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T H E D I R A C O P E R A T O R O N H Y P E R B O L I C 
M A N I F O L D S OF F I N I T E V O L U M E 

CHRISTIAN BÄR 

Abstract 
We study the spectrum of the Dirac operator on hyperbolic manifolds of 
finite volume. Depending on the spin structure it is either discrete or the 
whole real line. For link complements in S 3 we give a simple criterion 
in terms of linking numbers for when essential spectrum can occur. We 
compute the accumulation rate of the eigenvalues of a sequence of closed 
hyperbolic 2- or 3-manifolds degenerating into a noncompact hyperbolic 
manifold of finite volume. It turns out that in three dimensions there is no 
clustering at all. 

0. Introduction 

The aim of this paper is to study the spectrum of the Dirac operator 
on hyperbolic manifolds with finite volume. Since the corresponding 
problems for the Laplace-Beltrami operator acting on differential forms 
have already been examined, let us first briefly describe those results. 
The first natural thing to do is to look at the spectrum of the model 
space, n-dimensional hyperbolic space Hn. Donnelly [13] computed the 
spectrum of the Laplace operator Aq acting on q-forms on Hn. For the 
point spectrum he obtained 

svec (A)- { 0 } ' q = n/2 
specp^g) - 0 o t h e r w i s e 
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and for the continuous spectrum 

specc(Aq)^ 2 
[ ( n - 2 g - l ) 2 / 4 , o o ) , q<n/2 
[ ( n - 2 g + l ) 2 / 4 , o o ) , q>n/2 

The eigenvalue 0 in the case n = 2q occurs with infinite multiplicity. 
When we pass to quotients of the hyperbolic space we cannot hope to 
be able to explicitly compute the spectrum anymore. But the essential 
spectrum which is much more robust than the eigenvalues may still be 
controlled. Indeed, Mazzeo and Phillips [24] showed that except for 
the eigenvalue 0 the essential spectrum on a noncompact hyperbolic 
manifold of finite volume is the same as that of Hn 

spece(Aq 
[(n-2q-l)2/4,oo), q < n/2 
[ (n-2«? + l ) 2 / 4 ,oo ) , q>n/2 

In dimension 2 and 3 one can approximate hyperbolic manifolds of finite 
volume by compact ones. In dimension 2 this is clear from Teichmüller 
theory and it can be done continuously. In three dimensions it fol
lows from Thurston's cusp closing theorem that for any noncompact 
hyperbolic manifold M of finite volume one can find a sequence of com
pact hyperbolic manifolds, pairwise nonhomotopic, which converge in 
a suitable sense to M. What happens to the spectrum under such a 
degeneration? 

Since the spectrum of closed manifolds is discrete, we expect the 
eigenvalues in the range of the essential spectrum of the limit manifold 
accumulate. This is true and the rate of clustering has been determined 
by Ji and Zworski [21] for surfaces, by Chavel and Dodziuk [9] for n = 3 
and q = 0, and by Dodziuk and McGowan [12] for n = 3 and q = 1. By 
Hodge duality this covers all cases. 

It turns out that each cusp of the limit manifold M contributes 
to the accumulation rate. This is not surprising because each cusp 
contributes to the essential spectrum. Let M;b be the approximating 
sequence of closed hyperbolic manifolds, Mj —>• M . The cusps of M are 
approximated by degenerating tubes around short closed geodesies in 
Mi of length ijj —> 0, j = 1 , . . . , k, where k is the number of cusps 
of M. For an operator L on a manifold N and an interval I C R we 
introduce the eigenvalue counting function 
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Here eigenvalues have to be counted with multiplicity. Then the accu
mulation rate turns out to be 

k 
X 

M^MM) = c(n,q)-J2^g(l/iij) + Ox(l) 
J = l 

where 

c(n,q) 

and 
[1/4,1/4 + x% n = 2 

[1,1 +a ; 2 ] , n = 3, k = 0, 3 
[0,x2], n = 3, A; = 1,2 

and Oa;(l) denotes an error term bounded as a function of i. Moreover, 
Colbois and Courtois [10, 11] showed that the eigenvalues below the 
bot tom of the essential spectrum of M are limits of eigenvalues of the 
Mi. 

We want to study the analogous questions for the Dirac operator 
D acting on spinors, sometimes also called Atiyah-Singer operator, on 
hyperbolic manifolds. The spectrum of the model space Hn has been 
computed by Bunke [6]. Note that there is an incorrect statement about 
the eigenvalue 0 in that paper. See also [7, 8] and the remark after the 
proof of Lemma 1 in this paper. The result is 

specp(D) = 0, specc(D) = JR. 

