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DELIGNE PAIRINGS AND THE KNUDSEN-MUMFORD
EXPANSION

D.H. PHoNG, JuLius Ross, & JACOB STURM

Abstract

Let X — B be a proper flat morphism between smooth quasi-
projective varieties of relative dimension n, and L — X a line
bundle which is ample on the fibers. We establish formulas for the
first two terms in the Knudsen-Mumford expansion for det (. L")
in terms of Deligne pairings of L and the relative canonical bun-
dle K. This generalizes the theorem of Deligne [1], which holds
for families of relative dimension one. As a corollary, we show
that when X is smooth, the line bundle 7 associated to X — B,
which was introduced in Phong-Sturm [12], coincides with the CM
bundle defined by Paul-Tian [10, 11]. In a second and third corol-
laries, we establish asymptotics for the K-energy along Bergman
rays generalizing the formulas obtained in [11].

1. Introduction

Let m : X — B be a flat proper morphism of integral schemes with
constant relative dimension n, and let L — X be a relatively ample
line bundle. The theorem of Knudsen-Mumford [6] says that there ex-
ist functorially defined line bundles \; = X\;(X,L,B) — B with the

property:

k k
(1.1) det m, (L*) ~ )\fﬁﬁl) ® >\7(1”) ®---®@A for k> 0.

In the case n = 1, Deligne [1] showed that A\o(L, X, B) = (L, L) x/B,
the Deligne pairing of L with itself. If in addition the varieties X and B
are smooth, Deligne proved that (L, X, B)? = (LK‘l,L>X/B, where
K = Kxp = Kx® Kgl is the relative canonical line bundle. Our

first result provides a generalization of these formulas to the case where
n > 0:

Theorem 1. Let m : X — B be a proper flat morphism of integral
schemes of relative dimension n > 0 and let L — X be a line bundle
which is very ample on the fibers.
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1) There is a canonical functorial isomorphism
(12) )‘TLJrl(LvaB):<L7"'>L>X/B'

2) If X and B are smooth, and K is the relative canonical line bundle
of X — B, then there is a canonical functorial isomorphism

(13) )‘%(IﬁXvB): <LnK_17La'--7L>X/B7

where the right sides of (1.2) and (1.3) are Deligne pairings of n+1 line
bundles.

Remark 1. Knudsen-Mumford show that the leading term A, 41 (L,
X, B) is equal to the Chow bundle, so (1.2) follows immediately by
combining their result with the theorem of Zhang [24], which gives a
formula for the Chow bundle in terms of the Deligne pairing (L, ..., L).
Thus the main content of Theorem 1 is the isomorphism (1.3).

Remark 2. We need to make precise the meaning of “functorial” in
statements (1.1), (1.2), and (1.3). This will be done in §4.

Remark 3. The proof of Theorem 1 generalizes to the case, where
X — B is a relative complete intersection, but for simplicity of exposi-
tion, we restrict to the smooth setting.

Remark 4. If the base B is compact, then it is easy to see that both
sides of (1.2) and (1.3) have the same Chern class. But in the statement
of Theorem 1, the base B is not assumed to be compact. This means
that we can not use a Chern class argument and that we must work
directly with the sections of the relevant line bundles. Allowing B to be
non-compact is important for applications to Kahler geometry, where
cases of interest are test configurations X — B for which the base B is
the complex plane.

We shall give proofs of (1.1), (1.2) and (1.3), which use Bertini’s
theorem and go by induction on the dimension n. The proofs are self-
contained, and do not rely on the n = 1 result of Deligne, or the results
of Knudsen-Mumford [6] and Zhang [24].

Next we describe two applications of Theorem 1. The first says that
the line bundle 7, which was introduced in [12], coincides with the CM
line bundle ncy, which was defined by Paul-Tian [10, 11]. In order to
state the precise result, we first recall the necessary definitions.

Let # : X — B be a flat proper map of smooth quasi-projective
varieties of relative dimension n, and let L — X be a line bundle, which
is relatively ample on the fibers. Let p(k) = agk™ +a1k™ ' +--- be the

Hilbert polynomial of the fibers of 7, and let u = 2(% = %

Let K = Kx/p be the relative canonical bundle of X — B.
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The line bundle » — B was introduced in [12] and it is defined as
follows:

(1.4) n(L,X)=(L,...,L)*® (K, L,...,LY"+D,

where in each of the two Deligne pairings there is a total of n + 1 line
bundles. In [12] it is proved that the line bundle 7 has a metric given
by the Mabuchi K-energy. In [13] this point of view was developed and
applied to the calculation of the K-energy of a complete intersection,
thus providing a non-linear generalization of the Futaki invariant for-
mulas discovered by Lu [8] and Yotov [22] (see also the related work of
Hou [5], Liu [7], and Yotov [21]).

Remark 5. We learned recently that the line bundle 7 had also been
deduced from Riemann-Roch by Shou-Wu Zhang in a 1993 letter to P.
Deligne [23].

The line bundle ncy — B was introduced in [10] and it is defined as
follows:

>\7”L+1(L7 X7 B)n> (n+1)

— p
1.5)  nem(L, X) = Ay (L, X, B) ®< WO NI

This extends to a bundle on the Hilbert scheme whose weights are
the Donaldson-Futaki invariants, which were defined in [3].

Corollary 1. Let m: X — B be a flat proper map of smooth quasi-
projective varieties and L — X be a line bundle, which is very ample on
the fibers. Then there is a canonical functorial isomorphism n(L, X) —
nCM(La X) .

