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BOUNDARY BEHAVIOR OF HOLOMORPHIC
FUNCTIONS ON PSEUDOCONVEX DOMAINS

DAVID CATLIN

1. INTRODUCTION

In the theory of several complex variables, one is led to the study of
holomorphic functions on pseudoconvex domains. However, in this general
context, many of the proofs of the basic results do not yield information
about the behavioir of the functions at the boundary of the domain. In this
paper under the additional assumption that the boundary of the domain is
smooth, we show that some of the classical theorems can be stated in terms of
the space of holomorphic functions which are smooth up to the boundary.
Although our results hold on a class of pseudoconvex manifolds with smooth
boundary, for the purposes of this introduction we shall simply state the
results for pseudoconvex domains in C".

Let @ be a bounded pseudoconvex domain in C" with smooth boundary.
Denote by A(2) the set of holomorphic functions in 2, and by 4 *(£) the set
A(®) N C®(Q). The following theorem is the analogue of the Levi problem
for A>=(R2).

Theorem 3.3.1. There exists f € A®(R2) which does not extend analytically
to a neighborhood of any boundary point.

One can also study holomorphic convexity properties with respect to
A>(R). For K a compact subset of Q, we define

R={ze® /)| <swplfl, fea=@].
K

The set K is clearly a compact subset of &, and the holomorphic convexity
properties at the boundary are exhibited by the set K N bQ. This set has the
property that it is determined solely by the set K N 5%, as is shown by the
following theorem.

Theorem 3.1.7. Let K, and K, be compact subsets of Q. If K; N bQ = K,
N bQ, then K, N bQ = K, N bQ.

This has an immediate corollary.
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Corollary3.18. IFK cC 9, then K C C Q.

An analogue of the Oka-Weil approximation theorem is also given. How-
ever, instead of using the topology of uniform convergence, we use the
topology given by L2-Sobolev spaces. Thus for m a nonnegative integer and
U an open subset of &, one defines the norm |44}] m,r BY

Iy = 3 [ 1Duldn,
|a|<m U
where dy represents the standard volume element of Lebesgue measure on C".
Let H,,(U) be the set of all functions u such that ||u||,, , is finite. One can
now state the approximation theorem.

Theorem 3.2.1. Let K be a compact subset of & with K=K Suppose that
U is an open subset of @ with K C U and that f € A(U) N H_(U). Then there
is an open subset V with K C V C U, and functions f, € A*(2) such that

$im, [1f, = fllpy =O.

The methods of proof of the above theorems rely on the machinery of the
9-Neumann problem, in particular, on the global regularity theorem of Kohn
[6], and on the techniques of Carleman estimates for the d-operator intro-
duced by Hormander [4], [5].

The author has recently received new proofs of Theorem 3.3.1 and Theo-
rem 3.1.7. from Hakim and Sibony [3]. In fact, they even show that the
spectrum of the Frechet algebra 4*(Q) is exactly Q. It is easy to show that
this implies Theorem 3.3.1.

All of the above results hold if @ is a complex manifold with smooth
pseudoconvex boundary such that there is a function A € C®() which is
strongly plurisubharmonic in a neighborhood of the boundary of Q. However,
for simplicity, it will be assumed here that A is strongly plurisubharmonic on
all of Q. For the general case, the necessary modifications may be found in
(1].

It is a pleasure for me to thank my thesis advisor, J. J. Kohn, for his
assistance in writing this paper. I would also like to thank Eric Bedford and
John Erik Fornaess, who called my attention to some of the questions
considered here and made several helpful suggestions.

2. THE 3-NEUMANN PROBLEM WITH WEIGHTS
2.1. Formulation of the 9-Neumann problem

Let £’ be a complex hermitian manifold of dimension n, and let & C C &'
be an open submanifold of @’ whose closure Q is compact. Denote by b2 the
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boundary of £, and assume that there exist a neighborhood U of bQ and a
real-valued function r € C*(U) such that dr # 0 on bR and r(z) = 0 if and
only if z € b{2. The sign of r is chosen so that » < 0in £ and r > 0 outside of
Q.

Denote by Cg,,, the space of forms of type (0, ¢) on Q which are smooth up

to and including the boundary. In terms of local coordinates z;,- - -, z, on a
coordinate neighborhood V we can express ¢ € C@.q bY

¢ =2 ¢,dz’,
where ¢, € C*(V N Q); J = (i, - - ,j)) with 1 < j, < - - - <j, <n; d’
=dzj./\"‘/\d5j,,-

In a coordinate chart V, the hermitian metric has the form 3 hydz; @ dz,,
where h; is a positive definite hermitian matrix with C* coefficients. We
keep the hermitian structure on €’ fixed in all that follows. If f is a form of
type (1,0) and f= 2 fdz; in a local coordinate system, we set {f, f) =
Sh*ff., where (h’*) is the inverse of (k). Every point in £ has a neighbor-
hood U where there are n forms w',- - -, w" of type (1,0) with C*®
coefficients such that (&, 0*> = Swds k=1,- -+, nlfwesetf= E_ﬂ-’w", it
follows that (f, f> = Z| fj’|2. More generally, a differential form of type (0, q)
can be written in a unique way in the form f = X, ij)’ and we can define
L by {f, f> = |fI> = = | f,|> This definition is independent of the choice
of the basis w!, - - -, w".

Let @ be a smooth real-valued function in 2. We then define L(zqu)(ﬂ, @) as
the space of all measurable forms fin Q of type (0, g) such that

(2.1.1) nﬂ@=Lm%wv<w,

where dV represents the volume form associated with the hermitian metric.
The operator 9 defines, in the weak sense, closed densely defined operators
T L%O,O)(Q’ ®) - L%O,l)(ﬂ’ ?),

S: L%O,l)(ﬂy ?) - L%o,z)(ﬂ, P).
By T* and S* we shall mean the adjoints of T and S, respectively, with
respect to the norm given by (2.1.1).

