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1 Introduction

In [1,3], we found the quantizations of the monoidal categories of modules graded by finite abelian groups. Quan-
tizations are natural isomorphisms of the tensor bifunctor @ : ® — ® that satisfy the coherence condition. By
this condition, the quantizations are 2-cocycles, and under action by isomorphisms of the identity functor they are
representatives of the second cohomology of the group.

With these explicit descriptions of quantizations, we showed that classical non-commutative algebras like the
quaternions and the octonions are obtained by quantizing a required number of copies of R. Moreover, we obtained
new classes of non-commutative algebras. The resulting non-commutativity is governed by a braiding which is the
quantization of the twist.

In this paper, we will investigate the situation for quantizations of modules with action of finite groups that are
not necessarily abelian. Further the definition of quantizations is widened as they may be natural transformations,
not only natural isomorphisms.

Quantizations  of the monoidal category of modules over finite groups G are realized by elements ¢g in the
group algebra C[G x G] called quantizers. These satisfy a form of the coherence condition, normalization, and
invariance with respect to G-action.

Let ( be the dual of G. We use the Fourier transform to reconsider these quantizers as sequences of operators
da,p in End(E, ® Eg), where E,, Eg are irreducible representations corresponding to a, 8 € G. The coherence
condition for the operators g, g gives a system of quadratic matrix equations.

There is an equivalence relation on these quantizers by the action by natural isomorphisms of the identity functor.
Taking the orbits of this action, we arrive at the final expressions of the quantizers.

We apply the inverse of the Fourier transform to move back to the group algebra where we now have the
quantizers g¢ in C[G x G] realizing the non-trivial quantizations in the category.

To sum up, the procedure is as follows:

Quantizations Q

|

Quantizers gg € C[G X G] dQ € B, e End (Ea ® Ep)

Fourier ™!
Calculations

Explicit sequences {éa’ 3 € End (Ea ® Eﬁ) }

Fourier

a,BEG‘

We illustrate this method for abelian groups (see, e.g., [2]) and the permutation groups S3 and A4. For S5 there is
a 1-parameter family of quantizations. For A4 we have a larger selection with 2 parameters producing quantizations.
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2 Quantizations in braided monoidal categories

A braided monoidal category C' is a category equipped with a tensor product ® and two natural isomorphisms: an
associativity constraint assoco : X ® (Y ® Z) = (X ®Y)® Z and a braiding o : X ® Y — Y ® X, for objects
X,Y,Z in C, that both satisfy MacLane coherence conditions; see [5].

Let C, D be braided monoidal categories and ® : C'— D a functor. A quantization @ of the functor ® is a natural
transformation of the tensor bifunctor

Q:®po(PXxP) — Po®c,
Q=0Qxy 1 2(X)@p2(Y) — &(X®cY)

that satisfies the following coherence condition:

12Q

B(X) @ (B(Y) R B(Z)) —— B(X) @ B(Y © Z) —> 3(X @ (Y ® Z))

assoc p l@(assoec) 2.0

(@(X)23(Y)) ©B(Z) > B(X DY) B(Z) —= B((X DY) ® Z)

for X, Y € Obj(C) (see [4] for details).
Note that we do not require the quantizations to be natural isomorphisms, only natural transformations (cf. [4]).
We denote the set of quantizations of @ by ¢(®).

Let A : & — @ be a unit preserving natural isomorphism of the functor ®. Then, we define an action of A : Q —
A(Q) on the quantizations by requiring that the diagram

B(X) 2 B(Y) — XY+ o(XaY)

l)\XxY 22)
ANQx,y)

(X)) —— L (X aY)

l)\x@»\y

commutes.

The orbits of the above action we denote by @(®).

If a quantization is a natural isomorphism, we will call it a regular quantization and use the notations q°(®) and
@ (@).

If the functor @ is the identity Id¢c : C — C, we call Q a quantization of the category C and use the notations
q(C) =q(ld¢) and @(C) =Q(Idc).

For the following result, see also [4].

Let®: B— C,¥:C — D be functors between the monoidal categories B,C, D and let Q%,QY be quantizations
of ® and V. The following formula defines the quantization

QT =¥ (Q%y) °Qax)e(v) -

of the composition ¥ o ®.
We call Q®°¥ composition of quantizations. Then the composition defines an associative multiplication

q(®) xq(V) — q(Vod)

on the sets of quantizations.
In particular, the composition (2.3), where ® = ¥ = Id, defines a multiplication

q(C) xq(C) — q(C)

and gives a monoid structure on the set of quantizations.
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Moreover, the regular quantizations form a group in this monoid.
The monoid q(C') acts on a variety of objects (see, e.g., [4]). We list some examples here.

