orthogonal 4-plane. In
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particular, we show that Calabi’s examples are exactly the M® with parallel
asymptotic ruling which lie in the hyperplane Im O C O. We then use Cartan’s
theory of differential systems in involution to show that the analytic non-Kihler
but complex M° C O “depend” on 12 analytic functions of 1 (real) variable.
(For a more precise statement, see §3).

We observe, as did Gray, that the canonical 2-form on M® C O is always
co-closed. Finally, we show that any M C O for which the canonical 2-form £
is closed is necessarily Kahler (and therefore must be a complex hypersurface
in O, for some fixed u € $%). In particular, such M C ImO must be
hyperplanes. This recovers a result of Gray (see [10]).

In the final section of the paper, we study the “complex curves” in S, i.e.,
those maps ¢: M? — S® where M? is a Riemann surface and d¢ is complex
linear with respect to the almost complex structure on S® induced by the
inclusion S¢ C Im O. This study is motivated by the fact that the cone on such
a complex curve gives a 3-fold in Im O which is associative in the sense of [12].
Such cones are absolutely mass minimizing and their singular structure reflects
the singular structure of general associative varieties in R’ C Im Q. We first
prove that the almost complex structure on S° determines the metric structure
of S% so that any invariant of the local almost complex structure is also a
metric invariant (for a more precise statement, see Proposition 4.1 and its
proof). (This is the compact-form analogue of Cartan’s characterization of the
split form of G, as the pseudo-group of a certain differential system on a five
manifold.) This justifies our use of the metric structure on S® to study the
almost complex structure of S°.

Since the generalized Cauchy-Riemann equations for local mappings of
Riemann surfaces into an almost complex manifold form a determined elliptic
system (which is first order, quasi-linear) we expect the local theory of complex
curves in S8 to be analogous to the local theory of complex curves in C>. (In
the analytic category, this is certainly the case.) Along these lines, we develop a
Frenet formalism for complex cuves in S® analogous to that developed for
complex curves in CP?, We define the first, second and the third fundamental
forms of ¢: M? - S° as holomorphic sections of line bundles over M2. In
particular, the third fundamental form III, analogous to the torsion of a space
curve, plays a crucial role. The assumption that III # 0 places severe restric-
tions on the divisors of the three fundamental forms (see [11] for terminology
concerning Riemann surfaces). We are able to prove, for example, that if
M? = P!, then III = 0 is impossible. It seems likely that for fixed genus g, the
space of complex curves ¢: M? > S° (where M? has genus g) with II1 = 0 is
finite dimensional, but we have not proven this.
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Turning to those curves with III =0, we show that these curves are the
integrals of a holomorphic differential system on the complex 5-quadric. We
then use a normal form (due to Cartan in [6]) for this holomorphic system to
construct generically 1-1 complex curves ¢: M2 —» §¢ with IIl =0 for any
Riemann surface M? so that the ramification divisor of ¢ has arbitrarily large
degree. The author would like to express his gratitude to Phillip Griffiths for
explaining the technical aspects of line bundles over M2 used in this construc-
tion (see the proof of Theorem 4.10). This shows, in a sense, that the compact
curves of torsion zero (III = 0) are “more general” than those with torsion
nonzero. This should be contrasted with the situation in CP?, for example.

Throughout this paper, we assume that the reader is familiar with the theory
of moving frames. For notation concerning almost complex and complex
manifolds, the reader should consult [8] or [15]. We make one extension of
their terminology: If M is almost comlex and #: B - M is bundle over M, we
speak of a form on B as being of type ( p, q) if it is locally a linear combination
(with coefficients in C*(B)) of pullbacks under 7* of forms of type (p, ¢) on
M. This will cause no problem except in the case that B is also almost complex
and 7 is not complex linear. In this case, we are careful to distinguish the two
so that no confusion can arise (hopefully). For notions concerning Riemann
surfaces, we have used [11] as the basic reference.

Finally, the author would like to acknowledge (gratefully) conversations and
inspiration from Eugenio Calabi, Phillip Griffiths, and Reese Harvey.

1. The octonians and Spin(7)

In this section, we give a brief description of the octonian algebra O and
derive a few of its properties. We then go on to define the group Spin(7) C
SO(8) by octonian multiplication and to derive its Lie algebra and structure
equations in a form suitable for our differential geometric investigations in the
following sections. For more details on O and Spin(7), the reader is encour-
aged to consult Appendix A in [12] and the classical references listed in its
bibliography.

An inner product algebra over R is a vector space A over R which possesses
a nondegenerate inner product {, ): A X A —» R and a multiplication A X A -
A withunit 1 € Asothatforallx, y € A

(1.1) (xy, xy)= (X, x){y, ¥).

For convenience’s sake we will identify R with the 1-dimensional subalgebra of
A generated by 1 € A. By (1.1), we have (1,1)= (1,1)2 If (1,1)= 0, then



SPECIAL STRUCTURES ON THE OCTONIANS 189

{x, x)=0 for all x € A, contradicting the nondegeneracy assumption. Hence
(1,1)= 1. We define the orthogonal compliment of 1 to be InA C A. Itis a
proper subspace and we have A = R © Im A. Give x € A, we define x € A,
(1.2) X=2x,1)— x.
We denote (x,1) by Rex and (x — Re x) by Im x. Clearly x € ImA if and
onlyifx = -Xxorx =ImxorRex =0.

If we polarize (1.1) in the x-variable, we get the identity
(1.3) (o, 29)= (%, 2V, »)-

If we expand (x(1 + w), (1 + w)) in two ways and compare terms, we
find

(ow, )= (x, y (2w, 1) = w))

or

(1.4) (xw, y)y= (x, yw)
for all x, y, w € A. In the same way, we get
(1.4) (wx, yy=(x,wy).

Using (1.4) and (1.4’) repeatedly, we get
(w, XY= (yw, X)=(y, W)= (xy, W)
= (w(xp), 1y=(w, () )
for all x, y, w € A. It follows that
(1.5) (xy) =jx.
From (1.5), we conclude that xx is real for all x € A. but then (x, x)=
(xX,1)= xX.

(1.6) xX = (x, x)= Xx.
Polarizing (1.6) we get
(1.7) (x, )=3(xp + yX).

We also compute
((xw)w, yy= Cxw, yw)= (x, yY(w, w)=(x(w, W), y)
SO
(1.8) (xw)w = x(wiw) (= x{w,w)).
by subtracting 2(xw){w, 1) from both sides of (1.8), we get

(1.9) (xw)w = xw?
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in spite of the fact that we have not assumed that A is associative. In a similar
manner, we get

(1.8) w(wx) = (ww)x,
(1.9) w(wx) = w2x.

By polarizing (1.8) and (1.8’), we get the identities
(1.10) (xu)o + (xv)ut = 2x(u, v),
(1.11) u(ox) + o(ux) = 2x{u, v).

In particular, if (u, v)=0, then (xu)0 = —(xv)u and u(ox) = -v(ux). We
may use these facts to prove the following lemma (see [12]).

Lemma 1.1. IfB C A is an inner product subalgebra and u € A is orthogonal
to B, then Bu L B and B © Bu is a subalgebra of A which satisfies
(1.12) (a+ bu)(c + du) = (ac — (u, u)db) + (da + b¢)u.

This lemma allows us to start with B =R and “build up” to A by
successively adding on orthogonal subspaces. Using this technique, one can
show that if we assume that (, ) is positive definite, then there are only four
inner product algebras over R, namely R, C, H (the quaternions) and O (the
octonians).

Explicitly, we may regard O as the vector space H ®© H. If we write 1 for
(1,0) € O and ¢ for (0,1) € O, the above lemma shows that the multiplication
in O must be given by

(1.13) (a + be), (¢ + de) = (ac — db) + (da + bc)e
where the inner product satisfies
(1.4) ((a + be), (a + be)y= aa + bb

whenever q, b, ¢, d € H.
We let S = {u € ImO|(u, u)= 1}. The elements of S® are called the

imaginary units of O. For any u € S we have u = -1, so u? = —uit = -
{u, uy= -1. We may use u to define a map J,: O - O given by
(1.15) J(x) = xu.

The identity (1.9) shows that J2(x) = (xu)u = xu® = —x, so J, defines a
complex structure on Q. We write O, to denote O endowed with the complex
structure J,. If u # v, then clearly J, # J,, so we actually have a six-sphere of
distinct complex structures on O. However, because S° is connected, we see
that the orientation of O induced by the natural orientation of O, as a complex
vector space does not depend on u. We refer to this orientation as the natural
orientation of O.
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Using (1.3), we see that if u € S, then
(Ju(x), J(p))= (xu, yuy={x, y)(u, uy={x, y)

so J, is an isometry for each u € S. Moreover, it follows that O, is endowed
with a natural Hermitian structure with respect to the inner product ¢, ). We
denote the group of complex linear transformations of O, by GL(O,) and the
special unitary transformations of O, with its Hermitian metric by SU(O,).

We let Spin(7) C SO(8) denote the subgroup generated by the set {J,|u €
S¢} € SO(8). It is known (see [12]) that Spin(7) is a connected, simply
connected, compact Lie group of real dimension 21. Its center is { +/;} ~Z /2
and Spin(7)/{=I,} is isomorphic to SO(7), a simple group. We want to make
explicit the structure equations of Spin(7) as a subgroup of SO(8) in such a
way that its relationship with the complex structures J, is made clear.

Let u € S° be an imaginary unit which is orthogonal to ¢ € O. For each
A ER, (cosAe + sinAu) is an imaginary unit. Hence J, © Jgosnc+sinau) =
—cosAI+sin AJ, o J, is an element of Spin(7). We easily compute that J, o J,
+ J, o J, = 0 by using (1.10). Thus (J, o J,)> =J, 0 J, o J, 0o J,= —J2 o J2 =
-I. It follows that
(1.16) exp(AJ, o J,) =cosAI +sinAJ o J,.

Thus, if spin(7) C so(8) is the Lie algebra of Spin(7), we see that J o J, €
spin(7) for all u € S with (u, €)= 0. Since spin(7) is a vector space, we see
that L C spin(7) where

(1.17) L= {J,oJ,|w€ImO,{e,w)=0}.

Note that dimg L = 6.

To go further, we will choose a basis and exhibit L as a vector space of
matrices. In order to do this, let j and k be orthogonal imaginary units
in H' We define the standard basis of C ®gO, (N, E, N, E) =
(N,E,E,, E,, N, E-l, E,, E;) as follows: We set N = 3(1 — ie), N = 3(1 + i¢)
and

E,=jN,  E =N,
(1.18) E, = kN, E, = kN,
Ey;=(K)N, E;=(k)N.

(Note that conjugation in C ® g O occurs only in the C-factor.) By using the
formulae in (1.13) and some elementary calculation, we see that if we set

In all that follows, we never use i to denote a quaternion or an octonian. For us, i € C and
C¢H
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w = 2Re(a'E, + a’E, + aE,) where a; € C and Re: C ®z O - O is the real
projection, then w € Im O, (e, w)= 0 and

J, o J(N, E\, E,, E;)

(1.19) 0 ia'  ia*> ia’

= = = =\|-ia 0 ia® -id?®
=(N,E,E,,E a

(N, B\, B, Ey) ~ig®> -ia® 0  id'

—ia®> ia* -ia' 0

To simplify matters, if @ = (a') is any column vector of height 3 (with complex
entries), we define [a] to be the 3 X 3 skew symmetric matrix

0 a& -a
(1.20) [a]=[-2* o &
a? -a' 0
Note that [a] is the matrix of the linear transformation from C* to C3
determined by cross product with a € C3. We will eventually need the follow-
ing identities for a, b € C3 and 4 € M, 4(C).
[a]b + [bla=0,
(1.21) [4a] = (tr A)[a] —'4[a] — [a]A4,
[al[b] = b'a —'abI,
(I; is the 3 X 3 identity matrix).
We may now rewrite (1.19) in the more compact form
’ ° — (AN T O ltﬁ
(119) sennE) =N S (]

where w = 2Re(aE) (row by column multiplication is understood). It follows
that, expressed in the full basis (N, E, N, E) we have

0 0 0 —ia

0 0 ia [-ia]

0 ia 0 0
—ia [ia] 0 0
Thus, imbedding End(O) => M, 4(C), the space of 8 X 8 complex matrices, via
the standard basis, we get

(1.19") J,oJ(N,E,N,E)=(N,E,N,E)

0 0 0 -a
0 0 a |[a

(1.22) L=1l0 o o o |I°€ C’ = My, (O)¢-
a [a] 0 o
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An easy computation, using (1.21), then shows

i

x+’E=0andtrn=0}’

(1.23) [L,L]= {(8 0) and k € M,,,(C)

Since L C spin(7), [L, L] C spin(7), and L N [L, L] = 0; and since
dimg L =6,
(1.24) dimg[L, L] = 15,
dimg spin(7) = 21,
we conclude that
(1.25) spin(7) = L®[L, L].
Finally, note that [ L, L] = su(0,), the Lie algebra of SU(O,). If we note that
(1.26) gl(0,) N spin(7) = su(0,)
and that Spin(7) is connected, we deduce that
(1.27) GL(0,) N Spin(7) = SU(O,).

