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THE SYMPLECTIC GLOBAL COORDINATES ON 
THE MODULI SPACE 

OF REAL PROJECTIVE STRUCTURES 

HONG CHAN KIM 

A convex real projective structure on a smooth surface M is a repre
sentation of M as a quotient of a convex domain Q C MP2 by a discrete 
group r C PGL(3,M) acting properly and freely on Q. If x(M) < 0, 
then the equivalence classes of convex real projective structures form 
a moduli space ^J(M) which is an extension of the Teichmüller space 
X(M). 

Wolpert [17] proved that the Weil-Petersson Kahler form of the Te
ichmüller space X(M) of a closed surface E(g,0) with x(M) < 0 is 
expressed by 

g 

LO = ^dli A dOi, 
i=l 

where £i,0i are Fenchel-Nielsen coordinates on %(M). In this paper, I 
will prove *P(M) has analogous properties. 

In Section 1, we study the set of positive hyperbolic elements H y p + 

of PGL(3,R) since the holonomy group T of a convex real projective 
structure lies in Hyp + . In Section 2, we show the parameters (£, m) 
on ^P(M) extend Fenchel-Nielsen's length parameter t. Let n be the 
fundamental group of M and G a connected algebraic Lie group. In 
Section 3, we study local properties of Hom(-7r, G)/G since *P(M) embeds 
onto an open subset of Hom(7r,PGL(3,1R))/PGL(3,M). In Section 4, 
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we induce a symplectic form u on ^ß(M) for a closed surface M by 
Fox's calculus and the fundamental cycle. In Section 5, we generalize 
*P(M) for a compact oriented surface M with boundary. Restriction 
to boundary components defines the symplectic leaves of the parabolic 
foliation of a Poisson structure on ^ß(M). We show the modified form 
Co is a symplectic form on each parabolic leaf. We actually calculate the 
symplectic forms Co for the pair of pants with using Mathematica. In 
last Section 6, we induce generalized twist parameters 9, ß and prove 
that ^ß(M) is symplectomorphic to M16s_16. 

Theorem 0 .1 . Let M = E(g,0) be a closed smooth surface. Then 
the symplectic form on the moduli space ^J(M) of convex real projective 
structures is 

3g-3 3g-3 2g-2 

LU = 2_, dt-i A dOi + 2_\ drrii A dßi + 2_\ dtj A dsj, 
i=l i=l j=l 

where £i,nii are length parameters, 0i,ßi are twisting parameters, and 
Sj,tj are internal parameters on ^ß(M). 
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1. Real projective structures on a compact oriented surface 

1.1. The real projective plane MP2 is the space of all lines through 
the origin in M3. Let A be an element of GL(3,R), the group of lin
ear transformations of IR3. Then A preserves lines through the origin 
and induces a projective transformation of MF2. The group of projec
tive transformations of MP2 is denoted by PGL(3,M). Since the scalar 
matrices M* in GL(3, M.) act trivially on MF2, we have an exact sequence 

{1} - • M* ->• GL(3,M) - • PGL(3,M) - • {1}. 

The homomorphism GL(3,ffi) —> SL(3,M) defined by 

A ^ (detA)-^3A 
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induces an isomorphism PGL(3,R) —> SL(3,R) as analytic groups. 
Thus from now on we shall identify the groups PGL(3, R) and SL(3, R). 

1.2. An element A G SL(3,M) is called positive hyperbolic if it has 
three distinct positive real eigenvalues. The set of positive hyperbolic 
elements of SL(3,R) is denoted by H y p + . If A is positive hyperbolic, 
then it can be represented by the diagonal matrix 

(1) 

A 0 0 
0 fi 0 
0 0 v 

with 

(2) \[iv = 1, 0 < A < [i < v 

via an SL(3, IR)-conjugation. We define 

( A , r ) : H y p + ^ R 2 

by \(A) to be the smallest eigenvalue of A, and T(A) the sum of the 
other two eigenvalues. For the A above, 

A(,4) = A, T(A) = ß + v. 

As you see the pair (\(A),T(A)) is invariant under SL(3, lR)-conjugation. 
The following two Propositions 1.1 and 1.2 are works from Gold

man [8]. 

Proposi t ion 1.1. Consider the action o/SL(3,M) on H y p + by 
conjugation. Then (A, r) : H y p + —> M2 is an SL(3, R) -invariant fixa
tion with the image 

X = {(A, T ) É 1 2 I 0 < A < 1, 2/Vx < T < A + A"2}. 

If (A, T) G X, then A G H y p + is determined by 

A = \(A), 

/i = i { r ( A ) - v V ( A ) 2 - 4 / A ( A ) } , 

v = i { r ( A ) + vV(A)2-4 /A(A)} 

up to SL(3,M)-conjugation. 
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Another pair of invariants of a positive hyperbolic element is more 
geometric. They are related to the translation lengths of A. I will explain 
this in Section 2. We define 

£(A) = logg) , m(A) = hog(ß), 

where A is a positive hyperbolic projective transformation represented 
by the diagonal matrix (1) with \\iv = 1 and 0 < A < /z < v. 

Proposition 1.2. Consider the action o/SL(3,K) on H y p + by 
conjugation. Then (£,m) : H y p + —> R2 is an SL(3, R)-invariant fixa
tion with the image 

X' = {(£,rn) EK2 \£>0, -^ £<m<^- £}. 

If (£,m) G I', then A G H y p + is determined by 

/ £{A) m(A)\ 
A = e xH"^—O' 

(2m(A)\ 
ß = e x P I g J > 

/ 1(A) m(A)\ 
V = eXP{-2 —) 

up to SL(3,K)-conjugation. Therefore (A, r) and (£,m) are two sets of 
coordinates on the conjugacy classes in Hyp + . 

1.3. Let n be an open subset of MP2. A map 4> : Q ->• MP2 is called 
locally projective if for each component W C Q, there exists a projective 
transformation g G PGL(3,R) such that <f)\w = sivF- Clearly a locally 
projective map is a local diffeomorphism. Let M be a connected smooth 
surface. A real projective structure or MP2 -structure on M is a maximal 
collection {(Ua,ipa)} such that: 

1- {Ua} is an open covering of M. 

2. For each a, tpa : Ua —>• MP2 is a diffeomorphism onto its image. 

3. The change of coordinates is locally projective ; If (Ua,ipa) and 
(Uß,ipß) are two coordinate charts with Ua H Uß ^ 0, then ipß o 
V'ä1 : ^«(^a n Uß) ->• ipß(Ua n f/^) is locally projective. 
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-structure is called an -manifold. 
-?• N is a smooth map which 
2-manifold, then we can give 

A smooth surface with an 
Let M, N be smooth surfaces. If / : M 
is a local diffeomorphism and N is an K 
an MP2-structure on M via / . In particular every covering space of an 
MP -manifold has the canonically induced MP -structure. 

The following Development Theorem is the fundamental fact about 
MP -structures. 

T h e o r e m 1.3 (Ch. Ehresmann [5]). Let p : M —>• M denote a 
universal covering map of an MP2-manifold M, and IT the corresponding 
group of covering transformations. 

1. There exist a projective map dev : M —> MP2 and homomorphism 
h : n —> PGL(3 , M) such that for each 7 G n the following diagram 
commutes: 

M 

M 

dev 

M7) 

2 

dev 

2. Suppose (dev', h') is another pair satisfying above conditions. Then 
there exists a projective transformation g G PGL(3,M) such that 
dev' = # o d e v and h' = igoh where tg : PGL(3,M) - • PGL(3,M) 
denotes the inner automorphism defined by g ; that is, ^ '(7) = 
{tgoh)(j) = 9 0 / 1 ( 7 ) 0 3 1 

M - ^ 

M 
dev 

M7) 

2 2 

The projective map dev : M —> MP is called a developing map. 
The homomorphism h : n —> PGL(3 ,M) is called the holonomy homo
morphism. The image T = h(n) C PGL(3 ,M) is called the holonomy 
group. 

The developing image d e v ( M ) C is a T-invariant open set. 
In many cases the developing map is a diffeomorphism from M onto 
d e v ( M ) . In this case the holonomy homomorphism is an isomorphism 
from 7T onto a discrete subgroup of PGL(3 , M) which acts properly and 
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freely on d e v ( M ) . In general it is not; we can find examples in Sullivan 
and Thurston's paper [15]. 

A domain Q C MP is called convex if there exist a projective line 
/ C MP2 such that Ü C (MP2 - /) , and Q is a convex subset of the affine 
plane MP — I ; that is if a;, y G Q, then the line segment xy lies in O. By 
definition, MP itself is not convex. A convex domain O is called strictly 
convex if Q is a proper subset of MP — L A geodesic on M is a curve 
g C M such that for each component go C p~1(g) C M , the developing 
map takes go into a line in MP . 

An MP -structure on M is convex if dev is a diffeomorphism onto a 
convex domain in MP2. If M is a convex MP -manifold with boundary, 
then we always assume each boundary component is geodesic. The 
following fundamental facts are from Goldman's paper [8]. 

Propos i t i on 1.4. Let M be an MP -manifold. Then the following 
statements are equivalent: 

1. M has a convex MP2-structure. 

2. M is projectively isomorphic to a quotient ft/F where Q C MP is 
a convex domain and F C PGL(3,M) is a discrete group acting 
properly and freely on Q. 

3. Every path in M is homotopic (relative end points) to a unique 
geodesic path. 

If M is a convex MP -manifold, then we can identify M = Q/F where 
ii is the developing image and F the holonomy group. 

T h e o r e m 1.5 (N. Kuiper [12]). Let M = Q/F be a compact 
oriented surface with a convex MP2-structure. Suppose that x(M) < 0. 
Then the following statements hold. 

1. î l e MP2 is a strictly convex domain with C1 boundary and there
fore contains no affine line. 

2. Either dft is a conic in MP2 or is not Cl+e for any 0 < e < 1. 

3. If A £ F is nontrivial, then A G H y p + . Furthermore every ho-
motopically nontrivial closed curve on M is freely homotopic to a 
unique closed geodesic. 
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2. The geometric meaning of invariants (£, m) 

In this section we will show the invariants (£, m) extend Fenchel-
Nielsen's length parameter. See Chapter 2 of Abikoff's book [1] about 
Fenchel-Nielsen coordinates on the Teichmüller space. 