Braidings. Let o be a braiding in the category C. If Q € q°(C), then we define an action of @ on braidings by
requiring that the following diagram

Qx,y
XY —XQY

Qv,x

YRX ——Y®X
commutes, where
Q:or—o0g= Q;/,IX 0cooQXx,y-

Then o is a braiding too.

Algebras. Let A be an associative algebra in the category C' with multiplication p: A® A — A. Let Q € q(C).
Then we define a new multiplication 4% on A by requiring that the following diagram

QA,A
ARA—ARA

]

A

commutes.
Then (A, u?) is an algebra in the category C too. We call it the quantized algebra.

Modules. Let E be a left module over the algebra A in the category C' with multiplication v : AQ E — E. Let
Q € q(C). We define a quantized multiplication v% on E by requiring that the following diagram

QaE
ARE — AQF

Y

E

commutes.
Then (E,v?) is a module over the quantized algebra (A, u?). We call it the quantized module.
Right modules are quantized in a similar way.

Coalgebras. Let A* be a coalgebra in the category C' with comultiplication p* : A* — A*® A*. Let Q € q°(C).
We define a new comultiplication (;*)@ on A* by requiring that the following diagram

QAx A+
A*QA* —— A*Q A*
T’ll‘*
(u")®
A*

commutes.
Then (A*, (11*)?) is a coalgebra in the category C too. We call it the quantized coalgebra.

Bialgebras. Let B be a bialgebra in the category C' with multiplication up : B® B — B and comultiplication
Wi B— B B.Let Q € q°(C). The quantized bialgebra is the same object By = B equipped with the quantized

multiplication ,ug and quantized comultiplication ( ,u*B)Q, quantized as above. This is also a bialgebra in the category.
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3 Quantizations of G-modules

Let R be a commutative ring with unit and let G be a finite group. Denote by Mod g (G) the monoidal category of
finitely generated G-modules over R and let q(G) and @(G) be the sets of quantizations and orbits of this category.
Let X and Y be G-modules. Recall that the tensor product X ® Y over R is a G-module with action

g(x®y) =g(z)®9(y)

forgeGire X,yeY.

Let R[G] be the group algebra of G over R.

There is an isomorphism between the categories of G-modules and R[G]-modules, Mod (G) = Modg(R[G])
(see, e.g., [2]).

Hence,

9(G) = q(Modg(R[G])), @(G) =Q(Modr(R[G])).

Theorem 1. Any quantization Q € q(G) of the category of G-modules has the form

Qxy z®y—qq (z®y) = Z dg,ngT @ hy,
g,heG

where

Q=Y dgn(g.h)

g,heG
are elements of the group algebra R[G x G], forz € X, y €Y, and X,Y € Obj(Modr(G)).
Proof. We identify elements z € X for X € Obj(Modg(G)) with morphisms
6. RG] — X, hr—h-z

Then, for any elements z € X,y € Y, X,Y € Obj(Modr(G)) and a quantization @ € q(G), the following diagram

Qx,y
XQY —— = XQ®Y
d’z@(f)yT Td’z@y
QR[G],RIG

R|G]® R|G] ———— R[G]® R[G]

commutes. Therefore,

Qx,y
Ry —> Qxy(x®y)=qq (z®y)

b ®¢y T T ¢z§<y
QR[G),RG)

11 ’ 9Q

where g¢ = Qra),rjc)(1®1) € R[G x G], and
Qx,y(x®y)=qq (z®y). O

We call the elements q¢) quantizers and identify q(G) with the set {gg € R[G x G|}.

Theorem 2. An element g € R[G x G| defines a quantization on the category of G-modules if and only if it satisfies
the following conditions:

(i) the coherence condition

(12A)(9)-(1®g) = (A®1)(g)-(¢@1), (3.1

where A is the diagonal in R|G| x R|G];
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(i1) the normalization condition
q-(z@1)=q-(10z)=1; (3.2)
(iii) the naturality condition
7-Ag) = Alg) -4, 3.3)
for g € G.
Proof. The coherence condition follows from (2.1) where
RQxv,z: (X®Y)®Z — (XQY)®Z

is represented as follows:

@@y @z — (A1) () ((z2y)©2) = Y tn(gr9y) @bz,
g,heG

and similarly for Qx y z.
The two other conditions follow straightforwardly from the normalization and naturality conditions on the
quantizations. (I

See also [4] for similar settings.
We will from now on use the notion quantizer instead of quantization.
Remark that the conditions (3.1), (3.2), and (3.3) are some kind of 2-cyclic condition on q(G) (see, e.g., Section 6

on finite abelian groups).
Let U(G) be the set of units of R[G].

