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THE DIRAC OPERATOR ON HYPERBOLIC
MANIFOLDS OF FINITE VOLUME

CHRISTIAN BAR

Abstract

We study the spectrum of the Dirac operator on hyperbolic manifolds of
finite volume. Depending on the spin structure it is either discrete or the
whole real line. TFor link complements in S3 we give a simple criterion
in terms of linking numbers for when essential spectrum can occur. We
compute the accumulation rate of the eigenvalues of a sequence of closed
hyperbolic 2- or 3-manifolds degenerating into a noncompact hyperbolic
manifold of finite volume. It turns out that in three dimensions there is no
clustering at all.

0. Introduction

The aim of this paper is to study the spectrum of the Dirac operator
on hyperbolic manifolds with finite volume. Since the corresponding
problems for the Laplace-Beltrami operator acting on differential forms
have already been examined, let us first briefly describe those results.
The first natural thing to do is to look at the spectrum of the model
space, n-dimensional hyperbolic space H". Donnelly [13] computed the
spectrum of the Laplace operator A, acting on g-forms on H". For the
point spectrum he obtained

_ {0}7 q= n/2
specp(Bq) = { 0, otherwise
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and for the continuous spectrum

— [(n—?q—1)2/4,oo), qgn/2
spece(Bg) = { [(n— 20+ 1)2/4,50), ¢ > n/?
The eigenvalue 0 in the case n = 2¢ occurs with infinite multiplicity.
When we pass to quotients of the hyperbolic space we cannot hope to
be able to explicitly compute the spectrum anymore. But the essential
spectrum which is much more robust than the eigenvalues may still be
controlled. Indeed, Mazzeo and Phillips [24] showed that except for
the eigenvalue 0 the essential spectrum on a noncompact hyperbolic
manifold of finite volume is the same as that of H"

[ [(n—2q—1)?/4,00), q<n/2
spece(Bq) = { [(n — 2+ 1)*/4,00), q>n/2
In dimension 2 and 3 one can approximate hyperbolic manifolds of finite
volume by compact ones. In dimension 2 this is clear from Teichmiiller
theory and it can be done continuously. In three dimensions it fol-
lows from Thurston’s cusp closing theorem that for any noncompact
hyperbolic manifold M of finite volume one can find a sequence of com-
pact hyperbolic manifolds, pairwise nonhomotopic, which converge in
a suitable sense to M. What happens to the spectrum under such a
degeneration?

Since the spectrum of closed manifolds is discrete, we expect the
eigenvalues in the range of the essential spectrum of the limit manifold
accumulate. This is true and the rate of clustering has been determined
by Ji and Zworski [21] for surfaces, by Chavel and Dodziuk [9] for n = 3
and ¢ = 0, and by Dodziuk and McGowan [12] for n = 3 and ¢ = 1. By
Hodge duality this covers all cases.

It turns out that each cusp of the limit manifold M contributes
to the accumulation rate. This is not surprising because each cusp
contributes to the essential spectrum. ILet M; be the approximating
sequence of closed hyperbolic manifolds, M; — M. The cusps of M are
approximated by degenerating tubes around short closed geodesics in
M; of length ¢; ; =% 0, 7 =1,...,k, where k is the number of cusps
of M. For an operator L on a manifold N and an interval I C R we
introduce the eigenvalue counting function

Ny n(I) == t(spec(L) N 1I).
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Here eigenvalues have to be counted with multiplicity. Then the accu-
mulation rate turns out to be

k
N (D) = el q)= 3" log(1/8:5) + Ou(1)

j=1
where
2, n=2, £k=0,2
_ 4, n=2, k=1
cn,q) = 1/2, n=3, k=0,3
1, n=3, k=12
and
[1/4,1/4 + 2?], n=2
I= [M1,14+2%], n=3 k=03
[0, 22], n=3 k=12

and O4(1) denotes an error term bounded as a function of . Moreover,
Colbois and Courtois [10, 11] showed that the eigenvalues below the
bottom of the essential spectrum of M are limits of eigenvalues of the
M;.

We want to study the analogous questions for the Dirac operator
D acting on spinors, sometimes also called Atiyah-Singer operator, on
hyperbolic manifolds. The spectrum of the model space H™ has been
computed by Bunke [6]. Note that there is an incorrect statement about
the eigenvalue 0 in that paper. See also [7, 8] and the remark after the
proof of Lemma 1 in this paper. The result is

specy(D) = 0, spec.(D) = R.

