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Morse-Bott Inequalities for Manifolds with Boundary
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Abstract. In the present paper, we define Morse—Bott functions on manifolds with boundary which are gener-
alizations of Morse functions and show Morse—Bott inequalities for these manifolds.

1. Introduction

In the early 1930s, M. Morse [12] showed the well-known Morse inequalities which
describe the relationship between the Betti numbers of manifolds and the number of critical
points of functions. Many authors found “Morse inequalities” for manifolds with non-empty
boundary. Recently, motivated by the Floer homology, M. Akaho [2] constructed the Morse
complex (which is derived from Witten’s work [16]) by setting specific conditions on the
boundary. F. Laudenbach [11] constructed the Morse complex by introducing the pseudo-
gradient vector fields adapted to the boundary which control flow lines near the boundary and
obtained Morse inequalities for manifolds with boundary.

In 1954, R. Bott [5] generalized the Morse theory for functions which have degenerate
critical points under some assumptions. Indeed, he [6, 7, 8] established degenerate Morse
inequalities (called Morse—Bott inequalities). After that, J.-M. Bismut [4], B. Helffer and
J. Sjostrand [9] gave different proofs of these inequalities. Recently, A. Banyaga and D.
Hurtubise [3] published a proof by describing an explicit perturbation of a given Morse—
Bott function (called the perturbation technique) under the assumption that negative normal
bundles are all orientable. Such functions appear when the domain manifold M is equipped
with the action of a compact Lie group G. In that case, the critical set of any G-invariant
smooth function is a disjoint union of finitely many closed submanifolds.

In the present paper, by using the definition introduced by F. Laudenbach [11], we define
Morse—Bott functions on manifolds with boundary which are generalizations of Morse func-
tions. Then we formulate Morse—Bott inequalities for manifolds with boundary (Theorem 3)
and show them by using the perturbation technique.
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2. Preliminaries: Morse homology with local coefficients

In this section, we define the Morse homology with local coefficients and state the Morse
homology theorem and the Morse inequalities for closed manifolds. Our main reference is
[13, Subsection 7.2].

Let M be an m-dimensional connected closed manifold and f: M — R a Morse func-
tion on M. Let R be aring and £ a local system of R-modules over M. We define the Morse

complex (C*(f; L), 8!;[:) for f with local coefficients in £. Foreachk =0, 1, ..., m, the
k-chain group is defined by

C(f;iD= P Ly,

peCrite (f)

where £, is the fiber of £ over p € M. The boundary operator 8,{;5: Cv(f; L) —
Cix—1(f; L) is defined by

»
o fsep= Y. ( > nf(y)cpf(s))@q,
qeCriyg—1(f) “yeMys(p.q)

where p € Crity(f), s € L, the set M¢(p,q) = Wj’f-(p) N W}(q)/R is the moduli space
of unparametrized (minus) gradient flow lines of f from p to g, ny(y) is the sign of y
determined by orientations of the unstable manifolds for f, the path y: [0,1] — M is a
reparametrization of y : R — M such that y(0) = p and y(1) = ¢, and @;: L, — L, is
the R-isomorphism associated with y.

THEOREM 1 (Morse homology theorem [13]). The pair (C*(f; L), &{;E> is a chain

complex, i.e., 8{ Lis well-defined and a,{jfoa{ Lo, Moreover, its homology is isomorphic
to the singular homology of M with local coefficients in L. Namely, for everyk = 0,1, ..., m
we have

H(Cu(f: £),8]) = Hu(M: £).
We state the Morse inequalities for closed manifolds.
DEFINITION 1. The Morse counting polynomial of f is defined to be
Mi(fy= Y "7,
peCrit(f)
and the Poincaré polynomial P;(M; L) of M with local coefficients in £ by

P,(M; L) = ZrankR Hy(M:; L) t* .
k=0
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THEOREM 2 (Morse inequalities for closed manifolds). Let M be a connected closed
manifold and f a Morse function on M. Let R be a ring and L a local system of R-modules
over M. Then there exists a polynomial R(t) with non-negative coefficients such that

1
rank £

The proof is straightforward by applying Theorem 1.

Mi(f) — Pi(M; L) =1+ 0DR@).

