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SIU’S INVARIANCE OF PLURIGENERA:

A ONE–TOWER PROOF

Mihai Păun

Abstract

In this article our main goal is to establish an L2 version of the
twisted invariance of plurigenera. We equally simplify the original
“two towers” approach of Yum-Tong Siu.

1. Introduction

Let X → ∆ be a smooth projective family of manifolds, and let
L → X be a line bundle, endowed with a (possibly singular) metric hL,
such that:

1) ΘhL
(L) ≥ 0 as a current on X ;

2) The restriction of hL to the central fiber X0 is well defined.

In a series of recent and remarkable papers, ([8], [9] and [10]; see also
[3] for an algebraic–geometric version), Y.-T. Siu proves that the pluri-
canonical sections twisted with L on X0, which are bounded with respect
to the metric hL, extend to X .

The main purpose of the following lines is to establish a more general
version of the extension theorem, and also to simplify the original proof
in [9].

Theorem 1. Let π : X → ∆ be a projective family over the unit disk,

and let (L, h) be a hermitian line bundle, which satisfy the properties (1)
and (2) above. Then any section of (mKX0 +L)⊗I(hL|X0

) extends over

X .

Thus, we are able to replace the L∞ hypothesis in the theorem of Siu
by a L2 condition.

In the argument presented in [9], there are two main technical tools,
namely the global generation statement, and the Ohsawa-Takegoshi ex-
tension theorem. Here we will present a proof which only makes use
of the second technique. Although our approach is very similar to the
“classical” one, we point out now very briefly the main differences.

Let σ ∈ H0(X0, mKX0) be a pluricanonical section defined on the
central fiber (we assume that L is trivial, to simplify the discussion).
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There exists A → X an ample line bundle on X , such that pKX + A

is generated by its global sections, say (s
(p)
j ), for 0 ≤ p ≤ m − 1, 1 ≤

j ≤ Np, and such that any section of the bundle mKX0 + A extends
over a neighbourhood of the origin. Consider now the family of sections

(σ ⊗ s
(0)
j )j=1,...,N0 over the central fiber (so we are at the bottom of

the tower). By the properties of A, all these sections extend to X ,

and denote by h(0) the metric induced on mKX + A. Observe that
the singularities of h(0) restricted to X0 are precisely the zeroes of σ.
We take now the adjoint bundle KX + mKX + A; over X0 each of the

sections σ ⊗ s
(1)
j , j = 1, . . . , N1 are integrable with respect to h(0) and

the Ohsawa-Takegoshi theorem [5] (more precisely, the version given by
Siu in [9]) will imply that we can extend this family of sections of the
adjoint bundle over X . Then we iterate this procedure, and we obtain
metrics for the (km + p)KX + A, such that their restriction to X0 is the

metric given by the family of sections (σ⊗k⊗s
(p)
j )j=1,...,Np . An important

point is that we can perform each step in a very effective manner; so
by extracting roots and passing to the limit, we produce a metric for
mKX , with all the properties required by the extension theorem to end
the proof.

The original argument of Siu goes as follows: he starts (on the top

of the first tower) with the section σ⊗k ⊗ sA (where k ≫ 0, and sA

is a non-zero section of A), which he contracts with a local section of
the anti-canonical bundle. The result is a local section of the bundle
(km−1)KX0+A, but the (effective) global generation property will show

that it is a combination of elements σ
(km−1)
j ∈ H0(X0, (km−1)KX0 +A),

with holomorphic functions as coefficients, which are divisible by large
powers of σ (remark that in our case, the corresponding sections are

just σ⊗(k−1) ⊗ s
(m−1)
j ). At this point, the L∞ hypothesis is needed,

in order to obtain effective bounds for the coefficients. Next he ap-
plies this procedure inductively, and at the bottom of the tower the
Ohsawa-Takegoshi extension theorem is used. Finally, a “second tower”

is needed, to extend step by step the sections σ
(p)
j on X . Again, at the

end the metric on mKX is produced by extracting roots.

Acknowledgments. We would like to thank Yum-Tong Siu for many
discussions about the invariance of plurigenera, and also Bo Berndtsson,
whose results on the Bergman kernels (very much related to the topic
presented here) helped us to understand Siu’s proof from a different
point of view.

2. Proof of the theorem

To start with, we recall some basic constructions and results needed
later on.
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Let E → X be a line bundle over a complex manifold X and let
s1, . . . , sl ∈ H0(X, E) be a collection of homolorphic sections of E. One
can use the sections (sj) to define in a canonical way a metric on E, as
we recall here (see [2] for more examples and properties concerning this
notion).