Theorem 3. The set of quantizers of G-modules @(G) is the orbit space of the following U(G)-action on q(G):
def —®2
Wg) = A1) -q- 177, (3.4)
where 1l € U(QG).

Proof. Representing as above elements x € X by morphisms ¢, : R[G] — X, we get the following commutative
diagram with Ax : X — X:

Ax
_—

X X
4 T 4o
ARG

RlG] L RG]

for any unit preserving natural isomorphism of the identity functor, A : Idvod 5 (R[G) = LdMod g (RG))-
Therefore, A is uniquely defined by elements I € Ag( (1), and

Ax () = Ax (¢2(1)) = ¢z (Arig)(1)) = ¢z (1) =1 -2
Let ¢ € q(G). Then the action (2.2) gives
AMg)=A)-q- (T @™
with [ € U(G). O

We say that two quantizers p, g € q(G) are equivalent if p = [(g) for some [ € U(G).
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4 The Fourier transform

In this section, we will use the Fourier transform to find the quantizers, under the assumption that R = C.

Below we list necessary formulae from representation theory of groups (see, e.g., [6]).

Denote by G the dual of G. For each o € G we pick the corresponding irreducible representation on E,,
dim E, = do, and an explicit realization of this representation by a do X do-matrix D%(g) = [Df}(9)| : Ea — Ea,
foreach g € G.

The elements Df;(g) - g € C[G] span the group algebra C[G], and C[G] is isomorphic as an algebra to a direct
sum of matrix algebras by the Fourier transform

F:C[G] — @, o End(E,),

F=Y 19)-9— T ={fa}ace

geG
We will consider f as a “function” on the dual group which at each point o € G takes values in End(E, ):
fo = f(a) €End (E,)

and

F(f)(a) = fa=Y_D(9)f(9)-

geG
The inverse of the Fourier transform has the following form:
1

=G S daTe(D¥(9) fu) -9,

9€G ae@@

F7(J)

where the * denotes the adjoint.
As we have seen the quantizers are elements of C[G x G].
ThedualofoGisG/@:G*xG‘,and
Eop = Ea®Eg
for (a, 8) € G x G with the action
D*P(g,h) = D*(g) @ D’ (h).
In this case, the Fourier transform

F:C[G]©C[G] = C[G X G] — @, ;o End(Eq ® Ep)

and its inverse have the following forms:

F(f)(.8)=fap=>_ Flg,n)D"F(g,h), (4.1)
g,heG
o 1 .
F“(f>:@ > dapTr(D¥P(g,h) fap) - (g.h), 4.2)
9,h€G o, Bey

where

f=Y_ flg.h)(g.h)

g,heG
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and
{fa,5 €End (E, ® Ep) Yo pec

Let x4 (g9) = Tr(D%(g)) be the character of the irreducible representation E,,a € G.
Splitting of the tensor product of £, ® Eg into a sum of irreducible representations, we get isomorphisms

Va5t Ba ® Eg — ® e Erys (4.3)

where czé 5 € N are the Clebsch-Gordan integers.
These integers can be computed as follows:

Xa X8 = D _ClaXy-
vy

Projections p,, of G-modules £ =3 | < ¢¥ Eq onto its irreducible components cq E, = E(q) are the following:
da af —1
Pa = @ ZX&(Q)D (g )7
geG

C

where E,) ~C “ ® E,. They satisfy orthogonality conditions

2
> pa=1, pl=pa, paps=0.
acld

For the tensor products (4.3), the projectors take the form

by = ZX’Y(Q)DQ(QA) ® D (971)'
geG

The matrix representation is D*(g) ® D?(h) = |D$B(g,h)|, g,h € G, where

af
Y D. h Y
(Ccaﬂ ®E’y &) (Ccaﬂ ®E’Y
5 The Fourier transform on quantizers

We now rewrite the coherence condition (2.1) for quantizers in terms of their Fourier transforms.
Letq=)", ncc dq,n(9,h) be aquantizer and F(q) = q = Za,ﬁeé‘ 4.3, where 4o 3 € End(E, ® Eg). Then

The operators §o. 5 : Eo ® Eg — E, ® Eg are G-morphisms.
Therefore, due to isomorphisms v, g, €ach g, g is a direct sum

do.p = Dreqly s 5.1)
of operators 7, 5: ¢} g By — ¢ 5By

Note that the operators g, 4 are given by ¢ 5 X ¢, 5-matrices.
Rewriting the coherence condition in terms of these operators, we get the following result.



