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ON THE QUANTUM EXPECTED VALUES OF
INTEGRABLE METRIC FORMS

JOHN A. TOTH

1. Introduction

Let (M", g) be a compact, real-analytic, Riemannian manifold, Py a
first order, self-adjoint, real-analytic, elliptic pseudodifferential operator
with principal symbol,

H(z,8) = /9" ()&

generating geodesic flow. We will assume that Fy is quantum integrable;
that is, there exist n — 1 first order, jointly elliptic, real-analytic, clas-
sical pseudodifferential operators Py, ..., P,_1 such that, for all ¢,5 =
0,1,...,m—1,

(1) [P, Pj] = 0.
Given the Hamilton vector field,

n
_ OH 0 OH 9
g = _—
; 9&j 0y O 0K

we denote the associated geodesic flow by expt=Zg : C®(S*M) —
C™(S*M). Suppose v is a simple, periodic orbit of exptZy (i.e., a
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328 JOHN A. TOTH

closed geodesic). Under the assumption that the associated linearized
Poincaré map, P,, has eigenvalues of the form et j =1,...n—1
with 6; rationally independent, one can explicitly construct [15], [11]
a sequence of L?-normalized functions (the so-called “quasimodes”),
or € C°(M), with

—A¢y = Ay + O(K™).

Here, the ¢; have very sharp localization properties along the configu-
ration space projection, w(7y), of the geodesic v as Ay, — 0o. When ~
is unstable, it is well-known that there is no such quasimode construc-
tion available. Nevertheless, the question of whether or not there exist
actual sequences of eigenfunctions with mass asymptotically accumulat-
ing along v seems to depend on the nature of the geodesic flow: In the
ergodic example of arithmetic surfaces, Rudnick and Sarnak [16] have
shown that periodic orbits do not support mass in the quasiclassical
limit. The general ergodic case is still open. On the other hand, it is
known that in the integrable case, such orbits can and do support mass.
However, there are few rigorous results (see [6], [20]) along these lines
and the analysis in each example has been somewhat ad hoc, usually
depending on separation of appropriate variables and a detailed analysis
of the corresponding special functions. This approach is unsatisfactory
since one is often faced with the very difficult problem of studying the
spectral asymptotics of coupled systems of multiparameter O.D.E. with
automorphic coefficients.

The purpose of this paper is to present a more systematic analysis
in the integrable case using microlocal techniques and in particular,
quantum Birkhoff normal form (QBNF) (see [10], [24], [26], [27] and
Section 3). Our main result (see Theorem 1) can be summarized as
follows: Suppose that the level set

YSp={2€T"M;py(z) — Ey = ... = pp(2) — B, =0}

contains a finite number of nondegenerate, unstable, periodic geodesics
Y1, ..., and that X is smooth outside a union of tubular neighbour-
hoods of the v;’s. Roughly speaking, Theorem 1 says that, under a
joint non-resonance condition (H1) (see below), the bicharacteristics
33 = 1,...,k always support eigenfunction mass in the semiclassical
limit. In order to state Theorem 1 more precisely, we will now describe
the contents of the paper in more detail.

Section 2 consists of some salient facts on the symplectic geometry of
periodic orbits (see [1], [9], [10], [26], [27]). Here, we review some basic
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symplectic linear algebra as well symplectic normal form for quadratic
Hamiltonians.

In Section 3, we show that under hypotheses (H1) and (H2) below,
there exists a convergent joint quantum Birkhoff normal form (Theorem
3) for the quantum integrals Py, ..., P,_1 (see also [6], [24]). To state
these hypotheses, we introduce some notation here: Let (s,0,y,7) de-
note the Birkhoff normal coordinates near -y (see Section 2), where, in
particular, o = y = = 0 along 7. Let I, I°* denote the respective real
and complex hyperbolic classical actions associated with the Poincaré
mapping P, (see Section 2). We will assume that:

Vpo Vnpo Vrenpo Ven Po
(H1) det : . . . £ 0

Vopn—1 V[hpn—l V[g;pn—l V[;fnpn—l
when 0 =y =n =0, and also,

(H2) The geodesics v;; j = 1,...,k are forward limit sets for the
bicharacteristics of the Hamilton vector field, =g, on the variety, Xg.
That is, for any (z,£) € Zp, there is a y; with 1 < j < k such that
expt=g(x,&) = v; as t — oo.

The proof of Theorem 3 will hinge on establishing a convergent clas-
sical Birkhoff normal form near each of the ;’s (Theorem 2). This will
follow from a result of Ito [13] (see also Vey [23] and Eliasson [7]) on the
convergence of classical Birkhoff normal form near a critical point, to-
gether with a result of Francoise-Guillemin [9] (see also Guillemin [10])
relating the symplectic data associated with the Poincaré cross section
to the contact geometry of the mapping cylinder.

In Section 4, we work out the example of the quantized Euler top
in detail and show that Theorem 1 applies in this case. We should
point out that our results apply in many examples, including Liouville
tori, Clebsch-Gordon spinning tops and geodesic flow on quadrics among
others. The analogue of Theorem 1 also applies in inhomogeneous ex-
amples such as Neumann oscillators, Lagrange and Kowalevsky tops
among others. We hope to return to this elsewhere.

Section 5 is concerned with time asymptotics of the classical geodesic
flow. This will play a crucial role in the microlocalization problem in
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the next section.

In Section 6, we carry out the necessary microlocalization near the
~vj’s to enable us to use the quantum Birkhoff normal form construction
described in Section 3. The microlocalization is accomplished by first
establishing an a priori mass estimate near the level variety ¥z (Lemma
3), and then applying the semiclassical Egorov Theorem. It is in this
last step that the time asymptotics of Section 5 enters in a pivotal way.

One is then faced with the problem of explicitly estimating the semi-
classical expected values of various model distributions which arise in
the Birkhoff construction. This, we do in Section 7, where we treat the
real hyperbolic case (see also [6]), and Section 8, where the estimates
for the complex hyperbolic case are given.

