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Abstract. Let R = k[X,..., X, 411 be a formal power series ring over a perfect field k of characteristic
p > 0,and let m = (Xy, ..., X;,41) be the maximal ideal of R. Suppose 0 # f € m. In this paper, we introduce
a function & s (x) associated with a hypersurface R/(f) defined on the closed interval [0, 1] in R. The Hilbert-Kunz
multiplicity and the F-signature of R/(f) appear as the values of our function & s (x) on the interval’s endpoints. The
F-signature of the pair, denoted by s(R, f7), was defined by Blickle, Schwede and Tucker. Our function Er(x)is

integrable, and the integral ftl &r(x)dx is just s(R, f1 forany t € [0, 1].

1. Introduction

For Noetherian local rings of characteristic p > 0, some important invariants can be
defined using the Frobenius endomorphism as follows.

The Hibert-Kunz multiplicity e x (R) of a d-dimensional Noetherian local ring (R, n, k)
of characteristic p > 0 is defined by Kunz [9] to be

egk(R) = lim w ,
e— 00 ped

where £(R/nlP‘l) is the length of R/nl‘l, and nlP‘l is the ideal generated by all the p-th
powers of elements of n. Monsky [11] showed that this limit always exists. The Hibert-Kunz
multiplicity ey g (R) gives a measure of the singularity of R. In fact, for an unmixed local
ring of characteristic p > 0, Watanabe and Yoshida [14] proved that ey x (R) = 1 if and only
if R is regular.

Huneke and Leuschke [7] defined the F-signature s(R) of a d-dimensional reduced Noe-
therian local ring of characteristic p > 0 to be

s(R) = lim 2&

e—>00 pEd ’
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where a, is the e-th Frobenius splitting number of R, that is the largest integer such that R®%

is a direct summand of Rl’%. Tucker [13] proved that this limit always exists. Huneke and
Leuschke [7] proved that 0 < s(R) < 1, and s(R) = 1 if and only if R is regular. Therefore,
F-signature s(R) gives a measure of the singularity of R, as well as Hibert-Kunz multiplicity.
Aberbach and Leuschke [2] proved that s(R) > O if and only if R is strongly F-regular.

The F-pure threshold fpt( f) for an element f in R was defined by Takagi and Watanabe
[12] to be

e
fpt(f) = tim LD
e—> 00 p
where ur(p¢) = minft > 1| f' € mlP‘l} for each integer ¢ > 0. This limit exists because

the sequence {Lf)} is decreasing and “27
p e>0 p

Blickle, Schwede and Tucker [4] defined the F-signature

> O foranye > 0.

1 R
N .
SR, ) = elggo pE(n+1)£R <n[ﬂ"] : fﬁ([’"—lﬂ)

of a pair (R, f*) for an F-finite regular local ring (R,n), 0 # f € n and a real number
t € [0,1]. They proved the following. The right derivative of s(R, f7) exists at 1 = 0
and equals to the negative of the Hilbert-Kunz multiplicity of R/(f). The left derivative of
s(R, f) exists at r = 1 and equals to the negative of the F-signature of R/(f).

The purpose of this paper is to introduce a function &7 (x) associated with a hypersur-
face R/(f) defined on the closed interval [0, 1] in R. The function &7 (x) is decreasing and
Riemann integrable. Important invariants for Noetherian local rings of characteristic p > 0
appears in this function &7 (x). In fact, the Hilbert-Kunz multiplicity ey g (R/(f)) equals to
&¢(0), and the F-signature s(R/(f)) equals to & ¢ (1). We shall prove that é} 0)=0if R/(f)
is normal. The F-pure threshold fpt( f) satisfies & ¢ (fpt(f) + 6) = 0 and &/ (fpt(f) — ) > 0
for any small real number § > 0. We show

1
/ £ (0)dx = s(R, f1)
t

fort € [0, 1], and

1
/ Er(x)dx =1.
0
In Section 2, we define this function & (x) and state our main theorem. We investigate

the basic behavior of & 7 (x) here. Considering this function, we prove

eqk (R/(f)) xfpt(f) = 1

in Corollary 1. In Section 3, we calculate this function & ¢(x) for a monomial f. We obtain
an example of & (x) which is continuous on [0, 1]. Furthermore, we know that &¢(x) is
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discontinuous in almost all cases.

2. The main theorem

The aim of this section is to state the main theorem and prove it.