Since D is of first order the spectrum is not semibounded. When we pass 
to nonsimply connected hyperbolic manifolds a new piece of structure 
enters the picture for which there is no analog for the Laplace operator. 
We have to specify a spin structure on the manifold. First of all, this 
means that we have to restrict our attention to hyperbolic spin mani
folds. In particular, the manifolds must be orientable. If the manifold is 
spin the spin structure is not unique. There are as many spin structures 
on M as there are elements in the cohomology group Hl(M; Z /2Z) . It 
turns out that the choice of spin structure has dramatic impact on the 
Dirac spectrum. We will define in Section 3 what it means that a spin 
structure is trivial along a cusp of a hyperbolic manifold. This is an 
essentially topological property. Our first result is 
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T h e o r e m 1. Let M be a hyperbolic manifold of finite volume 
equipped with a spin structure. 

If the spin structure is trivial along at least one cusp, then the Dirac 
spectrum satisfies 

spec(D) = spece(D) = R. 

If the spin structure is nontrivial along all cusps, then the spectrum 
is discrete, 

spec(D) = speC(i(D). 

We see already that there is no analog for the eigenvalues below the 
bot tom of the essential spectrum as studied by Colbois and Courtois. 

We will see that if M is 2- or 3-dimensional and has only one cusp, 
then only the second case occurs, and the spectrum is always discrete 
(Corollary 1). If M is a surface with at least two cusps, then both cases 
occur. The spin structure can be made trivial on any choice of an even 
number of cusps. 

In three dimensions this is not true in general. It can happen that 
the spectrum is always discrete even if the manifold has more than one 
cusp. If the hyperbolic manifold is given as the complement of a link in 
S"3, then there is a simple criterion to decide if there is a spin structure 
such that spec(D) = M. 

T h e o r e m 4. Let K C S3 be a link, and let M = S3 — K carry a 
hyperbolic metric of finite volume. 

If the linking number of all pairs of components (Ki,Kj) of K is 
even, 

Lk{KuKj) = 0 mod 2, 

i ^ j , then the spectrum of the Dirac operator on M is discrete for all 
spin structures, 

spec(D) = specd(D). 

If there exist two components K;b and Kj of K, i ^ j , with odd 
linking number, then M has a spin structure such that the spectrum of 
the Dirac operator satisfies 

spec(D) = M. 
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Determining linking numbers modulo 2 is equivalent to counting 
overcrossings modulo 2, hence extremely simple. See the last section for 
examples. 

Next we study the behavior under the degeneration process in di
mension 2 and 3. Of course, we have to assume that the spin structure 
on M is, in a suitable sense, the limit of the spin structures on the M;b. 
In two dimensions the result is 

T h e o r e m 2. Let Mi be a sequence of closed hyperbolic surfaces 
converging to a noncompact hyperbolic surface M of finite volume. Let 
each M-i have exactly k tubes with trivial spin structure around closed 
geodesies of length £ij tending to zero. Hence M has exactly Ik cusps 
along which the spin structure is trivial. Let x > 0. 

Then the eigenvalue counting function for the Dirac operator satis
fies for sufficiently small t-hf. 

k 
AT *—v 

MD,Ml(-x,x) = — J ] l og ( l / ^ ) + Ox(l). 

Very recently, Farinelli [17] gave an upper bound on the spectral 
accumulation of the lower part of the Dirac spectrum of hyperbolic 3-
manifolds. However, we will show that in three dimensions there is no 
clustering at all! 

T h e o r e m 3. Let Mi be a sequence of closed hyperbolic 3-manifolds 
converging to a noncompact hyperbolic 3-manifold M of finite volume. 
Let each Mi have exactly k tubes around closed geodesies of length £ij 
tending to zero. Hence M has exactly k cusps. Let x > 0. 

Then the spin structure is nontrivial along all tubes and the eigen
value counting function for the Dirac operator remains bounded: 

ND,MÌ(-X,X) = O x ( l ) . 

