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Interface asymptotics of Partial Bergman
kernels around a critical level

Steve Zelditch and Peng Zhou

Abstract. In a recent series of articles, the authors have studied the transition behavior of
partial Bergman kernels IIj, |5, g,](#,w) and the associated DOS (density of states) I |, g, (2)
across the interface C between the allowed and forbidden regions. Partial Bergman kernels are
Toeplitz Hamiltonians quantizing Morse functions H: M —R on a Kédhler manifold. The allowed
region is H~1([E1, E2]) and the interface C is its boundary. In prior articles it was assumed that the
endpoints E; were regular values of H. This article completes the series by giving parallel results

when an endpoint is a critical value of H. In place of the Erf scaling asymptotics in a k_% tube
around C for regular interfaces, one obtains d-asymptotics in k™ 4-tubes around singular points
of a critical interface. In k_% tubes, the transition law is given by the osculating metaplectic
propagator.

1. Introduction

This note is a continuation of our analysis in [ZZ19b] of the pointwise asymp-
totics of partial Bergman kernel densities IIj j(z) around interfaces between al-
lowed and forbidden regions. Let (L, h)— (M, w, J) be a polarized K&hler manifold,
w=—id0log h, and let HO(M, L*) denote the space of holomorphic sections of the
k-th power of the positive Hermitian line bundle L. Let H:M —R be a smooth
function with Morse critical point, called the Hamiltonian function. The Berezin-
Toeplitz quantization of H is an operator acting on H°(M, L*):

(1) i, ::Hko(H—k%VgH)on:HO(M,Lk)—>H0(M,Lk).

where Iy =ITx:L?(M, L*)— H°(M, L¥) is the orthogonal projection, H acts by
multiplication and V¢, is the Chern covariant derivative along the Hamiltonian
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flow £7.(*) We denote the eigenvalues (repeated with multiplicity) of H k by

(2) et S k2 <o Sk Ny

where Np=dim H°(M, L*), and the corresponding orthonormal eigensections in
HO(M, L*) by sy ;.

Given the spectral interval ICR we define the partial Bergman kernels to be
the orthogonal projections,

(3) My HO(M, L*) — Hp 1,
onto the spectral subspace,
(4) Hp,r :=span{sg j:pr,; €1}

Its (Schwartz) kernel is defined by

(5) i r(z,w) = Y sk (2)sn(w).

pk, €1

and the metric contraction of (5) on the diagonal with respect to h* is the partial
density of states,

Mr(2)= Y llskjal2)

b, €1

We denote by IIj(z,w) and II;(z) the (full) Bergman kernel and density function.
Here and throughout the article, we use the notation K (z) for the metric contraction
of the diagonal values K (z, z) of a kernel.

We define the classical allowed region A and forbidden region F as open subsets

A:=Int(H~'(I)), F=Int(M\A),
and the interface as
C=0A=0F.
In [ZZ19b] it is proved that

Iy (2)

= mod O(k™°°),
0 if zeF

I,/ (2) {1 if z€ A
(1) We note that as far as leading term in the asymptotic expansion is concerned, we may

replace ﬁk by T'=II)oHeoIlg, which has the same principal symbol as ﬁk See [Z2Z19b] Remark
4.4.
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and moreover if the interface C is a smooth hypersurface (with possibly several

components), then the scaled density decay profile of Hﬁ‘kf((s) in a tube of radius ﬁ

around C has the shape of the Gaussian error function Erf(z)=Px . n0,1)(X <z):

Hk’[(z)

=Erf(2y/mt)+O(k~1/?)
i (Z) z=exp, (tv/Vk)

(6)
where zg€C, v is the unit normal vector to C at zy pointing towards allowed region,
and exp is the exponential map with respect to the Kéhler metric.

To be precise, let {H=FE} be a regular level of H and let ze {H=FE}. Let F*
denote the gradient flow VH for time ¢.(?) Then, for any Schwartz class function

fesS(R),
D F k(g =B swg (F @I

o~ ﬁ n z)e \IVAIG _BWH(Z)leix
(7 _<27T> /_Oof() (resficen )\/7?|VH(z)|'

Thus, in the scaling limit, Erf smoothly interpolates between the value 1 on the
allowed region A(g, g, and the value 0 on the forbidden region M\A[ELEQ].

Henceforth, to simplify notation, we use Kéhler local coordinates u centered
at zg to write points in the k¢ tube around C by

z=z0+k “u:=exp, (k" °u), ueT,C

The abuse of notation in dropping the higher order terms of the normal exponential
map is harmless since we are working so close to C. At regular points zy we may
use the exponential map along N,,C but we also want to consider critical points.
More generally we write zg+u for the point with Kéhler normal coordinate u. In
these coordinates,

w(zo+u) =1 du;Adii;+O0(|u]).
j=1
We also choose a local frame e of L near z, such that the corresponding ¢=
—logh(er,er) is given by
p(z0+u) =[ul*+O0(luf).
See [2Z19b] for more on such adapted frames and Heisenberg coordinates.

(%) We use gradient flow of H in (7) and the exponential map in (6). They give the same

leading term since the difference between FB/\/E(Z) and exp(B|VH|(z)/Vk)(z) is of higher order
in the O(k~1/2) expansion.
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Clearly, the formula (7) breaks down at critical points and near such points on
critical levels. Our main goal in this paper is to generalize the interface asymptotics
to the case when the Hamiltonian is a Morse function and the interface C={H=FE}
is a critical level, so that C contains a non-degenerate critical point z, of H. To
allow for non-standard scaling asymptotics, we study the smoothed partial Bergman
density near the critical value E=H (z.),

Wy, m,7.6(2 ZHSkg - (K (ki — E))

where feS(R) with Fourier transform feC(R), and 0<§<1. This is the smooth
analog of summing over eigenvalues within [E—k~%, E+k~°].