2.1. For any A G H y p + there exist three non-collinear fixed points 
and an A-invariant line in MP . We define: 

• Fix_ (A) <=> the repelling fixed point of A <£> the fixed point cor
responding to an eigenvector in R3 for the smallest eigenvalue A, 

• FÌXO(J4) 44> the saddle fixed point of A <£> the fixed point corre
sponding to an eigenvector in R3 for the middle eigenvalue //, 

• Fix+(j4) <£4> the attracting fixed point of A <£> the fixed point cor
responding to an eigenvector in R3 for the largest eigenvalue u, 

• u(A) <£> the principal line of A <£> the line joining the repelling 
and attracting fixed points of A. 

Before we discuss the geometric meaning of the invariants (£,m), we 
need some knowledge about the cross-ratio and Hilbert distance. 

Let C denote C U {oo} the extended complex numbers, and T>4(C) 
the subset o f C x C x C x C consisting of distinct four points. The 
cross-ratio is the mapping X : T>i(C) —> C defined by 

(Wl -W3)(W2 - Wi) 
•K{Wi,W2,W3,W4}- = T- - , 

(Wl -W2){W3 -Wi) 

and is invariant under the GL(2, (C)-action on £>4(C). Let a,, 1 < i < 4, 
be collinear distinct four points of MP2. Then there exists B G SL(3,R) 
such that the second homogeneous coordinate of each B{aì) is zero. 
Through the identification 

(3) 
x 
0 
z 

x/z if z 7̂  0, 
oo if z = 0 

we can think of B{ai) G M U {oo} the extended real line. Furthermore 
they are distinct. Let CD4(MP2) denote the subset of MP2 x MP2 x 
MP x MP consisting of all collinear distinct four points. The cross-
ratio C R : CV4(W

2) -+ M is defined by 

CR{ai ,a 2 , a 3 , a 4 } = X{B(ai), B(a2), B(a3), B(a^)}, 
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where B G SL(3,M) satisfying B{ai) lies in the extended real line R U 
{00} through the identification (3) for each i. Suppose B' is another 
such element in SL(3,M); then we can show B~lB' G SL(2,M) via the 
identification 

a 0 b ' 
0 1 0 . 
c 0 d 

Therefore the cross-ratio C R on CD^ÇMF ) is independent of the choice 
of B G SL(3,R) . 

The Hilbert distance h : MP2 x MP2 ->• M+ is defined by 

h(a, b) = inf (log CR{a;, a, b, y}) , 
xy 

where the points a, b lie on the oriented segment xy with a is the first, 
b the second point and inf runs over all such xy. 

F I G U R E 1. The Hilbert distance 

The Hilbert distance defines a metric on a strictly convex subset Q 
of MF and it is called the Hilbert metric. From Theorem 1.5, if 9 0 is a 
conic in the Klein model of unit disc hyperbolic space, then the Hilbert 
metric is the hyperbolic metric. 

2 .2 . Convex real projective structures are an extension of hyper
bolic structures. We are going to adapt basic properties of hyperbolic 
structures to convex real projective structures. For a hyperbolic mani
fold M, let Q be the developing image in H2 and A be an element of the 
holonomy group T C PSL(2,M). Then A is a hyperbolic element. The 
translation length ÌA of A is defined by 

tA = inf p(z,A(z)), 

(4) 
a b 
c d 
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where p is the hyperbolic metric on Ci. Then the translation length ÌA 
of A is achieved if and only if z lies on the principal line of A. We can 
extend the concept of translation length to real projective structures. 

Proposition 2.1. Let a G 
distance 

and A G H y p , . Then the Hubert 

h(a, A(a)) = log CR{Fix_(,4), a, A(a), Fix+(A)}. 

Proof. Since A~n(a) —> Fix_(A) and Am(a) -> Fix+(A) as n, ra 
oo, it is enough to show that 

CR{A-n(a),a,A(a)iA
m(a)} > C R ^ - " - 1 ^ ) , a, A(a), Am+1(a)}. 

Without loss of generality we may let 

X 

0 
z 

, A = 
A 0 
0 n 
0 0 

0 
0 
V 

since there exists B G SL(3,R) such that B(a) = [a;',0, z']* and CR is 
invariant under SL(3,lR)-conjugation. Then 

X{A-n(a),a,A(a),Am(a)} 

= X{[\~nx, 0, v~nz]\ [x, 0, z]\ [Xx, 0, vz}\ [\mx, 0, vmz\t) 

_ (a~nw - aw)(vj - amvj) _ (a~n - a)(l — am) 

(a~nw — w)(aw — amw) (a~n — l)(a — am) ' 

where a = \/v and w = x/z. By an easy computation we can show for 
0 < a < 1 

[a a)(l-am) ( a""" 1 - a ) ( l - a m + 1 ) 
> 

[a l)(a-am) ( a -«" 1 - l )(a - a m + 1 ) 

and the proposition is proved. q.e.d. 

For any A G Hyp + , A can be uniquely decomposed as HV up to 
SL(3,M)-conjugation where 

(5) H 
X^/Jl 0 0 

0 1 0 
0 0 u^/JI 

V 
l/VJü 0 0 

0 fi 0 

o o ì/V/i 
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We call H the horizontal factor and V the vertical factor of the decom
position of a positive hyperbolic transformation. Sometimes H will be 
called the pure hyperbolic factor. 

Consider H. By Proposition 2.1, the Hilbert distance between a and 
H(a) for any a = [1 — s, 0, s]* G er (A) = a (H) is 

Xyß (1-s) 
0 

v^JJi s 

lo„ (°° - * ¥ ) ( ¥ - o) _ lo„ (T) _ £, A) 

1 
0 
0 

5 

1 - s 

0 
s 

? 

0 

0 

1 

We call 1(A) = h(a,H(a)) the horizontal translation length, and it is 
the length of the boundary component represented by A. 

F I G U R E 2. The horizontal translation length 

Consider V. Then the stationary set is the line joining [1,0,0]* and 
[0, 0,1]* and the fixed point [0,1,0]*. Without loss of generality we as
sume /i > 1. Thus for any a = [1 — s^y^sf in the segment joining 
[1 —s, 0, s]* and [0,1, 0]*, the point V(a) goes toward [0,1,0]* since /z > 1. 
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Hence the Hilbert distance between a and V(a) is 

" 1 - s 

0 
s 

Î 

1 - s 

y 
s 

5 

sß 
yv 
l - s 

? 

0 
1 
0 

logX B 
1-s 

0 
s 

,B 
1-s 

y 
s 

,B 
VJJ-
yß 
l-s 

\ß 

,B 
0 
1 
0 

logX 

gre B = 

' 1 
0 
0 

-

? 

0 s )" 1 0 0 
S ß S — 1 

0 1 0 

1 
0 

y 
•> 

i/Vß 
0 

yi1 

•> 

0 " 
0 
i 

o c - y V ~A {y 1 - 0 ) . â . 3 
log r- = log hi2 = - log (ß) = m(A). 

(oo-y-i)(y-^-*-0) 2 

We call m(A) = h(a,V(a)) the vertical translation length. 

FIGURE 3. The vertical translation length 
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We can easily compute the relations among H, V and A. 

m(H) = | l o g ( l ) = 0 , 

i{v) = 'AM)='ogii)=a< 
3 

m(v) = 2 l og(/^) =m{A), 

which imply that the horizontal translation lengths of A and H are the 
same, and the vertical translation lengths of A and V are the same. 
Therefore H is the pure hyperbolic structure of A. If V = I , then A is 
derived from the hyperbolic structures. 

3 . Loca l p r o p e r t i e s of Hom(7r, SL(3,M))/SL(3,M) 

3 . 1 . Let M be a compact oriented smooth surface, M a fixed uni
versal covering space, and n = ni (M) the corresponding group of cover
ing transformations. Consider (/, N) where N is an MF -manifold and 
/ : M —> N a diffeomorphism. Such a pair is equivalent to a developing 
pair (dev, / i ) where d e v : M ->• MF2 and h : TI ->• SL(3,JR). We say 
two pairs (/ , N) and ( / ' , N') are equivalent if there exists a projective 
isomorphism g : N —>• N' such that g o / is isotopie to / ' ; that is there 
exists a diffeomorphism g' : M —>• M such that 5' is isotopie to the 
identity map I M and the following diagram commutes : 

M —f-^ N 

g' g 

M > N' 

r 
The set of equivalence classes is denoted by MF2(M) and is called the 
deformation space or moduli space of MP -structures on M. The defor
mation space MF2(M) has the natural topology that is locally equivalent 
to the quotient space Hom(7r, SL(3,M))/SL(3,M). 

Let *P(M) denote the subset of MF2(M) corresponding to the convex 
MP -structures. Goldman showed ^ß(M) is homeomorphic to M - 8 - * ^ ) . 
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T h e o r e m 3.1 (W. Goldman [8]). Let M be a compact oriented 
surface with x(M) < 0. Then ^ß(M) is an open subset of~MP2(M) and 
the restriction o /hol : JRP2(M) ->• Hom(7r, SL(3 ,R) ) /SL(3 ,R) to qj(Af) 
is an embedding of *P(M) onto a Hausdorff real analytic manifold of 
dimension —8 • x(M). 

3.2. Since <J?(M) embeds into Hom(7r, SL(3,M))/SL(3,M), we need 
to know the basic properties of Hom(-7r, G)/G where n denotes the fun
damental group of a compact oriented smooth surface M, and G is a 
connected Lie group. Suppose M = S(g, n) is a smooth surface with 
genus g, n boundary components and x(M) = 2 — 2g — n < 0. Then 
7T admits 2g + n generators Ai,B\,... ,Ag,Bg,Ci,... ,Cn with a single 
relation 

R = A^A^B-1 • • • AgBgA-xB-xCx • • • Cn. 

Thus Hom(-7T, G) may be identified with the collection of all (2g + n)-
tuples 

(A1,Bl,...,Aa,Bg,C1,...,Cn)<zG29+n 

elements of G satisfying 

R(Ai,Bi,... ,Ag,Bg, C\,..., Cn) = I. 

