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1. Introduction and notation

An almost Kéhler manifold is an almost Hermitian manifold (M, g, F) such
that:
(1) (DxF)(Y, Z) + (DyF)(Z, X) + (DF')(X,Y) =0,
where F'(X,Y) = g(FX,Y), D is the natural metric connection, and X, Y, Z
are arbitrary vector fields. In this paper we study holomorphic sectional and
bisectional curvatures on an almost Kéahler manifold. In particular, we obtain
results similar to those given by Bishop, Goldberg and Kobayashi [1], [4] on
Kéahler manifolds and by Gray [5] on nearly Kéhler manifolds.

Throughout the paper, we rely heavily on the following identity [2], [3]:
@ K'(X,Y,Z,W)+K'(X,Y,Z, W)

= %F,((DXF)Y - (DYF)X’(DYF)X’(DZF)W—(DWF)Z)’
from which we obtain
K'(X,Y,Z,W)—-K'(X,Y,Z,W)

®) = _1g((DyF)Y — (D,F)X,(D,F)W —(D,, F)Z),
(4) K(X,Y,Z,W)=K'(X,Y,Z,W),
(5) K(X’ Y»Z_) +K(X, Y, Z) = —%(D(DXF)Y_F(DYF)X)Z’

where K(X, Y, Z) is the Riemannian curvature tensor, X = FX and
K'(X,Y,Z, W)= g(K(X,Y, Z), W).The author would like to thank Professor
Dr. R. S. Mishra for suggesting the problem and the useful discussions.

2. Holomorphic curvatures
The holomorphic bisectional curvature h( X, Y) is given by
-K'(X, X,Y,Y)

WX Y) = 4% x0)a(r. )
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Proposotion 2.1. In an almost Kéhler manifold we have
X YIXIPNYI2=K(X YIIXAYIZ+ K(X, Y)IXAYI?
+I(DyF)Y — (DyF)X|?
where K( X, Y) is the sectional curvature of plane fields determined by X, Y, and
IXAYI2=1X121YI —[g(X, Y)]*
Proof. Since
(X, V)IXI2NYI2=-K'(X, X,Y,Y),
using Bianchi’s first identity we get
(X, Y)IXI2IYI2=K'(X,Y,X,Y)—K'(X,Y, X,Y).
In consequence of (2) and (3) the above equation takes the form
(X, V)XY
=K' (X,Y, X,Y)—K'(X,Y, X,Y) + (DyF)Y — (DyF)X|2.
Now since
-K'(X,Y, X,Y)
g(X, X)g(Y,Y) — g(X,Y)g(X,Y)’

K(X,Y)=

the result follows.
If K'(X, X, X, X)is denoted by Q( X), then by direct computations we get
Proposition 2.2. In an almost Kdihler manifold we have

K'(X,Y, X,Y) :3%{3Q(X+ Y)+30(X—Y)—Q(X+7Y)
~0(X — ¥) X 40(X) — 4Q(¥)} + FI(DLF)Y ~ (D, F)XIZ,
K'(X,X,Y,Y) =1—16{Q(X+ Y)+Q(X-Y)+Q(X+7)

+O(X = Y)x 40(X) — 40(Y)} — 4Il(DxF)Y —(DyF) X |12

The holomorphic sectional curvature H( X) is defined by

—K'(X, X, X, X) _ -0(X)

H(X) = )
(X) Il x4 x4

Thus H(X) = h(X, X).
The relation between sectional, holomorphic sectional and holomorphic
bisectional curvatures is given by the following.
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Proposition 2.3.  The sectional curvature K( X, Y') and the holomorphic bisec-
tional curvature h( X, Y') with respect to the fields of planes determined by X, Y
with | XIl = lYll =1, g(X,Y)=Cos¢ =0 and g(X,Y) = Cos 0 = 0 are re-
spectively given by

K(X,¥) =5 {301+ Cos )’ H(X+ ¥ ) + 3(1 ~ Cos 0 H(X — T)
—H(X+Y)—H(X-Y)— H(X)— H(Y)}
~ 21(DyF)Y ~ (DyF)XI2,
ifg(X,Y)= Cos ¢ = 0and
h(X,Y)=4{(1+ Cos8)’H(X+ Y ) + (1 — Cos6)’H(X — Y)
4+ (1+ Cos¢)’H(X+ Y) + (1 + Coso)’H(X — Y)
—H(X) — H(Y)} +ill(DxF)Y —(DyF)X|I%.
Proof. The proof follows from Proposition 2.2.
Proposition 2.4. Let M be an almost Kihler manifold, and X a unit vector
field for which the holomorphic sectional curvature H( X') assumes its minimum at

m € M. Then for all Y € T, M, (the tangent space at m) with g(X,Y) =
F(X,Y)=0and||Y|l = 1 we have