Finally, in Section 9, we prove Theorem 1 below:

Theorem 1. Let Py, ..., P,_1 be a real-analytic quantum integrable
system on a compact, real-analytic Riemannian manifold, M, with Py
given above. Let Xg be a fized level set

{(xag) € T*M7p0(x7€) - EO = e = pn—l(xag) - En—l = 0}7

and let v1,....,vx C Xg be k non-degenerate, unstable, periodic geodesics

for the metric form po(z,&) = /g9 (2)€&;. Assume moreover, that
hypotheses (H1) and (H2) are satisfied and that, for convenience, the

periods are normalized to be 2r. Then, given h™' € Spec (Fy), Vi, an
L?-normalized joint eigenfunction satisfying

hPyip; = Egtp; + O(h)e;

and any q € C(T*M), there exist non-negative real numbers oy, ..., o

with
k
D =1
j=1

such that,

k 27
Opn(@)$5,97) = 211 Y g /0 gy (0)dt + O(|log h1/2).

j=1

Remarks. 1) It follows from Theorem 1 that in many integrable
examples including Euler tops and geodesic flow on quadrics, one can
find unstable periodic bicharacteristics that support eigenfunction mass
(see Section 5). However, if the singularities of the level variety are
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more complicated than those permitted in hypotheses (H1) and (H2),
it is unclear whether this accumulation phenomenon persists. This is a
very interesting question which we hope to address elsewhere.

2) Although we have stated Theorem 1 for periodic orbits, the result
holds equally well when the limit sets are points.
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2. Some symplectic geometry

It will be useful to review some symplectic geometry here which will
be used in the implementation of Birkhoff normal form. The treat-
ment here will be rather brief; we refer the reader to Guillemin [10] and
Zelditch [26], [27] for further details. In the first part, we will follow
quite closely the exposition in [27] Section 1.

Let (M",g) be a compact, Riemannian manifold and + a closed
geodesic of g. In the case of such a metric form, there is a rather
explicit recipe for putting H = /g%¢&;¢; into Birkhoff normal form in
a tubular neighbourhood of . To describe this procedure, following
Zelditch [27, Section 1.1] we denote the space of real orthogonal Jacobi
fields along v by ._7%. Then, Y € ._7% if and only if|

0 D? d d
2 2 yvy= Zy Zyv)Z o
@) g(as’ ) =0and ds? +R(83’ ) Js 0

There is a natural symplectic structure on ._7AYL given by

(3) wX,Y) =g (X, %Y) —g (%X, Y) .

The linearized Poincaré map P, is just the symplectic mapping on
(J,f,w) defined by P,Y (t) := Y (¢t + L), where L, denotes the length
of v. By complexification, we get an induced complex linear map,
P$ € Sp(J v x C,we). Since it is symplectic (see [1]), its eigenvalues
occur either as complex conjugates on the unit circle (i.e., the elliptic
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subspace), real pairs A, A" A € R (i.e., the real hyperbolic subspace),
or complex quadruples of the form p, p~1, 7,571 |p| # 1 (i-e., the lozo-
dromic subspace). We will henceforth make the usual non-degeneracy
assumption on +; that is,

(4) pit o =1 = m; =0 (Vi,m; € N).

Since (4) implies that the eigenvalues are in particular, simple, there
exists a decomposition:

(5) TL =70+ "+ g,

where, J7, ._741, jjh denote the elliptic, real hyperbolic and complex hy-
perbolic subspaces. Here, J is characterized by the condition:

o cosa  sino
P’Y‘Je = : )
g —sina  coso

for some « € R — 0. The real hyperbolic subspace ._741 is defined by the

condition that
p 0
P’Y‘Jf = ( 0 p—l )a

for some p € R. Finally, the loxodromic subspace ._770’1 is a four-
dimensional real symplectic subspace

TN = TN () + T,

where p = e#*% ¢ C — R with p,v € R, and

cosv  sinv
P. hey =e H ) .
7\35 (0) —siny cosv

Following Zelditch [26], [27], we say that the geodesic 7y has type (p, ¢, ¢)
if it has p pairs of stable eigenvalues, {€‘®, =@}, ¢ pairs of real inverse
eigenvalues, {e*,e™} and ¢ quadruples of totally complex eigenvalues,
{eTHE¥}  Before stating the variant of the classical Birkhoff normal
form about <, we recall certain salient facts about the symplectic geom-
etry of quadratic Hamiltonians (see [1] and [27] Section 1.1 c).

Let (R?",w) be the symplectic vector space with symplectic coordi-
nates z = (1, T9, ..., Tn, &1, .., &n) and symplectic form w = 2?21 dzj A
d¢;. A quadratic Hamiltonian is by definition, of the form:

(6) H(xz,&) = (Az,2) = w(JAz 2),



INTEGRABLE METRIC FORMS

0 Id
—Id 0
spectrum decomposes into purely imaginary pairs (ic, —icr) (the elliptic
set), real pairs (A, —\) and complex quadruples (+p+iv). By a theorem
of Williamson, one can characterize the normal form of the functions
H(x,&) up to symplectic equivalence (see [1]). The general case is rather
complicated to state since it involves the Jordan normal form of J A, but
under the nondegeneracy assumption (4), this result says that there exist
symplectic coordinates (Y1, ..., Yn, 71, -, ) in terms of which,

where, J = ( ) . Since JA is a 2n x 2n symplectic matrix, its

p pt+aq+1
h
Z (5, 1;) Z 13 (yj,m5)
(7) ptq+2c+2
+ Z yjayj-‘y-lan])n]"rl)
Jj=p+q+2

The classical action operators I¢, I”, I¢" are given by:

Jrrjrtyg
e 1 2 2
(8) I; (yjsmy) = 5%’(%’ + 77j)a
9) IMy;,m5) = Ayjmy,

I (5, i1, Mg Mi+1) =pdysms + Yj41mj+1)

(10)
+ v(Ynit1 — Yj+10;)-

The corresponding h-Weyl quantizations, which we will refer to as the
“model operators” are then just

.1
(11) I§ = §aj(ﬁ2D§j +47),

- 1
(12) I} = SA(Dy; + hy;Dy,),

|
(13) I = R Dr; + WD) + vhDy,.
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Here, we have used (r;,60;) to denote polar variables in the (y;,yj+1)
plane. It will also be convenient to introduce the following notation:

N 1 ok
(14) [fge = Guh(riDr; + Dyyrj) and Iff, = vhDy,.
Finally, (see also [27]) note that, if one extends the classical action
functions I¢, I", I* to T*C" in the natural way, each of them may be
written in the form

(15) I{z,{) = Rsz(

for s € C and (z, () symplectically dual complex linear coordinates. In
the elliptic case, 2 = y1 + 4m,{ = y1 — 1,8 = «, in the hyperbolic
case z = y1,{ = 11,8 = X and, in the loxodromic case, s = py + v,z =
Y1 +1y2,C = 1m1 — i72.

