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THE ISOPERIMETRIC PROFILE OF
HOMOGENEOUS RIEMANNIAN MANIFOLDS

CH. PITTET

Abstract

We compute, up to a multiplicative constant, the isoperimeric profile of
(non-compact) homogeneous Riemannian manifolds by constructing “ex-
plicit” exhaustions which give estimates for the distribution of the volume.
For those Riemannian manifolds only three very different isoperimetric pro-
files exist and the isoperimetric profile governs the asymptotic of the heat
kernel decay on the diagonal and vice-versa. By discretisation, the isoperi-
metric profiles of finitely generated discrete subgroups of Lie groups are also
computed.

1. Introduction

1.1 The classical isoperimetric profile

Let X be a complete Riemannian manifold and let 0 < ¢ < vol(X). The
isoperimetric profile of X is

Ix(t) = inf 1(0N2),

X( ) voll(I(!l):t vo ( )
where the infimum is taken over relatively compact domains  with
regular boundary 0Q2. Compare [5, pp. 140-143|, [16, 4.74]. With the
exception of the simply connected constant sectional curvature spaces
R™,S™, H™ where the infimum is realised by balls, the exact computation
of Ix(t) even for familiar Riemannian manifolds may be problematic.

For example, in the case of real projective spaces with the locally spher-
ical metric, the answer is known and proved only in dimension 2 and
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3 [5, p.141]. See [36], [35] for estimates in the case of periodic metrics
covering the torus.

1.2 Asymptotic invariants

At the beginning of the 80s, M. Gromov [20], [17] initiated the study
of non-bounded Riemannian manifolds and other metric spaces includ-
ing infinite finitely generated groups with word metrics, up to quasi-
isometry. The emphasis is then on the asymptotic invariants which
capture the large scale geometry of the space [22] and not on the local
structure of the space. For example, the universal cover of a compact
Riemannian manifold and its fundamental group with a word metric
are essentially viewed as the same object. On a finitely generated group
I' with finite symmetric generating set S, the discrete version of the
isoperimetric profile is

where the minimum is taken over subsets 2 of I' of cardinality n and
where

N={yeN:Ise S :yseT\ N2}

See [22] 0.5 and 5.E. From this unified viewpoint, the isoperimetric pro-
file becomes a computable asymptotic invariant -at least for homoge-
neous Riemannian manifolds and finitely generated discrete subgroups
of Lie groups; see Theorem 2.1, which is strongly related to the heat
kernel decay. On a finitely generated group I' with finite symmetric
generating set S, the discrete heat kernel is given by the probabilities

pn(z,y) = Z p(20,21)..-p(2n-1, 2n),

204001520

where the sum is taken over the n+ 1-uples of I" with 20 = x and 2z, = y,
and where p(z,y) = |S|71 if 271y € S and p(z,y) = 0 if this is not the
case.

1.3 Amenability according to Fglner and Kesten

In 1955 Fglner [14] proved that a finitely generated group I is non-
amenable if and only if for any finite symmetric generating set S there
exists an € > 0 such that

|00 > €|
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for all finite subsets 2 in I". In 1959 Kesten [29] proved that a finitely
generated group I is non-amenable if and only if for any finite symmetric
generating set S of I, there is a constant C > 0 such that

pnle,e) < C’exp(—%)

for all n € N. In 1968 Milnor [32] pointed out relations among the
curvature of a compact Riemannian manifold, the growth of its funda-
mental group and the decay of p,(e,e). The problem he raised at the
end of the paper, namely whether p, (e, e) has an exponential decay if I’
is the fundamental group of a compact negatively curved Riemannian
manifold, has a natural solution relying on the isoperimetric profile. In-
deed, let 2o be a base point in the universal cover X of X and consider
the unit vector field

Z(z) = grad(d(z, zo))

defined on X \ {zo} where d(z,z¢) is the distance between z and .
As the curvature of X is negative, it follows that there is an € > 0 such
that for all z € X\ {zo} we have

divZ(z) > e.

Let w be the volume form on X. If Q is a domain in X with regular
boundary 02, then the divergence version of Stokes formula shows that

e x vol(Q) < / divZw = / izw < vol(9N).
Q N
This implies the corresponding inequality
1692] > €|Q2]

(with another constant €) for subsets §2 of the fundamental group of X .
To prove it, consider the orbit of a ball of radius r = diam(X) in X under
the action of the subset 2 C I' and the generating set of I' consisting of
the elements v € I" such that d(yzg,zo) < 2r + 1. The results of Fglner
and Kesten mentioned above imply the exponential decay of p,(e,e).
Compare with [3], [22, 0.5 C], [38]. Another proof reads as follows. The
fundamental group of a compact negatively curved manifold contains
a free subgroup on two generators [21, 5.3 EJ, [15, 1.32, 1.38] and the
probability of returning to the origin cannot decrease when passing to
a (finitely generated) subgroup [39)].
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1.4 Varopoulos links between growth, isoperimetry and
heat decay

In 1982 Pansu [34] established the lower bound

I(t) 2

Ql T

for t > 1 and C a constant for the isoperimetric profile of the 3-
dimensional Heisenberg group with a left-invariant Riemannian met-
ric and the corresponding lower bound for the lattices of this Lie group.
Around the middle of the 80s Varopoulos [51] computed the asymptotics
of the heat kernel diffusion on Lie groups with polynomial growth. He
showed that the following conditions are equivalent on a connected Lie
group with a left-invariant Riemannian metric:

d

t
JAZ1:¥E 21, <wol(By) < At

d

AB>1:vt> 1,% < pile,e) < Bt™%,

where d is an integer and B, is the Riemannian ball of radius ¢. He also
discovered close relations between the behaviour of the heat kernel dif-
fusion and Sobolev inequalities. A geometric application of this work is
that on a Lie group with polynomial growth of degree d, the isoperimet-
ric profile (with respect to a left-invariant Riemannian metric) satisfies

d—1
d

t

1(t) 2

Q

for t > 1 and a constant C. See [51] 0.6, p. 348 and references.

1.5 The inequality of Coulhon and Saloff-Coste

In [11] Coulhon and Saloff-Coste give a direct proof, i.e., not using the
heat kernel decay- of this inequality. Moreover, their argument gives
a lower bound for the isoperimetric profile starting from an arbitrary
growth of the balls. For example, if the growth is exponential, the lower

bound they get is
t

I(t) > m,

where ¢t > 1 and C is a constant. In [37] and [41] it is shown that the
above inequality is essentially optimal in the case of polycyclic groups
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with exponential growth. This raises the question of the existence of
finitely generated amenable groups with an isoperimetric profile bigger

than
t

log(t)
and shows also that to find such an example, the information on the
growth is of no help. In {53}, [54], [56], the asymptotic of the heat
kernel decay for a general Lie group is computed. See also [24] and [2].
A surprising % exponent appears:

(~Ct3) t3
exp(—Ct3s 3
———— < ple,e) < Cexp(——),

5 <plee) < Cexp(-)

where ¢t > 1 and C > 1 is a constant. Among connected Lie groups,
these asymptotic characterises the unimodular amenable groups with
exponential growth (see Theorem 2.1).

1.6 The functional equation of Coulhon and Grigor’yan

In 18] Grigor'yan and [7] Coulhon obtain, in an abstract setting, a
refined link between the asymptotic of the heat kernel diffusion and the
first eigenvalue of compact domains for the Dirichlet problem. See also
[9]. Their result implies that, under suitable hypotheses on the space
X, the isoperimetric profile I(t) is given (up to multiplicative constants

and for t > 1) by
tvA(t),

where A(t) is defined by the functional equation

d _ _
2 los(ps ) = A(p),

where p; = pi(x, ) is the heat kernel and z € X is a base point. The
present paper can be regarded as a first step to find out which spaces
fulfil the above ”suitable” hypotheses. On a homogeneous Riemannian
manifold, the above relation between the isoperimetric profile and the
heat kernel is true. We invite the reader to check the predicted corre-
spondences in the three cases of Theorem 2.1. The lambda functions are
respectively A(z) = C where C > 0 is a constant, A(z) = z~4 where d
is a positive integer and A(z) = log(x)~2. To summarize, the first case
corresponds (in the discrete setting of finitely generated groups) to the
equivalence obtained by applying the theorems of Fglner and Kesten
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cited above. The second case corresponds (for Lie groups) to the equiv-
alences first established through Sobolev inequalities by Varopoulos as
mentioned above. The third equivalence gives a geometric explanation
for the exponent % in the decay

exp(—t3)
if we succeed in making clear what a @3 isoperimetric profile means.

We also prove that the discrete analogous correspondence is true for
finitely generated discrete subgroups of Lie groups.