Since R : G2g+n —> G is a polynomial equation and 

Hom(7T,G) =R-\I) cG2a+n, 

if G is an algebraic Lie group, then Hom(-7r, G) is an algebraic variety. 
In general Hom(7r, G) is not smooth. Suppose <f) G Hom(-7r, G) and 

Z{<j>) is the centralizer of <fi(iï) in G. Goldman [7] showed ^ is a non-
singular point of Hom(7T, G) if and only if dim Z(<fi)/Z(G) = 0 where 
Z(G) denotes the center of G. Let Hom(-7r, G)~ be the set of nonsingu-
lar points of Hom(-7r, G). Then G acts freely on the smooth Zariski open 
subset Hom(7r,G)~. But unfortunately Hom(7r, G)~/G is generally not 
Hausdorff. Let Hom(-7r, G) be the subset of Hom(7r, G)~ consisting 
of homomorphisms whose image does not lie in a parabolic subgroup 
of G. Then Hom(-7r, G) is a Zariski open subset of Hom(-7r, G)~, and 
Hom(-7T, G) jG is a Hausdorff smooth manifold of dimension —dim 
G • x(M). For more detail see Goldman's paper [7]. 

Suppose <f) G Hom(7T, G) is an irreducible representation. Then <f> G 
Hom(-7T, G) . Since the holonomy representation of a real projective 
structure from the fundamental group n of a compact oriented surface 
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to an algebraic Lie group G is irreducible, we restrict our interest to 
Hom(-7T, G) . 

3 .3 . Hom(-7T, G) jG is the quotient space of Hom(-7r, G) with 
<f)' ~ <j> if and only if there exists g £ G such that 

<//(7) = g o </,(7) o g-1 

for all 7 G 7T. Let <f) G Hom(7r, G) and [(f)] G Hom(7r, G) jG its equiv
alence class. We want to show the tangent space to Hom(7r, G) jG at 
[(f)] is isomorphic to the first group cohomology Hl(ir] QAdcp)- To do this 
we need some knowledge about group cohomology [14]. 

Suppose 7T is a group and F is a 7r-module. Then there exists a 
linear representation p : n —> E n d ( F ) . We define C0(n;Vp) = V, and 
Cp(ir; Vp) consists of all maps TTP —> V for p > 0. The coboundary 
operator d : C^vr; Vp) -+ CP+1(n; Vp) is defined by 

df(gi,---,gP+i) = p(gi)f(g2,---,gP+ 

p 

+ ^ ( - i ) V ( ö i ) • • • ,0»0»+i, • • -,9p+i) 
i=l 

H-1)P+1H9I,---,9P), 

where / G Cp(n; Vp), g\,..., gp+\ G G. Since dod = 0, we can construct 
the cohomology space called the group cohomology: 

HP( v } =
 ZPfc VP) =

 kernel (d : CPfc VP) -» CP+1fa VP)) 
l ? r ' p) BP(n;Vp) image (d:CP-\n;Vp)^CP(n;Vp))-

Consider coboundary operators for p = 0 and 1. For any 

v£C°(ir,Vp) = V, ftC\ir,Vp) 

and x, y G n, we have 

(6) dv(x) = p(x)v — v 
(7) df(x,y) = p(x)f(y)- f(xy) + f(x). 

Therefore / G Zl{n; Vp) if and only if f(xy) = f(x) + p(x)f(y) for all 
x,y G 7T, and / G Bl(n; Vp) if and only if there exists v G V such that 
/(a;) = dv(x) = p(x)v — v for all x G 7r. 

Let fj be the Lie algebra of G. Then g is a 7r-module 0Ad</> by the 
composition 

T r ^ G ^ A u t ( g ) . 
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Recall Ad(g)(X) = (rg-i) X where g G G,X G g, and rg-i is the right 
translation. 

Propos i t i on 3.2 (A. Weil [16]). Let n be the fundamental group 
of a compact oriented surface, G a connected algebraic Lie group, and 
<j> G Hom(7T, G) . Then the tangent space to Hom(-7r, G) jG at [</>] is 
isomorphic to the first group cohomology Hl(ir;QAdcp)-

4. T h e symplec t i c s tructure on Hom(7r, G) jG 

Atiyah and Bott [2] initiated a new approach to the study of mod
uli spaces of homomorphisms from fundamental groups of surfaces to 
compact connected Lie groups by methods of the gauge theory. In par
ticular they found natural symplectic structures on certain smooth open 
subsets of these moduli spaces. 

In this paper I will extend the symplectic form to the compact ori
ented surface with boundary. Before doing this, we first study the sym
plectic form on the moduli space of a closed surface. 

4 . 1 . Fox [6] developed a noncommutative differential calculus for 
words in a free group. It turns out Fox's calculus is a very useful tool 
for calculations in spaces of representations Hom(-7r, G). The goal of this 
section is to determine the explicit formula for the symplectic 2-form 
on Hom(7T, G) jG using Fox's calculus. We start with the summary 
of Fox's calculus. 

Let IT be a free group with generators xi,...,xn, and ZIT its integral 
group ring. For every element ^ UjUi G Z u , we assume n-i = 0 for all 
but finitely many. The augmentation homomorphism e : ZIT —> Z is a 
ring homomorphism defined by 

e ^ni(Jij = ^rii. 

The Fox derivation of ZIT is a Z-linear map D : ZIT —> ZIT satisfying 

D(mim2) = D{mi)e{m2) + mi D (1712), 

where m i , m<i G ZIT. The integral group ring ZIT is a II-bimodule where 
IT acts on the left by ordinary left-multiplication and on the right by 
trivial. Since for any x, y G IT, 

D(xy) = D(x)e(y) + xD(y) and e(y) = 1, 

the Fox derivation is a 1-cocycle on IT with coefficients in ZIT. 
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Proposition 4.1 (R. Fox [6]). Suppose xi,...,xn are the gen
erators for group IT and Der(II) is the set of all Fox derivations. We 
define (D o m)(x) = D(x)e(m) for D G Der(II), m G Z u and a; G II. 
Then Der(II) is freely generated as a right ZH-module by n element 
di = d/dxi,i = l,...,n such that (d/dxj)(xj) = öijl where I is the 
identity element of II. 

For any word w G II, computing the Fox derivation dw is quite 
mechanical. The following are examples which we need later. For any 
generators A, B G II, we have 

. dA(AB) = dA(A)e(B) + AdA(B) = I ; 

• dB(AB) = dB(A)e(B) + AdB{B) = A ; 

. dA(A~l) = -A-1 ; 

• dA{ABA~l) = 1- ABA-1 ; 

• dßiABA-1) = A • 

• dA{ABA-lB~l) = 1- ABA'1 • 

• dB{ABA-1B-1) = A-ABA-1B-1. 

From the above examples we can see for any word w G II, e(diw) equals 
the total exponent sum of the letter x;b in the word w. Fox proves that 
these free derivations satisfy a very useful rule of differential calculus ; 
the Mean Value Theorem. 

Proposition 4.2 (Fox[6]). Suppose the generators 
for a group II. Then for any m G Zu, 

n 

^{di'in){xi — I) = m — e(rn)I. 
i=l 

4.2. To write the explicit formula for the symplectic structure LO on 
Hom(-7T, G) /G, we need more knowledge about the group homology 
theory [4]. Let IT be a group and ZIT the integral group ring. Let Cn(IT) 
be the Z-module freely generated by IT" = II x • • • x II and Co (IT) = Z. 
We define the boundary operator dn : Cn(IT) —> Cn_i(II) by for n > 2 

dn(ui,...,un) = e(ui)(u2,...,un) 
n—l 

, UjMj-i-i, • • • , Un) 

i=l 

+ ( - l ) " ( « l , . . . , t t „ l ) £ ( u n ) , 
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and ôi (it) = 0. Since dn o dn+\ = 0, we can construct the homology 
space called the group homology: 

„ , m Zn(U) kernel (dn : Cn(U) -+ Cn_i(II)) 
Bn(U) image (dn+1 : Cn+1(U) - • Cn(U)) 

For n = 2, <92 : C2(n) ->• Ci(lT) is defined by 

(8) fain, v) = e(u)v — uv + ue(v). 

Our interesting case is a closed surface group n = U./R where n 
is a group generated by 2g generators A\, B\,..., Ag, Bg and with one 
relation 

(9) R = A1B1A^1B^1 • • • AgBgA-lB-\ 

Consider a 2-chain on n 

(10) ZR = ^2\(—,Ai) + (—,Bi)\ = Y^ni{xi,yi)(=Z{nXTr). 

Then its boundary is 

,dR.„ dR „ , d i 2 . . „ A 

<m * 55 * dB 

É{(-££M + (-H«-")} 
9 

= _ ( j R _ / ) = 0 

by the Mean Value Theorem 4.2 and the fact e(dR/dx) is the total expo
nent sum of a; in R. The following Proposition 4.3 is due to Goldman [7] 
and Lyndon [13]. 

Proposition 4.3. Let R be the relation (9) for the fundamental 
group 7T of a closed surface of genus g. Let ZR be the 2-cycle (10) on n. 
Then its homology class [ZR] generates H^i^). 
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We call ZR the fundamental cycle of the fundamental group -n. In 
next section I will extend the concept of the fundamental cycle ZR to 
compact oriented surfaces with boundary. 

4.3. Finally we can formulate the explicit formula of the symplectic 
form on Hom(7r, G) jG where n is the fundamental group of a closed 
surface and G is a connected algebraic Lie group. Let g be the Lie 
algebra of G with an Ad-invariant nondegenerate symmetric bilinear 
form ß : g x g —> R. If g = sl(3,M), then we could take ß is just the 
trace form. Let u, v G Zl{ir;Qxà<i>)- We define a Z-linear map 

ß*(u,v) : Z ( 7 T X 7 T ) ^ J R 

by 

/ k \ k 

(11) ß*{u,v) I ^2ni(xi,yi) J = ^2ni{ß(u(xi),Xi.v(yi))}, 

where Xi.v{yì) means Ad<p(xj)v(y.{) for {xi,yì) G n x n C C^K)- Then 
ß*(u,v) GZ 2 (TT;R) . 

