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Abstract Generalized polar decomposition method (or briefly GPD method) has been introduced by Munthe-Kaas
and Zanna [5] to approximate the matrix exponential. In this paper, we investigate the numerical stability of that
method with respect to roundoff propagation. The numerical GPD method includes two parts: splitting of a matrix
Z € g, aliealgebraof matrices and computing exp(Z)v for avector v. We show that the former is stable provided
that || Z|| is not so large, while the latter is not stable in general except with some restrictions on the entries of the
matrix Z and the vector v.
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1 Introduction

Since exponential matrix naturally appears in the analytical solutions of many differential equations, it isimportant
to present the numerical approximate methods for computing exponential matrices in applied problems. In many
cases that the different equations are modeled on a matrix Lie group, we need that the approximated matrix to
remain in the same Lie group. Most of the well-known standard methods [3] do not satisfy this condition except in
some special cases, like 3 x 3 antisymmetric matrices [2].

Recently, Munthe-Kaas and Zanna have introduced a geometric numerical method, called generalized polar
decomposition method, or briefly GPD method [5]. The main advantage of this method among others is that it
preserves the approximated object in the mentioned Lie group. In the GPD method, the Lie group G and its Lie
algebra g are splitted to simpler ones, such that the computation of exp Z will be easier in those subgroups and
subalgebras. There are two numerical agorithms in GPD method. The first one (Algorithm 1) splits the matrix 2
and in the second one (Algorithm 2), exp(Z)v is computed, where v is an arbitrary vector.

As far as we know, no proof of the stability of the GPD method, with respect to propagation of roundoff error,
has appeared in the literature. In this paper, we study the stability of the method for the so-called polar-type splitting
order-two algorithm that has been introduced in [5]. We show that Algorithm 1 which is a simpler agorithm is
stable, provided the norm || Z|| = max; ; |Z; ;| of the matrix Z is not very large, but in the complicated one, that is,
Algorithm 2, the stability is controlled by entries of Z, exp || Z|| and ||v|| = max; |v;| asthe norm of the vector v.

We introduce a sufficient condition for thisaim. More precisely, given ann x n matrix Z, let

a; = [Z115: 24240 Zngls by = [Zi511, Zig120 - Zin]
forj=1,2,...,n—1andlet
ko = min {|b] a;|; bja; #0, 1 <j <n—1},
then Algorithm 2 is stable under the following conditions:

|| Z]] and ||v|| are not very large, (1.18)

M 1—u 1—nu
ko < 14+u nZu )’ (1.1b)
where  is the unit roundoff error.

The content of the paper is asfollows. In Section 2, some preliminaries concerning the general concept of error
analysis and GPD method and also details of the above-mentioned algorithms are given. In Section 3, the error
analysis of the Algorithm 1 and in Section 4, the error analysis of Algorithm 2 are addressed. Section 5 is devoted
to sensibility analysis of Algorithm 2.
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2 Preliminaries
2.1 Error anaysis

In this section, we recall some standard definitions and lemmas, which are applied in the other sections. Elementary
operatorslike +, -, x, and / aswell as /o sin, and cos admit the following floating point arithmetic:

fi(zopy) = (zopy)(1+4), [0 <u,
where op isan elementary operation, and v is the unit roundoff error.
Lemmal (see[1]). If|6;] <wandp; =+1for1 <i<nandnu<1,then
ﬁ (L+6)" =1+ 0y,
i=1
such that

nu
On| <
|n‘_1—n

= Yn.
U

Thefollowing technical properties are satisfied by the sequence {~x, } n:

Y+ vk < Yk (G k>1), (2.1
Yn < Yen, (c>1,n>1). (2.2
Denoting the calculated value of any variable = by z and |A| = [|a;;|] for any matrix A = [a,;], we have the

following lemma.

Lemma2 (see[L1,4]). Ify = (¢ — Z’“ 1 a;b;) /by, is evaluated in floating point arithmetic, then, no matter what is
the order of evaluation, there exist constants(?,(C ), i=0,1,...,k — 1, such that

k—1
by (1 +6! ) a,bL<1 10 ”) (2.3)
=1
where |9,(f)| < for all 4. If b, = 1, so that there is no division, then |9,(f)| < ~yj—1 for all 4.
Also for matrix multiplication, we have

fl(AB) = AB+ A, |A| <v|A||B], AeR™" BeR"P. (2.4

For any matrix A = [a;;], let || A|| = max; j |a;;|. By this norm, we have

[AB[| < nl[Alll|B] (25
forany A € R™*" and B € R"*P,
For any two vectorsa, b € R", let
axb=(a1by,...,anbn) € R™. (2.6)
So, using this notation, we can write
fida) = Aa*x (1+u), |u<ul, 1=(1,...,1) e R" AeR, 2.7

Similar to Lemma 1, one can prove the following lemma.