Before stating the next corollary, we need to recall some background
from Kahler geometry (full definitions will be provided in §6): Let X3
be a compact complex manifold and L; — X7 be an ample line bundle.
Then Donaldson [3] defines a test configuration 7" for (Xi, L) to be a
triple L — X — C plus a homomorphism p : C* — Aut(L,X,C),
where X is a scheme, L — X is a C* equivariant line bundle, 7 :
X — C is flat and C* equivariant, 771(1) = X; and L|x, = Li.
Donaldson associates to T" a rational number F'(T") which is called the
Futaki invariant of T', and which is defined by

p(T) ’T]CM(L,X)O = T_F(T)v

where nem(L, X)o is the fiber of nom(L, X) — C at the origin. This
invariant generalizes the invariant defined by Tian [18] in the case where
the central fiber is normal. We say that (X1, L1) is K-stable if F(T) <0
for all test configurations T', with equality if and only if T is a product.
The conjecture of Yau [19], Tian [18] and Donaldson [3] says that X
has a metric of constant scalar curvature in c¢;(L;) if and only if the
pair (X1, L) is K-stable.
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Now assume that L — X — C is a test configuration with X smooth.
Let w be a Kéhler metric on X, and let wy = w\Xt where for t € C*, we

put Xy = 7 (t). Let d = le w] and define, as in [18], the function

1 W A (dm A dr)
Here we view m : X — C as a holomorphic fqnction, so that dm is
a l-form on X. The expression f = W is the ratio of two

(n+1,n+ 1) forms on X whose denominator is strictly positive, and
thus f is a non-negative smooth function on X. Then ¢ : C* — R is
smooth and bounded above, as t — 0. Let v(t) = v(w1, p(t)*w;) be the
K-energy of p(t)*w; with respect to the base point wj. Then we have
the following generalization of the formula proved in [11]:

Corollary 2. Let L — X — C be a test configuration with X smooth,
and let w € c1(L) be a Kahler metric on X. Then

(1.7) v(t) —(t) = m log |t|? + O(1).

Hence, if the central fiber of X has no component of multiplicity greater
than one, then

vit) _ F(T)

1. i = .
(18) ) log|t|2  (n+1)d

This result was obtained in [11] under the following additional as-
sumption: There is a triple (£, X, B) with X — B a flat map between
smooth projective varieties, £L — X relatively very ample, P(m,. L) ~
B x PV (X,L) ~ (X, Opn (1)) for some b € B, with the property:
There is an action of SL(N + 1, C) on the data commuting with all the
projections such that p is the restriction of a one parameter subgroup of
SL(N+1,C). The purpose of Corollary 2 is to remove this assumption.

More generally, suppose L — X — C is a test configuration T and
L' - X' — B a flat family satisfying the hypothesis of Corollary 1.
Suppose that there is an imbedding C C B such that 7T is the restriction
of the flat family to C. Thus X’ is smooth, but X need not be smooth.
Then we have the following generalization of Theorem 1 in [11] :

Corollary 3. Let w € ¢1(L') be a Kahler metric on X' and n be a
Kahler metric on B. Define

1 WwrtATIT
(1.9) Y(t) = d/xt log {W] wyi'
where n+ m is the dimension of X. Then
F(T) 2
1.1 — =——"—1 1).
(1.10) V(1) =00 = 7o i s+ O()
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2. Review of the Deligne pairing

We recall some of the results of Deligne [1] and Zhang [24]: Let
m : X — B be a flat projective morphism of integral schemes of pure

relative dimension n. If Lg,..., L, are line bundles on X, then the
Deligne pairing (Lo, ..., L,)(X/B) is a line bundle on B. It is locally
generated by symbols (s, ..., s,), where the s; are rational sections of

the L; whose divisors, (sj), have empty intersection. The transition
functions are determined by the following relation:

(2.1) <So,...,f8i,...8n> :f[Y] -(So,...,Sn>,

where f is a rational function, Y = Nj;4;(s;) is flat over B, and f[Y] =
Normyg(f). The fact that (2.1) determines a well defined line bundle
follows from the Weil reciprocity formula, which says that if f and g are
rational functions on a projective curve such that (f) N (g) = 0, then

(2.2) fll9)] = gl(f)];
where g[(f)] = [1; 9(pj)" if (f) =>_; 1;p;-

The Deligne pairing satisfies a useful induction formula, which is de-
scribed as follows: Suppose s; is a rational section of L; such that Y —
B is flat, where Y = (s;). Then the map (soly,...,5;ly,-..,snly)(Y/B)
— (80, .. .,8,)(X/B) defines an isomorphism

(23)  (Loly,---, Ljly,---, Laly)(Y/B) — (Lo, ..., L,)(X/B).

Next let us suppose that for some ¢ < j that L; = L;, and let
(s0y--.,8n) and (tg,...,t,) be generating sections for (Lg,...,L,) as
above. Assume that s, = ¢ for all £ # 4,7. Assume also that s; = t;
and s; = t;. Then we have the following formula from [1]:

(2.4) (505 -+ 80) = (=1)%to, ..., tn),
where d =[], ,; c1(Lg). In [1], the relation (2.4) is only stated for n = 1,

but the general case follows from this and from (2.3).

Finally, we recall that if h; is a smooth metric on Lj, then there is
an induced metric (hyg,...,hy,) on the line bundle (Ly,...,L,). This
metric has the following property: Let ¢ be a smooth function on X.
Then hge~? is a metric on Ly and

(2.5) (hoe™®, ... hy) = (ho,... hyp) - e ¥,
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where ¢ : B — C is the function

(2.6) Y = G-wi A Awy,
X/B

and w; = —g@é log h; is the curvature of h;.

3. Bertini’s Theorem

Our proofs require a variant of Bertini’s theorem to cut down the
dimension of our family X — B so that we obtain a smooth family of
smaller relative dimension. We state the version of the theorem that we
need and, for the sake of completeness, we supply a proof.