The behavior of the scaled density of states is encoded in the following mea-
sures,

dpi ()= 515 ()12 8y, (),
(8) A (@)= 15k.5 (21 Ok (ur, — 112 (),
g (@) =30 sk (k) 1% Ops (., — b)) ()

For each measure y we denote by dji the normalized probability measure

dp(z) = p(R) ™ dp(x).

For all ze€ M, we have the following weak limit, reminiscent of the law of large
numbers;

fii(x) = 0p () ().
For ze M with dH (2)#£0, (7) shows that

2
Lz,1/2 = dx
il (g;) N ) ) A —
i V|dH (2)]

1.1. Main results

The first main result is the generalization of (6) to the critical point case. We
use the following setup: Let z. be a non-degenerate Morse critical point of H, then
for small enough u€C™, we denote the Taylor expansion components by

H(ze4u) = E+ Hy(u)+O(|ul?).

where )
E=H(z.), Hs(u)= iHeSSZCH(u, u).
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Theorem 1.1. For any feS(R) with feC®(R), we have

Wy, 7172 (ze k™ 4a) =Y llsn g (zet k™ 4u) P £ (K12 (e — E))
i

EN™ _
~(5) FC0) O
T
More over, the normalized rescaled pointwise spectral measure

dﬂ(zc,u,1/4),1/2(x) — Zj H5k7j(zc+k_1/4u)||2 5k1/2(#k,jfE)(x)
g 22 sk (ze k= 4u)||2

converges weakly
eI @) = by (),

We notice that the scaling width has changed from k=2 to k~1/4 due to the
critical point. The fact that we obtained a ‘delta function’ in the limit is less
surprising since it is simply a degenerate Gaussian. The techniques of this article
allow for the generalization to Bott-Morse Hamiltonians with non-degenerate critical
manifolds; since it is rather routine, we restrict to Morse functions to simplify the
exposition.

The difference in scalings raises the question of what happens if we scale by
k=2 around a critical point. The result is stated in terms of the metaplectic repre-
sentation on the osculating Bargmann-Fock space at z.. These notions are reviewed
in Section 3. The key points are summarized in the statement of:

Theorem 1.2. Let 1>3>T >0 be small enough, such that there is no non-con-
stant periodic orbit with periods less than T. Then for any feS(R) with fe
Ce((-T,T)), we have

Wy g fa(ze+k~ Y20 ( ) /f +O(k’” 1/2)

where U(t,w) is the metaplectic quantization of the Hamiltonian flow of Ho(u) de-
fined as

U(t,u) = (det P)~ Y2 exp(a(P~ = 1)u+uQP ‘u/2—uP 1 Qu/2).

Here P=P(t),Q=Q(t) are complex m xm matrices such that if u(t)=exp(t&y,)u,

then
(o) = (@t i) ()
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Remark 1.3. Unlike the universal Erf decay profile in the 1/ Vk-tube around the
smooth part of C, we cannot give the decay profile of IIj ;(z) near the critical point
Zc.. The reason is that there are eigensections that highly peak near z. and with
eigenvalues clustering around H(z.). Hence it even matters whether we use [E7, Fs]
or (Eq, E3). See the following case where the Hamiltonian action is holomorphic,
where the peak section at z. is an eigensection, and all other eigensections vanishes
at z..

The next result pertains to Hamiltonians generating holomorphic R actions, as
studied in [RS], [ZZ19a]. The Hamiltonian flow always extends to a holomorphic C
action.

Proposition 1.4. Assume H generate a holomorphic Hamiltonian R action.
The pointwise spectral measure du; () is always a delta-function

,uiC:(SH(ZC)(I), Vk=1,2..
FEquivalently, for any spectral interval I,

1 FEel
lim Iy ;(z.) = .
k—o0 0 E%[

The above result follows immediately from:

Proposition 1.5. Let z. be a Morse critical point of H, E=H(z.). Then

(1) The L%-normalized peak section sy ., (2)=C(z.)llk(2, 2.) is an eigensection
of H,, with eigenvalue H(z.). And all other eigensections orthogonal to sy ., van-
ishes at z..

(2) If s, € HO(M, L*) is an eigensection of H, with eigenvalue py j<E, then
Sk,j vanishes on W7 (z.).

(3) If s, € HO(M, L*) is an eigensection of H,, with eigenvalue pi,;>E, then
sk,; vanishes on W~ (z).

In the above statement, W¥(z.) refers to the stable (resp. unstable) manifold
for critical point z. and flow VH. See Section 6 for more details and a proof.

In particular, this shows the concentration of eigensection near z.. Depending
on whether the spectral inteval I includes boundary point H(z.) or not, the partial
Bergman density will differ by a large Gaussian bump of height ~k™.