If u € C*® and the forms w!, - - - , w" are a local basis for forms of type
(1, 0) in an open coordinate patch U, we set

ou ou _;
du = —’ + —’
“ 2 dw’ 2 dw’
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is a definition of the operators 9/dw’ and 3/9&’ in U. Then we have
= du
Tu=0u =) —o,
2 0w’

and if f = 3 f,@*, it follows that
_ of
==L ANo*+---,
f =3 & A

where the dots indicate terms in which no f, is differentiated. They occur
because dw’ and 9w’ need not be zero. After mtegratlon by parts, one can
show that if f € D, then

T*f=—26jj}+~-,
where §w = e%d(we™?) /9«’, and the dots, as before, indicate terms where no
Jf; is differentiated. Moreover, f satisfies the boundary condition

(2.12) zf— =0 onUn bQ.

We now formulate the 9-Neumann problem. In all that follows we shall be
using a fixed weight e®. We define the space 9*' c Cg,, by
6D0’l = C(“(S’[) n DT"
Thus %! can be characterized as the space of smooth forms of type (0, 1),

which satisfy the boundary condition (2.1.2). Since 9%!' c Dp., we may
define the hermitian form

Q: P x PO 5 C
by
(¢, ¥) = (T*¢, T*Y) + (So, SY).
In the case which we shall consider, the following inequality holds:

(2.1.3) (¢, ¢) > lloll2, ¢ € D

Let 9°! be the Hilbert space obtained by completing D% under the norm
O(¢, $)'/2 By virtue of (2.1.3), there is a natural embedding of %! in
L% (2, ¢). By well-known arguments in Hilbert space theory, there is a
bounded self-adjoint N in L(zo,l)(ﬂ, @) with the following properties:
() R(N) C Dy« N Dy,

(ii) T(T*N) C D, and R(SN) C D,

(iii) N is one-to-one,

(iv) if « € LE, (2, @); then

Q(Na, ¢) = (a,¢) forally € P*!.
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The last statement (iv) implies that [(JNa = a, where [] is the differential
operator given by 77* + S*S. The operator N is usually called the Neumann
operator, and is the inverse of [J. Our interest in the Neumann operator lies
primarily in the following fact:

If « € L2, ) and Sa = 0, then TT*Na = a. Thus T* Na is a solution
of Tu = a, and it is uniquely characterized by the fact that T*Na is
orthogonal to the null space of T.

2.2. The basic estimate

In this section we present the basic estimate in Sobolev spaces. In the space
L}, (9, ¢) the estimate follows immediately from Hormander’s estimates [4],
and for higher order Sobolev spaces, the estimate and its proof are quite close
to that of Kohn [6]. We shall therefore only briefly sketch the proof.

In what follows, we shall replace the weight function ¢ by x((p) where X(T)
is a smooth real-valued function. For f € C(O (V) with W, 0" as
above, we shall use the expression | Lf ||x(q,) to represent the sum
319f/8w* |3, This can be extended in an obvious way by means of a
partition of unity to f € Cg I)(Q) Any two sums arising from different
partitions will differ by at most C|| f ”x(«v)’ where C is a constant independent
of the function x(¢).

After using a partition of unity, Proposition 3.1.3. of [4] leads to the
following proposition.

Proposition 2.2.1. Suppose that the manifold Q is pseudoconvex, and that
there is a function @ € C*(SQ) that is strongly plurisubharmonic on all of Q. Let
x be a smooth convex increasing function. Then there is a constant C indepen-
dent of the weight function x so that for all f € D*!,

(22.1) fx (@I Pe™XPdV + || LS| < C{IT*f I + If 13w + 117}

We now choose a specific function x; ,, depending on two parameters s and
t, and lift the above L? estimates to higher order weighted Sobolev spaces.
The proof, which follows that of Kohn [6], essentially involves only a
determination of how the constants depend upon the above parameters. First
we must give the precise definition of the weighted Sobolev spaces.

Let{,j=1,2- -, N, be smooth real-valued functions such that 2 &',-2 =
1, and the support of each function §; is contained in a coordinate neighbor-
hood of €. We define

1117 ey = 2 2 1D 1y

j=1|a|<m
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Here D* refers to 9/ /3x - - - 9xf2» for the coordinate neighborhood of
supp §;. f oy, k=1,2,---,N',is another set of functions with the above
properties, then there exist constants C, and C,, depending only on the
functions y;, and §;,j =1, - -, N,k =1,- - -, N’, so that

2 > D “K,fllx<¢)<C|2 2 1D e

Jj=1|a|<m k=1 |a|<m

<C22 2 1D%S ey

Jj=1|a|]<m

It is therefore enough to use any such partition of unity. Let H,,(2, x(¢)) be
the space of all u € L(zo,l)(ﬂ, x()) such that ||u||,, ) < . In a similar way
one can define norms for forms of type (0, g). One simply requires that all
components be contained in H,,(£, x(¢)).

It will also be useful to define certain tangential operators defined in a
coordinate neighborhood U of a point z, € b2. Choose real tangential
coordinates (¢}, ty, - * - , p,_, '), Where r is the boundary defining function.
Let D denote the partial derivative 3! /9 - - - 952+~ We denote by 4}
any differential operator which is of order k and supported in such a
neighborhood U, and which is a sum of the operators D,* with C* coeffi-
cients. We now specify a 2-parameter family of convex increasing functions
Xs,.- For any p, one can construct a function y with the following properties:

(a) ¢ € C*R);
(22.2) (b) ¢ is convex and nondecreasing;
() Y(r) =0fort < p,y(1) > Ofor7 > p.