The reason for this fact, at first glance quite surprising, is of topolog
ical nature. The spin structure on the tubes must be nontrivial because 
the trivial spin structure on the 2-torus is nontrivial in spin cobordism 
Q2

pm. In other words, the spin structures on hyperbolic 3-manifolds 
of finite volume for which spec(D) = M do not occur as limits of spin 
structures on closed hyperbolic 3-manifolds. 
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We see that the freedom to choose different spin structures leads to 
new phenomena in the spectral theory of the Dirac operator on hyper
bolic manifolds for which there is no analog for the Laplace operator. 
This also distinguishes the classical Dirac operator acting on spinors 
from those twisted Dirac operators on locally symmetric spaces which 
have typically been studied in the context of representation theory [1, 2] 
and index theory [25]. 

The paper is organized as follows. In the first section we collect a 
few facts about hyperbolic manifolds. The structure of the cusps and 
tubes is important for our purposes. A description of the degeneration 
process in dimension 2 and 3 is given. 

In the second section we present some generalities about the L2-
spectrum of self-adjoint elliptic operators. We give a proof of the so-
called decomposition principle which roughly says that modifying the 
manifold and the operator in a compact region of the manifold does 
not affect the essential spectrum. This will be extremely useful for us 
because we can restrict our attention to the cusps of the hyperbolic 
manifolds. There are many versions of this principle in the literature 
but we found it convenient to prove it in a quite general form. Our 
version can e.g. be applied to the Dirac operator on manifolds with 
boundary with suitable boundary conditions. 

In Section 3 we prove Theorem 1. We use a separation of vari
ables along the cusps which reduces the problem to the study of simple 
Schrödinger operators on an interval. 

In the fourth section we derive a general version of domain mono-
tonicity. This allows one to estimate eigenvalues by cutting the manifold 
into pieces. This has been used extensively in the spectral geometry of 
the Laplace operator. Here we need this tool for the Dirac operator. 

We are then able to prove Theorem 2 in Section 5. It is important 
that tubes in a hyperbolic surface are warped products so that the 
separation of variables can again be applied. 

We would like to do the same thing in three dimensions in Section 7 
but we have the problem that tubes are no longer simple warped prod
ucts. Therefore we include a general formula in Section 6 which relates 
the square of the Dirac operator on a manifold foliated by hypersurfaces 
to operators along the leaves and normal derivatives. This way we can 
regard the square of the Dirac operator on the tube as a Schrödinger 
operator acting on Hilbert space-valued functions on an interval. We 
will then be able to prove Theorem 3 in Section 7. 

In the last section we discuss the different spin structures which 2- or 
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3-dimensional hyperbolic manifolds can have. This is more topological 
in nature. We conclude with a few examples of link complements for 
which essential spectrum does or does not occur. 

A c k n o w l e d g e m e n t s . It is a pleasure to thank W. Ballmann, J. 
Dodziuk, U. Hamenstädt, and W. Müller for many fruitful discussions 
and valuable hints. This paper was written while the author enjoyed 
the hospitality of SFB 256 at the University of Bonn. 

1. Hyperbo l i c manifolds of finite v o l u m e 

A hyperbolic manifold is a complete connected Riemannian manifold 
of constant sectional curvature - 1 . We collect a few well-known facts 
about such manifolds with special emphasis on the case of finite volume. 
A thorough introduction to the topic is given in [5]. 

Every hyperbolic manifold M of finite volume can be decomposed 
disjointly into a relatively compact MQ and finitely many cusps £j, 

k 

(1) M = M0Ù (J Sj 
i= i 

where each £j is of the form £j = Nj x [0, oo). Here Nj denotes a con
nected compact manifold with a flat metric g^., a Bieberbach manifold, 
and £j carries the warped product metric gg. = e~2t • g^^ + dt2. 

F I G U R E 1 
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For example, Nj could be a flat torus, as is always the case if M is 
2- or 3-dimensional and orientable. This simple structure of the cusps 
will allow us to apply a separation of variables technique to the Dirac 
operator on hyperbolic manifolds of finite volume. 

It turns out that very different phenomena occur in hyperbolic ge
ometry depending on the dimension. In dimension 2 there is a whole 
continuum of hyperbolic structures (hyperbolic metrics modulo isome-
tries) on a given surface. This is known as Teichmüller theory. In 
particular, if we fix a compact surface M, then there are continuous 
deformations of hyperbolic metrics on M under which M degenerates 
to a noncompact hyperbolic surface of finite volume. These deforma
tions correspond to paths in the Teichmüller space converging to the 
boundary. 

In contrast, in dimension n > 3, we know by Mostow's rigidity theo
rem that any compact manifold carries at most one hyperbolic structure. 
Therefore continuous degenerations are not possible. 