1.2. Sketch of proof

As in [ZZ19b)], [ZZ18] the proofs involve rescaling parametrices for the propa-
gator

(9) Uk (t) = exp itk Hy,
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of the Hamiltonian (1). The parametrix construction is reviewed in Section 2. We
begin by observing that for all z€ M, the time-scaled propagator has pointwise
scaling asymptotics with the k2 scaling:

Proposition 1.6. ([ZZ19b] Proposition 5.3) If ze M, then for any TER,

ﬁk(t/\/Eaé,é) = ( k ) eit\/EH(z)e—tz Hde(lz)H (1+O(|t|3k_1/2))’

2

where the constant in the error term is uniform as t varies over compact subset

of R.

The condition dH (z)#0 in the original statement in [ZZ19b] is never used in
the proof, hence both statement and proof carry over to the critical point case. We
therefore omit the proof of this Proposition.

We also give asymptotics for the trace of the scaled propagator Uy (t/vk). Tt
is based on stationary phase asymptotics and therefore also reflects the structure
of the critical points.

Theorem 1.7. If t#0, the trace of the scaled propagator Uk(t/\/E):ei‘/Etﬁ’“
admits the following asymptotic expansion

EN™ tVE
/zeM Un(t/ vk, ) Vol (2) (277) ( 4m )
Z eit\/EH(Zc)e(iﬂ/4)sgn(Hesszc(H))
ze€crit(H) \/| det(HeSSZc (H))‘
(1+O0(|tk~1/?))

where sgn(Hess,_ (H)) is the signature of the Hessian, i.e. the number of its positive
etgenvalues minus the number of its negative eigenvalues.

To avoid duplication of the background sections in [ZZ19b], [ZZ18], we refer to
those papers for discussions of osculating Bargmann-Fock spaces, for the Boutet-
de-Monvel-Sjostrand parametrix for the Bergman kernel, and the corresponding
parametrix for the propagator. This requires background on lifting Hamiltonian
flows to contact flows on the unit frame bundle of L* and its quantization as the
Toeplitz operator (1). All the necessary background for this article is contained in
the early sections of [ZZ19b], [ZZ18].
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1.3. Related results

Some results on the distribution of eigenvalues around critical levels of Schro-
dinger operators on Riemannian manifolds may be found in [BPU95], [Cam04],
[Cam04b], [Cam08]. As far as we saw, the articles do not study the spectral pro-
jections kernels pointwise in that setting. Most relevant to the present articles are
results of Deleporte on ground states of Toeplitz Hamiltonians around minimum
points, both non-degenerate [D16a] and Morse-Bott degenerate manifolds of min-
ima [D16b]. The authors plan to extend the results of the present article to the
case of Morse-Bott minima in a subsequent article.

2. Toeplitz quantization of Hamiltonian flows

In this section we briefly review the construction of a Toeplitz parametrix for
the propagator Uy (t) of the quantum Hamiltonian (1). For a detailed presentation
we refer to [Z2Z19b], [ZZ18], and for a more general background on Toeplitz operator
we refer to [BG], [MeSj].

Let (M,w, L, h) be a polarized Kéahler manifold, and 7: X — M the unit circle
bundle in the dual bundle (L*,h*). X is a contact manifold, equipped with the
Chern connection contact one-form «, whose associated Reeb flow R is the rotation
Op in the fiber direction of X. Any Hamiltonian vector field £ on M generated by
a smooth function H:M — R can be lifted to a contact Hamiltonian vector field f H
on X, which generates a contact flow §*. The following Proposition expresses the

lift of (9) to H(X) =m0 Hi(X).

Proposition 2.1. There exists a semi-classical symbol oy (t) so that the uni-
tary group (9) has the form

~ ~

(10) Uk (1) =T(§ ") 0w (1) L
modulo smooth kernels of order k—°.

It follows from Proposition 2.1 and from the Boutet de Monvel-Sjéstand pa-
rametrix construction for the Szegé kernel that Uy(t,z,x) admits an oscillatory
integral representation of the form,

N oo oo R .
Uk(t,m,x) ad / / / / / 6011/1(7‘91ngty)JrUzib(TSQy@)*ik@l*ikez
X JO 0 St Jst

(11) XSkdeldgde'ldJQdy

where Sy is a semi-classical symbol, and the asymptotic symbol ~ means that the
difference of the two sides is rapidly decaying in k. The phase function 1 is that
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of the Szegd kernel, i.e. is the (almost)-analytic extension of the defining function
of the strictly pseudo-convex domain D} CL* and is closely related to the analytic
extension of the Kahler potential ¢(z, Z) to the off-diagonal.

We use the notation w=(w,0,) for points such that 7(w)=w, and §'w=
(w(t), 0, (t)) for |w|<e,|g'w|<e. The Taylor expansion of the phase function 1
around the diagonal has the form

$(0,§' )+ (@, 0) = (0, (0) =0 (1)) = [w(0)[* /2= [w(t)[* /24 O(|w]*+ [w(t)[*),
(12)
If we scale the variables by

w=u/Vk, t=1/Vk,

(12) becomes
kVRLH (0)r] kT [i%Hl(U)T* Jul? /2= |u+€a, 71?2+ O (2 (fuf* + 7))

We will be scaling with other powers of k but the general expansion is similar.
We refer to [Z2Z19b], [ZZ18] for detailed discussions of this parametrix and
references to the literature.

3. Model case: Bargman-Fock space

We now discuss the linear (Bargmann-Fock) model in detail, since it is used to
reduce nonlinear settings to the linear one.