Via a local trivialization of the bundle E on an open set Ω ⊂ X, the
sections (sj) correspond respectively to the holomorphic functions (fj),
and then the local weight of the metric will be

ϕΩ := 1/2 log




l∑

j=1

|fj |
2


 .

A more global way of expressing this is the following: we consider h a
hermitian metric on E, and then the metric associated to the family of
sections (sj) is

(1) h̃ :=
1∑

j ‖sj‖2
h

h.

Remark that h̃ is singular along the common zeroes of the sections (sj),
but nevertheless we can define the notion of curvature, which in this
case will be a closed positive current.

We come now to the main technical tool of the proof, namely the
Ohsawa–Takegoshi theorem (see [5], and the further generalizations by
T. Ohsawa); the next version was established by Siu in [9].

Theorem 2.1 ([5], [9]). Let π : X → ∆ be a projective family

of smooth manifolds. Let E → X be a line bundle, endowed with a

(possibly singular) metric h, with semi-positive curvature current. If

σ0 ∈ H0(X0, KX0 + E) is a section of the adjoint bundle of E restricted

to the central fiber, such that
∫

X0

‖σ0‖
2
h < ∞,

then there exist a section σ ∈ H0(X , KX + E) such that σ|X0
= σ0 and

moreover ∫

X
‖σ‖2

h < C0

∫

X0

‖σ0‖
2
h.

The result stated (and proved) in [9] is in fact more general, but the
previous version is enough for our purposes. An essential point is that
the constant C0 above is universal (about 200 will do).

Consider a section σ ∈ H0(X0, mKX0 + L), as in the hypothesis of
Theorem 1. In order to extend it over X , we first fix an ample line
bundle A → X such that:
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(A1) For each p = 0, . . . , m−1, the bundle pKX +A is generated by its

global sections, say (s
(p)
j ), with 1 ≤ j ≤ Np.

(A2) Every section of the line bundle mKX + L + A|X0
extends to X .

Let ω be a hermitian metric on X ; we denote by hω the metric induced
on the canonical bundle. We also consider hL a smooth, hermitian
metric on L, and let hA be a smooth, positively curved metric on A.
Then for each integers q, r ∈ Z+, we denote by h(q,r) the metric on the
bundle qKX + rL + A induced by hω, hL and hA.

By hypothesis, there exists another metric h̃L := exp(−2ϕL)hL on L
such that

ΘehL
(L) = ΘhL

(L) + i/π∂∂ϕL ≥ 0

as currents on X ; thus, the weight function ϕL is bounded from above.

Then we have the next statement (compare with [9, Proposition 4.1]).

Proposition 2.2. There exists a positive constant C∞ > 0 such that

for all k ∈ Z+, and 0 ≤ p ≤ m − 1, we have a family of sections

(s̃j
(km+p))j=1,...,Np of the bundle (km + p)KX + kL + A such that:

(a) For each integer k, p as above, s̃j
(km+p)
|X0

= σ⊗k ⊗ s
(p)
j .

(b) For each 1 ≤ p ≤ m − 1, the next inductive estimate holds

∫

X

∑Np

j=1 ‖s̃j
(km+p)‖2

h(km+p,k)

∑Np−1

j=1 ‖s̃j
(km+p−1)‖2

h(km+p−1,k)

dVω ≤ C∞.

(c) For p = 0, we have

∫

X

∑N0
j=1 ‖s̃j

(km)‖2
h(km,k)

∑Nm−1

j=1 ‖s̃j
((k−1)m+m−1)‖2

h(km−1,k−1)

dVω ≤ C∞.

Proof. We will construct inductively the sections (s̃j
(km+p))j,k,p, and

the uniformity properties (b), (c) will be a consequence of the Ohsawa–
Takegoshi theorem.

To this end, let us start with the family of sections σ⊗s
(0)
j ∈ mKX0 +

L+A, where j = 1, . . . , N0. By the property (A2) of the bundle A, each

of the previous sections extend over X , thus we get s̃j
(m) ∈ mKX +L+A

such that s̃j
(m)
|X0

= σ ⊗ s
(0)
j .

As recalled above, the family of sections (s̃j
(m))j=1,...,N0 define in a

canonical way a metric on the bundle mKX +L+A, with semi-positive
curvature current. Consider the adjoint bundle KX0 + mKX0 + L + A;
we have

σ ⊗ s
(1)
j ∈ H0

(
X0, (m + 1)KX0 + L + A

)
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for each index j = 1, . . . , N1. Moreover, remark that by the global
generation property (A1), there exist a constant C1 > 0, such that

(2) max
r,q

sup
X

(∑Nr

j=1 ‖sj
(r)‖2

h(r,0)

∑Nq

j=1 ‖sj
(q)‖2

h(q,0)

)
= C1.

