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Higher-order Convolution Identities for Cauchy Numbers

Takao KOMATSU

Wuhan University
(Communicated by H. Aoki)

Abstract. Euler’s famous formula written in symbolic notation as (By + By)" = —nB,_| — (n — 1) B, was
extended to (B, + -+ + By,)" for m > 2 and arbitrary fixed integers [y, ..., [, > 0. In this paper, we consider
the higher-order recurrences for Cauchy numbers (cl] + - +¢,)", where the n-th Cauchy number c, (n > 0) is
defined by the generating function x/In(1 + x) = Z;',o:O cpx™/n!. In special, we give an explicit expression in the
case [{ = --- = Il = 0 for any integers n > 1 and m > 2. We also discuss the case for Cauchy numbers of the
second kind ¢, in similar ways.

1. Introduction

Bernoulli numbers B,, defined by the generating function

X > x"
— =2 B (xl<2m),
n=0

er n!

have been extensively studied by many authors (e.g. see [1, 2, 5] and including Agoh and
Dilcher (citeAD1, AD2, D and references there). Use the classical umbral calculus to write

n
n
(B + By)" = Z ( ,)Bl+ij+n—j .
=0
Agoh and Dilcher ([2]) extended the Euler’s famous formula
(Bo+ Bo)" = —nBy—1 —(n—1)B, (n=1), (1)

to the higher order recurrences for Bernoulli numbers

n!
B+ +B,)' = > Bty - Byt (el 2 0).
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It is not easy to express this sum explicitly, but some special cases for m = 3 can be derived.
For example,

(Bo+ Bo + By)' = n—1n —Z)B n 3n(n —2)

By—1+n(n—1)B,—2,

2 " 2
nin—1) n—1Dn+1 nn+1)
(Bo+ Bo+ By)' = TBn+l + 3 B, + 3 Bu_1,
(Bo + B1 + By)"
n(n +3) n(n + 8) n?—19n —6 n(n —2)
= —_°B ——B — B, — B, _
24 n+2+ 12 n+1 24 n 12 n—1,
(Bo + Bo + B2)"
nn—1) nn—1) Gn—-2)(n—1) nn—2)
= TBn+2 + an+l + TBn + TBn—l .

The Cauchy numbers (of the first kind) ¢, (n > 0) are defined by

1
c,,:/ x(x—1)---(x —n+ 1dx
0

and the generating function of ¢, is given by

X S xt
c(x) = ln(l—l—x)zg n T (x| <1

([4, 10]). The Cauchy numbers are special cases of poly-Cauchy numbers ¢, ®) defined in [6],

where ¢, = c,(, ). Several initial values are

_1 1 1 1 19 9 863 1375
CO_ 7C1_25C2_ 65C3_45C4_ 307C5_47C6_ 84’6‘7_ 24‘

There are many similarities between Bernoulli numbers and Cauchy numbers. In fact,
the numbers b, = ¢, /n! are sometimes called Bernoulli numbers of the second kind (see e.g.
[3]). Bernoulli numbers can be expressed explicitly in terms of the Stirling numbers of the

second kind {;’1 } as

(=1)"m!

On the contrary, Cauchy numbers can be expressed explicitly in terms of the (unsigned) Stir-
ling numbers of the first kind [::l] as

N (=D
Db
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As an analogue of the Euler’s formula 1, Zhao ([12]) gave the corresponding formula for the

Cauchy numbers ¢, by

(co+co)' = —n(n —2)cp—1 —(n—Dew (n=0).

)

In [7], an explicit expression of (¢; + ¢p,)" for [, m,n > 0 was determined, where with the

classical umbral calculus notation (see, e.g., [11]), (¢; + ¢;»)" is defined by

n
n
(c1 +cm)" = Z ( .>C1+jcm+n—j .
=0 ™
As some special cases, we gave explicit formulae:

1 1
(co+c)" = —E(n + 1D — Dey — Encn_H ,

e (=D Kk = Dep 1 1
(co+c)" = < g k! — gn(zn + Depg1 — 32
D" %tk —Dep 1 1
(c1+c)' = Z (=1) ( )k _ £+ )it — 3.