1.7 The homogeneity assumption

With no homogeneity assumption it is not true that the decay of the
heat kernel determines the isoperimetric profile. For example, in [49] it
is shown, under geometric finiteness assumptions that if

d—1
t 4
I(t) 2

Q

for ¢ > 1 and for a constant C, then

sup py(z,y) < Ct™%
I!y

(for another constant C) but the best known converse seems to be that
if .

suppy(z,y) < Ct72

Y

then
4.

21
I > L
- C
(again for another constant C). See [52|. In [6], Carron constructs
a complete Riemannian manifold with positive injectivity radius and
bounded sectional curvature with

_d
suppe(z,y) < t72,
z,y

and he shows that the inequality

a—1
t e
I(t) > —
®) C

for C a constant and ¢ > 1 fails for any a > %. See also [10].
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1.8 AQuestions and speculations

We conclude this introduction with a general question. Let X be a
connected complete Riemannian manifold such that the isometry group
G of X acts quasi-transitively, that is, such that the orbit space G\ X is
compact. (Here we do not assume that G is connected.) Let £ € X be a
base point. Let p; = pi(z, z) be the heat kernel of X on the diagonal at
z. Is the isoperimetric profile of X given (up to multiplicative constants
and for large t) by
t/A(t)

where A(t) is defined by

9 rog(r") = Alpi)?

Notice that the case of quasi-homogeneous Riemannian manifolds (as
defined above) contains (after suitable discretisations, see {39]) the case
of finitely generated groups. Let us recall why. If F is a finitely gen-
erated free group and if I' = F/R is our finitely generated group, let
B be a compact Riemannian manifold with m1(B) = F. The Galois
group I of the covering X — B corresponding to the normal subgroup
R < F is quasi-isometric to X. Hence the asymptotics of the isoperi-
metric profile and of the heat kernel on X are essentially the same as
the asymptotics of their discrete analogs on I'. Already for metabelian
groups, the asymptotics of p,(e,e) and I(n) can be quite complicated.
It turns out that there are many solvable groups with an isoperimetric
profile much bigger than 10—";5 See [42]. Finding the sharp lower bound
for their isoperimetric pro ie seems to be a difficult task. For example
the metabelian wreath products F'1 Z* where F is a finite abelian group
have

k
Pnle, e) ~ exp(—n¥+2 ),

where ~ means bounded above and below up to multiplicative const?,nts
and up to periodicity problems. See [42]. Hence A(z) = log(z)™* so

that we expect

) log(n)*

What has been proved is that there exists a constant C' > 1 such that

n

In) 2 ——~
()2 Clog(n)*

261



262 CH. PITTET

for all n € N and that for many n € N

n

In)<C .
< log(n)*
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2. Statement of the results

2.1 Three classes of homogeneous Riemannian manifolds

We will use the following notation. If f,g: R} — R} are functions, we
write

f(t) 2 g(t),
if there exist constants A > 1 and B > 0 such that for all ¢ > 1 we have

f(t) < Ag(Bt).

If f(t) < g(t) and g(t) X f(t) we write f(t) ~ g(t) and we say that f
and g have the same asymptotic behavior.

Theorem 2.1. Let X be a connected non-compact Riemannian
manifold which is homogeneous in the sense that its group of isome-
tries acts transitively on it. Then three cases occur and they can be
distinguished either geometrically by the isoperimetric profile, or ana-
lytically by the large time decay of the heat kernel on the diagonal, or
algebraically by the structure of the identity component G of the group
of isometries of X as follows:

1. I(t) ~ t & py ~ exp(—t) < G is non-amenable or non-unimodular.

2. I(t) ~ E_gt(T & pp o~ exp(—t%) < G is amenable unimodular with
ezponentiag growth.

3. I(t) ~ t%,d eENep~ t"%,d € N & G has polynomial growth
of degree d.
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In terms of the structure of G, cases 2) and 3) above have more
algebraic descriptions but they are also more complicated to state. Up
to taking quotients by compact subgroups and up to taking co-compact
subgroups (see Proposition 3.6) we are left with a simply connected
solvable Lie group S. To such a group correspond naturally a simply
connected nilpotent group N and an abelian group T". The group T acts
both on S and on N with the property that the corresponding semi-
direct products are equal: ST = NT. If T is non-compact, we are in
case 2). If T' is compact, we are in case 3) and the integer d is given by

C
d= Zz x rank(N*/N*T1),
1=1
where N? is the ith term in the descending central series of N. See [1].
(There is a missing hypothesis in Th. 4.2 in [1]. Nevertheless, as T" acts

via the adjoint action by semi-simple transformations, the semi-direct
product NT has exponential growth if and only if T is non-compact.)

2.2 Exhaustions by Fglner sets and distribution of the
volume

Much of the paper is devoted to prove the upper bounds in 2) and 3)
for the isoperimetric profile. We prove the following.

Proposition 2.1. Let X be a connected homogeneous Riemannian
manifold. There exists a family of compact submanifolds Q; of mazimal
dimension (with corners) which exhaust the space,

X=J
t>1

and Qs C Q if s < t. Moreover, each set Q; is itself exhausted by o fam-
ily of compact submanifolds A¢e of mazimal dimension (with corners)
with the following properties:

Qt= U At,e

0<e<t

and Ao C Ay if € > €, Ayp = Q4 and there is a constant ¢ > 0
(depending on X only) such that

d(OAy e, 0N ) > c(e —e).
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If the connected component of the identity G of the group of isometries
of X 1is unimodular amenable with exponential growth, then there is
a simply connected unimodular solvable Lie group S which is quasi-
isometric to X and for allt > 1

vol(Age) = c(A! — ep)2(t — €),

vol(89) < C(AH)% 1,

where ¢ > 0, C > 1, A > u > 1 are constants d is the growth degree
of the simply connected nilpotent commutator group [S, S], and r is the
rank of S in the sense that S/[S,S] ~ R". If G has polynomial growth
of degree d, then for allt > 1

vol(Age) = c(t — e)d,

vol(88Y,) < Ct3 1,
where ¢ > 0, C > 1 are constants.

Remark 2.1. In the case of polynomial growth the sets A;. are
related to the ; by
At,e = Qt—eD

for some D > 0. In the case of exponential growth there is no s = s(t, €)
such that the sets A;. which exhaust A;¢ are equal to A, .

Remark 2.2. In the case of a unimodular amenable Lie group G
with exponential growth, the integers d > 1 and r > 1 are not naturally
associated to the bilipschitz equivalence class of X. The simplest way
to see this is perhaps to consider the universal cover of the connected
component of the identity of the group of rigid motions of the plane.
Any left-invariant Riemannian metric on it is bilipschitz equivalent to
the three-dimensional Euclidean space (in fact both groups are regular
covers, of the 3-torus) but its commutator subgroup is isomorphic to
R?. (To obtain an example with exponential growth we can take the
Cartesian product of this group with a unimodular solvable group with
exponential growth.) Nevertheless, the existence only of d > 1 and
r > 1 is enough to imply the optimal lower bound

exp(—Ct1/3)

>
pi(e,e) > o

See [8].
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2.3 Balls are not Fglner sets

Notice that in the case where G is unimodular amenable with exponen-
tial growth, an exhaustion of the space by a family of balls gives no
upper bound for the isoperimetric profile. The reason for this is easily
explained in the discrete setting [30, 5.4. p.479]. See also [13, Ch.VII].
First recall the following from calculus.

Lemma 2.1. Let a,, be a sequence of positive numbers. If
nh—yngo an+1/an = a,

then

lim a}/™ = a.
n—>o0

Lemma 2.2. Let T be a group generated by a finite symmetric set
S. Let B, be the ball of radius n i ' for the word metric associated
with S. The growth of T" is exponential if and only if there exists € > 0
such that for alln € N
|0Bn|/|Bn| > €.

Proof. It is more convenient here to work with the external bound-
ary of subsets of I'. That is if @ C T" we define

=W (Q)\Q,
where
Vi(Q) ={y €T :ds(v,Q) <1}.

Notice that
10192[/1S] < |0%2f < [S]l0192.

As Vi(B,) = B,41 we have
|Bnt1l/|Bn| = 1+ [01Bnl/|Bn|.

Hence, if |01Bn|/|Br| > €, then |Bpi1| > (14 €)|Byp| so that the growth
is exponential. Suppose there exists A > 1, such that for all n € N,
|Bn| > A". Let b, = |By|. As b)/™ > A for all n € N, the following
statement is true. For any (small) € > 0 there exists N, € N, such that
if n > N, then bp41/bp, > A — €. Hence if n > N,

|01 B|/|Bp| > A— € — 1.

g.e.d.
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The estimate .
-1
vol(0Q) < Ct @

in case 3) of Theorem 2.1 above with €2; a ball of radius ¢, although
probably true, has not been proved (to the best of our knowledge) for
a general simply connected nilpotent Lie group. Compare [46], [41].
The fact that I(t) ~ 3 for a simply connected nilpotent Lie group of
growth d is stated in [22] 5EB.

