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Trace Operator for 2-microlocal Besov Spaces
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Abstract. Moura, Neves and Schneider proved the trace theorem for 2-microlocal Besov spaces with variable
integrability and smoothness, where the summability parameter was constant (Math. Nachr., 286 (2013) 1240–1254).
In this paper, we extend the trace theorem for the case that the summability parameter is also a variable exponent.

1. Introduction

The 2-microlocal Besov spaces and Trieble–Lizorkin spaces with variable exponents
were introduced by Kempka [7, 8] who studied the atomic, moleculer and wavelet decom-
positions for the spaces, but the summability parameter was assumed to be constant on the
2-microlocal Besov space with variable exponents case. Moura, Neves and Schneider [12]
studied the trace theorem for 2-microlocal Besov spaces with variable exponents by using
atomic decompositions, but the summability parameter is constant. Kempka and Vybíral [10]
have introduced 2-microlocal Besov spaces with variable exponents in the case where summa-
bility parameter is also a variable exponent, and have studied local mean characterization.

The goal of this paper is to prove the trace theorem for 2-microlocal Besov spaces with
variable exponents in the cases where the summability parameter is also a variable exponent.
To do this, we consider an atomic decomposition for 2-microlocal Besov spaces with variable
exponents.

In this paper, we use the following notations :

• If there exists a positive constant c independent of A and B such that A ≤ cB holds,
then we write A � B.

• A � B means B � A.
• If A � B and B � A, then we write A ∼ B.

• For ν ∈ Z and m = (m1,m2, . . . ,mn) ∈ Z
n, we define Qνm :=

n∏

k=1

[
mk

2ν
,
mk + 1

2ν

)
.
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• Let χνm be the characteristic function on Qνm.
• Let γ ∈ R be positive. Then γQνm is the cube in R

n concentric with Qνm and with
side length γ times the side length of Qνm.

• Let a, b ∈ Z, then δa,b is the Kronecker delta:

δa,b =
{

1 a = b ,

0 a �= b .

To close this section, we describe how we organize the remaining part of this paper.
This paper consists of 8 Sections as follows. In Section 2, we define the 2-microlocal
Besov spaces with variable exponents Bwwwp(·),q(·)(Rn) and state local mean characterization for

Bwwwp(·),q(·)(Rn) (Theorem 1). Next we introduce fundamental results on the variable exponents

analysis in Section 3. In Section 4, we prove an atomic decomposition for Bwwwp(·),q(·)(Rn).
To show that Bwwwp(·),q(·)(R

n) is a quasi-Banach space, we prove a version of the Fatou lemma

for Bwwwp(·),q(·)(Rn). In order to prove that S(Rn) is dense in Bwwwp(·),q(·)(Rn) (Theorem 9), we

apply a multiplier theorem (Theorem 6). In Section 5, we prove the multiplier theorem (The-
orem 6). We apply the atomic decomposition theorem and the fact that S(Rn) is dense in
Bwwwp(·),q(·)(Rn) to prove a trace theorem (Theorem 10) . To do this we show that S(Rn) is

dense in Bwwwp(·),q(·)(Rn) (Theorem 9) in Section 7. Finally, we state the trace theorem (Theo-

rem 10) and prove it in Section 8.

2. Definition of 2-microlocal Besov spaces with variable exponents and local mean
characterization

Let Ω ⊂ R
n. Denote by P0(Ω) the set of measurable functions p(·) onΩ with range in

(0,∞) such that

0 < p− = ess inf
x∈Ω p(x) , ess sup

x∈Ω
p(x) = p+ < ∞ .

We also denote by P(Ω) the set of measurable functions p(·) onΩ with range in (1,∞)

such that 1 < p− and p+ < ∞.

For p ∈ P0(Ω), let Lp(·)(Ω) be the set of measurable functions f on Ω such that for
some λ > 0,

∫

Ω

( |f (x)|
λ

)p(x)
dx ≤ 1 .

The infimum of such λ is denoted by ||f ||Lp(·)(Ω). The set Lp(·)(Ω) becomes a quasi-Banach
function space equipped with the Luxemburg–Nakano norm ||f ||Lp(·)(Ω). More precisely,

‖f ‖Lp(·)(Ω) = inf

{
λ > 0 :

∫

Ω

( |f (x)|
λ

)p(x)
dx ≤ 1

}
.
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When Ω = R
n, we write simply ‖f ‖Lp(·) := ‖f ‖Lp(·)(Rn).

To define 2-microlocal Besov spaces with variable exponents, we use the mixed

Lebesgue sequence space �q(·)(Lp(·)).
Let p(·), q(·) ∈ P0(R

n). The space �q(·)(Lp(·)) is the collection of all sequences {fj }∞j=0

of measurable functions on R
n such that

‖{fj }∞j=0‖�q(·)(Lp(·)) = inf

{
μ > 0 : 	�q(·)(Lp(·))

({
fj

μ

}∞

j=0

)
≤ 1

}
< ∞ ,

where

	�q(·)(Lp(·))
({
fj
}∞
j=0

)
=

∞∑

j=0

inf

⎧
⎪⎨

⎪⎩
λj > 0 :

∫

Rn

⎛

⎜⎝
|fj (x)|
λ

1
q(x)

j

⎞

⎟⎠

p(x)

dx ≤ 1

⎫
⎪⎬

⎪⎭
.

Since we assume that q+ < ∞,

	�q(·)(Lp(·))
({
fj
}∞
j=0

)
=

∞∑

j=0

∣∣∣
∣∣∣|fj |q(·)

∣∣∣
∣∣∣
L
p(·)
q(·)
. (1)

If {fj }Nj=M is a finite sequence of measurable functions on R
n, then we define an infinite

sequence {Fj }∞j=0 of measurable functions on R
n,

Fj :=
{
fj for j = M,M + 1, . . . , N

0 otherwise

and
∥∥ {fj

}N
j=M

∥∥
�q(·)(Lp(·)) := ‖{Fj }∞j=0‖�q(·)(Lp(·)).

Almeida and Hästö [1] proved that ‖ · ‖�q(·)(Lp(·)) is a quasi-norm for all p(·), q(·) ∈
P(Rn) and that ‖ · ‖�q(·)(Lp(·)) is a norm when 1

p(·) + 1
q(·) ≤ 1. Kempka and Vybíral [9] proved

that ‖ · ‖�q(·)(Lp(·)) is a norm if p(·), q(·) ∈ P0(R
n) satisfy either 1 ≤ q(x) ≤ p(x) ≤ ∞ or

1
p(x)

+ 1
q(x)

≤ 1 for almost all x ∈ R
n. Furthermore, they proved that ‖ · ‖�q(·)(Lp(·)) does

not always become a norm even if p(·) and q(·) satisfy p−, q− ≥ 1. However, we have the
following inequality.

LEMMA 1 [14, Lemma 1]. Let p(·), q(·) ∈ P0(R
n) and

α = min
{
q−, 1

}
min

{
1,

(
p

q

)−}
.
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Then
∥∥{fk + gk}∞k=0

∥∥α
�q(·)(Lp(·)) ≤ ∥∥{fk}∞k=0

∥∥α
�q(·)(Lp(·)) + ∥∥{gk}∞k=0

∥∥α
�q(·)(Lp(·)) .

We denote by Clog(Rn) the set of all real valued functions p(·) : Rn → R satisfying
following conditions: There exist constants Clog(p) and p∞ ∈ R such that

|p(x)− p(y)| ≤ Clog(p)

log(e + |x − y|−1)
(x, y ∈ R

n, x �= y) (2)

and

|p(x)− p∞| ≤ Clog(p)

log(e + |x|) (x ∈ R
n) . (3)

DEFINITION 1 (Resolution of unity). The set Φ(Rn) is the collection of all systems
{ϕj }∞j=0 ⊂ S(Rn) satisfying the following conditions:

(i) ϕ0(x) = 1 for |x| ≤ 1,
(ii) suppϕ0 ⊂ {x ∈ R

n : |x| ≤ 2},
(iii) ϕj (x) = ϕ0(2−j x)− ϕ0(2−j+1x) for j ∈ N.

REMARK 1. Let {ϕj }∞j=0 ∈ Φ(Rn). Then one may verify easily that

∞∑

j=0

ϕj (x) = 1

for all x ∈ R
n.

DEFINITION 2 [18, Admissible weight sequence]. Let α ≥ 0 and α1, α2 ∈ R with
α1 ≤ α2. A sequence of non-negative measurable weight functionswww = {wj }∞j=0 belongs to

the class Wα
α1,α2

(Rn) if the following hold.

(i) There exists a constant C > 0 such that 0 < wj(x) ≤ Cwj(y)(1 + 2j |x − y|)α for
all j ∈ N0 and all x, y ∈ R

n.
(ii) For all j ∈ N0 we have 2α1wj (x) ≤ wj+1(x) ≤ 2α2wj(x) for all x ∈ R

n.

Such a system {wj }∞j=0 ∈ Wα
α1,α2

(Rn) is called an admissible weight sequence.

REMARK 2. Let s(·) ∈ Clog(Rn). Then {2js(·)}∞j=0 is an admissible weight sequence

with α1 = s−, α2 = s+ and α > Clog(s) (see Lemma 12).
Another fundamental example of an admissible weight sequence is a 2-microlocal

weights. For a fixed nonempty set U ⊂ R
n and s′ ∈ R, We denote dist(x,U) = inf

z∈U |x − z|.
The 2-microlocal weights {wj }∞j=0 is given by

wj(x) = (1 + 2jdist(x,U))s
′
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for any j ∈ N0. This 2-microlocal weights {wj }∞j=0 is an admissible weight sequence with

α1 = min(0, s′), α2 = max(0, s′) and α = |s′|.
Further examples are given in [6].

Let φ be a continuous function on R
n or a sum of finitely many characteristic functions

of cubes in R
n. Then φ(D) is defined by φ(D)f = F−1[φ · Ff ].

We introduce the 2-microlocal Besov spaces with variable exponents defined by Kempka
and Vybíral [10].

DEFINITION 3 (2-microlocal Besov spaces with variable exponents). Let

p(·), q(·) ∈ Clog(Rn) ∩ P0(R
n), {ϕj }∞j=0 ∈ Φ(Rn) and www = {wj }∞j=0 ∈ Wα

α1,α2
(Rn).

Then we define

Bwwwp(·),q(·)(R
n) =

{
f ∈ S ′(Rn) : ‖f ‖Bwwwp(·),q(·) < ∞

}
,

where

‖f ‖Bwwwp(·),q(·) = inf

⎧
⎨

⎩λ > 0 :
∞∑

j=0

∥∥∥∥

(∣∣wjϕj (D)f
∣∣

λ

)q(·)∥∥∥∥
Lp(·)/q(·)

≤ 1

⎫
⎬

⎭ .

Kempka and Vybíral proved the norm of 2-microlocal Besov spaces with variable exponents
does not depend on the resolution of unity (Definition 1) by the local mean characterization
(Theorem 1).

Let {ψk}∞k=0 ⊂ S(Rn), f ∈ S ′(Rn) and a > 0. Then the Peetre maximal operator is
defined by

(ψ∗
k f )a(x) = sup

y∈Rn
|(ψk ∗ f )(y)|

(1 + |2k(y − x)|)a ,

for k ∈ N0 and x ∈ R
n.