In this paper, we consider the higher order recurrences for Cauchy numbers

n!
(e, +-+a,)' = Z W%,H, o Chytly, (1o I 2 0)
ky+-tkm=n : m:
K eoskin =0

and give an explicit expression of (co + - - - + ¢p)” for any integers n > 1 and m > 2.
———

2. Main result

Let g(x) = 1/In(1 + x). Then we have the following formulae.

LEMMA 1. Forn > 1, we have

1 e -

n_ n—1 k (k)
9(x) —7@_1)!/;{ L }(1+x)g x),

3)

“

(&)

(6)

@)

where [Z] and {Z} denote the (unsigned) Stirling numbers of the first kind and the Stirling

numbers of the second kind, respectively.
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PROOF. The formulae (6) and (7) are equivalent. It is easy to see that both formulae
are valid forn = 1. Let n > 2. If the formula (6) is true, then
-1
(-1 (n—1 _—
1
=D ;;) B ECE SO AC

(=11 i

_ . ,
=(n_1),2{ k }(1+ ‘g >’<Z Hgm“
G D= l n—1)lk
= wzlv (x)+1Z( 1){ L }H

=y i1 n—1
= ;‘z!gm (=181
=
_ (_l)n_l n n—1 __ n
== (n = Dlg(x)" (=D = gx)".
On the other hand, the formula (6) can be proven by induction and by using the recurrence
relation
n+1 n n
[ k :|_n[k]+[k—1:|
with
0 n 0
o] =1 [3)=[2]=0 =0
(|
Since

- 2(2)
k k=1
1 k—1D!
=3 () .
I=

by Lemma 1 (7), we obtain forn > 1

c(x)" =x"g(x)"

n( l)n 1 n—l

=1

M

{” ) }(1 + kg ® ()

— Dtk — 1))
[ e ()

'—‘O

B xn(_l)n—l n—
T =1

=~

=0
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(=)=l 2 ) DR+ R @)
G Z<Z{ k } k=T ) o

=0 \k=I

Therefore, we can obtain the following.

THEOREM 1. Form > 0, we have

m

m m 0
c(x)" ! = ( 1) Z(Z( k- lk'i }xm_k+l(1+x)k>c l!(x)‘ ®)

Since for v, [ > 0 it holds that

e¢] | n

D) =3 ey ©)

we have

C(x)m-‘rl

n

=0
()" & k) & n! X
-5 Zag I }2()Zm_mH_l_w!w-mM-m

=0 i=0 n=0
o 1)"n! ml m I+k 4k otk X7
:rg( ). § ];)( D (l+k)v{l+k}lz< l >mg
i(—l)’”n! "1
e m! z:o“
xm_l<—1)m—’—k<m—k>'{ " }g(m_k>Lx_
k=0 m—k] =\ i Jn—l-k=i!n!

TR Ik m " m—k Cn—i x"
'ZI_Z( D (m_k)!{m—k}Z(i—k)(n—l—i)zﬁ

0 =0 k=0 i=k

! m oyt — o [ m m—k X"
FEEe s w
0 = \15 I(n i)! m I n!

[
M2
§|=

3
Il

3

[
WK
§|:

»
Il

0

3
Il
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where (_"U) = 0 (v > 0). On the other hand, we get

()"t = Z(co 4o co>"
m+1

Comparing the coefficients on the both sides, we get the main theorem.
THEOREM 2. For any integersn > 1 and m > 2, we have

(co+ -+ +co)”
—_————

n!
T m—1)
m—1 ,m—1m—I—1 I+k
(=D m —k —1)! m—1 m—k—1 _
XZ(;; ];: N —1— i) {m—k—l}( i—k ))C’H'
3. Examples

If we put m = 2 in Theorem 2, we have (2). fweputm =3, m =4, m=5andm =6
in Theorem 2, we have

(co + co + c0)"

—Dn -2 —-2)2n -5 — D@ —3)?
_(n )2(n )cn+”(” )2(n )cn_1+"(n )2(n )

Cn—2 9

(co + co + co + co)”
n—1Dmn—-2)(n—-13) n(n—2)(n—3)2

= Cn Cn—1
6 2
_n(n— D(n —3)(3n% —21n + 37) nin— 1) —2)(n —4)3

6 Cn—2 — 6 Cn-3,

(co + co + o+ co + co)”
=D —=2)(n—-3)(n _4)0 n nn—2)(n—3)(n—4)2n — 7)C

24 " 12 n-l
nn — 1)(n —3)(n — 4)(6n% — 48n + 97)
+ Cn—2
24
nn—1)(n—2)(n —4)2n —9)(2n? — 18n + 41)
+ 24 cn=3

