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Notes on H'™#: structural properties, dyadic
variants, and bilinear H'-BMO mappings

Odysseas Bakas, Sandra Pott, Salvador Rodriguez-Lépez and Alan Sola

Abstract.  This article is devoted to a study of the Hardy space H'2(R?) introduced
by Bonami, Grellier, and Ky. We present an alternative approach to their result relating the
product of a function in the real Hardy space H! and a function in BMO to distributions that
belong to H'°g based on dyadic paraproducts. We also point out analogues of classical results of
Hardy-Littlewood, Zygmund, and Stein for H'°% and related Musielak-Orlicz spaces.

1. Introduction

There are many situations where the classical LP spaces, especially with p=1,
do not fully capture finer properties of functions or operators acting on functions.
In such instances, it may be necessary to consider substitutes for L', as is the case
when studying endpoint bounds for operators on L? as p—17". The behaviour of the
ubiquitous Hardy-Littlewood maximal function near p=1 is a typical example. The
maximal function is defined for a locally integrable function f: R*—C by setting
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where B(z,7) denotes the open ball in R? centred at x with radius r>0, and |A|
denotes the Lebesgue measure of ACR?. It is a basic fact that the mapping f+
M(f) is bounded on LP(R?) for 1<p<oo. The maximal operator is also bounded
from L'(RY) to weak-L!, but does not map L!(R?) to itself (see, for instance, [28]
for an in-depth discussion).

However, M(f) is locally integrable provided f is compactly supported and
satisfies the Llog L condition

[ r@)iog* | f(@)lda < x.

where, as usual, log™* |z|=max{log |z|,0}. In a 1969 paper, E. M. Stein [26] proved
that this Llog L condition is both sufficient and necessary for integrability of the
Hardy-Littlewood maximal function, in the following sense: if f is supported in
some finite ball B=B(r) of radius 0<r<oo, then

/ M(f)dx <oo if, and only if] / |f(z)|log™ | f(x)|dx < oo.
B B

Thus, Llog L is a natural substitute for L' for the purposes of studying the bound-
edness of the Hardy-Littlewood maximal function in the scale of LP spaces.

Another classical result that involves the space LlogL is due to Zygmund,
and asserts that the periodic Hilbert transform H maps Llog L(T) to(!) L'(T); see
e.g. Theorem 2.8 in Chapter VII of [37]. Zygmund’s result implies that L log L(T)
is contained in the real Hardy space H!(T) consisting of integrable functions on
the torus whose Hilbert transforms are integrable. Moreover, as shown by Stein
in [26], Zygmund’s theorem has a partial converse, namely if f€ H'(T) and f is
non-negative, then f necessarily belongs to Llog L(T). Therefore, in view of the
aforementioned results of Zygmund and Stein, the Hardy space H!(T) is naturally
associated with the Orlicz space Llog L(T).

In several problems in harmonic analysis it is natural to consider Hardy-Orlicz
spaces, for instance when one studies certain problems related to endpoint mapping
properties of operators; see e.g. [36, Theorem 8], Théoréme 2 in Chapitre II and
Théoréme 1 (c) in Chapitre IV of [22] as well as [16], [18], [29], [31] or, even more
generally, Musielak-Orlicz Hardy spaces [35]. In this paper, we shall mainly focus
on certain structural aspects of the space H'°8(R¢) appearing in the work of A.
Bonami, S. Grellier, and L. D. Ky [4].

Before we proceed with the outline of our paper, let us recall some definitions
and properties of Orlicz-type spaces, and in particular that of the space H'°%(R).

(1) Notice that the aforementioned endpoint bounds for M and H can be regarded as special

cases of the fact that if 7" is any sublinear operator that is bounded on LPO for some pg>1 and
maps L' to weak-L', then T locally maps Llog L to L.
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A function ®:[0,00)— [0, c0) is called an Orlicz function if it is strictly positive
n (0, 00), non-decreasing, unbounded and satisfies ®(0)=0.
A measurable function ¥: R?x [0, 00)—[0, 00) is a Musielak-Orlicz function if
for all z€R?, W(x,-) is Orlicz. We say that such a function is of uniformly lower
type (resp., upper type) p for peR if there exists a positive constant C' so that

(1.1) U(x, st) <CsP¥(z,t),

for all z€R? and t>0, s€ (0, 1)(resp., s€[1,00)). Note that if ¥ is of upper type p,
it satisfies the doubling Ay condition uniformly on z, since (1.1) yields

U(x,2t) <C2PU(x,t),

for all z€R? and t>0. Also, if ¥ is of upper type 1 and of lower type pe(0,1) it
follows that for all ¢,¢>0,

(1.2) U(z,ct) ~e V(z,t)

with constants independent of z€R?.
Given p€e[l,00), we say that ¥ satisfies a uniform Muckenhoupt condition for
q, and we write WeA,(RY), if

1 1 —1/(q-1) 3, N
sup sup —/ \Il(z,t)d;v(—/ U(x,t) /(a )dx) <oo, ifl<g<oo,
>0 pcre | Bl Jp 1Bl /s

and

sup sup / (z,t) dx ebb sup ¥(z, t)) ' <oo, ifg=1,
t>0 BCR4 |B‘ z€B

where the supremum is taken over all balls B in R?. We say that WA (R?), if
there exists an index pe[l, 00) such that ¥e A, (RY).

A Musielak-Orlicz function ¥ is called a growth function, if it is uniformly
lower type p€(0,1), uniformly upper type 1, and belongs to the class A, (R9).

If B is a measurable subset of R? and V¥ is a Musielak-Orlicz function, the
Musielak Orlicz type space Ly (B) is the set of all measurable functions f such that
¥ x)|/A)dz < oo for some A>0, endowed with the Luxembourg (quasi-)norm

£l == inf {)\>0:/B\Il(:r,, |f(2)]/N\)dz < 1}.

It is immediate to see that if ¥ is an Orlicz function, independent of x, it belongs
to A;(R9), and so the associated space Ly is indeed a classical Orlicz space.
In this paper, we will mainly focus our attention on the Musielak-Orlicz func-

tion
t

log(e-+) +log(e+]2])’

U(z,t):= (z,t) € RYx [0, 00),
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and the Orlicz function
Uo(t):=t-[logle+t)]™', te]0,00).

The proof that these are such functions is discussed in [35, Example 1.1.5 (i)].
From now on, except when stated otherwise, ¥ and ¥, denote the two functions
above.
Let K CR? be a given compact set. Note that for z€ K and t>0 one has

(1.3) log(e+1t) <log ((e+]|z|)(e+1)) < clog(e+t),

for a constant ¢ that only depends on K. This yields in particular

(1.4) /K‘I/(%f(w)l)de/K‘lfo(lf(x))de/OOOI{QCEK:If(x)IN}d\I’o(SL

where the last equality follows by integration by parts. Note in particular that for
every >0 it follows that

o0

(1.5) /I(\Il(m,|f(x)\)dx§;(%(ao)|K|—|—/ |{xeRd:|f(x)|>s}|d\I/0(s).

@o

We also fix a non-negative function ¢p€C>°(R?), which is supported in the
unit ball of R? with [5, ¢(y)dy=1 and ¢(z)=cq for all |z|<1/2, where ¢4 is a
constant depending on the dimension d. Given an >0, we employ the notation
be(v):=e (s 1x), z€R™L

Definition (H'8, see [4], [35]) Let ¢ be as above. If f is a tempered distribution
on R?, consider its maximal function

My(f)(@) =sup|(fxde)(@)l, € R,

The Hardy space H'°8(R?) is defined to be the space of tempered distributions
f on R? such that My(f)€ Ly (R?), that is, My (f) satisfies

/Rd W (e, My(f) (2))dar < oc.

Let us record some elementary lemmas about H'°8,

Lemma 1. Consider the function g:[0,00) %[0, 00)—[0,00) given by
1

- log(e+t)+log(e+s)’

g(s,t): (s,t) €]0,00) %[0, 00).

Then one has
t

(1.6) \If(w,t)~/ g(|z|, 7)dr
0

for all (x,t)€RYx [0, 00), where the implied constants do not depend on z,t.
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This assertion is a version of the general estimate

\I/(a:,t)w/ot Mdrz/olwdr.

T T

For Orlicz functions, the upper bound is a consequence of the lower type p assump-
tion, while the lower bound is obtained by using the upper type 1 condition. The
case of a general Musielak-Orlicz function follows from the fact that the constants
that appear satisfy uniform bounds in z.

Remark 2. The inequalities (1.6) yield

W) = — f /He L s
O logle+t)  logle+t)+1  J, logs

which implies that for y>e

(1.7) +/y L gs> Y
. e 52 .
. logs logy

Lemma 3. Let zo€R? be fized and for any locally integrable function f define
Too f(2):=f(x+20), TERY. Then f€Ly(R?) if, and only if, Tu, f € Ly (RY).

Proof. Note that it suffices to prove that for any zo€R? and f€ Ly (R?) one
also has that 7, f€Ly(RY). Without loss of generality, we can assume that f is
non-negative. Note that for fixed zo, we have that for all z€R?

log(e—+|x—x0|) ~uz, logle+]|z|).

