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Trace Operator for 2-microlocal Besov Spaces
with Variable Exponents
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Abstract. Moura, Neves and Schneider proved the trace theorem for 2-microlocal Besov spaces with variable
integrability and smoothness, where the summability parameter was constant (Math. Nachr., 286 (2013) 1240-1254).
In this paper, we extend the trace theorem for the case that the summability parameter is also a variable exponent.

1. Introduction

The 2-microlocal Besov spaces and Trieble-Lizorkin spaces with variable exponents
were introduced by Kempka [7, 8] who studied the atomic, moleculer and wavelet decom-
positions for the spaces, but the summability parameter was assumed to be constant on the
2-microlocal Besov space with variable exponents case. Moura, Neves and Schneider [12]
studied the trace theorem for 2-microlocal Besov spaces with variable exponents by using
atomic decompositions, but the summability parameter is constant. Kempka and Vybiral [10]
have introduced 2-microlocal Besov spaces with variable exponents in the case where summa-
bility parameter is also a variable exponent, and have studied local mean characterization.

The goal of this paper is to prove the trace theorem for 2-microlocal Besov spaces with
variable exponents in the cases where the summability parameter is also a variable exponent.
To do this, we consider an atomic decomposition for 2-microlocal Besov spaces with variable
exponents.

In this paper, we use the following notations :

o If there exists a positive constant ¢ independent of A and B such that A < ¢B holds,
then we write A < B.

e A > Bmeans B < A.

e If A < Band B < A, then we write A ~ B.

n
1
e ForveZandm = (mi,my,...,my) € Z", we define Q,p, := l_[ [% meZL ) '
k=1
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e Let x,, be the characteristic function on Q,,,.

e Let y € R be positive. Then y Q,,, is the cube in R” concentric with Q,,, and with
side length y times the side length of Q,,,.

e Leta, b € Z, then §, p is the Kronecker delta:

1 a=b,

Sab =
0 a#b.

To close this section, we describe how we organize the remaining part of this paper.
This paper consists of 8 Sections as follows. In Section 2, we define the 2-microlocal
Besov spaces with variable exponents Bp“’(‘)’ q()(R") and state local mean characterization for
B;"(‘)’ a0 (R™) (Theorem 1). Next we introduce fundamental results on the variable exponents

analysis in Section 3. In Section 4, we prove an atomic decomposition for B;"(‘) q()(R”).

To show that B;"(‘) p O(R”) is a quasi-Banach space, we prove a version of the Fatou lemma

for B['j’(.)’q(_)(R”). In order to prove that S(R") is dense in B[':’(.)’q(_)(R") (Theorem 9), we

apply a multiplier theorem (Theorem 6). In Section 5, we prove the multiplier theorem (The-
orem 6). We apply the atomic decomposition theorem and the fact that S(R") is dense in

B[‘;’(_) q(.)(R") to prove a trace theorem (Theorem 10) . To do this we show that S(R") is
dense in B[’f(.) q(_)(R") (Theorem 9) in Section 7. Finally, we state the trace theorem (Theo-

rem 10) and prove it in Section 8.

2. Definition of 2-microlocal Besov spaces with variable exponents and local mean
characterization

Let £2 C R". Denote by Py(§2) the set of measurable functions p(-) on §2 with range in
(0, 00) such that

0<p =essinfp(x), esssupp(x)=p" <oo.
XeR xen

We also denote by P (£2) the set of measurable functions p(-) on £2 with range in (1, co)
such that 1 < p_ and p;+ < oo.
For p € Py(£2), let LP)(£2) be the set of measurable functions f on £2 such that for

some A > 0,
p(x)
[ (L) e,
Q

The infimum of such A is denoted by || f|[,,) (). The set LPO)(£2) becomes a quasi-Banach

function space equipped with the Luxemburg-Nakano norm || f||»¢)(s)- More precisely,

p(x)
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When 2 = R", we write simply || f |l .p¢) = | fIl Lp) gy

To define 2-microlocal Besov spaces with variable exponents, we use the mixed
Lebesgue sequence space £ (LP0)).

Let p(-), g(-) € Po(R™). The space £9¢)(LP") is the collection of all sequences {15
of measurable functions on R" such that

. i1~
||{fj}7io||gq(-)(Lp(-)) = mf{ﬂ >0: QpaC)(Lr0)) ({;j <1{<oo,

j=0
where
px)
[ fj(x)]
qu(-)(Lp(-))( f] j= 0) Zlnf )‘ >0: / ]L dx <1
)\'q(x)
J
Since we assume that g7 < oo,
ouowoy (117)70) = Z [1519]| a (M

If {f j}?’ » 18 a finite sequence of measurable functions on R”, then we define an infinite
sequence { F } - o of measurable functions on R",

P fi forj=M,M+1,...,N
i= 0 otherwise

and

N
” {fj}sz H/gq(-)(Lp(-)) = ||{Fj}?io||zq(-)(Lp(-))-
Almeida and Histo [1] proved that || - ||gq<)(Lp()) is a quasi-norm for all p(-),q(-) €

P(R") and that || - [l s4¢) (£ p() i @ norm when p() + < 1. Kempka and Vybiral [9] proved

q()
that || - [lgg¢)(zr0y is @ norm if p(-), g(-) € Po(R") satisfy either 1 < g(x) < p(x) < oo or
ﬁ + ﬁ < 1 for almost all x € R". Furthermore, they proved that || - [|z¢)(zr()) does
not always become a norm even if p(-) and ¢q(-) satisfy p~, g~ > 1. However, we have the
following inequality.

LEMMA 1 [14,Lemma 1]. Let p(-), q(-) € Po(R") and

o« =min{g™, l}min{l, (5)_} :
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Then
H{fk + gk}l?io ||‘Z‘I(')(LP(')) = ||{fk}/fio HZ(-)(LP(-)) + ||{9k}/fio||zq(-)@p<->) .

We denote by C'°¢(IR") the set of all real valued functions p(-) : R” — R satisfying
following conditions: There exist constants Ciog(p) and poo € R such that

Clog(P) n
Ip(x) = p(Y)| = log(e + x — y[-) (x,y e RY, x #y) 2
and
Clog(P) n
|p(x) — pocl < Togte + 1) (x e RY). (3)

DEFINITION 1 (Resolution of unity). The set @ (R") is the collection of all systems
{o) }‘;‘;0 C S(R") satistying the following conditions:

@ @o(x) =1 for |x| <1,

(i) suppgo C {x € R" : |x| <2},
(iii) ¢ (x) = @027/ x) — o2~/ F'x) for j e N.

REMARK 1. Let{p j}?io € @ (R™). Then one may verify easily that

D e =1
j=0

for all x € R".
DEFINITION 2 [18, Admissible weight sequence]. Let « > 0 and o1,y € R with

a1 < aa. A sequence of non-negative measurable weight functions w = {w j}‘]’.‘;o belongs to
the class ng (R™) if the following hold.

)

(1) There exists a constant C > 0 such that 0 < w;(x) < Cw;(y)(1 + 2j|x — y)* for
all j e Npandall x, y € R".
(ii) Forall j € Ng we have 2*'w;(x) < wji1(x) <2%w;(x) forall x € R".

Such a system {w j};?‘;o € Wy, .a, (R") is called an admissible weight sequence.

REMARK 2. Lets(:) € C'°¢(R"). Then {2j“(')}7‘;0 is an admissible weight sequence

witha; =57, a2 = sT and & > Ciog(s) (see Lemma 12).
Another fundamental example of an admissible weight sequence is a 2-microlocal
weights. For a fixed nonempty set U C R" and s’ € R, We denote dist(x, U) = ian] lx — z|.
ze

The 2-microlocal weights {w j};?‘;o is given by

w;(x) = (1 4 2/dist(x, U))*
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for any j € No. This 2-microlocal weights {w; }?‘;0 is an admissible weight sequence with
a1 = min(0, s), ap = max(0, s') and o = |s”].
Further examples are given in [6].

Let ¢ be a continuous function on R" or a sum of finitely many characteristic functions
of cubes in R”. Then ¢ (D) is defined by ¢(D) f = F - Ffl.

We introduce the 2-microlocal Besov spaces with variable exponents defined by Kempka
and Vybiral [10].