In the rest of this paper, let # > 1 be an integer. Let R = k[ X1, ..., X,+1] be a formal
power series ring over a perfect field k of characteristic p > 0, and let m = (X1, ..., X+1)
be the maximal ideal of R. Suppose 0 # f € m. Rings of the form R/(f) are called
“n-dimensional hypersurfaces”.

DEFINITION 1. We define
(f") 4+ mirl R R

M, = (f1+1) + mlp°] = ((f”'l) _|_m[17€])  f! - (f) + (mlr1: 1)

3

where e > 0 and ¢ > 0 are integers.

Since (f) + mlPV: 1) < (f) + mlP]: f+1), the natural surjection M, , — M, ;11
exists. Let R = R/ml”]. Then, remark that M, ; = f'R/f'+'R.

DEFINITION 2. We define

where {r(M,, ;) is the length as an R-module.
Then we have
Pe > Ce,O > Ce,l > Ce,2 == Ce,p"—l = Ce,p" = Ce,p"+1 =..-=0. (2.1)

A sequence of functions {{ 7, : [0, 1] — R}.>0 is defined by

C., lxpe] O=<x<1),

Ere(x) =
e Ce. pe—1 x=1),
where |xp¢] = max{a € Z|xp® > a} is the floor function. By the definition, we have
fol £7e(x)dx = 1 because
! 1
/ Ere(x)dx = F(Ce,o +Cet +Con4 -+ Co pei)
0
1 1
= F x pEn (ER(Me’ 0) + ZR(Me, l) + cer + ER(Me’ pe_l))

1 .
= petD Cr(R/mlP"h)
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1
= et xp

=1.

e(n+1)

DEFINITION 3. We define the function & ¢ (x) by
§r(x) = limsup &y (x)
e—>00
forx € [0, 1].
By Eq. (2.1), £¢(x) is decreasing on [0, 1]. If el_l)rgo &re(a) exists, then &f(a) =

lim &.(a). The sequence {C,, o}, is increasing by Lemma 1 in this section.
e—> 00

. Lr(Me0) L ER(R/(S) + mlP)
lim C, 0= lim ———— = lim .

e—00 e— 00 pe" e—00 pen

This limit exists and is called the Hilbert-Kunz multiplicity of R/(f), denoted by
egk (R/(f)). Therefore, by (2.1), limsupéy,.(a) is not +oo for any a € [0, 1]. We shall

e—> 00
give an example that lim &y, () does not exist for some f € R and « € [0, 1] in Section 3.
e—> 00

We have
§7(0) =egx (R/(f)).

Therefore, £ (x) is a bounded and decreasing function on [0, 1]. In particular, & ¢ (x) is inte-
grable, and has at most countably many points of discontinuity on [0, 1].
The main theorem of this paper is the following:

THEOREM 1. 1)  The function &y (x) is decreasing. There exists a countable subset
C of the interval [0, 1] such that &  (x) is continuous at any o € [0, 1]—C. Moreover,
& r(x) is continuous at 0 and 1.

2) If&¢(x) is continuous at o € [0, 1], then lim, s &7, (a0) = &7 ().

3) We have §7(0) = enx (R/(f)), and also § (1) = s(R/(f)).

4) Suppose that &¢(1) = 0, then fpt(f) = inf{a € [0, 1] | ¢ () = O} holds.
a+1

5) The function &y (x) is integrable, and we have fipe Er(x)dx =
pt’

ZR(lue.u)

el for integers

0 <a < p°. Inparticular, fol &r(x)dx =1 holds.
6) If R/(f) is normal then E} (0) = 0, where E} is the derivative of &¢.

REMARK 1. By Theorem 1.1 and Proposition 3.2 (i) in [3], we know that above fpt( f)
is a positive rational number. Note that F-pure thresholds are defined as the smallest F-
jumping exponents in [3].
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REMARK 2. We define the function ¢ ¢ (x) on [0, 1] as follows;

X
o) = [ g,
Actually, we have
) 1
wf(x) = el—1>n(}o F (Ce,O + Ce, 1+ + Ce, pr"j—l) .
Since &7 (x) is bounded and integrable on [0, 1], ¢ s (x) is Lipschitz continuous on [0, 1]. In

particular, ¢ ¢ (x) is continuous on [0, 1]. We can rewrite 3) and 4) in Theorem 1 as follows;
3’) The function ¢ (x) is differentiable at x = 0 and 1, and go}(O) =epk(R/(f)) and
¢’ (1) = s(R/(f)).
4’) Suppose that s(R/(f)) = 0, then
fpt(f) = infla € [0, 1] | ¢y () = 1}
holds.