A change of variables and the previous estimate yield

[ o (@) o | (@)
ra log(e+|z|)+log(e+7s, f(z)) "0 Jga log(e+|x|)+log(e+ f(x))

which proves the stated result. [

dx,

Since the maximal operator M, commutes with translations, the following
statement is a direct consequence of the previous lemma.

Lemma 4. Let 2o€R? be fized and for u€ S(RY) define (7u, f,u):={f, T_z,u).
Then fe€H™8(R?) if, and only if, T, f € H'°2(R?).

We shall also use the fact that functions in H'°8(R¢) have mean zero; see
Lemma 1.4 in [3]. One can actually establish the following more general fact.

Lemma 5. If fe HS(R?) is a compactly supported distribution, then f(0)=0.
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Proof. Let f be a compactly supported distribution in H'°8(R%). In light of
Lemma 4, we may assume, without loss of generality, that f is supported in a closed
ball B, centred at 0 with radius 7>0, i.e. supp(f)C B, :={reR%:|z|<r}.

Recall that f(0):=(f,1) and let yeC(R?%) be supported inside By, and be
equal to 1 on the support of f.

To prove the lemma, take an x€R? with |z|>2r and observe that, by the
definition of ¢, if we take e=4|z| we have that

F6u(@)] = S50 (=) 2 Sl 0 )

as we then have ¢(e 1 (x—y))=cy for y€ B,.. Notice that |{f, 1—x)|=0. Therefore,
for all |z|>2r and e=4|z|, we have

1
My(f)(x) 2 W\U, 1)|
and so, we deduce from Lemma 1 that for |z| large enough

(@ Mo(F) @) R T log(e el

[£(0)]-

Hence, if f(0)#0, then the function W(x, My(f)(z)) does not belong to L'(R%),
which is a contradiction. O

The reason for defining H'°8(R%) comes from the study of products of functions
in the real Hardy space H'(R?) and its dual space BMO(R?). To be more specific,
following earlier work by Bonami, T. Iwaniec, P. Jones, and M. Zinsmeister in
[3], it was shown by Bonami, Grellier, and Ky [4] that the product fg, in the
sense of distributions, of a function f€H'(R%) and a function g of bounded mean
oscillation in R? can in fact be represented as a sum of a continuous bilinear mapping
into L'(R9) and a continuous bilinear mapping into H'°&(R?). Following [4], for a
function ¢ of bounded mean oscillation in R?, we set

b

1
lallsaros = sup o [ lote)=(@halde+] [ gla)da
526% Q[ Jo (0,1)d

where (g)g:=|Q|™" [ o 9(x)dz. The aforementioned result of Bonami, Grellier, and
Ky can be stated as follows.

Theorem 6. ([4]) There exist two bilinear operators S, T and a constant Cyq>0
such that

1S(fs D)1 wey < Call fllar ®ay 9]l Baro+ ma
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and
1T (f, 9|l r1eeray < Call f | a2 mey |91l Brro+ (e
with
f9=S8(f.9)+T(f.9)

in the sense of distributions.

The operators S and T in the statement of Theorem 6 are not unique and they
are given in [4] in terms of paraproducts that are constructed by using continuous
wavelets. See also [2], [17], and [35] for further developments. For an introduction
to the theory of wavelets, we refer the reader to Y. Meyer’s book [21]. As mentioned
on p. 231 in [4], the space H'°8(R%) in Theorem 6 is in a certain sense optimal. See
also Section 4 in [5] regarding sharpness in the one-dimensional case.

Having seen why H'°8(R) is worthy of study, we wish to further elucidate its
structure. Our paper consists of three parts.

Part I: Sections 2 and 3

In the first part of this paper we present analogues of the aforementioned
theorems of Zygmund and Stein for H'°&(R?). Such results can be derived from
more general results previously obtained in the setting of Orlicz spaces; see, for
instance, [6], [14]. (We are grateful that these facts were pointed out to us in
connection with an earlier note on this subject.) We give a self-contained account
here, including a discussion of sharpness, and indicate some minor modifications
needed to obtain results in the Musielak-Orlicz setting.

For an H'°# version of Stein’s theorem, we need to identify the correct analogue
of Llog L in this context, which turns out to be Lloglog L: given a measurable
subset B of R% Lloglog L(B) denotes the class of all locally integrable functions f
with supp(f)CB and

/B |f(z)|log™ log™ | f(x)|dx < co.

Here is our version of Stein’s lemma for Ly.

Theorem 7. Let f be a measurable function supported in a closed ball BGRY.
Then M(f)€Lg(B) if, and only if, f€Lloglog L(B).

Our proof in fact leads to a more general version of Theorem 7. We discuss
this, and give a proof of Theorem 7 in Section 2.
Next is the analogue of Zygmund’s result for H'°&(R%).
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Theorem 8. Let B denote the closed unit ball in R®. If f is a measurable
function satisfying f€Lloglog L(B) and [y f(y)dy=0, then fecH"s(R%).

We remark that, by Lemma 5 above, the mean-zero condition in the hypothesis
is in fact necessary in order to place a compactly supported function in H'°8(R?).

Part II: Sections 4, 5 and 6

In the second part of this paper we show that one can simplify the argument
in [4] that establishes Theorem 6 by reducing matters to appropriate dyadic coun-
terparts. To be more specific, in Section 4 we introduce a dyadic version of H'°% in
the periodic setting and then, by establishing a characterisation of dyadic H'® in
terms of atomic decompositions, we show that H'°® coincides with an intersection
of two translates of dyadic H'°8, a result of independent interest; see Section 5. In
Section 6, we show that, in view of the aforementioned result of Section 5, one can
obtain a simplified proof of Theorem 6 in the periodic setting in which only dyadic
paraproducts are involved.

Part III: Section 7

In Section 7, we establish a version of a classical inequality of G. H. Hardy and
J. E. Littlewood [11] that gives a description of the order of magnitude of Fourier
coefficients of distributions in H'8(T).

2. Proof of the Stein-type Theorem for Ly and further extensions

Proof of Theorem 7. Assume first that f€ Lloglog L(B). The main observa-
tion is that, by (1.4), locally the space Ly essentially coincides with the Orlicz
space Ly, and so, one can employ the arguments of Stein [26]. In view of this
observation, we remark that the fact that feLloglog L(B) implies M (f)€ Ly, (B)
is well-known; see, for instance, [6, p.242], [14, Sections 4 and 7]. We shall also
include the proof of this implication here for the convenience of the reader.

The distribution function of M f satisfies for all a>0 (see e.g. §5.2 (a) in
Chapter I in [27])

Ca

(2.1) |@eRﬁMuxm>a}<;;Af>mNﬂmux

and also by using a Calderén-Zygmund decomposition; see (6) in [26],

2.2 zeRY: M T)>a L x)|dz,
(22) Rt M@z g [ 1)
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where c is a constant depending on the dimension.
Inequality (1.7), integration by parts, and (2.1) imply that

M(f)(x)  q
[worn@yis a1+ [ J Ry
B BN{M(f)>e} e oga

:1+/Oo L zeB: M) @)>a}lda

log o

Af@) 4
Sat+ [ f(x)|< JA da>daz§1+ [ 1r@)log* og* 7)o,
B e alog « B

which yields that M (f)e Ly, (B).

To prove the reverse implication, by the translation invariance of Ly, and since
the maximal operator commutes with translations and dilations, we can assume,
without loss of generality, that B is the unit ball centred at the origin.

Assume that for some f supported in B with f€ L!(B) we have M (f)€ Ly, (B).
Our task is to show that feLloglog L(B). In order to accomplish this, we shall
make use of the fact that there exists a p>2, depending only on || f|z1(p) and B,
such that we also have M(f)€ Ly(pB) and moreover, for every a>e®,

(2.3) o€ pB: M(f)(@) > era}| > 2 /B oy @

where c¢1, co are positive constants that can be taken to be independent of f and
a. Indeed, arguing as in the proof of [26, Lemma 1], note that for every r>2

(2.4) M(f) () S

i ) forall w BB,

Hence, if we choose p>2 to be large enough, then M (f)(x)<e®<a for all zeR%\ pB
and so, (2.3) follows from (2.2).

Furthermore, one can check that M(f)€Ly(pB). Indeed, as in [26], it follows
from the definition of M and the fact that supp(f)C B that there exists a constant
¢p>0, depending only on the dimension, such that for every x€2B\ B one has

25) M) ot ()

and so, M(f)€Ly(2B). To show that (2.5) implies that M (f)e Ly (B), observe
first that the function ¥y is increasing on [0, +00), and satisfies (1.2).

Next, a change to polar coordinates, followed by another a change of variables
and elementary estimates yield

2
d—1
[ w0 e@ndes [ [ warg0)9)aoto)ds
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1
~/ t’l’d/ o (M f(t))do(0)dt
% Sd—1

! d—1
N/%t /SH\po(Mf(ta))da(e)dtg/Bqfo(Mf(x))dx.