Theorem 4.4. Let n be the fundamental group of a closed surface. 
Define 

uj : H1^; QAdcp) x H1^; 0Ad</>) - ) • * b y 

(12) u([u],[v]) = ß*(u,v)ZR, 

where ZR is the fundamental cycle (10) of n. Then LO is a symplectic 
form on Hom(7r, G) jG. 

5. A symplectic leaf on the moduli space of a compact 
oriented surface with boundary 

In this section I give an explicit formula for the symplectic structure 
on a symplectic leaf on the moduli space of real projective structures of 
a compact oriented surface with boundary. 

5.1. First I recall some basic definitions and properties. Let M be 
a smooth m-dimensional manifold and C°°(M) the set of all smooth 
functions on M. A Poisson manifold M is a smooth manifold endowed 
with a Poisson bracket { , } : C°°(M) x C°°(M) -+ C°°(M) such that 
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!• {f,g} = ~{gJ} (skew-symmetry), 

2- {/, {g, h}} + {g, {h, / }} + {h, {/, g}} = 0 (the Jacobi identity), 

3- {h, fg} = {h, f}g + f{h, g} (the Leibniz rule). 

If M is a Poisson manifold, then C°°(M) has the Lie algebra structure, 
and {/, •} is a vector field, called the Hamiltonian vector field of / and 
denoted by Xf. The Poisson bracket is determined by a skew-symmetric 
bilinear form on T*M ; that is there exists a 2-vector (or bivector) field 
P G A2TM such that 

{f,g} = P(dfAdg). 

P will be called the Poisson bivector of M and locally expressed by 

p= \ a y A T-^, 

l < j < j < m 

where aÎJ 's are locally defined smooth functions on M. 
A symplectic manifold is a smooth manifold M endowed with a 

nondegenerate closed 2-form LO. For any / G C°°(M), u allows us to 
associate a vector field Xf dual to the differential df ; that is 

u(Xf,-)=df(-). 

Then we can define {, } on C°°(M) by 

{f,g}=Xrg = dg(Xf) = u(Xg,Xf). 

Thus {,} is skew-symmetric since LO is alternating and satisfies the Ja
cobi identity and the Leibniz rule since u is closed and Xf is dual to 
the differential df. 

It turns out that symplectic manifolds are Poisson manifolds but 
there are many Poisson manifolds that are not symplectic. The moduli 
space of real projective structures on a compact oriented surface with 
boundary is an example. A function / G C°°(M) is a Casimir function 
if {f,g} = 0 for all g G C°°(M). If the only Casimir functions are 
constant, then {,} comes from a symplectic structure. But the above 
moduli space has nonconstant Casimir functions. Let / : G —> IR be 
an Ad-invariant function (e.g. trace function). For any 7 G n we can 
define an associated function / 7 : Hom(7r, G) jG —> R by 

M<fi]) = f°<K-y)-
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Then / 7 does not depend on the choice of <f> since / is Ad-invariant. We 
call / 7 the Goldman function. From Audin [3], / c 1 5 • • •, fcn are Casimir 
functions where Ci,...,Cn are the boundary generators of n. 

Let N be a submanifold of a Poisson manifold M. Generally {/, Q}\N 
is not related to / | jy and Q\N. If {/, Q}\N depends only on / | jy and g\x 
for all f,g £ C°°(M), then N is called a Poisson submanifold. More
over if {, }|TV can be defined from a symplectic form, then N is called 
a symplectic submanifold. Since any Poisson manifold has a symplectic 
foliation, a foliation whose leaves are the maximal symplectic submani-
folds, we will find a symplectic foliation of the moduli space ^J(M) and 
formulate the explicit symplectic form on its leaf. 

5.2. Let M be a compact oriented surface with genus g, n boundary 
components and x(M) = 2 — 2g — n < 0. Let n be the fundamental group 
of M. Then n has 2g + n generators 

A\,..., Ag, Bi,..., Bg, G i , . . . , Gn 

with a single relation 

5 n 

i=i j=i 

where [ ^ j , ^ ] = AjBiAi Bi . We extend the concept of fundamental 
cycle ZR of the group n with boundary generators G i , . . . , Cn. Let 

<-) z^H^yi^yt^ 
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Then the boundary of ZR is 

+e{(0*-fl*<H} 

+§{(c<-^-'>)}=£c' 
- èO-" + >^}-Ê{£M 

n n 

3=1 3=1 

by the Mean Value Theorem 4.2 and the fact e(dR/dx) is the total 
exponent sum of x in R. So the boundary of ZR is the sum of boundary 
generators. Hence we will call ZR the fundamental relative cycle of IT. 

We define a bilinear form a; : ZX{TT\ 0Ad</>) X • ^ 1 ( 7 r ! 0Ad</>) —> K by 

(14) a;(it,u) = ß*(u,v)ZR, 

where ZR is the fundamental relative cycle (13) of TT, and /3* is defined 
as before in (11). 

In the following proposition 5.2, we first meet an obstruction for LO 
to be symplectic. To do this we need a lemma. 

L e m m a 5 .1 . For any u, v G Zl{ir\Qxà4>) and x^y G IT, 

ß{u(x),x.v(y)) + ß{v{x),x.u(y)) 

= ß{u{xy),v{xy)) - ß{u(x),v{x)) - ß(u(y),v{y)). 

Proof. Since u is a 1-cocycle, u(xy) = u(x) + x.u(y). So we have 

ß(u(xy),v(xy)) = ß(u(x) + x.u(y),v(x) + x.v(y)) 

= ß(u(x),v{x)) + ß(u{x),x.v{y)) + ß(v(y),x.u{y)) + ß(u{y),v(y)), 
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because ß is symmetric and ß(x.u(y),x.v(y)) = ß(u(y),v(y)). It proves 
the lemma. q.e.d. 

In the following proposition we know LO is skew-symmetric unless n 
has boundary generators C\,..., Cn. 

Propos i t i on 5.2. For any u, v G Zl(ir; 0Ad</>)? we have 

n 

(15) w(u, v) + w(«, u)+J2 ßWCj),v(Cj)) = 0, 

i=i 

where Ci,...,Cn are the boundary generators of ir. 

Proof. From the examples of Fox's calculus, the fundamental relative 
cycle has the following expression: 

g / k-i \ 
Z* = E lii^BiKl-AkBkA^Ak) 

fe=i V i=i / 
g / k-i \ 

+E n^'^K^-^ß^1^-1),^ 
fe=i V i=i / 

n i g h-1 \ 

+E n^'^n^'^ • 
For the convenience of notation, Y\i=i ^ W means the identity element 
of 7T where F(i) G 7r. Then 

u;(it,u) = ß*(u,v)ZR 

g I fe-i fc-i \ 

fc=l V i=l i=l J 
g / fc-i fc-i \ 

fe=l V i=l i=l / 
5 / fc-1 fc-1 \ 

+ J2ß[u(Y[[Ai,Bi]Ak),l[[Ai,Bi]Ak.v(Bk)\ 
k=l V i=l i=l / 

5 / fc-1 fc-1 \ 

-Y,^(u(Il^B^A^Bk})^Il[^BiUk,Bk}.v(Bk)\ 
k=l V i=l i=l / 

n i g h-1 g h-1 

+ Ytß\u(tl[^Bi]UC^tll^Bi\IlCrv(Ch) 
h=l \ i=l j=l i=l j=l 
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Let ß{x) = ß(u(x),v(x)). Then by Lemma 5.1, 

LO(U,V) + UJ(V,U) 

g / fc-i \ g /k-i \ g 

=E^ niA,B,]Ak -j2ß[ n^'5*] - E ^ ( ^ ) 
fe=l \ i = l / fc=l \ i = l / fc=l 

9 (k~l \ 3 / k \ g 

" E ^ n ^ ' 5 ^ * ß * + E ^ U.[Ai,Bi]Bk +J2ß(Ak) 
fc=l \ i = l / k=l \i=l J fc=l 

+EH n^'5^*s* -E^ U^B^ - E^*) 
fc=l \i=l / fc=l \ i = l / k=l 

g / k \ s / fc \ ö 

- E H n '̂s«]5* + E ^ n '̂5*] +E^™ 
fc=i \ i = i y fe=i \ i = i y fc=i 

n i g h \ n i g h-1 

+E^ n^»5<]n^ - E ^ n ^ ^ n ^ 
/i=l y = l j = l J h=l \i=l j=l 

n n 

J2 ß (ch) = -ß(i)+ß(R) - J2 ß (°h) 
h=l h=l 

n 

J2ßHCh),v(Ch)). q.e.d. 
h=l 

5.3 . The boundary dM of M is a disjoint union of (dM)j, j = 
l,...,n such that each boundary component is diffeomorphic to the 
unit circle S1. Let TTJ be the fundamental group of (dM)j. Then for 
each j , iTj is the cyclic group < Cj > generated by Cj. 

Let <j> G Hom(7T, G) and ipj : nj —> n the inclusion. Then <pj G 
Hom(7Tj, G) where <f)j = <f) o ipj. Define 

n 

Cp(Uj};9Ad4>) = 0 Cp(7rj;ßAd^) 

= { ( / l , • • • , /n) : A X • • • X K -> SAd^! X • • • X 0Ad</>„}, 

and the boundary map d : Cp({7Tj};pjAd</>) ->• C P + 1 ( { 7 T J } ; 0Ad</>) by 

d(fu---Jn) = {dfi,...,dfn). 
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Then by definition 

n 

Bp({nJ};9Ad(ß)=® Bp 

i= i 

We confuse ßAd^ with gAd</> since <f)j is the restriction <f> to TTJ. Because 
d Æ d = 0, {Cp({-7Tj}; 0Ad</))? <̂ } forms a cochain complex. 

We define a : CP(TT; gAd</>) ->• ^ ( { ^ j } ; 0Ad</>) by a ( / ) = ( / i , . . . , / „ ) 
where / j = f\Wj = f Æ ipj '• TTP —> 0Ad</>- Then the following diagram 
commutes: 

c ' - ^ f l A d * ) ^ ^ cp-\{-K3y^AA4>) 

d 

CP(TT; 0Ad0) > Cp({7Tj};fjAd</>) 

Define 

^parfoflAd^) = {/G Zp(ir;QAd(t>) \ a(f) G Bv({-nj); QAd4>)}. 