3. Birkhoff normal form

In the course of the proof of Theorem 1, we will have to estab-
lish the existence of a sequence of joint eigenfunctions +; which are
microlocally of a specific form when expressed in terms of the model
eigenfunctions (see Proposition 5). This will be done by establishing a
convergent, joint, semiclassical quantum Birkhoff normal form (QBNF)
for the first-order operators Py, ..., P,_1 under the hypotheses (H1) and
(H2). We should point out that a similar normal form has recently been
obtained by San Vu Ngoc [24], [25]. However, our normal form holds in
a neighbourhood of a closed geodesic, and since we use a classical result
of Tto[13], the integrals in involution py,..,pp—1 can have degenerate be-
haviour along 7, provided (H2) is satisfied and all integrals are taken
to be real-analytic. In this section, it will be convenient to work with
the operators Hy = APy — Fy,...,H,_1 = hFP,_1 — E,_; rather than
Py, ..., F,_1. When there the context is clear, we shall also denote the
respective semiclassical principal symbols by Hy,..., H,—1. The start-
ing point here is the existence of a convergent classical Birkhoff normal
form (CBNF) which is valid in a sufficiently small tubular neighbour-
hood €2 x 7 of the geodesic, . This result will follow from a theorem of
Francoise and Guillemin [9](see also Guillemin [10]) together with a re-
sult of Tto [13] on the convergence of canonical Birkhoff transformation
around a fixed point in the real-analytic, integrable case. With regards
to the last result, we should also point out that related results have been



INTEGRABLE METRIC FORMS

proved in the analytic case by Russman [15], Vey [23] and in the C'™
setting by Eliasson [7].

Theorem 2. Let Hy, Hy,..., H,_1 be real-analytic integrals in in-
volution and v be a closed, non-degenerate unstable geodesic for py =
g9¢&&;. Then, for j =0,1,...,n — 1, there ezists a neighbourhood of the
origin U € R*, f; € C¥(U), and a real-analytic symplectic diffeomor-
phism k1 Q x v —= Qg x S such that:

K*Hj = fi(o, T, I,

Here, to simplify notation, we have written I" = (I}, ...,I,’;) and Ih =
(Igff_l, ---ngicﬂ)- The induced symplectic, modified Fermi coordinates
(see [27]) on Qo x St will be denoted by (s,0,y,7n).

Proof. We fix an unstable geodesic «y; and to simplify the writing
somewhat, we will drop the subscript j in the following. Let

M ={ze€T*"M; Hy(z) =0}

and take as our contact form, «, the restriction to M of the canonical
one-form Zj §jdxj on T*M — 0. Let W C M be an open submanifold
that is transversal to the flow expt=p, at pg € v. Then, there exists an
open submanifold Wy C W such that:

(16) [ (Wo,po) — (W, po).

Here, f is the Poincaré map corresponding to the flow exptEg,. By a
well-known result of Poincaré ([9], [10]),

(17) [fa—a=de,

where ¢ denotes the “first return time” function. In particular, f is
symplectic with respect to the symplectic form w = da, with an unstable
fixed point at pg. Let + : W — M denote the inclusion map. Then,
since {H;, H;} = 0, it follows that:

(18) Hi(f(2)) = Hi(2)

for all z € W and k = 1,...,n — 1. Since pg is a non-resonant fixed
point of f, by a theorem of Ito [13], there exists a convergent, real-
analytic, canonical mapping ¢ : (Wy, Q) — (W, Q) under which, the
Poincaré mapping, f, is put into classical Birkhoff normal form. A

335



336 JOHN A. TOTH

precise statement of this theorem is most easily given by complexifying
the Hamiltonian, Hy, as well as W and then imposing a reality condition
[13]. Denote the complex, canonical coordinates on W< by (z,¢) and
the holomorphic continuation of f(y,7n) by f(z,(). Then, the above
result of Tto says that there exist a function, H{(w), holomorphic in
the variables wg = 2p(o, ..., wn—1 = 2p—1{n—1, and a complex, canonical
mapping ¢ : (WE, Q%) — (W, QF), such that

(19) ¢S (2,0) = (zexp(9,H), C exp(—d,H)).

The identity in (19) implies that there is a corresponding convergent
real Birkhoff normal form for f(y,n). However, to state this one must
decompose W into hyperbolic and loxodromic blocks (see Section 2): If
(y1,m) denotes symplectic dual coordinates on a hyperbolic block, (19)
implies that there exists a real-analytic, canonical map ¢ acting on this
block, with the property that:

_ - eXp(a hH) 0 Y1
¢hf¢h1(y17771) - ( OI exp(_ath) ) ( ™ )7

where, H = H(I" I I¢h). Tinally, when the symplectic 4-plane
(y1,y2,M,72) is loxodromic, there exists ¢, such that:

benf b (15 Y2, 11, 12)

e Pcosy e Hsinv 0 0 Y1
| —e7Hsiny e Hcosv 0 0 Y2
N 0 0 e cosv  efsinv m
0 0 —efsiny e cosv 7o
Here, we have written, y = 0;cn H and v = —0;cn H. Now, define
Re Im
(20) (I Iy, Ii) = 7(0) + H(I", I, Ify,).

The function 7 plays an important role in determining the contact
manifold (M, «) from the symplectic data (W, €, f). Namely, recall
that by a theorem of Guillemin-Francoise [9], [10], there exists a contact
isomorphism mapping (M, «) onto (R*” x S!, ag), where,

(21) ap = 7(I)ds + ndy.
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Here, we have denoted the angle variable on S! by 27s and, by a slight
abuse of notation, I = (I", I*). Note that, following the usual conven-
tion, we will also denote the action variables near regular Lagrangian
tori by I = (I,...,I,) and so, the two cases should not be confused.
Following Guillemin ([10, Section 2]), one can show that there exists an
extension (by homogeneity) of this contact isomorphism to a locally-
defined canonical mapping

Pl Qx oy — Qp x St
such that,
(22) Y'a =ndy + 1ds
and
(23) 9" Ho = Jo(I", I, Tip,0) = 0 + A" + pIf + vIfy, + O(|T1).