Moreover, we deduce from (2.4) that M (f) belongs to Ly (pB\2B) and it thus
follows that M (f)e Ly (pB), as desired.
By the same reasoning as in the proof of sufficiency and by Fubini’s theorem,

M)
[ ypmeez [

M@
Z/ / da | dx
pBA{M(f)>ec} \ Jee log a

Zl @|{x6p3M(f)($)>62a}|da

e

By using (2.3), we now get

@l
o> [ W@z | If(w)|< /. alogada>dl’

>14 /B (@) log™" log" | f(x)|dz

and this completes the proof of Theorem 7. [

The following example illustrates the previous theorem. Let By denote the
closed unit ball in R%, and given a small §€(0,e¢), set f::5_dx{‘z|<5}. Then
M(f)(z)~|z|~¢ for all |x|>2J and one checks that

(2.6) /B (@) log* log™ | () |dx ~ log(log(5~ 1)) ~ / W, M(f)(2))do.

Bo

2.1. Further generalisations

Assume that U:R%x [0, 00) is a Musielak-Orlicz growth function satisfying the
following properties:
(1) If K is a compact set in R? then there exist z1,2,€K and a constant
C'k >0 such that
Ot < U(zy,t) <U(x,t) <U(wa,t) < Cx

for every z€ K and for all £>0.
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(2) If we write ¥ (z,t)= fo ¥ (8)ds, then for every ag, By with 0<ag< S

one has 5
0
/ wm( )ds <00

0
for every x€R?.
By carefully examining the proof of Theorem 7, one obtains the following result.

Theorem 9. Let V(z,t) fo Yo (s)ds, (z,t)ERI% [0, 00), be as above.
Fiz a compact ball BCRd and let f be such that supp(f)CB. Then, M(f)e
Ly (B) if, and only if, for every ag>0

[f ()]
Y (s)
/{|f|>a0} |f(9L‘)|</a0 . ds)dm<oo.

3. Proof of the Zygmund-type Theorem for H'°8(R%)

Proof of Theorem 8. Let B denote the closed unit ball in R%. Fix a function f
with supp(f)CB, [, f(y)dy=0 and feLloglog L(B). First of all, observe that

My(f)(@) SM(f)(w) for all z €RY,

where M (f) denotes the Hardy-Littlewood maximal function of f; see e.g. Theorem
2 on pp. 62-63 in [27]. We thus deduce from Lemma 1 that

U(z, My(f)(x) SU(z, M(f)(z)) for all z € R?

and hence, by using Theorem 7, we obtain
G [ M@ [ (5] s log” |f(a)dz,
2B 2B
where 2B:={zcR%:|z|<2}.
To estimate the integral of ¥ (x, My(f)(x)) for z€R?\2B, we shall make use
of the cancellation of f. To be more specific, observe that if |x|>2 then for every
e<|z|/2, one has that

froe(a /f )dy=0

since |z —y|/e>1 whenever y€ B. Therefore, we may restrict ourselves to e>|z|/2
when |z|>2. Hence, for e>|z|/2, by exploiting the cancellation of f and using a

Lipschitz estimate on ¢., we obtain
x
[ swle(*2*) -6 (2)]av
€

<3| ez

|f*e(x
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1 1
G — . <

1+/B |f(y)|log™* log™ If(y)ldyl-

We thus deduce that, for every x€R%\ 2B,

|M¢<f><:c>|s|x|%ﬂ 1+ /B F@)llog* log+f(y)ldy]

and so,

/ U(x, My(z))dz
RI\2B

1

< x
a\2p || log(e+|x|)

1+ /B ()] log™ log™ If(y)ldy] /

<14 /B () log™ log™ | £(4)Idy,

as desired. Therefore, Theorem 8 is now established by using the last estimate
combined with (3.1). O

3.1. A partial converse

As in the classical setting of the real Hardy space H!, see [26] as well as §5.3
in Chapter III in [28], Theorem 8 has a partial converse. To be more precise, let B
and B’ be open balls such that B’C B and suppose that an integrable function f is
positive on B and belongs to H'°¢(R%). Then f& Lloglog L(B’).

Indeed, to see this, we may assume without loss of generality that B and B’
are centred at the origin, i.e. B={rcR%:|z|<s} and B'={xcR%:|z|<t} for t<s.
In addition, as f€L'(R?), we may assume that M (f)(0)<oo.

We claim that there exists a constant ag,s+>0, depending only on the dimen-
sion d and on the radii s and ¢ of the balls B and B’ respectively, such that

(3.2) M(f)(@) < s [Mo() (@) + M(f)(0)]  for all 2 € B

for any continuous function n with xp <n<xp.
To prove (3.2), fix an 7 as above and an x€ B’. Note that

/|m_y<r (W) f(y)e (x;y) dy

2d 1
sup —
CqWd r>0 T

M(nf)(z)=
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as f is non-negative on the support of 7 and ¢(y)=c4 for |y|<1/2. Here wy denotes
the volume of the unit ball in R?. Hence,

d

(3.3) M(nf)(z) < (M (f)(@)+ A5t () ()],

CaWd
where

1

AN s [ =170 (S22
Observe that

Asin@ < [ =il o (70|

r>0T

as || <t and so, for |y|>s one has r>|z—y|>|y|—|z|>|y|(s—t)/s. Hence,

s
s—t

d
() dy < 2ca0a (—) M(F)(0).

1
Ap st (f)(z) <2cqsup — / t
lyl< S—

r>0 T

The last estimate combined with (3.3) implies (3.2). We thus have

o> [ W M@)ot [ B M(7)O0)do

> / i, My () () +M(f)(0))dar > / W, a7) M(nf)(@))ds.
, .

Hence, by Theorem 7, one gets a;i’tnfELlog log L(B’) and so, as n=1 on B’, we
deduce that feLloglog L(B’).

3.2. A variant of Theorem 7 on T

There is a periodic version of Theorem 7, namely M (f)€ Ly, (T) if, and only if,
f€Lloglog L(T). Combining this with Lemma 1, one obtains the following result.
Here, we adopt the convention that T=R/Z.

Before we proceed, let us recall that, following [3], H'°8(T) is defined as the
class of all f€D’ whose non-tangential maximal function f* satisfies

/ Wo(|£*(6)])d6 < oo,
[0,1)

where W, is as above. Here, D’ denotes the class of all distributions on T. For
fEH"°8(T), one sets

£ || pres z) := inf {/\ >0 :/[ | (AL (0)])do < 1}.
0,1
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In what follows, for feD' and neZ, we write f(n):=(f,e,) where e, (0):=
e2m™9 9elo,1).

Remark 10. Recall that for p>0, the real Hardy space HP(T) is defined as the
class of all f€D’ such that f*e€LP(T).
It is well-known that elements in H?P(T) are functions for p>1 and moreover,
HP(T)=LP(T) for p>1. Clearly,
HY(T)c H"°8(T) c HP(T) forall0<p<1.
Proposition 11. If feLloglog L(T), then f<€ H'"°(T).

Moreover, arguing as in Section 3 and using the necessity in (an appropriate
periodic version of) Theorem 7 as well as Proposition 11 and Lemma 1, one can show
that if f is a non-negative integrable function in H'°8(T), then f¢& L loglog L(T).

Proposition 12. One has
{f€Lloglog L(T): f >0 a.e. on T} ={f € H8(T)NLY(T): f >0 a.e. on T}.
Proof. Note that Proposition 11 implies that

(34) {feLloglogL(T): f>0a.e. on T}C
{feH"°8(T)NLY(T): f >0 a.e. on T}.

To prove the reverse inclusion, take a non-negative function f in H%&(T)N
L'(T) and notice that it follows from the work of Stein [26] that

(35) 00N MNO>ac22 [ i)

where c1, co >0 are absolute constants. Hence, by arguing as in the proof of Theorem
7, it follows from (3.5) (noting that the periodic case is easier as one does not need
to consider the contribution away from the support of f) that

(3.6) / Wo(M(f))(0)d0 21+ / (@) log™ log™ | £(0)]do.
[0,1)

[0,1)

Since f>0 a.e. on T, arguing as on p. 308 in [26], one has
(3.7) fr0) = sup |(Poxf)(0)| 2 M(f)(0) forae €T,
0<r<1

where P, denotes the Poisson kernel in the periodic setting. Hence, by using (3.6),
(3.7), and Lemma 1, we deduce that fe€Lloglog L(T) and so,

(3.8) {feH"s(T)NLY(T): f>0a.e. on T} C
{fe€Lloglog L(T): f >0 a.e. on T}.
The desired fact is a consequence of (3.4) and (3.8). O
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4. Dyadic H'8 on T

In this section, we introduce a dyadic variant of H'°8(T) and in the next section
we shall prove that it admits a characterisation in terms of atomic decompositions.

4.1. Definition of dyadic H'°8 on T

Let Z be a given system of dyadic arcs in T. In particular, we assume that 7
is of the form

I" = {Ijmr:k€Ng,m=0,..,2" -1}

for some 7€]0,1), where

Ik,m,T =
2 Fm+1, 27 (m+1)+7) if 27%F(m+1)+7<1,
27 *m+7, 1)U[0,27F(m+1)+7—1)  if 27 Fm4r<1<27F(m+1)+7
27 Fm+7—1,27%(m+1)+7-1) if 27 Fm4-7>1.

Note that for 7=0, Z is the usual dyadic system; for k€Ny and m=0,...,2¥ -1,
one has Iy ,, 0=[2""m,27%(m+1)).
If I€Z, then h; denotes the cancellative Haar function associated to I, that is,

=172 (0. —xr, )

where I_ and I, denote the left and right halves of I, respectively.