For each s,t > 0, we set x, (1) = t7 + sy(7). The weight functions x,, will
play the role of the weight function x in Proposition 2.2.1. One then has as a
consequence that there is a constant 7, > 0, such that for ¢t > T, s > 0, and
fea,

(22.3) A 000 + ILFIE o < COS 1)

We now establish some convenient notation. If A and B are functions on a
set of parameters .S, we use the notation 4 << B to mean that for some C > 0,
|4(0)] < C|B(o)| for all ¢ € S. For the norm associated with the weight
functions x,,(¢), we shall write || f]2, . instead of || f ||mx”(q,), and simply
| f112, if m = 0. It will also be clear from the context that all of the operators
arising in the 3-Neumann problem will be those associated with the weight
function x, (). The estimates for the Neumann operator N are given in the
following proposition.
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Proposition 2.2.2.  Under the hypothesis of Proposition 2.2.1 for each integer
m > O, there exists a constant T,, such that for all t > T,,,s > 0,

N

(224) ltlee S Z (14 s+ 0% 0wl
j=0

The proof of this proposition is based on (2.2.3) and is a straightforward

but tedious verification that the constants obtained from the method of proof

of Kohn’s global regularity theorem [6] do indeed grow as in (2.2.4). In fact,

for all applications we shall need only that there exist constants C,,(7) and an
integer N,, such that for¢ > T,

Ul S Cu(OA + )™ - 10113,

that is, that the constant for fixed ¢ has polynomial growth with respect to the
parameter s.

By the method of elliptic regularization (see Kohn [6] or Folland-Kohn [2]),
it follows under the above restrictions on ¢ that if [(Ju € H,(), then
u = N[Ju € H,, and that the above estimates hold. Moreover, if a is a form
of type (0, 1) with Sa = 0, then v = T*Na is the unique solution of Tv = «
which is orthogonal to the null space of T. By the estimate (2.2.4), we know
that if « € H,(Q2), then v € H,,_,(2). We now show that v is actually in
H, ().

Proposition 2.2.3. Under the hypotheses of Proposition 2.2.1, for each integer
m > 0, there exists a constant T,, > O such that for all t > T,,, s > 0, the
following estimate holds:

N
I T*ul e + (1Sl S 2 (1 + s + 277 0ul2,

m,s,t mys,t
Jj=0

(2.2.5) _
u € Do N C*(Q).

Proof. The proof is similar to that of the estimate for u. In the interior,
one can estimate the derivatives of order m of T*u and Su. As before, one
then estimates the tangential derivatives. The remaining derivatives are con-
trolled by showing that the boundary is non-characteristic with respect to a
certain differential operator.

Let A be a differential operator of order m, supported in the interior of 2.
Applying 4 to T*u for u € D gives

|AT*u|, = (ATT*u, Au) + ([T, A]T*u, Au) + (AT*u, [4, T*]u).
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After performing the same operation for ||4Su||*> and adding both equations,
we get

|AT*ull?, + | 4Sull?, = (AOw, Au) + ([T, A]T*u, Au)
+ (AT*u, [ 4, T*)u) + ([S*,A]Su, Au)
+ (ASu, [4, S]u).

Now in each of the last four terms on the right-hand side, on one side of the
inner product there is an mth order differential operator applied to one of Su
or T*u. These mth order operators, which we denote by B™, arise as
commutators and satisfy the following estimate:

m
2(m—)) 2
1B™|2, < 3 (1 + s+ "ol
j=0

Using the estimate |(x, y)| < &]|x||> + C(¢e)||y||?>, with the & in front of the
terms B™T*u and B™Su, yields

m
| AT*u|?, + | ASu|2, S 1Ol + Ce) 2 (1 + s + ™|y,

j=0

2.2.6 m
229 teX (I+s+ "N T*ull,, + 11Sul, ]

j=
A similar inequality holds for 4 with support intersecting the boundary,
provided we assume that the operators are tangential. Note that by (2.2.4), the
term C(e)S7(1 + s + 1’ ||u|3,, appearing in (2.2.6) is dominated by
the right-hand side of (2.2.5). Therefore, if we can only show how the
nontangential derivatives can be estimated, then the proposition will follow
by taking a partition of unity, adding up the inequalities and then taking &
sufficiently small to absorb the terms e||T"‘u||f,,,s,, + ¢||Sul?, s, into the left-
hand side of (2.2.6). (The lower-order derivatives of 7*u and Su can be
controlled by an elementary induction argument.)

Consider the operator L,

L: C(OS’O)(Q) @ C(o(o)’z)(ﬁ) - C(O&I)(Q) ® Cz&:;)(ﬁ),

given by L(v, w) = (3v + dw, dw).
Since L is elliptic and of first order, one can write (0/0r)(v, w) as a
combination of L(v, w) and tangential derivatives of (v, w). However,

L(T*u, Su) = ((TT* + S*S)u, 0) = ((Ou, 0).
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Therefore as in the proof of Proposition 2.2.3, one gets

k k
1ar =+ e, + am—+ 2 sy
' ark st ' ark st

< Am—k+l ak_l Tv* 2 + Am—k+l ak_l S 2
~|I t k—1 u”s,t “ t k—1 u"s,t
2.2.7) or o
m— ak—l
+1|4, kark_,mu||§,,
2
+ (L4 s+ [ T*ul?,y,, + 1Sul 1]

After applying (2.2.7) m times, one obtains the estimate for the nontangential
derivatives. By the earlier remark, this completes the proof.

Finally, by using the method of elliptic regularization, we can state the
following theorem.

Theorem 2.24. Let § be a pseudoconvex manifold with smooth boundary.
Suppose that ¢ € C®(Q) is strongly plurisubharmonic on all of Q, and that
Xs,(9) is a 2-parameter family of weight functions constructed as in (2.2.2).