2.4 Discretisations

As explained in the introduction, on a finitely generated group with a
chosen finite symmetric generating set, the discrete isoperimetric profile
and the discrete heat kernel are easily defined. But the equivalence
relations which turn them into quasi-isometric invariants are somewhat
technical. In any cases, the explicit analog of Theorem 2.1 we are able
to prove for finitely generated discrete subgroups of Lie groups is the
following. (Proposition 2.1 also has a discrete version.) See Theorem
3.5 in [58] for a statement in the case of quasi-transitive graphs.

Corollary 2.1. Let I’ be a finitely generated group which is a dis-
crete subgroup of a Lie group having a finite number of connected compo-
nents. Then the following three cases occur. (We fix a finite symmetric
generating set S and C is a constant which depends only on T’ and S.
The following inequalities are true for allm € N.)

1. 169 > J-gl,VQ CT < pnle,e) < Cexp(—g) © I is non-amenable.

2.

12|
Q>—1"_vacr
199 2 Gz Y ©

and there is a family Q,, such that
U@n=r
neN

with O, C Qp if m < n and

g- < Q| < Cn,
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1 1
< pnle,e) < Cexp(——%z) and pan(e,e) > Sx—pizccn—g) < T contains
a finite index polycyclic subgroup but no finite index nilpotent sub-
group.

8. There is a d € N such that
Q)T

62 >

WVQ T,

and there is an ezhausting family as above with
n

& < I <Cn,

d—1

D <109 < Cn'

_d
< there is a d € N such that pp(e,e) < Cn~% and pan(e, e) > "CE
< T contains a (finite index nilpotent group) N andd =Y ;_, i X
rank(N*/N**1) where N* is the ith term in the descending central

series of N.

Remark 2.3. The reverse inequality |8Q| < || in 1) above is ob-
vious because by definition 9Q C Q. The reverse inequality po,(e,€) >
ﬂﬂg—cnz in 1) above is true because the number of edge paths in the

Cayley graph of I' with respect to S of length 2n which start at e is
|S]?" and as 2n is even there are loops among them.

According to Tits [47] a subgroup of a Lie group with a finite number
of connected components either contains a free subgroup on two gener-
ators or contains a co-compact solvable group. According to Mal'cev,
polycyclic groups are characterised among solvable ones by the prop-
erty of having all their abelian subgroups finitely generated [44] 15.2.1.
A discrete abelian subgroup of a connected Lie group is finitely gener-
ated (take the image under the adjoint representation and consider its
Zariski closure which is an algebraic-hence has finitely many connected
components-abelian group). According to Mostow, up to finite index, a
polycyclic group is a lattice in a simply connected solvable Lie group; see
[43] 4.28, hence its growth is either exponential or polynomial [28], [23].
(Another possibility here is to apply the results of Wolf and Milnor on
the growth of finitely generated solvable groups [59], [31].) According to
Gromov the finitely generated groups with polynomial growth are the
virtually nilpotent ones [19] so that their growth is given by the above

267
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formula [4]. These facts together explain the algebraic description in
the corollary.

The remaining statements in the corollary will follow from the proof
of the theorem and from discretisation procedures as in [39]. The crucial
point allowing this strategy is the result of Mostow, cited above. With
the exception of the upper bounds on the isoperimetric profiles, those
results have been proved by several authors, directly in the discrete set-
ting. The lower bounds on the isoperimetric profiles follow from [11].
The wanted upper bound on the heat kernel for groups with exponen-
tial growth is established in [57, VII 1.1] and the lower bound for poly-
cyclic groups in [2]. For the heat kernel estimates of the type n—%; see
(67, V1.5] and [26] or [8] for the lower bounds.

2.5 Remarks on “non-lattices”

Even if we do not assume that the finitely generated group I is a discrete
subgroup in a Lie group, the equivalence of the three conditions (that is
the geometric one, the analytic one and the algebraic one) of the classes
1) and 3) remains true, thanks to [14] and [29] for 1) and [57] VL5 and
[19] for 3). See [40] for more on this. Although the groups

<ab:abal =51 >

with ¢ > 1 are not discrete subgroups in any (real) Lie group with a
finite number of connected components, they have

exp( —n3 )
as diagonal heat kernel decay and

log(n)

as isoperimetric prof}le. An algebraic description of finitely generated
groups with exp(—n3) as heat kernel decay would be interesting. See
[40], (8] for more on this.
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3. Preliminary material

3.1 Unimodular Lie groups

Among Lie groups (with left-invariant Riemannian metrics), unimodu-
larity is not a quasi-isometric invariant. For example a simple Lie group
G = KAN (with finite center) is quasi-isometric to the solvable part
AN of an Iwasawa decomposition. If the real rank of G is non-zero then
AN is non-unimodular. But the strong isoperimetric inequality implied
by the non-unimodularity is invariant under quasi-isometries. We recall
in the context of Lie groups well known properties of unimodularity (see
for example [43, Ch.I], [45, Ch.10]). The following result is standard.

Proposition 3.1. Let G be a connected Lie group. Then G is
unimodular if and only if for any left-invariant vector field X on it
divX = 0. More precisely,

divX = —%A(exp tX)|¢=o0,

where

A:G—- Ry
is the modular homomorphism. Hence divX = 0 if and only if X (e)
belongs to the kernel of the derivative T, A.

Corollary 3.1 (compare [57, Ch. 9)]. Let G be a connected Lie
group which is non-untmodular. Then for any left-invariant Rieman-
nian metric on G there is a constant € > 0 such that, for all domains Q
in G with reqular boundary,

vol(2) > € x vol(09).

Proof. Let X be a left-invariant vector field on G of unit norm
such that divX = € > 0. Let w be the left-invariant volume form on G.
Stokes formula shows that

e X vol(£2) :/ divXw
Q

:/ ixw < vol(09).
o0

269
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Proposition 3.2. (see [43] 1.1.4) Let G be a connected Lie group
and let H be a closed subgroup. Then there exists an invariant volume
form on the G-space G/H if and only if the restriction of the modular
homomorphism of G to H is equal to the modular homomorphism of H.

Corollary 3.2. Let G be a connected Lie group. Let H be a closed
subgroup. If H is normal and if G is unimodular then H is unimodular.
If H is co-compact and unimodular then G is unimodular.

Proof. If H is normal the G-homogeneous space G/ H is a Lie group
hence there is a G-invariant volume form on it. If H is co-compact then
G is an H-principal bundle with compact base B. Let B = UK, be a
finite cover of B by compact sets K; such that the bundle restricted to
each Kj; is trivial. Let s; : K; — G be continuous sections. The subset
S = Us;i(K;) is compact in G and each element g € G can be written as
g = shwiths € Sand h € H. If H is unimodular then Ag(G) = Ag(S)
is a compact subgroup of R} .  q.e.d.

Proposition 3.3. Let G be a connected Lie group and let N be a
closed normal subgroup. Let m : G — G/N be the projection. If the
action by conjugation of G on N preserves a volume form on N, then
AG/N o = Ag.

Proof. If a non-zero top-dimensional differential form on a Lie
group is left-invariant, we call it a volume form. Let i : N — G be the
inclusion. Let 8 be a left-invariant form on G such that i*5 is a volume
form on N. Let o be a volume form on G/N. Then n*a A is a volume
form on G. Let g € G. Then

Ag(g)(m*a A B) =cj(m*a A B) = (rcg)*a A B
=(cr(g)m) @A ey = T ch g A cyf
=n"Ag/Nm(g)a A cgB = Ag/nm(g)(T"a A ¢ )
=Ag/Nm(g) (T a A B).

q.ed.

Corollary 3.3. Let G be a connected Lie group and let K be o
compact normal subgroup. Then G is unimodular if and only if G/ K is
unimodular.

Proof. The above proposition applies because the connected com-
ponent of Aut(K) is compact (the proof that this group is compact is



HOMOGENEOUS RIEMANNIAN MANIFOLDS 271

classical, the main point being that the component of the identity of the
automorphisms group of a semi-simple Lie algebra contains only inner
automorphisms [48] 3.10.8). q.e.d.