Here, we shall adopt the following convention: if f={f;};czU{fo} is a collec-
tion of complex numbers, we consider the associated sequence of functions { fx } ven
given by

fn(0):=fot+ > frhi(0), O€T.

I€T:
[1|>2=~

As usual, the dyadic square function Sz[fn] of fn is given by

selinl@=nl+ (X 1Y ger

I€T: |I|
[1|>2=~

One then defines the dyadic square function Sz[f] of f as the pointwise limit

elf] = Jim Szlfnl = hol+ (3 1P )

=
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Definition We define hlzog(T) as the class of all collections f={f;}rezU{fo} of

complex numbers satisfying
/ o (S2[£)(6))d6 < oo
[0,1)

If f€hP8(T), we set

£ 105 ::inf{)\>0:/ \I/o()\‘lsz[f](Q))degl}.
* [0,1)

4.1.1. Some remarks

It can easily be seen that there exists an absolute constant Cy>1 such that for
all f,gehlzog(T) and p€C one has

-+l 06 gy < ColE] sy, +l1lios )

and
||Nf||hlz°g(1r) = |MH|f||hII°g(1r)~
Moreover, f=0 if, and only if, ||f||h110g(T) =0. In particular, ||- ||h110g(T) is a quasi-norm
on the linear space hIIOg(']I‘) and one can show that (hlzog(']T)7 I|- thog(m) is complete.
T

Let Fz(T) denote the class of all functions f€L*(T) such that the collection
{(f, h1)}1ezU{f(0)} consists of finitely many non-zero terms. Note that if f€ Fz(T)
one can write f:f(0)+ZIEI<f’ hryh; and moreover, by identifying functions in
F7(T) with the corresponding collections of their Haar coefficients, we may regard

Fz(T) as a dense subspace of hlzog(T).

4.2. hX°5(T) and HYE(T)

Our goal in this section is to show that every collection in hlzog(T) can be
regarded in a ‘canonical’ way as an element of D’. More specifically, we shall prove
that if £ ehlzog(T), then the corresponding sequence of functions { fy}nen in Fz(T)
converges in the sense of distributions to some f€D’. If « denotes the associated map
from Al°%(T) to D', then one defines Hy%(T):=¢ [hlzog(Tﬂ and ||f||leog(T) = HthIIDg(T)
for feh8(T) with f=u(f).

To this end, let f={fr};ezU{fo} be a given collection in hIIOg (T). It can easily
be seen that for every pe(1/2,1) one has

(4.1) Uo(t) > (1—p)t? for all ¢ >1.
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Hence, by using (4.1), we deduce that

(4.2) ISzl z» (1) < D(p, f),

where D(p, f) is a (finite) positive constant given by
1/p

(4.3) D(p,f) ;:1+(1_p)71/p(/

[0,1)

Wo(Sl)(6))db)

Since

1/2
Sz[f}2< > |f1|2[> for all k € Ny,

IeT:
|7]=2""*

we deduce from (4.2) that

1/p
D(p,f)></[071)( S |2X|1| ) ) for all k € No.

I€T:
1]=27*
We thus have
1/p
(4.4) D(p,f) > ( > |f1|p|I|1_1”/2> for all k € Ny,
I€T:
[1|=2""%

where we used the fact that the arcs I€Z with [I|=2"" are mutually disjoint. We
shall combine (4.4) with the following standard estimate.

Lemma 13. There exists an absolute constant Co>0 such that

|(d, h1)] SOO||¢/||L°°('J1‘)|I|3/2
for all p CY(T) and for all I€T.

Proof. We may assume without loss of generality that ICT can be regarded
as an interval in [0, 1). By using a change of variables and the mean value theorem,
we have

6.l =117 [ oto)an— [ otois

Iy

= 11772 [ 160)~0(0+111/2)1d8] < 1 1o 1"

as desired. 0O
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As mentioned above, we shall prove that the sequence of functions {fn}nen
associated to f converges in the sense of distributions. Towards this aim, by using
Lemma 13, for N, M €N with N>M, we have

(In=hasd)l=| > fr(b9) Z > f1ll(és ki)

I€T: k=M+1 I€Z:
2= M 1> N |I|=2"*

N
SIF ey Yo D Il

k=M+1 I€Z:
|I|=2"F

Fix a pe(1/2,1) and note that the previous estimate implies that

N 1/p
@5 Wv—fan S e S ( 5 f1|p|j|gp/2> |

k=M+1 \ I€Z:
|I|=2"F
Since
N 1/p N 1/p
5 ( > |ff|w3p/2) -y ( 3 |ff|p|f|1-p/212p-l)
k=M+1 I€T: k=M+1 IeT:
|I|]=2"* |I)=2"*
N 1/p
Z 2(21/p)k< Z |fI|p|]|1p/2> ’
k=M+1 IeT:
=2

it follows from (4.4) that

N 1/p N
(4.6) > ( > |f1|p|f|3”/2> S( > 2_(2_1/”)’“)D(p7f)~

k=M+1 I€T: k=M+1
|[I)|=2"*

Therefore, (4.5) and (4.6) imply that {fx }nen is Cauchy in D’ and so, it converges
to some feD’. A completely analogous argument shows that

]Svu%|<fzv, &) <1 folllgll L= (r) +cp D (0, £)|¢/ | L (m)  for all € CH(T),
S

where ¢, >0 is a constant that depends only on p. Hence,

(4.7) (f. &) <1 folllgll oo () +cp D(p, £) |6 | Lovwy - for all € CH(T).
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5. Atomic decomposition of H.%(T)
5.1. Atomic decomposition of H'°8(T)

It follows from the work of B. Viviani [31], see also [17], [35], that H'°8(T)
admits a characterisation in terms of atomic decompositions. To state this charac-
terisation of H'°8(T), we need the following definitions.

Definition Let ICT be an arc. A measurable function a; on T is said to be an
H'"8(T)-atom associated to I whenever

e supp(as) <1,

e [;ar(0)dd=0, and

. ||aI||Loc(1r)§||XI||Zi,g(T)~

Definition The atomic Hardy-Orlicz space H8(T) is defined as the space of
all f€D’ that can be written as

=Y b, inT,

keN

where, for k€N, bz, is multiple of an atom in H'°%(T) associated to some arc I and

Z [k |Wo (|lbr, || o< (T)) < 00.
keN

If {by, }ren is as above, let

Ao (f.{b1, Fren) 2—inf{/\>01% ~117(0) +Z|Ik|‘1’o |bIk||L°°(’Jl‘)<1}

keN

and define

£ 1| o () :=inf {AOO (£ {br ken) s f= £(0) = by, with {by, }ren being as above}.

keN

By arguing as in [17], [31] one can show that

(5.1) H8(T) = H'"%(T).

at
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5.2. Atomic decomposition of HX%(T)

Definition Let I be an arc in Z. A measurable function a; on T is said to be
an H? S_atom associated to I €Z whenever

e supp(as)Cl1,

e [,ar(0)dd=0, and

o llarll ooy <IXr | Ziosry-

In analogy with the non-dyadic case, define H;?%I(T) to be the class of all feD’

for which there exists a sequence {8r, }ren of scalar multiples of H;’ €-atoms such
that
f=F0)=> 8, inD' and > |L|¥o (||, [|=m) < oo.

keN keN

For feH;ch(T), we set

1F 1| pios ) 1= inf {Aoo (f: {Brken) : f=F(0) = B, in D,}.
keN
We shall prove that Hi*8(T) is contained in H, ;’2‘?1 (T). To this end, we shall show

first that every function f€ Fz(T) admits a decomposition in terms of leo €_atoms.

Proposition 14. For every f€Fz(T) there exists a finite collection of multi-
ples of H;g-atoms {Br, Y, such that:

o f=F0)=30, Br, and

o Aoc (. {81 ) <Coll Fl e oy
where Cy>0 is an absolute constant that is independent of f.

Proof. The proof is a variant of the non-dyadic case presented in Chapter 1 of
[35].

Fix an fe Fz(T). Without loss of generality, we may assume that f (0)=0. Let
Mz[f] denote the dyadic maximal function of f, namely

Mz[f](0) := Sup Bz~ [£1(0)],

where

Ez n[f]:= Z (frxi-
|1\I:621*:N

Notice that, as fe€Fz(T), there exists an NyeN such that

(5.2) Ezn[fl=f forall N> Nj.
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For A>0, by arguing as on p. 3 in [12], one can show that the set
Qy:={0€T: Mz[f](0) > A}

can be written as a finite union of mutually disjoint arcs in Z. We may thus
write Qx={J, I(\, k), where the union is finite and the arcs {I(\, k)}, are mutually
disjoint and in Z. We then define

(0) = {f(a) if 1€ T\Qy,

()1 if0el(\ k)
and by:=f—gx=>_, bax, where by r:=x7(xk)bxr. Using (5.2), one checks that
(5.3) lgall o () < A

Note that for N €N large enough, one has Q29» =@ for all n>N and so, gon =f
for all n>N. We thus have

N-1 N-1
f = Z (92”+1 _92") = Z (bgn —b2n+1 )
n=0 n=0

We write Qon ={J,, 1(2", k) and define B, :=(ban —ban+1)x(2n k). It can easily be
seen that fI(zn I Bn.i(2")dz'=0. Moreover, it follows from (5.3) that

1Bkl oo (ry < llg2n || Lo (r) + [ g2n+1 [l Lo (1) < 3-27.