In order to state local mean characterization, let us consider κ0, κ ∈ S(Rn) such that

|Fκ0(ξ)| > 0 (4)

on {x ∈ R
n : |ξ | < 2ε} and

|Fκ(ξ)| > 0 (5)

on {x ∈ R
n : ε/2 < |ξ | < 2ε} for some ε > 0. Here (4) and (5) are called the Tauberian

conditions. Furthermore we assume the moment condition on κ , that is,
∫

Rn

xβκ(x) dx = 0 (6)

for any 0 ≤ |β| < S, where S ∈ N0. If S = 0, there are no moment condition (6) on κ .
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We put

κj (x) = 2jnκ(2jx)

for j ∈ N0.

THEOREM 1 (Local mean characterization [10, Theorem 6]).
Let www = {wj }∞j=0 ∈ Wα

α1,α2
(Rn), p(·), q(·) ∈ Clog(Rn) ∩ P0(R

n). Furthermore, let a ∈ R

and S ∈ N0 satisfy a >
n+Clog(1/q)

p− + α and S > α2. Then we have

‖f ‖Bwww
p(·),q(·) ∼ ‖ {(κk ∗ f )wk}∞k=0 ‖�q(·)(Lp(·)) ∼ ‖ {wk(·)(κ∗

k f )a(·)
}∞
k=0 ‖�q(·)(Lp(·)) (7)

for all f ∈ S ′(Rn).

3. Fundamental results

As well as classical analysis, the following generalized Hölder’s inequality holds.

THEOREM 2 [11, Theorem 2.1]. Let p(·) : R
n → [1,∞] be a measurable function

and let p′(·) : R
n → [1,∞] be defined as 1

p(·) + 1
p′(·) = 1. Then generalized Hölder’s

inequality
∫

Rn

|f (x)g(x)| dx ≤
(

1 + 1

p−
− 1

p+

)
‖f ‖Lp(·)‖g‖

Lp
′(·)

holds for every f ∈ Lp(·)(Rn) and g ∈ Lp′(·)(Rn).

LEMMA 2. Let p(·), q(·) ∈ P0(R
n) and f ∈ Lp(·)(Rn). Then

min
{
‖f ‖q−

Lp(·) , ‖f ‖q+
Lp(·)

}
≤
∥∥∥f q(·)

∥∥∥
Lp(·)/q(·)

≤ max
{
‖f ‖q−

Lp(·) , ‖f ‖q+
Lp(·)

}

holds.

PROOF. When ‖f ‖Lp(·) = 0, it is obvious that
∥∥f q(·)

∥∥
Lp(·)/q(·) = 0. Hence we consider

the case that ‖f ‖Lp(·) �= 0. We normalize f by putting g = f/‖f ‖Lp(·) . Then ‖g‖Lp(·) = 1.
Therefore, we see that

1 =
∫

Rn

( |g(x)|
1

)p(x)
dx =

∫

Rn

( |g(x)q(x)|
1

)p(x)/q(x)
dx

holds. This implies that

∥∥∥∥∥

(
f

‖f ‖Lp(·)
)q(·)∥∥∥∥∥

Lp(·)/q(·)
=

∥∥∥gq(·)
∥∥∥
Lp(·)/q(·)

= 1. If ‖f ‖Lp(·) > 1,

then it is easy to see that
∥∥∥∥
f q(·)

‖f ‖q−
Lp(·)

∥∥∥∥
Lp(·)/q(·)

≤
∥∥∥∥
(

f

‖f ‖Lp(·)
)q(·) ∥∥∥∥

Lp(·)/q(·)
= 1 ≤

∥∥∥∥
f q(·)

‖f ‖q+
Lp(·)

∥∥∥∥
Lp(·)/q(·)

.
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Hence we obtain

‖f ‖q+
Lp(·) ≤ ∥∥f q(·)

∥∥
Lp(·)/q(·) ≤ ‖f ‖q−

Lp(·) .

An argument similar to above shows the case that ‖f ‖Lp(·) < 1. �

Almeida and Hästö [1] showed that the Feffermann–Stein maximal inequality does not
hold if q(·) is not a constant function. However, Almeida and Hästö [1] got a helpful inequality
(Theorem 3), which takes the place of the Feffermann–Stein maximal inequality.

Let

ηl(x) = (1 + |x|)−l and ην,l(x) = 2νnηl(2νx)

for ν ∈ N0 and a positive real number l. Almeida and Hästö [1] showed the following helpful

theorem for the �q(·)(Lp(·)) quasi-norm.

THEOREM 3 [1, Lemma 4.7]. Let p(·), q(·) ∈ Clog(Rn) with 1 < p− ≤ p+ < ∞
and 1 < q− ≤ q+ < ∞. Then the inequality

‖{ηk,l ∗ fk}∞k=0‖�q(·)(Lp(·)) � ‖{fk}∞k=0‖�q(·)(Lp(·))
holds for every sequence {fk}∞k=0 of L1

loc-functions and l > 2n.

The next lemma is called “the r-trick”.

LEMMA 3 [3, Lemma A.7]. Let r > 0, ν ∈ N0 and l > n. Then

|f (x)| � (
ην,l ∗ |f |r (x)) 1

r

holds for all x ∈ R
n and f ∈ S ′(Rn) with suppFf ⊂ {ξ : |ξ | ≤ 2ν+1}, where the implicit

positive constant depends only on r , l and n.

4. Atomic decomposition

In the case where the summability parameter is constant, Kempka [8] got an atomic de-

composition for Bwwwp(·),q(Rn). If s(·) ∈ Clog(Rn) ∩ L∞(Rn) and wj (x) = 2js(x), then the

space Bwwwp(·),q(·)(R
n) coincides with the Besov space with variable exponents Bs(·)p(·),q(·)(R

n).

The atomic decomposition for Bs(·)p(·),q(·)(Rn) was studied by Drihem [4]. Therefore, we com-

bine the argument of [8] with [4] to prove an atomic decomposition theorem (Theorem 4).

DEFINITION 4 (atom). Let K,L ∈ N0. A function a ∈ Ck(Rn) is called a [K,L]-
atom centered at Qνm, ν ∈ N0 and m ∈ Z

n, if

supp a ⊂ 3Qνm , (8)

|Dβa(x)| ≤ 2|β|ν , (9)
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for 0 ≤ |β| ≤ K and if
∫

Rn

xβa(x)dx = 0 (10)

for 0 ≤ |β| < L and ν ≥ 1.
The condition (10) is called the moment condition. In the case where a is an atom

centered at Q0m or the case L = 0, the moment condition (10) is not required.

DEFINITION 5 (Coefficients space). Let www = {wj }∞j=0 ∈ Wα
α1,α2

(Rn) and

p(·), q(·) ∈ Clog(Rn) ∩ P0(R
n). Then for all complex valued sequences λ = {λνm ∈ C :

ν ∈ N0,m ∈ Z
n} we define

bwwwp(·),q(·)(Rn) = {λ : ‖λ‖bwww
p(·),q(·) < ∞},

where

‖λ‖bwwwp(·),q(·) =
∥∥∥∥

{ ∑

m∈Zn
|λνm|wν(2−νm)χνm(·)

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

.

When the summability parameter is ∞, we define

bwwwp(·),∞(R
n) = {λ : ‖λ‖bwww

p(·),∞ < ∞},
where

‖λ‖bwwwp(·),∞ = inf
ν∈N0

{∥∥∥∥
∑

m∈Zn
|λνm|wν(2−νm)χνm(·)

∥∥∥∥
Lp(·)

}
.

THEOREM 4 (Atomic decomposition theorem). Letwww = {wj }∞j=0 ∈ Wα
α1,α2

(Rn) and

p(·), q(·) ∈ Clog(Rn) ∩ P0(R
n). Additionally, let K,L ∈ N0 satisfy K > α2 and L >

n
(

1
min{1,p−} − 1

)
− α1, then we have the following:

(a) For each f ∈ Bwwwp(·),q(·)(Rn) there exist λ ∈ bwwwp(·),q(·)(Rn) and [K,L]-atoms

{aνm}ν∈N0,m∈Zn centered Qνm such that

f =
∞∑

ν=0

∑

m∈Zn
λνmaνm , (11)

holds in the sense of S ′(Rn). Moreover

‖λ‖bwwwp(·),q(·) � ‖f ‖Bwwwp(·),q(·) (12)

holds, where the implicit positive constant is universal for all f ∈ Bwwwp(·),q(·)(Rn).
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(b) If λ ∈ bwwwp(·),q(·)(Rn) and [K,L]-atoms {aνm}ν∈N0,m∈Zn centeredQνm, then

f =
∞∑

ν=0

∑

m∈Zn
λνmaνm , (13)

in the sense of S ′(Rn), belongs to the space Bwww
p(·),q(·)(R

n). Moreover,

‖f ‖Bwwwp(·),q(·) � ‖λ‖bwwwp(·),q(·) (14)

holds, where the implicit positive constant is universal for all λ ∈ bwwwp(·),q(·)(Rn).
To prove Theorem 4 we need the following lemmas.

LEMMA 4 [5, Lemma 3.3]. Let {ϕj }∞j=0 be a resolution of unity and let aνm be an

[K,L]-atom. Then

∣∣F−1ϕj ∗ aνm(x)
∣∣ �

{
2(ν−j)K

(
1 + 2j |x − 2−νm|)−M if ν ≤ j

2(j−ν)(L+n) (1 + 2j |x − 2−νm|)−M if j ≤ ν ,

where M is a sufficiently large number.

The next lemma is a direct corollary of [14, Lemma 4.13].

LEMMA 5. Let 0 < t < 1, j, ν ∈ N0 and {λνm}ν∈N0,m∈Zn be a family of positive
numbers. Furthermore let M > 0 be sufficiently large. Then

∑

m∈Zn
λνm(1 + 2j |x − 2−νm|)−M

� 2hnα max(1, 2(ν−j)n/t )
([
ην,αt ∗

( ∑

m∈Zn
λtνmχνm(·)

)]
(x)

)1/t

holds for any x ∈ R
n and for any positive real number α > 0, where hn is a positive number

depending only on n.

LEMMA 6 [4, Lemma 3]. Let 0 < a < 1, 0 < q ≤ ∞ and δ > 0 and let {εk}∞k=0 be a
sequence of positive real numbers, such that

I = ∥∥{εk}∞k=0

∥∥
�q
< ∞ .

The sequence {δk : δk = ∑∞
j=0 a

|k−j |δεj }∞k=0 is in �q with

∥∥{δk}∞k=0

∥∥
�q

� I ,

where the implicit positive constant depends only on a and q .

Next lemma is a Hardy type inequality in the variable exponents settings. In the case where
q(·) is constant, Lemma 7 above was proved by Xu [16, Lemma 3].
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LEMMA 7. Let p(·), q(·) ∈ P0(R
n). For any sequence {gj }∞j=0 of nonnegative mea-

surable functions on R
n and δ > 0 let

Gj(x) =
∞∑

k=0

2−|k−j |δgk(x)

for all x ∈ R
n and j ∈ N0. Then

∥∥{Gj }∞j=0

∥∥
�q(·)(Lp(·)) �

∥∥{gj }∞j=0

∥∥
�q(·)(Lp(·)) (15)

holds, where the implicit positive constant depends only on p(·), q(·) and δ.