Journal of Generalized Lie Theory and Applications

Theorem 4. Let q be a quantizer on the monoidal category Modc (G). Then the coherence condition diagram (2.1)
under the Fourier transform takes the following form:

ZCJI ‘?gm

2ng C‘CX"CZWEC done Cg”lcg'vEC

En,écgficngC

Van VOWT Van
E 0 g )Ty, n gyl " B
a®(2n65y n) —— a®(zn%7 ) —— a®(2n057 n)
Y3y ”ﬁwT Y3y

o,y

E,®(Eg® E, )4>Ea®(E5®E )4>Ea®(E5®EV)

assoc

‘ja,B®1
(Ea © Eg)

daB,y

®FEy ——> (FEa®ER)®Ey ———= (Eq® Eg

assoc
) ® Ey

2]

o
26

¢ ¢ ¢ € ¢ ¢
2o¢.¢ CerCaplic == D¢ c ey Caplic 2¢.¢ CerCaplic

where 4o g € End(Eq ® (Eg ® E5)) and {os,4 € End((Ey ® Eg) ® E).
Assuming that our category is strict, we get the following conditions for the quantizers.

Theorem 5. The set of operators §, 5 € End(c, 5By, c) 5 E.) defines a quantizer

_‘ 7 > Y das®ea (DS (9,h) ) 5)- (9,h) € CIG % G

9,h€G o, Be@
if and only if these operators are solutions of the following system of quadratic equations:

Z égm'jgw: Z (jgﬂ‘jiﬁ’ da0
n,¢eG ¢.LeG

=G5 =1

forall o, 8, € G.

Proof. The first condition follows from Theorem 4.
The second condition is the normalization condition, where Go. = ﬁg‘, o=1:10E,=Ey—1®E, =E, and
@aloz(jg’():I:Ea®1:Ea—>Ea®1:E O

Let F(I) = Y ¢ la be the Fourier transform of I € U(G), where I, € C* due to the Shur lemma, and Iy = 1.
Then action (3.4) can be rewritten as follows:

(da,) = . eclyia'ls do.ps (5.2)

where [, 0,1, € C*.

6 Finite abelian groups

Let G be a finite abelian group and R = C.

In [1,2], we investigated regular quantizations of modules with action and coaction by finite abelian groups. In
this section, we will revisit this case by using the Fourier transform.

By theorem 1 the quantizations of G-modules have the form z ® y — ¢ - (x ® y) for elements z € X,y € Y in
G-modules X and Y where ¢ =3 .. d9,n(9,h) € C[G x G].
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Let G be the dual of G. All irreducible representations of G are 1-dimensional and identified with characters

A

a € Hom(G,C*) =G
The Fourier transform has the form

F(f)(@) = fa=3" f(g)a

geG
for f =3 . f(9)g € C[G]. The inverse of this Fourier transform is
F(f) = =3 faal
~al e

Then

F(q)(,8) =dap= Y agne(g")B(h")

g,heG

is the operator
(ja_ﬂ B, ®E5 — E, ®Eﬂ,

where o, 8 € G.
Clearly g, 5 € C*.
Corresponding to Theorem 5 we thus have the following conditions on G, g:

(jaﬂ,'yéozﬁ = ‘?a,ﬁ-’y(’jﬁ,’ya dO,oc = éa,O =1

for all o, B,y € @, where the first condition is given by the coherence condition and the second is the normalization
condition.

Denote by q(G‘) the group of all functions satisfying these conditions. We see that they are 2-cocycles.

Hence q(G‘) is represented by the multiplicative 2-cocycles ¢ on & with coefficients in C*, where

‘?(avﬁ) = quc,ﬁ-
The C*-action (5.2) on the operators g,z has the form
z\;lz\glfja,,@z\a-ﬁv
where lAa,fg,lAa.ﬂ e C .
Summing up, we get the following result.

Theorem 6. Let G be a finite abelian group. Then the group of regular quantizations @O(é) is isomorphic to the
2nd multiplicative cohomology group H*(G,C*).
Moreover, any 2-cocycle z € ZZ(CAT'7 C*) defines a quantizer q. in the following way:

Q. = |2 >N )B(h)-(g,h) € C[G x G].

9,.he€CG o, BeC

7 Quantizations of S;-modules

We consider the symmetric group G = S3. Let the representatives of the orbits of the adjoint action be (), (1,2),
and (1,2,3) and let xo, x1, and x2 be the characters of the irreducible representations corresponding to these orbits.
These irreducible representations are the trivial, sign, and standard representations on modules Ey, F, and E, with
matrix realizations D°, D!, and D?, respectively.