We record our main result so far:

Proposition 1.1. Extend the elements of Spin(7) C End(O) complex linearly
so that Spin(7) C End(C ® g O). If we use the standard basis (N, E, N, E) of
C ®R O to represent End (C ®g O) as the 8 X 8 complex valued matrices, then

_15 0 .—ta a, b E M3X1(C)’
d a [a]||ceR,de M,,C),

“7 e |y g,
[a] b d trd + ic=0.

spin(7) =

[/ © o8

As we will see below, Spin(7) actually satisfies GL(O,) N Spin(7) = SU(O,)
for allu € SS.

For x, y € O, we define x X y by the formula
(1.28) xXy=1%4(yx—Xxy).
x X y is called the cross product of x and y. Clearly x X y € ImO. We have
the useful identities
(1.29) (%, )=0=x Xy =jyx =Xy,
(1.30) EXN=NXE=0.

For each u € S5, we let r,; ImO > Im O be defined by r(x) = @(xu) =

(ux)u (this last association formula follows easily from (1.8) and (1.8")). Using
the Moufang identities (see Appendix B of [12]), one can verify that there
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exists a homomorphism x: Spin(7) - SO(7) C GLg(ImO) which satisfies
x(J,) = r, (existence is the only doubtful point; uniqueness is clear). Further-
more, we have the following equivariance: For g € Spin(7) and x, y € O

(1.31) g(x) X g(y) = x(g)(x X y).
A basis (n, f, 7, f) of C®gO is said to be admissible if there exists
g € Spin(7) C M;,5(C) so that

(1.32) (n,f,7,f)=(N,E,N,E)g.

The space of admissible bases forms a manifold diffeomorphic to Spin(7). In
fact, we may use (1.32) as a definition of the quantities n, f;, etc. as C &g O-
valued functions on Spin(7). Using (1.30) and (1.31), we have the following
formulae for any admissible frame:

(1.33) fXa=axf=o.
Now, differentiating (1.32), we get
d(n,f,7,f)=(N,E,N,E)dg
=(n, f, 7, f)g'dg
=(n, f,7, [ )¢,

where ¢ = g~'dg is the canonical spin(7)-valued left-invariant 1-form on
Spin(7). Consulting Proposition 1.1, we get

Proposition 1.2 (The First Structure Equations). There exist left-invariant
1-forms on Spin(7): p with values in R; 8, Y with values in M, ,(C); and « with
values in 3 X 3 skew-Hermitian matrices satisfying

(1.34) trx + ip =0,
ip -'p 0 -0
o N I " 6 [6]
(135) d(n,f,a,f)=(nf,7,f) 0 -0 -ip -
6 [0 b &

where ¢ satisfies
(1.36) do = - No.
Remark. Note that in terms of R-valued 1-forms k has 9 components which

are independent and whose linear combinations include p; ) has 6 compo-
nents; and 6 has 6 components making a total of 21 independent 1-forms (as
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expected). Moreover, in working with the structure equations (1.36) the follow-
ing bracket identities will be extremely useful. If « and B are 1-forms with
values in M;,(C) and v is a 1-form with values in M;, ;(C), we have

(1.36a) [a]AB=[B]Na,
(1.36b) [y Aal = (iry) Ala] =y Ala] + [a] Ay,
(1.36¢) [al A[B] =B N al, — B Na.

For our work in later sections, we will need the identities
(1.364) aA[a] Na=-6a' NaAa?,
(1.36¢) [Ma] N a=3(tr M —'M)[a] N\ a,

where M is an 3 X 3 matrix of O-forms. From these last two follows the useful
identity
(1.36f) a N[Ma] Na=-2trMa' N\ a* N &>,

To complete this section, we develop the moving frame equations for O with
its standard Spin(7)-structure. We let % = O X Spin(7) and let x: $— O
denote projection onto the first factor. All functions and forms on Spin(7) will
be regarded as functions and forms on % via pullback by projection on the
second factor. For our purposes, it will be more useful to think of % as the
space of pairs (y;(n, f, 71, f)) consisting of a base point y € O and an
admissible basis (n, f, 7, f) at that point. Since we have essentially identified
Spin(7) with the space of admissible bases, this should cause no problem.

We let (N*, E*, N*, E*) denote the dual basis of (N, E, N, E)in (C ®g O)*.
Thus we have the identity

(1.37) NN*(y) + EE*(y) + NN*(y) + EE*(y) =y
for all y € O (note that E* is a column of 1-forms of height 3). It follows that

x*(N*)
B — _ | x*(E*)
(1.38) dx=(NENE)| L i
x*(E*)
If we set
) x*(N*)
wl _ x*(E*) _
(1.39) 2 ZE () =9,

x*(E*)
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we get
Proposition 1.3 (The Second Structure Equations).

(1.40) ax=(nfom, f)5]|=(nf0f )
w
(1.41) dy= o Ny

The geometric interpretation of these equations is the standard one in the
theory of moving frames (see [3]). We will make extensive use of these
equations to study submanifolds in O.

2. Spin(7) geometry in O and Im O

In this section, we investigate some of the special properties of O with its
Spin(7)-structure. We begin with the geometry of the oriented 2-planes in O.

Let G(2, 0) denote the Grassmannian of oriented 2-planes in O. It is known
that G(2,0) is a manifold of dimension 12 (over the reals) and is connected
and simply connected (see [14]). Spin(7) acts on O and therefore has a natural
induced action on G(2, 0). We may even define a map &: Spin(7) — G(2, O) as
follows:

First, we imbed G(2,0) = AZO via the Pliicker imbedding: If 8 € G(2, 0)
is an oriented 2-plane and x, y € B form an oriented orthonormal pair, then
we identify B with x Ay € A%0. Second, if g € Spin(7) is given, we let
(n, f, 7, f) = (N, E, N, E)g be the associated admissible basis. Because g €
SO(8), n = 3(a — ib) where (a, b) € O X O is an orthonormal pair. We then
define

2.1 &g)=aNnb=-2inNnh.
Proposition 2.1. The mapping &: Spin(7) d G(2,0) is surjective and makes
Spin(7) into a principal right U(3)-bundle over G(2,O). Thus
Spin(7) /U(3) = G(2,0).
Proof. We compute the differential of £ as
(2.2) dt=2i(fo+70 ) An—2inN(f0+fh).

It follows that £ has rank 12 at every g € Spin(7). Because Spin(7) and G(2, O)
are compact and dimg G(2,0) = 12 surjectivity follows. For g, h € Spin(7),
we obviously have the formula

(2.3) £(gh) = Nh(£(g)),
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where A%h: ARO — A%0 is the second exterior power of h: O — O. It follows
that the fibers of £ are the left cosets in Spin(7) of the stabilizer of any
B € G(2,0), say H C Spin(7). The homotopy sequence of the fibration H —
Spin(7) » G(2,0) plus the fact that G(2,0) and Spin(7) are connected and
simply connected shows that H is connected and its Lie algebra is defined by
the equations § = § = 0 (by (2.2)). This implies that H = U(3) by inspection.
g.e.d.

It is well known (see [7]) that the Grassmannian of oriented 2-planes in any
Euclidean vector space has a natural complex structure. For our purposes, it is
more convenient to take the conjugate complex structure to the one used by
Chern. (By our conventions, the Gauss map of an oriented minimal surface in
E” is holomorphic.) We describe the complex structure on G(2,0) by saying
that a complex valued 1-form & on G(2,0) is of type (1,0) if and only if £*(a)
is a linear combination of the forms {', §2, b3, 8', 62, §°}. Examination of the
structure equations
(1.36) df_)Z—?/\ip—x/\f)—[B_] NG,

dg=-ONip—[0)Nh—KkNEO
shows that this is a well-defined concept and that the almost complex structure
defined above is actually integrable.

A special feature of O is the cross product (1.28). Because the cross product
is alternating (x X y = —y X x) it follows that it induces a well-defined map
A?0 - ImO. If x, y € O form an orthonormal pair, (1.29) implies that

(x Xy, x Xyy=(yx, px)=(y, y){x, x)=1
so x X y € §°. Moreover the identities

x(y X x) =y =J(x),

@4 Wy X x) = x = Jye (y)

follow from (1.29) when x and y are orthonormal, showing that the 2-plane
a = x Ay is a complex line in O, . Thus, we have a map y: G(2,0) —» S
defined by
(2.5) y(aANb)=bXa=-aXb
when a, b € O are orthonormal. This map has the property that, for a €
G(2,0), y(a) is the unique imaginary unit so that a is a complex line in 0, (o
In particular, vy is surjective and y~'(u) is canonically identified with CP?, the
projectivization of O, =~ C*.

We have the formula

(2.6) v o é(g) =2i(n X 1)



198 R. L. BRYANT

where (n, f, i1, f) = (N, E, N, E)g. Using (2.4) we get the identity
2.7 n(2in X n) = in.

Proposition 2.2. For any admissible basis (n, f, n, f ), (n, fi, fr, f3) is a
unitary basis® of O,,, . The mapping y o &: Spin(7) > S is surjective and gives
Spin(7) the structure of a principal right SU(4)-bundle over S®. In fact (y o ¢)™(u)
corresponds to the space of special unitary bases of O, with its canonical
Hermitian structure.

Proof. If we differentiate (2.7) and compare coefficients of 6, we get, using
(1.33) that

(2.8) fQin X 1) = if.

It follows from (2.7) and (2.8) that n, f,, f,, and f; are (1,0) vectors in C ® O,
where u = 2in X 7. Since Spin(7) C SO(8) and since N, E|, E,, E, are orthog-
onal and Hermitian orthogonal, it follows that n, f,, f,, f; must also form a

unitary basis of O,. The surjectivity of y o £ is clear since each map separately
is known to be surjective. Computing the differential of y o £, we get

(29) d(yeo¢)=2i(dnXn+nxdn)=2i((nXf)8+ (fxn)d),

where we have used (1.35) and (1.33). It follows that the fibers of y o £ are
(unions of) the leaves of the foliation determined by the real and imaginary
components of @, and are therefore codimension 6. In fact, the remaining Lie
algebra when we set @ = 0 is clearly su(4) C spin(7), so the leaves are the left
cosets of SU(4) in Spin(7). Again, because Spin(7) and S® are connected and

simply connected, it follows that the fibers of y o £ must be connected. We
conclude that

(2.10) Spin(7)/SU(4) ~ SS.
The equivariance of y o £ is easily seen to be
(2.11) y o é(gh) = x(h)(y < £(g)).

The above remarks all combine to show that if g € (y o £)"(u),n then
(n, f, 7, f) = (N, E, N, E)gis a special unitary basis of 0, gqed.

These remarks have an interesting consequence for G(6, 0), the Grassman-
nian of oriented 6-planes in O. Using the metric and the natural orientation of
O, we may associate to each oriented six-plane { € G(6,0) its oriented
orthogonal 2-plane {* € G(2,0). Since {* is a complex line in O, ., and

2Recall that if V'™ is a real vector space with inner product and orthogonal complex structure J,
then AY(V) = {v € C®gV|Jo =iv}, and a unitary basis of V is really a complex basis
{e1, ..} of A'O(V) which satisfies (e,, &)= 38, .
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because J, is orthogonal for all u € S, it follows that { is a complex
three-plane in O, .,. We refer to the complex structure induced on { in this
way as the canonical complex structure of {. Since ¢ also inherits a metric from
O, we see that { has a natural Hermitian structure. Referring to the structure
equations (1.35) we see that if (n, f, 71, f) and (', f’, @, f’) are two admissi-
ble bases with —2in A1 = -2in’ A’ = ¢+ € G(2,0), then there exists a
unitary matrix A4 which is 3 X 3 so that

(2.12) n = (detA)'n, f =fA.
It follows that we have a canonical identification
(2.13) $he Nes*,

a fact we will use later.