3. Main Theorem

In this section, we define Morse—Bott functions on manifolds with boundary in the sense
of Laudenbach and state our main theorem (Theorem 3). Let M be an m-dimensional compact
manifold with boundary.

DEFINITION 2. A C®-function f: M — R is called a Morse—Bott function if f sat-
isfies the following conditions:

(1) The set of critical points Crit(f) = {p € M | df(p) = 0} is a disjoint union
of connected submanifolds of the interior Int M and each connected component of
Crit(f) is non-degenerate in the sense of Bott (see [5]).

(2) The restriction f|ya: 0M — R is a Morse—Bott function on d M.

Let f: M — R be a Morse—Bott function. Then the critical submanifolds of f|yys are
divided into two types:

DEFINITION 3. A connected critical submanifold C C Crit(f|yy) is said to be of type
N (resp. type D) if for some p € C, hence for all p € C, p is of type N (resp. type D), i.e.,
{(df (p),n(p)) is negative (resp. positive) where n(p) € T, M is an outward normal vector to
the boundary at p (see [11]).

We denote the critical point sets by

I(f) =Crit(f), N(f)={p eCrit(flam) | pisof type N}

and

D(f) ={p € Crit(flam) | pis of type D}.

LetC; (j=1,....0, Iy (s=1,...,4y)and A, (u =1, ..., £p) be the connected com-
ponents of 1(f), N(f) and D(f), respectively. We prepare the following notation: For
j=1..., ¢ s=1,...,dyandu=1,...,¢p,let

cj =dimC;, dN =dim Ty, dP =dim 4, ,
hj=indy Cj, i =indpp, I o = indgpyy, Ay

For a non-degenerate critical submanifold C of the Morse—Bott function f, denote by
o(v~ C) the orientation bundle of the negative normal bundle v~ C, where v~ C is the maximal
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subbundle of the normal bundle of C in M such that the eigenvalues of the Hessian of f are
all negative. We think of o(v™C) as a local system of Z-modules of rank one over C.

DEFINITION 4. The Morse—Bott counting polynomial of type N of f is defined to be

¢ ty
MBY(f) = 3" Pi(Cyi 0™ Cp) %1 + 3 P(Lis o™ 1) 14

j=1 s=1

and the Morse—Bott counting polynomial of type D of f is defined to be

L p
MB;D(f) = ZP;(C]‘; O(V_Cj)) A Zpt(Aué O(V_Au)) a1

j=1 u=1
Our main result is the following theorem:

THEOREM 3 (Morse—Bott inequalities for manifolds with boundary). Let M be a
compact manifold with boundary and f a Morse—Bott function on M. Then there exists a
polynomial R(t) with non-negative integer coefficients such that

MBN(f) = PuM; Z) = (1 + OR(@) .

COROLLARY 1. Suppose that M, the critical submanifolds of f and their negative
normal subbundles are all oriented. Then there exists a polynomial R(t) with non-negative
integer coefficients such that

MBP(f) = P,(M,3M; Z) = (1 + R().

PROOF. Since f is Morse—Bott, so is — f. The critical point sets of f are decomposed
into critical submanifolds as follows:

¢ N 2
iH=]c;. vno=]r. pH=|]A..
u=1

j=1 s=1

Then the critical point sets of — f are

14 28 N
1-pH=]c. N-H=|]a. bD-=pH=|]r.
j=1 u=1 s=1
Moreover,for j =1,...,£andu =1, ..., £p we have

ind_yCj =dimM —dimC; —indf C; =m —c¢; — Aj,
ind_¢),,, Ay = dimdM — dim A, —indy,,, Ay =m —dP — (u2 +1).

Theorem 3 implies that there exists a polynomial Q(¢) with non-negative integer coefficients
such that