PROOF. Let 0 < q < ∞. We recall the following inequality which can be proved by
using an argument similar to the proof of Jensen’s inequality,

( ∞∑

k=0

2−kδak
)q

�
∞∑

k=0

2−k(δ−ε)qaqk

holds for any ε < δ, where the implicit positive constant depends only on δ and q . Therefore,
there exist a constant δ1 > 0 which depend only on δ such that

( ∞∑

k=0

2−|k−j |δgk(x)
)q(x)

�
∞∑

k=0

(2−|k−j |δ1gk(x))
q(x)

for any j ∈ N0.
Let r > 0 satisfy r (p(·)/q(·))− > 1. Then by using same argument as above, there exist

a constant δ2 > 0 which depend only on δ such that
∥∥∥∥

(∑∞
k=0 2−|k−j |δgk(·)

λ

)q(·)∥∥∥∥
Lp(·)/q(·)

=
∥∥∥∥

(∑∞
k=0 2−|k−j |δgk(·)

λ

)q(·)/r∥∥∥∥
r

Lrp(·)/q(·)

�
∥∥∥∥

∞∑

k=0

2−|k−j |δ1q(·)/r
(
gk(·)
λ

)q(·)/r ∥∥∥∥
r

Lrp(·)/q(·)

holds. By the triangle inequality and the similar argument as above, we have
∥∥∥∥

(∑∞
k=0 2−|k−j |δgk(·)

λ

)q(·)∥∥∥∥
Lp(·)/q(·)

�
( ∞∑

k=0

2−|k−j |δ1q
−/r

∥∥∥∥

(
gk(·)
λ

)q(·)/r∥∥∥∥
Lrp(·)/q(·)

)r

�
∞∑

k=0

2−|k−j |δ2q
−
∥∥∥∥

(
gk(·)
λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

. (16)

Hence, by (16) and Lemma 6, we see that
∞∑

j=0

∥∥∥∥

(
Gj(·)
λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

=
∞∑

j=0

∥∥∥∥

(∑∞
k=0 2−|k−j |δgk(·)

λ

)q(·)∥∥∥∥
Lp(·)/q(·)
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�
∞∑

j=0

∞∑

k=0

2−|k−j |δ2q
−
∥∥∥∥

(
gk(·)
λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

�
∞∑

k=0

∥∥∥∥

(
gk(·)
λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

∼ 1 ,

where we choose λ = ∥∥{gj }∞j=0

∥∥
�q(·)(Lp(·)).

This inequality implies (15). �

We also need a partition of unity of Calderón type.

LEMMA 8 (Partition of unity of Calderón type [5, Theorem 6]). Let {ϕj }∞j=0 ∈
Φ(Rn) be a resolution of unity and R ∈ N. Then there exist functions θ0, θ ∈ S(Rn) such
that

supp θ0, supp θ ⊂ {x : |x| ≤ 1},
|Fθ0(ξ)| ≥ c0 > 0 for |ξ | ≤ 2 ,

|Fθ(ξ)| ≥ c > 0 for
1

2
≤ |ξ | ≤ 2,

∫

Rn

xγ θ(x) dx = 0 for 0 ≤ |γ | ≤ R

and

Fθ0(ξ)Fψ0(ξ)+
∞∑

j=1

Fθ(2−j ξ)Fψ(2−j ξ) = 1

for all ξ ∈ R
n, where the functions ψ0, ψ ∈ S(Rn) are defined by

Fψ0(ξ) = ϕ0(ξ)

Fθ0(ξ)
and Fψ(ξ) = ϕ1(2ξ)

Fθ(ξ) .

PROOF OF THEOREM 4. We use an argument similar to [8, Theorem 3.12, Theorem
3.13].

Step 1. Kempka [8, Proof of Theorem 3.12] showed f ∈ S ′(Rn) can be written by

f (x) =
∑

m∈Zn

∫

Q0m

θ0(x−y)(ψ0 ∗f )(y)dy+
∞∑

ν=1

∑

m∈Zn
2νm

∫

Qνm

θ(2ν(x−y))(ψν ∗f )(y)dy ,

where θ , ψ0 and ψ as in Lemma 8 and ψν = 2νnψ(2ν ·). For ν ∈ N and m ∈ Z
n, each

coefficient λ is defined by

λνm = Cθ sup
y∈Qνm

|(ψk ∗ f )(y)| ,



304 TAKAHIRO NOI

where Cθ = max{sup|x|≤1 |Dβθ(x)| : |β| < K}. Note that λνm ≥ 0 for any ν ∈ N0 and

m ∈ Z
n. We define a function aνm(x) by

aνm(x) =

⎧
⎪⎨

⎪⎩

2νm

λνm

∫

Qνm

θ(2ν(x − y))(ψν ∗ f )(y)dy (λνm �= 0)

0 (λνm = 0) .

Then (11) holds and the properties of θ0, ψ0, θ and ψν imply that aνm satisfies the conditions
of [K,L]-atoms centered at Qνm.

For each fixed ν ∈ N0 and a >
n

min{1, p−, q−} + α, Kempka [8, Proof of Theorem

3.12] proved
∑

m∈Zn
wν(x)λνmχνm(x) � wν(x)(ψ

∗
ν f )a(x) .

By the property of admissible weight sequence (Definition 2) and 2ν |x − 2−νm| � 1 for any
x ∈ Qνm, we have

∑

m∈Zn
wν(2

−νm)λνmχνm(x) �
∑

m∈Zn
wν(x)λνmχνm(x) � wν(x)(ψ

∗
ν f )a(x) .

Since ψ0, ψ ∈ S(Rn) satisfy the Tauberian conditions (4), (5) and the moment condition (6),
we can use Theorem 1. Hence we see that

‖λ‖bwwwp(·),q(·) =
∥∥∥∥

{ ∑

m∈Zn
wν(2

−νm)λνmχνm(·)
}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

�
∥∥{wν(·)(ψ∗

ν f )a(·)
}∞
ν=0

∥∥
�q(·)(Lp(·)) � ‖f ‖Bwwwp(·),q(·) .

Step 2. Let f = ∑∞
ν=0

∑
m∈Zn λνmaνm as in (13). Then we dividewjϕj (D)f into two

parts:

wjϕj (D)f =
∞∑

ν=0

∑

m∈Zn
wjλνmϕj (D)aνm

=
j∑

ν=0

∑

m∈Zn
wjλνmϕj (D)aνm +

∞∑

ν=j+1

∑

m∈Zn
wjλνmϕj (D)aνm

=: fj + f j .

Then we have

‖f ‖Bwww
p(·),q(·) =

∥∥∥
{
wj (·)ϕj (D)f

}∞
j=0

∥∥∥
�q(·)(Lp(·))

�
∥∥∥
{
fj
}∞
j=0

∥∥∥
�q(·)(Lp(·))

+
∥∥∥
{
f j

}∞
j=0

∥∥∥
�q(·)(Lp(·))

. (17)
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Firstly, we consider

‖{fj }∞j=0‖�q(·)(Lp(·)) =
∥∥∥∥
{ j∑

ν=0

∑

m∈Zn
λνmwj (·)ϕj (D)aνm(·)

}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

.

By Lemma 4 and the property of admissible weight sequence (Definition 2), we have
∣∣∣∣
j∑

ν=0

∑

m∈Zn
λνmwj (x)ϕj (D)aνm(x)

∣∣∣∣

�
j∑

ν=0

∑

m∈Zn
2(ν−j)K |λνm|wj(x)

(
1 + 2j

∣∣x − 2−νm
∣∣ )−M

�
j∑

ν=0

∑

m∈Zn
2(ν−j)(K−α2)|λνm|wν(2−νm)

(
1 + 2j

∣∣x − 2−νm
∣∣ )α−M

.

Hence we obtain
∣∣∣∣
j∑

ν=0

∑

m∈Zn
λνmwj (x)ϕj (D)aνm(x)

∣∣∣∣

�
j∑

ν=0

2−|j−ν|(K−α2)

([
ην,α′t ∗

( ∑

m∈Zn
|λνm|twν(2−νm)tχνm(·)

)]
(x)

)1/t

by α < M and Lemma 5 with t < min{1, p−, q−} and α′t > 2n. Therefore

‖{fj }∞j=0‖�q(·)(Lp(·)) �
∥∥∥∥

{ j∑

ν=0

2−|j−ν|(K−α2)

×
([
ην,α′t ∗

( ∑

m∈Zn
|λνm|twν(2−νm)tχνm

)]
(·)
) 1
t
}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

.

Using Lemma 7 and Theorem 3, we see that

‖{fj }∞j=0‖�q(·)(Lp(·))

�
∥∥∥∥

{([
ην,α′t ∗

( ∑

m∈Zn
|λνm|twν(2−νm)tχνm(·)

)]
(·)
)1/t}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

�
∥∥∥∥
{ ∑

m∈Zn
|λνm|twν(2−νm)tχνm(·)

}∞

ν=0

∥∥∥∥
1/t

�q(·)/t (Lp(·)/t )

� ‖λ‖bwww
p(·),q(·) . (18)
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Finally we consider

‖{f j }∞j=0‖�q(·)(Lp(·)) =
∥∥∥∥

{ ∞∑

ν=j+1

∑

m∈Zn
λνmwj (·)ϕj (D)aνm(·)

}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

.

By Lemma 4 and the property of admissible weight sequence (Definition 2), we see that
∣∣∣∣

∞∑

ν=j+1

∑

m∈Zn
λνmwj (x)ϕj (D)aνm(x)

∣∣∣∣

�
∞∑

ν=j+1

∑

m∈Zn
2(j−ν)(L+n)|λνm|wj(x)

(
1 + 2j

∣∣x − 2−νm
∣∣ )L+n−M

�
∞∑

ν=j+1

∑

m∈Zn
2(j−ν)(L+n+α1)|λνm|wν(2−νm)

(
1 + 2j

∣∣x − 2−νm
∣∣ )L+n+α−M

,

where L+ n+ α < M . Using Lemma 5 with t < min{1, p−, q−} and α′t > 2n, we obtain
∣∣∣∣

∞∑

ν=j+1

∑

m∈Zn
λνmwj (x)ϕj (D)aνm(x)

∣∣∣∣

�
∞∑

ν=j+1

2−|ν−j |(L+n+α1−n/t)
([
ην,α′t ∗

( ∑

m∈Zn
|λνm|twν(2−νm)tχνm(·)

)]
(x)

) 1
t

.

Then we have

‖{f j }∞j=0‖�q(·)(Lp(·))

�
∥∥∥∥

{ ∞∑

ν=j+1

2−|ν−j |(L+n+α1−n/t)

×
([
ην,α′t ∗

( ∑

m∈Zn
|λνm|twν(2−νm)tχνm(·)

)]
(·)
)1/t}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

.

Using Lemma 7 and Theorem 3 again, we obtain

‖{f j }∞j=0‖�q(·)(Lp(·))

�
∥∥∥∥

{([
ην,α′t ∗

( ∑

m∈Zn
|λνm|twν(2−νm)tχνm(·)

)]
(·)
)1/t}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

�
∥∥∥∥

{ ∑

m∈Zn
|λνm|twν(2−νm)tχνm(·)

}∞

ν=0

∥∥∥∥
1/t

�q(·)/t (Lp(·)/t )

� ‖λ‖bwwwp(·),q(·) . (19)
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Hence, by (17), (18) and (19), we see that ‖f ‖Bwww
p(·),q(·) � ‖λ‖bwww

p(·),q(·) . �

5. A multiplier theorem

DEFINITION 6. (i) LetΩ be a compact subset of Rn. Then SΩ(Rn) denotes the space
of ϕ ∈ S(Rn) satisfying suppFϕ ⊂ Ω .