. 1
Hence, 3, are multiples of H®-atoms and moreover,

N—-1 N—
S ST @ R0l Buk (1) /N) S Z SOIER", B)[Wo(27/A)
n=0 k n=0 k
N-1 —1
:Z ‘Ilo(2n/)\)2|f(2" Z Qn/)\ Z |{2n+l<MI[ﬂ§2"+l+1}‘.
n=0 k n=0 1eNg

Note that there exists a co>0 such that Wo(271t) <27 W (¢) for all t>0 and [€Ny.
Hence,

Z Wo(2"/A) Y {2+ < Me[f] <271

leNg

Y S w2 < gl < 2

1eNg n=0
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<3 ST @ N2 < My[f] <27

1€Ng m2>1
<> 27y W2 A2 < Mz[f]<2m T S / Wo (A~ Mz[f](0))db.
1€Ny m>1 [0,1)

To complete the proof of the proposition, note that there exists an absolute constant
C>0 such that

| w0l f@ndo<C [ wan el o)
[0,1) [0,1)
which follows from, e.g., an appropriate periodic variant of [8, Corollary 3.1]. See

also [7]. O

By arguing as on p. 109 in [28], the density of Fz(T) in H;’g(']l‘) and Proposition
14 imply the following result.

Proposition 15. One has Hy®(T)C H.%% (T).

5.3. Proof of the reverse inclusion

The main result of this section is that the converse of Proposition 15 also holds.
Proposition 16. One has H;‘;’?I(T)QH?g(T).

In order to prove Proposition 16, we shall establish first the following dyadic
variant of [35, Lemma 1.3.5].

Lemma 17. Let I€Z be a given arc. For every L™ -function 81 supported in
I one has

/1 Wo(Sz[81](0))d0 < | 1o |1 1= (z)).

Proof. Let ; be as in the statement of the lemma. We may assume that
|81l Lo (ry>0. We argue as in the proof of [35, Lemma 1.3.5]. More specifically,
since Uy is increasing and Wo(ct) <c¥q(t) for all ¢>1 and ¢>0, we have

_ SzB](0)
[ wotssisn@an= [ wo(FEE Brsmin) ) o

< /I \I’o((ler) ||51|\Loo(1r))d9

Sel30)
< \Ifo(||51||L°°(T))/I (1+ 181 || o< () )d9
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= o (181l ~o) (1118172 / Sz(51)(0)dp).

To complete the proof of the lemma, observe that by using the Cauchy-Schwarz
inequality and the fact that Sz is an isometry on L?(T), one has

/I S7181)(6)d0 < 111212 [8 ) 2 my = 11121181 | 2y < M111Bill e -

as desired. O

5.4. Proof of Proposition 16

Let f be a given distribution in H;‘;gz(ﬁr). Without loss of generality, we may

assume that f(0)=0.
By definition, there exists a sequence of multiples of H? €-atoms {0, }ren such
that

= lim Zﬁlk in D’ and Zukmfo 1B, | 2= (1)) <

N~>oo
k=1

For NeN, we set bN::X:iV:1 Br..  Note that since bye€L*°(T) one has
bN:ZIeI<bN’ h[>h1 a.e. on T and in L2(T)
In what follows, we shall use several times the fact that

o ()

for any finite collection of non-negative numbers {t;}L;; see the proof of [35, Lemma
1.1.6 (i)].

Lemma 18. Let I€Z be given. If {bn}nen is as above, then the sequence of
complex numbers {(by,hr)}nen converges.

Proof. Tt follows from Lemma 17 and (5.4) that for N>M one has

N

/ Uo(Sz[by —bar](0))df < / Vo (Sz[Br1,](0))do
[0,1) [0,1)

k=M+1

N
S >0 1Io(lIBr )l e (my)

k=M+1
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and so,

(5.5) Jim o Wo(Sz[by —bar)(6))do =0.

Observe that, since ¥y is increasing, one has

/[ oSl —bar)(0)do > /[ ol )= (e, ) )0
0,1 0,1

=1%o (|(bn, hr)— (bar, hr)|[1]71/?)

for all I€Z. Since ¥y is continuous and ¥ (¢t)=0 if, and only if, t=0, we deduce
from the previous inequality and (5.5) that

M,lzivnioo [(bn, hr) = (bars hr) | =0.

Hence, the sequence {{bx,hr)}nen is Cauchy in C and so, it converges. [

In view of Lemma 18, we may define b:={b;} ez with by:=limy_,o.(bn, h1).
We claim that beh?%(T) with

(5.6) /[) Wo(S2b)(0))d0 S 3 1Tl Woll1B1, 1= (r))-

k=1

Indeed, by Lemma 17 and the definition of {by}nen, one has

(5.7) /[ ) \IJO(SI[bN}(G))degz |1k | %o (|| Br, | Loe(ry) for all N eN.
0,1 k=1

Fix an M €N and note that, by combining (5.7) with Fatou’s lemma, one gets

1/2
. _
/[071)1§VHL1013)£\1/0<{ Z [{bn s h) (1] XI(G)} )dg

Iel:
[1)>2=M

<lim inf /[ Wo(Szow1(0))d0 < S 11l W (1B, o).
— 00 071) =1

Since Wy is continuous, we deduce that

1/2 -
(5.8) /[01)‘1’0<{ > |bI|2|I|1XI(9)} >d952|fk|‘1’0(||5lkm(1r))

1€l k=1
[1]>2=M



Notes on H°g: structural properties, dyadic variants, and bilinear H1-BMO mappings 255

for all MeN. Hence, (5.6) is obtained by using (5.8), the monotone convergence
theorem, and the continuity of ¥g.

If we now define the sequence of functions {Bas}aren with finite wavelet ex-
pansions given by

> bihi(9) (0€T),

I€T:
[1)>2~M

then, as explained in Section 4.2, By converges in D’ to some beD’. It thus suffices
to prove that b=f. To this end, it is enough to show that, in view of the definition
of {by} nen, one has

(5.9) b= lim by in D'
N—o0
For M, NeN, consider the function dys,n given by
5M,N(0) :BM(Q)f(bN)M(O) (QGT),

where (by)as is the ‘truncation’ of the Haar series representation of by allowing
Haar projections corresponding to arcs [€Z with |[I|>2"M that is,

(bn)ar(0):= > (bn,hidhi(6) (BET).
IeT:
[1|>2=M

We claim that for any fixed € C°°(T) one has

(5.10) J\/}iE)noo<6M’N’ ¢)=(b—bn,¢) uniformly in N eN.
Indeed, fix a € C°(T) and write

(5.11) [(0n,n = (b=bn), §)| < (Brr —b, &) |+ [{(bn) s —bn, 8)]-

Let pe(1/2,1) be fixed. By arguing as in Section 4.2, one deduces that there exists
an absolute constant ¢y>0 such that

(5.12) [(Ba—b,8)| < coll¢'|| Loy D(p, B) > 27 C7H/PE,
k=M+1
where D(p, b) is as in Section 4.2 and is finite, in view of (5.6). Similarly, one has

(5.13) ((bn)n —bns 9)| < coll¢'[| o< () D(p, b) Z = (=1/p)k,
k=M+1
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where

1/p
D(p,bN)H(lp)l/p(/[ ‘Po(Sz[bN](9))d9> :

0,1)
By using Lemma 17 and the definition of by, one deduces that

N

1/p
D(p,by) < 1+(1—P)1/p<z [T |Wo (|| Br, ||L°°(’Jl‘))>

k=1

< 1+(1p)1/p<z [T |0 (|| 81, ||L°°(T)))

k=1
that is, D(p,by) is bounded by a finite constant that is independent of Ne&N.
Hence, (5.13) implies that

(5.14)  [{((bn)m—bn,9)| <

o0 1/p 0o
epll@llpoe(my |1+ (Z 2| o (| Br, ||L°°(’J1‘))> Do 2 Crl/ek

k=1 k=M+1

where ¢, >0 is a constant depending only on p. Therefore, by combining (5.12) with
(5.14), we deduce that (5.10) holds.

Moreover, by arguing again as in Section 4.2, one shows that for any fixed
p€(1/2,1) there exists a constant ¢, >0, depending only on p, such that

(5.15)  [{(dm,N, P)| <

1/2 1/p
C;||¢,||LM(T)[/[O’1)W0<{ > |b1<bN,h1>|2|I|1xI(e)} )da}

I€eT:
[1|>2=M

for all M, NeN and ¢€C>(T). We shall prove that the right-hand side of (5.15)
tends to 0 as N—oo for all MeN and ¢€C>°(T). To this end, note that for any
LeN and for every collection {tl}lel of non-negative numbers, one has

(XL: tj)l/ﬂ < XL: Wo(t)/?).

Jj=1

(5.16) v,

I . . - . L V2 _ 1 a2
ndeed, (5.16) is obtained by combining (5.4) with (Zj:l t]—> <>t Ob-

J=17J
serve that by using (5.16) one has

1/2

I€eT:
[1[>2=M
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> 1o (|br— (b, b))
I€T:
|7|>2="

and hence, (5.15) implies that

1/p

(5.17) |<5M,N,¢>|Sc;|¢’|mm< > I\Ifo(lbz—<bN,h1>||I|1/2)> -
I€T:
[1]>2=M

Since the sum on the right-hand side of (5.17) is finite and W¥q is continuous, it
follows from the definition of b that

(5.18) (Orm,N,¢)=0 forall M eN.

lim
N—o00
Therefore, by combining (5.10) and (5.18), it follows that

]\}im <b*bN,¢>: lim lim <5M,Na¢>: lim lim <5M,N;¢)>:O
—00

N—o0 M—o0 M—o00 N—oco

for all e C>°(T). Hence, (5.9) holds and so, the proof of Proposition 16 is complete.