MBN (=) = Pi(M;Z) = 1+ 1)Q(1).
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Since the negative normal bundles are all oriented, M Bf’ (— f) is computed as
l . ¢D '
MBiv(—f) = Z Pt (Cj; Z) tlnd—f C; + Z Pt (Au; Z) tmd—f\aM Ay
j=1 u=1
14 oD i )
D PUCHIY IR Y P Ay Z) ¢ T WD
j=1

u=1

‘ & b (1)
rm{;n(cj;zn—cf‘ (;) +) P )t (;) }
]:

u=1

14 1\ P 1\ R+
=tm{ZP1/t(Cj;Z) <;) +ZP1/I(AM§Z) (;) }
j=1 u=1

=" MBY,,(f).
Here we used the fact that the critical submanifolds are all oriented and hence we have
Cj . Cj 1 Ccj —k
Pi(Cj;Z) 1™ = <Zrankz Hi(Cj;Z)t >t_cf = ranky Hy(Cj; Z) <;>

k=0 k=0

Cj 1 cj —k

:Zrankz ch_k(Cj;Z) <;) =P1:1(Cj; Z).
k=0

Similarly we have P, (A,; Z) =% = Py ;1(Ay: 7).
Therefore we obtain

" MBY, (f) = PeM; Z) = (1 +1)Q(1) ,

1 1 1
t;MB?(f) —P1)i(M;Z) = (1 4 ;) 0 (;> 7

1
MBP(f) = t"P1j(M; Z) = (1 +t)t’”‘1Q<;> :

Note that the polynomial #"~'Q(1/1) is a polynomial with non-negative integer coefficients.
Since M is oriented, Lefschetz duality shows that

m k
1
t"P s Ly =1" ; -
1 (M Z) = 1"y rankz Hy(M: Z) (t)
k=0
m
= Z rankgz, H" %(M,dM: Z) "% = P,(M, aM).
k=0

Thus we obtain the desired identity. d
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The perturbation technique of Section 4 is nothing but the morsification of f along its
critical set. Then, one reduces to the known case of a Morse function. Of course, there is still
some work to do, since the main theorem is stated in terms of the Bott critical sets. This is
done in the last four pages of the paper.

4. Proof of Main Theorem

Let M be an m-dimensional compact manifold with boundary and f a Morse—Bott func-
tion on M.

4.1. Adapted pseudo-gradient vector fields of Bott-type. Let X € X(M) be a
vector field on M, i.e., a smooth section X: M — TM in the tangent bundle. For
any zero point p of X, the differential DX of the smooth map X defines a vector field
DX(p): TyM — Txp»TM. Let ¢: Tx(»nTM — T,M be an isomorphism. We call
Xg“ = ¢ o DX(p): TyM — T,M the linear part of X at p. Let C be a submanifold
consisting of zero points of X. C is called a zero submanifold. The tangent bundle T M|,
splits as TM|c = TC @ vC where vC is the normal bundle of C in M. For all p € C and
V e T,C, we have DX (p)(V) = 0. Hence the linear part Xg“ of X at p induces the linear

transformation (X'i")": v,C — v, C.

DEFINITION 5 ([1]). A zero submanifold C of X is said to be transversely hyperbolic
if for each p € C, the linear transformation (X g“)v has no pure imaginary eigenvalues.

DEFINITION 6. A vector field X € X (M) is called a pseudo-gradient vector field of
Bott-type for the Morse—Bott function f adapted to the boundary if X satisfies the following
conditions:

(1) Xf < 0 except on the interior critical submanifolds and the boundary critical sub-
manifolds of type N of f.

(2) X points inwards along the boundary except a neighborhood of the boundary critical
submanifolds of type N where it is tangent to d M.

(3) For each interior critical submanifold C C I(f), C is a transversely hyperbolic
zero submanifold of X, and for all p € C, the Hessian of the Lie derivative X - f
restricted to the normal space v, C is negative definite.

(4) For each boundary critical submanifold I" C N(f) of type N and y € I, there
exist local coordinates x = (r, u, y) € [0, 1) x RIMT" 5 Rm=dimI"=1 of A1 around
y suchthat M = {r > 0} and f(x) = f(I')+q(y) +r where g is a non-degenerate
quadratic form. Moreover, in these coordinates, X is tangent to the boundary, I" is a
transversely hyperbolic zero submanifold of X, and the Hessian of the Lie derivative
X - f restricted to the normal bundle v is negative definite.

REMARK 1. The conditions (1) and (2) are exactly the same as [11]. However, in our
setting, since the critical point set might be positive dimensional, the conditions (3) and (4)
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are certain generalizations of those of [11].

PROPOSITION 1. For any Morse—Bott function f, there exists an adapted pseudo-
gradient vector field of Bott-type X € X(M) for f.