3.2 Stability of the heat kernel

The techniques explained in [39] apply to show the following. Let X
and Y be connected complete Riemannian manifolds which are quasi-

homogeneous (see Theorem 2.1 for the definition). If X is quasi-isometric
to Y then

pi(z,z) ~ pe(y,y)-

3.3 Riemannian submersions

The upper bounds on the isoperimetric profiles given by exhaustions
are preserved if we pass from the base of a Riemannian submersion
with finite constant volume fibers to the total space. Specifically, we
will need the following statement which is a straigthforward application
of the co-area formula.

Proposition 3.4. Let X andY be connected Riemannian manifolds
and let p : X — Y be a Riemannian submersion. Assume that the
volume of the fibers is constant equal to c. Then the following is true:

1. If W is a submanifold (with corners) of Y and V = p~}(W), then
vol (V') = ¢ x vol(W) and vol(8V') = ¢ x vol(0W).

2. If Wy is a continuous family of submanifolds (with corners) in Y
such that Wy C W ift < s and Y = J,;5o Wy, then the family
V; = p~Y(W,) has the same properties in X.

Such submersions arise via group theory as follows.

Proposition 3.5. Let G be a connected Lie group, let K be a com-
pact subgroup and let O be a closed subgroup of K. For any G-invariant
Riemannian metric on G/K, there ezists a G-invariant Riemannian
metric on G/O such that the projection

p:G/O - G/K

1s a Riemannian submersion.
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Proof. The adjoint action of K on T.G stabilizes T, K and as K is
compact we can find a stable complement H.. Let p : G — G/K be the
projection. The restriction of

T.p: H. ® T.K — T.(G/K)

to H. is an isomorphism. On H. we choose the scalar product which
makes this isomorphism an isometry. This scalar product is Ad(K)-
invariant because if X € H, and k € K,

[TeAd(k) X |le = ||TepTeAd(k)X||p(e)
= || Tk (pri-1 ) Telk X |lpe) = | TepTele X [|pe)
= HTp(e)lkTer”p(e) = HTer”p(e) = HXHe

(We have denoted also by [, the action of g on G/K.) We choose a
scalar product on T, K which is also Ad(K)-invariant to get an Ad(K)-
invariant scalar product on the whole space T.G = H.®T. K. It induces
a left-invariant Riemannian metric on G and as p is G-equivariant, it is a
Riemannian submersion. Moreover, this Riemannian metric, being left-
invariant under G and right-invariant under K, induces a G-invariant
Riemannian metric on G/O such that the projection

m:G— G/O

is a Riemannian submersion. As p and 7 are Riemannian submersions,
the quotient map

q:G/O - G/K

induced by p is also a Riemannian submersion. q.e.d.

3.4 From amenable to solvable simply connected

Bilipschitz transformations are quasi-isometries. They obviously pre-
serve the asymptotic behavior of the isoperimetric profiles and the ex-
haustions. To handle amenable groups we will use the following.

Proposition 3.6. Let G be a connected Lie group and let R be its
radical. Assume that G/R is compact (i.e., that G is amenable). Let
K C G be a mazximal compact subgroup and consider a G-invariant met-
ric on the homogeneous space G/ K. Then there exist a simply connected
solvable Lie group S and a compact homogeneous space B such that G/ K
is bilipschitz equivalent to S x B endowed with the product metric of any
left-invariant Riemannian metric on S and any Riemannian metric on
B. Moreover, G is unimodular if and only if S is unimodular.
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The first step in order to prove the above proposition is the following.

Proposition 3.7. Let R be a connected solvable Lie group. There
18 a compact connected central subgroup T C R such that the quotient
R/T contains a closed normal co-compact subgroup which is connected
and stmply connected.

Proof. Let 7 : G — R be the universal cover of R and let I' ~ 71 (R)
be the corresponding discrete central Galois subgroup of G. Let N
be the closure of the commutator subgroup of R. This is a connected
nilpotent group (see [48] Th. 3.18.8 and [27) I1.4.1 Cor. C). The identity
component H of 7 ~1(IV) contains the commutator subgroup of G, hence
we have two exact sequences with commutative squares:

1o H->-G—= A1

l { 4
1= N—->R-—-B—1

with A and B abelian and connected. As G is simply connected and
H is connected, A is simply connected hence isomorphic to a vector
space. Viewing G as a H-principal bundle with contractible basis A
we deduce that H is also simply connected. As H is nilpotent and
simply connected, its center Z is isomorphic to a vector space. Let E
be the vector subspace of Z generated by 'NZ. As Z is a characteristic
subgroup of H and as H is normal in G and I' central in G , we deduce
that F is central in G. Let A be the subgroup generated by E and I'.
It is a closed central subgroup of G with identity component equal to
E and the quotient

T = A/T

is a central connected compact Lie group. (To check that A is closed,
notice that it is contained in the closed subgroup 7~*(/N).) There is an
exact sequence

15 A/T->G/T - G/A— 1.

As R = G/T" we are looking for a simply connected co-compact subgroup
in G/A. We have two exact sequences with commutative squares:

1 H - G —-A—>1

1 { i
l1—- H/E—-G/A—- B -1

273
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Notice that the group H/E is simply connected. We denote by
p:G/A— B

the projection. Let X C B be a simply connected closed subgroup
of maximal dimension. Hence X is isomorphic to a vector space and
B/X is compact. The subgroup p~!(X) C G/A is closed normal and
co-compact, and we can view it as a H/E-principal bundle with con-
tractible basis X. Hence it is simply connected. q.e.d.

We will need the following fact.

Proposition 3.8. Let G be a connected Lie group. Let H be a
normal subgroup. Let T be a compact connected subgroup of H. If T is
central in H then T is central in G.

Proof. The closure of H in G is normal and T is central in the
closure of H. Hence we can assume that H is closed. Let Z be the
connected component of the identity of the center of H. Let I ~ m1(Z2).
An automorphism of Z induces an automorphism of the universal cover
Z of Z which preserves the Galois group I’ C Z. We get a continous
map

G— Aut(Z)
g Cy

where ¢, is the lift of the automorphism of Z given by the conjugation
by g. As I is discrete in Z and as G is connected we get for each g € G

6g(7) = ’)’,V’)/ € F

Let E C Z be the vector subspace generated by I'. We have

Cq(2) = 2,Vz € E.

Hence
cg(2) = 2,Vz € EJT.

Let A ~ m(T). By hypothesis T C Z so that T C Z and

T =T/A C E/T.
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Proposition 3.9. Let 1 - S - G — K — 1 be an ezact sequence
of connected Lie groups with S solvable and K compact. The principal
S-bundle G is isomorphic to the trivial bundle K x S.

Proof. As the universal cover of a solvable Lie group is contractible,
the only obstruction to the existence of a section lies in 72 (K') which is
trivial. q.e.d.

Let G and S be as above. The following lemma implies that a left-
invariant metric on G is bilipschitz equivalent to a product metric on

S x G/S.

Lemma 3.1. Let E be a (left) principal H-bundle. If the bundle is
trivial and the basis is compact, then any two H-invariant Riemannian
metrics on E are bilipschitz equivalent.

Proof. We fix a left-invariant Riemannian metric on H and a
Riemannian metric on B and we consider the corresponding product
metric on H x B. Let us show that any H-invariant Riemannian metric
on E is bilipschitz equivalent to this product metric. Let 0 : B -+ E
be a section. Let ¥ : H x B — E be the trivialisation of F defined by
U (h,b) = ho(b). We denote by [, the left action of h on H x B and on
E. There is a commutative diagram

Let p = (h,b) € H x B. Taking the derivatives we get the commutative
diagram Tiew)¥

T(e,b)(H X B) Em— Ta(p)E

Te,nylnd L Towyln

To(H x B) 23 Ty(,E.

Hence
1T || < sup || T(ep) ¥l
beB

T P > inf |7 i,
l P | > geIfB I (e,b) I
q.e.d.

Proposition 3.10. Let G = NK be a semi-direct product of con-
nected Lie groups with K compact. Let p: G — N be the map defined
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by p(nk) = n. Assume that there is a subgroup S C G such that the
restriction of p to S is a diffeomorphism. Then S and N (equipped with
left-invariant Riemannian metrics) are bilipschitz equivalent.

Proof. On G we forget for a while the group structure defined by
the given semi-direct product N K and replace it by the direct product
structure N x K. The projection p becomes a homomorphism and its
restriction to the subgroup S is an isomorphism. But an isomorphism
between two Lie groups (with left-invariant Riemannian metrics) is a
bilipschitz transformation. According to Lemma 3.1, a left-invariant
Riemannian metric on G for its original group structure is bilipschitz
equivalent to a left-invariant Riemannian metric for the direct product
structure. q.e.d.

We prove Proposition 3.6.