This completes the first part of the proposition.

To show that Hig:k = 1,...,n — 1 must simultaneously also be in
normal form, we simply use the analyticity of the Hy’s together with fact
that {Ho, H,} = 0. Since T*R" x T*S! — 0 splits into complementary
symplectic subspaces corresponding to the action functions I, I¢" it
suffices to assume that (y,7n) corresponds to a single summand. To
begin, we assume that this summand is real-hyperbolic. Then, since Hy
is assumed to be analytic, make a power series development for Hy up
to total order 2 in (y,7,0) and denote the resulting polynomial by H7.
Therefore, H*H,% equals

fo(s)o + fuls)y + fa(s)n + fa(s)yn + fa(s)y®

29 +f5(s)0” + fo(s)yo + fr(s)no + fs(s)o”.

As a consequence of the error term O(y?n?) in (23), it follows that:

(25) {o +Myn, H(s,0,y,1m)} = 0.

By matching the different coefficients of the various monomials in y, 7, o,
we get:

dsfo(s) =0 0sf1(s) + Afi(s) =0 Osf2 — Afa(s) =0
Oufs = 0 Oufa(5) + 2Ma(5) =0 Oyf5 — 22 f5(s) = 0
0

1
Osfe(s) + Afs(s) = Osf7(s) — Afz(s) =0,

337



338 JOHN A. TOTH

and 0, fs(s) = 0. However, all the f;’s are required to be 27-periodic
functions in the s variable and so, this forces fo = const., f1 =0, fo =
0, fs = const., fy = f5 = fo = fr = 0, fs = const.. Therefore, H,? is
resonant.

We now repeat the above argument and apply induction: To simplify
the writing, we denote the maximum total order of a polynomial in the
variables (o,y,n) by ord. Since {Hy, Hy — H7} = 0, it follows that:

{0+ yn, Hy — Hi} +{e(y,n,0), Hy — Hi} = 0.
Now,
ord{e(y,n,0), H, — H{} > 5 and ord{o + \yn, Hj + H} + ...} > 5.
Therefore, since
ord{c + \yn, Hy + H{} < 4,

it follows that:
{0+ yn, H} + H}} = 0.

Finally, repeat the above argument with H ,3 replaced by H ,g’ + H/,;L and
apply induction.

Suppose now that the summand is complex hyperbolic and denote
the symplectic coordinates corresponding to the summand in question
by (y1,y2,m1,72). By introducing the complex variables z = y; + iy
and np = 11 — 119, we can write

1 1
I = 5 (21 +77) and Ifh, = 5 (7 = 21).
Repeating the argument for the real-hyperbolic case, we write

K*HE = Z faprs(s,0)2°Z 7.
a+B+y+6<2

One readily shows as in (25) that fug,6 = 0 provided either a # v or
B # 6 and moreover, fog03 = fapas(c). The general case follows by
applying the above argument successively to each summand. q.e.d.

Given hypothesis (H1), it follows by the Inverse Function Theorem
that locally near 0 =y =1n =0,
g :g()(H(), ceay Hn—l)y I{l = g1 (H(), seey Hn—l)a vaey Ilcﬁn,n—l

(26)
:gn—l(HOa e Hn—l)
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where, for j = 0,1,...,n—1, g; are locally-defined, real-analytic functions
with g;(0,...,0) = 0. Let 1 X 71, ..., Q X % denote tubular neighbour-
hoods of the geodesics, 71, ..., v respectively, Moreover, we assume that
they are sufficiently small, so the identity (26) holds and the CBNF
in Theorem 2 is valid in these neighbourhoods. Let x1,..., xx denote
cutoff functions supported in Q1 X ~y,...,Q; X v respectively. In the
following, for notational simplicity, we assume that the Maslov indices
m(y);l = 1,...k are all zero. Otherwise, the exponentials ¢ in the
Fourier series expansions below are to be replaced by e“”"’#—))s .

are now in a position to prove the quantum analogue of Theorem 2:

Theorem 3. Suppose hypothesis (H1) is satisfied. Then, for j =
0,...,n—1andl =1,...,k, there exist a microlocally unitary h-Fourier
integral operator, Fj : C§°(y x v) — C§(Q x SY), and a locally
analytic symbol gé(xl, Ty h) ~ D gék(xl, ey T )BF such that,

(&

Ixt(Figj(Ho. ... Hn—1: W F ! = Q)| = O(7).
Here Q1 = —ihds and

Q:{ " (y;, hDy,) 2<j<q+1,
! ICh(ijhDyj) q+2§J§CZ+20+27

where, 1", 1" are the microlocal action operators given in (11)-(18) and
g+2c+2=n—1.

Proof. For simplicity, we denote microlocal equivalence on €2 by =q
and will use h-Weyl quantizations since we need only work microlocally
near a fixed . To simplify the writing we will drop the index [. The
ansatz is a variant of that given in [6] (see also [24]) with some modifi-
cations. To simplify the writing somewhat, we first assume that there
exist two commuting operators Q1 = —ihds and Q2 = —i%(y9, — d,y)
corresponding to a single real hyperbolic summand. Then, by the CBNF
result above together with the semiclassical Egorov theorem, there exists
a microlocally unitary h-Fourier integral operator, Fy, with the property
that:

(27) Fogi(Ho, Hi)Fy'' =q —ihds + hRy,

h
(28) FOQQ(H07H1)F0_1 = —i—(y0y — 0yy) + hRy,
2
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where, R; € Opp(S%~°) for j = 1,2. The proof proceeds by an induc-
tive argument: Define

Fip1 := Fp(Id + F*V)

with Vi, € Opp(S%~) for k& > 0. Here, we say that a(s,o,y,n;h) €
C®(R" x SY) is in S™F(R? x S1) if

920 a(s,0,y,m W] < Cagh™ (1 + Jyl + ] + [o]/F1eI=17),

and A denotes the corresponding i-Weyl quantization. Suppose that
gk,; and Fy have been constructed so that

(29) Fygr,j(Ho, His ) Fy ' =q Qj + B¥ Ry j,
(30) Fp — Fr_y = O(1"),
(31) Gk — Gr—1; = O(RF1).