Then we have the following relation. 

Propos i t i on 5 .3 . 

(16) BP(TT; gAd4>) Ç Zp
ar(Tr; gAd4>) C ZP(TT; gAd</»)-

Proof. By definition Z^n; QAd(p) Ç Zp(7r; 0Ad</>)- Suppose 5 G 
Bp(n; QAd(p). Then there exists / G Cp_1(V;0Ad</>) such that c(f = g. 
Since the above diagram commutes, 

a(g) = a(d(f)) = (a Æ d ) ( / ) = (d Æ « ) ( / ) = d ( a ( / ) ) . 

Therefore 0(5) G £ P ( { 7 T J } ; 0Ad</.)- Hence g G Zpar(7r;0Ad</.)- q.e.d. 

We define 

H$ar(ir; QAd<p) = Zp
ar(ir;gAd(i>)/Bp(TT;gAd(p), 

and call the p-th parabolic cohomology with coefficients gAd(p. Then we 
have a long exact sequence 

> Ä p ^ f a ß A d * ) ->• ^ _ 1 ( 7 r ; 0 A d 0 ) ->• ^ _ 1 ( { ^ } ; 0 A d ^ ) 

-^ Apar^"! 0Ad</>) ->• ^ P ( T T ; 0Ad</>) ^ HP({TTJ}; QAd(p) - • • • • , 
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and therefore we get a relation Hpar(ir; 0Ad</>) Ç H1(-K] 0Ad</>) since 
-^O({7rj})0Ad(/>) = 0. Suppose M is closed. Then iïp({7Tj}; 0Ad</>) = 0 
for all p. That means iïpar(vr; gAd</>) is the same as Hp(n; QA<\4>) if - ^ is 
a closed surface. For more detail about the parabolic cohomology, see 
Guruprasad, Huebschmann, Jeffrey, and Weinstein's joint paper [10]. 

Consider p = 1 since we are interested in Hl{ir, gAd</>) the tangent 
space of Hom(7T, G) jG. Let u G Z^T(-K; QAdcp)- Then u G Zl(ir; QAdcp) 
and a(u) G ß1({7Tj}; 0Ad(/>)j that means: u(xy) = u(x)+x.u(y) forx,y G 
n and there exist D\,..., D„ G C°(7TJ; gAd</>) = 0 such that Uj = dDj 
where Uj = u\Wj. Since TTJ =< Cj > , 

(17) u(Cj) = u3{C3) = dDj(Cj) = Cj.Dj - Dj. 

Weil [16] called the 1-cocycle satisfying the condition (17) a parabolic 
element. We will use his terminology. 

5.4. Let D be an element of the Lie algebra g = C°(ir; QAdcp)- Then 
dD G -B1(7r;0Ad</>) such that dD(x) = x.D — D for any x G n. 

Propos i t i on 5.4 . For any u,v G Zl(n; QAdcp) and D G g, «/e /ìawe 

n 

(18) u;(<*A«) = 2^(A«(Cj)) 
i= i 

n 
(19) a;(u,dD) = ^ ( « ( C r 1 ) , / } ) . 

Proof. Since for any a;, y G 7T, 

ß*(dD,v)(x,y) = ß(dD(x),x.v(y)) 

= ß{x.D -D,x.v{y)) 

= ß{x.D,x.v{y)) - ß(D,x.v{y)) 

= ß{DJv{y))-ß{DJx.v(y)) 
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and u(x 1) = —x 1.u(x), we can compute the following: 

w(dD,v) = ß*(dD,v)ZR 

g / fe-i \ 

= J2 ß(D,v(Ak)) - ß(D, H [Ai, Bi].v(Ak)) 
fc=i V i=i ) 

g / fc-i \ 

-J2[ß(DMAk)) - ß&HlAuBilAkBkA^.viAk))] 
fe=i V i=i J 

g / fe-i \ 

+ ^L9(A«(ßib))-/9(An[^'ß«]A*- ' ;(ß*)) 
fe=i V i=i / 

g / fe-i 

- ^ 0(2), «(£*)) - 0(A n ^ ' Bl]AkBkAk-
lBk-\v{Bk)) 

fe=i V i=i 

n / S / i - l 

+ ^ ß(D,v(Ch)) - ß(D, "[[[Ai, Bt] J ] Cj.v(Ch)) 
h=l \ i=l j=l 

g fc-i 

= -J2ß(D,*[[[Ai,Bi].v(Ak)) 
fc=l i=l 

g fc-i 

- j^AlI^.ßi lMß*)) 
fc=l i = l 

S fe-1 

fc=l i = l 

fc=l i = l 

n g h—1 n 

-Ytß^tl^Bi\IlCrv(Ch))+Ttß(D^Ch)) 
h=l i=l j=l h=\ 

n 

= -ß(D,v(R)) + Y/ß(D,v(Ch)) 
h=\ 

Y,ß(D,v(Ch)). 
h=\ 
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From Equation (18) and Proposition 5.2, 

n 

u{u,dD) = -uj{dD,u)-J2ß(dD(cj)iu(cj)) 

n n 

^ßiDMCj)) - J > ( C r ß • - D,u(Cj)) 
3 = 1 3=1 

n n 

3 = 1 3=1 

n 

+ J2ß(D,u(CJ)) 
3 = 1 

n 

Y.ßiD^CjKuiCj)) 
3 = 1 

n 

Y.ßiDMCj1)). q.e.d. 
3 = 1 

5.5. We know UJ is not skew-symmetric on Zl(n; QAdcp) if M has 
nonempty boundary. To make UJ skew-symmetric, we restrict our do
main to the subspace Zpar(ir; QAdcp) Ç Z1 (IT; QAdcp) and define a bilinear 
form û) : Zpar(Tr; QAdcp) x Zpar 

(TT; QAdcp) - > K by 

(20) UJ(U,V) = LÜ(U,V) -^ßiDjMCj)), 
3=1 

where u\Wj = Uj = dDj. 

Suppose we have another Dj G Q such that u\Wj = dDj = dDj. Then 

Cj-Dj - D3 = dD3(C3) = dD3(C3) = C3.D3 - Dr 

Hence Cj.(Dj — Dj) = (Dj — Dj), and therefore there exists Fj G Q such 
that Dj = Dj + Fj and Cj.Fj = Fj for each j = 1 , . . . , n. Thus 

Cj\F3 = Cjl.(C3.F3) = (C-lC3).F3 = F3. 
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Let v\Wj = dD'j. Then 

ßiDjMCj)) = ßiDj + Fj^iCj)) 

= ßiDjMCjV+ßiFjMCj)) 

= ßiDjMCjV+ßiF^dD'jiCj)) 

= ß{Dj,v{Cj)) + ß(Fj, Cj.D'j - D'3) 

= ß{Dj,v{Cj)) + ß(Fj, Cj.Dfi - ß(F3,D'3)) 

= ß(Dj,v(Cj))+ß(Cr\Fj,D[j)-ß(Fj,Dp 

= ßiDjMCj))-

So Y^j=i ß(Dj,v(Cj)) does not depend on the choices of Dfs. Therefore 
Co is well-defined on Zpar(7r; 0Ad</>)- If M is closed, then ù = LO. 

Proposition 5.5 . Co is skew-symmetric on Zpar(7r; 0Ad</>)-

Proof. Recall Proposition 5.2. Then 

n 

CJ(U,V) + CJ(V,U) = UJ(U,V) — 2_]ß(Dj,v(Cj)) 

+ uj(v,u)-J2ß(D'jMCj)) 
i = i 

^{ßiuWMCjV+ßiDjMCjV+ßWMCj))} 

n 

^{ß(Cj.Dj-DJMCj))+ß(DJMCj)) 

+ ß(D'ru{C]))} 

Yi{ß(CJ.DJMCJ))+ß(D'jMCj))} 

n 

^ißiCj.Dj, Cj.D'j - D'3) + ß(D'3, Cj.Dj - Dj)} 

n 

- E W ^ - , C 3 , D > 3 ) - ß(crD3,D> 

+ ß(D'j,Cj.Dj)-ß(D'j,Dj)} 

0. 



THE SYMPLECTIC GLOBAL COORDINATES ON THE MODULI SPACE 387 

Therefore to is skew-symmetric. q.e.d. 

Consider dD G D 1 ^ ; 0Ad</>) Ç ^parl^îflAd«/.)- Then dD\n. = dD for 
all j . By Equation (18) and skew-symmetry, for any v G Zpar(7r; 0Ad</>) 
we get 

n 

(21) ü(dD,v) = u(dD,v) -^ß{D,v{C3)) = 0, 

(22) w(v,dD) = -w(dD,v)=0. 

Therefore we can induce ù on H^T(ir; QAdcp)-

T h e o r e m 5.6. Define Co : H^T(-n;gAd(p) x H^ar(ir; gAd<j)) ->• ffi by 

n 

(23) ü([u], [«]) = ü(u,v) = u(u,v) -J2ß(DJiv(Cj))i 
i= i 

where u,v G Zpar(7r; 0Ad</>) representing [u],[v] G ifpar(7r; 0Ad</>) a n ^ 
u ^ . = c?Dj. T/ien Co is a symplectic form on H^T(ir; QAdcp)-

Proof. (Well-definedness on H^r{n; 0Ad</>)) Suppose w, « are two rep
resentatives of [u]. Then there exists dD G B1(TT; 0Ad</>) such that ü — u = 
dD. Similarly there exist v,v G Zpar(7r;pjAd</>) and dD ' G Bl(ir; QAdcp) 
such that ü — u = dD' . Then 

o)(ü, ü) = üj(v, + dD,v + dD') 

= ü(u, v) + ü(dD, v) + Ò)(M, dD') + ü(dD, dD') 

= ÜJ(U,V). 