N nin—1)n—2)(n—3)n —5"*

24 Cn—4,
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and
(co + co + co+ co + co + co)”
_(n —Dn—-2)n—-3)Yn—4n — 5)c _ nn—2)(n—3)(n— 4)2(n — S)C

- 51 " 41 n-l
nin — 1 —3)n—4mn —5)2n% — 18n + 41)
- Cn—-2
4
nin —1)(n —2)(n —4)(n —5)%*2n* — 20n + 51)C
- n—3
4
nn— 10 —=2)(n —3)(n —5)(Gr* — 11003 + 9102 — 3355n ~|—4651)C
- 51 n—4
nn—1)mn—2)n—3)n—4){n — 6)°
- 5! n—>5,

respectively.

4. Applications

By applying Theorem 2, we can obtain some combinations of other expressions of (¢;, +
4"
By differentiating both sides of (10) u times with respect to x, the right-hand side be-
comes equal to

i (55 e o ),
! i+ — =Dl |m =k \i—k Cntu—ity

n=0

Due to the General Leibniz’s rule, the left-hand side becomes equal to

oo ! K"
N n
R  A
=0 Kpt-tippy=p 1 TEmEL
Kook 120

Therefore, we have the following.

THEOREM 3. Foranyintegersn > 1, u > 0andm > 2, we have

w!
Z 7'(6"(1 +'.'+C’(m)n

K1l k!

MN

el I R — k=D [ m—1 m—k—1
XZ N Y k—1 k& Cntp—i -
= i m+u—1-1)! m—k— i—
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When p = 1 in Theorem 3, we have

m(co + -+ co+c)"
|

m—1
(1)
T m—=1)!

1

Xl: =D**m —k =D [ m—1 <m—k—1 '
— ln—l—i+D! {m—k—l} i—k ))C""“'

COROLLARY 1. Forany integersn > 1 andm > 2,

(co+---+co+e)”
—_——

m—1

m—1m

xz(g

Hence, we have

_(m+ D!

m!

m—1m—I—1 I+k
XZ(Z Z I'n—1—i+1)! {m—k—l}( i—k ))C”l—l—i-l.

=0 k=0

When m = 2, m = 3 and m = 4 in Corollary 1, we have

1 1
(co+c)' = —5NCnt1 — 5(" + D — Dey,

(co+co+c1)"

nn—1) n+1)n—-1)2n—-3) n(n+ 1)(n —2)>2
= Tcn+1 6 Cn + 6 Cn—1
and
(co+co+co+cn)"
nn—1)(n—-2) n+Dn—1n—2)>2
=, Gl 3 Cn
(n 4+ Dnn —2)(3n% — 151 + 19) (n+ Dnmn —@n —3)3
- 2 Cn—1— Y Cn—2,
respectively.

When @ = 2 in Theorem 3, we have

m(co+ - -+ co +c2)" +2< )(Co+ -4 co+c1 + )"
— —

m—1 m—2
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_ (n+2)!
“(m— 1)
m—1m—I—1 4k
(—D**m — k- 1! m—1 k1 |
XZ(ZO 1;) N —1—i+2)! {m—k—1}< i~k ))C""“'

Hence, we have

COROLLARY 2. Forany integersn > 1 andm > 2,

(co+ -+ co+ea)” +(m—1)(co+ - +cotcr +c)"
— —
m—1 m—2

_(n+2)!

Im—I—-1

m!
i("i 3 (—1)1+k(m—k—l)!{ m—1 }(m_k_l)) |
e Mn—l-i+ 2 m—k -1 Pk Cnitn -

When m = 2, m = 3 and m = 4 in Corollary 2, we have

n+1 nn+2)
Cn+2 — ) Cn+1,

(co+c)"+(c1+c)'=—

(co+co+c2)" +2(co+c1+c)

nin+1) nn+2)2n—1) n+Dm+2)(n—1)72
= Tcn+2 6 Cnt1 + 6 Cn
and
(co+co+co+c2)" +3(co+co+ci +cp)"
(n+ Dnmn—1) (n+2)nn — 1)2
:——24 Cpi2 — —8 Cn+1
n+2)n+Dm—1D)GBn*> -9 +7) (n+2)(n+ Dnn —2)3
- 24 n = 24 cn=t
respectively.