H(X) <3l(DyF)Y — (DyF)XI*>—3K'(X,Y,X,Y) — K'(X,Y, X,Y).
If H( X)) assumes its maximum, then the inequality is reversed.
Proof. If a, b are real numbers such that a? + b> =1, then under the
conditions of the proposition we have
H(ax + by) = -Q(ax + by),
H(ax + by) + H(ax — by) — 2a*H(x) — 2b*H(y)
= —4a’p{K'(X, X,Y,Y)+ K'(X,Y, X,Y) + K'(X,Y, X, Y )}
= -4a’p*{K'(X,Y, X,Y) + 2K'(X,Y, X,Y) - K'(X, Y, X, Y)}
= —4a’p*3K'(X,Y, X,Y) + K'(X,Y, X,Y)
—3I(DyF)Y —(DyF)XI2).
If H(X) assumes its minimum at X, then
(1 — a*)H(X) <b*H(Y) — 2a°0*{(3K'(X,Y, X,Y) + K'(X,Y, X,Y )
—3I(DyF)Y — (DyF)XI1*}.

The result follows when we take limit of both sides of the inequality as a — 1.
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Remarks. (i) The above proof is similar (with a difference in sign) to that
given by Goldberg and Kobayashi [4] and Gray [5].

(i) We take limit as a — 1, rather than taking a = 1, b = 0 as was done in
the above mentioned references, because in the latter case both sides of the
inequality reduce to 0.

3. Almost Kihler manifolds with constant holomorphic sectional curvature

In this part, we assume that the holomorphic sectional curvature H( X) has a
constant value k.

Theorem 3.1. A necessary and sufficient condition for an almost Kdihler
manifold M to admit a constant holomorphic sectional curvature k is that for any
vector fields X, Y, Z, W on M the following identity hold:

8K'(X,Y,Z,W) —2g((DyF)Y — (DyF)X,(D,F)W — (D, F)Z
—~8((DyF)W — (D, F)X,(D,F)Y — (DyF)Z) — g((DyF)W
- (DWF)Y’(DXF)Z B (DZF)X))
= 2k{2F(X,Y)F(Z,W) + g(X, Z)g(Y, W) — g(Y, Z)g( X, W)
+F(Y,Z)F(W, X) + F(X, Z)F(Y,W)},
or equivalently the following identity holds:
8K(X, Y, Z) = -2(Do,ryy = Fpyryx)Z = (Do ryy = Foyryz) X
—(Dip,ryz = Fio,ryx)Y — 2k{2F(X,Y)Z + g(X, Z)Y
—g(Y,Z)X - F(Y,Z)X + F'(X, Z)Y }.
Proof. A necessary and sufficient condition for an almost Hermitian
manifold to be of constant holomorphic sectional curvature, given by Mishra
[6], is
3K'(X,Y,Z,W)+3K'(X,Y,Z,W)+3K'(X,Y,Z,W)
+3K(X,Y,Z,W)+ K (X,W,Z,Y)+K'(Y,W,X,Z)
+K'(Y,Z,W,X)+K(Z, X,W,Y)+ K (Y,W,Z,X)
+K'(W,X,Z2,Y)+K'(X,Z,W,Y)+K(Z,Y,W,X)
= 4k{2F (X, Y)F(ZW) + g(X, Z)g(Y, W) — g(Y, Z)g( X, W)
+F(Y,Z)F(W,X)+ F(X,Z)F(Y,W)}.

Our result follows from the above and identities (1)-(5).
In fact, the above result can be improved as follows.
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Theorem 3.2. A necessary and sufficient condition for an almost Kihler
manifold to be of constant holomorphic sectional curvature is that K(X, Y, Z) be
a linear combination of (D p ryy — Fip,ryx)Z, (Dp,ryy — Fp,rz) X (Dip,r)z
— Fp,rnx)Y. X,Y, X, Y and Z.