Therefore Co is well-defined on H^aT(-K; QAdcp)-
(Bilinearity and skew-symmetry) Co is clearly bilinear since LO and 

/9 are bilinear. By Proposition 5.5 and well-definedness, Co is skew-
symmetric on i7p-ar(7r;0Ad</>)-

(Nondegeneracy) Let [u] G Hpar(ir; QAdcp) such that w([u], •) = 0. Let 
u G ^par(7r; 0Ad</>) be a representative of [«]. For any integer 1 < k < 
n - 1, we define vCktk+1 G Zpar(7r; QAdcp) by 

« c M + 1 ( ^ ) = «cfc,fc+1(-B«) = vCkk+l{Cj) = 0 

for all i,j, but uc\j.+1(Cfc) # 0 and vcktk+1(Ck+i) # 0. Recall that 

g n 

R = Y[[Ai,Bi]l[Cj = L 
i=l j=l 
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By the cocycle condition we have 

0 = vCktk+1(R) = vcktk+1(Ck) + Ck.vCktk+1(Ck+1), 

and the relation vCkik+1(Ck+1) = -C^1 .vcktk+1(Ck). Since ä(u,-) van
ishes, 

0 = ü(u,vCktk+1) 

= u)(u,vcktk+1) - ß(Dk,vCkk+1(Ck)) - ß(Dk+1,vckik+1(Ck+i)) 

= u)(u,vcktk+1) - ß(Dk,vCkk+1(Ck)) - ß(Dk+1,-Ck-
1.vckk+1(Ck)) 

= u)(u,vcktk+1) - ß(Dk - Ck.Dk+1,vcktk+1(Ck)). 

Therefore 

ß(Dk - Ck.Dk+1,vcktk+1(Ck)) =uj(u,vCkk+1) 

( 9 9 

u(ï[[Ai, Bi]d • • • Cfc_i), ([[[Au Bild • • • Ck-{).vck>k+1 (Ck) 
i=l i=l 

( 9 9 

U(ï[[Ai,Bi]d • • • Ck), ([[[AuBt]d • • • Ck).vCktk+dCk+i) 
i=l i=l 

= ßUu(([[[Ai,Bi]d---Ck-1)-
1),vcktk+dCk)] 

+ß(-u(([[[AuBt}d---Ck)-
1)ivckk+ACk+i)) 

= ß{u(Ck---Cn),vCktk+1(Ck)) 

+ß {-u(Ck+1 • • • C7„), -Ck-\vCktk+l {Ck))) 

= ß (-u(Ck •••Cn) + Ck.u(Ck+l • • • Cn),vCktk+1(Ck)) 

= ß{-u(Ck),vCktk+1(Ck)). 

Since ß is nondegenerate and vck k+1(Ck) ^ 0, for each k, we have a 
relation 

(24) Dk - Ck.Dk+1 = -u(Ck). 

Since u(Ck) = dD(Ck) = Ck.Dk — Dk, by Equation (24) we have Dk = 
Dk+i for all k. 

Let D = D\ = • • • = Dn and ü = u — dD. Then ü is a parabolic el
ement. I claim that ü = 0. From the definition of ü, it follows that 
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u(Cj) = u(Cj) — dD(Cj) = 0 for all j . Define vAl G ^parl71"! 0Ad</>) 
by vAl(Ai) = vAl{Bi) = vAl{Cj) = 0 for all i,j but vAl{Ai) / 0 G g. 
Similarly, define vB, for I = l,...,g. Since Co(ü,vBg) = ôo(u,vBg) — 
ù)(dD,vBg) = 0, we have u(ü,vBg) = ïj=iP(Dj,VBg(Cj)) = 0. Hence 

0 = iü(ü,vBg) = - ßlüiiYl^BilAgy^VB^BgU 

+ ß (üiqiiAi^iliAg^g])-1)^^)] 

= - ß {üiBgAg-'Bg-'d • • • Cn),VBg (Bg)) 

+ ß{ü(C1---Cn),vBg(Bg)). 

Since v,(C\ • • • Cn) = 0 and vBg(Bg) ^ 0, it follows that 

(25) üiBgA-'Bg-1) = 0. 

Similarly, ÜJ(Ü,VA ) = 0 induces 

0 = üü(ü,vAg) = - ß{ü(AgBgA-glBglCl---Cn),vAg{Ag)) 

+ ß(ü(B-lCl---Cn)ivAg{Ag)). 

Since v,(C\ • • • Cn) = 0 and vAg(Ag) ^ 0, we have 

(26) ü(Bgl) = ü(AgBgA-glBgl). 

From Equations (25) and (26), it follows that 

ü{Bgl) = ü(Ag) + Ag.ü{BgA-lBgl) = ü(Ag). 

By Equation (25), we have 

0 = ü{BgA-glBgl) 

= ü(Bg) + Bg.ü{A-gl) + BgA-gl.ü{Bgl) 

= ü(Bg) - BgA-g
l.ü{Ag) + Bg A~ 1 . ü ( B " X ) 

= ü(Bg) - BgA-\ü{Bgl) + BgA-gl.ü{Bgl) 

= Ü(Bg). 

Therefore ü{Bg) = 0 and ü(Ag) = ü{B~l) = -B-l.ü(Bg) = 0. By 

inductionü(Aj) = ü{Bi) = 0 for alii = 1, . . . ,g. Therefore ü = u — dD = 

0. That is [u] = 0 G ^ a r ( v r ; ß A d ^ ) -
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(Closedness) To do this we represent Hpar(ir; 0Ad</>) as the cohomol-
ogy i fp a r (M; adPfp) with coefficients in the flat vector bundle. Then 
H1(M;adP) is a tangent space of Jr(P)/Q(P) flat connections modulo 
gauge transformations that is identified with Hom(7r, G)/G, and iso
morphic to the de Rham cohomology H^R(M;g). For more detail see 
Goldman [7] and Millson [9]. Let dM be the disjoint union U" = 1 9Mj . 
Define [a <g> £] G P ^ a r ( M ; adP^) if cr <g> £ G ^ ( M j a d P ^ , ) and for each 
j = 1 , . . . , n there exists / j G C°°(dMj) such that 

where cr is a 1-cocycle and £ is a g-valued section on M. Define 

ü : ^ p a r ( M ; adP) x H^M; adP) ^ R by 

ô)([a®e],[a'®e'])= / ( a A a ' ) 5 ( e , o - Ê / (/, A ^ p(e,e')-

Then the above 2-form w does not involve the connection A explicitly, 
so it is invariant under the translations of JF(P). Therefore Co is parallel 
and hence closed. q.e.d. 

5.6. Consider the moduli space ^ß(M) of convex real projective 
structures on M = S(g, n) . Since ^ß(M) embeds onto an open subset 
of Hom(7T,SL(3,R))/SL(3,R), dim <p(Af) = - d i m SL(3,M) • x(Af) = 
16g - 16 + 8n. 

Let {zi,... ,ZN} be a coordinate of ^ß(M) where N = IQg — 16 + 8n. 
Since the holonomy homomorphism h : n —> G = SL(3, ffi) is isomorphic 
to its image holonomy group T, we identify the elements of n and those 
image in G up to conjugation. Therefore each element of n can be 
expressed by {zi,..., z^} and A.X = AXA~l for A G n and X G g = 
sI(3,M). For each k, define uZk : n —> g by 

(27) uZk(A) = (dZkA)A-\ 

since t r ^ ô ^ A ) ^ " 1 } = dZk {log detA} = 0. Then for any A, B G 7r, 

S ( ^ B ) = (dZkAB)(AB)-l = {{dZkA)B + A(dZkB)}B-lA-1 

= (dZk A)A-1+A(dZkB)B-1A~1= uZk (A) + A.uZk (B). 

Therefore uZk G Z1(7r;g) for each k. 
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We find a necessary and sufficient condition for uZk to be parabolic. 
Since *P(M) corresponds convex real projective structures, every ele
ment of 7T has three distinct positive real eigenvalues. For each bound
ary generator Cj there exists an invertible matrix Pj G G such that 
P~ CjPj = Ej the diagonal matrix (1). Even though Cj has repeated 
eigenvalues there exists Pj G G such that P~ CjPj = Jj the Jordan 
canonical form. Then we still have a sufficient condition for uZk to be 
parabolic. 

Proposition 5.7. Suppose z^ is a coordinate in {zi,... ,ZN}. Then 
uZk is a parabolic element if and only if dZk{P~ CjPj) = dZk{Ej) = 0 
for each boundary generator Cj where j = 1 , . . . , n. 

Proof. Suppose uZk{C) = dD{C). Then 

{dZkC)C-1 = uZk(C) = dD{C) = C.D-D = CDC'1 - D. 

Therefore (dZkC) = CD — DC. That means uZk is a parabolic element if 
and only if there exist D\,..., Dn G Q such that dZkCj = CjDj — DjCj 
for each j = 1 , . . . , n. For the simplicity put Cj = C, Ej = E, and Pj = 
P. Since E = P~1CP, 

dZkC = dZk(PEP~l) = {dZkP)EP~l + P(dZkE)P~l + PE(dZkP~l) 
= (dZkP)(P-lCP)P-1 + P{dZkE)P~l + P{p-lCP){-P-l(dZkP)P-1) 
= (dZkP)p-lC + Pid^p-1 - Cid^p-K 

{<=) Suppose dZkE = 0. Let D = -{dZkP)P-1. Then dZkC = CD-
DC. Therefore parabolic element. 

(=£•) Suppose parabolic element. Then there exists D G g 
such that dZkC = CD-_ Da Let X = D - D where D = -(dZkP)P-1. 
Then CX-XC = {CD - DC) - {CD - DC) = P{dZkE)P~\ So 

(28) dZkE = P~1CXP -P~lXCP. 

bmce C = PEP'1, Equation (28) becomes 

(29) dZkE = EX -XE. 

where X = P~lXP. Since E is a diagonal matrix, each diagonal entry 
oiEX — XE is zero. Therefore dZkE = 0 since dZkE is a diagonal matrix 
whose diagonal entries are all zero. q.e.d. 

Now we calculate the dimension of i?par(-7r;£iAd</>)- Suppose [u] G 
-frpar^SAd^)- Then for each G B1{'Kj]QM(j)) ; that is [u^J = 
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0 G Hl(iTj; 0Ad</>)- Thus u(Cj) lies in a fixed conjugacy class in G. Hence 
we do not have any choice to select [w(Cj)] in Hom(-7r, G) jG. Recall n 
has n boundary generators that are positive hyperbolic. Since for each 
positive hyperbolic element has 2-dimensional coordinate parameters 
( A , T ) or {£,m), 

(30) dim iîpar(7r; ßAd^) = dim H1^; gAd</>) - 2n = I6g - 16 + 6n. 