When © = 3 in Theorem 3, we have

m(co + - - +Co+C3)"+6< )(Co+ -4 co+c1 + )"
e e’ ———

m—1 m—2

+3'( )(Co+ ~+cotecr +er )"
————
m—3
_ (n+3)!
T (m—=1)!
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m—1 ,m—1m—I— I+k
-1 m—k—1)! m—1 m—k—1
xz( > St "5 )i
- I'n—1—1i+43)! m—k—1 i—k

i= 0 k=0
COROLLARY 3. Forany integersn > 1 andm > 3,

(co+ -+ co+e3)” +3(m —1)(co+ -+ co+c1 + c2)"
N—— N——

m—1 m—2

+(m—1D(m—2)(co+---+co+c1 +c1+c)"
—_————

1

Hence, we have

m—3
_(n+3)!
T om!
m—1m—I[—1 I+k
D" m —k—=D! [ m—1 k1
XZ(;O ,;) Nn—1—i+3)! {m_k_1}< i—k ))Cn—l+3.

When m = 3 and m = 4 in Corollary 3, we have
(co+co+¢3)" +6(co + 1 +¢2)" +2(ct +c1 + )"

(n+1)(n+2) n+1Dn+3)2n+1) n2(n +2)(n +3)
= 6 Cn+3 6 Cnt2 + 7cn+l

and

(co+co+co+c3)"+9(co+co+cr+c2)" +6(co+ci+c1+c1)

_ 42+ Dn B (n+3)(n + Hn?
= 24 Cn+3 3 Cn+2
n+3)n+2)nBn?-3n+1) n+3)n+2)n+ 1 —1)>3
- 24 Cntl = 24 cn

respectively.

5. Convolution identities for Cauchy numbers of the second kind

Cauchy numbers of the second kind ¢, may be defined by the generating function:

. X
clx) = g(x) =

Z?x—. (11)
1+x (1+x)1n(1+x) = n!

([4, 10]). Several initial values are

475

—~ —~ - R 19087
co=1, ci=——, ) ==, 3=——, C4 = —, 5= ———

C6:8—4.



HIGHER-ORDER CONVOLUTION IDENTITIES FOR CAUCHY NUMBERS 235

In [8], an explicit expression of (¢; + ¢,)" for I, m,n > 0 was determined, where with the
classical umbral calculus notation (see, e.g., [11]), (¢; + C)" is defined by

SN/ SN
(c1 +cm) ZZ . )Cl+jCmtn—j -
=0 ™

Since

—_1Yk=l( — )
- e+ 3 () e,

by Lemma 1 (7), we obtain forn > 1

n

X
(I +x)"

n( 1)n1 n—1 n—1 kW
g N IR RS

(—l)n—lxn n—1 n—1 k k (—l)k_[(k _ l)'

g(x)"

) =

i\

k=0 =0
D"l S [n—1 kst
+(n_1),(1+x)nkZ{ L }(1+x)c (x).

Therefore, we obtain the following.

THEOREM 4. Form > 0, we have

—om (—1> = xm=kH N (x)
c)" = (Z( D= lk'i }(1+x)m k+1) T
=0
L e i {m} LE“‘)(x) (12)
m! =k (1 4 x)m—k+1 '

Now,
(=D)" & (= L (m xmk D (x)
m! ;(;(_1)]{ lk'i }(1+x)’” k+1> 1!

(- & ( 1)k Tk m—k+i
- { }Z( D( i >
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x}’l

00
n!
Xz(n—m—i-k—l— )' Cn—m+k— ll’l!

o) n! — ( 1)l+k+l(m k)' m k+i _ o
=222 Z (n—k—l—z)!l!{ }( : )C"—k—fﬁ

m—k i

0
n n—pu min{u,m—I}

_oon! (=D*t(m — k)! m no . x"
=L m{ }( )C"—ﬂ;

n=0"""pu=01=0 k=0 m—kj\u—k
00 o u min{n—p,m— l}( "= “'H(m k)! m n—p\ o x"
n=0 """ pu=01=0 k=0 (n =D m !
and
(=D)" < (m P
m! ; i k } Aromerc @
m o0 )
n — k+l n! R X"
Z [ ] Z( by < i ) Z mcn+k—m—i—lm
k=0 i=0 n=0 ! |
_oonlm mnml(l)nzln_k_i_lA X
_Z%Z{k} Z f m—k Ck-HH
n=0 k=0 i=0
1

° | m —v—1 (_l)n—u+k—1A n
:Z% Z{Z}(ﬂ )W%z—, (14)

m—k
Therefore, we have the following.