Lemma3. If ju;| <wul,for 1 <i<nandnu<1,then
(1+u1)*~~~*(1+un):1+hn, (2.8)
such that

‘hn‘ <l
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2.2 GPD method

Suppose G is afinite dimensional Lie group and g isits Lie algebraand let o : G — G, o # id be an involutive
automorphism, that is, one-to-one smooth map such that:

o(z-y) =o(x)- oly), Vr,yed,
o(o(z)) = =, vz € G.
Itiswell known that for sufficiently small ¢ and for any z = exp(tZ) € G, where Z € g, we can write
z = xy, (2.9

where o(z) = z~! and o(y) = y. The decomposition (2.9) is called the Generalized Polar Decomposition (GPD)
of z. Onthe Lie agebra g, the involutive automorphism isinduced by o:

d
do(Z) = T t:[)a(exp t7Z),

hence do defines a splitting of g into the direct sum of two linear spaces:
g=pat

wheret = {Z € g:do(Z) = Z}andp = {Z € g : do(Z) = —Z}. Infact, t isaLie subalgebra of g, but p only
admits Lie triple system property:

A,B,Cep=[A[B,C]] €p,
where [A, B] is the standard commutator on Lie algebra g. Now, let
P:HP(Z)7 K:HE(Z)f

wherethemaps 17, : g — p and II; : g — ¢ are the canonical projection maps. It can be easily verified that every
7 € g can be uniquely decomposed into Z = P + K, where

P=1y(2)=-(Z—do(2)), K:HE(Z):%(Z+do—(Z)),

N | =

(see[5]). Also, £ and p satisfy

e, e Ce  [ep],[p. 8] Cp, [pp] CE

If, in the decomposition (2.9), we consider z = exp X (¢) and y = exp Y (¢), where X (¢t) € p and Y (¢) € ¢, for
sufficiently small ¢, then it can be written as follows:

e 9] . [e ) i
X =) X', Y(@)=) Yit"
i=1 i=1

where the coefficients X; and Y; can be found in [5]. The first termsin the expansions of X (¢) and Y (¢) are

X:H—%mKW—éMuRKmW+GﬂﬂpﬂRmH—ipnmmRmﬂy4
(2.10)
+—(§£6[K;[fz[f:uzzzﬂ}}-i%6u{,u(,u(,uzzrﬂ}}-iga[uzz{L[fxuzzrn])t5+-0(ﬁ),
Y = Kt — % [P, [P, K]|t?
) ) . . o (w
%—(EE[P{R[PJPJGH]+?55UC[K,UZUZKHH«—EaﬂHZK]{KJPJﬂH)t +0(t")

Considering o1, 09, . . ., om 8s elements of a sequence of involutive automorphisms on G, o induces a decomposi-
tion g = p;1 @ £, and approximation:

exp(tZ) = exp (X[l] (t)) exp (Y[l] (),
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where X" and v are suitable truncations of (2.10) and (2.11), respectively. Then £, can be decomposed by o2
and so we have £; = ps @ € and

exp (Ym (t)) ~ exp (X[Q] (t)) exp (Y[Q] (t)).
Repeating this process m times, (m > 1) yields the following:
g=p1Pp2® - Dpm Dm, exp(tZ)~exp (Xm (t))---exp (X[m] (t)) exp (Y[m](t)). (2.12)

The number m is chosen appropriately such that the right-hand side terms can be easily computed. If the expan-
sions (2.10) are truncated at order two, then the two following algorithms based on the iterated generalized polar
decomposition (2.12) will be obtained. The first algorithm splits the matrix Z, while the second one approximates
exp(Z)v.

