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THE MEAN CURVATURE FOR p-PLANE

SHUN-ICHI TACHIBANA

Introduction

Let M be an n-dimensional Riemannian space. For the skew symmetric tensor
Up,...2ps Fp(t) for p =1, ..., n are defined as follows:

F\(w) = Ry u'u" ,

Fpw) = Rygirswoor,  + PR, oo, p>2,

Pp 2 pve P3Py

where R,,,, is the Riemannian curvature tensor and R,, = R,,,* is the Ricci
tensor of M. Throughout this paper indices 2, g, v, - - - range from 1 to n,
tensors and vectors will be represented with respect to the natural basis unless
stated otherwise, and the summation convention is assumed for these indices.
Concerning F,(u) the following theorems are known.

Theorem A [5, p. 64], [3]. If the quadratic form F,(u) is positive definite
in a compact Riemannian space, there exists no harmonic p-form other than
the zero form.

Theorem B [5, p. 67]. If F,(u) is negative definite in a compact Riemannian
space, there exists no Killing tensor field of degree p other than the zero ten-
sor.
Theorem C [4], [2]. If F,(w) is negative definite in a compact Riemannian
space for p < n/2, there exists no conformal Killing tensor field of degree p
other than the zero tensor.

In this paper in § 2 we shall give a geometric meaning of F,(u) in terms of
the sectional curvature for a special form u to be called a simple form u, and § 3
is devoted to the discussion of the spaces in which F,(u) is independent of the
simple form u.

1. Preliminaries

Let M be an n-dimensional Riemannian space. Consider a pair of ortho-
normal vectors X = (X*) and Y = (Y?) at a point m ¢ M. Then the sectional
curvature of the 2-plane spanned by X and Y is given by

p(X,Y) = —R,,, XY X*Y" .
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Let z be a p-plane at m. An orthonormal base {e;}, i =1, - - -, n, is said to be
adaptedto w if e, - - -, e, span z. Denote e; = £,%9/0x*, and define

1.1 Tl = e

Consider another orthonormal base {e]} adapted to . Then

v
e§=2aijej’ i=1""yp’
=1
where the p X p matrix 4 = (a;;) is orthogonal. Thus under the change of
adapted bases we have

(1.2) R

and #*+% is determined for = within a sign. We shall call the tensor g
the simple p-vector of x, and denote it by x again. The ambiguity of signs does
not matter in the following discussion.

2. The mean curvature for =

Let 7 be a p-plane at m, and {e;} an adapted base. Put

_ 1 <
P(ﬂ'e) = m ; j=Zp:+1P(ei, ej) s

and prove that its value depends only on x. In fact, it will be seen as follows
that p(x,) is independent of the choice of {e;}.

Let F,(u) be the quadratic form of u defined in the introduction. Denote by
F,(x,) the F,(u) with u* % to be z* % of (1.1), and define

1
P —p "

which is independent of the choice of adapted bases to x, because of (1.2).
Thus for our purpose mentioned above it is sufficient to show that p(x.) =
o(x.).

As F,(n,) is a tensor equation, we may consider it written with respect to
the adapted base {e;} of z. Then the components of e; are §;’, and the simple
p-vector has the components

p(n'e) =

T — {sign (A5 - -5 Ap), if (4, - - -, 4p) is a permutation of {1, - - -, p},
0 other cases.
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Thus we have for 2, p, v, 0 =1,---,p

n.ng-.-ppnuﬂpgmpp =@-—-1! 51# s

2.1 Appaeer
wnes e, = (p = 2)! (50, — Bu)

and the following equations are valid:

Mk

p 1 n
Rymweveont, ., = @ — DI 3, Ry = (P — D! 2 3 plene)
= p=

2

Il
-

P — lR Aupgeeep o v _ D! Z R
2 llwwﬂ 3 ks p3errpy T (p - . Zl Apap

2,p=

=~ - D!} 3 olene) .

Hence p(z,) = p(x,). Since o(r,) depends only on x, we denote it by p() and
call it the mean curvature for the p-plane z. We notice that the mean curvature
for the p-plane spanned by e,, - - -, e, coincides with that for the (n — p)-plane
spanned by e,,,, - - -, €,.

3. A theorem analogous to Schur’s theorem

In this section we shall determine the spaces in which p(x) is independent of
the p-plane r at each point. First we have

Lemma 1. Let A = (a;;) be an n X n symmetric matrix whose diagonal
elements are all zero. If A satisfies

(3.1) 3 a,., =0
hik=1

for any iy < ... <, taken from {1, ---,n} and n — 1 > p > 1, then A is the
zero matrix.