PROOF. The proof is similar to that of [11, Proposition of Subsection 2.1]. The exis-
tence of local coordinates of (4) follows from the Morse—Bott Lemma [5]. d

4.2. Perturbation technique [3]. In this subsection, we use the same notation as in
Section 3. We identify a collar neighborhood of the boundary 0 M with [0, 1) x dM. Let
r be the standard coordinate of [0, 1). Fix an adapted pseudo-gradient vector field of Bott-
type Xy € X (M) for the Morse-Bott function f (Proposition 1). Forall j = 1,...,£ and

s =1,..., £y, we choose open neighborhoods U; C Int M of C; and USN C dM of Iy such
that

Xf|U,- =— (gradf)lUj and Xy uN =~ (grad flasm)lyy - 4.1)

By the condition (4) of Definition 6, we can choose a positive real number 0 < § < 1/2 small
enough so that forany s = 1,...,¢y and y € [7, there exist local coordinates (r, u, y) €
[0, 1) x REMT5 o Rm—dim =1 of Af around y and a non-degenerate quadratic form g, such
that

flio2syxuy = ) +as(y) +r, 4.2)

0
Xf|[0,25)><USN = — (grad flas)lyy =1 4.3)

For all j and s, let T; C Int M be a tubular neighborhood of C; of radius §; and TN Cc 9M a

tubular neighborhood of I'y which satisfy the following conditions:

(1) Foreach j and s, we have T; C U; and TV c U}.
(2) For each j and s, T; and T,V are contained in the union of the charts from the
Morse—-Bott Lemma [5].
(3) For distincti and j, we have T; N T; = ¢ and Tl.N N TJ.N = 0.
(4) For every pseudo-gradient flow line (i.e., flow line of X f) y: [0, 1] — M from T;
to T, we have
flr©@) - f(r)
>3 max { var(f, Ty). ..., var(f, Tp), var(f. T{"). ... var(f. T} .

Moreover, the similar conditions hold in the cases of “from 7; to TjN ”. “from Tl.N to
T;” and “from Tl.N to TjN”.

(5) If £(C;) # f(C)), thenvar(f, T;) + var(f, Tj) < 1/3|f(Ci) — £(C})|. Moreover,
the similar conditions hold in the cases of f(I7) # f(I;) and f(C;) # f(I%).
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(6) For all j, we have ((0, 1) x BM) nNT; =40.

Similarly, forallu = 1,...,4¢p, let TMD C 0M be a tubular neighborhood of A, satisfying
the above conditions (2) and (3).

By the Kupka—Smale Theorem [10, 15], for each j, s and u, we can pick positive Morse
functions fj: C; — R, fN: Iy — Rand £”: A, — Rsuch that their gradient vector fields
satisfy the Morse—Smale condition, i.e., all the unstable manifolds and the stable manifolds
intersect transversely. We extend these functions to functions on T, TSN and TMD by making
constant in the direction normal to C;, Iy and A, respectively. For all j = 1,...,¢, let
Tj C T be a smaller tubular neighborhood of C; of radius 5 j(<é;)inInt M.

Moreover, let o j:[0,00) = [0,1]bea C®°-function satisfying
.1 on 0,8,

Pi= 0 outside of [0,4;),
pj >0 on [0,8;)

and we define a bump function p; by the formula pj(x) = p;j(d(x, C;)) where d is the
distance induced from a metric on M. Now we choose ¢; > 0 small enough so that for all
j=1,...,¢,

sup & grad(p; fj)| < inf | grad f|| #0.
TN\T; T)\T;
Similarly, for every s and u, we choose TN, TP, pN, pP, el and £P. For each s and u, we
extend fSN and qu to functions on [0, 1) x TSN and [0, 1) x TMD by making constant in the
r-coordinate, respectively. Similarly, we extend ,oSN and ,of to functions on [0, 1) x oM.
On the other hand, let o: [0, c0) — [0, 1] be a C*°-function satisfying
R 1 on [0,25),
p =
0 outside of [0, 1),

p>0 on[0,1)

and we define a bump function p by the formula p(r, y) = p(r) where (r, y) € [0, 1) x IM.
By the condition (1) of Definition 2, we can choose eév > 0 small enough so that for all
s=1,...,4nN,

N d(ppXN fN inf d 0.
o o2 femdlon 7)< inf, | erad f] #

We can choose 55 satisfying a similar condition.