If n = 3 however, the following kind of degeneration still occurs. 
Thurston's cusp closing theorem says that for any hyperbolic manifold 

• k 
M = M o Ù U j = i ^ j °f finite volume with metric g there are compact 
hyperbolic manifolds {Mi,gì) which can be decomposed disjointly into 

k 

M% = Mh0Ù ( J Thj 

i= i 

where T j j is the closed tubular neighborhood of radius Rjj of a simple 
closed geodesic jij C Mi of length £ij. The boundary Nij = dTjj is a 
flat torus. In the degeneration {i —> oo) the following happens: 

• iij ->• 0 

• Rij = \ l o g ( l / ^ j ) + Co —> oo where CQ is some constant indepen
dent of i. 

• There are diffeomorphisms $ j : MQ —> M^o of compact manifolds 
with boundary such that the metrics $Ì{9Ì\MÌ0) converge in the 
C°°-topology to g\ü0. 

• The pull-backs of the metrics of Njj converge in the C°°-topology 
to the one of Nj. 
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Moreover, if we write 

Tij[ri,r2] = {x £ Mi\ dist(x,^/ij) G [n,r2] } 

for the tubular region around 7 J J , SO that Tjj = Tjj[0, Rij], then we 
have in addition 

• For every 0 < r\ < r% < Ri,j ^he tubular region Tïj[ri,r2] is 
isometric to T2 x [ri,r2] with the metric gr + dr2 where gr is the 
flat metric on the 2-torus given by the lattice r r C R2 spanned by 
the vectors (2ir sinh(r), 0) and (aijsmh(r),£ijcosh(r)) for some 
"holonomy angle" ccij G [—n, n]. 

£ij cosh(r) 

a>ij sinh(r) 

2-7T sinh(r) 

FIGURE 2 

This description of the degeneration is also valid in the 2-dimensional 
case, except that the tube Tjj is of the form Tjj = S1 x [—Rij, Rij] with 
metric ds2 = i\é cosh(t)2 dO2'+ dt2 where t G [-Rij,Rij], # G S1 = R/Z 
and Rij = log(l/£ij) + CQ. In particular, the boundary of the tube is 
of the form S0 x S1 = S1ÙSl. Hence each tube degenerates into two 
cusps. 
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F I G U R E 3 

In order to define the Dirac operator we also need to specify spin 
structures on our manifolds. In the degeneration we require that the 
diffeomorphisms $ j : MQ —> Miß can be chosen compatible with the 
spin structures. 

2. General i t ies about t h e L 2 - spec trum 

Let H be a complex Hilbert space and let A be a self-adjoint linear 
operator with dense domain A : V(A) C H —> H. 

Defini t ion 1. A number A G C is called an e igenvalue of A if 
A — Aid is not injective. In this case we call dim(ker(A — Aid)) the 
mult ipl ic i ty of A. The set of eigenvalues, specp(A), is called the point 
spec trum. 

The essent ial spec trum, spece(A), is the set of A G C for which 
there exists a sequence Xi G T)(A) satisfying 

(2) I N I = 1, (A - XLd)xi-> 0, Xi^O 

for i —> oo. Here "—*•" denotes weak convergence as opposed to norm 
convergence "—>•". 

The union of the point spectrum and the essential spectrum is the 
s p e c t r u m of A, spec(A) = specp(A) U spece(A). 

CHRISTIAN BAR 

J, i —> oo 
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Note that the spectrum of a self-adjoint operator is actually con
tained in R and that the point spectrum and the essential spectrum 
need not be disjoint. Eigenvalues of infinite multiplicity and eigenval
ues which are accumulation points of the spectrum are contained in 
both the point spectrum and the essential spectrum. 

Definition 2. The set 

specd(A) = speCp(A) — spece(A) 

is called the discrete spectrum. The set 

specc(A) = spece(A) — specp(A) 

is called the continuous spectrum. 

Sometimes it will be convenient to look at the square of an operator 
instead of the operator itself. We will then use that spece(A) = 0 if and 
only if spece(A

2) = 0. 
In the definition of the essential spectrum (2) can be replaced by 

other equivalent conditions. For example, instead of demanding Xi —*• 0 
we could require that there is no convergent subsequence. If the operator 
A is the closure of an operator L with domain V(L), then we can as 
well require Xi G 'D(L). See e.g. [31] for details. A sequence as in (2) is 
called a Weyl sequence. 