Algorithm 1 (Polar-type splitting, order two).
% Purpose: 2nd order approximation of the splitting (2.12)
% In: n x n matrix Z
% Out: Z overwritten with the nonzero elements of X? and Y™ as:
% Z(i+1:n,i) = XU(i+1:n,i), Z(,i+1:n) = XU, i+1:n)
% diag(Z) = diag(Y'!™)
forj=1:n-1

aj:=2Z(+1:n,j)

bj=Z(j,j+1:n)"

Kj:=Z(+1:n,j+1:n)

Cj = zjvjaj — Kjaj

dj = —Zj,jbj -‘r?}—'bj

Z(G+1:n,7) = a, —%Cj

Z(j,j+1:n) = (b; — d;)"
end
Algorithm 2 (Polar-type approximation).
% Purpose: Computing the approximant (2.12) applied to a vector v
% In: v : n-vector
% Z : n x n matrix containing the nonzero elements of X% and Y™ as:
% Z(i+1:n,i)=XU(i+1:n,i), Z@,i+1:n) = XU i+1:n)
% diag(Z) = diag(Y ™))
% Out: v := exp(X M) - exp(X[™) exp(yI™)v
fork=1:n

vy 1= exp(2p, k) Vg
end
forj=n—-1:-1:1

aj:=[0;Z(j+1:n,35)]

b = [0;2(j,j +1:n)7]

Void :=Vv(j : n)

L T, . ~__ sinhay L 1270
aj =, /bja;, 3 = 7j],)\j = 2sinh”(5%)
01

[0
D= (oz0)

¢(D) == XD~ + 551,
Vold, 1
W= SD(D)(bijOm)
Vhew = [aj, el]w =wia; —+ woeq

v(j:n) = Vold + Vnew
end
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3 Error analysisof Algorithm 1

In Algorithm 1, we denote by Z simultaneously the input data matrix and the splitted output matrix. In thisalgorithm,
the calculated valueof c; (1 < j <n —1)is

& = (g ay + (1+w) - Kjay — )  (1+u)),

where [u’| < ul (i = 1,3) and [u3| < ~,—;|K;|a;|. From (2.8), we have (1 + u}) = (1 + u3) = 1 + hy, where
[ha| < 921

Hence,
cj =cj +uy,
where
uj = zjja; *hy — Kja; xu) —uj * (1 +ul), (3.1)
| < 2|z fag| + ul K |aj] +9n—j] K [aj] + (1 +ul). (32)

By applying the norm of the matrix Z this reduces to
;] < (72 +u+ g (1+ )| Z]*) 1.
Now, similarly for computing d;, we have
aj =d; + u},
where
[uj] < (2 + 75 (1 + ) [ 2]%)1.

Therefore, the entries of the matrix Z change as follows:
1 1 4 5 1
filaj —5e ) =(a —5(cs+w) «(A+u)) |« (1 +w)) = (a; - 5¢; ) +pj,
where [u}| < ul, (i = 4,5) and

1uj * (1 +h2).

5 1
pj:aj>|<ujffcj*hgf2

2
So from (3.1),
1 1 -
[p;| < ulaj] + Slejlyz + 5 (14+92) (2250 [as] + (u + - (1 +w)) [ K] |aj]).

If we replace the value of ¢; from Algorithm 1 in the above relation, we will have

1 1 1 _
gl < oyl (2 38l + (24 5 (1 92) (b 214 ) ) [

and finally
1,1 1 )
[P < (wllZll+ (72 + 592 + 592+ 5 (L4 72) (wt (L +w) )1 2] ) 1.
Since
_ _(=ju _(n—ju_n—j
fynfj_l—(n—j)u< 1-nu  n "

for nu < 1 and from property (2.1), the upper bound of p; will be

2 n*j+2 1 2 2
‘p]‘ - (” I <1—2u 2(1 — nu) 2)” IFu (u ))1
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The greatest value of the right-hand side occurs at 7 = 1, hencefor all 7,

2 n+1 1 2 2
| < — . .
il < (1210 (25 + i + 3 ) 120Pu+ 06) )1 33
Similarly, if
1 1
fl (bj — id]) = (bj — gd]) —|—qj,
then
) 2 TL+1 l 2 2
laj| < (HZHU+ (1 —ou + 21— nu) + 2)||Z|| u+O0(u ))1 (3.4

However, since the diagonal entries do not change during this agorithm, (3.3) and (3.4) show the stability of the
algorithm whenever || Z|| is not so large.