DEFINITION 3 (2-microlocal Besov spaces with variable exponents). Let
PO, q() € C¥®RM) N Po(R"), {9;}32, € PRY) and w = {w;}72, € WS ,,R".
Then we define

BY g ®) = {f e S®Y : fllgn, < ool

where

D q(-)
£l g (|w’%( >f|)

<1

p0a0 LrO/a0)

Kempka and Vybiral proved the norm of 2-microlocal Besov spaces with variable exponents
does not depend on the resolution of unity (Definition 1) by the local mean characterization
(Theorem 1).

Let {Yx}2, € SR"), f € S'(R") and a > 0. Then the Peetre maximal operator is
defined by

D)
WiDat) = 30 T Fo—nhe

for k € Ng and x € R".
In order to state local mean characterization, let us consider kg, x € S(R™) such that

|Fro(€)| >0 4)
on{x € R" : |§] < 2¢} and
| Fr &) >0 ©)

on{x € R" : ¢/2 < || < 2¢} for some ¢ > 0. Here (4) and (5) are called the Tauberian
conditions. Furthermore we assume the moment condition on «, that is,

/ X/SK()C) dx=0 (6)

forany 0 < || < S, where S € Ny. If § = 0, there are no moment condition (6) on «.
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We put
Kj(x) = 27" (27 x)
for j € Np.
THEOREM 1 (Local mean characterization [10, Theorem 6]).

Letw = {u)j}‘]?io € Wg0n R, p(), q() € C2(R™) N Po(R™). Furthermore, let a € R

n+Clog(1/q)
— >

and S € Ny satisfy a > + o and S > . Then we have

I/ 1l g

r().q()

forall f € S'(R").

~ || {(kg * f)wk}/?io ”M(')(LP(')) ~ {wk(’)(’(:f)a(')}zio ||et1(-)(Lp(-)) @)

3. Fundamental results

As well as classical analysis, the following generalized Holder’s inequality holds.

THEOREM 2 [11, Theorem 2.1]. Let p(-) : R* — [1, 0o] be a measurable function
and let p'(:) : R" — [1, 00] be defined as ﬁ + ﬁ = 1. Then generalized Holder’s

inequality

1 1
/ [f()g(x)ldx < (1 +—- —) 1A Lro gl e
R” p- D+

holds for every f € LPO(R") and g € Lp/(")(R”).

LEMMA 2. Let p(-),q(-) € Po(R") and f € LP(R"). Then

q- g7t
ooy S max {1100 1190 )

. - + .
min {1 £12, 10,0} < | 77|
holds.

PROOF. When | fll;»c = 0, it is obvious that || a0 HLP(,)/,,(_) = 0. Hence we consider
the case that || f||; ) # 0. We normalize f by putting g = f/|| fll;pc- Then |lgll; 00 = 1.
Therefore, we see that

p(x) @)\ PX)/q(x)
12/ (|g(1x>|> dx:/ (|g(xiq |) W

©)
holds. This implies that (ﬁ)q o _ H gm‘y’('”"“ =L If[|fllp0 > 1,
then it is easy to see that ’
H 40 - < f >q(~) - £a0)
LAY N resae Ifllpe LrO/aC) B ||f||‘z:(_) LrOMO
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Hence we obtain

. _
q ) q
LA e = 19 Lo < 1A -
An argument similar to above shows the case that || f|; p) < 1. d

Almeida and Hésto [1] showed that the Feffermann—Stein maximal inequality does not
hold if ¢ (-) is not a constant function. However, Almeida and Hésto [1] got a helpful inequality
(Theorem 3), which takes the place of the Feffermann—Stein maximal inequality.

Let

mx) =1+ 1xD™" and  nyx) = 2""(2"x)

for v € Ny and a positive real number /. Almeida and Hésto [1] showed the following helpful
theorem for the £9¢) (LP")) quasi-norm.

THEOREM 3 [1,Lemma4.7]. Let p(-),q(-) € C¢(R") with1 < p~ < pT < o0
and 1 < g~ < q* < oo. Then the inequality

||{77k,l * fk}/(:io||/gt1(»)(Lp(‘)) 5 ||{fk}/(:io||eq<-)(Lp<-))

1
loc

holds for every sequence { fi}72, of L, .-functions and | > 2n.
The next lemma is called “the r-trick”.

LEMMA 3 [3,LemmaA.7]. Letr >0,v € Nygand!l > n. Then

1FCOLS (o * 1FT ()7

holds for all x € R" and f € S'(R") with supp F f C {& : |£| < 2"}, where the implicit
positive constant depends only on r, [ and n.

4. Atomic decomposition

In the case where the summability parameter is constant, Kempka [8] got an atomic de-

composition for BY | (R"). If s(-) € C'2(R") N L®(R") and w;(x) = 2/°%), then the

space B[’f(.) q(_)(R") coincides with the Besov space with variable exponents B;(()) q(.)(R").
The atomic decomposition for B;(()) q (.)(R") was studied by Drihem [4]. Therefore, we com-

bine the argument of [8] with [4] to prove an atomic decomposition theorem (Theorem 4).

DEFINITION 4 (atom). Let K, L € Ny. A function a € C¥(R") is called a [K, L]-
atom centered at Q,,,, v € Ng and m € Z", if

suppa C 3Qum , (3)

IDPa(x)| < 2PV, )
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for 0 < |B] < K and if
/ xPa(x)dx =0 (10)

forO <|B] < Landv > 1.
The condition (10) is called the moment condition. In the case where a is an atom
centered at Qo or the case L = 0, the moment condition (10) is not required.

oy,02

p(),q(-) € C2R™) N Py(R"™). Then for all complex valued sequences A = {A,, € C :
v € Nog, m € 7"} we define

w ny _ .
by ,qy®D) = {A  lIAllpe | <00},

DEFINITION 5 (Coefficients space). Let w = {wj}?io e W¢ (R") and

where

e9]

IMllpw = H { > |Aum|wu(2‘”m>xum(~)} :
P().a()

mezn v=0 f‘i(')([‘]’('))
When the summability parameter is oo, we define

R") = : Il < o0},

w
p(:),00

where

IAllpw = inf {H |Avm [wy (27 m) Xom () }
PO vl mgzjn o e

THEOREM 4 (Atomic decomposition theorem). Letw = {w j}‘]?io € Wg1,a2 (R™) and
p(),q() € C%R") N Po(R"). Additionally, let K, L € Ny satisfy K > a» and L >

n (m — 1) — 1, then we have the following:

(a) For each [ € Bp“’(‘)’qm(R") there exist A € by(‘)’qm(R”) and [K, L]-atoms

{avm}veNg,mezn centered Q. such that

F="3" homtum, (11)

v=0meZ"
holds in the sense of S'(R™). Moreover

IAllpe S S e 12)

PO ™ P(),q()

holds, where the implicit positive constant is universal for all f € B['f(,) q(_)(R”).
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(b) If » € b® (R"™) and [ K, L)-atoms {aym}veN, mezn centered Qm, then
0

P(),q()
o0
F=>" homtvm (13)

v=0meZ"

in the sense of S'(R"), belongs to the space B;’(J q(‘)(R"). Moreover,

I lge, S (Al

p(g() ™ r().q()

(14)
holds, where the implicit positive constant is universal for all A € b["j’(_)qq(,)(R").

To prove Theorem 4 we need the following lemmas.

LEMMA 4 [5,Lemma 3.3]. Let {‘/’j}?io be a resolution of unity and let a,, be an
[K, L]-atom. Then
_1 20-DK (1 427 |x —27vm|) if v<j
|[F i xavmx)| S o)Lt . B M.
2U=IELAM (1427 |x — 27"m]) if j<v,
where M is a sufficiently large number.

The next lemma is a direct corollary of [14, Lemma 4.13].

LEMMA 5. Let0 <t < 1, j,v € Ng and {Avm}veNy,mezr be a family of positive
numbers. Furthermore let M > 0 be sufficiently large. Then

D dm(1 427 x =27V mp™™

mezl

1/t
< 2 max (1, 2(v—j)n/t)<|:;7u,m s ( Z )\.Lvam(-)):|(x))

mezr

holds for any x € R" and for any positive real number o > 0, where hy, is a positive number
depending only on n.