Let M=C™ with coordinate z;=x;4++/—1y;, L— M be the trivial line bundle.
We fix a trivialization and identify L=C™ x C. We use Kahler form(?)

w=iY dzAdZ =2 driAdy;

and Kéhler potential

=|z*:= Z |2i] .
The Bargmann-Fock space of degree k on (Cm is defined by
Hy = {f(z)e*klzﬁ/2 | f(#) holomorphic function on C™,

/ |£(2)Pe = d Vol (2) < oo}

(3) We warn the reader that the normalization of w may differ by factor of 2 or 7 from other
references. In particular, our metric g on R?™ is twice the Euclidean metric.
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The volume form on C™ is d Volgm =w™ /m/.
The circle bundle 7: X —M can be trivialized as X=C™ x S!. The contact
form on X is

o= d0+(l/2) Z(Zjdgj —Edej).
J
and the Reeb flow is R=0y. If s(z) is a holomorphic function (section of L*) on
C™, then its CR-holomorphic lift to X is

5(z,0)= ek(w_%lz‘z)s(z).

Indeed, the horizontal lift of 8, is 82 =0z, — 12;0, and 8?]@(27 0)=0. The volume
form on X is d Volx = (d@/?w)/\wm/m'

More invariantly, let (V,w) be a real 2m dimensional symplectic vector space.
Let J:V —V be a w compatible linear complex structure, that is g(v, w):=w(v, Jw)
is a positive-definite bilinear form and w(v, w)=w(Jv, Jw). There exists a canonical
identification of V=C™ up to U(m) action, identifying w and J. We denote the BF
space for (V,w,J) by Hy .

3.1. Linear Hamiltonian function and Heisenberg representation

A linear Hamiltonian function H on C™ has the form,
(13) H(z,y)=Re(a-2) = = (az+az),
for some 0#a€C™. Then the contact vector field generated by H is

3 1
{n = Z(_i/2)(ajazj ~a;0z,) ~ 5 Hp.
J

The contact lifted Hamiltonian flow §*(2)=exp(ty) is then

(14) g5 = (+ 2 9—%(0424—@2)), 5= (2,0).

%a
Proposition 3.1. ([ZZ19b], Proposition 5.1) The kernel for the propagator
Up(t) =Tl e* 11y, is then given by

~ ~ EN™ o
(15) Uk(tvéaﬂ)\):Hk(g_té,ﬁ}):(_> ekw(g z,w).

where the function (2, @) is given by

1&(2,@)22’(92— V4 zw— |z| /2— |w\2/27 2=1(2,0,),0=(w,0y).
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In particular, if 2=, we have

~ EN™ oem jr2 Lt (2)]12
(16) Up(t,2,2)= (2—) etRH(2)t =kt 2
s

where ||dH (2)||*=|a|?/2.

3.2. Quadratic Hamiltonian function and metaplectic representation

Identify C™ with R?™. The space Sp(m,R) consists of linear transformation
S:R?™ —R?™ such that S*w=w. In coordinates, we write

()= ()= () ()

In complex coordinates z;=x;+iy;, we have then

£)-(5)()-0)

w9 () el

The choice of normalization of W is such that W—1=W*. Thus,
1
pP= §(A+D+i(C—B)).

We say such A€ Sp.(m,R)CM(2n,C). The following identities are often useful.

Proposition 3.2. ([F89] Proposition 4.17) Let A= (g %) €Spe, then
-1
PQ ([ P* =Q" _ " (T 0
(1) (QP) _<—Q* pt )—K.A K, where K—<O —I>'
(2) PP*—QQ*=1I and PQ'=QP".
(3) P*P—Q'Q=1I and P'Q=Q*P.
The (double cover) of Sp(m,R) acts on the (downstairs) BF space Hj via

o _(PQ
kernel: given M= (Q P) €Sp., we have

Kim(z,w) = (%)m (det P)~1/2 exp {k (:QP'z/2+wP 'z—wP 'Quw/2)}
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where the ambiguity of the sign the square root (det P)_l/ 2 is determined by the

lift to the double cover. When A=1Id, then Ky 4(z, w)=I(z, o).
The associated density of states is thus given by the metric contraction,

k m o
Kiom(z)= (2—> (det P)~*%exp {k (:QP'2/242P '2—2P7'Qz/2) —k|z|*} .
T
Another useful expression for Ky ps in the spirit of Proposition 2.1 is the fol-
lowing:
Proposition 3.3. ([ZZ18] Proposition 2.4) Let A:C™—C™ be a linear sym-

Q), and let A:X—X be the contact lift that fizes the fiber

. P
plectic map, A= (QP

over 0, then
iﬁk,A(z,@):(detP*)l/?/ I, (2, A6, (4, @)d Vol x (@)
X

Remark 3.4. The point of the above proposition is that, the symbol o4 (¢) in
(10) is given by (det P*)'/2.

Consider quadratic Hamiltonian H:R?"=C™ —R,

H= Z(l/?)aijZiZj +(1/2)a;jziZj+bij 2%

4]

where a;;=a;;€C and bij:l_JﬂEC. Then the Hamiltonian vector field with respect
to w=i)_,dz;dz; is

En = (ayz+bi;2)(i0:,)+(ai;Z+bi;z:) (=10, ).

2%

Hence, if £ generates the flow P(t), Q(t), then
a (Ij(t) Q(ﬂ) _ <i5 ia) (Jj(t) Q(O)
dt \Q(t) P(t) ia ib ) \Q(t) P(t))"
In particular, since P(0)=1d, Q(0)=0, we have
P(0)=—ib, Q(0)=—ia.