(ii) Let p(·) ∈ Clog(Rn)∩P0(R
n). IfΩ = {Ωk}∞k=0 is a sequence of compact subsets

of Rn, then LΩp(·) is the space of all sequences {fk}∞k=0 of S ′(Rn) such that

suppFfk ⊂ Ωk (20)

and ‖fk‖Lp(·) < ∞ for k = 0, 1, 2, . . . .

The author generalized “the r trick", to the following lemma ([13, Lemma 4.11]).

LEMMA 9 [13, Lemma 4.11]. Let r > 0, ν ∈ N0 and l ≥ n+ 1. Then

|f (x − z)|
(1 + |2νz|) lr

�
(
ην,l ∗ |f |r (x)) 1

r

holds for all x ∈ R
n, z ∈ R

n and f ∈ S ′(Rn) with suppFf ⊂ {ξ : |ξ | ≤ 2ν+1}, where the
implicit positive constant depends only on r , l and n.

THEOREM 5. Let p(·), q(·) ∈ Clog(Rn) ∩ P0(R
n) and www = {wj }∞j=0 ∈ Wα

α1,α2
(Rn).

Let Ω = {Ωk}∞k=0 be a sequence of compact subsets of Rn such that Ωk ⊂ {ξ ∈ R
n :

|ξ | ≤ 2k+1}. If 0 < r < min{p−, q−} and l > 2n+ 2αmin{p−, q−}, then
∥∥∥∥

{
sup
z∈Rn

wk(· − z)|fk(· − z)|
1 + |2kz| lr

}∞

k=0

∥∥∥∥
�q(·)(Lp(·))

� ‖{wk(·)fk}∞k=0‖�q(·)(Lp(·)) (21)

holds for all {fk}∞k=0 ∈ LΩp(·).

PROOF. The author proved Theorem 5 in the case that {wk(·)}∞k=0 = {2ks(·)}∞k=0 ([13,
Theorem 4.13]).

Let {fk}∞k=0 ∈ LΩp(·). It is easy to see that

wk(x − z)|fk(x − z)|
1 + |2kz| lr

≤ max{2 l
r−1, 1}wk(x − z)|fk(x − z)|

(1 + |2kz|) lr
� max{2 l

r−1, 1}wk(x)|fk(x − z)|
(1 + |2kz|) l−αrr

� max{2 l
r
−1, 1}wk(x)

(
ηk,l−αr ∗ |fk|r (x)

) 1
r

� max{2 l
r−1, 1} ((ηk,l−2αr(y) ∗wk(y)r |fk(y)|r )(x)

) 1
r
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for k = 0, 1, . . . by Lemma 9 and the property of admissible weight sequences (Definition 2).
Hence we have

∥∥∥∥

{
sup
z∈Rn

wk(· − z)|fk(· − z)|
1 + |2kz| lr

}∞

k=0

∥∥∥∥
�
q(·)
r (L

p(·)
r )

� ‖{(ηk,l−2αr(y) ∗ wk(y)r |fk(y)|r )(·)}∞k=0‖1/r

�
q(·)
r (L

p(·)
r )
. (22)

Let 0 < r < min{p−, q−}. If l > 2n+ 2αr , then we have
∥∥∥∥
{

sup
z∈Rn

wk(· − z)|fk(· − z)|
1 + |2kz| lr

}∞

k=0

∥∥∥∥
�q(·)(Lp(·))

� ‖{wk(·)r |fk|r }∞k=0‖1/r

�
q(·)
r (L

p(·)
r )

∼ ‖{wk(·)fk}∞k=0‖�q(·)(Lp(·))
by (22) and Theorem 3. �

To state a multiplier theorem, we introduce the spacial Bessel–potential space Hv
2 (R

n).
For a real number v,

Hv
2 (R

n) = {f ∈ S ′(Rn) : ‖f ‖Hv
2

= ‖(1 + |·|2)v/2(Ff )(·)‖L2 < ∞} .
THEOREM 6. Let p(·), q(·) ∈ Clog(Rn) ∩ P0(R

n) and www = {wj }∞j=0 ∈ Wα
α1,α2

(Rn).

Let Ω = {Ωk}∞k=0 be a sequence of compact subsets of Rn such that Ωk ⊂ {ξ ∈ R
n :

|ξ | ≤ 2k+1}. If v > n
2 + 2n+3αmin{p−,q−}

min{p−,q−} , then

‖{wkF−1MkFfk}∞k=0‖�q(·)(Lp(·))
� sup

j

‖Mj(2j ·)‖Hv
2
‖{wkfk}∞k=0‖�q(·)(Lp(·))

holds for {fk}∞k=0 ∈ LΩp(·) and {Mj }∞j=0 ∈ Hv
2 (R

n).

PROOF. For any {fk}∞k=0 ∈ LΩp(·), the author proved

‖fk‖L∞ � ‖fk‖Lp(·) (23)

hods, where the implicit positive constant is independent of {fk}∞k=0 and Ω ([13, Theorem

4.14]). Let F−1M ∈ L1(Rn). Then

(F−1MFfk)(x) = c

∫

Rn

(F−1M)(x − y)fk(y) dy

makes sense for any x ∈ R
n by the classical Hölder inequality and (23). Here the positive

constant c depends only on the definition of the Fourier transform. Hence F−1MkFfk is
well-defined.
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The author proved Theorem 6 the case that {wk(·)}∞k=0 = {2ks(·)}∞k=0 ([13, Theorem
4.15]). We use an argument similar to the proof of [13, Theorem 4.15]. It is easy to see that

|wk(x)F−1MkFfk(x − z)|

�
∫

Rn

wk(x)
|(F−1Mk)(x − z− y)|
(1 + 2k|x − y|) l+αrr

|fk(y)|(1 + |2k(x − y)| l+αrr ) dy

�
∫

Rn

|(F−1Mk)(x − z− y)|
(1 + 2k|x − y|) lr

wk(y)|fk(y)|(1 + |2k(x − y)| l+αrr ) dy

by the property of admissible weight sequence (Definition 2). Hence we obtain

|wk(x)F−1MkFfk(x − z)|

� sup
u∈Rn

wk(u)|fk(u)|
(1 + 2k|x − u|) lr

∫

Rn

|(F−1Mk)(x − z− y)|(1 + |2k(x − y)| l+αrr ) dy .

Since

1 + |2k(x − y)| l+αrr � (1 + |2k(x − y − z)| l+αrr )(1 + |2kz| l+αrr ) ,

1 + |2kz| l+αrr ≤ 2(1 + |2kz|) l+αrr ,

the argument in the proof of [15, p31, Theorem] implies that

sup
z∈Rn

wk(x)|F−1MkFfk(x − z)|
1 + |2kz| l+αrr

� sup
z∈Rn

wk(x − z)|fk(x − z)|
1 + |2kz| lr

‖Mk(2k·)‖Hv
2

(24)

for 0 < r < min{p−, q−} and v > n
2 + l+αr

r
. Hence Theorem 6 is an immediate consequence

of (24), by Theorem 5 and the estimate

wk(x)|F−1MkFfk(x)| ≤ sup
z∈Rn

wk(x)|F−1MkFfk(x − z)|
1 + |2kz| l+αrr

.

�

6. Fatou lemma for Bwwwp(·),q(·)(Rn)

In this section, we prove some embedding results and completeness of the space
Bwwwp(·),q(·)(Rn). To do this, we use the Fatou property of the norm in the variable exponent

setting.

THEOREM 7 [2, Theorem 2.59]. Given Ω and p(·) ∈ P(Ω), let {fk}∞k=0 ⊂ Lp(·)(Ω)
be a sequence of non-negative functions such that fk(x) is increasing and converges to a
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function f (x) for almost every x ∈ Ω . Then either f ∈ Lp(·)(Ω) and lim
k→∞ ‖fk‖Lp(·)(Ω) →

‖f ‖Lp(·)(Ω), or f �∈ Lp(·)(Ω) and lim
k→∞ ‖fk‖Lp(·)(Ω) → ∞.

We modify the Fatou property (Theorem 7) to apply in the �q(·)(Lp(·)) setting.

COROLLARY 1. Let p(·), q(·) ∈ P0(R
n) and {f q(·)k }∞k=0 ⊂ Lp(·)/q(·)(Rn) be a se-

quence of non-negative functions such that fk(x)q(x) is increasing and converges to a

function f (x)q(x) for almost every x ∈ R
n. Then either f q(·) ∈ Lp(·)/q(·)(Rn) and

lim
k→∞ ‖f q(·)k ‖Lp(·)/q(·) → ‖f q(·)‖Lp(·)/q(·) , or f q(·) �∈ Lp(·)/q(·)(Rn) and lim

k→∞ ‖f q(·)k ‖Lp(·)/q(·) →
∞.

PROOF. Let {f q(·)k }∞k=0 ⊂ Lp(·)/q(·)(Rn) be a sequence of non-negative functions

such thatfk(x)q(x) is increasing and converges to a function f (x)q(x) for almost every

x ∈ R
n. If 0 < r < p−/q+, then {f rq(·)k }∞k=0 ⊂ Lp(·)/rq(·)(Rn) is a sequence

of non-negative functions such that fk(x)rq(x) is increasing and converges to a function

f (x)rq(x) for almost every x ∈ R
n. By Theorem 7, we obtain that either f rq(·) ∈

Lp(·)/rq(·)(Rn) and limk→∞ ‖f rq(·)k ‖Lp(·)/rq(·) → ‖f rq(·)‖Lp(·)/rq(·) , or f rq(·) �∈ Lp(·)/rq(·)(Rn)
and limk→∞ ‖f rq(·)k ‖Lp(·)/rq(·) → ∞. This proves this corollary. �

To prove that Bwwwp(·),q(·)(Rn) is a quasi-Banach space, we need following Fatou lemma for

Bwwwp(·),q(·)(Rn).

LEMMA 10. If a bounded sequence {fk}∞k=0 ⊂ Bwwwp(·),q(·)(R
n) converges to f in the

sense of S ′(Rn), then f ∈ Bwww
p(·),q(·)(R

n). More precisely,

‖f ‖Bwww
p(·),q(·) ≤ lim inf

k→∞
‖fk‖Bwww

p(·),q(·)

holds.

PROOF. Note that

F−1ϕj ∗ f (x) = 〈f,F−1ϕj (x − ·)〉 = lim
k→∞〈fk,F−1ϕj (x − ·)〉 = lim

k→∞F−1ϕj ∗ fk(x)

holds for any j ∈ N0. Therefore, we obtain

‖f ‖Bwww
p(·),q(·) =

∥∥∥
{
wj

∣∣ϕj (D)f
∣∣}∞
j=0

∥∥∥
�q(·)(Lp(·))

=
∥∥∥∥

{
lim inf
k→∞ wj |ϕj (D)fk |

}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

.

(25)

Firstly, we estimate the right hand side of (25).
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Since
{
infk≤l wj (x)|ϕj(D)fl(x)|

}∞
k=0 is an increasing sequence for almost every x ∈

R
n, we see that

lim
k→∞

∥∥∥∥

{
inf
k≤l wj |ϕj (D)fl |

}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

≤
∥∥∥∥

{
lim inf
k→∞ wj

∣∣ϕj (D)fk
∣∣
}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

.