MORSE-BOTT INEQUALITIES FOR MANIFOLDS WITH BOUNDARY 121

Lastly, we set ¢ = min{ &1, S{V, sf), 59’, 82D } and define a C°°-function on M by

14 15 {p
h=f+el> pifi +p<ZP§VﬂN+Zﬂ5qu)
j=1 s=1 u=1

The proof of the following lemma is straightforward:

LEMMA 1. The function h: M — R is Morse in the sense of Laudenbach [11]. For
alln =0,1,...,m,

L= || Criw(fy, Nahy= || Crin()

Aj+k=n ulN +k=n
and

Dy = || Criw(s).

uP+k=n
Since the number of critical points is finite, we can choose § > 0 small enough so that
foralls = 1,...,¢y and y € N(h) N I, the open ball B,;(y) C TSN of y of radius 45
contains no other critical points. Let ,3: [0, 00) — [0, 1] be a C*-function satisfying
. 0 on [0, S) ,
~ |1 outside of [0,25),

Do

5>0 on [0,28)

and we define a bump function p by the formula p(y) = ,(%(d(y, N(h))) where y € dM.

Then we extend p to a function on [0, 1) x d M by making constant in the r-coordinate.

Now let us choose ¢ > 0 small enough so that foralls =1, ..., £y,
sup ed|(grad(5r)hl < inf | gradhlop | # 0 (4.4)
[0,25)X(T5N\B§) T\ B;
and
sup & |X (ool £¥) = (erad 1) (ool £Y) + 8(grad(o )|
[28,1)xTN
: 4.5)
< inf |X 0,
[28,1)><T5N| ff| 7
where

B} = U Bo».

yeNh)NTy



122 RYUMA ORITA

We define a C*°-vector field on M by
1 N {p
G =Xy —egrad ijfj —l—p(pr,VfSN —i—prqu —5ﬁr>
j=1 s=1 u=1

LEMMA 2. Thevector field G is an adapted pseudo-gradient vector field for the Morse
function h.

PROOF. We show that G satisfies the conditions (1)—(5) of the definition of the adapted
pseudo-gradient vector fields of [11], that is those of Definition 6 for a Morse function.

The condition (3) is verified as follows: For p € I(h), there exists j = 1,..., £ such
that p € C; C Tj. Since h = f +¢pj fj and X f = — grad f on T; by (4.1), we have
G =Xy —egrad(p; fj) = —grad f — e grad(p; fj) = —gradh. 4.6)

Hence the Hessian of the Lie derivative G - h at p is negative definite since p is a non-
degenerate critical point of 4 by Lemma 1.

The condition (4) is verified as follows: For y € N(h), there exists s = 1, ..., £y such
that y € Iy C TSN . By Lemma 1 and (4.2), on [0, 28) X TSN , there exist local coordinates
x = (r,y) € [0,1) x R" ! around y in M and a non-degenerate quadratic form ¢ such that

h(x) =h(y) +q(y)+r. 4.7)
By (4.3), on [0, 28) x T,V, we obtain
G=Xy— sgrad(pf,va - 8,5r)

N

d -
= <— grad flam — rg) —egrad(o V) + 8 grad(pr)

0
= —grad h|yy — re" + €8 grad(pr) (4.8)
r
and in particular, on [0, 28) x Bjs(y), we have
ad ad
G =—gradh|yy —r— = —gradg —r—. 4.9)
ar ar

Hence the Hessian of the Lie derivative G - h is negative definite.

The condition (2) is verified as follows: By (4.9), since G = — grad 1|3 on {0} x B;(y),
G is tangent to the boundary on the neighborhood B; (y) of a boundary critical point y of type
N.On oM\ |, Bg, we have

N Ip
. .0
G:Xf—sgrad(Zpgvch+Zp,?qu)+8<rgradp+p5>.

s=1 u=1

Due to the term 6 d/9r # 0, G points inwards along the boundary outside of a neighborhood
containing (J; B;.