Suppose that « is a 9-closed form of type (0, 1) and that a € H, (). Let v be
the solution of Tv = a, which is provided by the d-Neumann problem with
weight X, (@). Then there exist positive constants T,, and C,, such that for all
t > T,andalls > 0,v € H,() and satisfies

(22.8) 01205 < Cul(1 + 5 + £)*7|| |2

mys,t*

3. APPLICATIONS TO BOUNDARY BEHAVIOR
OF HOLOMORPHIC FUNCTIONS

3.1. Holomorphic convexity at the boundary

In this section we shall study the holomorphic convexity of pseudoconvex
manifolds, with special emphasis given to the convexity properties at the
boundary. We shall define the holomorphic hull with respect to the holomor-
phic functions which are smooth up to the boundary, denoted by 4*(2).
Thus 4 *°(R) is defined by

A2(R) = A(Q) N C=(Q).

Since functions in 4 *(£2) have smooth boundary values, we can allow both X
and K to have boundary points as well.

Definition 3.1.1. If X is a compact subset of Q, we define the hull R by

R= {z € 8; |f(2)| < suplfl.f € A°°(Q)}.
K
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For the class of manifolds we shall consider, it will be shown that if K is a
compact subset of the interior, then the above holomorphic hull and the one
taken with respect to 4(£2) coincide. It will also be useful to consider the hull
I%P, taken with respect to P=(R), the set of functions ¢ € C*(Q) which are
plurisubharmonic in £2.

Definition 3.1.2. For K a compact subset of &, the hull K, » 1S given by

R, = {z €Q; p(z) <sup ¢, p € P°°(Q)}.
K

Assumption 3.1.3. It will be assumed in all which follows that Q is a
pseudoconvex manifold with smooth boundary, and that there is a function
@ € C*(R) such that g is strongly plurisubharmonic on £.

We shall make frequent use of the following density theorem.

Theorem 3.14. Let f be a function in A(Q) N H,(R), where m is a
nonnegative integer. Then for any ¢ > 0, there exists g € A*(Q) with || g — fl|m
<e.

Proof. Using the function ¢ given by Assumption 3.1.3, we apply the
estimate given by Theorem 2.2.3 for s = 0, and ¢ any number larger than 7,,.

First let U,j=0,1,- - -, k, be a finite collection of open sets with the
following properties.

(0)) Q= ,-1 U,

2) U,ccq,

(3) On each U,j=1,2,--:,k, there are holomorphic coordinates
zf,+ - -, zJ with 9r /0x} > 0, where zJ = xJ + iy].

Let 3}, Jj=0,1,-- -k, be a partition of unity subordinate to the covering

{U;}. For sufficiently small § > 0, let f; be given by
e = 8ol + B @b+ 8)
Observe that f; € C*(Q),
lm | f; = fllm =0, Lim 3], = O

Let m,/=1,2,- - -, be an increasing sequence of positive integers with
m, > m. Choose t; > max(T,,, T,,). Let v; be the solution of dv; = 3f; which
is obtained from Theorem 2.2.4 with ¢ = ¢, and s = 0. Since #; > T,,,, it is
clear that v; € H,, () and since ¢, > T,,,, v, satisfies

[0500s, < Gl + )™ - 1311200,

Hence lim,_q||vs]|3, = 0. Setting u; = f; — v,, it follows that u; € H,, and
lims_o||s — fll,, = O Therefore there exists g; = u; € H, (?) such that
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Il&1 — fll.. <€/2. By the same reasoning, for every / there exists a holomor-
phic function g, such that ||g, — g,_,|| < 27¢. Set g = lim g, Clearly, g €
A=) and || g — f||,, < ¢. The proof is complete.

We now apply the above theorem to show that the two hulls defined above
are identical. The idea of the proof has been taken from Theorem 5.2.10 of
[5].

Theorem 3.1.5. If K is a compact subset of Q, then K = K p-

Remark. Hakim and Sibony [3] have strengthened this theorem by show-
ing that the above result holds also if one takes the hull with respect to
plurisubharmonic functions which are only continuous on .

Proof of Theorem 3.1.5. Since it is obvious that IE’,, C K, it is sufficient to
prove the opposite inclusion. So assume K is a compact subset of Q and
zo & 12}. It follows that there is a function ¢ € P *() with ¢(z,) > supg ¢.
We can assume that ¢ is strongly plurisubharmonic on &, for if not consider
¢ = ¢ + ep for sufficiently small ¢ > 0, where ¢ is any smooth strongly
plurisubharmonic function. We shall construct a family of functions g, €
A*(Q2) such that lim_,  g(z)) =1, and lim _, g(z) =0 for all z with
¢(2) < (20, z # z- Thus for large s, | g,(zo)| > supx] g/, and hence z, & K.

Since ¢ is strongly plurisubharmonic at z,, there exist a neighborhood V,
zy € V, and a function uy € A°(V) with uy(zy) = 0 and such that Re u(z)
< 0 whenever z satisfies z € V, @(z) < g, z 7 z5. Choose a function § €
Cs°(V) such that {(z) = 1 for z in a neighborhood of z,. It follows that there
exists numbers a and p’ with a > 0 and pu’ > p, such that

(3.1.1) Re uy(z) < —a if z € supp 8¢ and @(z) < .

Choose p and py < p <y, and let x; ,(¢) be the 2-parameter family of weight
functions constructed as in (2.2.2). Set m = n + 2 and fix ¢, > T, ,. Then the
hypotheses of Theorem 2.2.4 are satisfied and it follows that, for all s > 0,
one can solve the 3-equation so that the estimate (2.2.8) holds.