Now we prove
∥∥∥∥
{

lim inf
k→∞ wj |ϕj(D)fk |

}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

= lim
k→∞

∥∥∥∥
{

inf
k≤l wj

∣∣ϕj (D)fl
∣∣
}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

.

If there exists λ > 0 such that

lim
k→∞

∥∥∥∥

{
inf
k≤l wj

∣∣ϕj (D)fl
∣∣
}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

< λ

<

∥∥∥∥
{

lim inf
k→∞ wj

∣∣ϕj (D)fk
∣∣
}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

, (26)

then, by definition of �q(·)(Lp(·)) quasi norm and the Fatou property (Corollary 1), we have

1 <
∞∑

j=0

∥∥∥∥
(

lim infk→∞ wj |ϕj (D)fk |
λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

=
∞∑

j=0

lim
k→∞

∥∥∥∥

(
infk≤l wj |ϕj(D)fl |

λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

. (27)

Since

{∥∥∥∥
(

infk≤l wj |ϕj (D)fl |
λ

)q(·)∥∥∥∥
Lp(·)/q(·)

}∞

k=0
is an increasing sequence, we see that

∞∑

j=0

lim
k→∞

∥∥∥∥

(
infk≤l wj |ϕj (D)fl |

λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

= lim
k→∞

∞∑

j=0

∥∥∥∥
(

infk≤l wj |ϕj(D)fl |
λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

(28)

holds for any j ∈ N0. Therefore, by (27) and (28), we obtain

1 < lim
k→∞

∞∑

j=0

∥∥∥∥

(
infk≤l wj |ϕj (D)fl |

λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

which implies that

1 <
∞∑

j=0

∥∥∥∥
(

infk≤l wj |ϕj (D)fl |
λ

)q(·) ∥∥∥∥
Lp(·)/q(·)
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holds for all sufficiency large k, and so λ <

∥∥∥
{
infk≤l wj

∣∣ϕj (D)fl
∣∣}∞
j=0

∥∥∥
�q(·)(Lp(·))

. This

contradicts to (26). Therefore we have
∥∥∥∥

{
lim inf
k→∞ wj

∣∣ϕj (D)fk
∣∣
}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

= lim
k→∞

∥∥∥∥

{
inf
k≤l wj

∣∣ϕj (D)fl
∣∣
}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

. (29)

Finally, we estimate the right hand side of (29). For any λ > 0, we see that
∞∑

j=0

∥∥∥∥

(
infk≤l wj |ϕj (D)fl |

λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

≤
∞∑

j=0

inf
k≤l

∥∥∥∥

(
wj |ϕj (D)fl |

λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

≤ inf
k≤l

∞∑

j=0

∥∥∥∥
(
wj |ϕj (D)fl |

λ

)q(·) ∥∥∥∥
Lp(·)/q(·)

.

This implies that
∥∥∥∥
{

inf
k≤l wj

∣∣ϕj (D)fl
∣∣
}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

≤
∥∥∥
{
wj

∣∣ϕj (D)fi
∣∣}∞
j=0

∥∥∥
�q(·)(Lp(·))

holds for any i ∈ N0 with i ≥ k. Taking the infimum over i with i ≥ k, we have
∥∥∥∥

{
inf
k≤l wj

∣∣ϕj (D)fl
∣∣
}∞

j=0

∥∥∥∥
�q(·)(Lp(·))

≤ inf
k≤l

∥∥∥
{
wj

∣∣ϕj (D)fl
∣∣}∞
j=0

∥∥∥
�q(·)(Lp(·))

. (30)

By (25), (29) and (30), we see that

‖f ‖Bwwwp(·),q(·) ≤ lim inf
k→∞

∥∥∥
{
wj

∣∣ϕj (D)fk
∣∣}∞
j=0

∥∥∥
�q(·)(Lp(·))

= lim inf
k→∞ ‖fk‖Bwwwp(·),q(·) .

This implies that f ∈ Bwwwp(·),q(·)(Rn). �

7. Embeddings

The next Lemma is a certain Nikolskii inequality.

LEMMA 11. Let p0(·), p1(·) ∈ Clog(Rn) ∩ P0(R
n) with p1(·) ≥ p0(·) and www =

{wj }∞j=0 ∈ Wα
α1,α2

(Rn). Then the inequality

∥∥|wνg|q(·)∥∥
Lp1(·)/q(·) �

∥∥∥∥
∣∣∣wν2

ν
(

n
p0(·)−

n
p1(·)

)

g
∣∣∣
q(·)∥∥∥∥

Lp0(·)/q(·)
+ 2−ν (31)

holds for all ν ∈ N0, g ∈ S ′(Rn) with suppFg ⊆ {ξ ∈ R
n : |ξ | ≤ 2ν+1} and such that the

norm on the right-hand side of (31) is at most one.

To prove the lemma, we need the next lemma.
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LEMMA 12 [3, Lemma 6.1]. Let s(·) ∈ Clog(Rn). Then

2ks(x)ηk,2l(x − y) � 2ks(y)ηk,l(x − y)

holds for all x, y ∈ R
n and l > Clog(s).

Now we prove Lemma 11.

PROOF OF LEMMA 11. Almeida and Hästö [1, Lemma 6.3] proved the lemma when

wν(·) = 2−νs(·). Therefore, we use an argument similar to the proof of [1, Lemma 6.3]. Let

λ :=
∥∥∥∥
∣∣∣wν2

ν
(

n
p0(·)−

n
p1(·)

)

g
∣∣∣
q(·)∥∥∥∥

Lp0(·)/q(·)
+ 2−ν .

Then it suffices to prove that
∥∥λ−1/q(·)wνg

∥∥
Lp1(·) ≤ 1. Using “the r trick” (Lemma 3), the

property of admissible weight sequence (Definition 2(i)) and Lemma 12, we see that

λ−r/q(x)2−νnr/p1(x)wrν |g(x)|r � λ−r/q(x)2−νnr/p1(x)wrν(ην,2l−rα ∗ |g|r )(x)
� λ−r/q(x)2−νnr/p1(x)(ην,2l−rα ∗ (wν |g|)r )(x)
� λ−r/q(x)(ην,l−rα/2 ∗ (2−νn/p1(·)wν |g|)r )(x)

holds for large m. Since λ ∈ [2−ν, 1 + 2−ν], we can move λ−1/q(·) into the convolution by
Lemma 12;

λ−r/q(x)2−νnr/p1(x)wrν |g(x)|r � λ−r/q(x)(ην,l−rα/2 ∗ (2−νn/p1(·)wν |g|)r)(x)
� (ην,l/2−rα/4 ∗ (λ−1/q(·)2−νn/p1(·)wν |g|)r)(x) . (32)

Let 0 < r < 1/(p0)
− and s(·) = p0(·)/r ∈ P0(R

n). Applying the generalized Hölder
inequality to (32), we obtain

λ−r/q(x)2−νnr/p1(x)wrν |g(x)|r

� (ην,l/2−rα/4 ∗ (λ−1/q(·)2−νn/p1(·)wν |g|)r)(x)

�
∥∥∥2−νn/s(·)ην,l/2−rα/4(x − ·)

∥∥∥
1/r

Ls
′(·)

∥∥∥∥λ
−1/q(·)wν2

ν
(

n
p0(·)−

n
p1(·)

)

|g|
∥∥∥∥
Lp0(·)

.

By the definition of λ, the second norm on the right hand side is bounded by 1. We check the
first norm on the right hand side is also bounded. Let t = l/2 − rα/4. Since we can choose l
sufficiently large, t is also sufficiently large. Then we obtain

∫

Rn

(
2−νn/s(y)ην,t (x − y)

)s ′(y) dy =
∫

Rn

2νn
(
1 + 2ν |x − y|)−t s ′(y) dy

≤
∫

Rn

(
1 + |2νx − z|)−t (s ′)− dz < ∞ ,
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provided that t (s′)− > n. Hence we can take appropriate constant c0 ∈ (0, 1] such that
(
c0λ

−1/q(x)wν(x)|g(x)|
)p1(x)

= c
p(x)

0

(
c0
wν2−νn/p1(x)|g(x)|

λ1/q(x)

)p1(x)−p0(x)
⎛

⎝c0
wν2

ν
(

n
p0(x)

− n
p1(x)

)

|g(x)|
λ1/q(x)

⎞

⎠
p0(x)

�

⎛

⎝c0
wν2

ν
(

n
p0(x)

− n
p1(x)

)

|g(x)|
λ1/q(x)

⎞

⎠
p0(x)

.

Therefore, by integrating this inequality over R
n and by the definition of λ, we have the

desired result. �

In order to prove that S(Rn) is dense in Bwwwp(·),q(·)(Rn), we use the theorem below. When

q(·) is a constant, the theorem has been proved by Moura, Neves and Schneider [12, Theorem
2.10].

THEOREM 8. Letwww = {wj }∞j=0 ∈ Wα
α1,α2

(Rn) and ρρρ = {ρj }∞j=0 ∈ Wβ
β1,β2

(Rn).

(i) Let p(·), q1(·), q2(·) ∈ Clog(Rn) satisfy q1(·) ≤ q2(·). If
wj (x)

ρj (x)
≤ c for all j ∈ N0

and x ∈ R
n, then

B
ρρρ
p(·),q1(·)(R

n) ↪→ Bwwwp(·),q2(·)(R
n).

(ii) Let p(·), q1(·), q2(·) ∈ Clog(Rn). If
wj (x)

ρj (x)
≤ c2−jε for all j ∈ N0 and x ∈ R

n, and

some ε > 0, then

B
ρρρ

p(·),q1(·)(R
n) ↪→ Bwwwp(·),q2(·)(R

n) .

(iii) Letwww0,www1 ∈ Wα
α1,α2

(Rn) and p1(·), p2(·) ∈ Clog(Rn) satisfy

1 ≤ w0
j (x)

w1
j (x)

= 2
j
(

n
p0(x)

− n
p1(x)

)

for all x ∈ R
n and any j ∈ N0. If q(·) ∈ Clog(Rn), then

Bwww
0

p0(·),q(·)(R
n) ↪→ Bwww

1

p1(·),q(·)(R
n) .

PROOF. To prove this theorem, we apply atomic decomposition. Therefore, we prove
the embeddings for the corresponding sequence spaces.
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(i) Without loss of generality, we can assume ‖λ‖bρρρp(·),q1(·)
= 1. Note that

∥∥∥∥

( ∑

m∈Zn
|λjm|wj(2−jm)χjm

)q1(·)∥∥∥∥
Lp(·)/q1(·)

≤ 1

for any j ∈ N0. By Lemma 2 and Jensen’s inequality, it is easy to see that
∞∑

j=0

∥∥∥∥

( ∑

m∈Zn
|λjm|wj(2−jm)χjm

)q2(·)∥∥∥∥
Lp(·)/q2(·)

≤
∞∑

j=0

∥∥∥∥
( ∑

m∈Zn
|λjm|ρj (2−jm)χjm

)q1(·)∥∥∥∥
(q2/q1)

−

Lp(·)/q1(·)

≤
( ∞∑

j=0

∥∥∥∥

( ∑

m∈Zn
|λjm|ρj (2−jm)χjm

)q1(·)∥∥∥∥
Lp(·)/q1(·)

)(q2/q1)
−

≤ 1 .