MORSE-BOTT INEQUALITIES FOR MANIFOLDS WITH BOUNDARY 123

The verification of the condition (1) divides into five cases: On a neighborhood U \
{p} of a critical point p € I(h) N C; C T;, we have G = —gradh by (4.6) and Gh =

—(gradh)h = —| gradh”2 < 0. On the neighborhood [0, 28) x Bj(y) of a critical point
y e NN Ty C TN, wehave h = h|yy + r by (4.7) and

0
Gh = ( grad h|ym — r—) (hlom +71) = —| gradh|3M||2 —r<0
by (4.9). On [0, 28) x (TSN \ Bg), we have
d -
Gh = <— gradhl|om — ra— + &8 grad(pr)> (hlom +71)
r

=—| gradh|3M||2 —r+ &8 (grad(pr)) h

grad h|ypm ||2 + sup ed |(grad(pr)) h| <0
[0,25)x (TSN\B;%)

< — inf
TN\BS

by (4.7), (4.8) and (4.4). On a neighborhood [2§, 1) x U, of the critical point y, we have
h=f+eppl fN and

Gh = (Xf —egrad(ppl fN) + &8 grad(opr ) (f +eppl f: )
:Xff+8{Xf(PPsts ) - (grad(pps ) }
—& ” grad(ﬂpg fSN) || + &6 (grad(ppr)) h

< paimt X +e {X1(0pl 1Y) = (erad £)(ppl¥ £Y) + 6 (erad(pr)) h}

- inf X
<=t XS]

+sup e Xp(on) £Y) = (erad £)(op)" £) + 8 (grad(ppr))
[28.1)xTN

<0.

Here we used the fact that Xy f < 0 and (4.5). Outside of all the neighborhoods we have
considered till here, we have h = f and G = X y. This implies that Gh = X ¢ f < 0.
According to [14], the condition (5) is generically fulfilled for vector fields satisfying
conditions (1)—(4). Thus we choose ¢ small enough so that G satisfies the condition (5) if
necessary. O

4.3. Lemmas. Let 3! be the boundary operator of the Morse complex for the Morse

function / defined in [11]. For j = 1,...,€ands = 1,..., ey, let 3] = 87" and

*
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AN = a*SN;U(V’Fs
coefficients in o(v™C;) and o(v™ I'y) defined in Section 2, respectively.

Let us denote by o(v™C;), = Z the fiber of o(v™C;) over a point x € C;. We fix
a base point * € C;. For every p € Crit(f}), let ¢p: [0,1] — C; be a path such that
¢p(0) = x and cp(1) = p. Since the interval [0, 1] is contractible and then the pull-back

) be the boundary operators for the Morse functions f; and fsN with local

bundle cZo(v_Cj) — [0, 1] is trivial, we can choose bases 1, of o(v™Cj),, p € Crit(f;),

so that the associated isomorphism @, : o(v=Cj)x — o(v™Cj), satisfies @, (1) = 1,.

Similarly, we choose bases 1, of o(v™I§)p, p € Crit(fSN).
We note that an orientation of the unstable manifold W}ﬁj (p) of a critical point p is

determined by an orientation of the tangent space 7, W}f/_ (p) at p. We fix orientations of the
unstable manifolds W(”; (p), p € Crit(h), where G is the adapted pseudo-gradient vector field
for h defined in Subsection 4.2. Since we have the direct sum 7, W( (p) = T) Wf“-j_ (P ov,C;

at p, we get an orientation of Wj’ﬁj (p). In the same manner, we choose orientations of Wj’f. v (P,
p € Crit(fN). The following lemmas are generalizations of [3, Lemma 9 and Corollary 10].

LEMMA 3. Letj=1,...,8ands =1,...,Ly. Forallcritical points p, q € Crit(f})

(resp. Crit( fsN )) of relative index one and all unparametrized (pseudo-)gradient flow lines y
from p to q, we have

np(y)lg =ng(y)®@5(1p)
(resp. nyp(y)1y = n¢N (Y)Dy (1p)).
PROOF. We will focus on C;. By the definition of / (and the choice of ¢), the gradient

flow lines connecting two critical points in C; are the same (see the proof of [3, Lemma 9]).
The signs n; (y) and n g, (y) are determined by the orientations of the unstable manifolds

We(p), WE(q), W?j (p) and W?j (q) chosen above. We define aloop/: S' = R/Z — C; by

y(31) if 0 <r<1/3,
(1) =q¢,2-31) if 1/3<1<2/3,
cp(Bt—2) if2/3<t<1.