Theorem 7. For S3-modules over C the set of quantizers @(S3) consists of the following:

(1) the trivial quantizer q = 1;
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(ii) the I-parameter family of quantizers

g =1+p > T(Dy*(g.h)") +Tr(D}?(g,h)") - (g.h),

g,hESg

where p € C;
(iii) the discrete set of discrete quantizers

m=1+ > Tr(DP*(

g,heSs

g=1+ > Tr(DP*(g,h)")(g,h),

g,heS3

2,
The operators D;

tensor product £, @ B, = Eg® E1 ® Es.

Proof. The multiplication table for the characters of S3 is

9, 1)) +Tr (D3 (g,h)") - (9.h), g

o=14 > Tr(D3*(g,h)")-(g.h),

g,heSs

g =1+ Y Tr(Dy?(g,n)) +Tr (D} (g,h)") - (g, ).

g,heS3

2. E; — E;,i =0,1,2, are the components of D*>? corresponding to the decomposition of the

X0 | X1 X2
X0 | X0 | X1 X2
X1 | X1 | X0 X2 ’
X2 | X2 | x2 | xo+x1+x2

and by (4.3) we get the multiplication table for irreducible representations

® | ko | By ¥)

Ey | Ey | By E»

E\ | By | Ey E; ’
Ey | Bb | By | EgBEL @ B

where the irreducible representations Ey, E1, and E, are 1, 1, and 2 dimensional, respectively.
By (5.1) the quantizers §;; in End(E; ® E;) are decomposed as follows:

n A0 a A2 A A2
q11 =411, 4912 = 4912, 4921 =421,

By normalization condition

. W0 oAl A2
422 = G D G D G-

Goo = Go1 = 410 = o2 = G20 = 1.

Theorem 5 for triple tensor products of all combinations of Ey, F, E gives the following relations (see the

appendix for the details of the calculations):
412 = o1,
R A \2
qu = (4i2)",
N RPN |
42 = q12922-

The action of the group U (.S3) has the following form:

(7.1)
(7.2)
(7.3)

lA() A 1 N L _ L
q11 ? (lAl)z “q11 (2\1)2 “q11, llz\z : E *q12,
I 1 [ [ 1
A0 A0 A0 Al 1 A2 2 A2 A2
— = G = = G, — = G, e ;
422 (h)? 422 (h)? 42, 422 ()2 422, 422 (h)? a2 j a2

where [y = 1 and [},1, € C*.

If the quantizers all are nonzero, we may choose {1,105 such that q12, (j%z — 1, by (7.1), (7.2) then also §11,G21 — 1
and by (7.3) 5(2)2 = @%2. We then have the following sequence of quantizers depending on one parameter A € C:

qu | di | da | 6%

SIS
d | 4

@[ 111

Al
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Equivalently, the representatives can be chosen as follows:

an | ae | du | éh|ah|déd
@ X[ x| X[ x]1]1
(a//) )\72 )\71 )\*1 1 by 1
(a///) 1 1 1 1 1 A

(7.4)

If one or both of the quantizers G, zj%z are equal to zero, then the rest will either be equal to O or map to 1 by
choosing [y, 1, appropriately.
By the conditions (7.1)—(7.3), the quantizers vary as follows:

G | di2 | G | 65, | ddy | 83,
®[0[0[0][0]1]1
©[olo[o0[0][0]|1
@[0[0[0[0]1]0
(e)| 1 1 1 1 1 0
®[0[0[0][0 00
@1 11000

We now apply the inverse Fourier transform (4.2) to the quantizers (a)—(g) and get the corresponding element ¢
in the group algebra,

1 L I T
1= 15, YOF (Q)(g,h)Z@ Yo > diyTr(DY(g,h) di) - (9,h)
g,h€S3 g’h€S3Xi7Xj€S3

! i 3 A . .
= w Z (1 + Slgn(h) + 51gn(9) +q11 Slgn(g) slgn(h)) . (97 h)
g,heS;3

+§ > (Te(D*(h)*) +Tr (D*(9)*)) - (9,h)
g,heSs

+ @ Z (412sign(g) Tr (D*(h)) + o1 Tr(D*(g)*) sign(h)) - (9, h)
g,heS3

L4 > Tr(D**(g,h)dx) - (9,h)

3
53] g.hES;

4 * Al N X A * A
=1+ 150 > Tr(Dy?(9.h)*3%) +Te (D7 (g9, h) @) +Tr (D32 (9,0)"33,) - (9.h),
g,h€Ss

where Tr(D% (g,h)*Gi;) = Gi; Tr(D(g)* ® D7 (h)*) = §;; Tr(D%(g)*) Tr(DI (h)*). Since Tr(trivial(g)*) is 1 for all

g € S3; Tr(sign(g)*) is 1 for (), (1,2,3), and (1,3,2) and —1 for (1,2), (1,3), and (2,3); and Tr(Dz(g)*) is 2 for (), —1
for (1,2,3) and (1,3,2) and O for (1,2), (1,3), and (2,3), most of the sum cancels out.