5.7. E x a m p l e : A pair of pants E(0, 3). Let M be a pair of pants 

£(0 ,3) ; that is, a surface homeomorphic to S2 minus three open discs. 

Then n admits a representation < Ci, 6 2 , 6 3 | R = C1C2C3 = I > 

and dim ^ß(M) = IQg — 16 + 8n = 8. Since each positive hyper

bolic element Cj has two parameters ( A J , T J ) and n has three gener

ators, we need two more parameters s, t. We call s, t the internal pa

rameters of^P(M). Goldman [8] expressed C i , C 2 , C 3 using parameters 

{Ai, A2, A3, n , T2, T3, s, t} of qj(M) where 0 < Aj < 1, 2 / y ^ ~ < 

Tj < Xj + X~ , s > 0 and t > 0. Since s and i are positive, we replace 

the coordinates s and t by es and é. Then the matrices Ci , C<2 and C3 

are represented by 

(31) Cl 

A2VA 
+ T1 

A2V/X VÄ3 

Ö31 

T i 

-*+*vx 
Ai 

«32 

0 

0 

Ai 

where 

Ö31 

s-t 1 2 S , e 

2 2 y A 2 y A i 2yA3vAi 

% e s - t 

A 1 
+ T + 2 e 

2s-t 

A2 e 

T3 + 
e % T 3 1 

2s- t 

+ 2A 

A m e 

+ ea 

2A2 2 
s~*~ / Ä ^ \ / Ä 7 T 3 T I 

2VÂ2 

' - ' - W A T e3s-*VÂT 
2 A 

3/2 2y A3vA2 

A 3 A 2 V ^ i T 2 + 2 e t r i 

«32 + 2VÄ2VÄ7 2 A^/2 

AI A3T3 

2 A : 

(32) C2 A3VA2 + 3/2 + 
' ' A i n 

2VÄ2VÄ7 + 2 V W Ä 

A3 

^ 2 

0 

A2 

0 

2e" 
A3VÄ2 

Ö23 

T 
A3VX = +-2 
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where 

^23 
„. , 2e-8-ty/)T1 , 27Â^7ÂT , 2Ain 

A A 3*-*A?/2 e*A3 

(33) C 

/ A3 

0 

V ° 

e*A3 + 
A3VÄ1 + A3VÄ2 

+ T3 
A 3 Ä 1 

A2 e5^/XT 

+ T3 

12. 
2 

2 e " 

VÄ3VÄ1 

VA3VA1 

V^2 

VIT 2 v Ä 3 v Ä i 2VÄ3VÄ2 2 v Ä J n 

up to conjugation. For more detail see Goldman [8]. The eigenvalues 
Xj,ßj, Vj of Cj are as follow: 

Ai, ni 

A2, M2 

A3, M 3 

TAT TI - V - 4 + Ai rf 
2 VÂT 

\/Ä2 T2 - V - 4 + A2 r | 

2 A A " 

^1 

^2 

VÂT ri + y/-4 + Ai rf 
2 VÂT 

>/Ä2 T2 + V - 4 + A2 T | 

2 A A " 

\/Ä^ T3 - 1 / -4 + A3 T | 

2 A / Ä T 
^3 

= VÄ3" T3 + V - 4 + A3 TJ 

2 VÂ7 

6 = 2. By Proposition 5.7, us From (30), dim H^ar(-n; gAd(j>) = 
and ut are parabolic elements since eigenvalues of C\, C2 and C3 do not 
involve s and t. 

Now we calculate the symplectic form Co. Let us compute Co(us,ut). 
Suppose US\TTI = dDi,u S\1T2 dD and u S\7T3 dD. Since 

we have 

u(us,ut) 

ZR =(dClR, C\) + (dc.2R, C2) + (dc3R, C3) 

= (I,Ci) + (Ci,C72) + (C7iC2,C73), 

= ß*(us,ut)ZR 

= ß(us(I),I.ut(Ci)) 

+ß(us(C1), C7i.nt(C2)) + 0 M C i C 2 ) , CiC72.nt(C73)) 

= 0 + ^ K ( C i ) , Ci.n t(C2)) + ^(^(Cg-1), Ca"1 .«*^)) 

= ^K(Ci) ,Ci .« t (C 2 ) ) +/5(C3.ns(C3-1),Wt(C3)) 

= ^ ( « « ( C O . C i ^ ^ C f 1 ) -^(«8(C3)),«t(C3)) 

= t ^ ^ C i J C ^ C i C ö t C a ) ^ - 1 ^ - 1 } 

= tr{(ôsCi)(ô tC2)C3 + (ösC3)(ö tC3-1)}. 
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So ü(us,ut) 

= uj(us,ut) - ßiD^utid)) - ß(D2,ut(C2)) - ß(D3,ut(C3)) 

= tr{(3sCi)(atC2)C3 + (dsC3)(dtC^) 
- D^dtCiiCï1 - D2(dtC2)C2~

l - D3(dtC3)C^}. 

Let Pi be a matrix such that P f C\P\ is diagonal. Then by the 
proof of Proposition 5.7, — (dsP\)P^ is one of D\. Therefore we have 
the explicit formula for symplectic form £j(us,Ut) 

= tr{{dsC{)(dtC2)C3 + (dsC3)(dtC^) + (d^P^^d)^1 

+ {dsP2)P2\dtC2)C2
l + (dsP3)P3-HdtC3)C^}. 

Put Pj to be the transpose of an eigenvector matrix of Cj for each j . 
Then we get an amazing result calculated by Mathematica. 

w(us,ut) 1. 

Theorem 5.8. Suppose M is a pair of pants £(0,3), and ^J(M) is 
the moduli space of convex real projective structures on M. Then the 
symplectic form on each parabolic leaf of ^J(M) is 

Co = dt A ds. 

Proof. See the detailed Mathematica computation in the appendix 
of Hong C. Kim's dissertation [11]. q.e.d. 

6. The global symplectic coordinates on ^J(M) 

Let M be a closed oriented surface £(g, 0) with x(M) = 2 — 2g < 0, 
and ^ß(M) the moduli space of convex real projective structures on 
M. For a simply closed geodesic 7 on M, we want to associate the 
twisting parameters #7,/37 £ 1 on 7. Let A G SL(3,M) be the diagonal 
representation (1) of 7. For any « , » £ 1 , we define g^u^ G SL(3,M) by 

(34) 9(u,v) 

2 3 

0 
0 

0 
elv 

0 

0 
0 

u 

es 

then i(g(UjV)A) = \u + £(A)\ and m{g^u^A) = v + m(A). 
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For u , « £ l and 7 a simply closed geodesic on M, we define 

tf7(U)t)) : *P(M) - • <P(M) 

by *7(u,„)([/i]) = [/i'] where [h],[h'] G Hom(7r, G)/G such that h' = h 

except h'(x^) = g^u^h(x1)g7 ^ for x1 G ir = IÏ\(M) corresponding to 

7-
The flows ^7(u,o) a n d ^7(0,1;) o n ^P(̂ ) a r e called the generalized 

twisting flows. Vector fields d /dö 7 , <9/<9/97 generated by ^7(u,o)? ^7(0,^) 
are called the generalized twisting vector fields whose potential functions 
are £(7) and 771(7) respectively. 

Let r = {7i}i=i,...,39-3 be a set of nontrivial homotopically distinct 
disjoint simply closed geodesies on M such that Y decompose M as the 
disjoint union of 2g — 2 pairs of pants. At each 7$, length parameters 
£i,mi and twisting parameters 0i,ßi are defined where £i G M_|_ and 
mi,6i,ßi G M. Then the coordinate vector fields d/d6i,d/dßi are the 
generalized twisting vector fields generated by the flows ^7i^Uyo), ^^(0^) 
and their potential functions are £i,mf, that is, 

(35) ^{d/dOi, ) = -dii, w(d/dßi, ) = -dmi. 

A pair of pants P has a unique reflection p fixing (set wise) each 
boundary component. The fixed point set of p consists of the three 
geodesies connecting pairs of boundary components of P . The restriction 
of p to a boundary component 7 of P is completely determined by its 
fixed point. Consider pairs of pants Pi,P2 with boundaries 71,72 and 
unique reflections pi, p% respectively. Assume £7l = L/2 and m 7 l = 
—m72 ; that is, C 7 l and C~l are conjugate where C7i G SL(3,M) is the 
holonomy representation of 7,. Then we can form the (geometric) sum 
Pi V P2 by gluing 71 and 72 such that the real projective structures on 
Pi and P2 extend to Pi V Pi- The pair (pi, /02) extends to a reflection p 
on Pi V P2. Hence given a surface M with a pants decomposition {P/} , 
by varying the twisting parameters we may arrange that the reflection 
maps pj of Pj piece together. Therefore the surface M has a reflection 
p fixing each boundary of {Pj}-

If we only allow the integer times of Dehn twist on the gluing pro
cessor of the boundaries of the partition {Pj}, then p is an orientation 
reversing map which preserving the real projective structure on M. The 
map p induces a map p : ^J(M) —> ^ß(M) defined by p([h]) = [h o p^\ 
where p# : 7i"i(M) —> 717 (M). Let u be the symplectic form on ^ß(M). 
Then p*co = —LO since p is orientation reversing. 
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Lemma 6.1. For the above p, 

1. p*d£i = d£i, p*drrii = —dun, 

2. p*d9i = —dOi + ajdii, p*dßi = —dßi + bidnii where a,, bi G Z. 

Proof. Suppose the eigenvalues of h(^i) are A, < pi < v;b. Then the 
eigenvalues of (h o p#)(ji) are u~l < p~l < A"1 since [(h o p#)(7i)] = 
[/i(7i)_1]- Therefore 1 holds. Since [h] and [h o p#] have the opposite 
orientations, the twisting parameters 0i,ßi are measured with opposite 
senses. Furthermore there is an ambiguity of the integer times of Dehn 
twist for extending pj to p. Therefore 2 holds. q.e.d. 