Since we have the direct sum T, W (p) = Ty W}f/_ (p) ®v, Cj forevery x € Wg5(p)NCj, the

orientations of W (p) and W}f/_ (p) is not compatible along the loop / as long as the pull-back

bundle [*o(v=C;) — § 1 is non-trivial. Hence the ambiguity of these orientations appears as
the multiplication by @;(1,). Namely, we have

np(yY)lp =ng(y)®i(1p) .
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Therefore,
_ -1 _ -1 _ -1/,
mlg = m e, (95 (1,)) = P, (5 (m)15)) = Do, (25 (15,01 21(1,)))
=nyg(Y)Pyly).
This completes Lemma 3. O
Now we order C1, ..., Cq, I, ..., Iy, by “height”. That is, for
{B1,...,Begeyt =1{C1,....Co, I, ..., Ty},
we assume that the order of By, ..., Byi¢y is ascending, i.e., f(B;) < f(B;) whenever
i < j. On the other hand, by Lemma 1, for eachn = 0, 1, ..., m, the n-chain group F,fv (h)

of the Morse complex (see [11] for the definition) of % is of the form:

¢ oy
FN () =@ Cos;(f1: D @@ C,v (15 2)
j=1 s=1

where C,—); (fj;Z) and C,,_ uy ( fsN ; Z) are the free Z-modules generated by the elements of
Crit,,— i (fj) and Crit,, _ Ny ( fsN ), respectively. Therefore any 8 € FnN (h)\{0} can be uniquely
decomposed into the sum of n-chains of Critn_kj (fj) and Critn_lw (fSN), B=Bj+-+8j
where j; < --- < jrandfori = 1,...,r there exists j = 1,..‘.,£ ors =1,...,¢y such
that B, € Cu—y,; (fj; Z) \ {0} or B, € Cn_w(fsN; Z) \ {0} respectively. We call B;, the top
chain of B8 and denote by top 8. A

LEMMA 4. Letn=0,1,...,m. IfB € Kerafl‘, then we have
I®topp e Kera,{_kj or 1®topB e Keraif\im,

where 1 = anopﬂ ly € o(v™Cj) (the sum is taken over generators) and topf €
C,,_)Lj(fj; Z) for some j = 1,....L,or 1 =) ly € o(v"I)andtop B € Cn—ug\’(fsN§ 7)

forsomes =1, ..., Ly, respectively.

PROOF. Letf = Zi n;q; where n; € Z and ¢; € Crit,(h). If 8 € Ker 8,},', we then
have

0=0a0B) =Y mdlg)=y ni > < > rm(v))p

pel_1(WUN,_1(h) ~yeMq(qi,p)

= Y qze( X ome)te

pely—1(h)UNy,_1(h) i yeMaq(qi.p)
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Hence for every p € I,,_1(h) U N,_1(h) we have

Zm( > nh()/)) =0.

i yeMqg(qi,p)

From now on, we will focus on C;’s. Namely, we assume that top 8 € C;,—;, i (fj; Z) for some

J =1,..., L Then, in particular, for every p € I,_1(h) N C; = Critn_kj_l(fj) we have
0=-Yu( X wo)=Tu( T mo)
i yeMc(qi.p) qi€C; yeMqg(qi,p)

since Mg (g;, p) = @ for every g; ¢ C; by the definition of top chains. Therefore, we have

8)_,(1®t0pB) = Y nid]_, (g ® i)

qi€Cj
=> > ( > nf,-(y)qﬁf(lqn) ®p
qi€Cj peCrity—x;—1(fj) ~yeMy;(qi.p)

= Z Z ni( Z nfj()/)é)?(lq,-)) ®p

peCrity—y; 1(fj) | 4:€C; yerj (qi.p)

-y Zn,( > nh()’)lp) ®p

pel,_1(WNC; | 9i€C; yeMq(qi.p)

- X AT X mo)iaen
pel—1(MNC; | gi€Cj yeMqg(qi.p)

=0.