Using 5) in Theorem 1, we know

1
1_‘Pf'(x)=/ £ (0)dx = s(R, f1)
t

for ¢t € [0, 1]. Moreover, if we know that £ (x) is continuous at 0 and 1 (see Theorem 1 1)),
we obtain 3) in Theorem 1 immediately from Theorem 4.4 in [4].

In this section, we shall prove Theorem 1. The following corollary immediately follows
from Theorem 1 3) and 5).

COROLLARY 1. enkx(R/(f)) x fpt(f) > 1.
EXAMPLE 1. Suppose R = k[X1, X2, ..., Xyt1llande > 0. Then ey x (R/(X])) =

1
a and fpt(X{) = —. Therefore, if 7(f) = X{ for a linear transformation = (for example,
o

f = X1+ Xo), thenegx (R/(f)) x fpt(f) = 1 and s(R/(f)) = 1 (see Section 3). We do
not know another example that the equality holds in Corollary 1.

REMARK 3. By Theorem1 1), 3) and 5), we immediately know thatey x (R/(f)) = 1
if and only if s(R/(f)) = 1. These conditions are equivalent to that R/(f) is regular by the
following results.

1) Let S be an unmixed local ring of positive characteristic. Then egg (S) = 1 if and
only if S is regular ([14], Theorem 1.5).

2) Let S be a reduced F-finite Cohen-Macaulay local ring of positive characteristic.
Then s(S) = 1 if and only if S is regular ([7], Corollary 16).
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REMARK 4. Letm <n =dimR/(f), and set a, = £(M,, pe—1). Assume that a, =

a
ap™ 4+ o(p™), thatis lim —% = . Let ge = ae — ap®". Then
e—00 peém

P
P -1 ”S oM, ;) ”f oM, ;)
[ el
‘/’f(l)_“’f< >= ) D)
pe l:0 pe n l:0 pe n
_ E(Me, pf—l)
- pe(n—H)
__ 9e
- pe(n—m+1) + pe(n+1)
holds. Let x = p;:l. Sincex — 1 = —#, we know
9 () =@p(1) + (=" "Ma(x — D" 4 o((x — D" 2.2)

Since ¢ ¢ (x) is continuous on [0, 1] from Remark 1, ¢ ¢ (x) has the form of Eq. (2.2) around
the point x = 1. Therefore, if ¢ ¢ (x) is equal to its Taylor series around the point x = 1, we
obtain that

(l)(l)— 0 (i:l,2,...,n—m),
TNy —m Dl G=n—m+ 1),

(i) _ 0 (i=1,2,...,n—m—1),
5 (X)_{(—l)""”(n—m+l)!a (i=n—m).

Let F : R — R be the Frobenius map a — a”. Since k is perfect, we have F, R =~
n+

RO®r 1, where Fy R stands for F*lR. Therefore,
((fY +mlPHFR (/71 +mlr
(M )®pn+1N ® F.R — f +m * —F f +m
et — et R I'x ((f[_,’_l) +m[p€])F*R * (pr-P) +m[pt’+l]

for all e, t > 0. Consequently,

P X Cet = Ceq, pt + Cet, pt+1+ -+ Cet, pt+p—1; (2.3)

where the sum on the right-hand side of Eq. (2.3) has p-terms. That is, C,, ; is the mean of
Cei1, pts Cex1, pt1s -+ - » Cex1, pr+p—1. Therefore, by Eq. (2.1) and Eq. (2.3), we obtain the
following inequalities immediately.

LEMMA 1. Ce+1,pt = Ce,t = Ce+1,pt+p—l'
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Hence, by Eq. (2.1) and Lemma 1, we have

Ce, Lxpe)-1 > Cet1. (Lape)=Dp+(p—1) = Cont, [xpettj—1
by Lemma 1
1 VI
Ce, [xp€] Ce+1, lxpet!]
1 VI
Ce, [xp€] = Cet1, [xplp = Ce+1, [xpeth
by Lemma 1

and here, we note that [xp¢|p < [xp¢t! | and [xp€]p > [xp¢t!]. Therefore, the sequence
{Ce, | xpe]—1}e is decreasing, the sequence {Ce, [xpe1}e is increasing, and Ce, |xpe|—1 = Ce, [xpe
for all e > 0 by Eq. (2.1). Consequently, the limits lim,_, oo Ce, |xpe|—1 and lim,_ 0 Ce, [xpe)
exist in R. In particular,

C., lape]—1 = el—l>n<30 Ce, lap®]—1 = sf (a) = el—i>n(}o C., [ape] = C., [ape] = 0 (2.4)
holds for any « € (0, 1] and e satisfying |ap®] — 1 > 0.