We will also have occasion to study the geometry of Im O under a slightly
smaller group than Spin(7). We get G, C Spin(7) be the subgroup which
leaves 1 € O fixed. Thus G, is a compact subgroup of Spin(7). If we define
p: Spin(7) - S§7 C O by setting p(g) =n + i where (n, f, n, f) =
(N, E, N, E)g, then clearly p~'(1) = G,. Computing the differential of p, we
get

(2.14) dp=i(n—n)p+f(o+6)+f(h+6).

It follows that p has rank 7 and gives Spin(7) the structure of a G,-bundle over
S7. The connectedness and simple-connectedness of Spin(7) and S’ shows that
G, must be connected and that the Lie algebra of G, is obtained from that of
Spin(7) by settingp =H + § = 0.

For g € G,, we say an admissible basis of C®gO, (n, f, 7, f)=
(N, E, N, E )g is G,-admissible. Since n + n =1 for such bases, we remove
this information and set ¥ = i(n — ). We then have the following proposition
whose proof is an easy computation and is omitted.

Proposition 2.3 (The Structure Equations of G,). The map u:G, > S°
makes G, into a principal right SU(3)-bundle over SS. In fact, we have the
structure equations

(2.15) du = f(-2i0) + f(2i0 ),

(2.16) df = u(~i'0 ) + fx + f [ 6],
(2.17) dd=-xNO+[0]N8,

(2.18) dk = -k Ak + 30 NG —'6 N OI,.

It follows that S® possesses a unique nonintegrable almost complex structure so
that a complex-valued 1-form a € QL(S) is of type (1,0) if and only if u*(a) is a
linear combination of {6, 67, 6°}.
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Remark. The existence of an almost complex structure on S® will also
follow from the next section.

Finally, we will need to study the structure of the Grassmannian of oriented
2-planes in Im O, G(2,Im O). We define the map 9: G, - G(2,Im O) by

(2.19) n(G) = -2if, A f,.

One easily verifies that 7 gives G, the structure of a principal right U(2)-bun-
dle over G(2,ImO). Since 7(g) is a complex line in O,,,;, and since
n+n=1, we easily compute that 2in X n =i(n —n)=u so n(g) is a
complex line in O,. The structure equations (2.15) and (2.16) then show that
n(g) is a complex line in T, S® with the canonical almost complex structure of
Proposition 2.3. It follows that there exists a unique map 7: G(2,Im O) —» S°
satisfying u = « o 9. Unfortunately, 7, is not complex linear on the tangent
spaces, so it is not a map of almost complex manifolds. The following
proposition displays the structure of this map vis a vis the almost complex
structures of G(2, Im 0) and S°. It will be used extensively in §4.

Proposition 2.4. The natural complex structure on G(2,0) is described as
follows: If a is a compact 1-form on G(2,Im O), then it is of type (1,0) if and only
if 1*(«) is a linear combination of {k?, k3, 8', 82, 8°}. Moreover, the holomorphic
tangent bundle of G(2,1m Q) has a natural G,-invariant splitting into complex
subbundles Ly, L, , L_, where Ly = kerm,, L, is the space of vectors on which
w, is complex linear, and L_ is the space of vectors on which m, is complex
anti-linear. If we get £, ® £, ®L_= QY9G (2,Im O)) be the splitting dual to
Ly® L, ®L_= T'°G(2, Im O) then we have the characterizations

(2.20) Lo = {a € QL|n*(a) = 0 mod(x?, k})},
(2.21) R, = {a € Qc|n*(a) =0mod(6?, %)},
(2.22) P.= {a €Q|n*(a) =0mod '},

where we have written Q). for Q-(G(2,Im O)). Finally, the natural map CPTS®
- G(2,Im O) (which arises by simply regarding a complex line A C T,S® as an
oriented 2-plane in ImO) is a diffeomorphism and we have a commutative
diagram

CPTS¢ > G(2,Im O)
B /
S6
where B8 is the base point projection.

Proof. These are all elementary calculations using the structure equations
and will be left to the reader.
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3. Oriented 6-manifolds in O

Let M® be an abstract oriented 6-manifold with a smooth differentiable
structure. Let X: M - O be a smooth immersion of M® into O. We say that
an admissible frame (y; n, f, i, f) € Fis adapted atp € Mif X(p) =y and if
(fis fo» £3) s a (1,0) basis of X, (7, M®) with its induced orientation from M*®
and complex structure induced from right multiplication by 2in X 7. We let
% (M) denote the space of pairs (p,(y; n, f, n, f)), pEMS (y;n, f 7, f)
€ % where (y; n, f, 71, f) is adapted at p. We call F,(M) the adapted frame
bundle of the immersion X: M% — O. We have a commutative diagram:

(A:)——*f"
M o

We see that p: §,(M) - M is a right U(3)-bundle over M which may be
regarded as a subbundle of the GL(6, R) bundle of the tangential frames of M.
We simply refer to this G-structure as the U(3)-structure on M induced by the
immersion X: M — O. The reader should be aware that other authors have
called such structures “almost hermitian”.

The forms on & pullback under X* to give forms on %y(M) which we
continue to denote by the same letters. The following basic theorem follows
immediately from the theory of moving frames and the structure equations of
O (see §1, (1.35), (1.36), (1.40), (1.41)).

Theorem 3.1. Let X: M® — O be an oriented immersion and let p: F,(M) -
M be the adapted frame bundle. Then M inherits a U(3)-structure where %,(M)
is the bundle of unitary frames and whose features are described as follows:

v =7=00n%,(M).
(i) A form a € QM) is of type (1,0) if and only if p*(a) =0
mod(«', w?, *).

(iii) 4 canonical 2-form, Q, of type (1,1) is associated to the U(3)-structure and
is characterized by the condition p*(Q) = (i/2)'0 N @

(iv) The metric g on M induced by X from O satisfies p*(g) ='w ° ®.

(v) The structure equations hold:

(3.1) dx = fo + fa,
(3.2) dn=nip+fH + f8,
(3.3) df = -n't + fx — n'0 + f [6],

(and the equations gotten from these by conjugation).
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We omit the proof.

Of course, a U(3)-structure has many invariants and those U(3)-structures
which satisfy extra conditions are of particular interest. Among these, the most
important for us will be the following: A U(3)-structure on M will be said to be

(i) complex if the underlying almost complex structure is integrable to a
complex structure (by the Newlander-Nirenberg theorem, this is equivalent to
the condition da = 0 mod Q'°(M) for all a € Q"O(M); see [7]);

(ii) symplectic if the canonical two-form { is closed;

(iii) co-symplectic if Q is co-closed, i.e., 82 = 0 (this is equivalent to either of
- the conditions dQ2% = 0 or d * Q = 0);

(iv) Kdhler if it is both complex and symplectic;

(v) co-Kabhler if it is both complex and co-symplectic.

Note that symplectic implies co-symplectic, but not conversely (see below).
Complex U(3)-structures are often called “Hermitian”.?

Our analysis of U(3)-structures induced by oriented immersions X: M¢ - O
begins with the second fundamental form. If we differentiate the equation
v = 0 on %, (M), the structure equations (1.41) give

(3.4) hAw+ONG=0.

Applying Cartan’s Lemma, we conclude that there exist 3 X 3 matrices of
functions, 4, B, C on %,(M) (with complex values) satisfying

(3.5) A=4, C='C,
69 (3)=% Z)2)

Using these formulae, we easily compute the second fundamental form of
X: M% > O as an Euclidean immersion as
(3.7) II=-2Re{(‘how+00w)n}.
Classically, one views II as a linear map II: S>(TM) - NM where TM is the

tangent bundle of the immersion X. Using the almost complex structure on M
and the orientation of the 2-plane bundle N, M, we have canonical splittings

CQ®g S (TM) = SZ°(M) & SE'(M) ® S* (M),
C®g NM =N'M & NO'M,

where the bundles on the right are complex vector bundles over M. For
example, SZ2(M) for ¢ € M is spanned by products of the form e, o e, where

3 The reader should be aware that other terminology has been used for these concepts. Compare
[13], 2] and [10}.
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e, and e, are (1,0) vectors in T , M. If we extend II complex linearly to a map
C ®r S(TM) - C ®g NM, and split it into components via the above split-
tings, we see that II has three independent pieces, the rest being determined by
symmetry and reality of II. These components are I1%%: S>%(M) - (M) -
N'OM given on F,(M) by

(3.7a) IT*° = (w0 Aw)n,
" SEY(M) - N'OM given by
(3.7b) "' = ('@ ‘Bw —'w o Bw)n,

and I1%% §3?(M) - N'°M given by
(3.7¢) I1°? = - (‘G o Ca)n.

From this, one easily computes the trace of II with respect to the first
fundamental form I =‘w o @ as

(3.8) H =t}tr; Il = —4(tr Bn + tn Bh).

H is often called the mean curvature vector of the immersion X. The above
discussion gives us a geometric interpretation of the components of II with
respect to the U(3)-structure. We will now relate these components to the
special conditions discussed above for U(3)-structures.

Theorem 3.2. Let X: M® —» O be an immersion of the oriented manifold M®.
The induced U(3)-structure is complex if and only if B = 0.

Proof. By Theorem 3.1 and the Newlander-Nirenberg theorem, it suffices
to show that the condition B = 0 is equivalent to the condition dw' =0
mod{w!, w?, &’} for i = 1,2, 3 (note that these are equations on F,(M)).

We compute by (1.41) and (3.6) that

do=-«kNw—[0]NB
=_ [0_ ]NG mod{«', w?, &’}
=-['Bo] A& mod{«', &?, &’}.
If B =0, then we obviously have dw = 0 mod{«', wz,_w3} so one direction is
done. Conversely, if dw =0, then we must have ['Bw] A @ = 0. If we set
‘Bw = B = (B') where the B are 1-forms, this equation becomes the equations
BAG =B NG

for all i, j. Since @ A @? A& #0, this easily implies B’ =0 and hence
B=0.
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Theorem 3.3. Let X: M — O be an immersion of an oriented manifold M°®.
The induced U(3)-structure is symplectic if and only if C = 0 and tr B = 0.
Proof. Since p: ,(M) — M is a submersion, we have d2 = 0 if and only
if dp*Q = 0. We compute using (1.41) and (3.6)
dp*Q = (i/2)("do N & —'w N\ dw)
=(i/2)(-a N[0 ] "B +wA[0] A w)
=(i/2)('o AN['Bew] Ao —® A['B&] A B)
+ (i/2)('w A[Ca] A 0 —&[Cw] A &)
= —Im((tr B)w' A 0? A &°)
+(i/2)(‘0 A[CB] A 0 —'& A[Cw] A &).
Separating the forms out by type we see that dQ2 =0 if and only if tr B=10
and ‘o N [Ca]w = 0 (by (1.36a)) which clearly implies C = 0 since the ' and
the @' are independent.
Theorem 3.4. Let X: M — O be an immersion of an oriented manifold M.

The induced U(3)-structure is always co-symplectic.
Proof. Using the formula for dQ2 developed in the last proof, we compute

d* = Yo NG A (e AN[CB] A w -8 A[Co] AB).
Separating the equation by type we see that 422 = 0 if and only if
wABA('B[ColNB)=0
or
wAeA(‘Ble]Ce)=0
which is equivalent to
AP ANSA('wA Cw)=0.

Since C is symmetric, we have ‘@ A Cw = 0. Hence d2? = 0 is an identity. By
our previous remarks, we see that this is equivalent to the co-symplectic
condition.

Theorem 3.5. Let X: M® — O be an immersion of a connected oriented
manifold M. The induced U(3)-structure is Kahlerian if and only if X(M®) is a
complex hypersurface in O, for some fixed u € SS.

Proof. By Theorems 3.3 and 3.2 we see that M*® is Kibhler if and only if
B = C = 0. By (3.6) we see that this is equivalent to § = 0 on ¥,(M). For any
(¢, (y;m, £, 71, f)) € %y(M), we know that X, (T, M) is complex with respect
to the complex structure J, where u = 2in X i, by Proposition 2.2. Equation
2.9 then shows that u = 2in X 71 is locally constant on %,(M) since = 0.
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Because M is connected, %,(M) is connected as well. Thus u = 2in X 71 is a
constant so that X, (T, M) is a complex 3-plane in O, for all ¢ € M. Thus
X(M) C O, is a complex manifold.