2
Then for option (a) we let A =1+ %p for p € C and get the following class of quantizers:

g =1+p > Tr(Dy*(g,h)") +Tr (D} (g.h)*) - (g,h).
g,hESg

In addition to this case, the combinations (b)-(e) give the following quantizers:

apy =1+ D Tr(DP*(g,0)") +Tr (D3 (g.h)") - (g.h). aey =1+ > Tr(Dy*(g.h)) (g.h),

g,he€S3 g,h€S3
2,2 2,2 2,2
Q(d):1+ Z Tr(Dl (g7h)*)(g7h)7 q(e):1+ Z Tr(D(J (g,h)*)—FTI'(Dl (g7h)*)(g7h)
g,h€S; g,h€S;

The combinations (f) and (g) give the trivial quantizer. O
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Remark that from (7.4) the quantizer q(,) has the following equivalent forms:

ay=1+p Y Tr(Dg*(g.h)*)-(9,h), awy=1+p Y Tr(DP(g.h)")-(g.h),
g,heSs g,heSs

Q(a’”):1+p Z Tr( (97 )*>(gvh)

g,hES3

8 Quantizations of A4

Let G = A4 be the alternating group. Elements (), (12)(34), (123), (132) represent the orbits of the adjoint G-action

and we let x0, x1, X2, and x3 be the characters of the irreducible representations corresponding to these orbits.

These irreducible representations are the trivial representation, the first and second nontrivial one-dimensional
representations, and the three-dimensional irreducible representation on modules Ey, F, E», and E3 with matrix

realizations DY, D', D2, and D3, respectively.

Theorem 8. For A4-modules, the set of quantizers @(Ay) consists of the following:
(i) the trivial quantizer ¢ =1,

(i) q) =14y pea, Tr(D3 (9,h)* M)+ (g, h),

where M = [3‘ 2} , [6\;\], Mk €C,

(i) ) =14, hca, Tr(D3’ ( h)* P
(V) q0) =142, hea, (Te(D} (g,h)")
) a@ = 1+ Xg heay (1x(0} “a.h)")
VD) ey = 1422, pea, (Te(D} (g,h)")
where P are 2 X 2-matrices of the form [8 g], [8 (1)], [(1) H, [(1) ?\], recC.
The operators Dg’S, i=0,1,2,3, are components of D33 corresponding to the decomposition E3 @ Ex
E\ & E,®2E;.

)-(g,h),

+Te(D3?(g,h)"P)) - (9, h),
+Te(D3(g,h)"P))- (9.1,

+Te(D37 (g, h)*) +Te(D3 7 (g,h)* P)) - (g, h),

Proof. The multiplication table for the characters of A4 has the form

X0 | X1 | X2 X3
X0 | X0 | X1 | X2 X3
X1 | x1|x2|xo X3
X2 | X2 | X0 | X1 X3
X3 | X3 | X3 | X3 | xo+Xx1+x2+2x3

and by (4.3) we get the multiplication table for irreducible representations

® | Ey | By | E» Es
Ey | Eo | E1 | B Es
E\ | El | E2 | Eo Es
Er | B | Ey | By Es
Es | E3 | E3 | Es | Eg®DE\ D E,D2Es

Recall that the irreducible representations Ey, E1, E», F3 are 1, 1, 1, and 3 dimensional, respectively.
By (5.1), the quantizers ¢;; in End(E; ® Ej) split as follows:

~ A2 ~ A0 ~ A0 ~ 23 ~ A3
q11 = 411, 4912 =412, 921 =421, 413 =413, 431 = G431,

a A1 A ~3 ~ A3 A ~0 Al A2 A3
02 =0y, §3=03 0@2=0G3, @3=033PqB3D033D [%3} )

where we use the notation [3,] to keep in mind that this is a 2 x 2-matrix acting on 2F3.
Further, by normalization condition

Goo = do1 = 410 = Go2 = G20 = Go3 = G30 = 1.