4 Error analysis of Algorithm 2

In the GPD method, the matrix Z is splitted in Algorithm 1, and the exp(Z)v is caculated in Algorithm 2. We
denote the splitted matrix of Z with Z = (z; ;).

4.1 Error analysis of o

Let k; = bfaj and o; = /k;, here we have assumed k; > 0. If k; is not a positive number, by considering

a;j = /k;| when k; < 0 and by letting *2% — 1 when k; = 0, it is easily seen that of all the arguments and the

upper bounds presented in the paper remain valid.
From Lemma 2, we have

i (k;) = Zn: Zazg (1400),),

i=j+1

where|6'fl’zj| < Yn—j, (1 <4 < n). Sowe can write

n
fl (/CJ) = kj + Z E]-,iz-,j@s)_j = kj +t,

i=j+1
where
1] < (n = )i 121 (4.1)
Then by assuming || Z|| < 1 and from condition (1.1), we have
—Uu
< < <

where ko = min{|bl a;|; b] a; # 0,1 < j <n — 1}. Hence k; + ¢ is nonnegative and

fl (o) = 4/ kj +t(1+0),

where 4, with |§] < u, denotes the floating point arithmetic error. Therefore,

fl (o) = a; +¢;, (4.2)
where
t
bt [ —— )1+ 9).
& =i+ (s )0+
Since a; < v/n— j||Z||, we have
AL B
gl <agu+ (M) arw caus (B2 04 <o, (43)
Oéj a]
where
o imuy/n—j+ DIy Ly, (4.4)

Vo
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4.2 Error analysis of 3;

Let us consider
sinh (aj + Ej)
aj + §j

fi(8;) =

By using the identity sinh z — sinh y = 2sinh *5¥ cosh #, we obtain

(1+9).

sinh ¢, /2
)= (54 SRR ol R Jaso=s e
where the quantity £ is
sinh &; /2
el = B;5+ (gj &/ COSZj(ij J G/2) = 0% > (1+3). 45)
From (4.1) and (4.3), we have
/5] <+ SR04 ), 9
We now consider the condition
vy = 7120 4 < (47)

that is clearly a consequence of

1Z)? - 1—u)\[/1-nu
ko 1+u n2u

for 1 < j < n — 1, which itself is obtained from condition (1.1b) for || Z|| < 1. Hence from (4.7) and by increasing
monotonicity of the map = — £ ontheinterval (0, 1), we can write

& G/l Wi
aj+&| T 1= & ag] T 1=y

smhm’ 240,
f(z) = T
1, =0

The function

has the elementary property that 1 < f(a) < f(b) whenever |a| < b, from which and (4.5) we deduce |5j1~| < nj,
where

sinh v/n — || Z|| ( b )
j = = u+ 1+u
K Vv —jllZ|| 1*%‘( )
Y sinhg;]|Z]]/2 - _
+ 2 cosh n—7JllZ| +¢ilZ||/2)(1 4+ u).
=5 aizin < (VR iIZl+ el Z1/2) 1+ v
Now by using (4.4) and (4.7) in (4.8), we get

|51|<Si“h<mlzl>< 2ut (0= ey (4w )
SRV 2 (7

+smh(u\/n— JIZ11/2 + (n = 5)yn_ ]2\/%(1—1—1;))

w/mn=JIZI/2+ (n = §)m—y L2 (1 + )

<o (14 3) V=31l + - syl ZE ()

O(uz).

(4.8)

NI[©

L—u—(n—35)vn—j

“?r

X

u+(n—j)yn— JHk(‘J' (1+2u)
1_u_(n_])’7n ]H 0‘ (1+ )
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This shows that s} — 0as||Z|| — 0, provided that %H admits an upper bound as suggested by the condition (1.1).

4.3 Error analysis of \;

However, for computing A, from (4.2) and definition of floating point arithmetic error 6 we have

, , . Sa £ (145 . Sa £ (145 .
sinh ((%T_ng (14 5)) = sinh % (cosh w—kcoth % sinh LJ(H) = sinh %(1 + 6?),

2
where
—23 hz—aj6+63(1+6) —&—coth%sinh—aj&—i_gj(l—i_(s).

4 2 2

Hence,
fl ()\j) = 251nh2 5 (1 +E]) (1 +03).