Remark 3.5. §g preserves the holomorphic structure, if and only if a;;=0. Thus
Q(t)=0, P(t)=e~ " cU(m), and P(t)"'=P(—t)=P(t)*=e'’.
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4. Smoothed partial Bergman density with spectrum width k—1/2:
proof of Theorem 1.1

To prove Theorem 1.1 we first consider smoothed sums over eigenvalues in a
k~1/2 neighborhood of an energy. We first state a lemma about localization of sum.

Lemma 4.1. For any 1>>0 and any z€ M, we can find R>1 large enough,
such that

T > ey (VE (= H(2)) /R) || sk.5(2) 12
k00 > sk, (2)[1?

Proof. Let x:R—[0,1] be a smooth function, such that x(x)=1 and x(z)=
0 for |z|>1. Furthermore, we may require its Fourier transform X(t)>0, e.g.
choose x(z)=(n*n)(z) for some neCX(R). Since 11 (Vk(ue,;—H(z))/R)>
x(Vk(ur,;—H(2))/R), hence it suffices to prove for any £>0, one can find R>0
large enough that

>1—c¢.

T XV R — H()/R) sk (I
imin >1—e.

o0 225 lIsk.3(2)]12

or

e—iktH(z) Us (t, Z)
Uk(O, Z) ’

R—oo k—oo

lim 1iminf/SZR(t)Vk(t/\/E,z);l—t:L where Vi (t,2):=
R s

where xgr(z):=x(z/R), and its Fourier transformation is Xg(t)=RX(Rt).
First, we note that Yz (¢)>0 and [ Yr(t) 2 =xx(0)=1. Since X(¢) is a Schwartz
function, for any positive integer N, we have constant Cp, such that for |¢[>1,

IX(t)|<Cn|t|~N. Hence, for any smooth bounded function f(t), we have

lim Ra(t)f(t) L =

— = f(0).
R—o0 2 f( )

Next, we claim that |Vi(t,2)|<1=V4(0,2) for all teR. Indeed, let Efe
H(M, L*) be an L? normalized peak section (or coherent state) at z, i.e. the L?
normalization of the section z—II;x (-, 2). Then the L?>-normalized section e**Hx EZ
satisfies R
(€ ) (o)

FiC)

_ e Bg) (2)]
[B2(2)]

Hence we have

(e B, E})

iz Lol B G AR
k> 7k

Vie(t, 2)| = I (72-{C] I
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If we choose cut-off function 7(t), that n(¢t)=1 for |[¢|<1 and 7(t)=0 for |t|>2.
Then for any T'>1, we have

[ xwne/TVee/Vi2) 57 = [ xn(tn(e/mye IO E o112

and for each integer N>1, we have constant ¢y independent of R, T, that

dt dt dt
Yr(®)(A=n(t/T)|Vi(t/Vt, 2 —g/ )?t—:/ X(t) —
Jaoa-nemmiags [ sng= [ x5
:CN‘RTP_N.
Hence
. ~ dt —|ldH(2))?/4 9 1-N
1>liminf [ Xpt)Ve(t/Vk,2) — > [ xr(t)n(t/T)e — —cn(RT)
k—o0 R 2 2
Taking limit R— o0, we get
dt
> — > =1.
1 Iggrgollgg}f Rr(t)Vi(t/VE, 2) 27777)(0) 1

This finishes the proof of the Lemma. O

4.1. Proof of Theorem 1.1

Proof. We consider Fourier transform of f in the definition of Il g ¢1/2(2c+
E=1/%). Write z.+k~'/*u=2. Using the parametrix (11) for the propagator (9),
and Taylor expanding the phase as in (12),

itk1/2 L P
TNPNE Znsm )2 / ¢k B) F(1) d
— / itk (= B) ) Uy (¢ )V, 2) dt
( ) [ Fppe e S o)

2T

) /f zt(HesszH)(uu)/2[1+0(|t| k= 1/2)+O(|t| k= 1/4)]d

or
2£) £ (Hess., H) (u,w)/2)+ O (k™ 1/4),

where in the last step, we use the fast decay of f (t) to bound the error term that
grows as power law in |¢|.
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To show the weak convergence, suffice to test again all continuous bounded
function feCp(R). It is not hard to see that this sequence of measures
{ﬂ,izc’u’l/4)’1/2}k is tight, hence it suffices to test against only compactly supported
continuous functions f€C.(R). Finally, since dfij all has unit mass, suffice to test
against feCg°(R).

Now we show this sequence of measures {ﬂ;:c’u’l/zl)’lﬂ}k is tight. Suffice to
show for any >0, exists R>0, such that

(%)m Y ses@l<e

|k, —H(2)[>k=1/2R

This follows from Lemma 4.1. O

Remark 4.2. The proof of Theorem 1.1 is similar to the proof of (7) in [ZZ19b].
The only change is that the linear term vanishes and one has a quadratic term
instead. This accounts for the different scaling.

5. Smoothed partial Bergman density with spectrum width k~—!: proof
of Theorem 1.2

Recall that 2.€M is a non-generate critical point of H and E=H~!(z.). For
simplicity of notation, we may assume z. is the only critical point on H(E).

Assume that for each T'>0, there are finitely many closed Hamiltonian orbit
with primitive period less than T'. In particular, there exists 1>T >0, such that
there is no closed Hamiltonian orbit with primitive period less than T except for
constant orbit at critical points.