Proposition 1. Let X C P be a smooth quasi-projective subvariety
and let Y C X be any subvariety with Y # X. Let Hy C PN be a
hyperplane such that Hy N X is smooth. Let ¢ be a generic pencil of
hyperplanes containing Hy, that is, £ is a generic line in PN = {H C
PN :Hisa hyperplane}, which passes through Hy € PYN. Then there
exists an open set U C X such that Y C U and HNU is smooth for all
Hel.

Proof. We first recall the proof of the usual Bertini theorem: Let
X C PY be asmooth variety of dimension n and let £ be a generic pencil
of hyperplanes. We wish to show that HN.X is smooth for all but finitely
many H € £. To see this, let F': X — X x Gr(n, N) (the set of n planes
in PY) be the map which sends z to (z, T(X)). Let p : X xGr(n, N) —
Gr(n, N) be the projection map. Let Z C Gr(n, N) x PY be the set
of pairs (A, H) such that A C H. Then 7 : Z — Gr(n,N) has fibers
of dimension N —n — 1. Let 75 : Z — P be the projection onto the
second factor. Thus B = (mamr; 'pF)(X) C PLY is a constructible set of
dimension at most N — 1. Moreover, H € B <= H N X is not smooth.
Thus most hyperplanes (a non-empty Zariski open set) will intersect X
along a smooth divisor. On the other hand, a line in PY (i.e., a pencil
of hyperplanes) will, in general, contain a finite number of hyperplanes
H for which H N X is singular.

Now we prove the proposition: Let By = (mom; 'pF)(Y) € PY. Then
By is constructible and has dimension at most N — 2. Thus, a generic
pencil £ misses By. Let {Hi,...,Hy} = {H € ¢: HN Xis not smooth}.
Let U; € Hj N X be the set of smooth points. Then Y C U;. Then
U = NUj is the desired open set, proving the proposition.

Next we let f : X — B be a projective flat morphism between smooth
varieties and L — X a line bundle which is very ample on fibers. Assume
that B is affine and fix by € B. Assume as well that X C B x P is the
imbedding given by the complete linear series of L.
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Proposition 2. There exists s € HY(X, L) such that {s = 0} C X
is smooth and flat over B’ where by € B' C B is open. Moreover, if
51,82 € HY(X, L) are two such sections, then there exists ' € H°(X, L)
such that {ts1 + (1 —t)s’ = 0} and {tsa+ (1 —t)s’ = 0} are smooth and
flat over B" for allt € C (where by C B” C B’ is open).

Proof. Let f : B — C"™ be an imbedding where f = (fo,..., fm)
and f; : B — C a regular function, and fo = 1. Let zo,...,2nx be the
homogeneous coordinates on PY. Then the map PV x B — PM given
by (x,b) — (fixz;) is an imbedding which restricts to an imbedding of
X — PM. Here M = (m + 1)(N + 1) — 1. Thus, if ¢;; are generic
constants, the usual Bertini theorem says that s = Zij cijfizj = 0 is
a smooth subvariety of X. And this subvariety is flat over B (possibly
after shrinking B a little).

Now let 51,52 € H°(X, L). Then there exist regular functions fo, ...,
fm with fo = 1 such that s; is a C linear combination of the sections
fir; and such that (z,b) — (fiz;) is an imbedding of PV x B. The
existence of s’ now follows from Proposition 1.

4. Formula for the leading term

In this section we prove (1.1) and (1.2). Although the results are
not new, a methodology will be developed which will also yield, with
suitable adaptations, a proof of (1.3).

Before constructing the isomorphisms of (1.1) and (1.2), we must
first make precise the meaning of “functorial”: Let B be a scheme and
suppose we are given, for all sufficiently large positive integers k, a line
bundle M} — B. Then associated to such a sequence M*® = (My), we
define, as in [6], a new sequence AM?® as follows: (AM?®);, = M;, ®M,;11.

Now let 7 : X — B be a flat proper morphism of integral schemes of
relative dimension n, and L — X a line bundle which is relatively ample
on the fibers. Then a precise formulation of the Knudsen-Mumford
theorem (1.1) is the following:

Theorem 2. There exists, for k> 0, an isomorphism
(4.1) or(L, X, B) : AP det(n, LF) — Op

with the functorial property: If ¢ : (L', X', B") — (L, X, B) is a carte-
stan morphism then

(4.2) or(L', X', B") o ¢* = ¢" 0o ox(L, X, B),
where ¢* denotes the maps Op — Opr and

A2 det(m, L*)y — A2 det(7. L)y,
nduced by ¢.
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Here we say that ¢ = (2, ¢1, o) is cartesian if ¢g : B’ — B and
¢1 : X' — X are morphisms such that m¢; = ¢on’, the induced map
X' — X xp B’ is an isomorphism, and ¢o : L’ — ¢7L is an isomorphism
of line bundles over B’.

Let us spell out the equivalence between (4.1) and (1.1), which is the
usual formulation of the Knudsen-Mumford theorem: Fix n > 0 and
assume that (4.1) holds. For k > 0, we define

(4.3) Ang1(X, L k) = APV det(m, L®).