LEMMA 6 [4,Lemma3]. LetO<a <1,0<qg <ooandd > 0 and let {81(},‘{”:0 be a
sequence of positive real numbers, such that

I = |{ex}folle < 00
The sequence {6k : o = Z?io a'k_j“sej },fio is in £4 with
60l <1,
where the implicit positive constant depends only on a and q.

Next lemma is a Hardy type inequality in the variable exponents settings. In the case where
q(-) is constant, Lemma 7 above was proved by Xu [16, Lemma 3].
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LEMMA 7. Let p(-),q(-) € Po(R"). For any sequence {g; }?‘;0 of nonnegative mea-
surable functions on R" and § > 0 let

Gjx) =Y 2% 7Pg(x)

k=0
forallx € R" and j € Ny. Then

G 13|

holds, where the implicit positive constant depends only on p(-), q(-) and é.

15)

o0
240 (LPO)) S H{gj}jzo 240 (LPO))

PROOF. Let0 < g < oo. We recall the following inequality which can be proved by
using an argument similar to the proof of Jensen’s inequality,

) q )
(Srva) STz
k=0 k=0

holds for any ¢ < §, where the implicit positive constant depends only on § and g. Therefore,
there exist a constant §; > 0 which depend only on § such that

o]

00 q(x)
(Zz"“f "Sgk(x>) < @)1
k=0 k=0

for any j € Np.
Letr > Osatisfy  (p(-)/q(-))” > 1. Then by using same argument as above, there exist
a constant 63 > 0 which depend only on § such that

H (Z/fio 27 IR g )q(') _ H (Z,fio 2-1k=j18 g, () )q(-m
A LrO/aC) A

r

Lrp()/q()
°° ANGO/rr
< | oo %)
A pO/aC)
k=0 Lt

holds. By the triangle inequality and the similar argument as above, we have

H(Z/?ioz_k_jlagk('))q(') <22 lk—jl81q=/r <gk())q(')/r

A

p
Lrp(-)/q(»))

LrO)/a0)
o0 q()
<y e ‘ (—g"(')> .6
k=0 A Lprp©)/q()
Hence, by (16) and Lemma 6, we see that
<G ()>11(~) 00 (Z;ioz—k—jlégk(.))q(‘)
Lpr©)/q() A Lp©O)/a()

Jj= Jj=0
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< i‘ i‘ o—lk—l62 ‘ (ng(-)>"(‘)

j=0 k=0 Lr©)/q()
i A\ 90
< Z <9k( )> ~1,
k=0 A Lr©)/a()
where we choose A = || {gj}‘;iOHM(.)(LP(.)).
This inequality implies (15). O

We also need a partition of unity of Calderén type.

LEMMA 8 (Partition of unity of Calderén type [5, Theorem 6]). Let {g; 7‘;0 €

@ (R"™) be a resolution of unity and R € N. Then there exist functions 6p,0 € S(R"™) such
that

supp 6o, supp 8 C {x : |x| < 1},
[FO0(&)| = co > 0 for|§| <2,

| FE(E)I ZC>0f0r% =l =2,

/ xY9(x)dx =0 forO<|y| <R

and
Fo©Fin® + 3 FOQIHFuTE) = 1
j=1
forall § € R”, where the functions Yo, ¥ € S(R") are defined by
Fo(§) = ]‘fg;f;) and Fy(€) = ‘jrle(ig)) .

PROOF OF THEOREM 4. We use an argument similar to [8, Theorem 3.12, Theorem
3.13].
Step 1. Kempka [8, Proof of Theorem 3.12] showed f € S'(R") can be written by

foy =Y /Q Oo(x —y)(ox H(dy+)_ Y 2" / 02" (x = ) (W x £)(n)dy,
Om

mezn v=1 meZ" Qum
where 6, ¥ and ¥ as in Lemma 8 and v, = 2""¢(2":). Forv € Nand m € Z", each
coefficient A is defined by

Avm = Co sup (Y * IV,

YEQum
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where Cp = max{sup|,|<; |DPO(x)| : |B| < K}. Note that A,,, > 0 for any v € Ny and
m € Z". We define a function a,,,, (x) by

ovm
/ 02"(x =YWy x HOy  (om # 0)
avm(x) =1 duom vm
0 oo = 0) .

Then (11) holds and the properties of 6y, ¥, 6 and ¥, imply that a,,,, satisfies the conditions

of [K, L]-atoms centered at Q.
n

For each fixed v € Np anda > ——  + «, Kempka [8, Proof of Theorem
min{l, p~, ¢~}
3.12] proved
D Wy () om Xom (¥) S wy () (Y Falx) -

meZ

By the property of admissible weight sequence (Definition 2) and 2"|x — 27Vm| < 1 for any
x € Qym, we have

D w7 M hmxom () S Y W) A Xum () S wy ()W Fa(x) .

mezl mezl

Since ¥, ¥ € S(R") satisfy the Tauberian conditions (4), (5) and the moment condition (6),
we can use Theorem 1. Hence we see that

{ > wu(z—”mnumxum(-)}

mezr v=0

e¢]

A 1pe

PO

24O (LPO)
S HwvO @ HaO s,

Step2. Let f =) n Aym@ym asin (13). Then we divide wjp; (D) f into two
v=0 meZ! Agl
parts:

240 (LPO)) 5 ”f”B]'f(_),,,(.)‘

wjtp/(D)f = Z Z wj)\umwj(D)avm

v=0meZ"
J 00

=3 wikimej(Davm+ Y D wikum;(D)avm
v=0meZ" v=j+1 meZ*

= fi+ .

Then we have

If 1B

P()q() - H {w/ ()¢J (D)f }jiO

24O (LPO)

.1 00
<l 1]
~ H {f] }]:0 eq(-)(LP(')) + f j:()

a0 (LPO)Y a7
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Firstly, we consider

||{fj}7io||eq(-)(1‘p(->) = '

J 00
{Z > Avmwj(-xo,-(D)avm(-)} :
v=0meZ" J=012a0(LrO)
By Lemma 4 and the property of admissible weight sequence (Definition 2), we have

J
D0 domwj ()@ (D)aym(x)

v=0 meZ"

J
<SS 20K () (142 [ — 27 m]) M

v=0 meZ"

J
S Z Z 2(U_j)(K_a2)Mvmlwv(z_vm)(l i 2 |x _ 2_Vm| )a—M.
v=0meZ"
Hence we obtain
J

Z Z homw; (x)@; (D)aym(x)

v=0 meZ"
j ‘ 1/t
< Zz_j_ul(K_a2)<|:77v,a’t * < Z Mvm|twv(2_um)thm(')>:|(x)>
=0 mez"

by @ < M and Lemma 5 with t < min{1, p~, ¢~} and &'t > 2n. Therefore

j
{ 3 ik
v=0

Lo
X <|:77u,(x’t * ( Z |)¥um|twv(2_vm)t)(vm)i|(')> }
j=0

meZt

||{fj}?io||zq(-)(L1:(->) S, '

24O (LPO) '
Using Lemma 7 and Theorem 3, we see that

||{fj}(]?io||/gq(-)(Lp(->)

1/ty o0
< H { ([n x ( > |Aum|’wu(2—“m>’xvm(->)}(-)) }
v=0

mezn 24O (LPO)
oo 1/t
S H{ > |Aum|fwv(2—”m>’xum(->}
mezn v=011gaO)/t(LPO)/1)
S 1Al

w .
P().q()

305

(18)
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Finally we consider

o0

||{ff};?°;0||@q<.>(m>)=H{ >y xvmwj(-wj(D)avm(-)}

v=j+1 mezn j=011gaO)(LP0)

By Lemma 4 and the property of admissible weight sequence (Definition 2), we see that

Z Z )xumwj(x)(pj(D)avm(x)

v=j+1meZ"
00
< Z Z 2(j—u)(L+n)|Aum|wj(x)(1 _|_2j |x _ 2—vm| )L+n—M
U:j-‘rlmEZ"

o
< Z Z pU=IEAnFD) 3wy Q7 m) (1427 |x — 27Vm]| )L+n+a—M’
v=j+1 meZ"

where L +n 4+ a < M. Using Lemma 5 with ¢ < min{l, p~, ¢~} and &'t > 2n, we obtain