LEMMA 2. We set C(@) = liMesoo Ce [ape) for @ € [0,1] and C(B) =
lim,_s o Ce, Lﬂp”]—lforﬁ € (0, 1].

1) For a € [0, 1] and any integer i > 0, {Cet1, [ape1p+i)e Is an increasing sequence.
The limits lim, s 00 Cot1, [ape]p+i and lime— o0 Ce, [ape)+k exist for any non-negative
integers i, k > 0. Furthermore,

E(05) = el—i>rgo Cet, [apelp+i = el—i>nolo C., [ape]+k (2.5)

holds.

2) For B € (0, 1] and any integeri > 0, {Cey1, |gpe| p—i}e is a decreasing sequence. The
limits limg_s 00 Cey1, |gpe) p—i and liMe_ o0 Co, | gpe|—k exist for any positive integers
i,k > 0. Furthermore,

Q(IB) = el—i>n(}o Ce+1, |Bpelp—i = el—i>n(}o Ce, |Bp¢]—k (26)
holds.

PROOF. Leta €[0,1]and g € (0, 1], and let k > 0 and ¢ > O be integers. We know

(Tap®1p + k) p = Tap®1p? + kp > [aptp +kp = [ap*'1p +k,
(1Bp¢lp —Op+ (p—1) < |Bp¢Ip* —tp+ (p— DL < |Bp*tp—t,

and therefore

Ce+1, laplp+k = Ce+2, (Tapelp+k)p < Cg+2’ lapet!] p+k < ell>n<}o Ce, 0,

Cott, 18p¢1p—t = Cex2, (18p¢ 1 p—0)p+(p—1) = Coga, 1ppett|p—t = 0,
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by Eq. (2.1) and Lemma 1. Hence, {Cy1,[apeip+k}e 1S increasing and bounded.
{Cext1, 1gpejp—t}e 18 decreasing and bounded. Therefore, lim,—co Cot1, [apeip+k and
lim, 00 Cet1, | Bpe | p—t EXISL.

Next, we shall show that

6(O() = el—i>rgo Ce+1, [ape]p+i 2.7
and
C(B) = lim Cer1, (ppe)p—j (2.8)

hold for any integers 0 <i < p—1land 1 < j < p. We have

P X Ce, fape] = Coet1, fape1p + Cetl, fapip+1 + -+ + Cetl, [apelptp—1
P X Ce, 1gpe]—1 = Ceq1, 1gpe)p—p + Cet1, 1pc i p—(p—1) =+ + Cext1, |pe p—1 s

by Eq. (2.3). Thus, it holds that
px lm Ce ropey = Hm Coiy faperp + -+ + MM Coit, roperptp-1,
px lim Ce, ppej—1 = UM Coeyi,ppejp—p + -+ MM Cost,ppesp-1-
On the other hand, we have

Jim Ce raper = M Ceiaperp = MM Coit fape1p+1
> > limes oo Ce+l,(u{p‘-"|p+p—l s
Jim Ce,gpej—1 = Hm Ceqy 1ppejp—1 = UM Coer,1ppejp—2
< - = limes oo Ce+1,|_/5p€jp—p s
since Ce,fape] = Cett fapelp = Coyt,aperty and Ce, (ppej—1 = Cott, [ppelp-1 =
Cot1, | ppett)—1- Consequently, we have Eq. (2.7) and Eq. (2.8).
In order to complete the proof of the assertion 1), we have the inequalities
Ce, [apel+k = Ce+1, ([ap®1+k) p
= Ce+1, [ap®]p+kp
< Ceq, [ap®]lp+k

= Copt, fapettik

for any k > 1. Hence,
Jm Ce raperx = M Coit, fape1p+k

holds. Therefore, we obtain Eq. (2.5).
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In order to complete the proof of the assertion 2), we have the inequalities

Ce, 1p¢)—k = Cet1, (18p¢]—k) p+p—1

= Cer1. 18p* I p—(k=D)p-1

> Ce+1, LBp¢lp—k

2 Coir1, 1ppett |~k
for any k > 2. Hence,

Jim Ce, ppej—k = MM Ces1, 18pe)p—k
holds. Therefore, we obtain Eq. (2.6). ]
PROPOSITION 1. 1) Fora € [0, 1), limy—q10&7(x) = lime—s o0 Ce, [ape] holds.