Thus we have a constant C2 > 0 such that

(3)
‖σ ⊗ s

(1)
j ‖2

h(m+1,1)

∑N0
k=1 ‖σ ⊗ s

(0)
k ‖2

h(m,1)

< C2

pointwise on the central fiber X0. We apply now the Ohsawa–Takegoshi
theorem, for the line bundle E := mKX+L+A, endowed with the metric

given by the family of sections (s
(m)
j ). Then for each j = 1, . . . , N1, we

obtain a holomorphic section

s̃j
(m+1) ∈ H0(X , (m + 1)KX + L + A)

such that s̃j
(m+1)
|X0

= σ ⊗ s
(1)
j , together with the estimate

(4)

∫

X

‖s̃j
(m+1)‖2

h(m+1,1)∑N0
k=1 ‖s̃k

(m)‖2
h(m,1)

dVω ≤ C0

∫

X0

‖σ ⊗ s
(1)
j ‖2

h(m+1,1)

∑N0
k=1 ‖σ ⊗ s

(0)
k ‖2

h(m,1)

dVω

(in the above relation, we denote by dVω both volume elements on X ,
respectively X0, by an abuse of notation). The above relation may look
odd, since it involves smooth metrics with no curvature assumption, but
recall the expression (1) of the metric defined by a family of sections.

The relations (3) and (4) imply

(5)

∫

X

‖s̃j
(m+1)‖2

h(m+1,1)∑N0
k=1 ‖s̃k

(m)‖2
h(m,1)

dVω ≤ C0 · C2 · Vol(X0, ω) := C3.

We apply this procedure inductively; thus for p = 1, . . . , m − 1 and
for each j = 1, . . . , Np, we get the sections

s̃j
(m+p) ∈ H0(X , (m + p)KX + L + A)

such that s̃j
(m+p)
|X0

= σ ⊗ s
(p)
j , and such that

(6)

∫

X

‖s̃j
(m+p)‖2

h(m+p,1)

∑Np−1

k=1 ‖s̃k
(m+p−1)‖2

h(m+p−1,1)

dVω ≤ C3.

In order to “climb at the m’th floor”, we will consider the adjoint
bundle of (2m − 1)KX + L + A, twisted with L; we endow the bundle
(2m−1)KX+2L+A, with the metric canonically defined by the family of

sections (s̃j
(2m−1))j=1,...,Nm−1 , twisted with the metric h̃L. We observe

that by hypothesis, this metric has semi-positive curvature.
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On the central fiber X0, consider the sections

σ⊗2 ⊗ s
(0)
j ∈ H0(X0, 2mKX + 2L + A).

The L2 hypothesis on σ, and the previous estimates show that we have
(7)

∫

X0

‖σ⊗2 ⊗ s
(0)
j ‖2

h(2m,1)⊗ehL∑Nm−1

k=1 ‖σ ⊗ s
(m−1)
k ‖2

h(2m−1,1)

dVω ≤ C1

∫

X0

‖σ‖2
h⊗m

ω ⊗ehL
dVω := C4

By the Ohsawa-Takegoshi theorem, there exists a section

s̃j
(2m) ∈ H0(X , 2mKX + 2L + A)

such that s̃j
(2m)
|X0

= σ⊗2 ⊗ s
(0)
j , and such that

(8)

∫

X

‖s̃j
(2m)‖2

h(2m,1)⊗ehL∑Nm−1

k=1 ‖s̃k
(2m−1)‖2

h(2m−1,1)

dVω ≤ C0 · C4 := C5.

Now recall that we have h̃L = exp(−ϕL)hL, and the curvature condi-
tion implies that the function ϕL is bounded from above by a constant;
thus we get

(9)

∫

X

‖s̃j
(2m)‖2

h(2m,2)

∑Nm−1

k=1 ‖s̃k
(2m−1)‖2

h(2m−1,1)

dVω ≤ C6

for each j = 1, . . . , N0.
It becomes now very clear how to proceed: assume that we already

have the sections (s̃j
(km+p))j=1,...,Np of the bundle (km+p)KX +kL+A;

if p = m − 1, then we will consider the adjoint bundle twisted with L,
and if not, we can use simply the adjoint bundle. We can take the
constant

C∞ := max(C3, C6) · max(N1, . . . , Nm−1)

and the uniformity conditions (2) and (3) of the proposition will be
satisfied. Indeed, at each step of the previous construction, the quantity
we need to estimate in order to apply the extension theorem of Ohsawa–
Takegoshi is either