SJ!

f(N) =x(1+¢)),
where

el =e2(e2 +2) (1 4 63) + 63. (4.9)
Also, €3] < p;, where

2 V=l Z|lu+ ¢ (1 +u)|Z]
2 sinh

pPj = 1
Z 1 4
ot Y i, VIt 0407
2
.12 I n j”Z”
pi| < 2sinh ( uy\/n — |Z|+—1+2u)
v _ — D n—illZ|?
+ coth (%) sinh (u\/n —JlZll + %(1 —|—2u)) + O(uz).
However,
Vko  cosh @ cosh @
coth — = < ,
and therefore

. 1 = (= Dm 21 )
| < 2sinh? | = —jIZ|| + ——2 T (1 42
sl < 2sint (Guv/r =312+ S (o
; —17 & (=) IZ11?
+cosh<\/%) y sinh <u\/n iz + 2k (1+2u))
N4 L —J)Vn—jllZ 2
uy/n — | Z|| + %(1 + 2u)

. =2
(Qu\/ni”Z” %(14_2@0) +O(u2).

Henceinthiscase 52 — 0as||Z|| — 0, provided that M admits an upper bound like the one suggested by condition
(.2) (notethat ”Z” =/ ”Z IIZ])). Moreover, by (4 9),
€] < o5, (4.10)
where
0j = (03 + 2p7) (1 +73) + 73, (4.11)

whichimplies o; is of order O(u) under condition (1.1).
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4.4 Error analysis of p(D)

Now, in calculating » (D), we will have

fl(2;) LA+
f1(8; (1+9) Bi(1+¢;) (1+9)
i (¢(D)) = ey LR (o +&)° = @(D)+4,
B0y A(8) N(1+ey) B (1+eg)
where
1
Biej —39; (1+e)(1+94)
A= % e 2
A el (1+¢&5/a;5)
From (4.6) and (4.10), we have
‘O_j’<oj(1+u)+u+2wj+w§. 4.1
- (1-1y)*
Hence by (4.7) and (4.11), the right-hand side of (4.12) is of order O(u) and
lp(D)| < B, (4.13)
where
sinhvn—j||Z||  2sinh? (Vi —j||Z]|/2)
L | veaz (n =7 @10
- sinh it — 2|
2sinh® (v/n = j||Z]/2) Nl
|A] < C, (4.15)
sinh/m —J jH?Hn 2sinh? (vn — j||Z]|/2) o]
=77 J N J
| Tveeaz (=77 416
o, i ' sinhvn —jlIZ]|
2sinh® (v/n = j||Z]|/2)0; —\/117—J||7H 7;

4.5 Error analysis of w

At first, since vy, := exp(zy, 1, )vy, in Algorithm 2, we have Tgig,; = voig,i (1 + Géi)), (1 <4 < n).Now, for computing
w, letv = bfvo|d, hence,

ﬂ(U’) = Z Z;,i%old,i (1 + 0&”) (1 + 95;2].) = & E?,
i=j+1
where
8? = Z Ej,ivold;i (Hél) + 95;2] + 9;1)97(;)7]) .

i=j+1
So from property (2.1), we have

€3] < (0= D) vn—ss2l Zl vl 1. (4.17)
Now from Algorithm 2 and (2.4),

vold,1(1 + 62)

/ 4
v +6]

ﬁ(w)—(np(D)—i-A)( >+uj—w+qj,
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where
Vold,102 void,1 (1 + 62)
q; = @(D) ( 4 ) + A ( , 4 =+ uj, (418)
€j v +€]
|void,1] (1 + 62)
g < a0y +af (T ) (4.19)
v + 5]
Therefore, from (4.13), (4.15), (4.17), (4.18), and (4.19), we have |q;| < r;, where
- = 1+
r; = |v|e!ZlB RO A E{ITTTS) ( _ Na _
(n = j)¥n—j+2llZ|l 121l + (n = 3)vn—j+2ll Z]]
(4.20)
- 1+
17 el R CR A
1Z]] + (n = 3)vn—j+2ll Z]]
4.6 Error analysis of view
Let us consider
fl (voew) = ((w1+gj,1)a; * (1+01) + (w2 + gj2)er * (1+4T2)) * (14+T3) =Vnew +8;,
where
g; 1= wia; * ho + qj1a;j * (1 + hg) + woeq x hg + qj2€1 * (1 + hg), (421)
and [u;| <wl (i=1,2,3),(14+1;) * (1 +u;) =1+ hy. But
)\,
w1 = BjVoid,1 + %bjTVom,
&
and hence |w;| < 13, where
- inh (v/n—j||Z 2sinh? (Vv — j|[Z)|/2
I o= el 2y [ 22 (v ~Jl ), 2sinb” (v —j1IZ11/2) (4.22)
Vv —jlZ| A
AlSD, wy = \;jvad,1 + B;b] Voig, Such that ws| < I, where
Z sinh (vn = || Z]|) . 2