:EO@
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Theorem 5 for triple tensor products of all combinations of Ey, F1, E», E3 give the following relations (see the
appendix for details of the calculations)

R R A n N N N A N2 A A A N2 A A
G=aq1=qud2, 3=481, @=3¢2, (@3) =443, (423)°=d0ads,
0 1 2 0 1 0 2 1 2 1 2 ®8.1)
933 = 413933 = 423933, 433923 = 433912, 433913 = 433912, 4334911 = 433413, 433923 = 433422
Moreover, the action of the group U (A4) has the form

. b ~ . lo . 1 n b,
qu — 541, q2=@1 =7 7= @1 = 01, 22— 502,
(ih) lilp ) (i)
. . i3 N 1,\ N N i3 a 1 ~
3= 31— 7= $B1= =B, @3 =330 — 77032 = =32,
0\l I B3l b
i I J
0 0 0 A0 N 1 Al
433 — 5433 = 543, B3 —7 7133

() (5)

2 b ~3

1
433 — ﬁﬁ%& [q33] — = [ﬁ%ﬂ-
(13) l3

where [p = 1 and [, 0,3 € C*.
Assume that the quantizers are non-zero. Then we may choose /1, l2, [3 in such a way that all

(5)

N A A A A A A A A Al 2
q11,4922,912,921,913,931,423,932,433, 933,433

are equal to 1.
What remains is the 2 x 2-matrix [cj§’3] which by choosing of basis can be transformed to one of the following

forms:
A0 (A1
I:qg3] =M= |:0 Ii:| ’ |:0 )\:|a

where )\, x € C.
Hence we have the sequence

~ N ~ Al

qu lao | dn|an | ds|an | ds|an|ds|ds ]| dd | 6]
@11 [t 1|1 [T 1 [t [1][1][1|M

Assume now one or more of the quantizers §i1, §22, 412, 421, 413> 431, §23, 432, (323, (j§3, (j§3 may be equal to zero.
The rest will then map to 1 by choosing [y, [ properly.
By choosing {3 we reduce the matrix M to one of the following matrices P:

35 =loo] ool o) o]

Finally by the conditions, (8.1) give the following possible sequences:

qu | dn | du | | @] s | dos | ds | 6% | dls | @35 | [63]
o111 [t [1][1][1][1]0l0]0]P
©lolo[0[0l0[0l0[0 [0 [1]0]P
@lo[o0]ojolololololo0 01| P
@lolo[o0[o0lo0[0lo0[0 01 ]1]P
10 0 0 0 0 0 0 0 0 0 0 P
(| 0 1 0 0 0 0 0 0 0 1 0 P
()| 0 1 0 0 0 0 0 0 0 0 0 P
G |1 oOo|lo0jO0O]OJO]O|O0]O01]0O0 1 P
G) | 1 0 0 0 0 0 0 0 0 0 0 P
k)| 1 1 1 1 0 0 0 0 0 0 0 P
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Applying the inverse Fourier transform (4.2) to the sequences, we get the corresponding element in the group
algebra,

Z I g,h) Z Z dl]Tr ’j(g,h)*(jij)'(g,h)

g,heAy g,heAy Xz,X]EAAl
9 * A * A
= HW > (Te (D5 (g.h)"8%) +Tr (D} (9. 1) d%)) - (9.h)
4 g,h€Ay
79 * 7 e * [ A
+ | A4? > (Tr (D37 (g.h)* @) +Tr (D3 (g,h)" [a35])) - (g. ),
g,he Ay

where, as mentioned, most of the sum cancels out.
Here Df’3, 1=0,1,2,3, are components of D33 operating on the decomposition E3 ® E3 = Fo@ E1 & E, ©2FEs3.
Writing M + I instead of M in the sequence (a) we get a shorter form for ¢:

9 *
ww =1+ e 2 T(D3@h) M) (o).
g,h€A4
Further we get

a) = ‘A 4P > Tr(D37(g,h) P) - (g.h),

g,he Ay
4o = ‘A E 2 (TP () +Te (D3 (9.)"P)) - (9:h),

g, heAy
aw =1+ 2 (T(D3(g,h)7) +Tr (D3 (g,h)P)) - (g,h),

q7h€A

9 . . .

%=1 15p Y (Te(DY(g,h)") +Te (D33 (9,h)7) +Tr (D32 (9,1)* P)) - (9,h)-

g,h€Ay

The combinations (f), (h), (j), and (k) give the same quantizer as (b), the combinations (g) and (c), (i) and (d)
give the same quantizers.