Proof. Let r be the Lie algebra of the radical R of G. Let
g=r—+m

be a Levi decomposition of the Lie algebra g of G. As the quotient G/R
is compact by hypothesis, the semi-simple group M associated to m is
compact. Hence G = RM with RNM finite (see [48] Th.3.18.13). As the
maximal compact subgroups of G are conjugate (see [25] XV.3.Th.3.1)
we can choose the above Levi decomposition such that M is contained
in the given maximal compact subgroup K. Applying Proposition 3.7
to R we get a compact connected central subgroup 7" in R and a simply
connected solvable group S which is normal and co-compact in R/T.
According to Corollary 3.2 and Corollary 3.3 the group G is unimodular
if and only if S is unimodular. According to Proposition 3.8 the group
T is also central in G hence T is contained in any maximal compact
subgroup. In particular, the quotient R/T acts (properly by isometries
on the left) on G/K = X. The action of S C R/T on X is free because
in a simply connected solvable Lie group the only compact subgroup is
the trivial one. Hence we get a (left) principal S-bundle X — B. As
G = RM and M C K the action of R/T on X is transitive. This implies
that the action of the quotient group @ of R/T by S is also transitive
on B = X/S. By hypothesis Q is compact. Hence B is a compact
homogeneous space. A simply connected solvable group is contractible
hence the principal bundle is trivial. Applying Lemma 3.1 completes
the proof.



HOMOGENEOUS RIEMANNIAN MANIFOLDS

4. From homogeneous Riemannian manifolds to simply
connected solvable Lie groups

With this preliminary material in mind we are ready to reduce the
proofs of Theorem 2.1 and of Proposition 2.1 to the case of simply
connected solvable Lie groups.

4.1 The theorem of Myers and Steenrod

Let X be a connected homogeneous Riemannian manifold and let G be
its group of isometries. Myers and Steenrod [33] have shown that G is
a Lie group and that the map

G- X

g gxo

where g is a base point is differentiable. Hence we get a diffeomorphism
G/K ~ X where K C G is the isotropy group of zg. As we assume,
X is connected and G — G/K is a fibration G°/G° N K ~ X where
GY is the connected component of the identity in G. Denoting again
by G this connected component and applying Proposition 3.5 we get a
G-equivariant Riemannian submersion G — X with compact fiber. In
particular X is quasi-isometric to G with a left-invariant Riemannian
metric.

277

4.2 Non-unimodularity and non-amenability for Lie groups

On a connected Lie group G the Riemannian Laplacian (associated with
a left-invariant Riemannian metric) has a spectral gap if and only if the
corresponding heat kernel satisfies

pi(e, e) ~ exp(—t).

In terms of the Rayleigh quotient, the spectral gap is equivalent to the
Sobolev inequality

dfllz = €]l Fl2,

where ¢ > 0 is a constant and f is any smooth function on G with com-
pact support. On G the local structure is the same at every point hence
the local Poincaré inequality and the local doubling volume property
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hold (see [50]). It follows that the above Lo inequality is equivalent to
the following L; inequality

ldfllx = ell Fll;

see [12]. This last inequality is equivalent to the strong isoperimetric
inequality
vol(0N) > € x vol (),

where {2 is any measurable domain with regular boundary. A unimodu-
lar connected Lie group G is non-amenable if and only if the Riemannian
Laplacian has a spectral gap (see for example [55] ). In this case, apply-
ing Proposition 3.4 to the submersion G — X we get Ix(t) > t. Should
G be non-unimodular, we apply Corollary 3.1 and deduce in the same
way Ix(t) = t.

4.3 Bishop’s theorem

A homogeneous Riemannian manifold X has bounded curvature, hence
we can consider the exhaustion of X by the balls centered at zg € X
and apply Bishop’s theorem [16] 4.19, to deduce that Ix(t) < t. The
submersion G — X is a quasi-isometry, hence the asymptotic behavior
of the heat kernel on X and on GG are the same. Together with 4.1, 4.2,
4.3 above, this explains the equivalences of the theorem in the case of
non-amenable groups and in the case of non-unimodular groups.

4.4 Amenable unimodular Lie groups

If G is amenable, according to Furstenberg [60] 4.1.9, the semi-simple
quotient G/R where R is the radical is a compact group. According to
Proposition 3.6 and Proposition 3.5, the homogeneous space X is the to-
tal space of a G-equivariant Riemannian submersion with compact fiber
and with basis bilipschitz equivalent to a Riemannian product S x B
where S is a simply connected solvable Lie group which is unimodular
if and only if G has this property, and where B is a compact homo-
geneous space. The lower bounds on the isoperimetric profile follow
from the inequality of Coulhon and Saloff-Coste [11]. Notice that the
hypothesis in their result involves the growth of the balls and that this
growth is invariant under quasi-isometries. According to Auslander and
Green [1], to each simply connected solvable Lie group S corresponds
naturally a simply connected nilpotent Lie group N. Should S have
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polynomial growth, it is bilipschitz equivalent to a simply connected
nilpotent Lie group. To prove it, we use the fact that a group of poly-
nomial growth is of type R [28]. Hence, according to Theorem 4.2 of
(1] the abelian semi-simple group T associated to S is compact. Ac-
cording to Theorem 4.1 of [1] the projection p : NT — N from the
semi-simple splitting of S onto N is a diffeomorphism when restricted
to S C NT. Applying Proposition 3.10 completes the proof. Hence
pe(e,e) ~ t~% where d is the degree of growth of N. See [57]. If the
growth of S is not polynomial then S has exponential growth [23], [28]
and p(e, e) ~ exp(—t%); see [24], [56]. The rest of the paper is devoted
to the construction of exhaustions for simply connected solvable uni-
modular Lie groups and their lattices. The exhaustions on X are then
obtained by applying Proposition 3.4 to the Riemannian submersions
X —>SxBand SxB—S.

5. Nilpotent Lie groups

5.1 The Lie algebra as a Lie group

Let N be a simply connected nilpotent Lie group of class ¢. We denote
by L its Lie algebra. Let L! = L, [*+! = (L, L*] be the ideals of the
descending central series. We choose supplementary subspaces L such
that L* = Ly @ L*! and we choose a norm on L which makes the
decomposition L = @¢_, Ly orthogonal. If z € L we write z = > ;_; i
its orthogonal decomposition. We denote by |z| the norm of z. We
transport, via the exponential map, the Lie group structure of N to the
Lie algebra L of N. Hence for x,y € L the multiplication law is given
by the Campbell-Haussdorf-Dynkin formula:

1
ey =z +y+gleyl+...

279

5.2 Comparing the left-invariant metric with the Euclidean

one

We can consider L as an Euclidean space with an orthogonal decompo-
sition L = L1 & ... ® L,. We can also consider L as a Lie group with
the left-invariant Riemannian metric obtained by translating the above
Euclidean metric on ToL ~ L. If h € T,L we denote by |h|, its Rie-
mannian norm. Let z € L. As the left translation by z is given by the
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C.H.D. formula

1
l(y)=z+y+ §[z,y] + ..

we see that its derivative at 0 is
1
Toly = id + —2—ad(ac) + ... + cst x ad* " (z),

where cst is a constant, ad(x)(y) = [z,y], and ad’(z) denotes ad(z)
composed j times. Let h € L. Writing h = >_;_; h; with h; € L; we
have obviously

Tolz(h)1 = hy.

The following lemma gives an upper bound for the Euclidean norm of
Tolz(h)r when k > 1 in terms of the Euclidean norms of z and h. We
use the following notation. For z € L, z = ), ; z; we define e;(z) =0
if z; = 0 and e;(z) = z;/|x;| if this is not the case. We put ¢; = |z;|.
Hence z = Y ;_, tiei(x).

Lemma 5.1. With the notation as above and if the class c is bigger,
than 1, then Vk € {2,...,c}, Vo € L, Vh € L we have

k—1
Tola ()il < 1hkl +C Y- D> tiyetylhi,, |-

J=li 4.+ 015k
Proof. In the formula for the derivative of the left-translation by z

c—1
Tolz = id + Y _ cjad’(z),
j=1

consider A = max; |c;|. The map

Lx..xL—-R,

(21,0, 2e—1) = |lad(21).-.ad(2c—1) || Ena(r)

defined on the direct product of ¢ — 1 copies of L is continuous. Hence
when restricted to the direct product of ¢ — 1 copies of the unit ball in
L (for the Euclidean norm), it is bounded by a constant B. So

k-1
Tolz(h)k = hi + Y cjad? (z) (R,
j=1
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and we have

k-1

|Tole (h)k] < bkl + A lad? (z)(R)k.
ji=1
But _
ad’(z)h = Z tiy...ti;ad(e;, (2))...ad(ei; (z)) (hij ),
hence

lad (z) (el € D tiyotilad(eq (2))...ad(es; () (hi, )|

71 +oF 41 <k

<B Z tiy-otisPigp -
i1—+—...+ij+1 <k

Choose C = AB. q.ed.
Corollary 5.1. With the notation as above, there exists a constant
C > 1 such that Vk € {1,...,c}, Vt > 1. If x € L is such that t; < t* for
it <k—1and if h € L is such that |h| < 1, then
I Tola ()] < G,

Lemma 5.2. With the notation as above, there exists a constant
D > 1 such that if t > 1, if x € L is such that t; < t* for 1 <i<c and
if ¢: [0,€] — L is a differentiable path parametrised by the Riemannian
arc length with c(0) = = then
le(e)i| < (t +eD)*.