So from (4.20), (4.22), and (4.21), we have

lgi| < (LlZlv2 + rjallZ) (14 v2) +lov2 +7j2(1+y2)) * 1.

4.7 Error analysisof v

i(v(j : n)) = (Vola*(1+ha)+vnew+g;) *(1+04) := v(j : n)+fj, wheref; := vogrhs+vnew*Us+g;*(1+us),
and [ay] < ul, |h3| < ~31, andfinaly, |f;| < error;, where

zZ 3 = 3 =
|error;| < (nvne”z"ws + 5920l Zl + Sz + i Z) (14 2) (14 u) +rj2(1+72) (1+ u)) +1. (4.23)
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5 Sensibility of Algorithm 2

As it was shown in last section and from (4.23), the computation error of exp(Z)v depends on ||Z|| which is
calculated by Algorithm 1. We therefore consider Z = Z + E in which the norm of E is obtained from (3.3) and
(3.4). Therefore, the relations (4.3) and (4.6) reduceto |¢;| < ¢; and |§—§| < ¢; where

o = u\/nfj||Z||+¢%(<n—jm_j(\|Z\|+|\E\|>2+<nfj>(2|\E\|\|Z\|+|\E\|2))<1+u>,
0
b=t ,}(}((n — Vi (121 + 1B + (0 = ) RIENZ] + 1 EI2) (1 + ).

After substituting ¢; and +; in the appropriate formulas given in the last section, the error upper bounds are
computed in terms of || E'||. Accordingly, the estimate (4.17) becomes

4 . VA . 7
lef] < (n = Dm—jr2l ZIVIENN + (0 — ) (1 + ymji2) [ Bl V]I ZT,

that in turn provides the error bound given by (4.20) as follows:

2| vl
rji=B : 1| , 1|
(n = -2 ZI IVl + (n = 5)(1 + e jg2) | EllIV]e
(1+2)[v]l
+C | (n = DIZNIvIENZN + (= ) v—jzall Z] V]|l
+(n = 5) (1 + Yn—jr2) | Ell v]|e! I
1 +72) v/l 2]
+22(B+C) | (0= DIZNIVIE + (0= )2l Z ][Vl
+(n = )1 +njro) | Ell[[v]|el Zl
Now if we consider initial errors influencing the vectors v(j : n) = voiq + vnew, fOr j > 2, these vectors can be
represented by v(;j : n) = v(j : n) + er(j), whereer(1) = 0. Hence, the estimate (4.17) reduces to
4 . A . Z
3] < (n = szl ZIIVIENZT + (0 = ) (1 +vn—jz2) (1Z 1 lex] + IENIVIZT + 1 E|ler])),  (5.)

in which the quantities || E||||er||, which are very small, can be neglected. Obviously, the upper bound given by (5.1)
affects the variations of r; and error;. Let “error” be the final computing error committed by both Algorithms 1
and 2. In Figure 1, we compared the dependence of || E|| and |lerror| using 10 x 10 random matrices hZ with Z
normalized, sothat || Z|| = 1, h = 35, o5, .., 5r and 10 x 1 random unit vector v. Figure 1 shows the stability of
algorithms with respect to round off errors. Moreover, the statistical correlation coefficient between backward and
forward errorsis 0.9531.

10 T L T L T L

—+— backward error
10 "7 | % forward error

error
—_
(=]
T

10 10 10 10 10

Figure 1: Backward and forward errors versus i for Algorithms 1 and 2.
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6 Conclusion

As we expected, the upper bound of |error;| (4.23) strongly depends on the input data Z and v. More precisely, if
ko >> u, then this error bound can be controlled by max{ue!l?!l_ ||v||}. Finally, we have shown the stability of the
GPD method under condition (1.1).
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