This implies that ‖λ‖bwww
p(·),q2(·)

� ‖λ‖bρρρp(·),q1(·)
, where the implicit positive constants are inde-

pendent of λ = {λjm}j∈N0,m∈Zn .

(ii) Note that bρρρ
p(·),q1(·)(R

n) ↪→ b
ρρρ

p(·),∞(R
n) holds by using the normalization. Hence

it is suffices to prove bρρρp(·),∞(R
n) ↪→ bwwwp(·),q2(·)(R

n). Without loss of generality, we assume

‖λ‖bρρρp(·),∞ = 1. We see that

∞∑

j=0

∥∥∥∥
( ∑

m∈Zn
|λjm|wj(2−jm)χjm

)q2(·)∥∥∥∥
Lp(·)/q2(·)

≤
∞∑

j=0

2−jε(q2)
−
∥∥∥∥
( ∑

m∈Zn
|λjm|ρj (2−jm)χjm

)q2(·)∥∥∥∥
Lp(·)/q2(·)

.

By Lemma 2, we have
∞∑

j=0

∥∥∥∥
( ∑

m∈Zn
|λjm|wj(2−jm)χjm

)q2(·)∥∥∥∥
Lp(·)/q2(·)

≤
∞∑

j=0

2−jε(q2)
−
.

This implies that bρρρ
p(·),∞(R

n) ↪→ bwwwp(·),q2(·)(R
n). Hence we obtain b

ρρρ

p(·),q1(·)(R
n) ↪→

b
ρρρ
p(·),∞(R

n) ↪→ bwwwp(·),q2(·)(R
n).

(iii) Without loss of generality, we can assume ‖f ‖
Bwww

0
p0(·),q(·)

= 1. Then, by Lemma 11,

we see that
∞∑

ν=0

∥∥|w1
νϕj (D)f |q(·)∥∥

Lp1(·)/q(·)
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�
∞∑

ν=0

(∥∥∥∥|w1
ν2
ν
(

n
p0(·)−

n
p1(·)

)

ϕj (D)f |q(·)
∥∥∥∥
Lp0(·)/q(·)

+ 2−ν
)

�
∞∑

ν=0

(∥∥∥
∣∣w0
νϕj (D)f

∣∣q(·)
∥∥∥
Lp0(·)/q(·)

)
+

∞∑

ν=0

2−ν

� 1 .

This implies that (iii) holds. �

THEOREM 9. Letwww = {wj }∞j=0 ∈ Wα
α1,α2

(Rn), p(·), q(·) ∈ Clog(Rn)∩P0(R
n). Then

Bwwwp(·),q(·)(R
n) is a quasi-Banach space and

S(Rn) ↪→ Bwwwp(·),q(·)(R
n) ↪→ S ′(Rn) .

Furthermore, S(Rn) is dense in Bwwwp(·),q(·)(Rn).

PROOF. In the case where q(·) equals to a constant q < ∞, Moura, Neves and Schnei-
der [12, Theorem 2.11] proved this theorem.

Step 1 (Embedding). By the result of [12, Theorem 2.11], the following embeddings

Bwwwp(·),q+(Rn) ↪→ S ′(Rn)

and

S(Rn) ↪→ Bwwwp(·),q−(Rn)

hold. Therefore, by Theorem 8 (i), we get the embedding

S(Rn) ↪→ Bwwwp(·),q−(Rn) ↪→ Bwwwp(·),q(·)(R
n) ↪→ Bwwwp(·),q+(Rn) ↪→ S ′(Rn) .

Step 2 (Completeness). Let {fk}∞k=0 be a Cauchy sequence in Bwww
p(·),q(·)(R

n). By

Bwwwp(·),q(·)(Rn) ↪→ S ′(Rn), {fk}∞k=0 is also a Cauchy sequence in S ′(Rn). Then we can

find the limit element f ∈ S ′(Rn) since S ′(Rn) is complete. By Lemma 10, we have
f ∈ Bwwwp(·),q(·)(Rn). Using Lemma 10 again, we see that

∥∥f − fj
∥∥
Bwww
p(·),q(·)

≤ lim inf
k→∞

∥∥fk − fj
∥∥
Bwww
p(·),q(·)

.

This means limj→∞ fj = f holds in Bwwwp(·),q(·)(Rn).
Step 3 (Density). We can prove the density by an argument similar to the classical case

([15, Proof of Theorem 2.3.3]).
Let f ∈ Bwwwp(·),q(·)(Rn) and {ϕk}∞k=0 ∈ Φ(Rn). We put

fN =
N∑

k=0

ϕk(D)f
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for N ∈ N0. We shall prove that fN converges to f in the topology of Bwwwp(·),q(·)(Rn). Note

that, for any j ∈ N0, there exists a positive constant c such that
∥∥ϕj (2j+1·)∥∥

Hv
2

≤ c

holds. By Theorem 6 and the estimate above, we have

‖f − fN‖Bwww
p(·),q(·) ≤ c

∥∥∥∥
{ 1∑

r=−1

wk(·)
∣∣∣F−1ϕkϕk+rFf

∣∣∣
}∞

k=N

∥∥∥∥
�q(·)(Lp(·))

�
∥∥{wk(·)ϕk(D)f }∞k=N

∥∥
�q(·)(Lp(·)) . (33)

Lebesgue’s bounded convergence theorem implies that the right hand side of (33) tends to
zero if N → ∞.

Finally, for each N ∈ N0, we approximate fN by some function in S(Rn). We put

GN,δ = fNFϕ0(δ·)
Fϕ0(0)

for each N ∈ N0. Note that GN,δ ∈ S(Rn) because ϕ0 ∈ S(Rn). Recall that ϕ0(x) = 1
for |x| ≤ 1 and suppϕ0 ⊆ {x ∈ R

n : |x| ≤ 2}. Hence, taking δ > 0 sufficiency small and
applying Lebesgue’s bounded theorem, we obtain

suppF(fN −GN,δ) ⊂ {
x ∈ R

n : |x| ≤ 2N+4}

and

lim
δ↓0

∥∥fN −GN,δ
∥∥
Lp(·) = 0 .

Since ϕ0 ∈ S(Rn), we note that GN,δ ∈ S(Rn), which is an approximation of fN in
Bwwwp(·),q(·)(Rn). Therefore S(Rn) is dense in Bwwwp(·),q(·)(Rn). �

8. Main theorem (Trace theorem)

In this section, we consider a trace operator for Bwwwp(·),q(·)(Rn). Therefore, we assume

n ≥ 2 in this section.
We consider the trace operator

Tr : f (x ′, xn) �−→ f (x ′, 0), x ′ ∈ R
n−1, f ∈ S(Rn) . (34)

We write x = (x ′, xn) ∈ R
n, where x ′ ∈ R

n−1 and xn ∈ R.

LEMMA 13 [12, Lemma 3.3]. Let p(·) ∈ Clog(Rn) ∩ P0(R
n) and www ∈ Wα

α1,α2
(Rn).

Then w̃ww = {w̃j }∞j=0, defined by

w̃j (x
′) = w(x ′, 0)2−j/p̃(x ′)



318 TAKAHIRO NOI

for x ′ ∈ R
n−1 and j ∈ N0, belongs to W α̃

α̃1,α̃2
(Rn−1) for α̃ = α + Clog

(
1

p(·, 0)

)
, α̃2 =

α2 + 1/p− and α̃1 = α1 − 1/p−.

As we mentioned in Section 1, Moura, Neves and Schneider [12] Proved the trace theorem
for Bwwwp(·),q(R

n), where the summability parameter q was constant. In this paper, we extend

the Moura, Neves and Schneider’s trace theorem for the cases where summability parameter
is also variable exponent q(·). The next theorem is a main theorem.

THEOREM 10. Let p(·), q(·) ∈ Clog(Rn) ∩ P0(R
n) andwww ∈ Wα

α1,α2
(Rn) satisfy

α1 − 1

p− > (n− 1)

(
1

min{1, p−} − 1

)
.

Furthermore, we write p̃(x ′) = p(x ′, 0), q̃(x ′) = q(x ′, 0) and s̃(x ′) = s(x ′, 0) and w̃ww =
{w̃j }∞j=0 ∈ W α̃

α̃1,α̃2
(Rn−1), where w̃j (x

′) = w(x ′, 0)2−j/p̃(x ′), α̃1, α̃2 and α̃ are the same as

in Lemma 13. Then the operator Tr can be extended to a surjective and continuous mapping

from Bwwwp(·),q(·)(Rn) to Bw̃ww
p̃(·),q̃(·)(R

n−1).

8.1. Some lemmas for the proof of Theorem 10. To prove Theorem 10, we need

some lemmas. When we emphasize the semi-norms ‖·‖Bwwwp(·),q(·) and ‖·‖bwwwp(·),q(·) on R
n or Rn−1,

we write ‖ · ‖Bwwwp(·),q(·)(Rn), ‖ · ‖bwwwp(·),q(·)(Rn), ‖ · ‖Bwww
p(·),q(·)(Rn−1) and ‖ · ‖bwww

p(·),q(·)(Rn−1), respectively.

LEMMA 14 [3, Lemma 7.1]. Let p(·), q(·) ∈ Clog(Rn) ∩ P0(R
n), www = {wj }∞j=0 ∈

Wα
α1,α2

(Rn), ε > 0 and let {Eνm}(ν,m)∈N0×Zn be a collection of sets such that Eνm ⊂ 3Qνm
and |Eνm| ≥ ε|Qνm|. Further let χEνm be a characteristic function on Eνm. Then we have

∥∥{λνm}(ν,m)∈N0×Zn

∥∥
bwww
p(·),q(·)

∼
∥∥∥∥

{ ∑

m∈Zn
wν(2−νm)

∣∣λνm
∣∣χEνm

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

(35)

for any {λνm}(ν,m)∈N0×Zn ∈ bwwwp(·),q(·)(Rn).
PROOF. We use an argument similar to the proof of [3,Lemma 7.1]. Note that χνm �

ην,l ∗ χEνm holds for any l > 2. Here the implicit positive constant is independent of ν ∈ N0

and m ∈ Z
n. Let 0 < r < min{p−, q−}. Then we see that
∥∥ {λνm}(ν,m)∈N0×Zn

∥∥
bwww
p(·),q(·)

=
∥∥∥∥

{ ∑

m∈Zn
wν(2

−νm) |λνm|χνm
}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

=
∥∥∥∥

{ ∑

m∈Zn
wν(2−νm)r |λνm|r χνm

}∞

ν=0

∥∥∥∥
r

�q(·)/r (Lp(·)/r )
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�
∥∥∥∥
{
ην,l ∗

( ∑

m∈Zn
wν(2−νm)r |λνm|r χEνm

)}∞

ν=0

∥∥∥∥
r

�q(·)/r (Lp(·)/r )
.

By Theorem 3, we obtain
∥∥ {λνm}(ν,m)∈N0×Zn

∥∥
bwwwp(·),q(·)

�
∥∥∥∥
{
ην,l ∗

( ∑

m∈Zn
wν(2−νm)r |λνm|r χEνm

)}∞

ν=0

∥∥∥∥
r

�q(·)/r (Lp(·)/r )

�
∥∥∥∥

{ ∑

m∈Zn
wν(2

−νm)r |λνm|r χEνm
}∞

ν=0

∥∥∥∥
r

�q(·)/r (Lp(·)/r )

�
∥∥∥∥

{ ∑

m∈Zn
wν(2−νm) |λνm|χEνm

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

.