5.5. Concluding remarks

By combining Propositions 15 and 16 one obtains the following theorem.
Theorem 19. One has H;i%I(T)§HIIOg(T).

By using [20, Proposition 2.1] and the atomic decomposition of H!°8(T); see
(5.1), one shows that H'%%,(T)+H 2, ,(T)=H'"#(T). We thus deduce from The-

at,Z71/3
orem 19 the following variant of T. Mei’s theorem [20] for H'°&(T).

Theorem 20. One has

Hp(T)+HYE, (T) 22 H'8(T).
Let Z be a given system of dyadic arcs in T. For pe(0,00), define the dyadic
Hardy space h%(T) as the class of all collections of complex numbers f={f;};czU
{fo} such that Sz[f]e LP(T).
By arguing as in Sections 4 and 5, one can show that h%(T) can be identified
with a dyadic H? space HZ(T) of distributions on T and moreover, the following
extension of T. Mei’s theorem [20] holds.
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Theorem 21. One has
H2,(T)+HY, 5 (T) = HP(T)
for all pe(1/2,1].

We remark that dyadic Hardy spaces for p<1 have also been considered in [33]
and [23], but the definitions there are different than ours.

6. Proof of the Bonami-Grellier-Ky theorem in the periodic setting

For a function be L'(T), we set

¥lassozn = (sup oo /|b by ldo) +\/ o)),
z || [0,1)

We then define BMOF(T) as the class of all functions beL'(T) such that
||bHBMo;(T)<OO- One defines BMO™(T) similarly.

Recall the following standard consequence of the John-Nirenberg type result
in the dyadic case.

Lemma 22. There exists an absolute constant Cy>0 such that for every func-
tion b€ BMOZ (T) one has

||b||CXpL('Jl‘) < OOHb”BMO%'(’ﬂ‘)7

where ||bl|exp (1) :=inf{A>0: fo n® (|b(z)|/N)dz<1} and ®(t):=e'—t—1, t>0.

The following variant of [4, Proposition 2.1] is obtained by combining Lemma
22 with [4, Lemma 2.1].

Proposition 23. For all functions f, b such that f € L*(T) and be BMOF (T),
one has

||f'b||Llog(1r) N Hf”Ll(T)Hb”BMo;(T)-
In this section, we present the following dyadic version of [4, Theorem 1.1].

Theorem 24. There exist two bilinear operators S and T on the product space
HX(T)x BMOF (T) such that

Fo=8z(f,b)+Tz(f,b) inD

with Sz:HX(T)x BMOF (T)—L*(T) and Tr: HX(T) x BM O3 (T)— HX&(T).
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The proof of Theorem 24 that we present here is a variant of the corresponding
one given by Bonami, Grellier, and Ky in [4] (that establishes [4, Theorem 1.1]). To
be more specific, let f€ HX(T) be a function with finite wavelet expansion. If b is a
function in BMOZ (T) that also has a finite wavelet expansion, then we may write

F-o=TIT(£,0)+T15 (£, b) +1I5(f.b),

where

I (f,0)(0):= Y figshi(0)hs (),

1,JET:
JI

I3 (f,b)(0) == E J19:h1(0)hs(0),
1,JeT:
T2

and

G (f,0)(0):= > frgshi(0)h(6).

1,J€eT:
I=J

We shall prove that:

e I17 can be extended as a bounded bilinear operator from HX(T)x BMOF (T)
to Hy8(T),

e I1Z can be extended as a bounded bilinear operator from H1(T)x BM O (T)
to HX(T), and

e ITZ can be extended as a bounded bilinear operator from H+(T)x BM O (T)
to L1(T).
One can thus conclude that Theorem 24 holds by taking Sz:=I7% and Tr:=11Z +11Z.

Proposition 25. The bilinear operator 1IZ extends into a bounded bilinear
operator from H:(T)x BMOF(T) to L(T).

Proof. 1t is well-known that HX(T) admits a characterisation in terms of atoms.
More specifically, recall that a measurable function a is said to be an L?-atom
in HL(T) if it is either the constant function or there exists an Q€Z such that
supp(a) CQ, [ 4y a(0)d0=0, and [|a]| 2(r) <|2|~ /2. Then, feHX(T) if, and only
if, there exist a sequence {A\k }ren of non-negative scalars and a sequence {ag }ren
of atoms such that

f= Z Ak

keN

in the Hi-norm and moreover, one has

[ £l 22 ¢y ~ inf { Z [ Ak If:Z )\kak}.

keN keN
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Hence, to show that 113 maps HX(T)x BMOF(T) to L*(T), it is enough to
prove that there exists a constant C'>0 such that

(6.1) I3 (@, 0) | 1 (my < ClIbll aro cry

for all non-constant Hi(T)-atoms a and every b€ BMOF (T) with f[o,l) b(0)do=0
such that a and b have finite wavelet expansions. To this end, assume that a and
b have finite wavelet expansions and a is associated to some Q€Z. If we write
a=Y ;cqarhr and b=)",brhy, then

I3 (a,b) () = > aIthI(e)hJ(a):Zalblxme)
S =

and hence, by using the Cauchy-Schwarz inequality, one gets the pointwise estimate
115 (a,0)(6)| < Sza](6)- Sz[Pab)(6),

where Pob(6):=>_;cq brhr(#). We thus have by using the Cauchy-Schwarz inequal-
ity and the L2-boundedness of Sz,

(6.2) I3 (a, B) [ 2.y < llall 2(m) | P 2 (.-

Since [|a|| p2(ry <[] ~1/? and ||PQb||Lz(T)§|Q|1/2||b||BMo;(qr), (6.1) follows from (6.2).
|

Proposition 26. The bilinear operator 11 extends into a bounded bilinear
operator from H:(T)x BMOF(T) to HX(T).

Proof. As in the proof of the previous proposition, it suffices to prove that
there exists an absolute constant C'>0 such that

(6.3) I3 (@, 0) |z (m) < Clbll paroz ey

for each non-constant H1(T)-atom a and for each be BMOF (T) with f[o 1 b(0)do=0
such that a and b have finite wavelet expansions. Towards this aim, write a=

Y 1cqarhr for some Q€7 and notice that

3 (a,b)(0)= > arbshi(0)hs(0)= Y ar(Pab)shi(0)h,(0)
315 8315
= Y ar(Pab)shi(cs)hy(0),

1,J€T:
QDIpJ
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where ¢; denotes the centre of J. Moreover, observe that since

<a>J:|J\—1/ 0)do=">" as|J|” 1/ 1(©)d0= > arhy(cy),

I€T: I€T:
I1CQ JGICQ

one may rewrite I1Z (a, b) as

113 (a,b)(0) = > _(a).s(Pab) shs(0).

Jel

Hence,

{118 (,00)0) = (3 s 21(Pat) XA < vy 0)- (Pt 0),

JeT ‘ |

where M denotes the Hardy-Littlewood maximal operator acting on functions de-
fined over T. Hence, by using the Cauchy-Schwarz inequality and the L2-bounded-
ness of M and Sz, one gets

L3 (@, )|y my = 157 (T (@, 0) |21 ¢y < llall 2(my | P 2.

As in the proof of the previous lemma, note that one has [alpz2(r) <|Q|~'/? and
||Pﬂb||L2(T)§|Q|1/2||b||BMo;(T) and so, (6.3) follows from the last estimate. O

It follows from Propositions 25 and 26 that if we define

T(f,6)(0) :=TI3(f, b)(0)+1I5 (f,)(6),

then T is a bilinear operator that maps HX(T)x BMOZE(T) to L*(T). Therefore,
to complete the proof of Theorem 24, it remains to handle TI7.

Proposition 27. The bilinear operator 117 extends into a bounded bilinear
operator from HX(T)x BMOZ(T) to HY4(T).