Since D is of first order the spectrum is not semibounded. When we pass
to nonsimply connected hyperbolic manifolds a new piece of structure
enters the picture for which there is no analog for the Laplace operator.
We have to specify a spin structure on the manifold. First of all, this
means that we have to restrict our attention to hyperbolic spin mani-
folds. In particular, the manifolds must be orientable. If the manifold is
spin the spin structure is not unique. There are as many spin structures
on M as there are elements in the cohomology group H'(M;7Z/27). Tt
turns out that the choice of spin structure has dramatic impact on the
Dirac spectrum. We will define in Section 3 what it means that a spin
structure is frivial along o cusp of a hyperbolic manifold. This is an
essentially topological property. Our first result is
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Theorem 1. Let M be a hyperbolic manifold of finite volume
equipped with a spin structure.

If the spin structure is trivial along ot least one cusp, then the Dirac
spectrum satisfies

spec(D) = spec.(D) = R.

If the spin structure 1s nontrivial along all cusps, then the spectrum
18 discrete,

spec(D) = specq(D).

We see already that there is no analog for the eigenvalues below the
bottom of the essential spectrum as studied by Colbois and Courtois.

We will see that if M is 2- or 3-dimensional and has only one cusp,
then only the second case occurs, and the spectrum is always discrete
(Corollary 1). If M is a surface with at least two cusps, then both cases
occur. The spin structure can be made trivial on any choice of an even
number of cusps.

In three dimensions this is not true in general. It can happen that
the spectrum is always discrete even if the manifold has more than one
cusp. If the hyperbolic manifold is given as the complement of a link in
53, then there is a simple criterion to decide if there is a spin structure
such that spec(D) = R.

Theorem 4. Let K C S? be a link, and let M = S3 — K carry a
hyperbolic metric of finite volume.
If the linking number of all pairs of components (K;, K;) of K is
even,
LEk(K;, Kj) =0 mod 2,

1 % j, then the spectrum of the Dirac operator on M is discrete for all
spin structures,

spec(D) = specq(D).

If there exist two components K; and K; of K, i # j, with odd
linking number, then M has a spin structure such that the spectrum of
the Dirac operator satisfies

spec(D) = R.
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Determining linking numbers modulo 2 is equivalent to counting
overcrossings modulo 2, hence extremely simple. See the last section for
examples.

Next we study the behavior under the degeneration process in di-
mension 2 and 3. Of course, we have to assume that the spin structure
on M is, in a suitable sense, the limit of the spin structures on the M.
In two dimensions the result is

Theorem 2. Let M; be a sequence of closed hyperbolic surfaces
converging to a noncompact hyperbolic surface M of finite volume. Let
each M; hove exactly k tubes with trivial spin structure around closed
geodesics of length ¢; ; tending to zero. Hence M has exactly 2k cusps
along which the spin structure is trivial. Let x > 0.

Then the eigenvalue counting function for the Dirac operator satis-
fies for sufficiently small ¢; ;:

k
4
Noar(=a,a) = =" log(1/4:) + 0s(1).
j=1

Very recently, Farinelli [17] gave an upper bound on the spectral
accumulation of the lower part of the Dirac spectrum of hyperbolic 3-
manifolds. However, we will show that in three dimensions there is no
clustering at all!

Theorem 3. Let M; be a sequence of closed hyperbolic 3-manifolds
converging to a noncompact hyperbolic 3-manifold M of finite volume.
Let each M; have exactly k tubes around closed geodesics of length ¢; ;
tending to zero. Hence M has exactly k cusps. Let z > 0.

Then the spin structure is nontrivial along all tubes and the eigen-
value counting function for the Dirac operator remains bounded:

Np g (—z,z) = 0,(1).

The reason for this fact, at first glance quite surprising, is of topolog-
ical nature. The spin structure on the tubes must be nontrivial because
the trivial spin structure on the 2-torus is nontrivial in spin cobordism
Qgp " In other words, the spin structures on hyperbolic 3-manifolds
of finite volume for which spec(D) = R do not occur as limits of spin
structures on closed hyperbolic 3-manifolds.
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We see that the freedom to choose different spin structures leads to
new phenomena in the spectral theory of the Dirac operator on hyper-
bolic manifolds for which there is no analog for the Laplace operator.
This also distinguishes the classical Dirac operator acting on spinors
from those twisted Dirac operators on locally symmetric spaces which
have typically been studied in the context of representation theory [1, 2]
and index theory [25].

The paper is organized as follows. In the first section we collect a
few facts about hyperbolic manifolds. The structure of the cusps and
tubes is important for our purposes. A description of the degeneration
process in dimension 2 and 3 is given.