Corollary 3.6. If X: M® — O is an oriented, connected immersion so that the
image X(M) lies in a hyperplane and the induced U(3)-structure is Kihler, then
X(M) lies in a 6-plane.

Proof. Since X(M) C O, is a complex hypersurface and since any 7-plane
in O, contains a unique C?, it follows that X(M) C C> C O,.

Historical Remarks. Theorems 3.2 and 3.3 as well as Corollary 3.6 were
derived by Calabi under the assumption that X(M) C Im Q. Also, compare
Fukami and Ishihara [9]. Theorems 3.2, 3.3 and 3.4 as well as Corollary 3.6
were derived by Gray in [10], though his terminology is much different. Gray
also proves that if M® C Im O and d2 = 0, then M is flat (compare Theorem
3.13 below, which implies Gray’s result). In addition, Gray considers other
combinations of conditions on the 4, B, and C. We will not discuss these.

Further Remarks. The above theorems are not complete in the sense that
we do not yet know that there exist any immersions X: M — O whose induced
U(3)-structure is complex but not Kihler or which is symplectic but not
Kibhler. In [2], Calabi shows how to construct immersions X: M® - ImO
which are complex (but not Kéhler) starting with an arbitrary minimal surface
S C R® C ImO (where R* C Im O is an associative 3-plane) and letting M® =
S X (R*)* with X just the natural inclusion X: S X (R*) C Im O. Since minimal
surfaces in R® depend on 2 arbitrary functions of 1 variable (in Cartan’s sense,
see [4]), this gives a class of complex (but not Kahler) immersions depending
on 2 arbitrary functions of 1 variable.

Since the complex and symplectic conditions represent overdetermined sys-
tems of partial differential equations for the immersing function X: M¢ > O,
and moreover, since these equations arise naturally in the moving frame
context, we will apply the theory of differential systems to these existence
problems. We start with a proposition about complex immersions.

Proposition 3.7. Let X: M® - O be an immersion of an oriented manifold
into O. If the induced U(3)-structure is complex, then the rank of C is at most 1.
Moreover, if U C M is the open set where C # 0 and U 5 & then there exist
functions a, ¢ on F(U) with values in M 5(C) which are well defined up to sign
and which satisfy

(3.9) C='-c,
(3.10) =1i(‘a-c+%-a).

(Note that the right hand sides are 3 X 3 symmetric complex matrices so this
makes sense.)
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Remark. A point ¢ € M where C = 0 will be called a Kahler-umbilic (or
K-umbilic). Thus, Theorem 3.5 says that if ¥ C M is an open subset of a
complex X: M = O consisting only of K-umbilics, then X(V) is actually
Kahler and a complex hypersurface in O, for some .

Proof. Suppose X: M® > O is complex. Then by Theorem 3.2, we have
B=0,so
(3.11) h=Adw, 6= Co.

Differentiating the first equation and using (1.36) we get

(3.12) dANw+AANde=dh=-[0]N0+hNip—kAD.

In (3.12), the only term of type (0,2) is [] A 6. Since the forms {', &' |i =
1,2, 3} are independent, we get

(3.13) [6] N6 =0.

This is equivalent to the equations §° A\ 6/ = 0 for all i, j. Thus the 8’ are all
multiplies of a single form. Since # = Cw and the &' are independent, it follows
that C has rank 1 or 0. Since C ='C, it follows that there exists a M, (C)-val-
ued function ¢ on %, (M) uniquely defined up to sign satisfying C ="cc.

The case C = 0 is covered by Theorem 3.5, so let us assume that C = 0 and
restrict attention to the open subset where C # 0, say U C M. By passing to a

double cover of %,(U), we may choose ¢ smoothly (see the remark at the end
of the proof). Differentiating the second equation of (3.11) we get

(3.14) dCANw+ Cdo=d0=-Nip—[0] ANy —KANG.
In (3.14), the only term of type (0,2) is [6] A Y. Thus
(3.15) [0]1Ap=[0]AD=[Cu] AAdw=0.

Elementary linear algebra using (1.21) then establishes the result that there
exists a unique a on %,(U) with values in M, ,;(C) satisfying (3.10). q.e.d.

Remarks. For application to Theorems 3.8-3.12, let us carry these calcula-
tions a little further. If we substitute C =‘cc and 4 = 3(‘ac +‘ca) into (3.12)
and (3.14) respectively, we may collect and cancel terms to rearrange these
equations in the forms

(3.14) o Acw+c(o Nw) =0,

(3.12) TAcw+e(rANw)+oNaw+ac N w =0,
where we have set

(3.16) o =dc— c(k+ (i/2)p),

(3.17) r=da— a(k — (3i/2)p) — 3c(a[@]’c).
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Applying linear algebra and Cartan’s lemma, we conclude from (3.12") and
(3.14") that there exist M,,;(C) valued functions r,s on %,(U) (uniquely
defined) so that

(3.18) o =‘w(lcs + %’sc),
(3.19) T =’w(’cr +Lrc +as + %'sa).

The presence of the 1 factor in (3.16) and (3.17) shows that ¢ and a change sign
if they are transported around a generator of 7 (U(3)) = Z in the fibers of
p: 94(U) — U. Thus ¢ and a represent “spinor” quantities (rather than tensor
quantities) on M. Equations (3.16-3.19) may then be regarded as expressing
the fact that s is the covariant derivative of ¢ and r is the covariant derivative
of a. This explains why we must double cover %,(U) in order to get ¢ and a
well-defined.

Using this last proposition, we see that for a complex immersion X: M¢ > O
which is free of Kéhler-umbilics, the formulas (3.7) simplify to

11%° = - (aw) ° (cw)n,
(3.20a,b, c) ' =0,

11%? = - (¢w) o (¢cw)n.

With this in mind, we define the asymptotic subbundle of the immersion
X: M > O by

(3.21) @(M) = {vE€TM|cw(v) =0}
and the bi-asymptotic subbundle by
(3.22) B(M) ={vE€TM|cw(V) = aw(v) = 0}.

Note that because I1>° and 11%? are well defined on M, (M) and B(M) are
well defined. B(M) need not have constant rank since aw A cw can vanish
along a subvariety (or be identically zero, for that matter). However, (M)
has constant rank on a dense open set in M. Note also that @(M) C TM is a
complex subbundle of complex rank 2, while (M) C &(M) may have either
complex rank 1 or 2.

Theorem 3.8. @(M) is an integrable holomorphic subbundle of TM. The
image of each leaf of the associated holomorphic foliation under the immersion
X: M® - O is (an open subset of ) a real 4-plane in O. On the open set where
B(M) has constant rank, it, too, is an integrable holomorphic subbundle of TM.
If Tk B(M) = 1, then the leaves of the associated holomorphic foliation map
under X to 2-planes is O.
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Proof. Let (M) C F,(M) be the subbundle defined by the condition
that { f,, f;} gives a (1,0) basis of X, (&(M)), i.e., f, and f; span the asymptotic
subspaces in X(M). F)(M) is clearly a U(l) X U(2) bundle over M. We
restrict all of our forms on %, (M) to F(M). By definition, cw A &' =0 so
¢ =(¢,,0,0) for some complex valued function ¢, on F{(M), ¢, # 0, and
cw = c,w'. If we write s = (s, 5,, 53), the equations (3.16) and (3.14) combine
to give

(3.23) (de;,0,0) = ¢)(k} + 4p + 5,0 + 350, k) + 5,0, K} + 530).

In particular, we get

(3.23) Ky = —s0', k)= 50
Also, (3.11) reads

(3.24) 0' =c', 2=6°=0.
Using (1.41) and (3.23) we compute

(3.25) d(c,0') = (4p — 1s0) A ¢y

It follows that c,w' = cw is well defined on M up to a complex multiple of
modulus 1 and that its annihilator (M) is a holomorphic integrable subbun-
dle of TM. Of course, the leaves are characterized by the condition «' = 0.

If we regard G(4,0) as imbedded in A%0 by the Pliicker imbedding, then
the function —4n A7 A f; A f: FM(M) > G(4,0) C ARO assigns to each
adapted frame the 4-plane which is orthogonal to X, (& (M)) where ¢ € M is
the base of the frame. We may compute the differential of this function as

d(-4n ANa A fiNf) = -4 £,3,68 + f,3,68) Aa A fi A
—4n A\ (f:zazclw' +f;a3c|w') ANHNF
(3.26) —an AN (5B + 5B A
—4n N n N\ f /\(fzszwl +f3s3w').
It follows that on an integral of w' =0, d(-4n A a A f; N\ ﬁ) = 0 so that the
normal 4-plane field to the image of each leaf of w' = 0 is constant. It follows
that the image of each leaf under X is (an open subset of) a 4-plane in O.

We now turn to B(M) C &(M). If aw N cw =0, then B(M) = &(M) so
there is nothing to prove. Hence we assume aw N cw Z 0 and restrict to the
open set where aw A cw # 0. We define FP(M) C FP(M) to be the sub-
bundle defined by the extra condition that f; gives a (1,0) basis of X, (B(M)).
FI(M)is a U(l) X U(1) X U(1)-bundle over M. We restrict all of our forms

to FP(M). By definition, the span of {cw, aw) is the same as the span of
{«', ©?}. Thus, there exist complex functions a,, a, on (M) with a, # 0
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satisfying a = (a,, a,,0). Examining (3.17) and (3.19), we get the analogue of
(3.23)

(3.27) K3 = —s30% — (¢y13/a,) @'
Also, using (3.16-3.19), we compute that
(3.28) dco=daw=0 mod{cw, aw} = {o', w?}.

Thus the bundle B is holomorphic and integrable. The map (-2if; A f;):
FA(M) > G(2,0) assigns to each element of FP(M) the two-plane
X*(%q(M )) where ¢ € M is the base of the frame. Its differential is

d(=2if, A fy) = 2i( fys30" + fo((s30% + (air3/ay)e)) A fy
(3.29) +2if, A (f5,8 + f(5,@* + (6,7,) /a,)@?)
=2i( fe ') ANy — 2i( fE,@) A f.

It follows that along the leaves of «' = w? = 0, the tangent plane of the image
in O is parallel, hence the image is (an open subset of) a 2-plane in O.

Remarks. In view of this result, we will refer to the holomorphic foliation
associated to @(M) as the asymptotic ruling of M. We say that X: M® - O is
asymptotically degenerate if H(M) = @(M) and we say that the immersion is
asymptotically parallel if the ruling is parallel in O, i.e., the images of the leaves
form a parallel family of 4-planes in O. Calabi’s examples are asymptotically
parallel, so this family cannot be empty. Referring to (3.26), we see that

(i) X: M® - O is asymptotically degenerate if and only if aw A cw = 0,

(i) X: M% - O is asymptotically parallel if and only if aw N cw = sw N cw
=0.

The notion of bi-asymptotic ruling for complex, non-Kahler, asymptotically
nondegenerate immersions is clear. For such an immersion, the bi-asymptotic
ruling cannot be absolutely parallel because of the presence of the terms
involving ¢,«' in (3.29). More directly, this is not possible because if each of
the planes X, (T, M) contained a common complex line then they would all be
complex with respect to a fixed J, (i.e., the one which makes the common
2-plane complex) so the immersion would have to be Kihler. The correct
notion of bi-asymptotically parallel is that the lines in each asymptotic leaf are
parallel. By (3.29), we have

(iii) X: M® — O is bi-asymptotically parallel if and only if aw A cw #* 0 and
swNaw N cw=0.

We want to introduce one more special class of complex, non K-umbilic
immersions X: M¢ - O.
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For any oriented immersion X: M® — O, we define a map §,: M° - G(2,0)
where we take the oriented normal:

(3.30) £x(q) = N,M € G(2,0).

We have

Proposition 3.9. The map & ,: M - G(2, O) is anti-holomorphic with respect
to the natural complex structure on G(2,0) and the almost complex structure on.
MS if and only if the immersion is Kahler. It is holomorphic if and only if
A = B = 0. In particular, any such immersion where X(M) is not a 6-plane is
complex, asymptotically degenerate, and non-K-umbilic.

Proof. By (2.2) and the discussion following, the forms {f’, 8/} generate
the pullbacks of the (1,0) forms on G(2,0) under the canonical map ¥ —
G(2,0) which sends (y, n, f, 71, f) to the oriented 2-plane spanned by n. It
follows from (3.30) that £, is anti-holomorphic if and only if h =6 =0
mod{w', w?, &’} holds on ¥,(M). But this is clearly equivalent to B = C = 0
in (3.6), and by Theorems 3.2 and 3.3 this is equivalent to Kihler.