Proof. 1f the holomorphic sectional curvature is constant, then the result

follows from Theorem 3.1.
Now suppose that K(X, Y, Z) is a linear combination of the terms men-

tioned, that is,
K(X,Y,2) = a(Dp,ry— Fip,ryx)Z + B(Dp,ry — Eipyryz) X
+¥(Do,rz = Fio,rx)Y + 24(X, Y)Z + B(X, Z)Y
—B(Y,Z)X— C(Y,Z)X+ C(X, 2)Y,
where a, B, vy are real numbers, 4, B, C are bilinear, and 4 is skewsymmetric.
Applying Bianchi’s first identity gives
a = B+ vy, Bissymmetric, 24(X,Y)=C(X,Y) — C(Y, X).
Since K is skewsymmetric in X, Y, we have
B=y-B=v=%.
Now
K'(X,Y,Z,W)
= —ag((DXF)Y— (DyF)X, (D F)W — (DWF)Z)
—3$8((DyF)W — (Dy F)X,(DzF)Y — (DyF)Z)
—$8((DyF)W — (Dy F)Y,(DxF)Z — (DzF)X)
+2A(X,Y)F(Z,W) + B(X, Z)g(Y,W) — B(Y, Z)g(X, W)
—C(Y, Z)F(X,W) + C(X, Z)F(Y,W).
Using (3) we get a = -LB=y= -3 and C(Y, Z) = -B(Y, Z), C(X,2)=
—B(X, Z). Similarly, for X, ¥ we have A(X,Y)=A(X,Y), B(X,Z)=
B(X, Z), C is skewsymmetric,and A(X,Y) = C(X,Y) = B(X,Y).
Using the symmetry of K'(X, Y, Z, W) in the pairs X, Y and Z, W yields
— B(Y, Z)g(X, W) — B(Y, Z)F (X, W)
(6) +B(W, X)g(Z,Y) + B(X,W)F(Y, Z)
=2B(Z,W)F(X,Y)—2B(X,Y)F(Z,W).
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Also since K'( X, Y, Z, W) is skewsymmetric in Z, W, we have
—B(Y, Z)g(X, W) — B(Y, Z)F(X,W)
+B(W, X)g(Z,Y) + B(X,W)F(Y, Z)
=-B(X,Z)g(Y,W) — B(X, Z)F(Y,W)
+B(Y,W)g(X,Z) + B(Y,W)F(X, Z).
From (6) and (7) it follows that
2B(Z,W)F'(X,Y)—2B(X,Y)F(Z,W)
(8) =-B(X,Z)g(Y,W) — B(X, Z)F'(Y,W)
+B(Y,W)g(X,Z)+ B(Y,W)F'(X, Z).
Since the left-hand side of (8) is skewsymmetric in X, Y and in Z, W, the

right-hand side has the same property. So interchanging X, Y with Z, W we
should have the same quantity, and the right-side of (8) also equals

—B(Y,W)g(X,Z2)— B(Y,W)F(X,Z)+ B(X, Z)g(Y,W)
+B(X, Z)F'(Y,W).

)

Comparing this with what we have in (8) gives
2B(Z,W)F(X,Y) —2B(X,Y)F(Z,W) =0,
or
B(Z,W) _B(X,Y) _
g(Zw) gXY)

from which follows the result.
Now if we take the trace of the curvature tensor in Theorem 3.1 we get
Theorem 3.3. In an almost Kihler manifold of constant holomorphic sec-
tional curvature k, the Ricci tensor is given by

8Ric(Y, Z) — 2k(n + 2)g(Y, Z) — 2¢'( D, ryy — iy, ) Z

—e '( Dip, Fyz—-(D,Fye, ) Y,

where n is the dimension of the manifold, {e;} is a local basis of the tangent space,
and {e'} its dual basis.

Theorem 3.4. Let M be an almost Kdihler manifold of constant holomorphic
sectional curvature k. Then the sectional curvature K( X, Y) with respect to vector
fields X, Y with | X|| = Y|l = 1 and g(X, Y) = 0 is given by

K(X,Y)=4(3F(X,Y)* + 1) — }Il(DxF)Y — (DyF) X,
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and the holomorphic bisectional curvature h( X, Y') by
h(X,Y)=4(F(X,Y)" + 1) + 1I(DxF)Y — (D, F)XI2.

The proof follows from Proposition 2.3.

Theorem 3.5. Let M be an almost Kihler manifold of constant holomorphic
sectional curvature k. If X, Y are vector fields such that | X|| = Y|l =1 and
g(X,Y) =0, then

k<4K(X,Y)+3I(DyF)Y — (DyF)XII> <4k, k> 0.
k<2h(X,Y)—iI(DyF)Y — (DyF)XI*<2k, k>0.

If k <0, the above inequalities are reversed.
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