For zo€ H™1(E), we consider the following partial Bergman density

W (20+h ™ 2u) =Y s (2)II°- f (k(pn s — E))
J

where we used Kéhler normal coordinate to identify a neighborhood of zy with
T., M
Z0+k V0= eXpZO(kfl/Qu), ueT, M,

and we choose test function f that
feS(R) with f(t)eC®(-T,T).

Proposition 5.1. If zg is not a critical point of H, then

B k m—1/2 \/5 P 0 B -
My g (ot 1/2u):<%) We [ (z0).) P/ NdH o) | o (gm=1)
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Proof. A similar case is considered in [ZZ19b] Theorem 3; we repeat the proof
here for completeness.

My g1 (zo+k~Y20)
dt

T
= / F@)e P EUL(t, 20+k " ?u) —
_T 27T

ENT T ) —1/2 2 —1/2,\p2 4 dt
_ < ) / f(t)eztk:(H(z0+k u)fH(zg))efkt ||dH (z0+k w)||©/4 %~
-T

o 2

X (1+0(k~1/2))

(k )m/Tﬂ Flr Ry @ oy =t G2/ _ 0T 4 =172y,
== T e e —
2m TR 2mVk

Ek m—1/2 R \/5 , )
A _ve  —KdH(zo0),u)|"/|ldH (zo0)l| O(km™ 1 O
<2w) O oramzon® TOE")

5.1. Proof of Theorem 1.2

We now complete the proof of Theorem 1.2.

Proof. We first use the Fourier transform to write,

T
. , dt
(18) Iy, 5,11 (ze 5~ 20) 2/ F) e EUL (¢, ze+ k71 ) o
T ™
Next, we make a linear (Bargmann-Fock) approximation of Uy (t, z.+k~'/?u) for
te(=T,7).(*)
We lift the propagator to the unit frame bundle, where as in Section 2,

~ ~

(19) Uk(t,z):Uk(t,é,é):/ ﬁk(é,gt@)Hk(@,é)nk(t,é,@)d@JrRk(t,z).
X

First, we may cut-off the integral of w, such that w and g‘w are within k—1/2t¢
neighborhood of z. This will introduce O(k~%°) error term. Next, we set z=
ze+k 12y where w is in a compact set K CC™, and use Kéhler normal coordinate
at z.. We write

w=z. 4k, veB(k7F).

Then, the Bergman kernel can be approximated as

. . k2™ . o
(0. 9T, 910) = (5 ) PO o)

(*) We warn the reader that, even though there is no periodic orbit for £z within time
te(=T,T), there might be periodic orbit for the linearized flow on T, M.
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where we write g'@w=:w(t), and as in (12),
N 1 1 -
9B, 2) = (00 =0.) +~ (v Gl = 5 o)+ O((Jof*+ /%)

and

We Taylor expand the remainder in the exponent, and get

T, (@, 2Tk (2, §' @)

2

2m
_ ( k ) eik‘t(ew*Gw(t))e’L/)BF(u,’l}(t))+’¢)BF(U,U)(1+O((|,U(t)|3+|U|3+|u|3)k71/2))

We claim that the evolution of w(t)=(w(t), 0, (t)) can be computed using the
osculating Bargmann-Fock approximation z. with

Hpp(zetu):=H(z.)+Ha(u)

and
wpr(zetu) i=w(ze), ppr(zet+u)= |u|2

The non-obvious part is about the term e?**(%»=0=(®) where we refer to ([ZZ18],
Proposition 3.5) for more detail.

1/2

Hence, we reduce the evolution of w=z.+k~"/“v to evolution of v in the

Bargmann-Fock approximation, where the orbit is denoted as 0pp(t)=(vpr(t),
0BF(t)). Note that the factor of k in the phase is cancelled by (k~/2v)? from
the quadratic expansion.

T (@, 2)Ik (2, §' D)

2m
— <2k) eiktE+it(0v795F(t))ewBF(u,v(t))+¢BF(v,u)(1_|_T|,U‘30(k,71/2))
™

Now, we may plug back in (19), and do the dv integral. The integral can be
computed in purely the Bargmann-Fock model, using Proposition 3.3.

Ur(t,z) = (%) " R EUt u) (1+0(k12)).

Finally, we plug back in to (18) and finish the proof of Theorem 1.2. O
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6. Holomorphic Hamiltonian action: proof of Proposition 1.5

We recall the setup in from [ZZ19a]. Let (L,h)—(M,w,J) be a holomor-
phic Hermitian line bundle, such that w=—iddlogh. Let H:M —R be a smooth
Hamiltonian, such that £ preserves the complex structure J. The Berezin-Toeplitz
quantization reduces to the Kostant quantization

Hy =ik Ve, +H: H'(M, L¥) — H(M, L*).
And the unitary operator Uy (t):eriﬁk Ty, simplifies as
Up(t) := et Hx . {1O(M, LF) — HO(M, L*).

Ezample 6.1. Let (L,h)—(M,w) be a smooth projective toric variety with
positive equivariant line bundle L, and let T=(S*)™ be the compact torus acting
on M and L. Let p: M —R™ be the moment map, with P=p (M), such that lattice
points kPNZ™ is the weights in the weight decomposition of T on H°(M, LF). Let
x1,..., Ly be coordinates on R™, then a non-zero linear function [=3", a;z; defines
Hamiltonian function on M

H=lopy:M —R.