Let u be an analytic function in ¥ and set a, = (Lue™), where 7 is a
constant whose value is yet to be determined. Denote by V, the solution of
9V, = a,, given by the 9-Neumann problem with weight Xs,.,(®)- By Theorem
2.2.4, v, satisfies

2(n+2 2
(3.12) 10,112 4 2,00, < Caaa(1 + to + ) el

Since supp a, C supp 3¢, it follows that for some constant C independent
of s,

B3 aylBussy < [ O+ s+ )" Dexp(2rsuy = x,,,(#)dV-
supp 9§
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We wish to show that there exist positive numbers § and 7 such that for
sufficiently large s,

Re(2rsuy — x,,,(8))(2) < -85, z € supp a¢.
Toward this end, set

M, = sup {Reuyz)}, M,= sup {-x(9)(2)}.
z Esupp 3¢ 50,z Esupp 3¢

Recall from (2.2.2) that x, ,(¢) = f@ + sY(p(2)), where ¢ is a convex increas-
ing function with y(1) > 0 for T > p. Suppose that ¢(z) > p’. Then we have

Xsi(P) > fop’ + sY( '), and consequently
Re(2msuy — Xs,xo(‘P))(z) <sQTMy — (1)) — top'.

Fix 7 > 0 so that 27M, — Y(p’) < 0. Then for large s, Re(27suy — X, (®))(2)
approaches —oo if @(z) > p'. If on the other hand, ¢(z) < p’, then by (3.1.1),
Re uy(z) < —a, and hence '

Re(27suy — ., (9)) < -2ars + M,

Thus we see that 8 > 0 can be chosen so that, for large s,
Re(27suy — X, (9))(z) < -8s, z € supp 3.
Hence by (3.1.3), for a new constant C,
sz, < C(1+ 5P P
Since this also decreases exponentially to zero, it follows by (3.1.2) that
slingo I Vs||3.+2,s,to =0.

By the Sobolev Lemma and the fact that the weight functions x,(¢) are
independent of ¢ for ¢ < p,

sup{|DV(2)|} < ClIV,l5+200
Z2EQ,p(2) < pola| <1

If we now set g, = {ue™° — V,, then it is clear that g € A(Q) N H,,, and
Sli)n;lo gs(zo) = “(zo)a sl_ig)lo gs(z) =0

for z with @(z) < pg, z 7 z,. If we set u = 1 in V, then the existence of such
functions g, immediately implies that K C I?P, except for the fact that the
functions g, are in H,,,(?) and not necessarily in C (). But then after
approximating g sufficiently closely (Theorem 3.1.4), the result follows.
Remark. If we choose local holomorphic coordinates z,,- - -, z, in V,
which vanish at z,, and in the above proof setu = z,, k =1,2,- - - , n, then
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the corresponding function g* has the property that
. k —
sll{{.lo dg, (zo) = dz(z).

Hence for large s their differentials are linearly independent. As before the
functions g* are in H,,,(%), and it remains only to approximate them by
functions f, € A°(R). This means that for every point z, € Q, there exist n
functions f,, - - + , f, € A*(R) such that their differentials at z, are linearly
independent. This fact will be needed later.

We now give a construction with plurisubharmonic functions which is
useful for studying convexity properties at the boundary.

Proposition 3.1.6. Suppose that ¢ € C °°(S—Z) is strongly plurisubharmonic in
a neighborhood of bS). Then for all sufficiently small a > 0, there exist smooth
strongly plurisubharmonic functions ¢, on Q which satisfy the following proper-
ties:

(@) 94, = Ppow

® e, <o

(c) for all z € Q, lim,_y+ @,(z) = —o0 uniformly on compact subsets of S2.

Proof. The proof is just a slight twist of Theorem 3.7 of Kohn [6]. This
theorem states that for sufficiently large C, the function p = -log|r| + Co is
strongly plurisubharmonic in £ near bQ. (r is the boundary-defining function
of Q). Hence if we set s(z) = —e™, then s(z) is a new boundary-defining
function such that the level sets of s are pseudoconvex near bQ2. With both a
and b > 0, set A, , = —log(a — s5) + bep. By imitating the proof of Theorem
3.7 in [6], it follows that if b is chosen sufficiently large, say b = b,, then for
all a > 0, the functions A, are strongly plurisubharmonic in a neighborhood
U of the boundary, where U is independent of a. Observe that there is a
constant y independent of a, such thatif A, , (z) > v, then z € U. Let x be a
smooth convex function such that x(f) = y + 1 for t <y and x(¢) = ¢ for
t >y + 2. Set

$(2) = bio [X(A\os,(2)) + log a].

Since x is convex and nondecreasing, the functions §, are plurisubharmonic
on Q. They satisfy the conclusions of the proposition except that they may fail
to be strongly plurisubharmonic in the interior of £. An examination of the
proof of Theorem 3.7 and the above formula for {, shows that there is a
neighborhood V (in the relative topology of Q) of bQ such that the eigenval-
ues of the complex Hessian of §, are bounded below in ¥ by a fixed positive
constant independent of a. Let ¢ € C5°(R) be chosen so that y(z) = 1 for all
z & V. Set

q’a,&(z) = ga(z) + 8‘1’(2) ) d')(z),
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where ¢ is any smooth strongly plurisubharmonic function on £. For suffi-
ciently small §, say 8 = §,, the functions ¢, = ¢,, are strongly plurisub-
harmonic on  and satisfy the conclusions of the proposition.

Proposition 3.1.6 is the main step in the following theorem.

Theorem 3.1 1. Let Ky, K, be compact subsets of Q such that K, N bQ =
K, N bQ. Then K, N bQ = K2 N b§.

Remark. Hakim and Sibony [3] have recently found a new proof of
Theorem 3.1.7.