Z Z )\.vmw/‘ (x)(l)j (D)aym(x)

v=j+1mez"
e | :
Y 2‘”‘f'“*"*“l‘””([m,a/t*( > |Aum|’wv(2—”m>’xum(->>}(x)) :
v=j+1 mez"

Then we have

|| {f/ }710 ||44(-)(Lp(-))

00
< H{ Z 2—\v—j|(L+n+a1—n/t)
v=j+1

1/t 00
x <[n *( 3 mm|’wu(2—”m)’xvm(-)>}(~)> }

mez Jj=0

240 (LPO) .
Using Lemma 7 and Theorem 3 again, we obtain

||{f/ }710 ||44(-)(Lp(-))

1/t o0
S H{([n * ( 3 |xvm|’wv(2—“m>’xum(->)}(-)) }
v=0

mezn 240 (LPO))
oo 1/t
S H{ > |Aum|’wv(2—“m>’xum(->}
mezn v=01lgaO)/t(LrO)/1)
S Al (19)

P.a()
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Hence, by (17), (18) and (19), we see that || f|| gw < A ]lpw O

PO ™ ONION

5. A multiplier theorem

DEFINITION 6. (i) Let £2 be a compact subset of R”. Then & $2 (R™) denotes the space
of ¢ € S(R") satistying supp Fo C £2.
(ii) Let p(-) € C'2(R")NPH(R"). If 2 = {$2k)72, is a sequence of compact subsets
of R", then Lg(‘) is the space of all sequences { fi}72, of S'(R") such that
supp F fi C $2k (20)
and || fkllppo <oofork=0,1,2,....
The author generalized “the r trick", to the following lemma ([13, Lemma 4.11]).
LEMMA 9 [13,Lemma4.11]. Letr > 0,v e Noandl > n+ 1. Then
If(x =2l
(1 + 2%z

holds for all x € R, z € R" and f € S'(R") with supp F f C {& : |&] < 2"T1}, where the
implicit positive constant depends only onr, [ and n.

1
-

USRS VAED)

THEOREM 5. Let p(-), q(-) € C°¢(R™) N Py(R") and w = {wj}?io € We, .o, R").
Let 2 = {§}72, be a sequence of compact subsets of R" such that 2, C {§ € R" :
|E] < 251 IfO < r < min{p~, g~ }andl > 2n + 2amin{p—, g}, then

H{ wk(~—z>|fk<~—z)|}°°
sup ;
zeR” 1+ |2%z|r k=0

S ||{wk(')fk}/(:io||/gq(~)(u>(~)) (21)

240 (LPO)

2
holds for all { fi}2, € Lp(.).

PROOF. The author proved Theorem 5 in the case that {wi(-)}32, = {2k5(‘)}l<:<320 ([13,
Theorem 4.13]).
Let { fi}p, € L['?(‘). It is easy to see that

wr(x — 2| felx — 2)|

wk(x_Z)|fk(3§_Z)| Smax{zf—.—l’ 1} .
1 + |2kz|* (14 2%z])7
< max{2rl"'_1, 1}wk(JC)Ifk(x I__fr”

(1+ 2%z

< max(2F 1, g (0) (es—ar * il ()7

< max(2F 1 1) ((s—20r ) % 0k Y Lfe N (0)7
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fork =0, 1, ... by Lemma 9 and the property of admissible weight sequences (Definition 2).
Hence we have

H{ wk<~—z>|fk(-—z>|}°°
sup ;
zeRn 1+ |2kZ|'_' k=0

< Ht—20r () # wk<y>’|fk(y>|’><~>},‘;io||;{@ L (22)

P

Let0 <r < min{p_, g_}. If] > 2n + 2ar, then we have

H up PLC =D = ) }°°
zeR? k=0
~ ”{wk(')fk}/(zioueq(-)(Lp(-))

1+ |2kz|%
by (22) and Theorem 3. |

1/r
S Hwe O LA
240 (LPO) L (L7T)

To state a multiplier theorem, we introduce the spacial Bessel-potential space H2“ (R™).
For a real number v,

HYR") ={f € S'®") : | flm = 1A+ 1-P>FHOl2 < 00}
THEOREM 6. Let p(-), q(-) € CI°¢(R") N Py(R") and w = {wiliy € We, .0, RM.
Let 2 = {S}72,, be a sequence of compact subsets of R" such that 2, C {§ € R" :
gl <261 Ifo > 2 4 % then
{wk F ™ M F £ ol eaor ooy

< sup 1M 27 )y I fid o leacs 1oy
J

holds for { fi}32, € L,?(,) and (M}, € Hy (R").

PROOF. Forany {fi}2, € L[“?(_), the author proved

Il S W fiell o (23)

hods, where the implicit positive constant is independent of { f¢}72, and £ ([13, Theorem
4.14]). Let F~'M e L'(R"). Then

(F'MFfi)(x) =c A ) (F'M)(x — y) fe(») dy

makes sense for any x € R” by the classical Holder inequality and (23). Here the positive
constant ¢ depends only on the definition of the Fourier transform. Hence F~' M F fi is
well-defined.
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The author proved Theorem 6 the case that {wi(-)}72, = {2’”(')},‘{’10 ([13, Theorem
4.15]). We use an argument similar to the proof of [13, Theorem 4.15]. It is easy to see that

lwk () F My F fie(x — 2)|
< / 0 () [(F'Mp)(x —z — y)

~

AN + 126G — y)| ) dy

(1+ 2% — y) ™
.F_IM - N ar
5/ I( (H_;zl(x Z|)ly)|wk(y)|fk(y)|(l+|2k(x_y)|,+r)dy
n X—y I

by the property of admissible weight sequence (Definition 2). Hence we obtain
|we()F ! M F fie(x = 2)]
wi ()| fx ()] _ L+ar
Ssup —————— | [(F "M —z—pIA+ 25—y 7 )dy.
uekn (1~|—2k|x—u|)? R

Since

I4ar

")

I+ar I+ar
7

T SA+ 2P —y =2 A+ 2k

1+ 125 — )l

I+ar I+ar
r 9

1+ 26| 7 <201 + 12827

the argument in the proof of [15, p31, Theorem] implies that
sup we I F ' My F fi(x = 2)| wi(x — D[ fi(x —2)|

< sup
Itar ~ L
zeRn 1+ 2%z zeR” 1+ |2kz|~

IMc @)y 24

forO <r <min{p~,¢ " }andv > 5+ H# Hence Theorem 6 is an immediate consequence
of (24), by Theorem 5 and the estimate
wi ()| F My F fi(x — 2)]

wr ()| F My F fi(x)| < sup
z€R" 14 |2kz| 7

6. Fatoulemma for BY

P(~),q(-)(Rn)

In this section, we prove some embedding results and completeness of the space
B[‘;’(_) q (,)(R"). To do this, we use the Fatou property of the norm in the variable exponent

setting.

THEOREM 7 [2, Theorem 2.59]. Given 2 and p(-) € P(82), let { fi}32, C LPO(£2)
be a sequence of non-negative functions such that fi(x) is increasing and converges to a
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function f(x) for almost every x € 2. Then either f € LP")(2) and klim I fellLror 2y =
— 00
“f“LP(')(_Q)’ or f & LP(')(-Q) and klggo “fk“LP(')(Q) — 0.

We modify the Fatou property (Theorem 7) to apply in the £¢¢)(LP()) setting.

COROLLARY 1. Let p(-),q() € Po(R") and {fIV)2, c LPOMOR) be a se-
quence of non-negative functions such that fi(x)?Y) is increasing and converges to a
function f(x)?%) for almost every x € R". Then either f4° e LPO/IOMRMY) and

tim | £ ppome = 1F9O N oo, or £10 ¢ LPOMO®) and tim | £ s —
k— 00 k—o00
00.