Then (4.1) defines a family of functorial isomorphisms oy /(n + 1) :
An+1(X, Lok) — A1 (X, L, K'). Now fix ko > 0 and define \,+1(X, L)
to be Apy1(X, L, ko). Let

(4.4)  M(X,Lk) =A™ {det(w*L')@J [AHH(X,L)(nL)}_l} .
k

Then oy, 4/ (n + 1) defines functorial isomorphisms
Ok (n) : Ap(X, L, k) — M (X, LK.
Let A\ (X, L) = A\ (X, L, ko) and define
An—1(X, L, k)

=2 faet(n. 1) © [ (00 e rux @) )
k

Continuing in this fashion, we construct line bundles \;(X, L) for 0 <
Jj < n+1 which satisfy (1.1). Moreover, if ¢ : B — B is a base change,
then the construction of the A; provides an isomorphism ¢*\;(X, L) —
A\j(X', L") which is compatible with the isomorphism ¢*det(m.L*) —
det (7. L'").

Next we give a precise formulation of the statement (1.2) which gives
the formula for A, +1(X, L) in terms of a Deligne pairing:

Theorem 3. Let w: X — B be a flat projective morphism of quasi-
projective schemes of relative dimension n, and L — X be a line bundle,
which is very ample on the fibers. There exists for k > 0 an isomor-
phism
(4.5) (L, X, B) : A" Ddet(m,L*), — (L,...,L)
with the functorial property: If ¢ : (L', X', B") — (L, X, B) is a carte-
stan morphism, then
(46) Tk(L/,X,,B/)O¢*:gb*OTk(L,X,B),
where ¢* denotes the isomorphism ¢*(L,..., L) — (L',... L") as well
as the isomorphism ¢* A2 det(m, LF) — A2 det(x! L") induced by
¢. In particular, there is a functorial isomorphism
(47) >\n+1(L7XvB) - <L77L>
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Note that Theorem 3 implies Theorem 2 upon defining o4(L, X, B) =
Aro(L, X, B).

Finally we give the precise formulation of (1.3):

Theorem 4. Let 7 : X — B be a flat projective morphism of smooth
quasi-projective varieties of relative dimension n, and L — X be a line
bundle, which is very ample on the fibers. There exists for k > 0 an
isomorphism
(4.8)

e = (L, X, B) : [AMWdetr, (LM)? — (L,...L)*(Kx/pL",...,L)"!

with the functorial property: If ¢ : (L', X', B") — (L, X, B) is a carte-
stan morphism, then

(49) #k(L/,X,,B/)O¢* :d)*O,U/k-(L,X,B)
In particular, there is a functorial isomorphism
(4.10) A(L,X,B)=(L"K',L,...L)x/p.

Proof of Theorem 3. We will define 7i (L, B) first on the level of stalks.
Thus, we fix by € B, and we define 7(L, B"), where by € B’ C B is some
small open neighborhood. In order to avoid cumbersome notation, we
shall write B instead of B’ with the understanding that B has possibly
been replaced by a smaller open neighborhood of by. The definition we
give will depend on some choices, so the main task will be to show that
after shrinking B even further, that different sets of choices define the
same 7 (L, X, B).

We start with the case of relative dimension zero: Fix a section s
which generates L (shrinking the base B if necessary). Then multipli-
cation by s defines an isomorphism between L*~! and L* and thus an
isomorphism det(m,L*~!) — det(r,L*). This provides a nowhere van-
ishing section ¢ of Adet(m,L*) and the map (s) ~— ¢ defines 74(L, B)~'.

Now let n, the relative dimension, be arbitrary. Choose generic sec-
tions s1,..., 8, of my L and for 0 < k < n, let X; C X be the subscheme
defined by sgpy1 = Sg42 = -+ = 8, = 0. Thus, X,, = X and applying
Proposition 2, we conclude that X; — B is a projective flat map be-
tween smooth quasi-projective varieties (again, with the understanding
that B has been replaced by a smaller open neighborhood of by).

Multiplication by s; defines an exact sequence
(4.11) 0 — W*LI)ZI — W*L]}}j — W*ng(j71 — 0.

Taking determinants defines an isomorphism

(4.12) Ks; :Adet(w*Ll)“(j) — det(ﬂ'*L‘];(j71>.
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More precisely, if t1,...,t, is a basis of HO(B,W*ng(;l), choose uq, ...,
up, € HY(B, W*L’)“(j) so that {s;t1,...,sjtq,u1,...,up} is a basis of
H°(B, W*Ll)“(j). Then we define

Ks, (it A= - Asjta Ay Aup) ®@ (tL A=+ Atg)™h) =Ty Av- Ay,

where fLZ = ui]Xj_l.

Define the isomorphism (sy, ..., 5,) = Akg, 0 APk 0. 0 Ak
Then
(4.13) K(s1,...,8n) : AT det(m, LF) — Adet(le)“(O).
Now let sz : <L’Xj7 oeey L’Xj>Xj/B — <L|Xj,17 ves 7L|Xj71>Xj71/B be
the induction isomorphism defined by (2.3). Define the isomorphism
L(S1y...,8p) =lg O+ OLg, .
Then
(414) [,(81, ey Sn) . <L7 ey L>X/B — <L’X0>X0/B'
Finally, define
(4.15)
(L, X, B) (81, -+ -y 80) = t(51, -, 8n) ome(L|xq, X0, B)ok(s1,. .., 5p).
Lemma 1. The isomorphism 1i(L, X, B)(s1, ..., 8,) is independent
of the choice of generic sections s1,...,Sy.

Once Lemma 1 is proved, we can define 74(L, X, B) to be given by
Tk(L, X, B)(s1, .. ., sy) for any choice of defining sections. This is a local
definition, since B has been replaced by a small open subset of by. Now
Lemma 1 implies that the local isomorphisms glue together to give a
unique isomorphism, which is globally defined and easily seen to satisfy
the functorial properties: If sq,...,s, are general elements of HO(L)
used to define 71(X, L, B), then we can use the pullbacks of these to
HO(L'), which are also general, to define 7(X’, L/, B'). Thus, to prove
Theorem 3, it suffices to prove the lemma.

