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A multiplicity result for a non-local parametric
problem with periodic boundary conditions

Vincenzo Ambrosio, Rossella Bartolo and Giovanni Molica Bisci

Abstract. We look for bounded periodic solutions for a parametric fractional problem
involving a continuous nonlinearity with subcritical growth. By using a variant of Caffarelli and
Silvestre extension method adapted to the periodic case and variational tools we prove the existence
of at least three bounded periodic solutions when the parameter varies in an appropriate range.

1. Introduction

In the present work we deal with the existence and the multiplicity of periodic
solutions for the following nonlocal problem

(P) u(z+Te;)=u(x) for all zeRY i=1,..., N

) )

{ (—A+m?)Su=Na(z)f(u) in (0,T)V

where T>0, m>0, s€(0,1), N>2s, \ is a positive real parameter, a:R"Y =R is a
bounded periodic function, (e;)1<i<n is the canonical basis of RY and f:R—R is
a given function.

Due to their different and interesting applications joined to their challenging
features from a mathematical viewpoint, nonlinear problems involving non-local
operators have been widely studied by many authors (cf. [11], [14] and references
therein).

In this paper we focus on a periodic non-local problem, taking advantage both
of the approach firstly proposed in [9] and of recent papers [1], [2]. Namely, in [9] it
is shown how to convert the original non-local problem into a local one in one more
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dimension by means of a Dirichlet to Neumann map. On the other hand, in [1], [2]
such method has been carefully written in the periodic case. We refer the reader to
Section 2 for a detailed description of the extension periodic method. Then we use
some classical tools in critical point theory in order to find multiple solutions of the
new elliptic problem and finally go back to weak solutions of the original one. See,
for instance, the papers [3], [4], [6]-[8] and [12] for related topics.

Here the nonlocal operator (—A+m?)* is defined by a spectral decomposition,
by using the powers of the eigenvalues of —A+m? with periodic boundary condi-
tions. Let u€C5°(RY), that is u is infinitely differentiable in RY and T-periodic in
each variable. Then u can be written as a Fourier series:

wk-x

u(z) = Z bkeﬁ (x eRY)

kezN
where 5 )
T
w:=— and bk::—/ w(z)e kT dey (kezN
7 7% oy (z) ( )

are the Fourier coefficients of u.
Hence, the operator (—A+m?)* is given by

wk-x

e
(—A+m?)u:= g b (W |k +m?)* .
keZN VTN

. wk-x wk-x
Moreover, if u:=), ;~ bkeﬁ and v:=), ;n dkeﬁ, we have that the quad-
ratic form
Qu,v) =Y (W?|k[*+m?)*bydy

kezZN

can be extended by density on the Hilbert space

ezwk-x
H .= {uz Z bp——— € L*(0,T)V : Z (W?k[+m?)* |by|? < +o0
kezN ™ kezZN

endowed with the norm

lu

1/2

HE = ( Z (w2|k|2+m2)8|bk2> .
kezZN

From a physical point of view, when s=1/2, the operator (—A—I—m2)% corre-

sponds to the Hamiltonian of a free relativistic particle of mass m (cf. [13]). On

the other hand, (—A+m?)*—m?® plays an important role in Stochastic Processes
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Theory, because it is an infinitesimal generator of a Lévy process {X["};>0 called
the relativistic 2s-stable process; for more details we refer to [10] and [18].

We are able to find a bounded interval of positive parameters A for which the
corresponding problem (Py) admits at least three L>°-bounded weak solutions in
an appropriate Sobolev space. Once we have written problem (P)) as a local one
using the notion of harmonic extension and the Dirichlet-to-Neumann map in the
periodic setting (cf. Section 2), we study the existence of critical points of the energy
functional associated to the problem (cf. (2.6)). Namely, a local minimum result
for smooth functionals (cf. [17] and, here, Theorem 2.6) and a classic minimization
argument give us the existence of two (distinct) critical points, therefore by [15,
Theorem 4] it follows the existence of a third one. Finally, the traces of such
solutions give us back three solutions to (Py) which are also bounded.