PROOF. Let {f,f(')},fio c LPO/OR™) be a sequence of non-negative functions
such that i (x)?®) is increasing and converges to a function f(x)?™) for almost every
x € R If0 < r < p/q*, then {f90)2, < LPO/MO®R?) is a sequence
of non-negative functions such that fi(x)"¢®) is increasing and converges to a function
f(x)" ™) for almost every x € R”. By Theorem 7, we obtain that either f770) e
LPOMO®™) and limgoo |17 porraes = 1779 Lotosrger, or fr90 ¢ LPO/7a0 RN

and limy— o0 | f; 70 1.p(/rqy — 00. This proves this corollary. O

To prove that BZ)(J a0) (R™) is a quasi-Banach space, we need following Fatou lemma for
Bpw(‘),q(d(Rn)'

LEMMA 10. If a bounded sequence { fi}io, C Bpw(‘)’qm(R") converges to f in the

sense of S'(R"), then f € B;’(J q(‘)(R"). More precisely,

< lim inf
1 £lgs, ., < liminf | fellps

holds.
PROOF. Note that

Floju f) = (£, F i =) = lim (fi, F~lgj(x =) = lim F~lg;* fu(x)

holds for any j € Np. Therefore, we obtain

o]

10, = | i les 71}

P

= | {lim infw~|<p‘(D)fk|} :
24O (LPO) H { k— 00 ST 24O (LPO)

(25)

J=0

Firstly, we estimate the right hand side of (25).
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Since {infksl w;(x)|e;(D) f;(x)l}lfio is an increasing sequence for almost every x €
R”, we see that

oo 00

li infw;|p;(D
kinéoH{?lzw”%( )le}

{lim infw; |¢j(D)fk|}
k—o00

240 (LPO))

j=01lga®(Lr0) j=0
Now we prove
(o8] o0
H {lim infwjl(pj(D)fk|} = lim ' {infwj |¢j(D)ﬁ|} )
k—o00 j=0 lgaoy(Lpery k=00 | Lk=! i=0 Il ga) (L0
If there exists A > 0 such that
o
lim Hinfwj |¢,~(D)f,|} <A
k—oo || k=l =0 llga)(LrO)y
o
{lim infw; |(pj(D)fk|} , (26)
k— o0 j=0 llga®)(Lr©))

then, by definition of £ (Lp ¢)) quasi norm and the Fatou property (Corollary 1), we have

<hm infi 00 wjlej (D)fk|>q(')
A

LrO)/a0)
o0 . .
infrer wiloi (D q()
_ Z lim H ( k<l ]|§0]( )fl|> 27)
00 k—o00 A LrO)/ae)
i 1o (D) A1VEO) o°
Since { ‘ (MM) } is an increasing sequence, we see that
LrO)/40) ) k=0
i H (mfkqw,w,(mm)q()
e A LrO)/ae)
inf Noi(D q()
~ lim (m k<t wjle;( )f1|> (28)
k=00t A LPO/a0)
holds for any j € Ng. Therefore, by (27) and (28), we obtain
infr<; w D a¢)
| < Iim ZH ( k<l j|§0]( ) fil >
k— o0 A LrO)/ae)

which implies that

<mfk<l wjle; (D) fil )q“

LrO/a()
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00 .
0 . This
J=Y1eaO(LrO)

holds for all sufficiency large k, and so A < H {infrs wj |0 (D) fi]}

contradicts to (26). Therefore we have

o0 o0

. (29)
24O (LPO)

= lim '
k— 00

im it oy 00| {intw, fos 05/}

Jj=0 lga)(Lr() j=0

Finally, we estimate the right hand side of (29). For any A > 0, we see that

i (infk<1 w/le(D)m)‘“') (ijjw)m)“')
A A
j=0

o0
< inf
LrO/aO 5 k<l

o ey q()
< ian H (wjl(pj(D)f”)
k<l 4 o A
Jj=

LpO)/ae)

Lr©)/q()

This implies that

|

holds for any i € Ng with i > k. Taking the infimum over i with i > k, we have

i

By (25), (29) and (30), we see that
Il ge

P)q()

oo

= [ fwsles@4112,
24O (LPO)

{]gg wj |ej(D) fi] }j:O 29OLPO)

(30)

{]i(gfle |90j(D)fz|}

. oo
=0 = zlfg H{wj |(pj(D)ﬁ|}j=0 21O (LPOY

24O (LPO)

o]

< lim inf H{w,- |0 (D) fil } 7~

= lim inf .
290 (LP0) k— 00 ”fk ”B;,(%q(ﬂ

S w
This implies that f € Bp(_)’q(.)(R"). O

7. Embeddings

The next Lemma is a certain Nikolskii inequality.

LEMMA 11. Let po(-), pi(-) € CO%(R™) N Py(R™) with p1(-) > po(-) and w =
w3y € We| ., (R"). Then the inequality

+27Y 31)

” |wv9|q(.) HLP](')/tI(-) 5 H ‘wvzu(p:o_p'n('))g‘q(‘)
LPoG)/a()

holds for all v € Ny, g € S'(R") with supp Fg C {€ € R" : || < 2"} and such that the
norm on the right-hand side of (31) is at most one.

To prove the lemma, we need the next lemma.
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LEMMA 12 [3,Lemma6.1]. Lets(-) € C'°¢(R"). Then

25 W (e — y) S 25 (x — y)
holds for all x, y € R" and 1 > Cog(s).
Now we prove Lemma 11.

PROOF OF LEMMA 11. Almeida and Histo [1, Lemma 6.3] proved the lemma when
wy(+) = 2-v50), Therefore, we use an argument similar to the proof of [1, Lemma 6.3]. Let

+27V.

v L_L) q()
A= H‘w,@ <1’0(‘> Z10) g‘
LPo()/q()

Then it suffices to prove that |A~"/4Ow,g|,,, < 1. Using “the r trick” (Lemma 3), the
property of admissible weight sequence (Definition 2(i)) and Lemma 12, we see that

A—r/q(x)z—unr/ﬁl(x)wc|g(x)|r < A—’/Q(x)z_””’/P'()‘)wl’,(nu,zz—m *|g|")(x)
S AT I (51 g (wolg ) ) (x)
SOy 1 raga % @7 Owy g (x)

holds for large m. Since A € [27”, 1 4+ 27"], we can move A~'/4¢) into the convolution by
Lemma 12;
)L—f/Q(X)z—Wlf/Pl(X)wlr)lg(x)v < )L—f/q(Jf)(mJ_m/2 * (2_U"/p1(')wu|g|)r)(x)
S (odja—rasax 79027 Ow g (). (32)
Let 0 < r < 1/(po)~ and s(-) = po(-)/r € Po(R"). Applying the generalized Holder
inequality to (32), we obtain

)L—V/li(x)z—vnr/m(x)w:|g(x)|r
< (uitja—rasa * V40270 P10y 1917 (x)

_ . 1/r
< H2 SO 10— raga(x — )H

0 Hrl/q()vaV("g“_”ln“) lgl
LS .

LPo®)

By the definition of A, the second norm on the right hand side is bounded by 1. We check the
first norm on the right hand side is also bounded. Let t = [/2 — ra /4. Since we can choose /
sufficiently large, ¢ is also sufficiently large. Then we obtain

/ (z—vn/s(y)nv’t(x . y))s’(y) dy = A ovn (l + 2V|x _ yl)—zs’(y) dy
RVI n
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provided that 7 (s")~ > n. Hence we can take appropriate constant ¢y € (0, 1] such that

_ p1(x)
(cor™ 4w, (0)lgo)1)

" " Po(x)
oo w2 P g () P10 w,2" (7))
=% (0 /a0 ) €0 A/
v( 0 o ) po(x)
o, w2 T g
~ 0 /a0

Therefore, by integrating this inequality over R"” and by the definition of A, we have the
desired result. O

In order to prove that S(R") is dense in BI’;’(.) q(_)(R"), we use the theorem below. When

q (+) is a constant, the theorem has been proved by Moura, Neves and Schneider [12, Theorem
2.10].

THEOREM 8. Letw = {w;}X g € We, ,,(R") and p = {p;}°y € Wh , (R").