Proof of Lemma 1. First we show that 74 is independent of the
ordering of the sections s1,...,s,. To see this, it suffices to show that
) is invariant under a permutation which switches s;_1 and s; for some
j < n, and fixes all the other sections. Let’s verify this for j = n (the
general case is similar): Let &(sp—1,sn) = Ks,_, © Aks,. Thus we have
R(sn_1,5n) : A@det(m,LF) — det(m.L*|x, ,). From the definition of
Ks;, we easily see that

(4.16) F(Sn, sn_1) = (—1)Pr1 D, 1 s,),

where p = p,, is the Hilbert polynomial for L — X — B and p;_(k) =
Apj(k) = pj(k) —pj(k —1). Indeed, let Ey_; be an ordered basis of
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HO(X,LF 1) . Let F, € H°(X, L*) be an ordered set of sections whose
restrictions to X,,_1 form a basis of H°(X,,_1, L*). Then (s,_1Ex_1, F})
is an ordered basis of H(X, L¥) and

det(SnEk_l, Fk)
s = det(F] :
n ( det(Ek;_l) € ( k|X'n—1)

We repeat this process replacing X with X,,_1: Let F,_; C HY(X,
L*=1) be an ordered set such that Fj,_1|x, , € HY(X,_1,L* 1) is a
basis. Let H, C H°(X,L*) an ordered set such that (s,_1Fs_1|x, ;,
Hy|x, ) is a basis of H%(X,, 1, L¥). So, starting with Fj,_; and Hj,
we define Fj, = (sp,—1Fk_1, Hi). If, in addition, we fix a basis Ej_o C
HO(X, L*72), we can define Ey_; = (s,_1FE_2, F._1). Then we obtain

. det(snsp—1Ek—2, 8nFr—1, Sn—1Fk—1, Hi)
o det(sp—1Ex—2, Fr—1)
= det(spn—1Fr—1|x,_1- Hi|x,_1)s

(det(SnEk—Q, Fr—1)
Sn,

det(Ek_Q) > = det(kal‘Xn_J.

Ak, (det(snsn_lEk_g, SnFr_1,8n_1Fr_1, Hk)det(Ek_2)>
” det(sp—1Fk_2, Fi_1)det(spEx_o, Fr_1)
. det(sp—1Fg—1, Hi)
det(Fy_1) ’
where to ease the notation, we’ve omitted the restrictions to X, ;.
Applying ks, , to both sides we obtain that det(Hy) equals

3 det(spSn—1Ek—2, SnFr—1, Sn—1F}—1, Hy)det(Ey_2)
/i(sn—h Sn) .
det(sp_1Eg_2, Fy—1)det(sp, B2, Fi_1)
If we interchange s, and s,_1 in the ratio
(det(SnSn—lEk—27 spFy_1,8n-1Fk_1, Hk)det(Ek—2)>
det(sp_1Eg_2, Fy—1)det(sp, Ey_o, Fi_1) '

the sign changes by a factor of (—1)Fs-1l. On the other hand, (4.11)
implies that |F_1| = pp—1(k — 1). This proves (4.16).

Next, applying A successively, we have
A(n_l)’%(sna Sn—l) = (_1)dA(n_1)/%(5n—la Sn)a

where d = A Vp,_1(k—n) = po(k—n). But pg = ¢1(L)" is a constant.
Thus d = ¢1(L)". On the other hand, (2.4) implies that permuting s,
and s,_1 in ¢(sy,...,s,) introduces the same factor of (—1)?. Thus the
two factors cancel, and we see that 74 is independent of the ordering of
the Sj.
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/

Now let us fix two choices of sections, (s1,...,8,) and (s),...,s)).

We must show that 74(L, X, B)(s1,...,80) = 76(L, X, B)(s},...,s}).
Clearly we may assume that s; = s for all but one index 4. Since 7y, is
independent of the ordering of the sections, we may assume that s; = s;
for all 5 > 2. In other words, in the proof of Lemma 1, we may assume

that n = 1.
If n =1, then

_ det(E)det(sos1E, s1F, soF)
4.17 ! = il
@17) )1 %0)) = =3 E Fidet(s1 B, F)

Here E is any basis of H(m,L*"2) and FF C HO(r,L*™1) is any set of
linearly independent elements such that (soE, F), (s1E, F) and (s} E, F)
each form a basis of HO(m,LF~1). We must show that 75.(s1)({s1, s0)) =
Tk(5) (51, 50)). Since (s}, 50) = f((50)){s1, 50} where, f = s /s1 and
(so) is the divisor of sg, it suffices to show that 74(s})((s],s0)) =
f((50))7(s1)({s1,S0)). But this follows immediately from (4.17). This
completes the proof of Lemma 1 as well as the proofs of Theorem 3 and
Theorem 2.

5. Relative dimension zero
In this section we prove Theorem 4 in the case n = 0.

Lemma 2. Let w# : Y — B be a finite flat morphism of integral
schemes and let L — Y be a line bundle. Then there is a canonical
isomorphism
(5.1) det(m,L)* = (L)* ® by,
where dy;p C Op s the discriminant of the extension' Y — B.

Proof. This question is local on the base, so we may assume Y — B is
a finite morphism of degree r between affine varieties. Thus Y = spec(T)

and B = spec(S) where S C T is a extension of rings such that T is a
free S module of rank 7.

1) We must prove
(52) det(ﬂ'*O)Q = 6Y/B'

2) We must also show
(5.3) (det L) @ (det m.0)~! = (L).