We adjust the constants and have the result of the theorem. O
Appendix

Let G = S3. By Theorem 5 the quantizers on tensor products of triples of irreducible representations satisfy

Ey@E1 @By quidnks = qi2g12Es, (A.1a)
E1@E,QE:q12¢ By = 21412 En, (A.1b)
E,QEIQFE 14212 = q11G20 2, (A.1c)
E\ @By ® B> : 41249, Bo ® 41283, B1 @ 41285, B2 = 432411 Eo © 49,410 E1 © G5, 412 B, (A.1d)
B ® By @ Byt 2149, Eo © 42183 Bt @ 42135, 5> = 41285 Fo @ G243 B © 41285, B, (A.le)
Er® By ® B\ < 3,411 Bo @ 3,601 B1 © 42183, 2 = 42149 Fo © 42133, 1 © 42133, B, (A.1f)
Ey® By @ By ¢ 5,49 Fo © 45,83, B1 = 33,39 Fo © 45,03, F1 (Alg)

83,820F2 ® 43801 B> ® 45,43, B2 = G52 G00 B2 @ 430412 B2 © 43,85, B (A.1h)

Then by (A.1a)

41 = 12412,
by (A.1d)

% = didn,
and by for example (A.le)

G2 = Qa1
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Let G = A4. By Theorem 5 the quantizers on tensor products of triples of irreducible representations satisfy

E\@ E1® E : qidi2Eo = §11G21 Fo, (A.2a)
Ey®@Ey®@Ey:§doEr =§ngnk, (A.2b)
Ey®@E, @ E) : @21g10Er = §12qo1 En, (A.2¢)
E,®@ E1 @ Ey : qiidnEy = ¢1Go Fr, (A.2d)
Ey®@E® By ¢0ndiiEr = §124den B, (A.2e)
E, @ Ey® Byt G220 Er = 21402 En, (A.2)
Ey@ By @ Ey: a1Gao Er = G211 B, (A.2g)
Ei@E1@E3:qi34i3E3 = §11423 E3, (A.2h)
Ey @ B30 Er:¢31q13E3 = q13G31 B3, (A.20)
Es®E1®E :qudnks = 1431 Es, (A.2))
E1© By® B3 : 433412E0 ® 433010 E1 © 433411 B2 @ [G33)0132E3 = 413(43 B0 © 433 B1 © 433 B2 © (G332 3), (A.2k)
E;® By ® B3 1 413(333 Bo © 431 © 453 B2 © [G3]2B3) = 431 (635 B0 © 433 B1 © 53 B2 © [3:12B3), (A21)
B3 ® E3® By 1 §31(833 Bo © 433 E1 @ 433 B2 © [433]2B3) = G33421 Eo © 433401 Er ® 4330411 B2 ©[d33]03123, (A2m)
Er, ® B> @ By : go2Go1 Eo = G22412 Eo, (A.2n)
E, @ B, @ B3 qo3o3Es = 422413 3, (A.20)
Er, @ E3@ Byt @3Go3 B3 = (23432 E3, (A.2p)
E3@Er@Ey: qo@31 E3 = 43432 E3, (A2q)
By ® B3 ® By : 433021 Bo © G330 B1 @ 453020 F (4331023253 = 423 (53 Bo © 433 B 33 22 © [G3]2E3), (A20)
B3 ® By ® B : 43(d5 Eo © 453 E1 © @33 2 © [035)23) = Gsa (@53 B © G331 & 435 B & [055]253), (A25)
E3® B3 ® B> : 432(333 Bo ® 433 1 © 43352  [G3:]2E3) = 433012 F0 © 433022 B @ 43302 B @ [433] 3322 B3, (A20)
By B3 ® Es 1 [435)(0%52F0 @ 4332 F) @ 4352 F2) = [43:](3%52E0 ® 4452 E) © 352 Er), (A.2u)
053030 B3 © G33031 B3 © 433032 B3 ® [543 = 433003 B3 © 33013 B3 © 053023 B3 © G334 B3, (A2v)

where [¢3,] is a 2 x 2-matrix on the 6-dimensional 2Ej.

Then by (A.2b) and (A.2c),
Qg2 = qi2 = Qo
by (A.21)
Qi3 =431,
by (A.2h)

(@13)* = 411023,

which together with (A.2j) gives

further by (A.20)

423 = G432,

(623)* = 4213

and the last conditions are given by (A.2k) and (A.2r) as follows:

A0 A A A A2 A0 A Al A A0 A 22 A Al A 22 A Al oA A2 A
0% = Q13033 = 23033, Q%3003 = @3dia, 453013 = 433412, Ga3di1 = 33413, G3zdos = G330
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