(i) Let (), q1(), g2() € CU¥(R™) sarisfy q1() < q2(). If 545 < e forall j € No
and x € R", then

4 w
Bly.ai0®D) = By 4oy R

w

(i) Let p(-), q1(-), g2(-) € C°¢R™). If p,j((;)) < c27/¢ forall j € Ny and x € R", and

some ¢ > 0, then

B YR = B g RY).

p
rGq1(

(iii) Lerw®, w' e W2 _(R") and pi(-), p2(-) € C'¢(R") satisfy

o],02

0
1< 9 i)
T wj)

forall x € R" and any j € Ny. If g(-) € C1°¢(R"), then
wO 1
Bior.a)®" = By 4 RY) -

PROOF. To prove this theorem, we apply atomic decomposition. Therefore, we prove
the embeddings for the corresponding sequence spaces.
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(i) Without loss of generality, we can assume ||A||,0 = 1. Note that
DO

] q1(-)
H( > |A,-m|wj(2—fm)xjm>

mez

<1

LPO/a1 ()

for any j € No. By Lemma 2 and Jensen’s inequality, it is easy to see that

00 ) q2(+)
> ( > |Ajm|wj(2—fm)x,-m)
0 I\ ez LPO/ar0)
00 ] q1()1(q2/q1)~
( > |Ajm|p,-(2—fm)x,-m>
0 I\ ez LrO/a1()
00 ] q1() (g2/91)~
< ( ( > Mjmmj(z—fm)x,-m) )
=0 mezn LPO/a10)
<1
This implies that ||A]| B < ||l Pora i where the implicit positive constants are inde-
JOX1Q p().q1 (-

pendent of A = {Ajn}jeNg,mezn-

(i) Note that b° O ()(R”) — bp() (R™) holds by using the normalization. Hence

it is suffices to prove b° (), R — b? () ()(R"). Without loss of generality, we assume

|A1l,0 = 1. We see that
p(),00

00 ) q2(+)
> (Z |A,-m|wj(2—fm>x,-m)
=0 mezn LPO/a2 ()
00 ) ] q2())
< Zz—”(@)' ( > |Ajm|p,~(2—fm>x1m> :
j= mezn LPO/a2()
By Lemma 2, we have
00 ] (1) 00 _
> ( > |Ajm|wj(2—fm>x,-m> <y 2ie@r
A\ LPO/10) i

This implies that bp(_)’oo(R") < b[“;(_)’qz(_)(R"). Hence we obtain bZ(,)’ql(_)(R") —
Bpy.00 R <> By 4y () R

(iii) Without loss of generality, we can assume || f || ng() o= = 1. Then, by Lemma 11,
po)q
we see that

o0
Z lwye; (DY F17 oy e

v=0
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si(

v=0

'|w$2”<f’5“‘f’7“)<pj<0)f|q('>

+27)
LPoO)/a()

[’}
—v
LPO(~)/q(-)> + Z 2
v=0

N
WK

(i p "

A
o0
o

This implies that (iii) holds. g

THEOREM 9. Letw = {w;}%, € R™), p(), g(-) € CPR") NPy (R"). Then

Dt] 2

Bpw(‘)’q@(R") is a quasi-Banach space and

S[R") — Bp() q()(R”) — S'(R").

Furthermore, S(R") is dense in B;f(,)’q(_)(R").
PROOF. In the case where g (-) equals to a constant g < 0o, Moura, Neves and Schnei-

der [12, Theorem 2.11] proved this theorem.
Step 1 (Embedding). By the result of [12, Theorem 2.11], the following embeddings

B, g+ (®) = S'(R")

and

S(@R") < B® . _(RY)

r().q

hold. Therefore, by Theorem 8 (i), we get the embedding

S@®") = BY, (R") = BY (R = BY L (R") = S'(R").

JAQN}
Step 2 (Completeness). Let {f}2, be a Cauchy sequence in BY awTe )(R"). By
p() q()(R”) — S'(R"), {fi}72, is also a Cauchy sequence in S'(R"). Then we can

find the limit element f € S'(R") since S'(R") is complete. By Lemma 10, we have

fe Bp() q()(R”). Using Lemma 10 again, we see that
If = fi “B]'f() o= likn_l)igf”fk —fi HBP(M() :

This means limj oo fj = f holdsin BJ} ) (R").

Step 3 (Density). We can prove the density by an argument similar to the classical case
([15, Proof of Theorem 2.3.3]).

Let f € Bp() ()(R") and {g}72, € @(R"). We put

N
=Y o(D)f

k=0
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for N € Ny. We shall prove that fy converges to f in the topology of B['f(_)’ q(_)(R"). Note
that, for any j € Ny, there exists a positive constant ¢ such that

los @1 g <

holds. By Theorem 6 and the estimate above, we have

1
-ty =] | ©
If = fullge, = H{
r=

-1

e¢]

wi(+) ‘-F_1€0k€0k+r—7:f‘ }

k=N 11¢aO)(LPO)

S {we Qe D) FIRZN | g0 100y - (33)

Lebesgue’s bounded convergence theorem implies that the right hand side of (33) tends to
zero if N — oo.
Finally, for each N € Ny, we approximate fx by some function in S(R"). We put

Gy = JNF00)
P Feo0)

for each N € Np. Note that Gy s € S(R") because ¢p € S(R"). Recall that gp(x) = 1
for |x] < 1 and suppyo C {x € R" : |x| < 2}. Hence, taking § > 0 sufficiency small and
applying Lebesgue’s bounded theorem, we obtain

supp F(fy — Gn,s) C {x e R" ¢ [x| <2V}
and

laif(} ” v — GN"S”LP(‘) =0.

Since g9 € S(R"), we note that Gy s € S(R"), which is an approximation of fy in
Bl'f(_)’q(.)(R"). Therefore S(R™) is dense in Bl'f(_)’q(.)(R”). O

8. Main theorem (Trace theorem)

w

In this section, we consider a trace operator for B P()q(-

)(R”). Therefore, we assume
n > 2 in this section.
We consider the trace operator

Tr: f(x',x) — f(x,0), x' € R"_l, feSMRY. (34)
We write x = (x/, x,,) € R”, where x’ € R"~! and x, € R.

LEMMA 13 [12,Lemma3.3]. Let p(-) € C°¢(R") N Py(R") and w € Wa, .y ).
Then w = {w;}5. defined by

W (x') = wx',0)27/PD
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- B 1 5
for x' € R*1 and j € Ny, belongs to ng’dZ(R"_l)for a = a+ Cig <m), o) =
a+1/p anday =a1—1/p.

As we mentioned in Section 1, Moura, Neves and Schneider [12] Proved the trace theorem
for B['f(,) q(R"), where the summability parameter g was constant. In this paper, we extend
the Moura, Neves and Schneider’s trace theorem for the cases where summability parameter

is also variable exponent ¢ (-). The next theorem is a main theorem.

THEOREM 10. Let p(-), g(-) € C°¢(R") N Py(R") and w € Wa, .o, R") satisfy

1 1
- — -HD|{—m—-1).
Mz emh <min{1, ) )
Furthermore, we write p(x') = p(x’,0), §(x") = g(x’,0) and 5(x") = s(x’,0) and W =
{ﬁ)j}?‘;o € ngl’dz(R"_l), where wj(x") = w(x', 0)27//P%) G\ &> and & are the same as
in Lemma 13. Then the operator Tr can be extended to a surjective and continuous mapping

w n w n—1
from Bp(_)’q(.)(R ) to Bﬁ(_)’é(_)(R ).

8.1. Some lemmas for the proof of Theorem 10. To prove Theorem 10, we need

some lemmas. When we emphasize the semi-norms || - || BY 0 and || - || B oy O1 R” or R*~1,
P().q( P()q(

we write || - . . —1yand || - —1y, respectively.
-l oy @ I o Il nty and Il llpw ety Tespectively

LEMMA 14 [3,Lemma7.1]. Let p(-),q(-) € C'°¢(R") N Py(R"), w = {wj}?io €
ng,az (R™), & > 0 and let {Eyn},myeNyxzn be a collection of sets such that E,;, C 3Qum
and |Ev;m| > €|Qum|. Further let xg,, be a characteristic function on E,,,. Then we have

- jl{ ) wv<z—vm>|xvm|xEm}
P()q() =,

o]

v} . myengxzn || o (35)

v=0 114 (LPO))

Sor any {Aym}w.myeNgxzr € b[“)’(,)’q(_)(R").