For the reader’s convenience, we list some notations at the end of this section.

Our main result can be stated as follows.

Theorem 1.1. Let a:RY =R be a T-periodic and L>®-map satisfying

1.1 = inf >0.
ay c0:= 25 )

Let f:R—R be a continuous function such that
there exist two positive constants a1,as and q€[1,2%) such that

(1.2) If(®)| <ai+aslt|” ' for all t€R,
and the potential F(t):zfot f(r)dr satisfies the sign-condition

(1.3) inf  F(t)>0.
t€[0,4+00)

Moreover, we assume that the following algebraic inequality holds

2s
(1.4) Féf,f) > m2 (a1%+a2ﬂwq‘2>

for some p,7>0 satisfying

/2 Y
(15) o> ZimSTN/27

where

%57/ 2¢1 | oo N
(1.6) By = L2ODT By

Qo qo

. %SQ%CZ‘OélLoo(O,T)N

and c1,cq are as in (2.2) below.
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In addition, we suppose that there exist M >0 and 6€(0,2) such that
(1.7) F(t) < MQ1+|t]°) for all teR.

Then, taking p1, pe respectively as in (3.10) and (3.3), for each A€ (u1, p2),
problem (Py) has at least three weak solutions uy,u3,u3 €L>(0,T)N NHE.

This paper is organized as follows: in Section 2 we recall some preliminaries
about fractional periodic Sobolev spaces and we recall the extension method, besides
some well known critical point theorems. Then in Section 3 we prove our main
result.

Notations

e (X,||-]|x) denotes a Banach space, (X', ||-||x) its topological dual;

e ||pr0, 1)~ the usual norm in the Lebesgue space L"(0,T)", 1<r<+o0;

e 2%:= NZiVQS the critical exponent for Sobolev embeddings;

o if Q is a domain of RV, L2(QxR,,y'~2%) is the space of all measurable
functions v on QxR such that

// Yt 2% 02 da dy < 400;
QX]R+

o H! (xR, y'=2%) is the space of all v such that v, Voe L2(Q xR, y*~2%)

with square norm
// y' 2 (Vo2 +m2o?) dx dy;
QXR+

I'(1-s)
I(s) -

o s =21728

2. Preliminaries and functional setting

As announced in Section 1 we realize the operator (—A+m?)® with periodic
boundary condition as a Dirichlet to Neumann map.

Firstly we recall some preliminary results which will be used throughout the pa-
per. Starting from papers [1], [2], we collect basic notions about fractional periodic
Sobolev spaces.

Let us denote by

RYT = {(z,y) eRV T iz eRY y >0}

the upper half-space in RV *!; moreover we define the half-cylinder in Rf 1 Sr:
(0, T)N x(0,00), its basis 3°Sy:=(0,T)N x{0} and its lateral boundary 9;,S7:=
9(0,T)N x[0, +00).
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Let C*(RY) be the space of functions u€C>(R") such that u is T-periodic in
each variable, that is
u(z+Te;) =u(z) forallzeRY i=1,.. N.

As recalled in Section 1, the fractional Sobolev space H3. is defined as the
closure of C3*(RY) with respect to the norm

|u

wo= [ Y (WPlk[24+m?)s (b2,
kezZN

where bk::ﬁ f(O,T)N u(x)e_“"k'”’ dx are the Fourier coefficients of u. Further-
more, we define the functional space X7, as the completion of

oo (RN 1) = {u eC® (RN M) s v(a+Tes, y) = vz, y)
for every (z,y) € Rf“,i: 1, ..., N}

under the H(Sr,y*~2*)-norm

X, 1= \/// y1=25(|Vo|2+m2v?) dz dy .
St

Now, we state a result related to the existence of a trace operator between the
spaces X% and HY. (cf. [1, Theorem 3] for the proof).