To see (5.3), let s be a section of L. Then multiplication by s defines
a map Oy — L and thus a map n,0O — m,L and hence a section
of (det m.L) ® (det m,Oy)~!. One easily checks that this defines the
isomorphism asserted by (5.3).
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As for (5.2), let 61,...,0, € T, where r is the degree of S C T'. Let
01,...,0 be the imbeddings of T" into the algebraic closure of the frac-
tion field of S. Then det(;(6;))? € dy/p- In fact, dy,p is generated by
all such elements, so this map gives the isomorphism (5.2) and Lemma
2 is proved.

Lemma 3. Let w : Y — B be a finite flat separable morphism of
quasiprojective varieties of relative dimension zero, and let Dy;p C Oy
be the sheaf of ideals which annihilates ly;s, the module of relative
differentials. Then Dy g is locally free of rank one and

(5.4) (Dy/B)y/B = dy/B-

Proof. We may assume that B and Y are affine: Y = spec(T") and
B = spec(S). Then D C T is an ideal. Choose a € T such that
T = S[a]. The existence of such an « is guaranteed by Nakayama’s
lemma (perhaps after shrinking the base). Let f be the minimal monic
polynomial for «, so that f(a) = 0 and deg f = d. Then, as is well
known,

(5.5) Qy/p = T/(f'(@)).
Let us briefly recall the proof. Since S[a] = S[X]/(f) we have an
exact sequence [4]:

NP = Qsxys@T — Qs — 0,

where the first arrow is the map u — du® 1. The module in the middle
is the free T' module generated by dX ® 1. The image of the first map
is the free T' module generated by df ® 1 = f/(X)dX @ 1 = dX ® f'(«).
This proves (5.5).

Now we can define the isomorphism of (5.4): If f/(«) is a generator
of D then we associate to it the basis {1,c,...,a? '} of p.O and thus
an element of det(p,0)?. To see that this is well defined, let f'(v) be
another generator. Then, from the definition of the Deligne pairing,

(#'(a)) = Normays (J;Eji) ().

On the other hand, if M is the matrix defined by
(la - a™HM=(1v -y,

then
k k
(af)M = (v5),
where «; ranges over all the conjugates of a (j = 1,...,d) and k =
0,1,...,d — 1. Taking the determinant of both sides, and using the
Vandermonde determinant formula, we see that

. 2 _ M = Norm r)
det(M)? = Mo —a) Normy,/g (f/(a)> .
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Thus the map (f'(a)) — [det(oz;‘-”)]2 is a well defined isomorphism
from (D) to ¢, and this proves Lemma 3.

Lemma 4. Let 7 : Y — B be a finite flat separable morphism of
smooth quasi-projective varieties. Then Dy g = K;/IB. Thus, if L —Y
18 a line bundle, we have a canonical isomorphism:

(5.6) det(m.L)? — (L)*® (K7 p).

Replacing L by L* yields an isomorphism

(5.7) pn(L,Y, B) : det(m, LF)? — (L)* @ <K;/1B>.

Proof. As before, we may assume B = spec(S) and Y = spec(T"). We
have an exact sequence [4]

0 — m™Qp/c — Qyc — Qyp —0,

where injectivity of the second arrow follows from the fact that it is a
full rank morphism of two vector bundles. According to (5.5), Qy/p =
T/(f'(«)). Thus HO(Y, Qy/c) has a basis wi, . . ., wy, with the property:
f(@)wi,ws, ..., wy is a basis of HO(Y,7*Qp,c). This shows that K;/IB
is principal, and generated by f’(«). Since f’(a) also generates Dy p,
Lemma 4 is proved.

6. Arbitrary relative dimension

In this section we complete the proof of Theorem 4. First we define
the isomorphism py of (4.8). To do this, we choose sections sq,..., sy
of L which are in general position.

The adjunction formula implies (Kx,pL")|x,_,=Kx,_,/BL|x,_,)"
Thus we have an isomorphism:

Loy (s L)Y p(Kx/BL" .. L)X g

<L, - L>A2Xl€n,1/B<KXn_1/BLn71, .. ,L>)_(i71/37

—

(6.1)

where on the left side, there are n + 1 terms in each pairing and on the
right side there are n terms. Continuing in this fashion, we obtain an
isomorphism:

(6.2)
US1y...,SN) =1s 0---0lgy (L,... L>§5B<KX/BLH, .. ’L>)_(}B —
<Ll}€/>§f/B<K;/lB>Y/B7
where Y = Xj.
Define the isomorphism &(sq, ..., 8n) = ks 0 Ak, 0---0 APk,
Then

(6.3) sty 80) s AWdet(m LF) — det(m LK)
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Finally, define
(64) Nk<L>X7B)(317~--75n)
= 0(81,-++,8n) " o up(L|xy, X0, B) 0 R*(81, - -+, 8n)-

As in the proof of Theorem 3, the proof of Theorem 4 follows from
the following:

Lemma 5. The isomorphism pp(L, X, B)(s1,...,Sn) is independent
of the choice of generic sections s1,...,Sp.

The first step is to show that p; does not change if the sections
$1,...,8, are permuted. The proof is similar to the first step in the
proof of Lemma 1, so we omit it.

As before, we are reduced to proving Lemma 5 in the case n = 1: We

shorten the notation by writing u(s) = ug(L, X, B)(s). Thus
uls) : [Adet m (LM]? — (L, L) (Kx/pL, L)~ = (L* 1K, L).

Step 1. If s is a generic section, then for every ¢t € C* we have

(6.5) p(s) = p(ts).
To prove this, we first recall the definition of u:
(6.6) p(s) = i(s)~" o p(L|xy, Xo, B) 0 &(s)*.

Here Xy = {s = 0}. We claim that there is an integer p with the
property
(6.7) R2(ts) = tPR(s) and i(ts) = tPi(s).