2) For B € (0,1], limyg_0&r(x) = limes o0 Ce, | gpe|—1 holds.
In particular, we have
Jim () = lim Ce.o=£7(0),
xlllln—osf(X) - el—l>nc}o Ce’ Pl = sf(l) ’

that is to say that & ¢ (x) is continuous at x = 0 and 1.

PROOF. 1) First, we show limy_.440&7(x) < lime_ oo Ce, [ape]. Take xo > . For
a large enough number ¢’, we may assume that ozpe/ < xp pe/ — 2 holds. Then, (ape/l <
lxop¢ | — 1. Hence, by Eq. (2.1) and Eq. (2.4),

§r(0) = Cor xpe' -1 = Co rapey = 1M Cefaper

as desired.
Next, we shall show the opposite inequality. By Lemma 2 1), we have only to show that

i > | e .
x_l)lg}i_osf(x) =z el—1>n(}o Ce, [apel+1

e
1
Foranye > 0, a < %

. Hence, there exists a real number x; € Rsuchthat < x| <
%. Then [x1 p®] < [ap®] + 1, and therefore
lim é;-f(x) > éf(xl) > Ce, x1p] = Ce, [ape]+1
x—a+0
for any e > 0 because we have Eq. (2.1) and Eq. (2.4), and & ¢ (x) is decreasing. Consequently,

x—I:{«I}i-OSf(X) = elifgo C., fapel+1 »

as desired.
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2) It is proved in the same way as 1). O
REMARK 5. From Eq. (2.1), we have
Ce, lape]—1 = §fe(@) = Ce, |ape] = Ce, [ape]
for any o € [0, 1]. Hence, if
Jim,Cotagri=1 = Jim,Co g
there exists lime o & 7,0 () in R, and it is equal to & s (o).

COROLLARY 2. If&f(x) is continuous at a € [0, 1] then lim,— &, () exists, so
that it is equal to & r (o).

PROOF. The proof is obtained from Remark 5 immediately. O

We have just shown Theorem 1 1).
We obtain the following Corollary 3 immediately from Proposition 1.

COROLLARY 3. We define ¢y(x) by

pr(x) = /0 Er()dt

for x € [0, 1]. Then we have the followings.
D) @f(x) is differentiable at 0, and go’f(O) =£&7(0) = limps o0 Ce, 0 = ek (R/(f)).
2) @y (x) is differentiable at 1, and go;,(l) =&r(1) =limes o0 Ce, pe—1.

Set wr(p®) = min{t > 0| f' € mlPl} for each ¢ > 0. Since f*/(P) e mlP‘],

FrrPP e mlP'l Hence wr(p®)p > mp(peth), and so

e e+l
1>Mf(P)>Mf(P )>0.
= pe T petl =
Since {%ﬁ’e)} o is decreasing and bounded below, the limit lim,_, oo a f;f 2 exists in R, and
e>

it is called the F-pure threshold of f, denoted by fpt(f). It is easy to see that fpt(f) € (0, 1],
and fpt(f) = 1 if and only if s (p®) = p® for any e > 1.

LEMMA 3. C. ;=0ifandonlyift > puys(p®).

PrROOF. If M, ; = 0,then M, ; = M, 1+1 = Me 142 = --- = M, pe = 0. Hence,
fremlPl andsot > us(p°). Converselyif t > ur(p¢), then f € mlPI holds. O

We start to prove Theorem 1. The assertion 1) follows from Proposition 1. The assertion
2) follows from Corollary 2. The first half of 3) follows from the definition of C, ¢. Now, we
shall show 4).
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PROOF. First, we check that

inf{r € [0, 1] | §7 () = 0} < fpt(f).
If fpt(f) = 1, then the assertion is easy. Assume fpt(f) < 1. Let 1 > o« > fpt(f). Since

fpU(f) = infeo | 52},

fpt(f) < —“f;pe') <a

€l

holds for e; > 0. Then, it holds that
wr(p)
Er(a) <&y <T

=limsupC . 1) .
e—~>00 €,|_ pel pJ

=0

because, by Lemma 3,

Certs, uripypt = Coyqs, wr(perts) = 0

for any integers s > 0. Therefore, §¢(a) = 0 for all o > fpt(f), as desired. Conversely,

suppose o < fpt(f). Hence, we have (fpt(f) — o) pe/ > 1 for e’ > 0, and therefore ozpe/ <
fpt(f) pe/ — 1. Then, since we have

fot(£)pd — 1 fpt(f)p¢ (p¢
o« < PUHP _ Hp :fpt(f)iﬂf(l? )|
D¢ D¢ ¢
we obtain
(ne\ _
o<1
pe
Therefore,
1r(pe) —1 .
() > <7 > lim C _
&y £ e by Eq. (2.4) €00 e’|'lf(1 /) lp"-|