In the second section we present some generalities about the L2-
spectrum of self-adjoint elliptic operators. We give a proof of the so-
called decomposition principle which roughly says that modifying the
manifold and the operator in a compact region of the manifold does
not affect the essential spectrum. This will be extremely useful for us
because we can restrict our attention to the cusps of the hyperbolic
manifolds. There are many versions of this principle in the literature
but we found it convenient to prove it in a quite general form. Our
version can e.g. be applied to the Dirac operator on manifolds with
boundary with suitable boundary conditions.

In Section 3 we prove Theorem 1. We use a separation of vari-
ables along the cusps which reduces the problem to the study of simple
Schrédinger operators on an interval.

In the fourth section we derive a general version of domain mono-
tonicity. This allows one to estimate eigenvalues by cutting the manifold
into pieces. This has been used extensively in the spectral geometry of
the Laplace operator. Here we need this tool for the Dirac operator.

We are then able to prove Theorem 2 in Section 5. It is important
that tubes in a hyperbolic surface are warped products so that the
separation of variables can again be applied.

We would like to do the same thing in three dimensions in Section 7
but we have the problem that tubes are no longer simple warped prod-
ucts. Therefore we include a general formula in Section 6 which relates
the square of the Dirac operator on a manifold foliated by hypersurfaces
to operators along the leaves and normal derivatives. This way we can
regard the square of the Dirac operator on the tube as a Schrédinger
operator acting on Hilbert space-valued functions on an interval. We
will then be able to prove Theorem 3 in Section 7.

In the last section we discuss the different spin structures which 2- or
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3-dimensional hyperbolic manifolds can have. This is more topological
in nature. We conclude with a few examples of link complements for
which essential spectrum does or does not occur.

Acknowledgements. It is a pleasure to thank W. Ballmann, J.
Dodziuk, U. Hamenstiadt, and W. Miiller for many fruitful discussions
and valuable hints. This paper was written while the author enjoyed
the hospitality of SFB 256 at the University of Bonn.

1. Hyperbolic manifolds of finite volume

A hyperbolic manifold is a complete connected Riemannian manifold
of constant sectional curvature -1. We collect a few well-known facts
about such manifolds with special emphasis on the case of finite volume.
A thorough introduction to the topic is given in [5].

Every hyperbolic manifold M of finite volume can be decomposed
disjointly into a relatively compact My and finitely many cusps &;,

k

(1) M=MU|Jé&
7j=1

where each &; is of the form £ = N; x [0,00). Here N; denotes a con-
nected compact manifold with a flat metric gn,, a Bieberbach manifold,
and &; carries the warped product metric gg;, = e 2. gn; + de?.

&

&1

FiGurE 1
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For example, N; could be a flat torus, as is always the case if M is
2- or 3-dimensional and orientable. This simple structure of the cusps
will allow us to apply a separation of variables technique to the Dirac
operator on hyperbolic manifolds of finite volume.

It turns out that very different phenomena occur in hyperbolic ge-
ometry depending on the dimension. In dimension 2 there is a whole
continuum of hyperbolic structures (hyperbolic metrics modulo isome-
tries) on a given surface. This is known as Teichmiiller theory. In
particular, if we fix a compact surface M, then there are continuous
deformations of hyperbolic metrics on M under which M degenerates
to a noncompact hyperbolic surface of finite volume. These deforma-
tions correspond to paths in the Teichmiiller space converging to the
boundary.

In contrast, in dimension n > 3, we know by Mostow’s rigidity theo-
rem that any compact manifold carries at most one hyperbolic structure.
Therefore continuous degenerations are not possible.

If n = 3 however, the following kind of degeneration still occurs.
Thurston’s cusp closing theorem says that for any hyperbolic manifold

M = MyU szl &; of finite volume with metric g there are compact
hyperbolic manifolds (M;, g;) which can be decomposed disjointly into

k
M; = M;oU U T
i=1

where T; ; is the closed tubular neighborhood of radius R; ; of a simple
closed geodesic y; ; C M; of length /; ;. The boundary N; ; = 0T} ; is a
flat torus. In the degeneration (i — oo) the following happens:

o Ei,j — 0

o R ;= %log(l/ﬁi,j) + ¢y — oo where ¢j is some constant indepen-
dent of 4.

e There are diffeomorphisms ®; : My — Mi,O of compact manifolds
with boundary such that the metrics ®f(g;|y;, ;) converge in the
C>-topology to g|y,-

e The pull-backs of the metrics of N; ; converge in the C*°-topology
to the one of Nj.
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Moreover, if we write
Tijlri,ro] = {z € M; | dist(z,75) € [r1,72] }

for the tubular region around +; ;, so that T;; = T;;[0, R; ;], then we
have in addition

e For every 0 < r1 < 79 < R;; the tubular region T;;[ri,r9] is
isometric to T2 x [ry, 9] with the metric g, + dr? where g, is the
flat metric on the 2-torus given by the lattice T', C R? spanned by
the vectors (27 sinh(r),0) and (o ;sinh(r), ¢; jcosh(r)) for some
“holonomy angle” ¢ ; € [—m, 7).