Conversely, the opposite inequality follows from the same argument as above since
χEνm � ην,l ∗ χνm holds, where the implicit positive constant is independent of ν ∈ N0

and m ∈ Z
n. �

The next proposition is correspond to [12, Proposition 3.1].

PROPOSITION 1. Let p1(·), p2(·), q1(·), q2(·) ∈ Clog(Rn) ∩ P0(R
n) and www =

{wj }∞j=0 ∈ Wα
α1,α2

(Rn). Assume that p1(·) = p2(·) and q1(·) = q2(·) in the upper or

lower half space. For a double-index complex-valued sequence λ = {λνm}(ν,m)∈N0×Zn and
for j = 0,−1, we have

∥∥{δmn,jλνm}(ν,m)∈N0×Zn

∥∥
bwwwp1(·),q1(·)(R

n)
∼ ∥∥{δmn,jλνm}(ν,m)∈N0×Zn

∥∥
bwwwp2(·),q2(·)(R

n)
. (36)

PROOF. Firstly, we shall prove the case of j = 0. Then we prove the case of p1(·) =
p2(·) and q1(·) = q2(·) in the lower half space because it is obvious that (36) holds if p1(·) =
p2(·) and q1(·) = q2(·) in the upper half space.

For m = (m′, 0) ∈ Z
n, we put

Eνm =
{
(x ′, xn) ∈ R

n : (x ′,−xn) ∈ Qνm, −3

4
· 2−ν ≤ xn ≤ −1

2
· 2−ν

}
;

for all other m ∈ Z
n, we put Eνm = Qνm. Since Eνm is supported in the lower space when

mn = 0, by Lemma 14, we see that
∥∥∥{δmn,0λνm}(ν,m)∈N0×Zn

∥∥∥
bwwwp2(·),q2(·)(R

n)

∼
∥∥∥∥

{ ∑

m∈Zn
wν(2−νm)δmn,0 |λνm|χEνm

}∞

ν=0

∥∥∥∥
�q2(·)(Lp2(·))
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∼
∥∥∥∥
{ ∑

m∈Zn
wν(2−νm)δmn,0 |λνm|χEνm

}∞

ν=0

∥∥∥∥
�q1(·)(Lp1(·))

∼ ∥∥{δmn,0λνm}(ν,m)∈N0×Zn

∥∥
bwww
p1(·),q1(·)(R

n)
.

Finally, we shall prove the case of j = −1. We use an argument similar to the proof [12,
Proposition 3.1]. Then we prove the case of p1(·) = p2(·) and q1(·) = q2(·) in the upper half
space because it is obvious that (36) holds if p1(·) = p2(·) and q1(·) = q2(·) in the lower half
space. For m = (m′,−1) ∈ Z

n, we put Eνm = 3Qνm ∩ R
n+; for all other m ∈ Z

n, we put
Eνm = Qνm. Since Eνm is supported in the upper space when mn = −1, by Lemma 14, we
see that

∥∥{δmn,−1λνm}(ν,m)∈N0×Zn

∥∥
bwww
p2(·),q2(·)(R

n)
∼ ∥∥{δmn,−1λνm}(ν,m)∈N0×Zn

∥∥
bwww
p1(·),q1(·)(R

n)
.

�

We extend [12, Corollary 3.2] to the next corollary.

COROLLARY 2 [3, Proposition 7.3]. Let p1(·), p2(·), q1(·), q2(·) ∈ Clog(Rn) ∩
P0(R

n) and www = {wj }∞j=0 ∈ Wα
α1,α2

(Rn). Assume that p1(x) = p2(x) and q1(x) = q2(x)

for all x ∈ R
n−1 × {0}. For a double-index complex-valued sequence λ = {λνm}(ν,m)∈N0×Zn

and for j = −1, 0, we have
∥∥{δmn,jλνm}(ν,m)∈N0×Zn

∥∥
bwww
p1(·),q1(·)(R

n)
∼ ∥∥{δmn,jλνm}(ν,m)∈N0×Zn

∥∥
bwww
p2(·),q2(·)(R

n)
. (37)

Now we can remove the assumption “p1(x) = p2(x) and q1(x) = q2(x) for all x ∈
R
n−1 × {0}” in the Corollary 2.

LEMMA 15. Let p(·), q(·) ∈ Clog(Rn)∩ P0(R
n). For a double-index complex-valued

sequence λ = {λνm}(ν,m)∈N0×Zn and for j = −1, 0, we have
∥∥{λν(m′,j)}(ν,m′)∈N0×Zn−1

∥∥
bw̃ww
p̃(·),q̃(·)(Rn−1)

∼ ∥∥{δmn,jλνm}(ν,m)∈N0×Zn

∥∥
bwwwp(·),q(·)(Rn)

.

PROOF. By Corollary 2, it suffices to consider the case that

p(x) = p(x ′, xn) = p(x ′, 0) and q(x) = q(x ′, xn)− q(x ′, 0)

hold for any x = (x ′, xn) ∈ R
n−1 × R with |xn| ≤ 2.

For ν ∈ N0 andm′ ∈ Z
n−1, let Q̃νm′ = Qνm′ ×[2−ν, 2−ν+1) and χQ̃νm be a characteristic

function on Q̃νm′ . If we can prove
∥∥{λν(m′,j)}(ν,m′)∈N0×Zn−1

∥∥
bw̃ww
p̃(·),q̃(·)(Rn−1)

=
∥∥∥∥

{ ∑

m′∈Zn−1

w̃ν(2−νm′)
∣∣λν(m′,j)

∣∣χνm′
}∞

ν=0

∥∥∥∥
�q̃(·)(Lp̃(·))
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∼
∥∥∥∥
{ ∑

m′∈Zn−1

wν(2−ν(m′, j))
∣∣λν(m′,j)

∣∣χQ̃νm′

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

(38)

and
∥∥{δmn,jλνm}(ν,m)∈N0×Zn

∥∥
bwwwp(·),q(·)(Rn)

=
∥∥∥∥
{ ∑

m′∈Zn−1

wν(2−ν(m′, j))
∣∣λν(m′,j)

∣∣χν(m′,j)

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

∼
∥∥∥∥
{ ∑

m′∈Zn−1

wν(2−ν(m′, j))
∣∣λν(m′,j)

∣∣χQ̃νm′

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

, (39)

then (38) and (39) imply that this lemma holds. Therefore, we prove (38) in Step 1 and (39)
in Step 2.

Step 1. We prove (38). Let λ > 0. Then we recall that
∥∥∥∥
{ ∑

m′∈Zn−1

w̃ν(2−νm′)
∣∣λν(m′,j)

∣∣χνm′
}∞

ν=0

∥∥∥∥
�q̃(·)(Lp̃(·))

= inf

{
λ > 0 :

∞∑

ν=0

∥∥∥∥
(∑

m′∈Zn−1 w̃ν(2−νm′)
∣∣λν(m′,j)

∣∣χνm′

λ

)q̃(·)∥∥∥∥
L
p̃(·)
q̃(·)

≤ 1

}
.

Let μ > 0 and λ′
ν(m′,j) = λν(m′,j)

λ
. Then we also recall that

∥∥∥∥
(∑

m′∈Zn−1 w̃ν(2−νm′)
∣∣λν(m′,j)

∣∣χνm′

λ

)q̃(·)∥∥∥∥
L
p̃(·)
q̃(·)

= inf{μ > 0 : Iν ≤ 1} (40)

for each ν ∈ N0, where

Iν =
∫

Rn−1

⎧
⎪⎨

⎪⎩

(∑
m′∈Zn−1wν(2−ν(m′, 0))2

−ν
p(2−νm′,0)

∣∣∣λ′
ν(m′,j)

∣∣∣χνm′
)q(x ′,0)

μ

⎫
⎪⎬

⎪⎭

p(x′,0)
q(x′,0)

dx ′ .

Note that, for j = −1, 0, wν(2
−ν(m′, 0)) ∼ wν(2

−ν(m′, j)) holds, where the implicit
positive constants depend only on α. Using the same estimate as above, for x ′ ∈ Qνm′ ,

we have 2−ν/p(2−νm′,0) ∼ 2−ν/p(x ′,0), where the implicit positive constants depend only on
Clog(1/p(·′, 0)). Therefore, we obtain

Iν ∼
∫

Rn−1

(∑
m′∈Zn−1 wν(2−ν(m′, j))2−ν/p(x ′,0)

∣∣∣λ′
ν(m′,j)

∣∣∣χνm′
)p(x ′,0)

μ
p(x′,0)
q(x′,0)

dx ′
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∼
∫

Rn−1

2−ν
(∑

m′∈Zn−1 wν(2−ν(m′, j))
∣∣∣λ′
ν(m′,j)

∣∣∣χνm′
)p(x ′,0)

μ
p(x′,0)
q(x′,0)

dx ′ .

By 2−ν = ∫ 2−ν+1

2−ν χ[2−ν,2−ν+1)(xn) dxn and |xn| ≤ 2 for any ν ∈ N0, we see that

Iν ∼
∫

Rn−1

2−ν
(∑

m′∈Zn−1 wν(2−ν(m′, j))
∣∣∣λ′
ν(m′,j)

∣∣∣χνm′
)p(x ′,0)

μ
p(x′,0)
q(x′,0)

dx ′

=
∫

Rn−1

⎧
⎪⎨

⎪⎩

∫ 2−ν+1

2−ν

(∑
m′∈Zn−1 wν(2−ν(m′, j))

∣∣∣λ′
ν(m′,j)

∣∣∣χQ̃νm′

)p(x ′,0)

μ
p(x′,0)
q(x′,0)

dxn

⎫
⎪⎬

⎪⎭
dx ′

=
∫

Rn−1

⎧
⎪⎨

⎪⎩

∫ 2−ν+1

2−ν

(∑
m′∈Zn−1 wν(2−ν(m′, j))

∣∣∣λ′
ν(m′,j)

∣∣∣χQ̃νm′

)p(x ′,xn)

μ
p(x′,xn)
q(x′,xn)

dxn

⎫
⎪⎬

⎪⎭
dx ′ .