Proof. Fix an fe HL(T ) and b€ BMOF (T) with finite wavelet expansions and
moreover, assume that f 0.1) b(0)do=0.
First of all, arguing as above, one may write

T (f,0)(0) =Y fr(b)rhs(6

Iez

Let a be a non-constant H1(T)-atom with finite wavelet expansion that is supported
in some Q€7 so that ||alp2(r) <2712 We claim that

(6.4) 17 (a,b)(0) =11F (a, Pob)(0)+ (b)o-a(h).
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Indeed, to see this, write

I (a,b)(0) = Y _ ar(b)rhi(0) =TI (a, Pab)(0)+ Y _ ar(b—Pob)rhr(6)

1€ IeT

and observe that

> artb—Pob)ihi(0) = ar (111 1/ > bah(6)40 ) (9)

IeT Iez I g%%z
=S ar( 3 bhale)) i) = (3 bshslea))a(6) = (b)o-a(0),

IeT I€l: JETL:

J0 720

where ¢ denotes the centre of Q. Hence, the proof of (6.4) is complete.
We may assume that f :Z,ivzl Akaj, where each atom ay has a finite wavelet
expansion. By using (6.4), one may write

1T (f,b) = B+ fa,

where

N N
B1(0):=> MII{ (ak, Po,b)(0) and Ba(0):=>_ Ai(b)o,an(0).
k=1

k=1

For the first term, we have
I (ar, Poyb) |l 1 vy = 1Sz (ak, Pa, )]l ()

JKijub|meUQ\U®§Mﬂ%wwmmmm

IeT
ICQy

<M (Pa, )l 2(m)l1Szlak]l L2ty S 1Paybllz2(r)llak || 2 ()
<‘Qk‘1/2 |71/2

||bHBMo;r(T)|Qk = ||bHBMo;(T)

for all k=1,..., N. Hence,

N N
1811 2y < Z MRl (ak, Po, )| g r) < Clbll garot (my Z | Ak]
k=1 k=1

and so, one deduces that

H/BlHH%('Jl‘) S ||fHH%(T)||b||BMo;(T)-
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It remains to treat B2. The goal is to prove that

N

(6.5) 15z 1B2]ll Lies(ry S bl asog () > I,
k=1

where the implied constant is independent of b, f (and N). To this end, observe
that

2

SzlB0(0) <D IAell(B)er, | Szlax](6)

k=1

N

IAk[6(6) = (), |Sz[ar](6) +[b(8)] D [Ak|Szlax](6)

k=1

IN

M= 11

| Akl Pa, b(s)[Sz[a](0)+b(0) |Z\)\k|51ak

B
I
—

Hence,

|szwmmmsuimupmsz[ak]u +H|b|iuk|sz[ak1\
k=1 k=1

Llog(T) Llo=(T)
N N
S SN [ 1) NN
By arguing as above, it can easily be seen that
N
| 2 lipopiszlad]|, <||b||BMo+<T)Z|Ak\
k=1 k=1
Therefore, the proof of (6.5) is reduced to showing that
N N
(6.6) H|b|]§|Ak|sz[ak1Hm , SPlarom) 2wl
To this end, note that by using Proposition 23 one gets
1 Z nelszlanl]| .. S 1blmaosm | S ufsila My

k=1

and since for each H}-atom one has ||Szlax]|| 11 () <1, (6.6) follows from the last
estimate. This completes the proof of (6.5). O
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6.1. Passing from dyadic to non-dyadic decompositions

In this subsection, it is explained how the following theorem can be deduced
from the corresponding dyadic case that we studied in the previous section.

Theorem 28. There ezist bounded bilinear operators ITy : H*(T) x BMO™(T)—
H'98(T), Ty: H(T) x BMO* (T)— H'(T), IL3: H(T) x BMO* (T)— L'(T) such that
for all fe HY(T) and be BMO™(T) one has

6.7) Fo=TI(f,0)+Ta(f,b)+TI5(f,b) in D'

Note that if TIy, ITs, and IT3 are as in Theorem 28, then a periodic version of
Theorem 6 is obtained by taking S:=IIs+1II3 and T:=II;.

6.1.1. Proof of Theorem 28

We shall construct bilinear operators that are initially defined on the product
space H} (T)x BMO™(T). Here H} (T) denotes the dense subspace of H'(T) that
consists of functions in L'(T) that can be written as finite linear combinations of
L2-atoms in H'(T). For feH} (T), if one defines

Hf”Hén(T) =

N N
inf {Z Akl: £= Aar, An €C, ay is an L*-atom in H'(T), k=1, N} ,
k=1 k=1

then
(6.8) Hf”Hén(T) ~ [l #emys

see [19, Theorem 3.1 (i)] for the corresponding Euclidean case. For 7€]0,1),
H, 7-(T) is defined in an analogous way.

Remark29. Let 7€[0,1) be given. Since any L2-atom in H*(T) can be regarded
as a multiple of an L?-atom in H}. (T), one has

(6.9) H} (T)c L*(T) c H} (T).
In addition, one has

(6.10) BMO™(T)c BMOZ,(T) C L*(T).
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To simplify the notation, the operators considered in the previous section will
be denoted by II7 (instead of HJI»T)7 je{1,2,3}.

Observe that, for je€{1,2,3}, in view of Remark 29, II7 is well-defined on
H} (T)x BMO™(T). In addition, it is well-known that there exists an absolute
constant C>0 such that for all 7€[0,1) and u,v€ L?(T) one has

(6.11) 115 (w, )| 2, () < Cllullp2(my loll z2(ry, 5 €{1,2},
and
(6.12) ITI5 (w, v) || L2 1y < Cllull L2emy vl 2(r).-

For feH} (T) and be BMO™(T), we define
(/. b)::/[ L je{12,3)
0,1

It follows from the definition of II;, je{1,2,3}, that (6.7) holds on H} (T)x
BMO™(T).

We shall prove that there exists an absolute constant C'>0 such that for all
feH} (T) and be BMO™T(T) one has

(6.13) ITLL (f, 0) | grres(ry < CN fll 221 () 16l BAzO+ ()5
(6.14) ITL2(f, 0)[| e ¢y < Cll f ||z (my 1Bl BAzO+ (1)
(6.15) ITL3(f, )| 21 (ry < CNl fll a2 (my 0l BArO+ (1)

Fix feH} (T) and be BMO™(T). Since

1L (f. D) a1y < /[ IS Doy

)

(6.14) follows directly from the well-known fact
(6.16) lullar Sllullgy, vy, 7€[0,1), u€ Hz(T),

Proposition 26, and the following theorem of B. Davis [9, Theorem 3.1] (see also
[30, (0.6))):

(6.17) /[ el e S ey

)

One shows (6.15) in an analogous way; as

L (£, b)) < /[ | Doy
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the desired estimate is a consequence of Proposition 25, (6.16), and (6.17).

The case of II; is more complicated, because of the lack of convexity of the
unit ball in H'°8(T).

To start, let us assume that f is an L?-atom in H!(T) supported on some arc
ICT. For 7€T, let J-(I) denote the minimal arc in Z” containing I.

We say that [ fits into Z7 with constant ¢, if |J-(I)|<c|I|. For reNp, let

T,(I):={reT:I fits into Z" with constant 2"}.
Lemma 30. One has |T\T,(I)]<27 "1

Proof. Let ICT be an arc, and let N €Z be such that 2V <|T|<2N+1 We can
assume without loss of generality that [={e?"":0<t<|I|}.
Let
IT={JeT :|J|=2"N}.

We write
A,(I):={r€T: there exists J €Z] with I C J}.

Clearly Z7 =772 and A, (I)CT,(I). Noting that 7€ A, (I) for |I|<7<2"+N it
follows that

27“+N_|I|
T (D] 2[4 (D] 2 5w
and hence
1] 1
IT\T,(I)| < O

2r+N or—1 :

Note that by the definition of J.(I), II7(f,b)=II{(f, xs, (b) and hence,
1T (f, 0) =17 (f, X, (1) (0= () 5. (1)) + T (fs X, (1) (b) . (1)) We may thus write

Hl(fﬂ b) :gl+927

where

g1 ::/[ )H‘{(f7XJ-,—(I)(b_<b>JT(I)))dT
0,1

and
92 ::/[ )HI(fnyTuﬂb)JT(z))dT-
0,1

By the definition of J(I), the Haar expansion of f relative to the dyadic grid
Z7 contains only terms for J€Z7 with JCJ.(I). Hence,

(6.18) 7 (f, xJ,(n) = [ for 7€0,1)
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and so,
g2=f/ (b) 5, (rydr.
[0,1)

Fix a 10€T2(I) and write Jy for J,, (I). Note that f is a multiple of an atom
associated to Jy with ||f||H%T0 (ry<2. Then

SITO [f]

St70lge] = |/ (b) . (nydr
[0,1)

Recalling that |Jo|<2|I| with IC.Jy and supp(Sz-o[f]) CJo, we obtain the pointwise
inequality
SZT() [92] S QSITO [f] M(b)
Hence, by using a periodic version of [1, Theorem 4.2] and Proposition 23, we deduce
that Szr[ga] € L°8(T). So, go€ HX8 (T)C H'Y:(T).
To handle g7, note that since

U (T (D\T,—1(I)) =T,
reN

by using (6.16), (6.11) for j=1, and Lemma 30, we have

allarm S / I (f, x 0, () (b—=(b) s. 1 mydT
g1 22 () Z e D LT (s X, () (0= (O) (), )

< Z / Wm0 )l

Ty (D\Tr—1(

< Bl aror o 11 1/22 / J.(1)|V2dr

(D\T— 1(1)

< Ibllro+ml I~ 1/222 =292 gt
r=1
< bl Bao+r)-
We now move to the special case where f€Hf, 7., (T) for some 79€[0, 1), that
is, one may write

N
f= Z Akar,,
k=1

where {\;}_, is a finite collection of complex numbers and {aj, }5_, is a finite
collection of L?-atoms in Hz,, such that each aj, is supported in some I €Z™.
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With a corresponding decomposition and the notation J,(I;) for the minimal arc
in Z7 containing I, we obtain

Hl(fa b) :gl+§27

where

g1 —ZM/O I (ar s X, (1) (0= (0) g, (1))