∫

X0

‖σ⊗k ⊗ s
(p)
j ‖2

h(km+p,k)

∑Np−1

r=1 ‖σ⊗k ⊗ s
(p−1)
r ‖2

h(km+p−1,k)

dVω

or
∫

X0

‖σ⊗k ⊗ s
(0)
j ‖2

h(km,k−1)⊗ehL∑Nm−1

r=1 ‖σ⊗k−1 ⊗ s
(m−1)
r ‖2

h(mk−1,k−1)

dVω

and these quantities are clearly bounded by a uniform constant, as in-
dicated along the previous lines. The proposition is proved. q.e.d.
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The rest of the argument follows clearly from the [9, pp. 259–263], but
for the convenience of the reader (and because we give a more intrinsic
presentation) we reproduce it now.

For each k ∈ Z+, and 0 ≤ p ≤ m−1, consider the following quasi-psh
function on the manifold X

fk,p := log




Np∑

j=1

‖s̃j
(km+p)‖2

hkm+p,k


 .

The properties (b), (c) in the proposition and the concavity property
of the logarithm function show that for some constant C ′

∞ > 0 we have

(10)

∫

X
(fk,p − fk,p−1)dVω ≤ C ′

∞

with the convention that for p = 0, the function fk,−1 equals fk−1,m−1.
We add up the inequalities (10), and thus we get

∫

X
fk,0dVω ≤ mkC ′

∞ + C7

for some constant C7 > 0, and for any positive integer k.

In conclusion, we have the following properties:

(i) There exists a constant C > 0 such that
1

k

∫

X
fk,0dVω ≤ C.

(ii) The inequality

Θhω,L
(mKX + L) + i/k∂∂fk,0 ≥ −

1

k
ΘhA

(A)

holds true in the sense of currents on X , where hω,L := h⊗m
ω ⊗hL.

(iii) On the central fiber the following equality is satisfied

1

k
fk,0|X0

= log ‖σ‖2 +
1

k
log

( N0∑

j=1

‖sj
(0)‖2

h(0,0)

)
.

As a consequence of the properties (i) and (ii), one can show the exis-

tence of a uniform upper bound for the functions (
1

k
fk,0) on π−1(∆1−η),

for any positive η (this is a consequence of the mean value inequality
for the psh functions). But then (see e.g., [4]) we can consider the limit

f∞ := lim
reg

sup
k

1

k
fk,0

(the reg in the above limit means that we take the upper semi-continuous
envelope of the limit). Remark that the function f∞ cannot be iden-
tically −∞, because of (iii). Moreover, the limit f∞ inherits from the
sequence fk,0 the following properties:

(11) Θhω,L
(mKX + L) + i∂∂f∞ ≥ 0
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as a current on X , as well as

(12) f∞(z) ≥ log ‖σz‖
2 + O(1)

pointwise on the central fiber X0.

We consider the metric h∞ := exp(−f∞)hω,L on the line bundle
mKX + L. It has semi-positive curvature, thanks to the relation (11);

then we can endow the bundle (m− 1)KX + L with the metric h
m−1

m
∞ ⊗

h̃L
1/m

. The curvature of this metric is still semi-positive, and moreover
the section σ is integrable with respect to its restriction to X0; indeed, if
we denote by ϕ∞, respectively ϕL the local weights of the metrics h∞,

h̃L on a set Ω, then we have
∫

Ω
|σ|2 exp

(
−

m − 1

m
ϕ∞ −

1

m
ϕL

)
dλ

≤ C

∫

Ω
|σ|

2
m exp

(
−

1

m
ϕL

)
dλ ≤ C

where the last inequality is a consequence of the hypothesis and of the
Hölder inequality. Thus, a final application of the Ohsawa–Takegoshi
will end the proof.

Remark 2.3. In the paper [1], Bo Berndtsson proved a result which
could be very useful for the questions investigated above. The general
framework is the following. Let Y, X be compact Kähler manifolds, and
consider a fibration π1 : X → Y . Let L → X be a line bundle, endowed
with a hermitian (eventually singular) metric h, such that Θh(L) ≥ 0.

Theorem 2.4 ([1]). Consider the metric on the adjoint bundle KX +
L whose restriction to the fiber Xy is given by an orthonormal basis of

L2-sections of KX +L. Then this metric is either identically +∞, or it

has semi–positive curvature.

Our remark in that this result could be used to obtain a “canonical”
metric on the bundle mKX + L; observe that the metric constructed in
our paper (as well as the one in [9]) depends on the particular section
σ we want to extend (compare with [12]).
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