»e

holds. We have C,, 1 (pe)—1 # 0 by Lemma 3. Since { is an increasing

¢ npH=1 }
e [E2 5] | g

sequence, we obtain lim,_, o, C > 0. Therefore, & () > O for all o such that

Ty
a < fpt(f), as desired. d

Next, we shall show 5).
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PROOF. Let F = {a € [ﬁ, “[j;l] ‘a is a discontinuity for sf(x)} and 2 =

I:i a+l1
pt’ 9 pL’
Theorem 1 1), 2). Then, we have

a+l

[, erws= [ grax

] — F. Recall that F is a countable set, and lim &7 () = &¢(a) for any o € £2 by
§—> 00

= [ tim g

= lim / Ers(x)dx
§—> 00 SZ

#
=1lim [ " & ,(x)dx

e
1
ZECe,a

by Lebegue’s dominated convergence theorem, as desired. O

We shall show 6).

PROOF. Letg,h: N — R be functions. If there exists a positive constant C such that
|h(n)| < Cg(n) for n > 0, then we write h(n) = O(g(n)). If R/(f) is normal, then there
exists B(R/(f)) € R such that

enk (R/(fN)p" + BR/INP" ™ =Lr(Mc,0) + O(p" )

by Huneke-McDermott-Monsky [8]. Since a hypersurface is Gorenstein, S(R/(f)) = 0
follows from Corollary 1.4 in Kurano [10]. Therefore, we have

enk (R/(f)P" = Lr(M,.0) + O(p"2¢). 2.9)
First, we shall show that
& () — &

1
F

—> 0 (s = 00).

Since the sequence {C is increasing, we have

s+i, pl }iZO

1 .
%‘f <?> = lim sup Ce’ Lpe—] = Cs, 1.

e—> o0
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Hence, we obtain

&f (,,L

) —&7(0) _ £r(0) — &y (,%) 5 £7(0) — Gy, .

1 T 1

p* r’ p*
Set A;(e) = eax (R/(f))p®t —E€r(M,,;) foreache > 0and 0 <i < p — 1. Note that
0=<hio(e) <ri(e) - < Ap_1(e).
Since we have,

Lr(Ms—1,0)  Lr(Ms0) = Lr(M; 1) Lr(Ms, p—1)
p(s—l)n - pn psn +oe Tt psn

for any s > 1 by Eq. (2.3), then we obtain

rols—1)  Aols) | Ai(s) Ap—1(s)
(s—Dn = sn sn +oot . sn .
p p p p

Hence, since

Aol = 1) _ 21(s)

P X p(s—l)n - psn ’
it holds that
2 Aos—1 - A1(s) >0
P x PO-DE-D = pe=D = O
Therefore,

0) — Cy i
SO =G 5 (enx (R/(PNP™" = Cs,1 % p™)

sn

-

A1(s)
ps(n—l)

, (s —1)
X GoDm=D)
0

P G —1)
ps—l p(s—l)(n—2)

-0 (s > )

by Eq. (2.9). Consequently, for any positive real number ¢ > 0, there exists a natural number
so € N such that s > 59 implies that

g (%) -&0]

< —.
1
> p
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1
Let§ = —. If 0 < x < §, then there exists s € N such that

p
1 1 1
pS-‘rl <X < E < E .
Therefore,
Er(x) —&£(0) _ Er(0) — &r(x)
X X
(1
&0 — & ()
S
ra
£
=pX -
p
=g,
as desired. O

Finally, we shall prove the last half of 3).

DEFINITION 4. Let (S, n) be a (d + 1)-dimensional regular local ring. Let 0 # o € n.
The pair (p, o) is called a matrix factorization of the element « if all of the following
conditions are satisfied:

(1) p: G — Fando : F — G are S-homomorphisms, where F' and G are finitely
generated S-free modules, and rankg F' = ranksG.

) poo =a«a-idF.

B)oop=a-idg.

Actually, if either (2) or (3) is satisfied, the other is satisfied.

DEFINITION 5. Let (S, n) be a (d + 1)-dimensional regular local ring, and let 0 # o €
n. Let (p, o) and (p’, ¢’) be matrix factorizations of a. We regard p and o as r x r matrices
with entries in S, and p” and o’ as r’ x r’ matrices with entries in S. Then, we write

0 0
(p,o)ea(p’,a’>=<< 0 5 )(g o ))

which is a matrix factorization of «.