To continue, £ is holomorphic if and only if § = § = 0 mod{«w', &?, *},
which is equivalent to4 = B=0. q.e.d.

Thus, our last special class of complex immersions is given by

(iv) X: M® - O has holomorphic normal Gauss map if and only if aw = 0
(and the immersion is complex).

We now proceed to investigate the existence and “generality” of these
various types of complex immersions in the analytic category. For this, we will
use the theory of exterior differential systems and the Cartan-Kéhler Theorem.
For more details on the methods used, the reader should consult [1].

Theorem 3.10. Let a: R — O be an analytic immersion and let B: R — G(2,0)
be an analytic immersion satisfying the two conditions

(i) &/(¢) is orthogonal to B(t) for all t € R.

(i) y o B: R — S5 is an immersion.

Then there exists a unique connected analytic immersion X: M® — O which is
complex, so that a(R) C X(M®), and so that B(t) is orthogonal to X(M®) at
a(t) € X(M®).

Remarks. From now until Theorem 3.12, we assume all data are analytic and
do not mention this point again.

If X: M% - O is a non-Kahler, complex immersion, we may select &: R — M
to be an immersion transverse to the asymptotic ruling, set a = X o @R - O
and let B(z):R - G(2,0) be given by B(1) = ngnM. The fact that & is
transverse to the asymptotic ruling implies that y o 8 = (2in X ) o B is an
immersion so the hypotheses are fulfilled. According to Theorem 3.10, the pair
(e, B) determine X(MS) completely. Intuitively, a single generic curve in
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X(M®) together with the knowledge of its normal along the curve completely
determines X(MS9), or at least, the connected component which contains the
curve.

We may use this theorem to determine the “generality” of the complex,
non-Kiahler immersions X: M® - O. Fix a three-plane, R* C O (since Spin
acts transitively on G(3, O), it does not matter which one). The unparametrized
curves in R® “depend on 2 functions of 1-variable.” Choosing a 2-plane field
along such a curve which is normal to the curve along the curve requires 10
functions of 1-variable since dim G(2,7) = 10. The genericity assumption (ii) in
Theorem 3.10 only removes a small set of such choices. Thus, we can specify
the essential (a, 8) information using 12 functions of 1-variable. This gives a
class of complex, non-Kihler submanifolds in O depending on 12 functions of
1-variable. One might expect, naively, that the “generic” complex, non-Kahler
submanifold intersects R® in a curve (by transversality). Thus, one might guess
that the complex, non-Kihler submanifolds of O depend on 12 functions of
1-variable. We will show that this is the case in the proof below.

This is in contrast to the case of complex, Kdhler submanifolds of O. By
Theorem 3.5, these are (up to constants) the same as complex hypersurfaces in
C*. Locally, these depend on 1 holomorphic function of 3 complex variables
(or equivalently, 2 real functions of 3 real variables). This is one of those cases
where the “degenerate” solutions of a system of PDE form a larger class than
the “generic” solutions.

Proof of Theorem 3.10. Let Z = % X M, ,;(C) X (M,4;(C) — {(0)}) and
let a: & - M,,5(C) and c: = - M,,;(C) — {(0)} be the projections onto the
second and third factors respectively.

We let I be the Pfaffian system on = generated by the forms », 7, the
components of § —'¢éw and § —’ccw, and the components of § — 1(‘ac +%ca)w
and Y — i(‘ac +'ca)w. Since I is invariant under conjugation, it may be
regarded as the complexification of a real Pfaffian system of rank 2 + 6 + 6 =
14.

Any complex, non-Kahler immersion X: M® — O gives rise, by Proposition
3.7, to an immersion of @X(M ), the spin double cover of ¥ (M) into =, say
X: @'X(M ) = = which is an integral of I and on which, the fifteen components
of X*(w) and X*(«) are independent.

Conversely, from the theory of moving frames, we see that any integral
Y: N - E of I on which Y*(w) and Y*(x) have fifteen independent compo-
nents may be regarded as the restriction of some X: @X(M ) = = to an open
subset of G}}(M ) for some complex, non-Kihler immersion X: M® — O for
some M.
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We first prove that [ is involutive. We easily compute
(3.31a) dv=dvr=0 mod]I,
(3.31b) d(6 —'ccw) = —'o A cw —'c(6 ANw) mod ],
(3.31b) d(6—%ccw) =-% Ao —c(6 Aw) modlI,
(3.31c) d(b— 3(‘ac +'ca)w)
=_1('rAco+er Aw+'o Aaw +'as Aw) mod I,
(3.31) d(p—3(‘ac +ca)w)
= 1('TAto+CeT ANB+%5Naw +'a5 Nw) modl,
where o and r are the forms defined by (3.16) and (3.17) (now, of course, we
regard a and c as independent functions on X).

If we now let v € T, £ be any tangent vector which annihilates I and which

satisfies cw(v) # 0, we see from (3.31) that the reduced characters of Cartan,
s/, satisfy
(3.32) si=12, s,=0 fora>1.
On the other hand, the formulae for the integral elements at a point x € = are
given by (3.18) and (3.19). Thus the integral elements depend on 12 parameters
at a point (six each from r and s). Cartan’s test is satisfied and the system is
involutive.

It follows from the Cartan-K#ahler Theorem that any integral curve of I on
which cw # 0 has a unique extension to a 15 dimensional integral on which w
and « have 15 independent components. (Note that w = 0 defines the Cauchy
characteristics of the integral.) Moreover, the 15 dimensional integrals on
which w and « are independent depend on s; = 12 functions of 1-variable.

To prove Theorem 3.10, let a: R - O and 8: R - G(2, O) be given. Select a
framing &: R - 9 so that

(1) = (a(r); n(2), f(2), A1), £ (1)),
where —2in A\ i = B. Then we have
a*(v) = a*(7) =0,
since a’(¢) L B(¢). Moreover, there clearly exist ¢, a: R - M| 5(C) so that
a*(0 —'ccw) =0,
&*(E_) —3(‘ac +'ca)w) =0,

and we may use these to define a map &: R — = which is an integral of I. By
(2.9), the hypothesis (ii) in the theorem guarantees that &*(cw) 7 0. By the
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above discussion there is a unique extension to a 15 dimensional integral. Two
different choices of framing for & differ by a Cauchy characteristic motion so
they rise to the same 15 dimensional integral.

Theorem 3.11. The class of asymptotically degenerate, non-Kihler, complex
six-manifolds in O depends on 8 functions of one variable. The subclass of those
with holomorphic normal Gauss map depends on 6 functions of 1-variable.

Proof. Let Z=% X C X (M,%x3(C) — {(0)}) and let A\: = > C and c: = -
(M,,5(C) — {(0)}) be the projections on the second and third factors respec-
tively.

Let I be the system on = generated by {», 7,8 —'ccw, 6 —'ccw, h — A,
b — A@). I is clearly the complexification of a real Pfaffian system of rank 14.
If MS C O is an asymptotically degenerate, non-Kahler complex submanifold,
then Proposition 3.7 and the remarks following Theorem 3.8 show that there is
a canonical imbedding of @X(M 6) (where X: M® => O is inclusion) into = as
an integral of I satisfying the independence condition that w and k restrict to
%4(M) so that their fifteen components remain independent. Conversely any
integral of I satisfying the independence condition is (an open subset of) some
°~J~X( M) for some asymptotically degenerate, non-Kéhler complex submanifold
0. We now study /. Elementary calculation then shows that we have the
following structure equations and their conjugates.

(3.32a) dv =0,
(3.32b) d(d —'cco)=-("o ANcw +ca ANw,)  mod I,
(3.32¢) d(h — N0 ) = - (dX + 2ipA) cco,

where o is defined by (3.16). Again, if we select a vector v € T, = which
annihilates I and on which cw(v) # 0, the integral element that it spans has
Cartan character s{ = 8. Since 14 + 8 = 22 is the dimension of the Cartan
system of I we see that s, = 0 for @ > 1. Now the formula for the integral
elements at a point is given by (3.18) and

(3.33) d\ + 2ipA = p(cw),

where p € C is arbitrary (as is s € M,;(C)). Thus the integral elements at a
point depend on s; = 8 parameters so Cartan’s test is satisfied. It follows that
the system is involutive and that the general 15 dimensional integral satisfying
the independence condition depends on 8 functions of 1-variable.

The second part of the theorem follows immediately by restricting I and the
structure equations to {A = 0} C Z. This system is now clearly involutive with
s; = 6. Proposition 3.9 then shows that these integrals project to O to be
complex, non-Kahler six-manifolds M C O with holomorphic normal Gauss
map. Thus they depend on 6 functions of 1-variable.
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Remarks. It is not difficult to show that the information to be specified in
terms of a curve a: R — O and a normal plane field 8: R - G(2,0) in order
that the associated complex, non-Kihler M¢ C O be asymptotically degenerate
or have holomorphic normal Gauss map is much the same as in Theorem 3.11.
However, in order to have asymptotic degeneracy, B must satisfy a system of 4
(ordinary) differential equations and in order to have holomorphic normal
Gauss map, 8 must satisfy 2 more (ordinary) differential equations. These
differential equations are Spin(7) invariant of course and may be interpreted as
stating that B is an integral of certain differential systems on G(2,0) or on a
first prolongation space of G(2, O).

The Monge characteristics of the Pfaffian systems in Theorems 3.10 and 3.11
project to be the asymptotic rulings of admissible integrals and therefore
depend only on constants. By using the integration techniques which Cartan
developed in [5] for systems of this kind, we see that an essential use of the
Cartan-Kahler Theorem only occurs in the extension of the one dimensional
integral to a two dimensional integral. The remaining extensions along the
asymptotic rulings and the frame directions can be done by ordinary differen-
tial equations alone. Thus the essential partial differential equations required is
a system of nonlinear elliptic partial differential equations for functions of two
variables whose principal symbol is the same as the symbol of the Cauchy-
Riemann equations for a complex curve in C%, C*, and C3. This leads us to
suspect that there may be a method of generating the solutions of these
equations starting with the given data as respectively 6, 4, or 3 holomorphic
functions of 1-variable. This would be analogy with the Weierstrass formulas
for minimal surfaces in R® in terms of one holomorphic function of one-
variable. We do not yet know whether such formulas exist for the above
problems.

Two problems remain along these lines. One is the problem of determining
the generality of the bi-asymptotically parallel complex, non-Kéhler six-mani-
folds in O. We leave this as (a rather involved) exercise for the interested
reader. The other problem is to determine the generality of the asymptotically
parallel, complex, non-Kihler six-manifolds in Q. While we could set up the
relevant differential system and show that these depend on 4 functions of
1-variable, a more direct approach is possible. In fact, we can describe these
completely.

First, we describe a special feature of the Spin(7) geometry of O. We already
know that Spin(7) acts transitively on G(2,0) and it is not difficult to verify
that Spin(7) acts transitively on G(3,0). However, Spin(7) does not act
transitively on G(4,0). In fact, the orbit structure is quite interesting. One
particular orbit has been studied extensively by Harvey-Lawson [12]. We may
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describe it as follows: We define a map 7: Spin(7) - G(4, O) by
(3.34) 2(G) = -4, NLAf A

This map has the equivariance n(gh) = A*h(n(g)) and, computing the dif-
ferential of u, using (1.36), we see that n has rank 12. The image n(Spin(7)) is a
compact 12-manifold in G(4, O). Harvey and Lawson show that the 4-planes in
1(Spin(7)) are characterized by the condition that each of these 4-planes is a
complex 2-plane with respect to the complex structure on O induced by any of
its sub 2-planes. The negative of n(Spin(7)), gotten by reversing the orientation
on the planes in n(Spin(7)) is another 12 dimensional orbit. Harvey and
Lawson show that G(4, 0) — {n(Spin(7))} U {-n(Spin(7))} is foliated smoothly
by 15 dimensional orbits of Spin(7). —n(Spin(7)) is the manifold of Cayley
4-planes in O in Harvey and Lawson’s terminology. In view of this, we will
refer to the elements of n(Spin(7)) by the epithet “anti-Cayley 4-planes.” The
concerned reader will be pleased to know that we will not use this terminology
any further than the next theorem and the remark following. Also, we now
disable the analytic assumption.