If we prove (6.7) then (6.6) implies u(s) = p(ts). Thus we need only
prove (6.7).

To ease the notation, we shall write ¢ for 7 and « for . First we
examine #(ts). Recall that s(s) : Adet(m.L¥) — det(Tr*L';(O) is defined
by

det(sF, H)
———— | =det(H
o) (S ) = dect),

where F is an ordered basis of H(X,LF~') and H C H°(X, L¥) is an
ordered set such that (sF, H) is a basis of H°(X, LF). Replacing s by
ts, we have

o (%) = (Caay ) =" (Mai)

Thus, k(s) = t/Flk(ts).
Next we calculate «(ts). Recall that

u(s) : <L2k‘1K;(}B,L> — (LK p)-



490 D.H. PHONG, J. ROSS, & J. STURM

In other words,
() (L Kyp, )71 — (L7 Kxy /)™
The definition is given as follows:

(6.8) () ({w, 8) ™) = (Ad(s)(w))
where Ad(s) : Ll_QkK§}B|XD — L_%KXO/B is the isomorphism given
by the adjunction formula, and is characterized by the formula:
2 =AM ),
where f is any local defining equation of Xy C X.
Thus replacing s by ts, we see that
Ad(ts)(w) = t71Ad(s) (w);
so, if deg(L) is the degree of L on a fiber of X — B, we have
(Ad(ts)(w)) =t~ = (Ad(s) (w)),
using properties of the Deligne pairing. Replacing s by ts in (6.8), we
get
(6.9 u(ts)((w,ts)™h) = (Ad(ts)(w)) ! = I (Ad(s) (w)) L
On the other hand, the properties of the Deligne pairing imply
(w,ts) ™t = t™(w,s) 71,

where m is the degree of L?*“1K~! on a fiber of X — B. Thus we
conclude

k2(s) = A2 (ts) and  u(s) = ™98 (),

(

To prove (6.7), we must show that 2|F| = m — 1, that is, we must
show
(6.10)

2dim(HO(X, LF 1) = deg(L** ' K~) — deg(L) = deg(L** VK1),

The Riemann-Roch formula implies 2 dim(H(X, L¥)) =deg(L* K1)
for k sufficiently large. This now proves (6.5) and completes Step 1.

To describe Step 2, we first recall that

poHs) (LUK, L) — [Adet m(LF)]2.

To prove Lemma 5, we must show that if s, s’ are generic sections,
then p(s) = p(s’). To do this, we connect s to s’ by a line s; = (u +
t)s' = s+ ts', and study p(s;) as ¢t varies. But p(s;) is only defined if
Y; = {s¢ = 0} is smooth and flat over B. Bertini’s theorem says that
Y; is smooth and flat over B for all but finitely many t. On the other
hand, by Proposition 2, if s” is a generic section, then {s+ts” = 0} and
{s' +ts” = 0} are smooth and flat for all t € C (possibly after shrinking
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the base B). Thus we may assume that Y; is smooth and flat over B
for all t € C so that p(s;) is well defined for all t € C.

Thus we let s, s’ € HY(X, m,L) be generic sections with the property:
Y; = {s+ts = 0} is smooth and flat over B for all ¢t € C. Let
n € HO(X,m.(L**~'K~1)) be such that () N (s) = (n) N (s') = 0. To
prove Lemma 5, we must show that

(6.11) pH(s)((n.5)) = pH(s) ({1, 8)).

We write s = us’, where u is a rational function such that (u) N (n) =
(). Thus,

(6.12) (n,s) = u[(n)](n,s"),

where for b € B,

(6.13) ulm]®) = [ u@-
g€(mnNXy

Step 2. Let m be the degree of L?*~1K~! on a fiber of X — B. Then
we claim that

(6.14) p= () (1)) = Jim £7" T (se) ({0, 50)).
To prove (6.14), first recall that

() o (L 1KX}B,L> — [Adet m, (L*)]2

We must show that if s,s” are generic, then u(s) = u(s’), which is
equivalent to showing that p~1(s) = u=1(s).

We now return to the proof of (6.14). Recall that s; = ts’+s. Relation
(6.5) implies yi(s¢) = p(s' + 1s). We can thus rewrite (6.14) as follows:
lim =1 (s" + ts)((n, 8" + ts)) = ™' (') ((n, ).

Thus, to prove (6.14), we must show that for fixed 7, the map
(6.15) F(t) = p='(s' +ts)((n, " +ts))
is a continuous function of ¢t and a neighborhood of t = 0. Here s,s’ €

H(B,n,L) and n € H°(B,m,(L*~ 1KX/B)). To do this, we let X =

X xC,B=XxC and welet 7 : X—>Bbethemap7r(xt) (m(2),t).
We let p : X — X be the projection map and L = p*L so that L — X
is a line bundle.

If 5¢ H(B,#.L) and 7 € HO(B,fr*(i%—lK}(}B)) then i1 (3)((7, 3))
is a section of [Adet, (L*)]?, that is,
i H3)((7,8)) : B x C — [Adetq, (LF))?.
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Now fix tp € C and let 0y, : B — B x C be the map oy, (b) = (b, t0).
Then

o [Adet, (L*)]? = [Adetm, (L*)]2.

With these preliminaries, we return to the proof of the continuity
of F. Fix s,s" as before and let 5 : X x C — L be the map 3(z) =
s'(z) + ts(x). Thus 5 € H°(B,#.L), in other words, § is a section of
L — X.

It follows from the definition of p and ji that for each 5 € C and
b € B we have

P+ tos)((n, 8" + ts)) (b) = oy, [57 (5)((7, 5)) (b, o).