From the duality formula (35), we can determine 

cj(d/dek,X) = -d£k(X) = 0, u}(d/dßk,Y) = -dmk(Y) = 0, 

where X and Y are vector fields such that 

X G Vect(*p(M)) - < d/d£k > 

and 
Y G Vect(«p(M)) - < d/dmk >, 

where 1 < i < 3g — 3 and 1 < j'• < 2g — 2. 

Proposition 6.2. Let M be a closed surface E(g,0) having an ori
entation reversing map p fixing the elements of a partition T = {7^} and 
preserving the real projective structure on M. Then for any i and j , 

(36) w( '̂ êr? = w (Ä' 4 } = w ( Ä' W? = w ( i ' ̂  = °-
Proof. The proof is based on the analogous properties of Fenchel-

Nielsen coordinates on the Teichmüller space due to Wolpert [17]. First 
let us obtain a description for />* the adjoint of p*. From Lemma 6.1 we 
find that 

(37) p*(d/d9i) = -d/dOi, p*(d/d£i)=d/d£i + aid/dei, 

(38) p*(d/dßi) = d/dßi, p*(d/drnl) = -d/drnl + bld/dßi. 

Now we make the first calculation: 

Thus u}(d/d6i, d/dOj) = 0. Similarly co{d/dß,h d/dß3) = 0. 
The second argument for uj(d/dßi,d/dßj) is as follow. Since w is a 

skew-symmetry, without loss of generality we assume i 7̂  j . Then 
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Loid/diiid/dij 

Thus to(8/8^,8/8£3 

p^id/diud/dij) 

w(p*d/d£i,p*d/dlj) 

Lo{d/d£i + aid/dOi, 8/8£3 + ajd/d63) 

u}(d/dli,d/d£j) 

+a3oj{d/d£ij d/dOj) + ^00(8/89^,8/8^) 

+aiO,jUj(d/d6i, 8/dOj) 

u}(d/d£i,d/d£j) - a3Lo(d/d63,d/d£i) 

+aiüo(d/89i,d/d£j)+0 

u}(d/d£i,d/d£j) + a3d£3(8/8£i) - aid£i(8/d£3) 

uj(d/d£i, 8/8£j) + a383i — a,jßi3 

u}(d/d£i,d/d£j). 

0. Similarly Lo(8/dmi,d/dmj) = 0. q.e.d. 

To show (^(d/dsjjd/dsk) = 0 and (jj(d/dtj,d/dtk) = 0, we need 
a Mathematica computation. Now consider a surface M with genus 
2. It can be formed by gluing boundaries of two punctured tori. A 
punctured torus can be obtained by gluing two boundaries 71,72 of a 
pair of pants such that £\ = £2 and m\ = —m2. Let Ci , C2 £ SL(3, R) be 
the holonomy representations of 71,72 respectively. Then there exists 
an invertible matrix Q such that C2 = Q C f Q~l. 

Suppose that P3 G SL(3,R) such that P~ CjPj = E3 the diagonal 
matrix (1). Let 3 be the following subset of SL(3,M) ; 

0 

1 0 

- 1 
0 
0 

0 
0 
-1 

0 1 
1 0 
0 0 

? 

0 
0 
1 

0 1 
- 1 0 
0 0 

5 

0 0 
0 1 
1 0 

0 
0 

1 

Since C2 and Cx are conjugate, we have E2 = ZEX Z 1 for any 
element Z £ 3- Pu t Q = P2ZP~1. Then we get 

QC^Q-1 = (P2ZP^1)C^1(P1Z-1P^1) = P2(ZE^1Z-1)P2-
1 = C2. 

Suppose we have another Pj such that P~ C3P3 = Ej for each j . Then 

there exists a diagonal matrix D3 that Pj = PjDj. Therefore in general 

Q = (P2D2)Z(P1D1)-
1 = P2(D2ZD^)P^ = P2ZDP{\ 

where D is a diagonal matrix and Z G 3-
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Propos i t i on 6.3 . For any diagonal matrix D G SL(3,R) with 
nonnegative entries, there exists a unique element Z of 3 such that 
Q = P2ZDP^~ is positive hyperbolic. 

Proof. By Goldman [8], Q is positive hyperbolic if and only if 
x > 0, y > 0 and 

f{x, y) = x2y2 - 4(œ3 + y3) + 18xy - 27 > 0, 

where x = tr(Q) and y = t r ( Q _ 1 ) . Suppose x > 4, y > 4 and 

yfÄx < y < \ . Then y2 — Ax > 0 and x2 - Ay > 0. Hence 

f(x,y) = {x2 -Ay)(y2 - Ax) + 2(xy - 16) + 5 > 0. 

Through the Mathematica computation there exists a unique Z G 3 
such that a; > 0 and y > 0. At this case we can compute x > 4, y > 4 
and \/4lc < y < ^- by using Mathematica. q.e.d. 

Consider the geodesic 7 connecting the boundary components 71 and 
72 of a pair of pants. Then there exists a diagonal matrix 
Do G SL(3, R) such that (.{PIZDQP^ ) equals the length of the geodesic 
7 and m^PiZD^P^ ) vanishes. Therefore Q = PIZDQDP^ where 

D = 

Now we have a representation of a punctured torus S ( l , 1): 

Al = Cl, B1 = Q = P2ZD0DPï1, F1 = C3 

since 

AÌBÌA^B^FÌ = dQC^Q^Cs = C&Cs = I. 

Similarly we can glue two punctured tori M\ and M^ via two bound
aries such that l\ = £2 and m\ = —mi. Suppose Mj has a relation 
AiBiAr1 Br1 Fi = I. Let Q = PQZDP^1 where P^~1F1P3 = E3 and 
PQ1F2P% = E6 the diagonal matrices (1). Then F2 = QF^lQ~l. There
fore the (geometric) sum M = M\ V M2 is a closed surface with genus 2 
having a relation Ä\B\Ä\XB1xÄ2B2Ä21 B^1 = I where Äi = Ai,Bi = 
BUÄ2 = Q-1A2Q and B2 = Q~1B2Q. 

Suppose that a closed surface M with genus 2 has a relation 

2 3 

0 

0 

0 
-ß ez,J 

0 

0 

0 
« /3 

e 2 3 

R = A1B1A^LB^LA2B2A2-
LB2-

L = I. 
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Then its fundamental cycle is 

ZR = (l-A1B1Aï\A1) + (A1-A1B1A^1B^\B1) 

+ (AlB1A^1B^1-RB2,A2) 

+ (A1B1A^1B^1A2-R,B2). 

Hence the coefficient of its symplectic form UJ is 

u;(u,v) = ßMAiB^A^MAiV-ßWA^MBi)) 
+ß(u([Al,Bl]-1),v(B1)) - ß(u([A2,B2]),v(A2)) 

+ß(u(B2-
1),v(A2)) - ß(U(B2A2B^),v(B2)). 

Proposition 6.4. For each j and k, 

(39) w(d/dsj, d/dsk) = 0, uj(d/dtj,d/dtk) = 0. 

Proof. By the definition of uZk in (27), uj(uSj,uSk) becomes 

^ OSj OS h OSj OS h 

m_ „-xdBi ! dF2~
l BAT1 

dsj l dsk l dsj dsk 

+ 
dB-1 „ dA2 t ì d(B2A2By1),n „ , i , 3 5 2 „ i 
— ^ S 2 1 r - A ï 1 - K \ 2 ' {B2A^B^)-^B^1 

dsj dsk
 A dsj z z dsk

 A 

Through the Mathematica calculation, we have the desired result, q.e.d. 

Let {Pj}j=i,...,2g-2 be the disjoint union of pairs of pants decomposed 
by a partition V = {'ji}i=it...,3g-3- Let Sj,tj be the internal parameters 
of each pair of pants Pj where Sj,tj G IR. Then {£i,rrii,0i,ßi,Sj,tj} is 
a global coordinate on ^ß(M) for 1 < i < 3g — 3 and 1 < j < 2g — 2. 
By Proposition 6.2, 6.4, Equation (35) and Theorem 5.8, the symplectic 
form UJ on ^ß(M) is represented by 

3g-3 3g-3 2g-2 

UJ = 2 . d£i A dOi + 2_, drrii A dßi + y^ fjdsj A dtj, 
i=l i=l j=l 

where fj is a smooth function on ^ß(M) such that fj\s,(M) = — 1 for each 
parabolic leaf £(M) fixing £j,m,,ö,,/3j. So fj = fj(ii,mi,6i,ßi) ; that 
is, / j is independent of parameters Sj,tj. 
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Theorem 6.5. Let M be a closed smooth surface E(g,0). Then 
the symplectic form on the moduli space ^J(M) of convex real projective 
structures is 

3g-3 3g-3 2g-2 

ui = 2_, dt-i A dOi + 2_\ drrii A dßi + 2_\ dtj A dsj, 
i=l i=l j=l 

where £i,nii are length parameters, 0i,ßi are twisting parameters, and 
Sj,tj are internal parameters on ^ß(M). Therefore ^ß(M) is symplecto-
morphic to M16s_16. 

Proof. Suppose the symplectic form is 

3g-3 3^-3 2g-2 

UJ = y~] d£i A dOi + y j drrii A dßi + 2_\ fj dsj A dtj, 

i=l i=l j=l 

where fj = fj^m^ßi) G C°°(^(M)). Then 

Lo(d/dsj, •) = fj dtj. 

Let Xtj be the Hamiltonian vector fields of tj. Then d/dsj = fjXtj. 
Since the symplectic form UJ is invariant under Hamiltonian vector fields, 
Lxt co = 0. Hence 

li 

Ld/dsjU = LfjXtjU = fjLxtjU = 0. 

So 

0 = Ld/ds.ui = id/dSjdui + did/ds.ui = 0 + d(u>{d/dsj, •)) 

= d(fj dtj) = dfj A dtj + fj d2tj = dfj A dtj. 

Therefore fj is independent of all parameters except tj. Since fj is inde
pendent of tj , fj is independent of all parameters. We conclude fj = —l 
since fj\z(M) = - 1 - q-e.d. 
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