Proof. If the class c is bigger than 1,let 1 <k <c—-1. (Ifc=1
we put k=1.) We have

le(e)i] < [c(0)] + /0 ) |—C;—l;c(s)k|ds.

As Iad;c(s)|c( s) = 1, by definition of the left-invariant Riemannian metric,
there exists h € ToL (depending on s) such that |h| = 1 and such that

d
Iol = ——c(s).
0 c(s)h dSC(S)
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As already mentioned Tpl.(s)(h)1 = h1. Hence |disc(s)1| = |h1| £ 1 and
le(e)1] < t+ €. We assume now that the inequality of the lemma is true
for i < k and we will show that the inequality is true for k+1. Applying
the induction hypothesis to the restrictions of the path ¢ to [0, s] where
0 < s < ¢, we obtain, if 4 < k, the inequality |c(s);| < (t + eD).
Corollary 5.1 implies that

d
| e(8)ks1] < C(t + eD)*.
Hence
le(€)k4n] < 5! 4 €C(t + D) < (t+ eM)FH,

where M is a constant depending on k, C' and D only. As the induction
process involves finitely many steps, the lemma is proved. q.e.d.

6. Derivatives and commutators

6.1 A universal commutator
Let G be a group. Let r € N. Let a1,...,a, € G,b1,...,b, € G. We
define for j € N, P; = [[i_;a; if j <r and P; = e if j > r. We define

also Q; = ngl a;b; and Qg = e. In groups we use the notation [z, y| for
the commutator zyz 'y~ ! and c.(y) = zyz ! for the conjugate of y by
x.

Lemma 6.1. With the above notation,

a1...arb1...br = (H[aj, Pj+1Qj_1])alblagbg...arbr.
1=1

Proof. The equality of the lemma is obtained by putting ¢ = 0 in
the following formula:

r—1

Pi1Qibis1.br = ([]laj44, Pir1+iQio14:])Qr-
=1

If : = r — 1 the above equality reduces to

arQr—lb'r = [a‘ra Qr—l]Q‘r»
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which is easy to check. We assume the formula is true for 1 <i <r —1
and we want to show that it is true for 1 — 1. It is easy to check that

P;Qi—1b;..by = [ai, Pi41Qi-1)Pi+1Qibit1...br.

Applying the induction hypothesis to P;;1Q;bi+1...b, completes the proof.
q.ed.

For a given family of elements ai,...,a, we may consider the com-

mutator
T

Tlas, P+1Qj-1]

=1

of the above lemma as a map
C(a1,...,ar): G" = G.
Notice that the equality of the lemma shows that
C(a1,...,ar)(e,....,e) =e.

6.2 The derivative of the commutator in GI(n,R)

Let G = Gl(n,R) (we use capital scripts A4, ..., A,) and we denote the
identity element by id. We need a bound on the norm of the derivative

T(id,...,id)C(Al, ooy AT) : M(n?R)T - M(n)R)

in terms of the norms of the A;. If M € M(n,R), we denote by ||M| =
supjz|<1 |M ()| its operator norm.

Lemma 6.2. Letr > 2, let H € M(n,R)", and H = }_|_, H;.
Then

| Tia,...aa)C(Avs s Ar)(HDI| € 2(r = 1)* sup [[AFH**2 sup ||Hi]|.
1<<r 1<i<r

Proof. The function from R to M(n,R) defined by
t— C(Ay,...,A)(id + tHy,...,id + tH,)

is analytic in ¢ with coefficients in M(n,R). In order to compute the
coefficient of ¢, we write

(id + tHy) ! = id — tHy + t2HE — 3H} + ...
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and compute the coefficient of ¢ in the expression

j-1 -1
(A1, P] HA P ([ AcGd+tHR) A7 ([ Gd—tH;—x) A2 ) PrL A
j=2 k=1 k=1

For 2 < 7 < r let c? be the constant coefficient and let c} be the
coeflicient of ¢ in

j—1 j—1
Pi ([ AxGid + tH) A7 ([ Gd — tH; ) A1) PR A
k=1 k=1

Then we have

¢} = (4. Ar A1 Aj 1) AT (A) . Ac Ay Ay )

and
j—1
= (Aj...Ar)(Z Ay AgHy. . Aj) (A1 Aj-1) 1A A7)
k=1
i1
— (Aj A (A1 A1) O AT L H A AT (4. An) 7
k=1

We denote by ig, ..., i, indices with values in {0, 1}:

Tiid, i) C(A1s - A )(H) = [A1, ] Y cf.c
t194...41,=1

Therefore

1Td,...iaC (A1, -, Ar) (H)|
< sup A (r—1) sup_lefll-. ey |

<i<r 2+ 1ty =

< sup [[AFT(r - 1) sup lle3 Sup IICOIIT 2
1<i<r 2<5< 2<

€8l < sup [l |r
1<i<r

and
llejll < 2(r — 1) sup ||Hi|| sup |[|AF!|* T,
1<i<r 1<i<r
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the inequality of the lemma is now immediate. q.e.d.

We recall the following fact which is an obvious consequence of the
inequality ||AB]|| < ||A||||B||. For t € R we denote by [t] its integral
value.

Lemma 6.3. Let ¢ : R — Gl(n,R) be a homomorphism. Let C > 1
and assume that ||¢(t)|| < C if |t| < 1. Then ||¢(t)]| < CIHI+L,

6.3 The derivative of the commutator in Lie groups

Let G be a Lie group. We choose a norm on T.G. If X € T.G, we
denote its norm by | X|.

Corollary 6.1. If G is a simply connected Lie group, r € N, then
there exists a constant o > 1 such that if Xy, ..., X, € T.G with | X;| < 1,
ifay,...,ar €ER and if H € T,G",H = 5._, H; then

T Clexpla1Xy),...,exp(a, X;))H| < a sup alel sup |H;l.
( 1 1 ) —_—
1<i<r 1<i<r

Proof. Let T.G be the Lie algebra of G. Thanks to Ado’s theorem
(see for example [48}), it embeds into the Lie algebra M(n,R) of the
Lie group Gl(n,R) for some n. The embedding of Lie algebras induces
a morphism of local Lie groups. By hypothesis G is simply connected
hence the morphism of local Lie groups extends to a homomorphism of
Lie groups

¢:G — Gl(n,R)

with derivative at e

T.¢ : T.G — M(n,R)

given by the above embedding. Notice that

6= min T.0(H
e | Tep(H)||
i1s non-zero. Let
o: RN G

o(ay,...,ar) = (exp(a1 X1), ..., exp(ar X)),

and let
¢ G" — Gl(n,R)"

285
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be the obvious product map induced by ¢. We have the commutative

square Clola)

G" G

¢ . l¢
Gl(n, R T oy R
Taking derivatives, we get the commutative square

Te,...

(T.q)r 2700 TG
Teg) o Voo
M(n,R)" y M(n,R).

Hence
Tee,...e)Clo(a) H| < 67 Tia,..ia) C(¢" (0 (a)))(TepHn, ..., Te¢ H, ).
Applying Lemma 6.2, we see that this number is less then or equal to

5t ¢ sup llp(exp(+£a; z)lr° sup. IIT PH;||,

where ¢ = max(2(r—1)2,6r+2). The corollary now follows from Lemma
6.3.

7. Elementary inequalities

We will need the following elementary inequalities.

Lemma 7.1. Let \> p>v >0, nec N, andlett > >e>0
such that \' — €'ut > 0. Then

(/\t _ 6'/.1,1')” + (6, _ G)I/t(/\t . 6'ult)n~1 < ()\t _ E/J,t)n.
Proof. If A' — eu! = 0 it is obvious. If not,
(/\t_ﬁﬂ')(ﬁ—f_&)n 1 (,—G)VtS)\t ¢ t+(6 E)I/tS)\t—-Eut
and we multiply by (A —eu?)""!.  q.e.d.