Now the right side of this equation is manifestly continuous (in fact,
analytic) in the ¢y variable. This shows that F'(¢) is an analytic function
of ¢, and thus continuous at t = 0. This completes Step 2.

Now we can finish the proof of Lemma 5: for t € C with (n)N(s;) = 0,
we define p,(b;t) € C* by the formula

(6.16) p(8)p(se) " (0 8)) = py(b; ) (m, s).

We define p,(b; t) for an arbitrary number ¢ € C as follows: Suppose
to € C is such that (1) N (sy,) # 0. Then choose n* a generic section of
HY(B, m(L?*~1K~1)). Then

*

P (b t)”;«s)) - : ((s1)) = py(bs ).

The left side is well defined in a neighborhood of ¢ = t3 and this
shows that p,(b;t) extends to an analytic function on all of ¢ € C which
vanishes precisely when (n) N (s;) # 0, that is, precisely when u(q) = —t
for some ¢q € (n). Moreover, according to (6.14), t~"p,(b; t) has a finite
limit as ¢ — oo. This shows that p,(b;t) is a polynomial of degree m.
Thus we have

po(b3t) = a() [T (¢ +ula))

q€(n)

with a(b) # 0. Since p,(b;0) = 1, we must have a(b) = u[(n)}_l. Now
(6.16) implies

(6.17) " p(se) T (0, 56)) =t py(by ) (5) (. 5).
Taking the limit as t — oo and applying (6.14), we obtain
(6.18) p () Uy 87)) = ul(m)) ™ e (), 5).

Thus (6.11) follows from (6.12).
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7. Asymptotics of the Mabuchi K-energy

In this section we prove Corollary 2 (the proof of Corollary 3 is exactly
the same, so we omit it). First, we recall some properties of the Deligne
metric: Let w : X — B be a flat projective morphism between smooth
quasi-projective varieties. Let n be the relative dimension of 7, and for
0 < j < mn,let hj be a smooth metric on L;. Let (ho,...,h,) be the
Deligne metric on (Lo, . .., Ly,) as defined by Deligne [1] and Zhang [24].
This metric is continuous by the result of Moriwaki [9] and it satisfies
the following change of metric property [13]:

(7.1) (ho, .. b1, hne™®) = (ho, ..., hy)e™®,

where

(7.2) <I>=/ ¢- | ] i(hw)
s 01l

and ¢} (hy) = —5=00log hi.

Next we recall the formula for n:
(7.3) n(L,X)=(L,...,.\*® (K,L,..., L"),

If A is a metric on L with positive curvature w, then w% is a smooth
metric on K and thus we obtain a Deligne metric

(74) n(h)=(h,....R)"® <$,h,...,h><"+1>7

which is smooth on X’ C X, the union of all the smooth fibers.

The key property of the metric n(h) is the following transformation

rule [12, 13]: Let ' = w+ ggb be a Kéhler metric in the same Kéhler
class as w. Then

(7.5) n(he™?) = n(h)e 7@,

where 7(w,w’) = d(n+1)v(w,w’), d is the degree of L on a smooth fiber,
and v(w,w’) is the K-energy of ' with respect to w. In fact, one may
use (7.5) to define v(w,w’). Since the map p(t) : (L1, h1e™?) — (L, hy)
is an isometry (this is the definition of ¢) we conclude that for any
non-zero section s; of n(L, X),

1 t)s1|[?
log lIp( )812H 7
d(n+1) [|s1]]

where || - || is the metric defined by n(h).
Proof of Corollary 2. Let

(7.6) v(t) = v(wi, p(t) we) =

7 (dt A df)

wn+1

(7.7) n*(h) = (h,..., W) @ ( hy oo B D),
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Then n*(h) is a continuous metric on all of (L, X). Moreover, (7.1)
implies
(7.8) n*(h) = n(h)e” DY,

Combining this with (7.5), we see that if s; is a non-zero element of
Ly, then

1 p(t)sall3
7.9 —— log 5= =v(t) — () + (1),
(9 oy o G = () = (D) +6()
where || - ||« is the metric defined by n*(h).
To complete the proof of Corollary 2, we need the following:

Lemma 6.
1)s1||«
(7.10) log W = F(T)log|t| + €(t),
11
where €(t) is a continuous function in a neighborhood of t = 0.

Proof. Let s : C — n(L, X) be a nowhere vanishing section. Define
for t # 0 and z € C the function f(¢,z) by the formula

(7.11) p(1)(5(2)) = F(t, 2)s(t).

Then Theorem 1 together with [10] implies f(t,0) = /(7). Applying
p(t) to both sides of (7.11), we get
(112)  plE)p()(s(2) = F(Et2) F(t, )s(E'82) = F(, 2)s(t't2).
Thus,

f(tz,1) _ g(tz)
(713 BD=T5ED T e
for all z # 0, where g(t) = f(¢,1). Since the right side of (7.13) ap-
proaches tF(M) as 2 approaches zero, we see that g does not have an

essential singularity at the origin. Define an integer
(7.14) qeZ

such that h(t) = t79g(t) is non-zero and holomorphic in a neighborhood
of t =0. Then f(t, z) = t9h(tz)/h(z). This shows that

(7.15) g = F(T)

and

(7.16) logW = F(T)log|t| + €(t),
where *

(7.17) e(t) =log|h(t)/h(1)| + log [|s(t) [« —log [[s]|-

By Moriwaki [9], the term log||s(t)||« is continuous. Since h(t) is
holomorphic and non-vanishing near ¢ = 0, we conclude that e(t) is
continuous.
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Remark 6. It has been pointed out to us by Shou-Wu Zhang that
q can be viewed as a non-archimedian Mabuchi functional on the space
of test configurations.
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