[[o]

Theorem 2.1. There exists a surjective linear operator Tr: X5, —H5. such that
(i) Tr(v)=v|aos, for all veCF(RYTHNXE.
(ii) Tr is bounded and

(2.1) V7| Tr(v)

In particular, the inequality in (2.1) is an equality for some veX5 if and only
if v weakly solves the equation

m < |vllxs  for allveX7.

—div(y' Vo) +m?*y' " v =0 in Sr.
The following crucial embedding results have been proved in [1, Theorem 4].

Theorem 2.2. Let N>2s. Then Tr(X%) is continuously embedded in
LU0, T)N for all 1<q<2?, that is there exists c,>0 such that

(2.2) ITr(v)|Lao, )y < cqllvllxs.  for all v e X5

Moreover, Tr(X%,) is compactly embedded in L9(0, T)N for any 1<q<2?.
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Theorems 2.1 and 2.2 allow us to introduce the notion of extension for a func-
tion ueH.

Theorem 2.3. Let ucHy.. Then, there exists a unique vEX% such that

—div(y*=2Vo)+m2yt=2v=0 in St

U|{x,;:0}:U|{r,;:T} on aLST
v(-,0)=u on °Sr
and
— lim yl_zs@(x y) =25 (—A+m?)*u(x) in H,®
y—0+t 8y ’ 8 T

where the boundary condition on 8°Sr is in the sense of trace, H7* is the dual space
of HY and the notation v|{y,—0} =V|{s,=1} 0N OL.ST Means

U(xh ey Lj—1, 03 Lijglyeeey xNay) :U(xla ...7.’L'7;71,T, Ti+1, "'7$N7y)

for allie{l,..,N},y>0. We say that veX5. is the extension of ueHs..
wk-x

In particular, if u=) " ;n~ bkeﬁ, then v is given by

ezwk»x

VTN’

v(z,y) =Y bibi(y)

kezZN
where Ok (y):=0(/w?|k|2+m2y) and 0(y)€ H' (R4, y'~2%) solves the following ODE

0" +1=220"—0=0 in Ry
0(0)=1, 6(+00)=0.

Let us observe that

(23) o) =15 (5) Kow)

where K denotes the modified Bessel function of the second kind with order s.
Moreover, v satisfies the properties
(i) v is smooth for y>0 and T-periodic in x;
(ii) llvllscs. <l|zllxs. for any z€X5. such that Tr(z)=u;

(iil) flvllxs. =/7es|ulms. -
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By using the extension method in periodic setting, the study of (P)) is then
equivalent to study the solutions v€X? of the following problem

—div(y!72*Vv)+m?y!=2v=0 in Sr

(2.4) V) (2,20} =V|{z,=T} on 9.8y
9, P v=s,)a(r)f(v) on 8°Sr
where
1-2s, . _ 1; 1-2s OV
8” vi= yli%’l_*_ Y P) ($7 y)

is the conormal exterior derivative of v.
More precisely, we can reformulate the nonlocal problem (Py) with periodic
boundary conditions in a local way according to the following definitions.

Definition 2.4. Fixing A>0, we say that veX$ is a weak solution to (2.4) if

(2.5) //S y' T2 (VuVe+m2up) dmdyz%sx\/aos a(z)Tr(v)Tr(p) dz

for every X7
We can also give the notion of weak solution to problem (2.4) as follows.

Definition 2.5. Fixing A>0, we say that ueH5 is a weak solution to (Py) if
u=Tr(v) and veX$ is a weak solution to (2.4) according to Definition 2.4.

Therefore, in order to find weak solutions to (2.4), we introduce the energy
functional £,:X% —R defined by

(2.6) 5)\(1))::%//8 y 3 (Vo> +m2u?) da dy_%S)\/QOS a(z)F(Tr(v)) dz,

for every veXy.

By (1.2), it is straightforward to prove that £y is well-defined and of class C!
in X%. In Section 3 we prove the existence of weak solutions to (2.4) by suitable
variational methods.

Firstly, we recall the following abstract theorem due to Ricceri (cf. [17]), re-
stated here in a more convenient form.