Proof. By Theorem 3.1.5, it suffices to show that Iel p N Q= 122,, N bA.
By symmetry, it suffices to show that 12', pN LR C 12'2,, N b82.%(Q)

Suppose then that z, & Kips 2y € bQ. Then, as in the proof of Theorem
3.1.5, there exists a smooth strongly plurisubharmonic function g with g(z,)
> 1, supg, g < 1. Since K; N b2 = K, N b2, there exists a set K C C @ with

K,c KU {z €Q;g(2) < 1}.

By Proposition 3.1.6, one can choose a sufficiently small such that g,(z) < 1
for z € K. But since g, < g, this implies that g, < 1 on K,. On the other
hand, g,(zy) = g(zo,) > 1. Thus z, & 122 p- This completes the proof.

A simple but important special case of Theorem 3.1.7 is when K, Cc C
and K, = &. Then we have K, N bQ = 122 N bQ = . This gives

Corollary 3.18. IfK c C Q, then K c C Q.

Remark. The hypothesis that the boundary of 2 is smooth is essential.
Sibony [7] has constructed a bounded pseudoconvex domain in C? with
nonsmooth boundary such that 1200, defined as the holomorphic hull with
respect to the bounded holomorphic of the domain, does not satisfy the
conclusions of Corollary 3.1.8.

Remark. Using an approximation theorem, Theorem 3.2.1, and Corollary
3.1.8, one can easily show that the definition of K given here and the usual
definition coincide if K C C Q.

3.2. An approximation theorem

In this section we shall prove, for the Sobolev spaces H,,, an approximation
theorem of the Oka-Weil type. the main feature of this theorem is that the
region on which the approximation takes place is allowed to intersect the
boundary of the domain. In order to measure the H,-norm of a function f
restricted to a given open set G, we define the norm || ||,,, ¢ by

Ifine=3 3 [ \DyFav.

j |la] <m
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where V,,j=1,2,---, N, is any covering of G by coordinate neighbor-
hoods, and D* refers to the derivative D* in the coordinate chart V. The
topology defined by this norm is independent of the covering. In [5],
Hormander gave a proof of the Oka-Weil theorem, based on estimates for the
solution of the d-equation in an infinite family of weighted spaces. This idea
is also used in the following approximation theorem.

Theorem 3.2.1. Let Q be a complex manifold satisfying Assumption 3.1.3.
Suppose that K is a compact subset of @ and that K= K. Let G be a
neighborhood of K in the relative topology of Q. Suppose that f € AR N G)
and that || f||,,c < . Then there exist a sequence of functions f, € A®(Q) and
an open subset G’ with K C C G’ C C G such that lim,,_, || f, — fll,nc = O.

Proof. Since K= I?P = K, there exist a function ¢, which is strongly
plurisubharmonic and smooth on £, and a number p such that (z) < u for
z € K,and {z € Q; ¢(z) < p} CC G. Let x, () be a 2-parameter family of
weighted functions constructed as in (2.2.2). Fix ¢, > T,,, where T,, is the
constant given by Theorem 2.2.4. We may choose ¢ € C;°(G) so that ¢ = 1
in a neighborhood of {z € Q; @(2) < p}. Set a = 3(yf). Since ®(z) > p on
supp a, there exist positive constants C and b, independent of s, so that
(3:2.1) llelnssy < Ce™ 19y £,

m,s,ty

where y;, € Cg°(G) is chosen so that y;, = 1 on supp ¢.

Let P, denote the projection of L*(2) onto L*(2) N A(R) with respect to the
norm || ||,. Then P(yf) = ¢f — V,, where V is the solution of W, =«
given by Theorem 2.2.4. By (3.2.1) and (2.2.8),

IP(f) = W sy = 1Vl sse
<C,(1+ s+ 1) |lal}

ms,to

< Cu(1+ 5+ 1) Ce™ |1y, fII2.

SetG' = {z € Q; ¢(2) < n). The weight functions Xs,. () are independent of
sin G’. By (3.2.2) and the fact that ¢y = 1 in G’, this gives

(323) 1) = fllg < Gl + 5 + 16)™ - Ce™ [y, fI2,.

Since the right-hand side of (3.2.3) approaches 0 as s approaches oo, the
functions P,(yf) clearly satisfy the conclusions of the theorem, except that
P,(yf) are in H,,(Q) and not necessarily 4*(§2). However, by Theorem 3.1.4
we may approximate P,(yf) arbitrarily closely by f, € A*(R). The proof is
then complete. '
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3.3. Domains of existence for 4 ()

We now apply the method of the above approximation theorem to show
that if Q is a complex manifold satisfying Assumption 3.1.3, then there is a
function u € 4*°(2) which cannot be extended analytically to a neighbor-
hood of any boundary point. A new proof of this fact has recently been
found by Hakim and Sibony [3]. I would like to take this opportunity to
thank Professor E. Bedford, who originally suggested this problem to me, and
who pointed out the possible approach of studying the points on the
boundary around which the Levi form has constant rank. As in Corollary
3.1.8, the assumption of certain minimal smoothness properties of the
boundary would appear to be essential, for Sibony has constructed in [7] a
bounded pseudoconvex domain @ C C? such that if f € H*(Q), the set of
bounded holomorphic functions in £, then f extends analytically to a larger
domain.

The proof below of Theorem 3.3.1 has roughly two parts. In the first part,
holomorphic functions are constructed in a neighborhood of a boundary
point where the rank of the Levi form is locally constant. These functions
satisfy certain inequalities which essentially show that the theorem is true
locally. In the second part, one then uses the argument of Theorem 3.2.1 to
approximate the locally defined functions by globally defined functions for
which similar inequalities still hold. From these inequalities the result follows
in a straightforward manner.