Theorem 3.12. Suppose that M® C O is a complex, non-Kahler, asymptoti-
cally parallel submanifold of O. Let O = P* ® Q* be the orthogonal direct sum
so that the rulings of M® are parallel to Q*. Both P* and Q* are anti-Cayley
planes with the orientation compatible with the rulings of M. Moreover, the
orthogonal projection O — P* induces a map M® — P* whose image is an
oriented minimal surface in P*.

Conversely, if we start with an anti-Cayley splitting O = P* ® Q* which is
orthogonal and let S C P* be a surface, then S X Q* C O will be complex if and
only if S is minimal. Moreover, if S is minimal (and is not a complex curve in P*
for some one of P*’s complex structures) then S X Q* is a complex, non-Kahler,
asymptotically parallel submanifold of O.

Remarks. A specialized version of this theorem was proved by Calabi [2].
In order to see how his theorem relates to ours, we give a brief discussion of his
result. If 0* C O is an anti-Cayley subspace and moreover 1 € Q*, then one
can show that Q* is actually a subalgebra of O isomorphic to the quaternions.
In particular Im Q* = Q% N Im O is an “associative” 3-plane in Im Q. Calabi
showed that if 4% C ImO is any associative 3-plane and S C 43 is a surface,
then S X (4%)* C ImO is a complex submanifold if and only if S is minimal.
(In this formula, (43)™ is the orthogonal 4-plane in Im O, not all of O.)

Clearly our theorem implies Calabi’s and shows that, up to a rigid Spin(7)
motion of O, Calabi’s examples are exactly those asymptotically parallel
complex, non-Kahler submanifolds which happen to lie in a hyperplane in O.
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As Calabi points out in his examples, the complex structure on S X Q*is not
the product structure unless § C P*# is a complex curve in P* with respect to
one of its canonical complex structures. In this case, of course, S X Q* is
actually a Kihler submanifold of O. (In Calabi’s examples the condition was
that S not be a plane.)

Proof. First suppose that M® is as in the theorem’s hypotheses. Let
F (M) be the reduced frame bundle with f; orthogonal to the rulings (we let
X: M% - O simply be inclusion) as in the proof of Theorem 3.8. It follows that
P*=-4an AaAf,Af, and Q* = -4f, ANf, Nf, A f,. We have already seen
that the asymptotically parallel assumption implies, by (3.26) that

(3.35) a,=a;=s,=35;=0.
From this, we conclude, using (3.11) and (3.23"), that
(3.36) 02=0*=p2=p>=x}=x?=0,
while

(3.37) p' = a0, 0'=cll.

Considering the basic structure equation dx = f,w' + f@', we see that if we
project onto P* orthogonally to Q% by e: O —» P*, we get

(3.38) d(eox)=f + fi&.

Thus e o x has rank 2 and » is normal to the image while f; is tangential. By
restricting to a leaf of w? = w® = 0 (the annihilator of the fiber foliation of
e o x), we see that we get the adapted frame bundle of the image surface in P4,
say S. In particular, f; is a (1,0) vector for the natural complex structure on S
as a surface (oriented) in P* and «' is a (1,0) form. By the structure equations
(3.3) and the formulas (3.36) and (3.37) we compute

(3.39) df, = -na,c,0' — ncie' + fixi.

Since df, A f; = 0mod 2°(S) (= {w'}), we see that the tangential Gauss map
S - G(2, P*) (which associates to each point in S the oriented tangent plane
-2if, A f,) is holomorphic. It is well known that this is equivalent to the
property that S is a minimal surface in P*. (Warning: remember that the
complex structure that we use on G(2,R") is conjugate to the one used by
Chern in [7].)

Conversely, let O = P* @ Q* be an anti-Cayley splitting and let S C P* be
an oriented surface. Let M® = § X Q% Let $)(M) C % be the bundle over M
consisting of pairs (x; (n, f, 1, f)) so that x € M, —2in A 71 is the oriented
normal to T, M, -2if, A f, is the oriented tangent to S, and —4f, A f, A f, A f,
= Q% as an oriented plane. This bundle exists (and has fiber U(l) X U2))
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because of our assumption that P* and Q* are anti-Cayley. If we differentiate
the equation —4f, A f, A f, A f; = Q* we immediately get

(3.40) 0?=0=p>=p’=«k}=« =

(Twelve relations should have been expected anyway since dim n(Spin(7)) =
12.) This simplifies the structure equations on » and f; to

ip -5' 0 -6
B' k6 0
0 -6' -ip -p'
# o B &

(3.41)  d(n, f, 7, f,)=(n, f. 7, f)

—

Since » = 0, dv = 0, so (1.36) implies
(3.42) B A —0'AG =0.

So Cartan’s lemma implies that there exist a, b, c, so that

=1 ) — a l: ) ( wl )
(3.43) G ) (C 2)(<).
Clearly the components 4, B, C on M°® are gotten from a, b, ¢ by multiplying
each of these scalars by the 3 X 3 matrix with a 2 in the upper left-hand corner
and zeros elsewhere. Therefore M® is complex if and only if b =0. The
equations (3.41) and (3.43) combine to give

(3.44) findf,=&"(bn+ bi) N f, mod{w'}

so we see that S is minimal if and only if b = 0 (if and only if M® is complex).

Similarly, M is Kahler if and only if » = ¢ = 0 (by Theorem 3.5) and this is
equivalent to the condition dn A n A f=df A n A f = 0. This last differential
condition is satisfied if and only if the change of frame along any connected
component of S is complex linear. In other words, S is a union of complex
curves (where each piece may be complex under a different complex structure
on P%).

Finally, if ¢ # 0 but b = 0, M® is complex and the Q*ruling is clearly the
asymptotic ruling of M. q.e.d.

For our final result of this section we turn to the study of symplectic
immersions. The scarcity of examples other than the Kéhler case is explained
by the following improvement of Theorem 3.3.

Theorem 3.13. Any immersion X: M — O whose induced U(3)-structure is
symplectic is also Kdhler.

Proof. Assume that X: M — O induces a symplectic U(3)-structure on M.
Let %,(M) be the adapted frame bundle. By Theorem 3.3 we know that C = 0
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and tr B = 0. In particular

(3.45) 0 ='Bw.

If we differentiate this relation and use (1.36), we get

(3.46) -k N0+ 0 Nip—[0]h)="dBwo+B(-kNw—[0]1NB).

Since h = Aw + Bw, when we compare in (0,2) parts of both sides of (3.46) we
find

(3.46") ['Ba] A Bo ='B['Ba] A &.

Since tr B = 0, we may use the identities (1.21) and (1.36e) to rewrite this
equation in the forms

-B[&] ABw — [¢] A'BBa = -1'BB[&] A @,
B[Bw] A& +['BBa] Aw=1BB[&] N®,
(-B'B+ tr'BB —'BB)[w] Aw ='BB[&] N &,

since the @' are independent, it follows that

(3.47) 2'BB + B'B=1tr'BBI,.

If B =0, we are done, so we assume B Z 0 and restrict our attention to a
neighborhood of a point where B 5 0. Since (3.47) is invariant under conjuga-
tion by a unitary matrix, we may put B in upper triangular form and compute
using the condition tr B = 0. We find that B must be of the form

(3.48) B=¢/U"'TU,

where f is a complex function, U is a 3 X 3 unitary matrix, 7 is the constant
matrix

0

0

BZ

and B is a nontrivial cube root of unity: 82 + 8 + 1 = 0. In particular, the
form II"!' is Hermitian, so we may choose a unitary frame field which
diagonalizes it (and hence B as well).

Thus, let (n, f, 7, f) be such a frame field on our neighborhood and pull
down all the forms on ¥,(M). We now have

(3.50) B=¢/T.

We now return to the equation § ='Bw = Bw armed with this new informa-
tion. We have

b

(3.49) T=

S O =
o ™o

dl = dBw + Bdw
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using (1.36) and simplifying, we get
«ANO+0Nip—[0]1ANb=dBAw—B(kNw+[0]AG),

or

(dB— Bk + kB —ipB + [Bw]A) Nw =0,
or
(3.51) (dfT — T + kT + ipT — [Tw]e/14) A w = 0.

In particular, by Cartan’s lemma, we see that all of the entries in the 3 X 3
matrix in the parentheses are multiples of {', w?, w*}. Checking the terms on
the diagonal and using the fact that the «' and & are independent, we
immediately see that 4 must be diagonal and that df + ip = 0 mod{«', ?, &*}.
Examining the diagonal terms more closely, we see that df + ip = 0. If we
differentiate this last result we get

(3.52) d(ip) ="h AH+0NG=0,

and this implies that even the diagonal terms of A must be zero, so 4 = 0.
Equation 3.51 now simplifies to

(3.53) (Tk = kT) Nw =0,
and this implies that « is diagonal. Using the structure equation for k, we get
dc=-«kAk+HAH+ONG—[0]N][0]
= Bo AN'wB + 2Bw N'@B —'w N\ BBG.
However, this last expression is never diagonal while B # 0. Thus, we have a
contradiction and B # 0 while C = tr B = 0 is impossible.

4. The complex curves in S°¢

In this section, we turn to a different aspect of the geometry of the
octonians. We have already seen that S® C ImO is endowed with an almost
complex structure. Clearly the subgroup of the Spin(7) transformations which
leaves S° invariant and preserves its orientation must fix both 1 and 0 € O. It
follows that this group is G,. We have seen that the function u: G, - S¢ and
the functions f: G, » C ®x Im O allow us to regard G, as the bundle of special
unitary frames in S® and that left multiplications in G, act as the special
unitary transformations of S. Since this action is simply transitive on the
special unitary frames, the general theory tells us that if U C S is connected
and ¢: U - S° is a special unitary map, then ¢ is the restriction to U of the
action on all of S induced by a left multiplication in G,.
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A submanifold M* C S® (or an immersion ¢: M* — $¢) will be said to be
almost complex if the tangent space T,M* (or the image ¢, (T, M*)) is a
complex subspace of T, S (or T,,,,S°¢) for all x € M*.

Proposition 4.1. There is no M* C S® which is almost complex. Moreover,
any (smooth) map ¢:U — S° (where U C S is open and connected) whose
differential is complex linear at each point of U is either a constant map or the
restriction to U of a G,-action S® - S°.

Proof. Suppose that M* C S° is almost complex. Let $(M*) C G, be the
space of frames (u; f) so that u € M* and {f,, f;, f2, ;) spans T,M*. F(M*)
is a U(2)-bundle over M. Since du = f(-2i6) + f(2i0), we see that §' = 0 on
F(M*) and that 82 A 8> A G2 A G° (+0) descends to be a well-defined
volume form on M*. By (2.17), we have

0=db' =k, N02— ki N> —20% N6,

It follows that d@' A 8% A 6% = -202 N 6° A 6% A 6% =0, which is a con-
tradiction.

Now suppose that ¢: U — S° has complex linear differential where U C S°
is open and connected. Let U” C U be the open set where ¢ has maximal rank.
The complex rank of ¢ on U’ cannot be 1 or 2 since in that case either the
fibers of ¢ or the image of ¢ (locally) would be almost complex 4-manifolds in
S, which we already know to be impossible. If the rank of ¢ on U’ is 0, then
¢: U — S is the constant map. Hence let us assume that the rank of ¢ (over C)
is 3 on U’. Then ¢ is locally a diffeomorphism. We are going to show that ¢
must actually be a special unitary transformation on U’, then we will be done.

Choose a special unitary frame field {f;, f,, ;} on a neighborhood of
u € U’, and choose another special unitary frame field {g,, 8,, 83} on a
neighborhood of ¢(u) in S°. Let {w'} be the forms dual to { f} and let {n'} be
the forms dual to {g;}. By (2.17), we have

do=[a] A@ modQ'(S),
dn=[7] A7 modQ"(S®).
If ¢,(f)=gA™" where 4 is a 3 X 3 complex matrix with det 4 # 0, we
dualize and get
¢*(n) = Ao,

(note that we are using the complex linear assumption to ensure that forms of
type (1,0) are preserved). In view of the formulae for dw and dn mod 2'°(S®),
we see that this implies

d(Aw) =A[w] No=[46] AN 4G mod 2'°(S9).
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Thus, we have 4[@] A @ = [A®] A 4. If we use the identity ‘M[Ma] A Ma
= (det M)[a] N a, and the fact that @' A @? A & #* 0, we immediately get

‘AA=det A1,

which clearly implies that det 4 = 1, so 4 is special unitary. g.e.d.