Let us show that the essential I/2-spectrum of self-adjoint elliptic 
differential operators on manifolds does not change when one modifies 
the manifold in a compact region. 

In what follows we will denote the space of Lp-sections in a Hermi-
tian vector bundle E over a Riemannian manifold M by LP(M,E), the 
Sobolev space of sections whose covariant derivatives up to order k are 
LP by Hk'P{M,E). The space of k times continuously differentiable sec
tions is denoted by Ck(M, E), 0 < k < oo, and the space of Cfc-sections 
with compact support is denoted by Ck(M,E). 

Proposition 1. (Decomposition Principle). Let M be a Rieman-
_ o 

nian manifold, with (possibly empty) compact boundary, M =M LidM. 
Let E be a Hermitian vector bundle over M. Let L be an essentially 
self-adjoint linear differential operator of order d > I with domain T>{L), 
C§°(M,E) C V{L) C C$°(M,E). Suppose for every compact K C M 
there is an elliptic estimate 

(3) \\x\\Hd>2(K,E) < C " ( \\X\\L2(M,E) + I I ^ I I L ^ M , ^ ) ) 
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for all x G V{L), C = C{K). Denote the closure of L in L2(M,E) by 
L. 

Let M' be another Riemannian manifold and let E', L', and L' be 
defined similarly on M'. We assume there exist compact sets K C M, 
K' C M' suchthat M -K = M'-K', and E = E', L = L' over M-K. 

Then 
spece(L) = spece(L'). 

'dM' 

FIGURE 4 

Note that sections in Cg°(M, E) need not vanish on dM in contrast 

to those of C§°(M,E). 
In case dM = 0 the elliptic estimate (3) holds automatically if L is 

an elliptic operator [27, p. 379, Thm. 11.1]. In this case the decomposi
tion principle can be found in many places in the literature for various 
operators (mostly of second order), see e.g. [19, 14, 16]. 

In the presence of boundary establishing (3) is subtler. It usually 
follows from coercive estimates 

\x\ Hd'2(K,E) <C- Ibi L2(M,E) + ll-M L2(M,E) 

+ V l l ß - r l l 2 
- 1 / 2 , 2 (dM,E) 



H Y P E R B O L I C MANIFOLDS OF FINITE VOLUME 451 

where Bj are boundary (pseudo-) differential operators of order dj < 
d - 1, x G C§°(M,E). If Bjx\aM = 0 for all x G V(L), then (3) 
holds. The coercive estimate is automatic if L together with the Bj 
form a regular elliptic boundary value problem [27, V . l l ] . For example, 
a Laplace type operator L together with Dirichlet boundary conditions 
x\dM = 0 forms a regular elliptic boundary value problem. We will use 
Proposition 1 with Dirichlet boundary conditions for the square of the 
Dirac operator which by the Lichnerowicz formula [23] 

(4) jD2 = V * V + ^ 
v ' 4 

is of Laplace type. 
Here a Laplace type operator is an operator of the form 

L = V*V + K 

where V is a metric connection on a Hermitian vector bundle over a 
Riemannian manifold, and V* is its L2-adjoint and 5ß is a smooth sym
metric endomorphism field (zero order term). Laplace type operators 
are special elliptic operators of second order. 

One can also apply the decomposition principle directly to the Dirac 
operator with suitable boundary conditions. Since we will not use this 
fact we leave the details to the reader. 

P R O O F O F P R O P O S I T I O N 1. Since the whole situation is symmetric 
in M and M' it is sufficient to show spece(L) C spece(L'). Let A G 
speceÇL) and let x-i G T>(L) C L2(M,E) be a Weyl sequence as in (2). 

Choose a compact subset K\ C M whose interior contains K and 
another compact subset K^ C M whose interior contains K\. By the 
elliptic estimate (3) 

\\xi\\Hd'2(K2,E) < C " (^IkiIIL2(M,£) + \\^xi\\L2(M,E) 

< C • 1 + \\Lxi — ̂ Xi\\L2(]ÇfjE) + |A 

(2) , 

Since (xi)i is bounded in the Hd>2-norva and K<i is compact we can, by 
the Rellich's lemma, pass to a subsequence, again denoted (a;,),, which 
converges in Hd~1'2(K2,E) to some element x^ G Hd-1'2(K2,E). 

To compute a ^ we pick a cut-off function ip\ identical to 1 on K\ 
and vanishing outside Ki- On the one hand, since tpiXi —> tpi XQJQ m 