Lemma 7.2. Letd,r > 1 and let A > p > 0, let e € R. Then there
exists C > 1 such that if t > 1 then

(A= (e= Dty (= (= 1) = (X = (e+ D) (= (e+ 1)) < CA)
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Proof. The function f(z,y) = z%" is C' hence, given K > 0, there
exists C' > 1 such that if p,q € R, |p| < K, |q| < K then |f(p) — f(q)] <
Clp — q|. Hence we obtain C' > 1 such that

(1= (e=1) (/NN (1= (e=1)/8) = (1= (e+1) (/NN (1~ (e+1)/8)" < C/t
and we multiply by (A\H)4".  q.e.d.
Lemma 7.3. Let A > p > 1 such that A\/u > e = exp(l). Let

d,7 € N. There is a constant C > 1 such that, if t > 1 and 0 < ¢ <
t, At —eut > 0 then

()\t)dtr _ ()\t _ eut)d(t _ G)T < GC()\t)dtTnl.

Proof. Dividing by (A})%" we see that the inequality is equivalent
to

(1 — e(p/NHEL — €/t)" > 1 — Ce/t.

As A\/p > e we have (u/A)' < 1/t hence it is sufficient to find C such
that

(1 — ¢/t > (1 — Ce/t).

We can choose C = d + r as shown by calculus. q.e.d.

8. Solvable Lie groups

8.1 The group law in coordinates
Any simply connected solvable Lie group S is an extension

N->S—-R

of a simply connected nilpotent Lie group N by an an abelian Lie group
R" (see for example [48]). Let p be the projection. Let X;,..X, €
T.S such that T,p(X;) = 0/0z; where 9/0z; for 1 < i < r is the
canonical basis of R". The projection does not split in general but we
can nevertheless write any element of S in a unique way

zexp(ar X1)... exp(ar X,

where z € N and (ay,...,a,) € R". We identify N with its Lie algebra
L as previously explained. We put

c:RT =8
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(ala ...,CLT) - (exp(ale), "~aexp(a'7‘XT))
a=(ay,...,ar) €R
A = exp(a1X7)...exp(a, X, ) € S.

We have global coordinates on S

L xR

(z,a).

In those coordinates the multiplication law of S is given, thanks to
Lemma 6.1, by

(z,0)(y,b) = (zAyA™'C(0(a))(a(b)),a +b).

8.2 Comparing the left-invariant metric with the
Euclidean one again

We also write p(z,a) = a and define p(z,a) = z. Recall that we have
chosen a Euclidean structure on L. On R” we choose the canonical
one. On L x R" we choose the product structure. As usual, when doing
computations in Euclidean spaces, for any point (z,a) € L x R", we
identify the Euclidean spaces T, ,)L X R", with L X R", the linear maps
T(z,q)p with p, and the maps T, 4)p with p.

Lemma 8.1. There exists a > 1 such that if 1 < k < ¢, ift > 1,
if x € L is such that x = 3 ;_, tiei(x) with t; < t* fori < k—1 and if
a € R", then the derivative of the left translation l(; oy by (x,a) € LxXR"
at the identity satisfies

(6T (0,0)l(z,0) (h, u))i} < @ sup a5~ (|R] + fu)),
1<i<r

where (h,u) € Tio 0L x R".
Proof. As explained above,
pl(:c,a) (y, b) = xAyA_lc(a(a))(a(b))
Hence taking the derivative of the composition

oo
Lx{0} 5 LxR Z3 LxR & L
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at the identity and remembering that C(o(a))(e, ...,e) = e, we obtain

PT(o,o)l(z,a)(h, 0) - Tole()CA(h).

As L is the kernel of the projection p: S — R, the image of the map
C(o(a)), which contains only commutators, is included in L. As

leC(U(a))(U(b)) - pl(m,a)(07 b),
taking the derivative at the identity of the composition
R % g S0 s
gives
pT(O,O)l(z,a) (Oa ’LL) = TOImT(e,...,e)C(U(a))(ulea cery U?‘Xr)-

Applying Corollary 5.1 to Tpl,, Lemma 6.3 to Toc4 and Corollary 6.1
to T, .)C(o(a)) completes the proof. q.e.d.

Proposition 8.1. There exists v > 0 such that if A > u > v, if
t>1,ife>0, ife <€ issuch that € <t, X —¢'ut >0, if (with the
notation as above) x € L is such that t; < (At — €pt)t for 1 <i <, if
A€ S is such that |a;| <t—¢€ for1<i<r, and if c: [0,I] = S, with
0 <1 <€ —¢, is a differentiable path parametrised by the Riemannian
arc length with c(0) = A then

1.
pc(D)il <t—¢61<i<r,

loc(l)il < (N —epf)',1<i<e.

Proof.  Consider a path ¢ parametrised by the Riemannian arc
length, that is if s € [0,!] then |¢—§1;C(5)|c(s) = 1. As the Riemannian
metric is left-invariant there is

(h,U) € T(O,O)L x R"

(depending on s) such that |(h,u)| =1 and with

d
T(O»O)lc(s)(hau) = 'CEC(S).
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We first prove that |pc(l);| <t —e. According to the formula
(z,a)(y,b) = (zAyA™'C(a(a)) (0 (b)), a + b)
we see that for any (z,a) € L x R"
PT0,0)l(z,0) (hy 1) = u.

Hencefor 1 <:<r

d
P c(s)il = [PT(0,0)les) (hy )il = Juil <1

and
Lod
lpe(l)i| < |pe(0)s] +/ |pd—sc(s)ilds <t—€+1<t—e
0

We apply Corollary 6.1 to the simply connected group S$ = L X R" and
the integer r = rank(S/L) to get a constant o > 1 as explained. Let
v = 2a? and let A > g > v. If the class ¢ of L is greater than 1, let
1<k<c—-1 (Ifc=1,let k=1.) We have

l
pe@)e] < lpc(Ol + [ locloulds.

If k = 1, (we apply the above-proved inequalities 1) to the restrictions
of the path ¢ to [0,s],0 < s < € — € and Lemma 8.1 to get

lpc(s)1] < A —€pt + (€ — )t < A —eut)

We assume now that the inequalities 2) are true for ¢« < k and we show
that this implies they are also true for ¢ < k+1. Applying the induction
hypothesis to the restrictions of the path ¢ to [0,s] with 0 < s <€ —¢,
we obtain, if 1 < k,

lpc(s)il < (A — ep')".
The inequalities 1) above and Lemma 8.1 imply that
d toyt t\k
P cfs)iesa] < O — ).
ds
Hence
lpeDrsr] < (A = €ty H 4 (€ — et (N — ep”)* < (AF — eu)*H

according to Lemma 7.1. q.e.d.
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8.3 The Lebesgue and the Haar measures

Recall that our simply connected solvable group S has global coordi-
nates (z,a) € L x R" in which the group law is

(2,0)(y,b) = (zAy A~ C(0(a))(0(b)),a + B).
Recall that we have chosen a Euclidean structure on L x R". Let u be
the corresponding Lebesgue measure.
Proposition 8.2. If S is unimodular then u is left-invariant.

Proof. By hypothesis, it is enough to show that p is right-invariant.
The Jacobian at the identity of the right translation by (y,b) is equal
to the product

det(Tory) det(Tory),

where Tyry is the derivative at the identity of L of the right translation
in L by y, and Tyry is the derivative at 0 € R” of the translation by b.
The derivative of a translation in a nilpotent group is a linear unipotent
transformation, hence it has a determinant equal to 1.  q.e.d.

9. Fglner sequences

9.1 Neighborhoods and the co-area formula

With the same notation as in Section 5 let L be a simply connected
nilpotent Lie group. We define for ¢t > 1

Y={zeLl:z= Ztiei(x),ti < t').

i=1

This is a polydisc. We normalise the Lebesgue measure on L in order
to get vol(€);) = t* where d is the growth of L, that is

d= Z kdim Ly.
k=1

Let S be a simply connected solvable Lie group. We have § = L x R"
for some L as above and some r. Let A > p be large enough so that
Proposition 8.1 applies. We define

F = Q)\t X It,
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where
L={aelR :|a;| <t,1<i<r}

For t > 1,e > 0 such that t — e > 0, A — eu? > 0, let

At,e = Q»‘, t X It—e-

—eu
With that notation we obtain the following.

Proposition 9.1. There is a constant D > 0 such that ift > 1,¢ >
0,t —eD >0, then
d(04, 0 _cp) > €.

Proof. This follows from Lemma 5.2. q.e.d.
Proposition 9.2. Let € > ¢ > 0. Then
d(OA¢e,OMe) > € — €.

Proof. This follows from Proposition 8.1. q.e.d.