Here we applied Lemma 3 and used the fact that Mg (gi, p) coincides with M, (g;, p) when-
everg;, p € Cj. O

4.4. Proof of Main Theorem. Under these preparations, the remaining part of the
proof is based on a modification of [3].

PROOF OF THEOREM 3. Applying Theorem 2 for the Morse functions fi, ..., f¢ and
le, el fgv, there exist polynomials Ri(?), ..., R¢(t) and R{V ®, ..., RZV (t) with non-
negative integer coefficients, such thatfor j =1,...,£ands =1, ..., ¢y,

Mi(fj) = Pi(Cj; 0™ Cj)) = A1+ DR (1)
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and
M (fNy =P (I 007 Ty) = 1+ DORY (1),

respectively. Here we note that ranko(v~C;) = ranko(v™Iy) = 1. Moreover, by [11,
Corollary A], for the Morse function 4, there exists a polynomial Ry, () with non-negative
integer coefficients such that

MY () =P (M; Z) = (1 4+ DR (1),

where

Miv(h)z Z tindhp+ Z tindh‘BMV

pel(h) yeN(h)

is the Morse counting polynomial of type N of 4. By Lemma 1, M?’ (h) can be computed as
follows:

MY () =Y #Crite(f;) 5 43 #Crig (fY) 145+

jk s,k

¢ oy .
= > M+ Y M
j=1 s=1
Hence we have

¢ 15%
MBY(f) =Y Pi(Cjiow™Cp)*i + Y Pi(Fs 0w ) 14
j=1 s=1

4 N
=2 (M) = AR O+ 3 M) = A+ RV o) o
j=1 s=1

¢ N
=M —( +t)<ZRj(t) i+ Y RN 1) t“y)

j=1 s=1

¢ ty
=Pi(M:Z) + (1+1) {Ru(1) = <ZRN> 4y RY M) M’)
j=1 s=1
We set R(t) = Ry (t) — (Zﬁ':l Rj@) thi 4 Zfil Rﬁv () t“?’). It is enough to show that all

the coefficients of the polynomial R(¢) are non-negative.
According to the proof of [3, Theorem 3], R (t), ..., R¢(?), lev @, ..., RQ’N (t) and
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R (t) have the following specific forms: Forall j =1,...,£ands =1,..., ¢y,

cj daN

J s
j i\ L k—1 N N NN k-1
R =y (vl =)' RY0 =) (" -
k=1 k=1
m
and Ri(t) = Z (v,, + v,llv — zn) )
n=1
where
| = #Crite(f;), 2] = rankz Kerd]
v, = #Critg(fj), z; =rankgz Kero, ,
N . N o, N
vl = #Crite (), zp " =rankz Kerd,'" |
_ N _ _ h
vp =#I,(h), v, =#N,(h), =z, =rankzKero, .
Therefore
m
R@) = Z (vn + v,llv - zn) ol
n=1
A ey dY
J 0 k=1 SN _s.NY ,uN+k—1
T () () e
j=1k=1 s=1 k=1
Cj 9% dsN m
S N _
:<Z Z]/Cl)\f-i_k 1+ZZZ}1,NIMS +k 1)—22n1n 1
m .
- Z < Z z] + Z Zi’N —zn)t"_l .
n=1 "Aj+k=n ulN +k=n
Thus it is enough to show that foralln =1, ..., m,
Z z,jc+ Z z}i’NZZn.
Aj+k=n /L£V+k=n
Fixn=1,...,m. If z;, = 0, the inequality holds. Hence we may assume that z,, > 0.

If z, = 1, there exists a non-zero element 8 in Ker 8,}}. By Lemma 4, 1 ® top 1 €
Ker 8,51' (or 1 ® top B1 € Ker BI{II’N) where k1 and j; are integers satisfying A, + k1 = n (or
uj\; + k1 = n). Hence the inequality holds.

If z;, = 2, we can find an element 8, € Ker 8,},' which is not in the group generated
by Bi1, and by adding a multiple of 81 to B, if necessary, we can choose B> whose top part

1 ® top B2 € Ker 8,522 (or 1® top B, € Ker 8,{22’1\,) is not in the group generated by 1 ® top B
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where k> and j, are integers satisfying A j, + k2 = n (or ,u% + k» = n). Hence the inequality
holds.

Repeating this argument finitely many times, we get generators in Ker 85‘ whose the
tensor products of 1 and top parts are linearly independent in

@ Keralg@ @ Ker&,f’N.

hj+k=n ulN +k=n
Thus
Z rankz, Ker 8,{ + Z rankz, Ker 8,‘:’N > rankz, Ker 8,}; .
hjtk=n uN +k=n
This completes the proof. O
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