Then, the (k + 1) — st step involves constructing a pseudodifferential
operator, Vi, € Opp(S%~>), and symbols, gy.14;7 = 1,2, with the
property that:

Fytgug1,(Ho, His ) Fryy =g —ihds + RFT Ry .

Let rg ; be the semiclassical principal symbol of Ry, ;. By Theorem 2,
there exist real analytic functions ey ;(o,y,n) such that:

Teg ek =D | Dy (myno” | €
(32) n#0 \a.5

+ D Oy’
v,0# 3

Assume now that the k-th step of the induction has been verified. Define
(33) k1, (Ho, His B) = gi j(Ho, Hys h) — WFep j(H1, Hy).

Then, by the symbolic calculus,

(34) Py gk (Ho, His ) Frgq = Qg + B Sk j + W Ry,

where, sj, ; = 1}, ; — eg ; — {gj, v }. Therefore, we must solve the system
of homological equations:

(35) —Tp1 +ep1 = O,
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(36) —Tpo+tepo = (yay — nan)vk.

To see that this system can be locally solved for vg, simply note that
since [Hy, H1] = 0, it follows from the symbolic calculus that:

(37) (yOy — n0y) Tk — ex1) = Os(Th2 — €r2).

Written out explicitly, this consistency condition is:

D) | D gy n’o” | e

n#0 afy
(39) = > 0=y’
¥,000
2| D camla— By nloT | e
kA0 \afy

Comparing coefficients of the Fourier series in (38) yields

(39) 0557(0) =0 and (a— ﬁ)c}lm(n) = incim(n)

for all n # 0. Since 74,1 — e, has no zeroth Fourier coefficient and by
(39), ciav(n) = 0 for all n # 0, it follows that 72 — ey 2 contains no
resonant terms of the form y®n®. Thus the systems in (35) and (36)
can indeed be solved by Fourier series, and the inductive step has been
proved.

Suppose now that we are in the loxodromic case. Consequently,
we now assume that there are three commuting operators Hy, Hi, Ho
corresponding to a single complex hyperbolic summand with model op-
erators:

Q1 = —ihds, Qo = I§, Qs = Il
Note that, if we introduce the complex variables z = y; 4+ iys and n =
m — ’i772, then

1
Te = (20 +77),
(40)

1
Ilcﬁn 25('277 - 2’77)7

and the corresponding Hamilton vector fields are E%he = R(20, — n0y)
and Ef’;n = —i3(20, — n0y). Now, just as in the real hyperbolic case
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above, we make Fourier series decompositions in s in all symbols and
replace the coordinates y1,y2, 71,72 with z,%Z,n,7. The consistency re-
lations analogous to (37) are:

(41) Os(rok — e2) = —i(20, — 00y — 207 + M) (r1,6 — €1,k),
(42) Js (TS,k - 63,k) = (20, — noy + Z0z — ﬁaﬁ) (Tl,k - el,k)a

— (20, — 00y — Z0z +N0y) (136 — €3.1)

(43) o
= (Zaz - 77877 + ZaE - naﬁ) (T2;k - 62,]9)-

The relevant system of equations for vy, is:

(44) Osvp, = =T + €x 1,
(45) (20, — N0y + 20z —NO7)vp = —T2 + €2,
(46) —i(20; — 00y — Z0z + NOp)vg = —Tk 3 + €k 3.

Note that the Hamilton vector fields E%he and Ef’;n preserve monomials
of the form

Cop gvzo‘iﬁ nwﬁé.

In fact, a direct computation gives:

(47) ER (2 T) = (a — v+ B - 8)(ZnT),

18)  EhEF0T) =il -y - B+ )ET )

The first two consistency equations (41) and (42) ensure that the nonzero
Fourier coefficients in the expansion of —ry 5 +e; 2 and —ry 3 + ¢ 3 do
not contain resonant terms of the form 2*z%777°, where a—y+8—0 = 0
and o — 7y — 3+ = 0 respectively. Thus, the system of equations (44)-
(46) can be solved in the case of non-zero Fourier coefficients. Note that
equations (41) and (42) also imply that the zeroth Fourier coefficient of
—7},1 + ek, can only contain terms of the form 227877’ where both
equations a—y+5—0 = 0 and a—~vy— G4 = 0 are satisfied. Therefore,
the zeroth Fourier coefficient of —ry 1 +e;, 1 is a sum of terms of the form

(49) ca/@,ﬁzanO‘?ﬁﬁﬁa”.
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However, by (40), zn = I +iI¢" and z = I, — iI$" and so, by
Theorem 2, we can choose e ;(Hy, H, H2) to ensure that no terms of
the form (49) appear in the zeroth Fourier coefficient of —rj, 1+e4,1. The
arguments for the other terms —ry o + ey 9 and —r3 + €5, 3 are similar
and finally, the general case follows by repeating the above arguments
for all the real and complex hyperbolic summands. Clearly, the above
argument can also be carried out for elliptic summands, but this will
not concern us here. q.e.d.

4. An example

In [21], we showed that the geodesic corresponding to rotation about
the middle-length inertial axis supports eigenfunction mass by explicit
separation of variables and an analysis of the resulting special functions.
The purpose of this section is to show that [21] emerges simply as a
special case of Theorem 1.

Recall, the Fuler top is governed by a left-invariant Hamiltonian on
T*SO(3) associated with a rigid body with distinct moments of inertia
0 < a; < ag < ag (see [1]). Let Ey, E9, F3 denote the standard basis of
the Lie algebra so(3) corresponding to the vectors ey, es, e3 in R*. The
associated left-invariant vector fields, Ly, Ly, L3 are defined by

L)) = 4w exp tB:) Yo,
One immediately verifies the commutation relations,
(50) [L1, L] = L3, [L2, L3) = Ly, [Ls, Li] = Ly.
Let e = (0,0,1) € R? and for z € SO(3), define
(51) ai(x) = (zei, e).

The quantum Fuler top is governed by the partial differential operators:
3 3
3
(52) P() == ZO(]‘L?, P1 == Zj:l ?, P2 == ZqJ'Lj.