Theorem 2.6. Let X be a reflexive real Banach space and ®,V: X —R be two
Gateauz differentiable functionals such that ® is strongly continuous, sequentially
weakly lower semicontinuous and coercive. Furthermore, assume that W is sequen-
tially weakly upper semicontinuous. Setting for every r>infx ®

(Supz€<1>—1((foo,r)) ‘I’(Z)) —¥(w)

r)i= inf ,
#(r) wed—1((—o0,r)) r—®(w)
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then for each r>infx ® and A€(0,1/¢(r)), the restriction of

Fri= O—\T
to ®~1((—o0,r)) admits a global minimum, which is a critical point (local minimum)
of Fx in X.

Moreover, applying the following classical theorem by P. Pucci and J. Serrin
(cf. [15, Theorem 4] and [16, Theorem 3.10]), we will deduce the existence of a
further critical point. Before stating the result, we recall the well known definition
of the Palais-Smale condition: a C''-functional F:X —R satisfies the Palais-Smale
condition if for all ceR

every sequence (v, )n CX such that

F(vp)—c and ||F'(vp)|lx —0 asn— 400

admits a convergent subsequence in X.

Theorem 2.7. Let F:X—R be a C! functional satisfying the Palais-Smale
condition. If F has a pair of local minima or mazima, then F admits a third
critical point.

3. Proof of Theorem 1.1

Let us introduce the following functionals ®, V:X%—R by

2(0) = 5o

i%, U(v):= s, / a(x)F(Tr(v))dx for all veX7.
808y
From now on, we assume that (1.2) holds. It is easy to deduce that ® is a
coercive, continuously Gateaux-differentiable and sequentially weakly lower semi-
continuous functional. On the other hand, ¥ is well-defined, continuously Gateaux-
differentiable and also weakly continuous in X# by virtue of (1.2).
By standard arguments the differentials of ® and ¥ are given by

(3.1) @’(v)(cp)://s ylfzs(VUVgo+m2vcp) dz dy

and

(3.2) V(0)(p) = 2, / a(x) f(Te(v)) Tr(g) da
o0St

for every ¢ eX7.
Next we establish a precise interval of values of the parameter A for which the
functional £y defined in (2.6) admits at least three critical points.
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Theorem 3.1. Let ag as in (1.1) and 1, B2 as in (1.6). Then, for every v>0
and every A< o, where

~
3.3 = ,
(8:3) - ag(aifi+azfay?~1)

there exists a local minimum vy €®~1((—o00,v?)) of functional & in X5

Proof. Firstly, we estimate

) - (Supzeql**l((foo,'yr")) ‘I’(Z)> — ¥ (w)
= in .

P e 1 (Foon?y) 72— @(w)

Let us consider the function

SUp,ecp-1 —oo,r \IJ(Z)
(3.4) X(r) = 282 oD 7

r

with 7€ (0, +00).
Setting F(t):fot f(r)dr, by (1.2) we get that

(3.5) F(t) §a1|t|+%|t|q for all t€ R.
Then, (2.2) and (3.5) imply that, for all z€X5., we have that

U(z) =2, /aos a(z)F(Tr(z)) dz

q

as
< (s T 0y 4 2T gy ) ol

(
(

<

a2
el 0 Zeglel ) lalusny

which yields
(2r)92aycd
(36) zeq)f?ztf_)oo " \I/(Z) S %S\/Zalcl |a|LoC(O,T)N +%€Tq |a|LoC(O,T)N .

Taking into account (3.4) and (3.6), we obtain that for any r>0 it holds

a/2q, 09
2 a20q q/2-1
— |a|L°°(O,T)N'

2
x(r) < s ;0101|0¢|L°¢(0,T)N + s
Hence, using (3.3) and (3.10), we conclude that

 SUDLcg 1 ((—00y?)) V(2)
— =

xX(%)
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QQ/2a2 c

a1c _
S%s\/i%‘C”LOO(O,T)N‘F%s Ly 0| poc (0,7)™

= (a1é+02527q_2>
Y
1
UQ.
Since 0€®~1((—00,7?)) and ®(0)=W¥(0)=0, we infer that
e(7?) <x(7?).