And critical points (submanifolds) of H on M are intersection of toric boundary
divisors on which H is constant, or faces of P where [ is constant. If the coefficients
a; are generic, then only vertices of P are fixed point. If there exists ¢#£0, such that
a;=cn;, n;€Z for all i, then £y integrate to a holomorphic S'-action.

If £ acts holomorphically, then we have a holomorphic R-action, which extends
to a holomorphic C-action with the other generator VH=J¢g.(°) If 2. is a critical
point, we denote the stable / unstable manifolds by

WH(z)={zeM: tlim exp(FtVH)z=2z.}.

Thus H|W*(zc) SH(ZC)SH|W+(ZC)
Let ey, be a local non-vanishing section of L, invariant under the R action, i.e.,
Hi(er)=0. Define ¢ by |ler(2)||*=e~%. We recall the following easy lemma.

Lemma 6.2. ([ZZ19a], Lemma 2.2)

VH(p(z)) =2H(z)

(%) Our convention for sign is that g(X,Y)=w(X,JY),dH(Y)=w(éx,Y)=g(VH,Y).
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Proof.
OzﬁeL :ivEH€L+H€L :i<A,§H>€L+H€L :i<—(9(p, £H>6L+H€L

where A is the Chern connection one-form with respect to the trivialization ey,.
Since ey, is non-vanishing, we have

<€Ha dc<p> = <VH7 d‘P> U

N |
N |

H =ilgn, 09) = (€, 5 (0-0)¢) =
Lemma 6.3. ([GS], Eq. (5.5))
VH (|55 (2)1?) = =2k(H (2) = ) |51, (2) ||
Proof. Let sy;j=fy ez, then
Hi(sk.3) = (i/k)Vey (Frger)+H(frger) = (i/k)en (frg)er+fii Hiler)
= (i/k)&u (fr.j)er
Hence, . ; f.jer=(i/k)§u (fx,;)er, we have £ (fi,;)=—ikp,; fi,;j, hence
(VH, dfrj)=(JEm, 0 fr) =1, Ofwj) = Kbtk j fr.;-
Since VH is a real vector field, we can take complex conjugation to get
(VH, dfTﬁ = k,uk,jfT,j.

Now, we can finish the proof by apply previous lemma and above results to
sk, (2)IP=e"*| fu;(2)|*. O

6.1. Proof of Proposition 1.5

Proof. (1) Let si ., (2):=IIx(z, z.) be the peak section at z., and § ., be the
CR holomorphic function on the circle bundle X of L*. Since the lifted contact flow
13 H:§Ih{ —HO0y on X preserves the fiber over z. and acts by rotation, and

—

eiktﬁksk = exp(—téH)*@k)

hence R
eiktHk S (Zc) _ eiktH(zC)Sk,zC (Zc)

Since the peak section is unique up to scaling, we have

etkti—iktH(ze) g, (2)=s;,, (2),VtER, 2z € M.
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This shows ﬁksk,zc =H(z.)Sk,s,. If any other L? normalized section sj orthogonal
to s, does not vanish on z., then we can find another L? normalized section

Bz = Shyz, CO8(6) e MBSz Gl gy sin(6), tan(8) = [sw(zc)|/Isk,z. (2c)]

with higher peak +/[sk(2c)[2+ ][5k, 2, (2¢)[2> |8k 2. (2¢)| at z.
We prove (2), and (3) is similar. Suppose ve W+ (2.), and v(t)=exp(—tVH)(v),
then from Lemma 6.3, we have

%||Sk,j(v(t))||2 =2(H (v(t)) — ) Ism,5 (v (1)) ||

Since H(v(t))—pk ;> H (2e) — pus, ;=:C >0, we get
sr i (v) < €72 lswg (WD,

for all t>0. Taking limit t—+o0 gives the result. This completes the proof of
Proposition 1.5. [

7. Trace asymptotics: proof of Theorem 1.7

In this section, we prove Theorem 1.7. We start from Proposition 1.6 and
integrate over M to get

~ t ~ t
ﬂ%%ﬁ=£%%@%www

k m . 2 ||dH (2) ]2
(20) ‘(%)</“N“@et’MMM@ﬂ+mm%1®>
M

Applying stationary phase in the large parameter vk gives,

/ Ui(t/Vk, z)d Vol (2)

(k)m(t\/ﬁ)m Z etVEH (z¢) o(im/4)sgn(Hess., (H))
A\ 27 i /| det(Hess, (H))|

(L+O(lt*E=/2)
zc€Ecrit(H)

2 | dH(2)||2
—tf A

Here we use that dimg M =2m and that e =1 on the critical set.

Remark 7.1. The asymptotics are non-uniform around ¢t=0 since the phase
vanishes at t=0 and thus has a larger critical point set.