THEOREM 5. For any integersn > 1 and m > 1, we have

(o +---+7<0)"
—_—

3

n!
(m —1)!

i min{fn—i,m—[—1}

=D""Hm—-k=D![ m—1 n—i
XZ<Z Z (i — D! {m—k—l}( k >
m—1 . .
m—1) [(n—i—1\(=DHritk=1\
" ) e )R

min{n,m—1}

+ > (—D’(’;)a .
=0
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Whenm =2, m =3, m =4 and m = 5 in Theorem 5, we have

(@ + )" —nVZ( " k— [ G

k=0
2 n—i
P P D" '(n—4i+2)__
(co +co + <o) —Ecn+EZ 0 Ci,
i=0
(Co + ¢o + o + ¢0)"
_ n__ (=) (n? — 16in + 11n 4+ 27i% — 33i + 12) _
6" 124 il ‘i

(Co +¢o + o + <o +?0)n

nt ol ;< (=D . 9 2 5
ZETM+EHZ; S — 48in® +300% 4 243i%
—393in + 176n — 256i° + 564i> — 476i + 144)¢; ,

respectively.
By differentiating (13) and (14) u times with respect to x, we have the following.

THEOREM 6. For any integersn > 1 and m > 2, we have

|
Z mo —
ﬁ(cl(l + .- +CKm)
K1+ tkm=p kit Km:
Kqsenskm =0

i min{fn+p—i,m—I—1}

_ Gt mt” (=)=t gy — k — 1)
T (m—=1)! g <Z Z G =Dl
m—1 n4+p—i
X{m—k—1}< k )
m—1 . .
m—1 n+u—i—1 (_1)n+u—z+k—1 _
+,;{ k }(m—k—l )W)C’

min{n+u,m—1} n+
1 ~
+ Y (—1>< l )cw.

=0

REMARK 1. The special cases where m = 3, 4, 5 were discussed in [9].
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If m = 2 and u = 1 in Theorem 6, then

n
o~ ~ (=D
2@+ 70" = —nCur1 — (n+ DY TG
=0

If m = 3 and u = 1 in Theorem 6, then
3(co +<co+c1)"
_n=D_ @+ DD

Cn+1 —
2 2 = 1!

(n—4l+3)¢; .

If m = 3 and u = 2 in Theorem 6, we have

3(Co+<co+7c)" +6(co+ci+c)

1
nn+1)__ (n+2)! "2 (=) R
= 5 Cnao + 3 ; 1 (n—4l+4) .

If m =4 and u = 1 in Theorem 6, we have

4(co+<o +7co + )"
n

M. DI DT > ~
__(3)cn+1+ B ZZO: T (2717 — 16nl — 491 + n* 4 13n + 24)¢; .

If m = 4 and pu = 2 in Theorem 6, we have

12(co +¢o +¢1 +7¢1)" +4(Co+ o+ <o+ )"

1
n+N\. |, (i + 2GS (=D _
—< 3 >cn+2 + B lgo 1 (27l2 —16nl — 651 + n> + 15n + 38)c1 .
If m = 4 and u = 3 in Theorem 6, we have

24(co+<c1+¢1+c)" +36(co+co+ ¢ +¢2)" +4(co+¢o+co+c3)

3 )+ 12 1T

2 R 3 ' Vl+2 _1 n—l-’rl o~
=_<n~|— ) +(n+ ) Z( ) (2717 — 16nl — 811 + n* + 17n + 54)¢; .
1=0

If m =5 and u = 1 in Theorem 6, we have

o~ —~ —~ —~ —~ ny\ <
5(co+co+co+co+c)' = <4)cn+1

! n -1 n—I+1
_ o ;4) 3o )l' (25613 — (243n + 807)1
=0 ’

+ (48n* + 489 + 917) — (n® + 42n* + 257n + 360))7; .
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