Therefore, by Theorem 2.6, we deduce that for any A€ (0, u2)C(0,1/0(7?)),
there exists vy €®71((—00,7?)) such that
EA(07) =@ (v]) =AW/ (v7) =0.
Moreover, v{ is a global minimum of the restriction of £, to ®~!((—o0,+?)). O

Now, we introduce suitable test functions in X3.. Let us set for 0>0 such that
F(0)>0:

(3.7) w?(z,y) :=0(my)o for all (z,y) €Sr,

where 0 is as in (2.3). Clearly w?eX5 and by using the fact that

+oo
| B ) P 6y ) dy =
0

we deduce
[|we]|2. :// Y 725 (|Vw? |2+ mPw??) dx dy
T Sr
+o0
_ N / Y1216/ (my) P+ m2(0(my) 2) dy
0
(3.8) = 2,m**0° TN

Next, we prove the following useful result.

Proposition 3.2. Let ag as in (1.1), and 0>0 such that F(g)>0. Further,
let w@ be as in (3.7) and v>0. Then, the following inequality holds

(3.9) d(w?) > 2.

Moreover, setting

(3.10) p =
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if w1 <po and NE(u1, p2), we have

(3.11) O (w?) = AT (w?) <%=\ sup U(w).
weP 1 ((—00,72])

Proof. By (1.5) and (3.8) it follows that

1 1
D(w?) = §||wp||§§sT = §”sm2592TN >,

that is (3.9) is true. By (1.1), since Tr(w?)=p and (1.4) implies that F(p)>0, we
get

(3.12) /808 afz)F(Tr(w?)) dz > agTN F(p).

Then, (3.8), (3.12) and (3.10), yield

U(w?) _ 2a0 F(o) 1
(I)(wg) — m2s Q2 - Nl’

which together with A€ (1, u2) gives

WP IS R N ()
X Tpe AT ®(we)’

Asa consequence

W(w?) =SUpyeq—1((—oo,y2)) Y(W) S U (w?)—v* iélﬁii
P (we)—~* T P(wo)—y?
_ Y(w?)
- O(wo)
T A

that is (3.11) holds. O

Now we define the following truncated functionals on X7

() gy, [P AV() ifve®T!(—00,77])
3 U'{a(v) if 0g®~1((—o0,7%).

Fixed A>0, it is easy to see that 6')(\7) is sequentially weakly lower semicontinuous.

If E/(\’Y) is also coercive on the Hilbert space X%, then it admits a global minimum
vy €X5, that is:

(3.13) 6')(\7)(11%) < 5;7) (v) for all veX7.
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Theorem 3.3. Let A€ (u1, po) and assume that (1.7) holds. Then
vy & @71 ((—00,7%))
and & (v3)=0, that is vy €X5 is a critical point of Ey.
Proof. Let us assume by contradiction that
vy €27 ((—00,77)).
By (3.13) and the definition of £, we infer that
V2T (1) < Ex(w?).
On the other hand, in view of Proposition 3.2, we know that
Ex(w?) <7* =AU (v3),
so we get a contradiction. [

In previous result we have shown that for A€ (u1, u2) the support of v3 is not
contained in the ball B(0,v/2)).
We end this section giving the proof of our main result.

Proof of Theorem 1.1. By using (1.4), (3.10) and (3.3) it follows that g <ps.
Now, let us take A€ (u1,u2). By applying Theorems 3.1 and 3.3, we obtain the
existence of two solutions vy and v to (2.4). Since v{ and vs are local minima,
we can obtain the existence of a third solution to (2.4) via Theorem 2.7, provided
that &, satisfies the Palais-Smale condition. Let us consider for a c€R a sequence
(vn)n CX5 such that

Ex(vn) —c and  [|E)(vn)llxs — 0 as n— 400,

I )Ly ==sup {|(E5(wn), )| : pE X5 and pllzg =1}

Recall that assumption (1.7) is satisfied by a 6€(0,2), hence by using the
Holder’s inequality we have that