Theorem 3.3.1. Let Q be a complex manifold satisfying Assumption 3.1.3.
Then there exists a function u € A (S2) which cannot be extended analytically
to a neighborhood of any boundary point.

Before giving the proof of Theorem 3.3.1, we shall prove a lemma which is
useful in the local part of the proof.

Lemma 33.2. Let z, be a boundary point of an n-dimensional complex
manifold with smooth pseudoconvex boundary. Suppose that there is an I-dimen-
sional complex manifold y C bR, with z, € y, and that the rank of the Levi
form at zy is n — | — 1. Then there exists a coordinate neighborhood V of z,

with holomorphic coordinates z,, - - - , z, satisfying the following properties:
MVcy={z€V;2,,=0k=12,---,n—1}.
(2) Writing z’-(z,,* + -, z) and z” = (2,44, " - - , 2,), the Taylor expansion

of the boundary-defining function r(z) in the variables z” has the form

or
0z,

Hz) = Kz, 2%) = (2, 0)z, + —= (2, 0)z, + O(|2").

B)ForzevnQ
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n—1 n—1

IRez, — [Imz|+5 S |2 <rz) < Rez +|Imz|+2 S |zl
2 74 2 k=T+1
Proof. Choose complex coordinates wy, - - - , w, in a neighborhood W of
Zg, such that
WnNny={zEW;w,=0k=12---,n-1}.

Writing w = (w’, w”) as above, we take the first-order Taylor expansion of
the boundary-defining function r(w) in the variables w” around the point
(w', 0):

n
r(w)= > W, 0w, + > a—:(w’, 0)w, + O(|lw”]?).
keT+1 Mk k=1+1 OW;

o

Let M = {w € W; 2,4, Or/ow (W, O)w;, = 0}. We claim that M is a
complex manifold of dimension n» — 1. To see this we must show that for
j = 1, ceeun,

i “ or
— 2 (W, 0w, =0
oW, k=7+1 Iy ,
at all points of M. Forj =1+ 1,- - -, n this is obvious. Forj=1,-- -,/

and w, € M, we note that 3% _,,, w,d/0w, is a tangential vector of type
(1, 0) at the point (w’, 0) and that 37 _,, (3% / aw,aw ) (W', 0)w; is simply

, n 8 9
005 3 )

k=I+1 Vj

i.e., the Levi form of r at the point (w’, 0) evaluated at the vectors
2%=1+1Wi(0/0w;) and 0/0w;. Since 3/dw; is in the null space of the Levi
form at (w’, 0), and the Levi form is positive semi-definite, we conclude that

“ 9%

k=1+1 OW;0w,

(W', O)w, = 0.

Therefore M is an (n — 1)-dimensional complex manifold which is tangent to
bQ at each point of y N W. If we take coordinates z,, - - -, z, in a neighbor-
hood ¥V of z, such that M is given by {z € V; z, = 0} and vy is given by
{(z€V;2,,=0k=1,---,n— 1}, then the Taylor series of r(z) with
respect to the variables z” has the form (2).

Finally, by making coordinate changes only in the variables z”, and
assuming, as we may, that the point z, is mapped to the origin, we can write



622 DAVID CATLIN

”

the second-order Taylor series of r(z) in the variables z
form

around z, in the

n—1
0.2 =2, + 5+ 3 |5f + 0(").
j=1+1

Under this coordinate change, properties (1) and (2) still hold. It is then
trivial to show that after possibly shrinking ¥ somewhat, property (3) holds.

Proof of Theorem 3.3.1. Let z, be a point in b2 such that for some
neighborhood ¥, of z, the Levi form has constant rankn —/—1 on
Vo N bQ. The heart of the proof of Theorem 3.3.1 is contained in the
following claim.

Claim. For any neighborhood U of z,, and any integer m > 0, there exists
an infinite family of functions f; € 4A*(R), § > 0, such that

Hm il fsll, =0, Lmlfsllpsrp = +oo.

Proof of Claim. We wish to construct a weight function ¢ which behaves
like |z — z,]*> near z, Let g, - -, gy € A®(Q) be constructed as in the
remark following Theorem 3.1.5 so that g,(zo) =0,k =1,- - -, N, and n of
their differentials are linearly independent at every point of Q. Let { €
C*(RQ) be constructed so that { = 0 near zg, and §(z) > 0 at all points
z,z ¥z, where gi(z) =0forall k, k =1,2,- - -, N. Then for sufficiently
small ¢ > 0, the function

N
o(z) = El | 8(2)I* + &(2)

vanishes only at z, and is strongly plurisubharmonic on all of £. Suppose that
p > 0 and that x, () is the 2-parameter family of weight functions con-
structed as in (2.2.2). Then the hypotheses of Theorem 2.2.4 are satisfied.

By a well-known result, since the Levi form has constant rank n — / — 1
near z,, there exists a neighborhood ¥V of z, such that b2 N ¥ foliates into
complex manifolds. In particular, there is an /-dimensional complex manifold
passing through z,, and the hypotheses of Lemma 3.3.2 are satisfied. Hence
there is a coordinate neighborhood V of z, with coordinate functions
zy,* + + , z, such that properties (1), (2), and (3) hold in V.