Hence we have

Iν ∼
∫

Rn−1

⎧
⎪⎨

⎪⎩

∫ 2−ν+1

2−ν

(∑
m′∈Zn−1 wν(2−ν(m′, j))

∣∣∣λ′
ν(m′,j)

∣∣∣χQ̃νm′

)p(x ′,xn)

μ
p(x′,xn)
q(x′,xn)

dxn

⎫
⎪⎬

⎪⎭
dx ′

=
∫

Rn

(∑
m′∈Zn−1 wν(2−ν(m′, j))

∣∣∣λ′
ν(m′,j)

∣∣∣χQ̃νm′

)p(x)

μ
p(x)
q(x)

dx

=
∫

Rn

⎛
⎜⎝

(∑
m′∈Zn−1 wν(2−ν(m′, j))

∣∣∣λ′
ν(m′,j)

∣∣∣χQ̃νm′

)q(x)

μ

⎞
⎟⎠

p(x)
q(x)

dx

holds for any ν ∈ N0. This implies that
∥∥∥∥

(∑
m′∈Zn−1 w̃ν(2−νm′)

∣∣λν(m′,j)
∣∣χνm′

λ

)q̃(·)∥∥∥∥
L
p̃(·)
q̃(·)

∼
∥∥∥∥

(∑
m′∈Zn−1 wν(2−ν(m′, j))

∣∣λν(m′,j)
∣∣χQ̃νm′

λ

)q(·)∥∥∥∥
L
p(·)
q(·)

holds for any ν ∈ N0 by (40). Therefore, we obtain (38).
Step 2. We prove (39). Firstly, we prove

∥∥∥∥
{ ∑

m′∈Zn−1

wν(2−ν(m′, j))
∣∣λν(m′,j)

∣∣χQ̃νm′

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))
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�
∥∥∥∥
{ ∑

m′∈Zn−1

wν(2−ν(m′, j))
∣∣λν(m′,j)

∣∣χν(m′,j)

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

. (41)

Without loss of generality, we can assume
∥∥∥
{
δmn,jλνm

}
(ν,m)∈N0×Zn

∥∥∥
bwwwp(·),q(·)(Rn)

= 1 and

λνm = 0 when mn �= j . Let α := min(p−,q−,1)
2 and

λ′ := {λν(m′,j)}(ν,m′)∈N0×Zn−1 . (42)

If x ∈ Q̃νm′ and y ∈ Qν(m′,j), then |x − y| ≤ 3
√
n2−ν . Let M > 2n. Then we obtain

1 ≤
(

3
√
n+ 1

1 + 2ν |x − y|
)M

.

Hence, we see that

|λν(m′,j)|αχQ̃νm′ (x) ≤
χQ̃νm′ (x)

|Qν(m′,j)|
∫

Qν(m′,j)
|λνm′ |αχν(m′,j)(y)dy

�
∫

Rn

2νn

(1 + 2ν |x − y|)M
(|λν(m′,j)|αχν(m′,j)(y)

)
dy

�
∫

Rn

2νn

(1 + 2ν |x − y|)M
( ∑

m′∈Zn−1

|λνm′ |αχν(m′,j)(y)

)
dy

=
(
ην,M ∗

( ∑

m′∈Zn−1

|λν(m′,j)|χν(m′,j)(·)
)α)

(x) .

Hence, we obtain
∣∣∣∣

∑

m′∈Zn−1

wν(2−ν(m′, j))λνm′χQ̃νm′ (x)

∣∣∣∣

�
(
ην,M ∗

( ∑

m′∈Zn−1

wν(2
−ν(m′, j))|λν(m′,j)|χν(m′,j)(·)

)α) 1
α

(x) . (43)

By (43) and Theorem 3, we see that
∥∥∥∥

{ ∑

m′∈Zn−1

wν(2
−ν(m′, j))

∣∣λν(m′,j)
∣∣χQ̃νm′

}∞

ν=0

∥∥∥∥
Lp(·)(�q(·))

�
∥∥∥∥

{ ∑

m′∈Zn−1

wν(2
−ν(m′, j))

∣∣λν(m′,j)
∣∣χν(m′,j)

}∞

ν=0

∥∥∥∥
Lp(·)(�q(·))

. (44)
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Finally, we shall prove
∥∥∥∥
{ ∑

m′∈Zn−1

wν(2−ν(m′, j))
∣∣λν(m′,j)

∣∣χν(m′,j)

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

�
∥∥∥∥
{ ∑

m′∈Zn−1

wν(2−ν(m′, j))
∣∣λν(m′,j)

∣∣χQ̃νm′

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

. (45)

Without loss of generality, we can assume that
∥∥∥∥
{ ∑

m′∈Zn−1

wν(2−ν(m′, j))
∣∣λν(m′,j)

∣∣χQ̃νm′

}∞

ν=0

∥∥∥∥
�q(·)(Lp(·))

= 1 .

By using the same argument as above, we have

|λν(m′,j)|αχν(m′,j)(x) ≤ χν(m′,j)(x)

|Q̃νm′ |
∫

Q̃νm′
|λνm′ |αχQ̃νm′ (y)dy

�
∫

Rn

2νn

(1 + 2ν |x − y|)M
(

|λν(m′,j)|αχQ̃νm′ (y)

)
dy

�
∫

Rn

2νn

(1 + 2ν |x − y|)M
( ∑

m′∈Zn−1

|λν(m′,j)|αχQ̃νm′ (y)

)
dy

=
(
ην,M ∗

( ∑

m′∈Zn−1

|λν(m′,j)|χQ̃νm′ (·)
)α)

(x) .

Hence we see that
∣∣∣∣

∑

m′∈Zn−1

wν(2−ν(m′, j))λν(m′,j)χν(m′,j)(x)

∣∣∣∣

�
(
ην,M ∗

( ∑

m′∈Zn−1

wν(2
−ν(m′, j))|λν(m′,j)|χQ̃νm′ (·)

)α) 1
α

(x) . (46)

By (46) and Theorem 3, we obtain (45).
Therefore, we prove (39) by (41) and (45). �

8.2. Proof of main theorem (Theorem 10). We divide the proof into 2 steps. Firstly,
we prove that Tr is well-defined and continuous in Step 1. Next, we prove surjectivity in Step
2.

Step 1. We prove that Tr is well-defined and continuous. We can use a density argument.
Let f ∈ S(Rn). Since f ∈ Bwwwp(·),q(·)(Rn) by Theorem 9, we apply the atomic decomposition
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and have

f =
∞∑

j=0

∑

m∈Zn
λjmajm (47)

for suitable [K,L]-atom {ajm}j∈N0,m∈Zn with ‖λ‖bwwwp(·),q(·)(Rn) ∼ ‖f ‖Bwwwp(·),q(·)(Rn). We remark

that Tr is well defined for f ∈ S(Rn) from the optimal atomic decompositions (47). Further-
more, the optimal atomic decompositions that the convergence (47) holds not only in S ′(Rn)
but also pointwisely. Since supp ajm ⊂ 3Qjm, ajm(x ′, 0) is not a zero function if and only if

mn = 0,−1, where m = (m1,m2, . . . ,mn) and x ′ ∈ R
n−1. Hence, we see that

Trf (x ′) =
∞∑

j=0

∑

m∈Zn
λjmajm(x

′, 0)

=
∞∑

j=0

∑

m′∈Zn−1

λj(m′,−1)aj (m′,−1)(x
′, 0)+

∞∑

j=0

∑

m′∈Zn−1

λj(m′,0)aj (m′,0)(x
′, 0) .

Note that {aν(m′,−1)(·′, 0)}ν∈N0,m
′∈Zn−1 and {aν(m′,0)(·′, 0)}ν∈N0,m

′∈Zn−1 are [K,L]-atoms cen-
tered at Qνm′ . Therefore, by Lemma 15, we obtain

‖Trf ‖
Bw̃ww
p̃(·),q̃(·)(Rn−1)

=
∥∥∥∥

∞∑

j=0

∑

m′∈Zn−1

λj(m′,−1)aj (m′,−1)(·′, 0)

∥∥∥∥
Bw̃ww
p̃(·),q̃(·)(Rn−1)

+
∥∥∥∥

∞∑

j=0

∑

m′∈Zn−1

λj(m′,0)aj (m′,0)(·′, 0)

∥∥∥∥
Bw̃ww
p̃(·),q̃(·)(Rn−1)

≤ ‖δmn,−1λ‖bw̃ww
p̃(·),q̃(·)(Rn−1)

+ ‖δmn,0λ‖bw̃ww
p̃(·),q̃(·)(Rn−1)

� ‖δmn,−1λ‖bwwwp(·),q(·)(Rn) + ‖δmn,0λ‖bwwwp(·),q(·)(Rn)
� ‖f ‖Bwwwp(·),q(·)(Rn) . (48)

Let f ∈ Bwwwp(·),q(·). Since S(Rn) is dense in Bwwwp(·),q(·)(Rn), there exists a sequence

{fk}∞k=0 ⊂ S(Rn) such that ‖fk − f ‖Bwww
p(·),q(·)(Rn) → 0 as k → ∞. Because {fk}∞k=0 ⊂ S(Rn)

is a Cauchy sequence in Bwwwp(·),q(·)(R
n), by (48) it follows that {Trfk}∞k=0 ⊂ Bw̃ww

p̃(·),q̃(·)(R
n−1)

is a Cauchy sequence in the complete space Bw̃ww
p̃(·),q̃(·)(R

n−1). Therefore, there exists g ∈
Bw̃ww
p̃(·),q̃(·)(R

n−1) such that lim
k→∞ Trfk = g in Bw̃ww

p̃(·),q̃(·)(R
n−1). Hence we define Trf := g .

We show the definition of the trace operator is well-defined. Let {hk}∞k=0 ⊂ S(Rn) is another
sequence which converges to f in Bwwwp(·),q(·)(Rn). Then we see that

‖Trhk − f ‖
Bw̃ww
p̃(·),q̃(·)(Rn−1)
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� ‖Trhk − Trfk‖Bw̃ww
p̃(·),q̃(·)(Rn−1)

+ ‖Trfk − f ‖
Bw̃ww
p̃(·),q̃(·)(Rn−1)

� ‖hk − fk‖Bwww
p(·),q(·)(Rn) + ‖Trfk − f ‖

Bw̃ww
p̃(·),q̃(·)(Rn−1)

� ‖hk − f ‖Bwww
p(·),q(·)(Rn) + ‖f − fk‖Bwww

p(·),q(·)(Rn) + ‖Trfk − f ‖
Bw̃ww
p̃(·),q̃(·)(Rn−1)

.

Therefore, the right hand side converges to zero as k → ∞. This implies that limk→∞ Trhk =
g in Bw̃ww

p̃(·),q̃(·)(R
n−1). It shows that the operator Tr is well-defined and continuous.

Step 2. Finally, we prove surjectivity. Let g ∈ S(Rn−1) ⊂ Bw̃ww
p̃(·),q̃(·)(R

n−1). Applying

the atomic decomposition again, we have

g =
∞∑

j=0

∑

m′∈Zn−1

γjm′bjm′ , (49)

for suitable [K,L]-atom {bjm′ }j∈N0,m
′∈Zn−1 with

‖{γjm′ }(j,m′)∈N0×Zn−1‖bw̃ww
p̃(·),q̃(·)(Rn−1)

∼ ‖g‖
Bw̃ww
p̃(·),q̃(·)(Rn−1)

.

Let {bjmn(xn)}j∈N0,mn∈Z be [K,L]-atoms on R. In particular, we choose bj0(xn) satisfying
bj0(0) = 1. Then we define

f (x ′, xn) =
∞∑

j=0

∑

m′∈Zn−1

δmn,0γjm′bjm′(x ′)bjmn(xn) =
∞∑

j=0

∑

m∈Zn
τjmajm(x) ,

where τjm = δmn,0γjm′ and ajm(x) = bjm′(x ′)bjmn(xn). By the construction, we see that
Trf = g and {ajm}j∈N0,m∈Zn are [K,L]-atom centered at Qνm. Therefore, thanks to Lemma
15, we see that

‖f ‖Bwwwp(·),q(·)(Rn) ∼ ‖{τνm}(ν,m)∈N0×Zn‖bwwwp(·),q(·)(Rn)
∼ ∥∥ {τν(m′,0)

}
(ν,m′)∈N0×Zn−1

∥∥
bw̃ww
p̃(·),q̃(·)(Rn−1)

∼ ‖g‖
Bw̃ww
p̃(·),q̃(·)(Rn−1)

.

This and the density argument imply that the operator Tr is surjective.
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