We normalise the Lebesgue measure on R” such that vol(I;) = t".
Hence vol(F;) = (A\t)%". As an application of Proposition 8.2 the vol-
umes induced by left-invariant Riemannian metrics are also given (up
to renormalisation) by

vol () = t?
and, if S is unimodular by
vol(Fy) = (A%,

A left-invariant Riemannian metric on L or on S induces on 9%); or
OF; a structure of Riemannian manifold (with corners). We want upper
bound for their volumes.

Proposition 9.3. There erists a constant C > 1 such that if t > 1
then

vol(8%) < Ct¥1,
vol(BF;) < C(A\)4r—L.
Proof. We define the corona

Ct,e = {CB ey d(x,BQt) < E}
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to be the inner open e-neighborhood of 9€;. According to Lemma 5.2
or to Proposition 9.1 there is a constant D > 0 such that if ¢ > 0 and
t —eD > 0 then

Ct,e C Qt \ Qt—eD'

Hence
vol(Cye) < t¢ — (t — eD)%.

This shows that there exists a constant C > 1 such that for all t > 1
and max(1,t/D) > € >0

vol(Cye) < eCtd 1,
For each t > 1 consider the distance function to 9

[0 =Ry
f(x) = d(z, 0%).

The co-area formula shows that

-1
vol(Cye) = /0 vol(f~*(s))ds.
The function
[0,€] = Ry
s — vol(f71(s))

is continuous. Hence there is a £ between 0 and € such that

e x vol(f71(€)) = / vol(f~1(s))ds.
0
As 09, is a compact submanifold

lim vol(f71(€)) = vol(%Y).

£—0
Hence, making ¢ tend to zero, we obtain vol(8€;) < Ct?~!. In the case
of solvable groups (that is when » > 0) we choose A > p as in Proposition

8.1 and also such that A > eu so that Lemma 7.3 also applies. We define
the corona

Ct,f = {IE € Fy: d(.’E,aFt) < 6}
to be the inner e-neighborhood of dF;. According to Proposition 9.2,

Ct,e c F \ At,ﬁ.
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Hence
vol(Clte) < vol(Fy) — vol(Ag,e)

so that, applying Lemma 7.3, there is a constant C > 1 such that
vol(Cte) < eC(A)4U™ L.
For each t > 1, let f : F; — Ry defined by
flz) =d(z,0F).

Applying the co-area formula gives

€
vol(Cie) = / vol(f~1(s))ds.
0
Making e tend to zero we obtain, by the same arguments as above,
vol(BF;) < C(AH)4" L,

q.e.d.

10. Discretisation

10.1 Discrete subgroups

The inequalities we need and explain here for a co-compact lattice are
true in a more general setting. Namely, we could replace the Lie group
with a Riemannian manifold with bounded geometry and the lattice
with a suitable net. Let G be a connected Lie group with a left-invariant
Riemannian metric. Let T" be a discrete co-compact subgroup in G. Let
R > 0 such that

VR(I)={9€G:d(9,T) <R} =G.

Let R > é > 0 such that if z,y € T and d(z,y) < 28 then z = y. Let T
be a small perturbation of I'. That is I' = 7(I") where

7:TrcG->G

is a map such that d(v,7(y)) < 4 for all v € I Notice that 7 is
injective. To a mesurable subset 2 € G and a small perturbation I' of
I' we associate two subsets of I

Intflw)CwcT
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defined as follows. First we consider
& =Var(Q)NT,

Int(®) =@\ Vg(G\ Q)

then we define
w=1"Y&),
Int(w) = 771 (Int(@)).

Lemma 10.1. There is a constant C > 1 such that for all measur-
able subsets (2,

w] > vol(§2)/C,
|[Int(w)| £ Cvol ().
Proof. As

C U BR(’Y))
YEW

choosing C' = wvol(Bg(e)) proves the first inequality. As T is a (uni-
formly) discrete subspace in G there is a constant C' > 0 such that
|F| < Cvol(| ] Br(7))

JeF

for any subset F C [. As
U Br@®) ca
yeInt(w)

the second inequality is proved. q.e.d.

We choose S = S~! a finite generating set for I'. Recall that for
wCT

Ow={y€w:3Is€ S:yseT'\w}

Proposition 10.1. With the above notation there ezists a constant

C > 1 such that if @ C G is a submanifold of mazimal dimension (with
or without corners) then

|Ow| < Cuol(V1(09)).
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Proof. Let B = max,cgs d(e, s) where d is the Riemannian distance
on G. Let v € Qw. By definition, d(vy,Q) < 2R + § and there exists
s € S such that d(ys,) > 2R -4 > 0. As d(vs,Q) = d(vs,00), we

have
d(7,09Q) < d(v,vs) + d(vs, 99)
< B+d(vs,Q) <2B+2R+4.

Hence, to each v € dw we can associate a point z € 9 with d(vy,z) <
2B + 2R+ § and we may consider the ball By (z) C V1(09). Hence, as T’
is discrete in G it follows that there exists a constant C' > 1 such that

|0w| < Cvol(V1(092)).

q.e.d.

10.2 Finitely generated nilpotent groups

Proposition 10.2. Let I' be an infinite finitely generated nilpotent
group with finite generating symmetric set S. There is a constant C > 1
and a family Q,,n € N of finite subsets of I' such that

Qn C Qn-}-la U Qn = F)
neN

n/C < || < Cn,
n‘T /C < |09| < On*T,
where d s the degree of growth of T'.

Proof. The existence of such a family is a quasi-isometric invari-
ant among finitely generated groups [37]. Hence, taking a finite index
subgroup without torsion, we can assume that I' is a lattice in a simply
connected nilpotent Lie group N [43] 2.18. Let €, be the Fglner se-
quence of N defined in Section 9. Let R > ¢ > 0 as in Subsection 10.1.
We choose a small perturbation I" of T" as explained in Subsection 10.1
with the property that for all ¢t > 0,

TN oy < 1.

The existence of such a perturbation is clear because I' is countable
and each neighborhood of a point 2 € 0¢; meets uncountably many
0Qs,s € R. Hence the non-decreasing function

Ry - N
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has only unit jumps. Let w; be the subset of I' corresponding to €2; and
I" as explained in Subsection 10.1. According to Lemma 10.1, there is a
constant C' > 1 such that

lwe] > vol($2)/C,

hence
lwe| > t2/C,

where d is the growth degree of N. We choose ¢ = 3R + 1 and apply
Proposition 9.1 to get

d(Ws, 0%tep) > R
for some D > 0. This shows that

Wt C Dypep \ VRN \ Qiqep) = Int(Gs4eD),

hence
wy C Int(witep)-

Applying the second inequality of Lemma 10.1 we get, for t > 1,
thl _<_ Ctd

for some (other) constant C. Applying Proposition 10.1 and Proposition
9.1 we get

|Owt| < Cvol(V1(0)) < Cvol(Qrp \ u—p) = C((t+ D)? — (t — D)?).
Hence there is a constant C such that

10w, | < Ct41L,
It follows from [11] that there is a constant C such that

|0w| > 471/ C.

Now we forget the notation (2 for the continuous family and define the
discrete family we are looking for as €, = w; where t > 0 is such that
lwil =n. qed.
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10.3 Polycyclic groups

Proposition 10.3. Let T be a polycyclic group of exponential growth
with finite symmetric generating set S. There are constants C > 1,
A>1 andr € N and a family Q,,n € N of finite subsets of I' such that

Qn C Qn+1,

Ua.=r,
neN
n/C < |Q,] < Cn,
n Cn
C'log(n) < 109 < log(n)’

Proof. The proof is similar to the proof of Proposition 10.2. Up to
finite index, we can assume that I' is a discrete co-compact subgroup of
a simply connected solvable Lie group S; see [43] 4.28. Let A > p > 1 as
in Section 9. Let R > 0 as in Section 10. Consider (for ¢ large enough)
the set A¢. C S defined in Section 9 with e = 3R+ 1. Let wy C I' be
the set associated with A and a small perturbation ' of T' as in the
proof of Proposition 10.2. By Lemma 10.1 there is a constant C > 1
such that |w; | > vol(Ase)/C. Hence |wy | > ()4 /C where C > 1 is
(another) constant not depending on ¢ (being large enough). According
to Proposition 9.2,

d(BAt,e,c')At,o) Z € > 3R.

Hence wy C Int(w:o). Applying the second inequality of Lemma 10.1
we get |wi ] < C(A\)%" for some constant C. Applying Proposition
10.1, Proposition 9.2 and Lemma 7.2 we get

|Owe o] < C(AHF!

for some constant C. According to [11], as the growth of I is exponen-
tial, there is a constant C' such that

|Ows | > (AH41/C.
For n large enough, let ¢ be such that |w; | = n. We define

Qn = wtye.
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