Let ¢ € C5°(V) with = 1 in a neighborhood of z,. It follows that there
exists p > 0 so that y(z) = 1 for all z in a neighborhood of {z € Q; 9(2) <
p}. This p will now be fixed in all that follows. For § > 0, we define a

function u; in V by
l n
= (Z” - 8) .
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The function yu; may be considered as a smooth function on all of & if we
set (Yuz)(z) = 0 for z & V. Let U be any neighborhood of z, with U c V
such that ¢(z) < u for z € U. Then by using property (3) of the lemma, one
easily verifies that for any integer m > 0, there exists a constant C,,, indepen-
dent of §, such that

(33.1) 195l < Collt |l .15

(332) 18845l e < Conll sl .15
u m

(333) fim Vollmere _
let5l

Proceeding exactly as in Theorem 3.2.1, we show that the functions u; can be
approximated by globally defined functions g; such that

(33.4) lim Il 8s||m+1,u -t
550 || 8sllm

Fix ¢, > Max(7,,, T,,,,), where T,, and T,,,, are the constants given by
Theorem 2.2.4. Denoting by P, the projection operator of LX) into L*(2)
A(%) with respect to the norm || ||,,, we observe that

P (Yug) = Yus — 05,
where vs, is the solution of dvs = d(yus) given by Theorem 2.2.4. Since
Y(z) = 1 for all z in a neighborhood of {z € Q; ¢(z) < p}, it follows that

@(z) > 1 when z € supp d(yu,). Hence there exist constants b >0, C’ >0
such that

(335) 18425t 1500 < €€ 8% 301
Combining the estimates in (2.2.8), (3.3.2), and (3.3.5), one obtains that
1Py (t5) — Yths12ms 100 = 1108510t 150

< Cpa(1 + 5 + 1™ 213(yuy) 112

m+1,5,t

< C'Cpi(1+ 5+ 1" e 3(4usy) 12,4,

2m+2 sy |12
< Cpy1C'Cri(1 + 5 + 1) "™ |41 3041, 0-

Since @(z) < p for z € U, the weight functions x;, (¢) are independent of s
for z € U. Since Y(z) = 1 on U, we obtain, for new constants C and b > 0,

¥ 2
||Ps(¢“s) - “s||3n+1,u < Ce s||“s”m+1,u-

Now choose s = s, 5o that Ce™* < 1/4. By the triangle inequality, we have

1
||Pso(4f“s)”m+ L 2 3 1ets |l 1,0
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Both 5, and 7, are now fixed. Since the norm || || ., ,, is equivalent to || || ,,, we
have

| Py ($t45)ll . < [[9tt5]l y + [[05,5,]1 m

< |[Ytts |l + Clsor 0)113(Y5) |
< C'(s0, o)l sl m, >
where the last inequality follows by (3.3.1) and (3.3.2).
Thus we have constructed an infinite family of holomorphic functions
8s = P, (Yus) which satisfy
| &Ml m+1,u 1 . Mgl
1m =+00
Il &5l 2C (o, tg) 80 || thgll mu
We use Theorem 3.1.4 to approximate the functions gz by f; € 4 () so that
(3.3.6) still holds for the functions f;. After normalizing the functions ap-
propriately we have

B [ ol a0 =+ 0, £l = 0.

(3.3.6) };_15

This proves the claim.

We now proceed to construct the functions u € 4°(). By elementary
continuity considerations, one can choose a sequence of points z, € bQ such
that {z,, k=1,2,- - -} is dense in b2, and such that the Levi form has
constant rank near each point z,. Let U/ be a sequence of neighborhoods of
z, such that d(z, z;) < 1/j, where z € U{. Choose sequences j(m) and k(m),
m=1,2,- - such that each neighborhood is represented exactly once in
the sequence U{{7). Suppose that f is a function in 4 () and that there exists
a neighborhood V (in the ambient space ') of a point w € bQ such that f

extends analytically to @ U V. Since {z,, k = 1,2, - - - } is dense in b{, there
exist an integer k,, a constant C > 0, and an open set ¥’ C C V such that
z, € V' and || f||ny» <m!C™ for all m = 1,2, - - - . Therefore if we con-

struct a function u € 4 () such that for each pair of postive integers (j, k)
there exists an integer m such that ||u||,, ;g > m!/™, then the theorem will
be proved. Since there is a one-to-one correspondence between the pairs
(J, k) and the positive integers m, given by j = j(m), k = k(m), it will suffice
to construct a function u € A4 *°() satisfying
(3.3.7) el m, gz > m! (j(m))™.

By the claim proven above, for each integer m > 0 and § > O there exists a
function f; ,, such that

(lsli% I fomll m, uggne = + 05

i =0.
|| fy el
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Choose §(1) sufficiently small so that for u; = f;,;, we have
1], uggne > j(1).

Assume inductively that we have chosen 8(/) for / < m — 1 so that the
following two conditions are satisfied.

(D) [l — wy_y]l,—y < 27, where u, = 2, _| fyg00

@ Nl e > P1GE) for v =1, - -, 1
We seek u, in the form u, = u,_ | + fypmm Where 8(m) is yet to be
determined. There are three conditions which must be satisfied.

@) Nty = thy Il ey < 27
Since u,, — ,,_1 = fyomym and limg_ || f5mllm—1 = O, this is accomplished by
taking 6(m) sufficiently small.

®) lltnll,, ugne > IGE) forv =1, ,m— 1.
Since 4, = U,y = fymm and we have |lu,_,|l, ymnse >2!0(»))" and
limg_o|| fs mll m—1 = O, and since the norm || ||,,_, dominates || ||, for » =
1, - -, m— 1, (b)is also satisfied by taking 8(m) sufficiently small.

© Nty + f8(m),m”m,U[§:; na > ml((m)™.
This follows immediately since wu,_, is already fixed and
limg_o]| Jg,mu,,,,m; ng =+ . Thus if we choose & = 8(m) sufficiently
small, then the inductive step is complete.

By (1), u = lim,_, exists and is in 4 *°(£2). By (2), the function u satisfies

“u“v,U[f;;nQ > ! (j(v))"’ V= la 2, .

By the remarks preceding (3.4.6), the above inequalities imply that u does not

extend analytically to a neighborhood of any boundary point. This completes
the proof.
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