Note that the pairwise commutators [P;, P;] all vanish for ¢,5 = 0,1,2
and the quantum Hamiltonian is the left-invariant Laplacian, Fy, on
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SO(3). We denote the principal symbols of the operators Ly, Ly, L3 by
1,10, 13 respectively. In this case, the classical Euler equations are:

dly dl dls

(53) T =(a3 — ag)lals, i (o — az)lils, i (ao — aq)lylo,
(54) % =asl3qs — anlags, % = a1l1g2 — a3lsqn,

das =alaqr — arligo.

di

Consider the following parametrized submanifold of 7*SO(3):

I'(t) = {(1(t),a(t)); ¢ (t) = cos aat, g3(t) = sin aat,
QQ(t) == ll(t) = lg(t) = 0,12(15) = 1}.
Since we will eventually need to compute Poincaré maps, we write down

the first variation of the Euler system in (53) and (54) along T'(¢). In
particular,

(55)

dély dély —  dély

(56) W = (043 — 062)(513, dt = 0, dt = (042 — 061)(511,
dd

(57) d—;]? = 16l sin ant — a3dls cos ant.

Therefore, from (56) and (57) it follows that the map P, := dexp TE,,
restricted to the span of I1(t),12(¢),l3(£), q2(t), 611 (¢), 012 (%), 6l3(t), dqa(¥)
where T' = 27 /a, is of the form:

TA
ﬂz(% %)
Hence, P, has 1 as a double eigenvalue and the other eigenvalues A
are determined by solving the characteristic equation
(58) det(eT4) — trace(eT)A + A2 = 0.
However, since

TA— B 0 omay t(az — ) 7
2ray (o — o) 0

it follows that det(e”) =1 and that

(59) trace(eT4) =2 i v’
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where, © = 412a5 % (a3 — a)(ag — a1). Therefore,

A =cosh (\/2m51(a3 —ag)(ae — a1)>

Thus, the eigenvalues of P, are of the form 1,1, A, A~ where ) is given
by (60). Tt turns out that the degenerate subspace corresponding to 1,1
can be dispensed with by performing reduction: Recall, the set

61)  Oo={(q,0);q7 + 5+ = Lils + qolo + g3ls = 0} = T*S°

can be naturally identified with the null orbit of the left action of SO(2)
on SO(3), where we consider SO(2) C SO(3) as an upper 2 X 2 sub-
matrix. It is clear that the submanifold, I'(¢) descends to a periodic
geodesic, (t), in the reduced system, where the reduced Hamiltonian
H = p; and the integral in involution ps are given by the expressions:

(62)  p1=as(z1& — 226)° + o(21&3 — 2361)° + a1 (3382 — 1263),
(63)  po =(z1& — 22&1)” + (21& — 23&1)7 + (3382 — 2283)°

Here, we identify 7*S? with the set of points
{(:E,f) € R6; \x! =1,21& + 262 + 33 = 0}.

It is not hard to see that [20], [21] the corresponding quantum Hamil-
tonian, Py, is a second order, elliptic partial differential operator that
is the radial part of a left-invariant Laplacian on SO(3). The quantum
commutant is just the standard constant curvature Laplacian on S?
that is, P» = —A. Without loss of generality, we suppose as = 1 and
consider the level set,

(64) Y= {(x,f) € T*Sg§p1(x7€) —-1= pg(x,f) —1= 0}‘

Lemma 1. The curve,

v() = {z2(t) = La(t) = 0,21(f) = —£3(t) = cost,
z3(t) =&1(t) = —sint;0 < ¢ < 27}

is a joint geodesic of p1,p2 which is real-hyperbolic for py and satisfies
the hypotheses of Theorem 1.
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Proof. The result follows from the computations in (58)-(60), tak-
ing into account that the 1,1 subspace disappears upon reduction. In
particular, the eigenvalues of the Poincaré map of p; are A, \™', where
A is given in (60). As far as po is concerned, it is just the unit constant
curvature metric form on S? and so, its Poincaré map has eigenvalues
1,1. The end result is that in terms of modified Fermi coordinates

(y7 777 87 0—)7

(65) pr—1=o0+Ayn+ ..,
(

66) pp—l=0c+yn+ ..,

where, the dots indicate terms which are of total order at least three in
(y,7m,0). Therefore, when y =n =0 =0,

Vep1 Vgt
det 7 v =1-X#£0.
( Vb2 Vy77p2 7
Thus, hypothesis (H1) is verified. Finally, it is not difficult to show that
(H2) is also satisfied by constructing the action-angle variables explicitly

(see [21]). The lemma follows. q.e.d.

By a similar argument, it can be shown that the middle-length axial
ellipse on a triaxial ellipsoid also satisfies the hypotheses of Theorem
1. Also, one can generalize the argument above to higher dimensions;
i.e., to SO(n) for arbitrary n and get many examples of unstable orbits
that satisfy the hypotheses of Theorem 1. In fact, even inhomogeneous
examples such as the quantum Lagrange top fall under this rubric. Note
that, when the angular momentum of the Lagrange top is below a certain
threshold, the periodic geodesic in T*SO(3) corresponding to simple
nutation turns out to be complex hyperbolic (see [7]). One can show
that Theorem 1 also applies in this case. We hope to return to some of
these examples elsewhere.

5. Asymptotic properties of the classical flow
Let M™ be a compact, Riemannian manifold and

po(x,&) = /99 (x)&i&;

be the Hamiltonian function for geodesic flow. Suppose there exist C'*
functions p1, ..., p,—1 with the property that:



INTEGRABLE METRIC FORMS 347

for all k,1 = 0,1,....,n — 1. Assume moreover, that the differentials
dpg, ..., dp,—1 are linearly independent almost everywhere with respect
to Liouville measure on T*M. In equation (67), the Poisson bracket is
taken with respect to the canonical symplectic form on T* M. By a theo-
rem of Arnol’d, for regular energy levels Fy, ..., F/,_1, there exist canoni-
cal coordinates (I, ..., I,, 01, ..., 0, ) (action-angle coordinates) near each
connected component of g = {(z,&) € T*"M;po(z,&) — E, = ... =
Pn—1(z,&) — E, = 0}. Moreover, each component is an n-dimensional
torus and locally H = H(I1,...,I;). Thus, in terms of (I,#), the equa-
tions for the geodesic flow on Xy are given by:

de B
(68) pr
do; OH
(69) d 9l

In particular, the conditionally periodic flow on such a torus in linearized
in the coordinates (I,6). However, generically there exist exceptional
level varieties, X, which are singular. Moreover, there are no action-
angle variables near > and thus, the classical flow exp tZp is much more
complicated. These singular varieties are precisely the objects of interest
here.