/ ITe(v)° do < 10°Sr |22 | Te(0) [ 0.pyx for all v XS
Sy ’

this and (2.2) imply that

(3.14) / ITe(v) (@)|? da < 10°Sp| 7" [o]l3,  for all v e X5
998
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Now, by (1.7) and (3.14) we obtain that

2-5
%g; *%sAMCg|a|Lw(0,T)N 10°Sr| 2 v

1
En(0) 2 5 o] 3, — 2 AM]al L (0,17 |0°S1]

on X7.
As a consequence, &) is bounded from below and coercive; plainly the coercivity
implies the boundedness of (vy,), in X5.

Since X% is reflexive, we can extract a subsequence, still denoted by (vn)n,
such that v, v in X% for some v, that is, for any ¢ €X5, it holds

(3.15)
lim // Y 7 (Vo Vot+mPo,p) da dyz// Y 7% (Vo Vot m* v ) d dy.
ST ST

n—-+oo

Our aim to verify that indeed (v,), strongly converges to v as n—+oo.
Observe that by (3.1) and (3.2) it results that

(D' (Un), Vi — Voo ) = (EX(Vn), Un — Voo ) + 525 A /808 a(x) f(Tr(vn)Tr (v, —veo) d.

By using [[€} (vn)]
in X7, we infer that

xs—0 and the fact that the sequence (Un, — Voo ) is bounded

(3.16) lim (&5 (vn), U —Voo) =0.

n——+oo

On the other hand by (1.2) and Hoélder inequality we have that
[ al)l(Ts(o )T, o) do
Sy

Sal |a|Loc(07T)N / |TI'(’Un—UOO)|dIII
oS

T
baalalmys [, 1@ Tron—veo)] do
9S8

<a |04|Loo(o’T)N |Tr(vn_UOO)|L1(0,T)N
—1
+az |a| oo g yn [ Tr(vn) %‘I(O,T)N Tx (v —voo)| La (o, -

By Theorem 2.2 it follows that

(3.17) lim a(z)| f(Tr(vn)) || Tr(vy —veo )| dz — 0,

n——+oo 981
therefore by (3.17) and (3.16) we deduce that
lim (D' (vy,), v —Voo) =0,

n—-+oo
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that is
(3.18)

lim // 17251V, |2+ m?v2) do dy— // 172 (Von Voo tm?v,ves ) da dy = 0.
ST ST

Hence, (3.15) and (3.18), yield

lim // 1725 (10, |2 +m?02) da dy = // 1725 (Ve |2 +mPv2,) da dy.

n—r-+o00
Then, being X7 a Hilbert space, we get that
an_'UOOHSQQ; = HUn”gi;‘FHUOOHSZQ; —2(vy, UOO>X>} — 0 asn— o0,

that is v, — v strongly in X%. Finally, by (1.2) and the boundedness of a€
L>=(0,T)V, by adapting [2, Theorem 9] we infer that u:=Tr(v})€L>(0,T)N for
ie{1,2,3}.

Nevertheless, for further references, we prefer to give proof of this regularity in
all details in next lemma. 0O

Lemma 3.4. Let vEXS be a weak solution to (2.4). Then Tr(v)€L>(0,T)N

Proof. Since v is a weak solution to (2.4), equality (2.5) holds. Let us define
w: —vvif €X5., where vg :=min{|v|, K}, K>1 and 8>0.
Pick p=w in (2.5), so we get

// y1725v¥(|V11|2+m2v2) dxdy+// 2,8y1725v§(ﬁ\Vv|2dxdy
ST DK
(3.19) :}fs)\/ a(z) f(z, Tr(v)) Tr(v) Tr(vg ) ?? da,

008+

where D :={(z,y)€Sr:|v(z,y)|<K}.
Then, by (3.19) and Theorem 2.1 we deduce that

(3.20)

32| Tr(v) Tr(vg )?