PROOF. We use an argument similar to the proof of [3, Lemma 7.1]. Note that y,, <
Nv,l * XE,, holds for any [ > 2. Here the implicit positive constant is independent of v € Ng
andm € Z". Let0 < r < min{p—, ¢~ }. Then we see that

|| {)»vm}(v,m)ENOXZn ” b;‘;(-)vtl(')

= H{ Z wy 27m) | Ayml va}
v=0

meZ

{ Z wu(z—um)r |)¥um|r va}

mezZ" v=0

24O (LPO)

o r

2aO/r(LpO/ry
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< H {nu,z * ( D w@7m) huml” XE)}
v=0

meZ

r

24O/ r(LPO/T)y
By Theorem 3, we obtain

H {Aom }(U,m)ENO xZ" ” h;‘;(-)vtl(')

5 77v,l*<z

mezl

r

o0
wy(27"m)" Ay |” XEum)}
v=01lggO)/r(LPC)/r)

r

o0
S Zwu@—”m)fmmvmm} i
=

meZr

24O/ r(LPO/T)y

e¢]

5 Z wu(2_vm) |)\-vm| XEum }

meZn v=011¢40)(LP0))

Conversely, the opposite inequality follows from the same argument as above since
XEwn S Mui * Xum holds, where the implicit positive constant is independent of v € Ny
andm e Z". O

The next proposition is correspond to [12, Proposition 3.1].

PROPOSITION 1. Let pi(-), p2(), q1(), g2() € C°¢R") N Po(R") and w =
{wj}j?‘;o € Wy, 0o R"). Assume that pi(-) = p2(-) and q1(-) = q2() in the upper or
lower half space. For a double-index complex-valued sequence & = {Aypm}w m)yeNyxzr and

for j =0, —1, we have
H {Sm,,,j)&vm}(v,m)eNon” ”b;")l(')#l(‘)(Rn) ~ ” {Sm,,,j)\vm}(u,m)eNng” Hb%(»,qz(-)(Rn) . (36)
PROOF. Firstly, we shall prove the case of j = 0. Then we prove the case of pi(-) =
p2(+) and g1 () = g2(-) in the lower half space because it is obvious that (36) holds if p;(-) =

p2(+) and g1 (-) = g2(-) in the upper half space.
Form = (m’, 0) € Z", we put

3 1
Eyy = {(x/, Xp) € R" : (x/, —Xn) € Qum, _Z 27V <y < _5 .2—11};

for all other m € Z", we put E,,;, = Q. Since E,,, is supported in the lower space when
m;, = 0, by Lemma 14, we see that

H {Smn,O)\vm}(v,m)ENon" o
P2()q2(-

NI

meZ v=0

(R™)

o]

2020 (LP20))
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iz

o]

wv(2_vm)5mn,0 |)\um| XEvm }

mez" v=0 g41(~)(Lp1(~))
~ |[{ém, oA || .
”{ mp,0 um}(v,m)eNon hp1(~),ql(-)(R )
Finally, we shall prove the case of j = —1. We use an argument similar to the proof [12,

Proposition 3.1]. Then we prove the case of p1(-) = p2(-) and g1 (-) = ¢2(-) in the upper half
space because it is obvious that (36) holds if p1(-) = p2(-) and g1 (-) = g2(-) in the lower half
space. Form = (m', —1) € Z", we put E,;;, = 3Qyp, N Rﬁ; for all other m € 7", we put
E,,n = Qum. Since E,,, is supported in the upper space when m, = —1, by Lemma 14, we
see that

” {Sm,,,—l)»vm}(v,m)eNon" ”b;)z(')vtlz(')(Rn) ~ ” {Sm,,,—l)»vm}(v,m)eNon” ”b"’

P10 ®D

We extend [12, Corollary 3.2] to the next corollary.

COROLLARY 2 [3, Proposition 7.3].  Let pi(-), p2(-),q1(-), q2(:) € C°¢[R") N
Po(R™) and w = {wj}(;io e WS o, R™). Assume that p1(x) = p2(x) and q1(x) = g2(x)
forall x € R x {0}. For a double-index complex-valued sequence . = {Aym}(v,m)eNyx 2z
and for j = —1,0, we have

1,02

(37)

H {Smn,j)\vm}(v,m)ENon” pw

w
b P2():q2()

IR [ -

R~

Now we can remove the assumption “p1(x) = p2(x) and q1(x) = ¢g2(x) for all x €
R~ x {0}” in the Corollary 2.

LEMMA 15. Let p(-), q(-) € C'°¢(R") N Py(R™). For a double-index complex-valued
sequence k. = {Aym}v,myeNyxzr and for j = —1,0, we have

A /g ’ n—1 7 n—1y é i\ n ny .
”{ v(m ,J)}(v,m)eNon ”h;%’(.),,;(.)(R 1y ”{ Mo, j Avm }(v,m)eNoxZ b2 a0y B

PROOF. By Corollary 2, it suffices to consider the case that
px) = p(’,xy) = px’,0) and g(x) = g(x’, x,) — q(x’, 0)

hold for any x = (x', x,) € R"~! x R with |x,| < 2.
Forv € Noandm’ € Z" 1, let Qup = Qpr X[27Y, 27 1) and Xoom be a characteristic

function on Q,,,. If we can prove

” {)\v(m’,j)}(v,m’)eNOXZ"_l Hbg(A),q(A)(R”_l)

= 'H Z W, (27"m") |)\u(m’,j)| Xum’}

m'ezn—1 v=0

o]

290 (LPO))
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oo
~H{ > wu(z—”(m’,j»|Au<m/,j>|xéum,} (38)
m/GZn—l v=0 Z‘l()(LP())
and
H {Sm,,,j)&vm}(u,m)eNon" b;)(-),q(-)(Rn)
o0
:H{ > wv(z_v(’"/ff))|Av(m',j>|xv<m’,j>}
m'eZn—1 v=0 [‘1(‘)([,17('))
o0
~H{ > wv(z—”(m’,j»|xv(mf,j>|me,} : (39)
m/Eanl v=0 [‘1(‘)([,17('))

then (38) and (39) imply that this lemma holds. Therefore, we prove (38) in Step 1 and (39)
in Step 2.
Step 1. We prove (38). Let A > 0. Then we recall that

H { Z W, (27"m’") |)\v(m’,j)| va’}

e¢]

m’EZ”71 v=0 Kq(')(L[’(’))
00 ~ - qe)
_ inf{)» 20 - Z <Zm’eZ"—l wy (2 Um/) |)¥u(m’,j)| va’) o l} .
A £ =
v=0 La®)
) )
Let u > 0 and Aoom, NE T Then we also recall that
’ n— lZ) 2_Um/ )\. g / é()
H(Z’” <zt DG P ’”'X”m) o =inf(=0:1,<1} (40
A L0

for each v € Ny, where

, pG.0)
)q(x ,0) ) 97.0)

/
Kooy 2om

(Zm’ezn—l w, 27V (m’, 0))2m
. / dx’.
Rn—1 m
Note that, for j = —1,0, w,(27"(m’,0)) ~ wy(27"(m’, j)) holds, where the implicit

positive constants depend only on «. Using the same estimate as above, for x’ € Q,y,

we have 27V/P@7"m.0)  9=v/P(0) \where the implicit positive constants depend only on
Ciog(1/p(-, 0)). Therefore, we obtain

)\’/

p(',0)
v(m', j) ‘ va’)

dx’

(Zm’eznfl wy, 27V (m, j))Z—V/P(x’,O)
I ~ /
Rn—1

p&’,0)
Mq(x’.o)
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)p(x’,O)

/
M(m/,,-)‘ Xom!

p(.0)
H’ q(x’,0)

| 27 (Syezmt we @70, )
Rn—1

—v+1
By2™' = fzz,v X[2—v.2-v+1y(Xn) dxp, and |x,| < 2 for any v € No, we see that

. p(x',0)
27 (Zoezrr w@™ ', ) )

/
b Ri—1 p&’.0) *
Mq(x’,())
_— (Z w (Z_V(m/ )) )J ; [’(x’,O)
_ / m’ezn—1 Wy J v(m’, j) Xva/
=/ . )
R? 1 2 H’Z(X/’O)
N (Z w (Z_V(m/ )) )J ; [’(x”xn)
— / / m' ez~ v J v(m',j) Xva’
- ne Y «,xn)
R MZ(X/VXVL)
Hence we have
g-vtl Z w (2—1)(m/ ) Az B p(x’,xn)
; m/ezn—1 Wy > J v, j) Xva,
v Rt . p&' xn)
Mq(x’.Xn)
_ (Zm’GZ’H wy (27 (m', j)) )“;(m’yj)‘ Xva’)
- " p(x) dx
Mq(x)
q(x) %
_ . q(x
/ (Zm’ez"_l wv(2 V(m/, ])) )\.L(m/d)‘ Xva,)
= dx
n 128
holds for any v € Ng. This implies that
Zm’eZ"_l w,(27Vm") |)\u(m’,j)| Xvm’ 0
A 50
La®)
H <Zm,ezn1 wy 27, ) |hvin )| Xva,>"(‘)
~ (
A LZT;

holds for any v € Ng by (40). Therefore, we obtain (38).
Step 2. We prove (39). Firstly, we prove