Let v1U...Uy; be a collection of k, non-degenerate, unstable, periodic
geodesics all contained in the level variety

Yg={(z¢) € T"M;po(,&) — Eg = ... = pp_1(x,§) — By = 0}.

Note that, by homogeneity considerations, there is no loss of generality
in taking Fy = 1. Recall, 1 X v, ..., 2, X 7 are arbitrarily small,
but fixed tubular neighbourhoods of the geodesics vy, ..., i respectively.
Our objective here is to discuss a simple criterion for analyzing the long-
time flow on Xg and to give a sufficient condition to determine when
hypothesis (H2) is satisfied:

Lemma 2. Let Uy,..,Uy,, be the connected components of the com-
plement, i — U;8Y; X ;, where for each 3;1 < j < k, vy s an unsta-
ble, nondegenerate periodic geodesic. Suppose that there exist symplec-

(k) (k

tic Darboux coordinates (zy ', ..., Ty )7€§k)7 e 55{“)) in a neighbourhood of
each component, Uy, and that H|y, = H(fgk), ...,£§Lk)) in this neighbour-
hood with V¢ H # 0. Then, for each z € X there exists some vy; such
that:

expt=Zp(z) = v; as t — .
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Thus, in particular, (H2) is satisfied.

Proof. Without loss of generality, we assume that there is a single
connected component, Uy, and will drop the superscript in the Darboux
coordinates. By the Smale theorem, there exist transversal, open man-
ifolds Ws(y1), W, (1) defined near «; such that Wi(y1) N Wy(y1) =
vj- Moreover, W, and W, are both invariant under the flow with
exptZ2g(z) — 71 for z € Wy (resp. W,) when t — oo (resp. —o0).
It is not hard to show that W, and W, are both Lagrangian mani-
folds where for each m € 1, T, (Ws) (resp. Tyn(W,)) is the sum of
eigenspaces of P, corresponding to eigenvalues of modulus < 1 (resp.
> 1). Ws(y1) and Wy (y1) are commonly referred to as the respective
stable and unstable manifolds of -+, where,

(70) le%ﬂEE:le%ﬂ(WsUWu).

Suppose now that the lemma is false; that is, there exists z € Xg
such that exptZp(z) does not converge to the geodesic y1. We now
show that this leads to a contradiction by constructing a very simple
Liapunov function on the complement U;: Indeed, consider the function

(71) 9(z,§) = 1.

By assumption, g(z,&) is a well-defined, smooth function on Uy, with
the property that:

(72) (9. H(O)} = gg 40

on U;. To simplify the notation a little bit, we will denote the flow
expt=Zy simply by ¢;. Fix 2 € U; and consider the integral,

tq
(73) 0= [ 4ia)s
Clearly,
t
(74) Ii(2) :/O{g,H}(expsEH(z))ds.

Since we are assuming the flow does not converge to a geodesic, it must
never reach a stable manifold, Wy(v;). As a consequence, the flow either
stays in the complement U or intersects the unstable manifold, W,,.
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Suppose that the latter scenario holds and that ¢7(z) € Wy(y;) for
some ;. Then, there exist constants c1,co > 0 such that:

d 5
%d(%‘, &e(2)) =1 = cleQm,

where d(,) denotes a distance function for some Riemannian metric
on T*M. Thus, for s > T, d(v;, ¢s(2)) > d(v;, ¢r(2)) and so, the flow
reenters the complement Uy. As a consequence, the function g continues
to be well-defined and in particular, (72) is satisfied. Therefore, it then
follows that for all £ > 0

OH [* OH
=—- /| ds=—"

%1 Jo 231
On the other hand, (73) together with the compactness of Yg implies
that:

(76) Ii(z) = glexp t2x(z)) — g(2) = O(1)

uniformly in z € Uy as ¢ — oo. Clearly, (76) contradicts (75) and the
lemma follows. q.e.d.

(75) L(2) ‘.

6. Microlocalization near v,

Let 1p; be an L2-normalized joint eigenfunction of hPy, ..., AP, _; cor-
responding to an eigenvalues A\j(h) = E; + o(1);5 = 0,..,n — 1 and
X(t1,.0tn) € CP(R™) a cutoff function which is identically 1 near
(0,...,0). As before, we will assume that 7,...,7x C Xg are unsta-
ble, nondegenerate, periodic bicharacteristics of H = py and that (H1)
and (H2) are satisfied. Our first objective here is to microlocalize the
analysis of expected values of the 9, to arbitrarily small tubular neigh-
bourhoods of the +;’s. To begin, we introduce the appropriate classes
of h-pseudodifferential operators: Let 2 C R” be an open set. We say
a{x,&;h) € Sg’k(ﬂ x R") if ¢ ~ B~™ Zj a;h?, where, for any a, 8 € N*,

(77) 050 a;(2,€)| < Cayp(1 + €)=,

As is customary, we will henceforth write () := /1 +|¢[?. The cor-
responding Kohn-Nirenberg A-pseudodifferential operators are defined
locally by:

(78)  Oppule) = (2nh)™" / eV g (1, € Byu(y)dyde.

349
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Such operators form a calculus, provided we work modulo operators in
Opp(S~°~%°). In particular,
Opn(Si™*) 0 Opa(Sty ™) € Opa(SH™ 1),
and there exists the usual composition formula for symbols: If
Opn(c) = Opr(a) o Opp(b),
then:

iB)lel
(79) (w61 ~ 3 I de ¢ menia, € 1),

ol
(6%

Without loss of generality, we will assume that the operators
hPy,...,hP,_1 are all in Oph(Sgl’l) and since we are interested in spectral
asymptotics, we will choose the artificial semiclassical parameter, 7, so
that A~! € Spec Py. Consider the cutoff function,

(80) xE(2,€) = x(po — Egy e Pu—1 — Fn_1) € 87,

First, to microlocalize the analysis to a neighbourhood Qg of X, we
consider the action of the operator Opp(xr) on the eigenfunctions ;.
When there is no risk of confusion, we will denote both the cutofl func-
tion and the associated operator by x.