Proof. For {i;, - --,i,}={1,---,p}and {i;, - - -, ip} = {2, - - -, p + 1} from
(3.1) we have, respectively,

v p+1
a”:O, Zaij-:(),
7,j=1 i,j=2

3.2)

which imply, due to a;; = a;;, that

p+1 p+1
218 = 2 Gypy -
i=1 i=1

Similarly,

DGy = 0= " = 3Gy = 2, 0ip,1 ,



50 SHUN-ICHI TACHIBANA

where Y denotes the summation over i from 1 to p + 1. If we use p + 2
instead of p + 1, then

Yan=Y'a,=" - =Y "a;p,=232",.,

where Y’ denotes the summation over i from 1 to p and p + 2. Therefore we
get

pi1,1 = Opia1 = Opyr2 — Qpige = * 00 = dpy1,p — OGpurap
= X Gipi1— 2 Qipsz = 2 Aprryi — 2 Gpanys -
If we denote the above common value by k, then
yd
pk = ;1 @p41,0 — Apyad) = 0, Api1,s — 2y =k,

from which follows £ = 0. Thus we have

Apiri = Apyai s i=1,.---,p.
Similarly,
Apir,s = Apyog = **+ = Ay i=1,.---,p.
The similar process for {1, ---,p — 1,p + 1} leads us to
Api = Gpygg =+ = dy; i=1.---,p—1,p+1,

and finally we get

aij=kj> ]’=1,...,p; i=1,---,n; i#]j.

As a;; = a;;, we obtain a;; = cfor i,j= 1, -- -, p, and hence ¢ = 0 follows
from (3.2). In a similar way, we know all the elements of 4 to be zero.
q.e.d.

Now let us assume that p(x) is independent of the p-plane at each point and
takes the value k/(n — p), where k is a scalar function. By the assumption we
have F,(x,) = p!k, and hence

(3.3) L,, & o> =0

Py Py

onr taking account of (2.1), where
(3.4) Ly, =@ — DR, — k(81.8,0 — 818,
+ %(Rng,w — legyv + Rpwglu — Rpuglm) .

Now we may consider that (3.3) has been written with respect to the adapted
base of (1.1). Then by virtue of (2.1) we get
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P
Z szz,; =0
=1
for the base. Similarly, the analogous equations are valid for any p indices.
Thus, if weputa,, =L,,,,, 4, p=1, - - -, n), then the n X n matrix 4 = (a,,)
satisfies the condition of Lemma 1; consequently a,, = O follows.
On the other hand, we know [1, p. 196]
Lemma 2. Let L be a tensor of type (0,4) satisfying

L = _L —Lz,w;p b nym + L,uulw + Lul/xw = O .

Apve rive =

If L,,,, for all 2 and p with respect to any orthonormal base are zero, then L
is the zero tensor.

The tensor L,,,, of (3.4) clearly satisfies the condition of Lemma 2. Thus
we get

(3.5) L,.=0.

Transvecting g* with the last equation, we have

(3.6) @p — nR,, = [R — 2k(n — DIz, ,

where R = g*R,, is the scalar curvature. If 2p # n, it follows that

n—p R
=——‘R’ R9=_ v o
nn — 1) “ ng"

and substituting these values into (3.5) we get

R

Rlpvw = m(gxmg,w - gzug;m) 5

which shows M to be a space of constant curvature, provided that n > 2.
When n = 2p, from (3.6) it follows that

E=_R
2(n — 1)

and (3.5) becomes
(n - 2)R1/Aum + Rlyg,ua; - legpu + Rpmglv - vaglm

R
- m(ghg,uw - glmg/w) =0 ’

which shows M to be conformally flat, provided that n > 3.
Thus we have the following theorem including the trivial cases where p = 1
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and n — 1; the converse part is proved by making use of F,(x,).
Theorem. In an n-dimensional Riemannian space M, if the mean curvature
for p-plane is independent of the p-plane at each point, then
(1) M is an Einstein space, forp =1,n — 1 and n > 2,
(ii) M is of constant curvature, forn — 1 > p > 1 and 2p # n,
(iii)) M is conformally flat, forn — 1 > p > 1 and 2p = n.
The converse is also true.
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