Il 5 oo e,
v=0

m' ezn—1

24O (LPO)

dx’.

dx;,

dx,

dx,

dx’

dx’.

dx’
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oo

(41)

5 H{ > we@ ) Rt ,)}

m/Ezn—l v=0 [q(')(LP('))

Without loss of generality, we can assume H{Sm”’ jkum}

(l),m)EN()XZ” b = land

p2.a() R

Aom =0whenm, # j. Leta := M and
)\./ = {)‘U(m/,j)}(v,m’)EN()XZ”’] . (42)

Ifx var andy € Quqw, j), then [x — y| < 3/n27". Let M > 2n. Then we obtain

M
| < 3/n+1 > .
T+ 2Vx —y|

Hence, we see that

o XQum’ (X)
Mv(m’,j)' XQ /(-x) < —
vm |Qv(m’,j)| Qv(m’,j)
2Un

<) —=
~ e (14 2V]x — yDM

2vn
< an< > |)‘vm’|aXv(m’,j)(y)>dy

m'eZn=1

= (m,M *( Z Mu(m’,j)l)(v(m’,j)(’)) )(x).

m'eZn-1

Ao 1% Xvom', jy (¥)dy

(IAvon, 1 Xoem, () dy

Hence, we obtain

‘ Yo w7 D)X, )
m'eZn=1

1

S <77v,M * ( Z w, (27" (m', J'))Mu(m’,j)|Xu(m’,j)(')) )a(x)- (43)

m'eZn=1
By (43) and Theorem 3, we see that
H { Z w, (27" (m/a 7)) |)¥u(m’,j)| Xva, }

m'ezn—1 v=0

5 H{ > we @) Rt ,)}

m'eZn—1 v=0

o]

LPO) (£4(0))
00

(44)

LPO) (£a())
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Finally, we shall prove

[e.e]

H{ Yo w7 ) g )] xu(mzj)}

m' ezn—1 v=0 (4(')(L1’(‘))
o0
< H{ > w @7V ) A, j>|me,} (45)
m!'ezn—1 v=0 [‘1(‘)([,17('))
Without loss of generality, we can assume that
o
H{ Yo w7 ) R ] vam,} =1.
m'eZn—1 v=0 [‘1(‘)([,17('))

By using the same argument as above, we have
Xven',j)(X)

|Qum’| O
<f — 2 (Mv(m’ “xo (y)>dy
~ Jr (T 27—y DM DT A

21)}’[
< an( Z Mu(m',j)laXva,(y))dy

m! ezn—1

=<nv,M*< > |Av<m/,j>|me,(-)> )(x>.

m'ezn—1

Avmr, " Xor,jy (X) < ol “xp ,(3)dy

Hence we see that

Z wy (2_v(m/’ j)))‘u(m’,j)Xu(m’,j) (x)

m'eZh=1

a L
S <m,M * ( > w7, ) A, j>|me,(->) ) (X).  (46)
m'eZh=1
By (46) and Theorem 3, we obtain (45).
Therefore, we prove (39) by (41) and (45). d

8.2. Proof of main theorem (Theorem 10). We divide the proof into 2 steps. Firstly,
we prove that Tr is well-defined and continuous in Step 1. Next, we prove surjectivity in Step
2.

Step 1. We prove that Tr is well-defined and continuous. We can use a density argument.

Let f € S(R"). Since f € B['f(_)’ q (_)(R") by Theorem 9, we apply the atomic decomposition
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and have

(0.¢]
£=Y"3" Xjmajm (47)
j=0meZ"
for suitable [K, L]-atom {am}jeny,mezr With “)\.“h}l)}(.)’q(.)(Rn) ~ ”f”Bﬁ(.),q(.)(R”)' We remark
that Tr is well defined for f € S(R") from the optimal atomic decompositions (47). Further-
more, the optimal atomic decompositions that the convergence (47) holds not only in S’ (R")
but also pointwisely. Since suppa i, C 3Q jm, ajm(x’, 0) is not a zero function if and only if

m, =0,—1,wherem = (my,ma,...,my,) and x’ € R"~!. Hence, we see that
o0
Trf () =) > hjmatjm@',0)
j=0mez"
o0 o0
= Z Z Xjm!,—1)@jm—1)(x", 0) + Z Z Xjm 0)ajm',0)(x", 0) .
J=0m’ezn—1 Jj=0m'ezn—1

Note that {ay (', —1) (', 0)}yeng mezn—1 @and {ay om0y (-, 0)}yeng mrezn—1 are [K, L]-atoms cen-
tered at Q. Therefore, by Lemma 15, we obtain

“Trf”Bw R~ = Jm , =) jm’, —1)( 0

m'ez"~! Bro.ao®

jo,0@jm.0) (¢ 0)|
m'eZn=1 Bl ® D

< ~ ~
= ”5"1”,—1)"”},15)7(.)’_(.)(Rn—1) + ”8mn,O)Lprly('m(')(Rn—l)

S M8y =12l ey + W8m, 0r o |y

< w n
SIFlsy, @ - (43)
Let f € Bp() a0 Since S(R") is dense in Bp() q()(R”), there exists a sequence

{fi}32y € S(R") such that || fr — f||Bw() OB = 0as k — oo. Because { fr}72, € S(R")
is a Cauchy sequence in BY (), ()(R") by (48) it follows that {Tr fi}2,, C Bp() ()(R”_l)
is a Cauchy sequence in the complete space BY 50,3 (.)(R" 1). Therefore, there exists g €
Bg’(%q()(Rn 1) such that hm Trfy = ¢ in Bp() q()(R”_l). Hence we define Trf :=
We show the definition of the trace operator is well-defined. Let {h;}2, C S(R") is another
sequence which convergesto f in BY (gl )(R"). Then we see that

Trhy, — 7 e
” Tg8 g0y
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5 I Tehy — Trfk”B]!;)(.)ﬁ(.)(Rn—l) + ITr fx — f”B]?(-),é(-)(Rnil)

< My —
S e = fidlse,

< e = Flas e 1S = fillgg, @+ 1T f = Fllgs,

n + Tr - w n—
(R™) l fk f”B[,(.).(;(.)(R )

(R=1)

Therefore, the right hand side converges to zero as k — oo. This implies that limy_, oo Trh; =
w
ﬁ(‘),z}(‘)(

Step 2. Finally, we prove surjectivity. Let g € S(R*™) C Bg’m q(‘)(R”_l). Applying

gin B R”~1). It shows that the operator Tr is well-defined and continuous.

the atomic decomposition again, we have

o0
9=>_">" Yimbjm, (49)

j=0 m'eZn—1

for suitable [K, L]-atom {bn'} jen,, mezn—1 With
. PR n—1 W n— ~ w n—1ly -
“b’jm }(J,m )eNgxZ “b;!)’(_)ﬁ(_)(R 1 ”g”Bl?ﬂ)vé(-)(R )

Let {bjm, (xn)} jeNy,m,ez be [K, L]-atoms on R. In particular, we choose bo(x,) satisfying
bjo(0) = 1. Then we define

FE )= SmgoVimbjm 6 bjm, ) =Y Y Timajm(x),

J=0m’ezn—1 Jj=0meZzZ"

where T, = 8m,.0¥jm and aju(x) = bju (x")bjm, (x,). By the construction, we see that
Trf = g and {am} jeNy,mezr are [K, L]-atom centered at Q. Therefore, thanks to Lemma
15, we see that

||f||B;(.)‘q(.)(]R") ~ |H{Tvm } (v,m)eNyxzn b ) oy R
~ Hevor oo mengant e @y

~ gl gw iy
INBE ) oy B

This and the density argument imply that the operator Tr is surjective.
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