The above proposition shows that any invariants of the almost complex
structure of S are also special unitary invariants of S, so it is natural to use
the SU(3)-structure on S°® to study questions about the complex structure.

One of the most interesting features of the almost complex structure on S° is
the presence of “complex curves” on S®. These are defined as follows: Let M2
be a connected Riemann surface. A map ¢: M2 — S will be called a complex
curve if ¢ has complex linear differential at each point and ¢ is not the
constant map.

One of the reasons for studying such objects is that Harvey and Lawson [12]
have shown that the cone on ¢(M?) is absolutely mass minimizing in Im O =
R’. In fact, this cone is associative in their sense. Conversely, if C3 C ImO is
an associative cone with vertex at 0 € Im O, then C* N S is a complex curve
at its smooth points. In the usual techniques for studying singular minimal
submanifolds, it is important to be able to understand the cones which are
minimal. Thus the study of complex curves in S® is intimately related to the
structure of singularities of associative submanifolds of Im O (see [12]).

We will develop a theory of complex curves in S° which is analogous to the
Frenet formulas for a real curve in Euclidean 3-space. Let ¢: M2 — S® be a
complex curve (we always assume that M is connected). We let x: , - M?
and T, - M? be the pull back bundles of G, - S° and T'%(S°®) - S° respec-
tively. In formulas, we have

%, = {(x,8) E M* X G,|¢(x) = u(g)},
T, = {(x,0) € M> X T19(5%) | v € T}2(5°)}.

Of course, since T'°(S¢) has a special unitary structure with G, as its unitary
frame bundle, it follows that &, is the special unitary frame bundle of T,.
Moreover, the natural map 53; — G, pulls back both « and 6 to be well-defined
forms on %, which we continue to denote by x and 6 (since we will now work
on @; until Theorem 4.7, this should cause no confusion). Also, for functions
and sections whose domain is in M2, we will often work on %, and pull these
quantities up from M? via x* without comment. For example, any section
s: M?* - T, can be written in the form s = f;s' where the f; are actually maps
fi: %, — T, and s, are functions on %,. Using this convention, the pull back of
induces a connection on 7, which is compatible with its special Hermitian
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structure. Namely v: I\(T,) - I(T, ® Tg¢M?) is given by
v(fs)=£® (dsi + n}sf).

Since we are working over a Riemann surface, it is well known that there is a
unique holomorphic structure on T, so that V¥ is compatible with the holomor-
phic structure (see [15]). We suppose that T, is given this holomorphic
structure and refer to T hereafter as a holomorphic, special Hermitian vector
bundle over M? of rank 3.

Another thing to notice is that {8', 62, 8} are semi-basic with respect to
x: §, - M?. Moreover, they are of type (1,0) since ¢: M? — S has complex
linear differential.

Lemma4.2. Ifweset1=f ® ', thenlis a well-defined section of T, ® (T")*
(where (T")* = A"°M? as a holomorphic line bundle). Moreover 1 is a nonzero
holomorphic section of this bundle.

Proof. That I is well defined is clear. Moreover, I has values in 7, ® (7")*
by definition. It remains to show that I is holomorphic and that I = 0. Choose
a uniformizing parameter z on a neighborhood of x, € M. In a neighborhood
of x7!(x,) C 9,, there exist functions a’ so that ' = a'dz. It follows that
0° N 87/ =0, so we have d§’ = —; A 8. This translates to (da’ + kja’) N dz
= 0 so there exist b’ so that

da' + kja’ = b'dz.
Thus, when we compute 3l e I(T, ® (T")* ® (T")*), we get

M=3(£®0)=a%0o(v(fa')®dz)
= ®dz ® 7% (da’ + xia')
=f,®dz ® 7%'(b'dz)
= O,

so I is holomorphic. If I = 0, then by our definitions ¢: M? — S° has rank 0 at
every point and hence must be a constant map, contradicting our assumptions.
Remark. It is clear that I is the section of T, ® (T")* which represents the
“evaluation map” ¢,(T") - T,.
Since I = 0, we see that there exists a holomorphic line bundle 7 C T} so
that I is a nonzero section of 1 ® (7")*. We let R be the ramification divisor of
I. That is,

R= 3 ord,(I)-p.
p:I(p)=0
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R is obviously effective, and we have (see [11])
=T ®[R].
In particular, we have
degT=degT’ + degR=degT = x(M).
Now we adapt frames in accordance with the general theory. We let
3, C 9, be the subbundle of pairs (x, g) where f,(g) € 7,. Then " is a

U(2) bundle over M. The canonical connection on 7 is described as follows If
s: M > 7is a section, then s = f,s for some s> well-defined on @;('). Then

vs = f, ® (ds® + «3s?).
Similarly, the quotient bundle N, = T, /7 has a natural holomorphic Hermitian
structure. Let us let (£,), (f,): 9" - N, be the functions f,, f,: 5" > T,

followed by the projection T, » N,. If s: M —> N, is any section, then s =
(f)s' + (f,)s? for s' and s* on GV and we have

vs=(f)® (dsl + kls' + x'zsz) +(£)® (ds2 + xis! + xzsz)

Note that since I has values in 7 ® (7")*, we must have ' = §> = 0 on 5"
so that I = f; ® 6°. If we differentiate these two equations using (2.17) we get

d0'=—x§/\03=0, d02=——n§/\03=0.

It follows that «} and «3 are of type (1,0).

Lemmad3. LetI1=(f)®f3®«k}+ (f,) ®f>® 2, where f3 is the dual
of f, (so f3: 65‘,,(') — 7%). Then 11 is a holomorphic section of N, @ 7* @ (T")*.

We omit the proof. It is similar to that of Lemma (4.2). II is the analogue of
the first curvature of the map ¢: M? —» S¢. The following lemma shows that
this intuition is correct.

Suppose II =0, then we must have kj = k3 =0 on F". But then the
structure equations (2.15-2.16) show that d(-2iu N\ f; A f3) =0 so that u
always lies in the 3-plane £° = —2iu A f, A f, which is fixed. We have just
proven

Lemma 44. IfI1 =0, then $(M) C S* = £*> N SS where £* is a fixed three
dimensional subspace of Im O.

Remark. The three planes of the form —2iu Af, Af, in ImO are the
associative planes in Im Q. There is a (real) 8 parameter family of them in
G(3,ImO).

From now on, let us assume that II = 0. Let F be the flexor divisor of II.
That is

F= 3 ord,II)-p.
p:1(p)=0
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F is effective and we have a result analogous to the one for I: There exists a
holomorphic line bundle » C N, so that Il is a section of » ® 7* ® (T")*, so

»=[F]®r®T =[F]®[R]®T" ® T
In particular,
degv =2deg T’ + deg F+ deg R =2deg T’ = 2x(M).

We set B = N, /v and note that B inherits a holomorphic Hermitian struc-
ture. Moreover, we may adapt frames further 3,2 C 3" so that for each
(x, 8) € 52, we have (£,)(g) € ,.

Then 3, is a U(1) X U(1)-bundle over M. A section of » is of the form
s = (f,)s* and we have the formula

vs=(f)® (ds2 + x%sz).

We let ((£,)): 9,2 - B be the reduction of ( f,)mod ». Then a section o: M* —
B is of the form o = (( f,))o! and we have

vo = ((£,)) ® (do' + klo').

Since ILis a section of » ® 7* ® (T")*, on §,® we must have Il = (£,) ® f* ® &3}
and k! = 0. Differentiating this, we get

dr) = -5 N k3 =0.

Since k2 # 0 and is of type (1,0) (vanishing only at isolated points) we see that
k5 is of type (1,0).

Let (f2): 32 — »* be the obvious dual map.

Lemma 4.5. Let 111 = ((f,)) ® (f?) ® k), then 111 is a holomorphic section
of B® v* ® (T)*.

(Proof omitted.)

We say that the curve has null-torsion if 111 = 0. Since there are no almost
complex M* C S¢, it is clear that this condition will not have as simple a
counterpart as the case of curves with zero torsion in CP3. Another difference
between curves in CP? and S° is that S has an SU(3)-structure rather than
just a U(3)-structure as CP* does. Thus the holomorphic, metric isomorphism
AT'986 ~ C implies

T®@r®B=C
canonically.
If IIT = 0, we define the planar divisor by
P= ¥ ord, () - p.

p:1II(p)=0
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In this case, we have
B=[P]®v®T.

Theorem 4.6. Let M? = P, then any complex curve ¢: M? — S°® either has
image in an S? (= £ N S°) or has null-torsion.

Proof. If I1 =0, then ¢(M?) C S? (= £2 N S°), so assume that II 0.
We must show that III = 0. If not, we have, for R, F, P = 0,

B=[P]®v®T, v=[F]®r®T, r=[R]®T,
which implies, since * ® » ® B is trivial, that
(T ®[3R+2F+P]=C

thus deg 7" < 0, but deg 7" = 2 when M = P!,

Remarks. The computation in this theorem actually shows that if M2 has
genus g, then any complex curve ¢: M? - S% with nonnull-torsion must satisfy
12(g— 1) =3deg R+ 2deg F + deg P,
where each of the divisors R, F, and P are effective. (More precisely, the
effective divisor 3R + 2F + P is linearly equivalent to six times the canonical
divisor.) This puts severe restrictions on the bundles 7, », and B. For example,
if g = 1, so that M? is an elliptic curve, then a complex curve ¢: M2 — S with

III # 0 must satisfy R = F = P = 0, so that 7 = T", » = (T")%, B = (T").

By analogy with the situation of curves in CP3, one might expect that once
the degrees of 7, », and B are fixed, the space of complex curves ¢: M? — §¢ is
finite dimensional. We do not know if this is the case.

We will now show that the complex curves with null-torsion display a much
greater variety. In fact, we will show that every Riemann surface M has an
infinite family of complex curves ¢: M? - S with no bound on the degree of
the ramification divisor R.

We do this in several steps. First, we transform the problem of studying
null-torsion complex curves in S to a problem in the holomorphic category.

If ¢: M? —> S% is a complex curve with II # 0, we can define the binormal
mapping b,: M? > G(2,1Im O) by letting b,(x) be the oriented plane -2if, A f,
where ( f;) € 3% is an adapted frame at x € M. It is easily seen that b, is well
defined and is a lifting of ¢:

G(2,ImO)
b, T

MZ ¢ S6
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Theorem 4.7. Let ¢: M? —> S° be a complex curve with 11 % 0. Then the
binormal mapping b,: M 2 5 G(2,ImO) is holomorphic (with respect to the
natural complex structure on G(2,ImO)) if and only if ¢ satisfies 111 = 0.
Moreover, in this case b, is an integral of the holomorphic differential system

= {a € QLG(2,Im O) | n*(a) = 0mod 2, k3, 8'}. Conversely, any noncon-
stant holomorphic curve b: M? — G(2,Im Q) which is an integral of £ has the
property that ¢ = m o b: M?> - S is a complex curve with either 11 =0 or
II#0,IIl =0andb = b,.

Proof. By Proposition 2.4 and the commutative diagram

2
GO— G,

o, b

M*—G(2,ImO)

we see that b, is holomorphic if and only if the forms {x, «},86', 67 6°}
restrict to 3,2 to be of type (1,0). Since we already have «; = ' = 6> = 0, and
since ° is certainly of type (1,0), we see that the only further condition
required is that k? be of type (1,0). Thus b, is holomorphic if and only if
k) =0,ie, I =0.

The differential system £ is of type (1,0) by definition. When we compute the
structure equations, we get

dx?=36*N6'
dx} =36° N\ 6!

} mod{«}, k7 },
df' = 202 A6 mod {k?,x},0'}.

Since d2mod £ consists of forms of type (2,0), we conclude that £ is locally
generated by holomorphic 1-forms and is therefore holomorphic (see below for
a more explicit description). By the argument above, if ¢: M 2 - S satisfies
II 0, III = 0, then b}(£) = 0, s0 b,: M?> - G(2,Im O) is an integral of £.
Conversely, suppose that b: M? - G(2 Im O) is a nonconstant holomorphic
curve which is an integral of £. By Proposition 2.4 (or directly from the
structure equations), we see that £-= L, C T'%G(2,ImO) has the property
that the differential of 7: G(2,Im O) — S° is complex linear and injective when
restricted to L, . Thus ¢ = 7 o b: M? - S°is complex and ramifies only when
b does (in particular, ¢ is not a constant map). We now easily verify that if we
adapt frames along ¢ so that f; is tangent to ¢ and f, spans b, then the resulting
U(1) X U(l)-bundle F, C M X G, satisfies k? = k} = §' = 0 (because b is an
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integral of £) and #* = 0 (because f, is tangent to ¢). If k? = 0 on &,, then we
have already seen that the three-plane “2iu N fy A f, = £ is constant on Jb
and $(M) C £ N S°=S2 If k] #0, then &, = T so that b= b, as de-
sired.