Lemma 3. Let v; be an L?-normalized, joint eigenfunction satis-
Jying
(Ho—Xo)¢j = ... = (Hp—1 — A1)y =0,

where A\j(h) = Ej + o(1). Then,
11 = xB); = OF).
Proof.  Since

(hPo — Ao)ibj = ... = (BPn—1 — Ap—1)th; =0,

we can write,

(81) Pl =xg)¢; = [P, 1 — Xzl
where, for simplicity of notation, we have written

n—1

(82) Pi=) (WP = X)" - (WP = Xy).
7=0
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Note that the operator P is fi-elliptic on supp (1 — xg). Thus, if x is
a cutoff function which is identically 1 on supp xg (we will henceforth
use the notation xg < X%), by a parametrix construction in the cal-
culus, one can construct a symbol, r(z,&; k) € Sgl’_l depending locally
smoothly on (A1,...,A,), such that:

(83) (1 = XE)PR(1 — xp)¢; = (1 — Xg); + O(R™).
On the other hand, by the symbolic calculus,

i)l
o((P1 —xl) ~ 0 D ao(PIog (1~ xp)

(84) a
— 05 (1 = xE)0¢ o(P)).

Since for any |af > 1, 97 (1 — xg) = 0 on supp (1 — x), we have

(85) (X = XE) [P 1 = xg] | = O(R™).

Finally, note that the initial choice of the cutoff function xg was arbi-
trary. Therefore, by working with a cutoff x7, < xg instead of xg, the
result follows.  q.e.d.

Given a classical observable ¢ € C§°(T*M) as above, our aim is to
study the asmyptotics of the expected values (Q;, ;) of the associ-
ated quantum observable, Q) := Opg (q), where ¥ denotes a semiclas-
sical, anti-Wick (Friedrichs) quantization. The result of Theorem 1 is
independent of the particular anti-Wick quantization but, for the sake
of concreteness, we fix such a quantization once and for all as follows:
Given g € Cg°(T*M), we define:

Opl (q)u(x; B) =(2rh)~3"/2 /ei(¢(z,m,£)—¢(z,y,£))/ﬁ

(56)
~q(@, §)x(z — 2)x(x — y)u(y)dydzde,

where,

(37) $r,y,€) = exp7'(9) - € + 5 (o).

Here, exp,, : T, M — M is the geodesic exponential map for the metric
form ¢“¢;¢;, d(-,-) is the Riemann distance function and x is a cutoff
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function supported in a sufficiently small neighbourhood of 0. It is
readily shown that, given g = ¢(x,€) € C§°(T*M),

(88) Opf (q) = Opn(q) + Opn(r2),

where ro(z,y,&;h) € C3° and is O(h). The identity (88) is proved as
follows: Let x;;7 = 1,..., N be a partition of unity on M subordinate
to a covering by coordinate charts: By performing an iterated integral,
we get that Opf (q)(x;u)(z) equals:

(89) — (2nh)~3n/2 / ei(fc—y)ﬁ/ﬁ< / =)+ 9(2.2.8)~(zy 8]/
q(x, &) x(z — 2)x(z — y)dz> x;(y)dyd§
90 =an) ™ [ DGy, € ()dyds. + (2xh) "
- / Ty (51 € 1) () dyde.

Here, we have used the fact that, by definition (87), the phase in (89) is
non-degenerate in z and, as a consequence, 71 € C§° and ri(z,y,&; h) =
O(h). Finally, by making a Taylor expansion about = y in (90) and
an integration by parts:

(91) Opf (q) = Opn(q) + Opn(r2),

where, ro(z,y, & h) € C§° and o = O(h). As a consequence of the above
argument combined with Lemma 3, it follows that:

(92) 11 = Opy (xe)wsll = O(R>).

Henceforth, when there is no risk of confusion, we drop the superscript
¥ with the understanding that unless otherwise stated, anti-Wick quan-
tization is implied. Summing up, we so far have shown that:

(93) (QYj,95) = (xEQ;, 1)) + O(R™).

To refine the microlocalization in (93), we now introduce a few other
cutoff functions about the geodesics vx: Let d(,) denote a Riemannian
distance function on T*M. Consider the 1-parameter family of tubular
neighbourhoods of the form:

Q(r) ={(2,8) € T"M; d((x, &), v) < re},
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where, 7 € R and ¢ > 0 is a fixed constant. Let x} € C5°(Qx(2)) be
identically 1 in Q(1) and x19 € C§°(2%(13/8) — Q2 (11/8)) be identically
1in Qk(7/4) — Qr(5/4). Write

k k
(94)  (Quynhy) =D (xQuy, vy) + D (1= xh)Quy, ).
=1 =1

Now, if U(t) = exp(itFy), since ; is an eigenfunction of P, by the
unitarity of U(t) together with Lemma 3 it follows that:

(95) (1= xD)Quj, ) = (1 — X)) xeQuj, ;) + O(h™)

(96) = (U1~ X)xeQU(=t)j, ;) + O(h).
Then, by the semiclassical Egorov Theorem [14],
(U1 = XD)xeQU (=), ;)

= (Opn(exptZ; (1 = X)) xma)j, ¢5) + O(h).

Note that in Lemma 3, we can choose supp x arbitrarily small. Thus,
it follows from hypothesis (H2) that for 7 sufficiently small, there exists
T € R, such that for all{ =1, .., k,

(97)

(98) | supp(xla) D supp(exp T3 (1 — xh)xz4)-
=1

We can in fact assume that x%, = 1 on supp(exp T= (11— X))xrq). As
a consequence, we have proved

Proposition 1. Let 1; € C®(M) be an L?-normalized joint eigen-
function satisfying hPyip; = Ag(h)p; for k=0,...,n—1, where \p(h) =
E; + o(1). Then, for h sufficiently small,

k
Qb)) =D (X xeQj, ) + E(h) + O(h),
=1

where, |E(0)] < llalloe (Sho Ixiatsll).

To estimate the terms (x)xzQ;,%;) and E(h) appearing in Propo-
sition 1, we will need the microlocal Birkhoff normal form proved in