27 sinh(r)

FIGURE 2

This description of the degeneration is also valid in the 2-dimensional
case, except that the tube T; ; is of the form T ; = St x [—R; j, R ;] with
metric ds? = Eij cosh(t)2d0? + dt? where t € [-R; ;, R; ;], 0 € St = R/Z
and R;; = log(1/4; ;) + co. In particular, the boundary of the tube is
of the form S° x §' = S1US!. Hence each tube degenerates into fwo
cusps.
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Vi,j

$i1— 0

FIiGURE 3

In order to define the Dirac operator we also need to specify spin
structures on our manifolds. In the degeneration we require that the
diffeomorphisms ®; : My — Mi,O can be chosen compatible with the
spin structures.

2. Generalities about the L%-spectrum

Let H be a complex Hilbert space and let A be a self-adjoint linear
operator with dense domain A : D(A) C H — H.

Definition 1. A number A € C is called an eigenvalue of A if
A — MId is not injective. In this case we call dim(ker(A — AId)) the
multiplicity of X\. The set of eigenvalues, spec,(A), is called the point
spectrum.

The essential spectrum, spec.(A), is the set of A € C for which
there exists a sequence x; € D(A) satisfying

(2) lz:]] = 1, (A — Ald)z; — 0, ;i =0

for ¢ — oo. Here “—" denotes weak convergence as opposed to norm
convergence “—”.

The union of the point spectrum and the essential spectrum is the
spectrum of A, spec(A) = specy(A) U spece(A).
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Note that the spectrum of a self-adjoint operator is actually con-
tained in R and that the point spectrum and the essential spectrum
need not be disjoint. Figenvalues of infinite multiplicity and eigenval-
ues which are accumulation points of the spectrum are contained in
both the point spectrum and the essential spectrum.

Definition 2. The set
specq(A) = specy(A) — spece(A)
is called the discrete spectrum. The set
spece(A) = spece(A) — specy(A)

is called the continuous spectrum.

Sometimes it will be convenient to look at the square of an operator
instead of the operator itself. We will then use that spec.(A) = 0 if and
only if spec.(A?) = ().

In the definition of the essential spectrum (2) can be replaced by
other equivalent conditions. For example, instead of demanding z; — 0
we could require that there is no convergent subsequence. If the operator
A is the closure of an operator L with domain D(L), then we can as
well require z; € D(L). See e.g. [31] for details. A sequence as in (2) is
called a Weyl sequence.

Let us show that the essential L2-spectrum of self-adjoint elliptic
differential operators on manifolds does not change when one modifies
the manifold in a compact region.

In what follows we will denote the space of LP-sections in a Hermi-
tian vector bundle E over a Riemannian manifold M by LP(M, E), the
Sobolev space of sections whose covariant derivatives up to order k are
LP by H*?(M, E). The space of k times continuously differentiable sec-
tions is denoted by C¥(M, E), 0 < k < oo, and the space of C*-sections
with compact support is denoted by C¥(M, E).

Proposition 1. (Decomposition Principle). Let M be a Rieman-

nian manifold, with (possibly empty) compact boundary, M :Z\O4 UOM.
Let E be a Hermitian vector bundle over M. Let L be an essentially
self-adjoint linear differential operator of order d > 1 with domain D(L),
C(M,E) C D(L) C C§°(M, E). Suppose for every compact K C M
there is an elliptic estimate

3) lollzazaemy < € (Il coqar,zy + 152l coqar.z) )
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for all z € D(L), C = C(K). Denote the closure of L in L*>(M,E) by
L.

Let M’ be another Riemannian manifold and let E', L', and i be
deﬁned_similarly on_M’. We assume there exist compact sets K C M,
K' c M suchthat M— K =M'—-K',and E=FE', L = L' over M—K.

Then

spece(L) = spece(L').

oM’

FiGURE 4

Note that sections in C§°(M, E) need not vanish on M in contrast

to those of CSO(J\OJ, E).

In case OM = {) the elliptic estimate (3) holds automatically if L is
an elliptic operator [27, p. 379, Thm. 11.1]. In this case the decomposi-
tion principle can be found in many places in the literature for various
operators (mostly of second order), see e.g. [19, 14, 16].

In the presence of boundary establishing (3) is subtler. It usually
follows from coercive estimates

o lescy <C- (nxniz(M,E) 122l 7 5

+ Z HBijiId_di_1/2’2(8M,E)>

J