DEFINITION 6. Let (S, n)bea (d+ 1)-dimensional regular local ring, and let 0 # « €
n. A matrix factorization (p, o) of « is called reduced if all the entries of p and o are in n.

REMARK 6. Let (S, n)bea (d+ 1)-dimensional regular local ring, and let 0 # o € n.
Let the map o : § — S be multiplication by @ € non S. If (p, 0) is a matrix factorization of
o € n, then we can write

(p.0) = (a,ids)® & (ids,)® & (y1.2) »
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where v and u are some integers, and (y1, y2) is reduced. Therefore,

cok(p) 2= cok(a)®’ @ cok(ids)®" @ cok(y1)
>~ (S/()®" @ cok(y) .

It is known that cok(y;) has no free direct summands if (y1, y2) is reduced ([6], Corollary
6.3). Consequently, v is equal to the largest rank of a free S/(«)-module appearing as a direct
summand of cok(p).

Let F¢ : R — F{R be the e-th Frobenius map. Consider the map f : FfR —
F¢R. We have f = FC(fP°) = FE(f) - FE(fP*Y) = F(fP°~Y) - FE(f). Therefore,
(FL(), Ff(ff’e_l)) is a matrix factorization. We put

(FECF), FE(FP YY) = (f.idg)®" @ (idg, £)®“ & (reduced) .
By Remark 6 this implies that v, is the number of R/(f) appearing as the direct summand

of % = FZ(R/(f)). That is, lime_mo% is the F-signature of R/(f), denoted by

s(R/(f))-

PROPOSITION 2. v, = £gr(Mc, pe_1).

PROOF. We can regard the map FS(f7 ') : FCR —> FER as a p'the x ptr+he
matrix A with entries in R;

I,

B

where I, is the identity matrix of size v,, and B is a matrix with entries in m. Therefore, we
have

(fP1 + mlrl

Ve = dimR/m (Im(R/m ® Ff(fpe_l))) = dimR/m ( m[[’e]

) = ER(Me, p"'—l) .

d

We completed a proof of Theorem 1.
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REMARK 7. Let (S,n, k) be a complete regular local ring of characteristic p > 0.
Suppose that k is perfect. Let I be an ideal of S, and put S = S/I. Suppose that a, is equal to
the largest rank of a free S-module appearing in a direct summand of F¢S. Then it is known
that
PV Iy 4 mlre]

mlr°]

a, = dimg
by Fedder’s lemma (see [1]). If I = (f), then

(fP=1 + mlr

a, = dimg ]
3. Examples
Let f = X?‘ngXZfll and ¢ < ap < .-+ < dpyr. We set (XP) =
(ng, Xfe, R Xfil) for e > 0. By Theorem 2.1 in Conca [5], we know that there ex-

ists a polynomial P(y) € Z[y] such that

R
tr(————) = Pp*
R((ff>+(zf’”>) 7

for all p® > ay+1. In fact, since the sequence

(f) + (X7 R R
00— > — — — — —> 0
(XP) (XP) fH+&X7)

is exact, we have

n+1
< R ) Pt — T —taj)  (if tongs < p°).
R\ T <o, ] ™ i
fH +X*) =l
peth (otherwise) .

On the other hand, we have an exact sequence

R R

00— M, ;, — — — — — 0
’ (f1+h + (X7 fH+&X")
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for any ¢t > 0. Therefore, we have

0 (p 5t>,

n+1 pe pe
¢ —ta; —l1<tr<
eR(Me,t) = jljll(p j) Op+1 - Up+1
n+1 n+1 pe
[[* —tap) = []r* = ¢+ Da)) (z< —1).
=1 =1 Op+1
e
Ifr < -1,
Up+1
n+1 n+1
Cr(Me ) =T —te) =[] = (¢ + Dery)
j=1 j=1
n+1 n+1
=D (DB p D = Y =1+ 1 D
j=1 j=1
n+1 ] j=1 . ' ‘
ZZ(_l)]—H Z <?>Iz ’ije(n+l—])’
j=1 i=0

where 8; denotes the elementary symmetric polynomial of degree j in a1, oo, ...

Hence

+1 -1, ;
CR(Me.1) il AR
Cot =—-"—= E (-1’ E i) peGD Bj
j=1

en -
p j= i=0

e

— 1 fore > 0.