‘L%(o T)N

%GT://S yl2e (\V(vvi)|2+m2v2v§f) dz dy
:// yl_zsvif (|Vv|2+m21}2) dxdy—i—// 26(1+§)y1_28v3{6|V1}|2 dx dy
St Dx

<Cj [// ylfQSvff (|V1}|2+m2v2) dacdy+// 2ﬂy17251}§f|V1}|2 dz dy
St Dy

< Jlovy|
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=Cj o) f(z, Tr(v))Tr(v) Tr(vg ) 2P do

98
éﬁ =\ <1+§) .

By assumptions (1.1) and (1.2) we infer that

o) f ar, Tr(0)) Te(0) Tr(wge) >
(3:21) < Jo] oy [B() (14 TR(@) [ Tr(wre )] on 8°Sr,

where

where

h(z) = % < C(1+Te(v)[*2) € LF (0,T)™

for some C'>0. Taking into account (3.20) and (3.21) we have that
(3.22)
|Tr(v)Tr(vK) |L2<(O Ty <c§;6‘5|a|Lm(0_’T)N /803 [h(:c)(l—i—|Tr(v)|)2Tr(vK)2B] dx.

T

Assume that |Tr(v)|#+1€L2(0, T)" for some 3>0. Fix R>0 and let A;={h<
R} and Ay={h>R}. Then

/ B|Te(0) 2 Tr(vi) |22 dae
O0Sr

2/2;
323 <RITOP Bagry+e0) ([ 0o de )
998

2s
where £(R):= (fA2 RN/2s dx)N —0 as R—o0.

In similar way, we can deal with the term [, Sr h(z)|Tr(vg)|*® dz. Therefore,
in view of (3.22) and (3.23), and choosing R sufficiently large, we can see that

(3.24) [Te(0)Te(vr)? 22z gy < C(1+R),

for some C'>0 independent of K.

Taking the limit as K — o0, we obtain |Tr(v)|?+'€ L% (0, T)N. This conclusion
followed simply from assuming |Tr(v)|?T1e L?(0, T)N

Hence, by iterating Sy=0 and Bi—&-l:(ﬁi,l—i—l)% if i>1 in (3.24), we can
infer that Tr(v)€L?(0,T)Y for all ¢€[2,+00). Since Tr(v) is a weak solution to
(Py), we deduce that (—A+m?2)*Tr(v)€LP(0,T)N for any p<-+oo, and by using
the embeddings for Bessel spaces [5], we deduce that Tr(v) € C%2([0, T]V), for some
ae(0,1). O
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In conclusion, we present a direct application of the main result of this work.

Example 3.5. Let a:RY —R be the T-periodic function defined as
a 2
a(z) = N+1+; sin (Txl> .

We note that « is a continuous positive function such that ag:=minp v a(z)=1,
that is «v verifies (1.1). Now, take ¢€(2,2%), 6€[1,2) and define

1
[2 1 m2s [N
V::max{l, ZW7 [T (»314-52)} qq—2}.

Let o0 be a positive constant such that o>v and consider the continuous and positive
function f:R—R defined as follows:

1|t if t<p
1(t):= { 1409701 if t>p.

It is clear that | f(¢)| < (1+t]771) for every t€R, and then (1.2) is fulfilled. Moreover,
for every teR, one has

F(t) < <g+%q> (14]¢]%).

Hence, hypothesis (1.7) is satisfied. On the other hand, condition (1.3) trivially
holds and, since p>v, one has
r ¢ f(r)dr =2 1 a7 o2
(f)zfof(Q) _Q 1o >
0 Y a ° q 2

(B1+52),

and o>,/ =2

1
P msTN/2»

Therefore, all the assumptions of Theorem 1.1 are satisfied, hence, for every

m25 92 1
A€ <2F(9)’61+52>’

i.e. conditions (1.4) and (1.5) are verified taking y=1.

the following problem

(—A+m?)*u=\a(z)f(u) in (0,T)V
u(z+Te;)=u(x) for all zeRY i=1, ..., N,

admits at least three weak solutions in L°°(0,T)N NHS..
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