[BG]

[BPUYS5|
[Cam04]
[Cam04b)]

[Cam08]

[CM17]

[D16a]
[D16b]
[F89]

[GS]

[KD97]

[MeSj]

[RS]

[SoZ0T7D]

(2718

[Z2719a]

[ZZ19b)]

Interface asymptotics of Partial Bergman kernels around a critical level 491

References

BoOUTET DE MONVEL, L. and GUILLEMIN, V., The Spectral Theory of Toeplitz
Operators, Ann. Math. Studies 99, Princeton Univ. Press, Princeton,
1981. MR0620794

BrRUMMELHUIS, R., PAuUL, T. and URIBE, A., Spectral estimates around a crit-
ical level, Duke Math. J. 78 (1995), 477-530. MR1334204

CAMUS, B., A semi-classical trace formula at a non-degenerate critical level, J.
Funct. Anal. 208 (2004), 446-481. MR2035032

Camus, B., Contributions of non-extremum critical points to the semi-classical
trace formula, J. Funct. Anal. 217 (2004), 79-102. MR2097607

CAMUS, B., Semiclassical spectral estimates for Schrédinger operators at a criti-
cal energy level. Case of a degenerate minimum of the potential, J. Math.
Anal. Appl. 341 (2008), 1170-1180. MR2398279

CoMAN, D. and MARINESCU, G., On the first order asymptotics of partial
Bergman kernels, Ann. Fac. Sci. Toulouse Math. (6) 26 (2017), 1193
1210. MR3746626

DELEPORTE, A., Low-energy spectrum of Toeplitz operators: the case of wells,
J. Spectr. Theory 9 (2019), 79-125. arXiv: 1609 .05680. MR3900780

DELEPORTE, A., Low-energy spectrum of Toeplitz operators with a miniwell.
arXiv:1610.05902. MR3900780

ForLanD, G., Harmonic Analysis in Phase Space, Ann. of Math. Stud. 122,
Princeton University Press, Princeton, 1989. MR0983366

GUILLEMIN, V. and STERNBERG, S., Geometric quantization and multiplicities
of group representations, Invent. Math. 67 (1982), 515-538. MR0664118

Kuuar-Duy, D., A semi-classical trace formula at a critical level, J. Funct.
Anal. 146 (1997), 299-351. MR1451995

MELIN, A. and SJIOSTRAND, J., Fourier integral operators with complex-valued
phase functions, in Fourier integral operators and partial differential
equations, Colloq. Internat., Univ. Nice, Nice, 1974, Lecture Notes in
Math. 459, pp. 120-223, Springer, Berlin, 1975. MR0431289

Ross, J. and SINGER, M., Asymptotics of Partial Density Func-
tions for Divisors, J. Geom. Anal. 27 (2017), 1803-1854.
arXiv:1312.1145. MR3667411

Song, J. and ZELDITCH, S., Bergman metrics and geodesics in the space
of Kéahler metrics on toric varieties, Anal. PDE 3 (2010), 295-358.
arXiv:0707.3082. MR2672796

ZELDITCH, S. and ZHOU, P., Pointwise Weyl law for Partial Bergman ker-
nels. Algebraic and Analytic Microlocal Analysis, with M. HITRIK, D.
TAMARKIN, S. ZELDITCH (editors), Springer Proceedings in Mathemat-
ics and Statistics vol. 269 (2018), 589-634.

ZELDITCH, S. and ZHOU, P., Interface asymptotics of partial Bergman kernels
on S'-symmetric Kéhler manifolds, J. of Symp. Geom. 17.3 (2019),
793-856. arXiv: 1604 .06655. MR3553550

ZELDITCH, S. and ZHOU, P., Central Limit theorem for spectral
Partial Bergman kernels, Geom. Topol. 23 (2019), 1961-2004.


http://www.ams.org/mathscinet-getitem?mr=0620794
http://www.ams.org/mathscinet-getitem?mr=1334204
http://www.ams.org/mathscinet-getitem?mr=2035032
http://www.ams.org/mathscinet-getitem?mr=2097607
http://www.ams.org/mathscinet-getitem?mr=2398279
http://www.ams.org/mathscinet-getitem?mr=3746626
http://arxiv.org/abs/arXiv:1609.05680
http://www.ams.org/mathscinet-getitem?mr=3900780
http://arxiv.org/abs/arXiv:1610.05902
http://www.ams.org/mathscinet-getitem?mr=3900780
http://www.ams.org/mathscinet-getitem?mr=0983366
http://www.ams.org/mathscinet-getitem?mr=0664118
http://www.ams.org/mathscinet-getitem?mr=1451995
http://www.ams.org/mathscinet-getitem?mr=0431289
http://arxiv.org/abs/arXiv:1312.1145
http://www.ams.org/mathscinet-getitem?mr=3667411
http://arxiv.org/abs/arXiv:0707.3082
http://www.ams.org/mathscinet-getitem?mr=2672796
http://arxiv.org/abs/arXiv:1604.06655
http://www.ams.org/mathscinet-getitem?mr=3553550

492 Steve Zelditch and Peng Zhou:
Interface asymptotics of Partial Bergman kernels around a critical level

arXiv:1708.09267. MR3981005

Steve Zelditch

Department of Mathematics
Northwestern University
Evanston

1L 60208

U.S.A.

zelditch@math.northwestern.edu

Received May 16, 2018
in revised form June 12, 2019

Peng Zhou

Department of Mathematics
Northwestern University
Evanston

1L 60208

U.S.A.


http://arxiv.org/abs/arXiv:1708.09267
http://www.ams.org/mathscinet-getitem?mr=3981005
mailto:zelditch@math.northwestern.edu

	Interface asymptotics of Partial Bergman kernels around a critical level
	1 Introduction
	2 Toeplitz quantization of Hamiltonian flows
	3 Model case: Bargman-Fock space
	4 Smoothed partial Bergman density with spectrum width k-1/2: proof of Theorem 1.1
	5 Smoothed partial Bergman density with spectrum width k-1: proof of Theorem 1.2
	6 Holomorphic Hamiltonian action: proof of Proposition 1.5 
	7 Trace asymptotics: proof of Theorem 1.7
	References