1
holds. We shall calculate & ¢ (x). If x < ,then [xp°| <
On+1 On+1

n+1 - j—1 j preJi
Ce.lepey = D (=D | 3 <,)ﬁ B
=1 i—0 p

Since xp® — 1 < |xp®] < xp°, we have

lim

e— 00 peb

Lxpé]®  |x* (f a=D),
o (fa<b).

Consequently,

Er(x) = B1 —2Bax +3B3x" — - + (=D (n + 1) Bup1x”

511

5 a}’l-‘rl'

Then,

3.2)
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holds for 0 < x <

o In particular, egx (R/(f)) = &£(0) = a1 + a2 + -+ + ay41. By
n+1

Eq. (3.1), we have
Er(x)=0 3.3)

if x >
Op+1

Next, we shall calculate & ¢ ( ) Since 1’—1 —-1< L”—eJ < for any e > 0,

41 | — 06 n+1
p”J)

d%i‘

%n+1

Jj=1
n
—e [T =m0 }
. n+1
j=1
" o Ee
—e[] O__L)ﬁ+ %}
=1 Up41 Up4-1

J=1

1 e
» l_[ (@1 — @) p° + geatj}
1
( ) l_[(a”"‘l _O‘/)+Z Z 8i pe(n k)ska,lalz.,.aik

k=1 1<ij<ip<--<ixy<n

) o 0 ]

where ¢, = p® (mod a;,41) such that 0 < ¢, < ®,41, and
si= [ (wni—ap,
JFEi1 02,00k

Sk = Z 8i o Oy .l

1<ij<ip<--<ix<n

Hence,

1 n n n e k
C e:£ (C( 1_C(')+ 8k<_e) 9
L) = () (T e+ 2o (32
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and therefore

1\
li C = (L —aj). 3.4
e, |1 )= (mswe) () T a0

Y1

We shall examine whether lim,_, » &, exists. Let a,4+1 = p®q, where g is coprime to p,
and s is a non-negative integer. If p = 1 (mod ¢g), then we can find that &, is constant for any
e > s by the Chinese remainder theorem. If p % 1 (mod g), then ¢, is eventually periodic
with period more than 1.

From the following Proposition 3, we get to know the function & ¢ (x).

PROPOSITION 3. Let f = X{'X5% - X;"4 withay <oy < -+ < g

1) We have fpt(f) = % If ap+1 = 2, we have S(R/(f)) =0.

nt1”

n—1
Dm0 &= (55) TToi@ —ap) = 0.

T An+1
3) The function & ¢ (x) is continuous on [0, 1] if and only if an1+1 = ay holds.
4) Let a1 = p°q, where q is coprime to p, and s is a non-negative integer. The

limit liMe—s o0 € 1.0 (a !

ﬁ) exists if and only if it satisfies that ay+1 = oy or p = 1
n

(mod q).

PROOF. By Eq. (3.2) and Eq. (3.3), we obtain 1) immediately.
Next we shall prove 2). We set

g(x) = 1 — 2Pox +3B3x* — -+ (=1)"(n + 1) Bug1 X"
and
h(x) = —a)(x —o2)...(x —opt1) -

Now, since h(x) = x"t1 — Bix" + ox"~1 — ... 4 (=1)" 18,44,

1
X" <;> =1—Bix+ Pox? — -+ (=) Bt

Hence, we have the following equation

g(x) = — {x"“h <l>} =—(n+ Dx"h <l> + " (l) )
X X X

Since h(oy41) =0,

1
lim §&r(x)=g < >
Lo On+1

%n+1
1 n—1
= < ) h/(an+1)
Un+1

X—>
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1 n—1 n
=< ) ]‘[(an+1—aj)zo.
j=l1

Op+1

The assertion 3) follows from Eq. (3.1), Eq. (3.2) and 2) as above. The assertion 4) follows
from Eq. (3.4). d

EXAMPLE 2. Ifa) =ap = - =a,—2 = 0and a1 # 0, the derivative
g/(x) = —2(otpy10 + 0101 + oty —1) + 60,4100, 1X.
Let o be the root of ¢'(x) = 0, that is,

o= l « Up410y + 010 —1 + 0pOp—1
3 Up+10p0p—1

1 1 1
o— = {—(“”+1+a”+1+1>—1}20,
Al gl |3 \an—1 ap
1
Upyl

Then, we have

1

and so ¢'(x) < O forany x < Moreover, if o, 11 # a, we obtain g’ <—|) < 0. The

Qp+

second derivative g” (x) is positive for any x € R. In fact, ¢” (x) = 6ay—jan0n+1 > 0.
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