Corollary 4.8. If M? is compact and ¢: M* - S is a complex curve with
null-torsion, then ¢ is algebraic. In particular, it is real analytic.

Proof. By Theorem 4.7, such curves are of the form ¢ = 7 o b, where
b, M 2 5 G(2,ImO) is a holomorphic curve. Since we have a natural imbed-
dmg G(2,ImO) C CP® (see below) as a nonsingular five-quadric, the curve
b,: M? - CP* is algebraic. Finally, the projection n: G(2, Im O) - S® is clearly
algebraic. q.e.d.

In order to construct examples, it will be necessary to study the differential
system £ more closely. This differential system was discovered by Cartan and
Engel in connection with their early work on the exceptional group G,. We will
now give a brief exposition of this theory.

First, as is well known, the manifold G(2,Im O) may be interpreted as a
submanifold of the projectivization of C ®gImO. Explicitly, if x Ay €
G~(2, Im O) where x, y € ImO form an orthonormal pair, then we identify
x Ay with the complex line in C ® Im O spanned by x — iy. Extending the
real inner product on O complex linearly to a complex inner product on
C®ImO (which we still denote by (,)), we see that (x — iy, x — iy)=
«x,xy— <y, y)) — 2i{x, y)= 0 when {x, y} form an orthonormal pair. It
follows that the above map x Ay —» (x — iy)C imbeds G(2,ImO) C CP® as
the five-quadric of null-lines (under the inner product (,)) in C ®gImO.
With this identification, we may now write the map n: G, » G(2,ImO) as
n = (f,C) € CP®. Since dn = df, mod f,, we see from the structure equations
that this imbedding is holomorphic.

Second, we need the fact that G, is defined algebraically as the group of
algebra automorphisms of O (see [12]). If we extend the inner product and
multiplication of O complex linearly to C ® g O = O, then O is a complex
inner product algebra which contains O C O as the subalgebra invariant
under complex conjugation (not Oc-conjugation). The group of (complex)
automorphisms of O is a 14-dimensional complex Lie group which we denote
by G,(C). We have G, C G,(C) as the subgroup which commutes with complex
conjugation (or equivalently, which preserves O C O¢). If we define
(z(h), f(h), g(h)) = (¢, E, E)h where h € G,(C) and (e, E, E) is as defined in
(1.18), then z, f,, and g, are vector valued functions on G,(C) with values in
Im O¢ = C ®x Im O and we easily verify the multiplication table and structure
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equations of G,(C) given by

v o g, THTED

‘g| -i'g -nly [-]

0 -i'p i'0
d(zfg)=(zfg)| -2i6 x  [n]
2in  [0] -

where 6, 7, and « are left-invariant 1-forms on G,(C) with values in M;,,(C),
M, (C), and si(3, C) respectively. If we restrict these functions and forms to
G, C Gy(C), we getn = 0,k +xk=0andz =7, g= f, so that these equations
reduce to our known structure equations for G,. The map [ f,]: G,(C) - CP®
which sends h € G,(C) to the line in O spanned by f;(h) has image
G(2,ImO) C CP®. We may see this as follows: By the above multiplication
table, f,2 = 0 so

0=(f2% = (hs f1>)2 =0,
so f, spans a null-vector of {, ). By the structure equations
d[fi] = —izn' + fox] + fix] — g,0° + g,6° mod f,

so [ f1]: G,(C) » G(2,Im O) C CP® has rank 5 and is therefore surjective. Thus
G,(C) acts as a group of bi-holomorphic transformations of G(2,Im O). More
is true: G,(C) preserves the system £. This follows immediately from the facts
that G,(C) preserves a differential system on G(2,Im Q) whose pull backs to
G,(C) are linear combinations of {7', k7, x}} (this in turn is obvious from the
structure equations) and that when we restrict the forms {n' k%, k3} to G,, we
get {0, k%, k3}.

More algebraically, we can define L, C TG(2,ImO) as follows: If v €
TG,(C) satisfies n'(v) = k?(v) = k3(v) = 0, then d[ f,](v) € L, , but we also
have

d[£i](v) = -g,6°(v) + g;0°(v) mod f,.

The multiplication table shows that the three-plane f; A g, A g, is exactly the
kernel of right multiplication by f; in ImO.. Thus L, = g, A g;mod f, C
TG(2,Im O) shows that L, (and hence £) is an algebraically defined subbun-
dle of TG(2,ImO) (in the holomorphic category) via complex octonionic
multiplication. Since G,(C) acts as algebra automorphisms of O, this gives us
another proof that G,(C) leaves £ invariant. (Cartan in [6], proves a striking
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converse: The pseudo-group of bi-holomorphic transformations of G(2,Im O)
which preserve £ is exactly the pseudo-group generated by the action of G,(C).
This is the complex analogue of Proposition 4.1, but it is much harder to prove.
We refer the interested reader to [6].)

From our point of view, it will now be necessary to display £ explicitly on an
affine coordinate chart on G(2,ImO) in order to construct integrals. The
affine coordinate pieces are described as follows: Let z € G(2,Im O) be given
and let P5 C P* be the tangent projective to G(2,Im O) at z,. It is easy to see
that P} A G(2,Im0) =V} is a singular 4-quadric in P]. We let 43 =
G(2,Im O) — ¥, It is easy to see that 47 ~C° analytlcally The followmg
theorem is due to E. Cartan and we only sketch a proof below. See [6] for
details.

Theorem 4.9. There exist coordinates ({, w, w,, w,, z): Ajo - C? which are
bi-rational and so that the differential system £ restricted to Afo has a holomorphic
basis of the form

dw — wd§, dw, — w,d{, dz— (W2)2d§~

Sketch of proof. Let S° C GZ(C) be the subgroup which is connected and

which satisfies 0 = k! = k!, = k2 = k2 =k = k3 = 0' =9 = 1° when these

forms are restricted to S°. Then S° has complex dimension 5 and the
remaining forms {82, 6°, 7', k?, k}} form a basis for the holomorphic left
invariant forms. The remaining structure equations satisfy

de}=30* N7, dx}=30°An',dn' =-20>N6% do*=de*=0.

Using first, §2 and 6°, then 7', and then «? and «;, we see that there exist
unique coordinates x,, X3, y, z,, z; on S° (centered at the identity) satisfying

0> =dx,, 0°=dx;, 7' =dy— x,dx;+ x;dx,,
= dz, + 3x,dy — 3(x,) dx;, &= dzy + 3x5dy + 3(x5) dx,.

One can verify that the function [ f;]: G,(C) - G(2,Im O) restricts to S° to
give a bi-rational map

C=8 o Asfl
(with respect to the natural algebraic structure on G(2,Im O) and that on C°

induced by the {x,, x5, y, z,, 23} coordinates).
If we now set

§ =%y Wy=-2%;5, W =y Xx;,
— 1 _1 2
W=32, T X,y 2("2) X35

z=-%z+ (x3)2x2,
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then the coordinates ({,w,w,,w,, z) are clearly bi-rationally equivalent to
(x5, X3, , 25, 23). Moreover, elementary calculation shows that the forms
listed in the theorem span £. q.e.d.

An immediate corollary of this theorem is that the integrals of £ can be
written (locally) in the form

w=1¢), w=f() (=dyd),
w=7"(), 2= [((1) &,

where f is an arbitrary holomorphic function of §.

With this in mind, we now prove:

Theorem 4.10. Given any Riemann surface M and any integer r, there exists
a complex curve ¢: M — S® with 11 # 0, Il = 0 and with deg R = r where R is
the ramification divisor of ¢.

Proof. Let M have genus g, and let f be a meromorphic function on M with
a single pole of order m at p, and simple zeros p,,- - -,p,,. Thus the divisor of f
is of the form -mp, + p, + --- +p,, (where the p, are necessarily distinct).
Consider the differential df. Its divisor is of the form (df ) = -(m + 1)p, + D
where D is an effective divisor, D = 2,a4,q; (a;>0)and deg D =2g + m — 1
= 3,a,. (Note that D = 0 implies M = P' and m = 1.) Let £(Np, — 6D) be
the (finite dimensional) vector space of meromorphic functions on M with a
pole of order at most N at p, and a zero divisor effectively containing 6D. By
Riemann-Roch, for N sufficiently large we have

I(Np, — 6D) = dim¢ (Np, — 6D) =N — C (N>0),

where C is a constant depending on the genus of M and the degree of D. For
h € £(Np, — 6D), the ratio dh/df represents an element of £((N — m)p, —
D’) where D’ = 3(5a; — 1)q; = 0. (If D =0, then we set D’ = 0.) Further-
more, d*h/df* = d(dh/df )/df represents an element of (N — 2m)p, — D"')
where D” = 3,(4a; — 2)q;. Now consider the differential

)\’
w(h)=|—| df.
(= (Lh)
This differential has only one pole (at p,) so it has no residues. Let {y,|s =
1,---,2g} be a basis of H(M,R) and consider the quadratic forms Q; on
£(Np, — 6D) defined by

0,(h) = /y w(h) = (w(h),v).



SPECIAL STRUCTURES ON THE OCTONIANS 231

The necessary and sufficient condition that w(k) be expressible in the form
dh = w(h) is that Q (h) = 0 for all s. We let

Hy, = {h € £(Np, — 6D) | Q,(h) = 0 for all s}.

For definiteness, let us set
. p
i(p) = [ (h)
P

for all h € Hy,. It follows that the curve ¢: M — { p,} - C° given by
$=f, w=h, w =dh/df,
w,=d*h/df?, z=h
is an integral of
dw — wdS, dw, —wyd, dz —(w,)’d¢,

and it ramifies exactly over the divisor D. (Clearly this is the largest ramifica-
tion since this is where df vanishes. Our choice is such that dh vanishes at least
on 6D, d(dh/df) vanishes at least on D", d(d*h/df?) vanishes at least on
D"’ = 3,(4a; — 3)q;, = D, while dk clearly vanishes over D.)

By definition of Hy, its codimension in £(Np, — 6D) is at most 2g, so we
get dim Hy, = N — C — 2g. In particular, for N > 0, Hy, # (0). Finally, again
by Riemann-Roch, the map £(Np, — 6D) > C™ given by h e
(h(py),- - -,h(p,,)) is surjective for sufficiently large N. Thus, for large enough
N, we may assume that we can choose h € Hy so that h(p,) # h(pg) for
a # B. For such ¢: M — {p,} - C, the curve is generically 1-1 and hence
does not multiply cover its image. Since the functions f, , dh/df, d*h/df*, h
have only one pole at p,, it follows that they are algebraically related, so that
®(M — {po}) is an algebraic curve in C3. Composing this with the bi-rational
mapping C°> > G(2,Im0) = Q5 of Theorem 4.9 gives a map ®: M2 >
G(2,Im O) which is generically 1-1, ramifies at least over D (it may also ramify
over p,), and is an integral of £. It follows that the projection é: M? >
G(2,Im0) - S% is a complex curve in §® which ramifies over D (and {p,}
possibly). We now want to show that ¢: M? — S is locally 1-1. If II 5 0, then
this is no problem since then we have b; = ® so if ¢ were a ramified covering
of its image, ® would be also (but we know it is not). Thus, we need only
consider the case where II = 0. If II = 0, by the proof of Theorem 4.7, we see
that when we adapt frames for the map ®: M2 - G(2,ImO) so that % = 0,
then we must also have k5 = 0. Thus @ has a local lifting to G, as an integral
of the system

2 3 _,2_gl — g2 —
ki =Kki=k3=6 =0-=0
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(plus conjugates). This system is completely integrable on G, and its 10
parameter family of integrals drops to G(2,Im O) as a 10 parameter family of
linear P'’s in G(2,ImO). Thus II =0 implies that ®: M - G(2,ImO) is a
generically 1-1 covering of a P!, i.e. M = P! and ® is unramified. Thus, if we
make m >0, ¢: M2 — S is a generically 1-1 complex curve in S° of genus g
and ramification at least deg D = 2g + m — 1. Clearly we can make the
ramification divisor R have degree greater than r by simply choosing m
sufficiently large.
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