1)

and

g2 —Z/\k/ i (ar,, X7, (Ik)<b> (Ik))dT'

[0,1)

The desired H'-estimate for §; follows directly from the corresponding estimate for
single atoms. We are left to estimate go. By (6.18),

g2 = ZM/ i (ar,, X7, 1) (0) 1, (1) dT—ZAk aIk/[ )<b>JT(Ik)d7'
0,1

k=1 [0.1) k=1
and, using that Szw [ar,] is supported on I} for each k€{1, ..., N}, we obtain

N

St70[ga] < Z |Ak|Szm0[ar,] M (D).
k=1

Hence, a periodic version of [1, Theorem 4.2] combined with Proposition 23 yields

N
1921l prioe (my S 110l Baro+(m) kE: | Ak|-
=1

We have thus shown that

(6.19) ITL (f, 0)| ppresry S 11/ |z

fin,Z70 (T) ||b||BMO+(T)

for all feHg, 7+, (T) and be BMO™(T).
For general feHE (T), following the proof of [20, Corollary 2.4], write

f=h+/
with f; GH&H’IO( ), fo€H, ﬁn I1/3 (T), and
(6.20) Il.f1 ‘lHémIO ('ﬂ‘)+||f2HHén1I1/3('JI‘) ~ ||f||H1§n(T)

Hence, by using (5.1), Theorem 19, (6.19), (6.20), and (6.8), we obtain

ITLL (f, )| rroe (ry S ITX1 (f1, 0) | s (ry + [[TT1 (f2, 0) || mr1es ()
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NHHl( )||H1°g('[r)+||nl(f27 )HHIOE(T)
<
S (f1, )||H:;§Zo(1r)+\|nl(f27 )||H:f11/3(1r)

~ L3 (£, D)l gy T (2 B) o,
S (Ml +H Szl o)) Bl s
Sz ey ol Baro+ () s

as desired. The general case follows now from a standard approximation argument.

7. A variant of an inequality of Hardy and Littlewood for H'°8(T)

A classical result due to Hardy and Littlewood asserts that for every pe(0,1]
there exists a constant C},>0 such that

(7.1) Z |f”|p sup / |F(re??™)|Pdo "
< |n[>~P =G 0<r<1.J[0,1)

for all analytic functions F(z)=> ", f,2" in the Hardy space H?(D) on the unit
disc D; [11, Theorem 16]. It follows from (7.1) that for every p€(0, 1] there exists a
constant B,>0

A 1/p
(72 ( > '@ﬁ?f) < By |l

neZ\{0}

Since H'8(T)C HP(T), p€(0,1) (see Remark 10), one deduces from (7.2) that
{|n|p_2f(n)\p}nez\{0} is summable for any f€H'8(T) for all p€(0,1). The next
theorem establishes a more accurate description of the behaviour of the Fourier
coefficients of distributions in H'°8(T).

Theorem 31. There exists a constant C >0 such that
v .
n
nezZ\{0} [0,1)
Proof. We shall prove that there exists an absolute constant Cy >0 such that
Yo(|naz(n)])
(7.3) Z TSCO|I|\PO(||GI||L°°(T))
neZ\{0}

for any L>°-function a; supported in some arc I in T with [, a;(8)d6=0.
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To this end, we fix such a function a; (and an arc I) and write
o ~
Z 0(|na21(n)|) —A+B,
neZ\{0}

where

Po(|nar(n)]) Po(|nar(n)])
AZ: Z T and BZ: Z T
1<|n|<|1]-1 In|>|1]-1

We shall prove that

(7.4) Ao ([laz]l Lo (Ty)
and
(7.5) B S (llar] o)

To prove (7.4), by using the cancellation of a; and the fact that |e~#27"% — =27y | <
27t|n||x —y| <2w|n||I| for all n€Z and x,y€l, one has

(7.6) lay(n)| < 2n|n||I)||ar|| o (r) for all n€Z.

Since Uy is increasing and of lower type 2/3 i.e. there exists an absolute constant
Ap>0 such that Wo(st)<Ags>3Wg(t) for all t>0 and s€(0,1); see [35, Example
1.1.5 (i)], it follows from (7.6) that

A< Z @0(2wn2‘[‘2||a1||po(1r))< Z (|I|2n2)2/3\I/o(||aIHLoc(1r))

n? ~ n?
1<|n| <] 1]t 1<n<|I|-1

=" (larllzem) Y 07

1<n<|1|-1
SH[%o(Jlar| o))

Hence, (7.4) holds. To establish (7.5), note that by using Holder’s inequality for
p=4 and p'=4/3 and Parseval’s identity, one obtains B< Bj-Bs, where

Fo(jnaim)) \*
1/2 1/2 o\[nar(n
By = lar|lftny < [TV *lar]| 2 7y and Bz;:< 3 = )

[n|>1]=*

with W (t):=t2/3-[log(e+1t)]"*/3, t>0. Since lat(n)|<|I|||lar|| o (r) and Uy is in-
creasing on [0, 00), we have

~ 3/4
v 1 oo
BZS( 5 Jollnl lesle m))

[n|>1]—*
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lar] /2 N
<|IM? GlL=m) >
= log <6+||aIHL°°(T)) [n|>|1]—1

ol
log (e+|las| Lo (r))

~ |

and so, (7.5) holds as
B< BBy S|Wo([larllLe(r))-

Therefore, in view of (7.4) and (7.5), (7.3) holds.
To complete the proof of the theorem, take an f€ H'°8(T) and note that there
exists a sequence {by, }xen of multiples of atoms in H'°#(T), supported in arcs I,

such that
f(0)=> b, inD
keN

and

§j|nﬁwouwhanmg)3Amx/' Wo(f*(8))db),

kEN [0’1)

where M, >0 is an absolute constant. Hence, by using (5.4) and (7.3) we get

Z o ( |nf <Z Z Py ( |”blk )

neZ\{0} keNnezZ\{0}

< Z k[ Wo ([1br, ]| o< (1)) S /[0 ) Wo(f(0))do

keN )

and this completes the proof of our theorem. [J

Observe that if {a, }nez is a collection of complex numbers with at most poly-
nomial growth at infinity, then

an] Wy (na))
2 G Dloger i) S 2 T

ne€Z\{0} nezZ\{0}

We thus deduce from Theorem 31 that {[(|n|+1)log(e+|n|)] " }nez is a Fourier
multiplier from H'8(T) to £(Z), that is, the following result holds true.

Corollary 32. For any f€ H'%(T) one has

|f(n)]
7% (‘nH‘l) 10g(e+|n‘) SOH.]C”Hlog('H‘).



272 Odysseas Bakas, Sandra Pott, Salvador Rodriguez-Lépez and Alan Sola

Theorem 31 can be used to exhibit distributions in H?(T)\ H'8(T) for p€ (0, 1).
For instance, it follows from Theorem 31 that the Dirac distribution g does not
belong to H'8(T).

Furthermore, Theorem 31 is sharp in the following sense: if W:[0, 00)—[0, 00)
is any increasing function with limy_.o W(t)/Wo(t)=00, then there is no constant
C>0 such that

(77) s U)o [ e (6))an

2
nez\{0} " [0,1)

for all feH' &(T). Indeed, take a function ¥ as above and suppose that (7.7) holds
true. Let N be a large positive integer that will eventually be sent to infinity.
Consider the function

an(0) = N2V 0y 00 ni(0), 0€[0,1).

One can easily check that

(7.8) llan | gros(ry S 1,

where the implied constant is independent of V.
Consider the interval Iy:=[2V~2 2V~1) and observe that there exists an ab-
solute constant cg>0 such that for every natural number n in Iy one has

MENLCRE]
=N2
2m|n—2N| w(2N —n)
where we used the identity |e®* —e®|=2|sin[(s—t)/2]| for s=—27(2"V¥n—1) and t=0

as well as the fact that for n€ Iy one has 2V —n~2" and |sin[r(2~¥n—1)]|~1.
Hence, (7.7) and (7.8) imply that

e—i2m(2 V1) _ 1‘

jan (n)| = N2V

ZCONa

2N—1 EI - 2N—1
1z ¥ |naN IR ) (|7m1;/(n)\) > B(eo2V2N) S
nezZ\{0} n=2N-2 " n=2N-2
U(cp2V2N) (2N 2N) U(co2V2N)  W(cp2V2N)
2N o 2N \I/()(Co2N72N) \I/()(C()2N72N) ’

which yields a contradiction by taking V&N ‘large enough’

Remark 33. As a consequence of sharpness of Theorem 31 discussed above, one
deduces that

Fm)l I e
neZ\{0} |ﬂ\[10g (€+|nf(n)|)]s N/[0,1) o(f*(9))

is false when 0<s<1.
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It follows from Theorem 31 and [3, (8.3)] that there exists a constant C'>0
such that

- n|fn 276
(7.9) Z <C sup /[OI)WO(F(re )|)do

0<r<1

for all analytic functions F(z)=Y_,"; f,2" in the unit disc D for which the quantity
on the right-hand side of (7.9) is finite.

We remark that variants of (7.1) and (7.2) for certain classes of Hardy-Orlicz
spaces have been obtained in [24] and [34] (see also [15], [25], [32]), which do not
include the case of H'°%(T) treated above. Moreover, our methods are completely
different from those in the aforementioned references.
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